N

N

Strang splitting for parametric inference in second-order
stochastic differential equations

Predrag Pilipovic, Adeline Samson, Susanne Ditlevsen

» To cite this version:

Predrag Pilipovic, Adeline Samson, Susanne Ditlevsen. Strang splitting for parametric inference in second-
order stochastic differential equations. 2024. <hal-04600139)

HAL Id: hal-04600139
https://hal.science/hal-04600139v1

Preprint submitted on 4 Jun 2024

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-04600139v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

arXiv:2405.03606v1 [stat.ME] 6 May 2024

STRANG SPLITTING FOR PARAMETRIC INFERENCE IN
SECOND-ORDER STOCHASTIC DIFFERENTIAL EQUATIONS

A PREPRINT

Predrag Pilipovic
Department of Mathematical Sciences
University of Copenhagen
2100 Copenhagen, Denmark
predrag@math.ku.dk
Bielefeld Graduate School of Economics and Management

University of Bielefeld

33501 Bielefeld, Germany

predrag.pilipovic@uni-bielefeld.de

Adeline Samson Susanne Ditlevsen
Univ. Grenoble Alpes Department of Mathematical Sciences
CNRS, Grenoble INP, LJK University of Copenhagen
38000 Grenoble, France 2100 Copenhagen, Denmark
adeline.leclercq-samson@univ-grenoble-alpes.fr susanne@math.ku.dk
ABSTRACT

We address parameter estimation in second-order stochastic differential equations (SDEs), prevalent
in physics, biology, and ecology. Second-order SDE is converted to a first-order system by introducing
an auxiliary velocity variable raising two main challenges. First, the system is hypoelliptic since the
noise affects only the velocity, making the Euler-Maruyama estimator ill-conditioned. To overcome
that, we propose an estimator based on the Strang splitting scheme. Second, since the velocity is
rarely observed we adjust the estimator for partial observations. We present four estimators for
complete and partial observations, using full likelihood or only velocity marginal likelihood. These
estimators are intuitive, easy to implement, and computationally fast, and we prove their consistency
and asymptotic normality. Our analysis demonstrates that using full likelihood with complete
observations reduces the asymptotic variance of the diffusion estimator. With partial observations,
the asymptotic variance increases due to information loss but remains unaffected by the likelihood
choice. However, a numerical study on the Kramers oscillator reveals that using marginal likelihood
for partial observations yields less biased estimators. We apply our approach to paleoclimate data
from the Greenland ice core and fit it to the Kramers oscillator model, capturing transitions between
metastable states reflecting observed climatic conditions during glacial eras.

Keywords Second-order stochastic differential equations, Hypoellipticity, Partial observations, Strang splitting
estimator, Greenland ice core data, Kramers oscillator

1 Introduction

Second-order stochastic differential equations (SDEs) are an effective instrument for modeling complex systems
showcasing both deterministic and stochastic dynamics, which incorporate the second derivative of a variable - the
acceleration. These models are extensively applied in many fields, including physics (Rosenblum and Pikovsky, 2003),
molecular dynamics (Leimkuhler and Matthews, 2015), ecology (Johnson et al., 2008; Michelot and Blackwell, 2019),
paleoclimate research (Ditlevsen et al., 2002), and neuroscience (Ziv et al., 1994; Jansen and Rit, 1995).
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The general form of a second-order SDE in Langevin form is given as follows:
X, = F(X¢, Xy, B) + &:. (1

Here, X, € R¢ denotes the variable of interest, the dot indicates derivative with respect to time ¢, drift F represents the
deterministic force, and &; is a white noise representing the system’s random perturbations around the deterministic
force. We assume that X is constant, that is the noise is additive.

The main goal of this study is to estimate parameters in second-order SDEs. We first reformulate the d-dimensional
second-order SDE (1) into a 2d-dimensional SDE in Itd’s form. We define an auxiliary velocity variable, and express
the second-order SDE in terms of its position X; and velocity V:

dXt = Vt dt, XO = Xp,

2
th :F(Xt,Vt,ﬂ)dt—i—Eth, VQ:V07 ( )

where W, is a standard Wiener process. We refer to X; and V, as the smooth and rough coordinates, respectively.

A specific example of model (2) is F(x,v) = —c(x, v)v — VU(x), for some function c(+) and potential U(-). Then,
model (2) is called a stochastic damping Hamiltonian system. This system describes the motion of a particle subjected
to potential, dissipative, and random forces (Wu, 2001). An example of a stochastic damping Hamiltonian system is the
Kramers oscillator introduced in Section 2.1.

Let Y, = (X, V/)T,F(x,v;8) = (v ,F(x,v:3)")T and £ = (07, 7)T. Then (2) is formulated as
dY, =F (Y 8)dt + ZdW,, Yo =yo. 3)

The notation ~ over an object indicates that it is associated with process Y. Specifically, the object is of dimension 2d
or 2d x 2d.

When it exists, the unique solution of (3) is called a diffusion or diffusion process. System (3) is usually not fully
observed since the velocity V; is not observable. Thus, our primary objective is to estimate the underlying drift
parameter 3 and the diffusion parameter 3, based on discrete observations of either Y, (referred to as complete
observation case), or only X, (referred to as partial observation case). Diffusion Y} is said to be hypoelliptic since the
matrix

“

o st ]

0 xxT

is not of full rank, while Y, admits a smooth density. Thus, (2) is a subclass of a larger class of hypoelliptic diffusions.

Parametric estimation for hypoelliptic diffusions is an active area of research. Ditlevsen and Sgrensen (2004) studied
discretely observed integrated diffusion processes. They proposed to use prediction-based estimating functions, which
are suitable for non-Markovian processes and which do not require access to the unobserved component. They proved
consistency and asymptotic normality of the estimators for N — oo, but without any requirements on the sampling
interval h. Certain moment conditions are needed to obtain results for fixed h, which are often difficult to fulfill for
nonlinear drift functions. The estimator was applied to paleoclimate data in Ditlevsen et al. (2002), similar to the data
we analyze in Section 5.

Gloter (2006) also focused on parametric estimation for discretely observed integrated diffusion processes, introducing
a contrast function using the Euler-Maruyama discretization. He studied the asymptotic properties as the sampling
interval h — 0 and the sample size N — oo, under the so-called rapidly increasing experimental design Nh — oo
and Nh? — 0. To address the ill-conditioned contrast from the Euler-Maruyama discretization, he suggested using
only the rough equations of the SDE. He proposed to recover the unobserved integrated component through the finite
difference approximation (X, ,, — Xy, )/h. This approximation makes the estimator biased and requires a correction
factor of 3/2 in one of the terms of the contrast function for partial observations. Consequently, the correction increases
the asymptotic variance of the estimator of the diffusion parameter. Samson and Thieullen (2012) expanded the ideas of
(Gloter, 2006) and proved the results of (Gloter, 2006) in more general models. Similar to (Gloter, 2006), their focus
was on contrasts using the Euler-Maruyama discretization limited to only the rough equations.

Pokern et al. (2009) proposed an Itd-Taylor expansion, adding a noise term of order h/2 to the smooth component in
the numerical scheme. They argued against the use of finite differences for approximating unobserved components.
Instead, he suggested using the It6-Taylor expansion leading to non-degenerate conditionally Gaussian approximations
of the transition density and using Markov Chain Monte Carlo (MCMC) Gibbs samplers for conditionally imputing
missing components based on the observations. They found out that this approach resulted in a biased estimator of the
drift parameter of the rough component.
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Ditlevsen and Samson (2019) focused on both filtering and inference methods for complete and partial observations.
They proposed a contrast estimator based on the strong order 1.5 scheme (Kloeden and Platen, 1992), which incorporates
noise of order 43/2 into the smooth component, similar to (Pokern et al., 2009). Moreover, they retained terms of
order h? in the mean, which removed the bias in the drift parameters noted in (Pokern et al., 2009). They proved
consistency and asymptotic normality under complete observations, with the standard rapidly increasing experimental
design Nh — oo and Nh? — 0. They adopted an unconventional approach by using two separate contrast functions,
resulting in marginal asymptotic results rather than a joint central limit theorem. The model was limited to a scalar
smooth component and a diagonal diffusion coefficient matrix for the rough component.

Melnykova (2020) developed a contrast estimator using local linearization (LL) (Ozaki, 1985; Shoji and Ozaki, 1998;
Ozaki et al., 2000) and compared it to the least-squares estimator. She employed local linearization of the drift function,
providing a non-degenerate conditional Gaussian discretization scheme, enabling the construction of a contrast estimator
that achieves asymptotic normality under the standard conditions Nk — oo and Nh? — 0. She proved a joint central
limit theorem, bypassing the need for two separate contrasts as in Ditlevsen and Samson (2019). The models in
Ditlevsen and Samson (2019) and Melnykova (2020) allow for parameters in the smooth component of the drift, in
contrast to models based on second-order differential equations.

Recent work by Gloter and Yoshida (2020, 2021) introduced adaptive and non-adaptive methods in hypoelliptic diffusion
models, proving asymptotic normality in the complete observation regime. In line with this work, we briefly review
their non-adaptive estimator. It is based on a higher-order Itd6-Taylor expansion that introduces additional Gaussian
noise onto the smooth coordinates, accompanied by an appropriate higher-order mean approximation of the rough
coordinates. The resulting estimator was later termed the local Gaussian (LG), which should be differentiated from LL.
The LG estimator can be viewed as an extension of the estimator proposed in Ditlevsen and Samson (2019), with fewer
restrictions on the class of models. Gloter and Yoshida (2020, 2021) found that using the full SDE to create a contrast
reduces the asymptotic variance of the estimator of the diffusion parameter compared to methods using only rough
coordinates in the case of complete observations.

The most recent contributions are Iguchi et al. (2023a,b); Iguchi and Beskos (2023), building on the foundation of the
LG estimator and focusing on high-frequency regimes addressing limitations in earlier methods. Iguchi et al. (2023b)
presented a new closed-form contrast estimator for hypoelliptic SDEs (denoted as Hypo-I) based on Edgeworth-type
density expansion and Malliavin calculus that achieves asymptotic normality under the less restrictive condition of
Nh3? — 0. Iguchi et al. (2023a) focused on a highly degenerate class of SDEs (denoted as Hypo-II) where smooth
coordinates split into further sub-groups and proposed estimators for both complete and partial observation settings.
Iguchi and Beskos (2023) further refined the conditions for estimators asymptotic normality for both Hypo-I and
Hypo-II under a weak design NhP — 0, for p > 2.

The existing methods are generally based on approximations with varying degrees of refinements to correct for possible
nonlinearities. This implies that they quickly degrade for highly nonlinear models if the step size is increased. In
particular, this is the case for Hamiltonian systems. Instead, we propose to use splitting schemes, more precisely the
Strang splitting scheme.

Splitting schemes are established techniques initially developed for solving ordinary differential equations (ODEs)
and have proven to be effective also for SDEs (Ableidinger et al., 2017; Buckwar et al., 2022; Pilipovic et al., 2024).
These schemes yield accurate results in many practical applications since they incorporate nonlinearities in their
construction. This makes them particularly suitable for second-order SDEs, where they have been widely used. Early
work in dissipative particle dynamics (Shardlow, 2003; Serrano et al., 2006), applications to molecular dynamics
(Vanden-Eijnden and Ciccotti, 2006; Melchionna, 2007; Leimkuhler and Matthews, 2015) and studies on internal
particles (Pavliotis et al., 2009) all highlight the scheme’s versatility. Burrage et al. (2007), Bou-Rabee and Owhadi
(2010), and Abdulle et al. (2015) focused on the long-run statistical properties such as invariant measures. Bou-Rabee
(2017); Bréhier and Goudenege (2019) and Adams et al. (2022) used splitting schemes for stochastic partial differential
equations (SPDEs).

Despite the extensive use of splitting schemes in different areas, statistical applications have been lacking. We have
recently proposed statistical estimators for elliptic SDEs (Pilipovic et al., 2024). The straightforward and intuitive
schemes lead to robust, easy-to-implement estimators, offering an advantage over more numerically intensive and less
user-friendly state-of-the-art methods. We use the Strang splitting scheme to approximate the transition density between
two consecutive observations and derive the pseudo-likelihood function since the exact likelihood function is often
unknown or intractable. Then, to estimate parameters, we employ maximum likelihood estimation (MLE). However,
two specific statistical problems arise due to hypoellipticity and partial observations.

First, hypoellipticity leads to degenerate Euler-Maruyama transition schemes, which can be addressed by constructing
the pseudo-likelihood solely from the rough equations of the SDE, referred to as the rough likelihood hereafter. The
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Strang splitting technique enables the estimator to incorporate both smooth and rough components (referred to as the
full likelihood). It is also possible to construct Strang splitting estimators using only the rough likelihood, raising
the question of which estimator performs better. Our results are in line with Gloter and Yoshida (2020, 2021) in
the complete observation setting, where we find that using the full likelihood reduces the asymptotic variance of the
diffusion estimator. We found the same results in the simulation study for the LL estimator proposed by Melnykova
(2020).

Second, we suggest to treat the unobserved velocity by approximating it using finite difference methods. While
Gloter (2006) and Samson and Thieullen (2012) exclusively use forward differences, we investigate also central and
backward differences. The forward difference approach leads to a biased estimator unless it is corrected. One of the
main contributions of this work is finding suitable corrections of the pseudo-likelihoods for different finite difference
approximations such that the Strang estimators are asymptotically unbiased. This also ensures consistency of the
diffusion parameter estimator, at the cost of increasing its asymptotic variance.

When only partial observations are available, we explore the impact of using the full likelihood versus the rough
likelihood and how different finite differentiation approximations influence the parametric inference. We find that the
choice of likelihood does not affect the asymptotic variance of the estimator. However, our simulation study on the
Kramers oscillator suggests that using the full likelihood in finite sample setups introduce more bias than using only the
rough marginal likelihood, which is the opposite of the complete observation setting. Finally, we analyze a paleoclimate
ice core dataset from Greenland using a second-order SDE.

The main contributions of this paper are:

1. We extend the Strang splitting estimator of (Pilipovic et al., 2024) to hypoelliptic models given by second-order
SDE:s, including appropriate correction factors to obtain consistency.

2. When complete observations are available, we show that the asymptotic variance of the estimator of the
diffusion parameter is smaller when maximizing the full likelihood. In contrast, for partial observations, we
show that the asymptotic variance remains unchanged regardless of using the full or marginal likelihood of the
rough coordinates.

3. We discuss the influence on the statistical properties of using the forward difference approximation for imputing
the unobserved velocity variables compared to using the backward or the central difference.

4. We evaluate the performance of the estimators through a simulation study of a second-order SDE, the Kramers
oscillator. Additionally, we show numerically in a finite sample study that the marginal likelihood for partial
observations is more favorable than the full likelihood.

5. We fit the Kramers oscillator to a paleoclimate ice core dataset from Greenland and estimate the average time
needed to pass between two metastable states.

The structure of the paper is as follows. In Section 2, we introduce the class of SDE models, define hypoellipticity,
introduce the Kramers oscillator, and explain the Strang splitting scheme and its associated estimators. The asymptotic
properties of the estimator are established in Section 3. The theoretical results are illustrated in a simulation study on
the Kramers Oscillator in Section 4. Section 5 illustrates our methodology on the Greenland ice core data, while the
technical results and the proofs of the main theorems and properties are in Section 6 and Supplementary Material S1,
respectively.

Notation. We use capital bold letters for random vectors, vector-valued functions, and matrices, while lowercase
bold letters denote deterministic vectors. || - || denotes both the L? vector norm in R%. Superscript (i) on a vector
denotes the ¢-th component, while on a matrix it denotes the i-th column. Double subscript ¢j on a matrix denotes
the component in the i-th row and j-th column. The transpose is denoted by T. Operator Tr(-) returns the trace of a
matrix and det(-) the determinant. I; denotes the d-dimensional identity matrix, while 04x ¢ is a d-dimensional zero
square matrix. We denote by [a,]¢_, a vector with coordinates a;, and by [b;;]¢ ;_, a matrix with coordinates b;;, for

i, =1,...,d. For areal-valued function g : R — R, 9, g(x) denotes the partial derivative with respect to 2(*) and

85(1.)1, 1 9(x) denotes the second partial derivative with respect to 2 and (). The nabla operator V, denotes the

gradient vector of g with respect of x, that is, Vxg(x) = [0, g(x)]% ;. H denotes the Hessian matrix of function g,
Hy (%) = [0, 9(X)]¢ j—1- For a vector-valued function F : R? — R, the differential operator Dy denotes the

Jacobian matrix D, F(x) = [0, F\) (x)]? j—1- Let R represent a vector (or a matrix) valued function defined on

(0,1) x R? (or (0, 1) x R¥*?), such that, for some constant C, ||R.(a, x)|| < aC(1+ ||x||)¢ for all a,x. When denoted

. . —-. . . P .
by R, it refers to a scalar function. For an open set A, the bar A indicates closure. We write — for convergence in
probability P.
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2 Problem setup

Let Y = (Y:):>0 in (3) be defined on a complete probability space (€2, F,Pg) with a complete right-continuous
filtration F = (F)¢>0, and let the d-dimensional Wiener process W = (W});>¢ be adapted to F;. The probability
measure Py is parameterized by the parameter 6 = (3, 32). Rewrite equation (3) as follows:

dY; = A(B)(Y: — b(B)) dt + N (Y; 8) dt + S dW;, (5)

where

A 04x I g b 3 0
A0)= | adls) 0= "] Newis = [Nuhg)| ©®
Function F in (2) is thus split as F(x, v; ) = Ax(8)(x — b(B)) + Ay (B)v + N(x,v; 3).

Let O x Oy = O denote the closure of the parameter space with © 5 and Oy, being two convex open bounded subsets
of R” and R%*¢, respectively. The function N : R24 x @ﬂ — R is assumed locally Lipschitz; functions A, and A,
are defined on @ﬁ and take values in R4*¢; and the parameter matrix X takes values in R9*4_ The matrix XX is
assumed to be positive definite, shaping the variance of the rough coordinates. As any square root of XX T induces
the same distribution, X is identifiable only up to equivalence classes. Hence, estimation of the parameter 3 means
estimation of 237, The drift function F in (3) is divided into a linear part given by the matrix A and a nonlinear part
given by N.

The true value of the parameter is denoted by 8y = (39, 3), and we assume that 8y € ©. When referring to the
true parameters, we write Ax o, Ay 0, bo, No(x), Fo(x) and X instead of Ax(Bo), Av(Bo), b(Bo), N(x;Bo),
F(x; 8y) and £y X, respectively. We write Ay, Ay, b, N(x), F(x), and XX for any parameter 6.

2.1 Example: The Kramers oscillator

The abrupt temperature changes during the ice ages, known as the Dansgaard—Oeschger (DO) events, are essential
elements for understanding the climate (Dansgaard et al., 1993). These events occurred during the last glacial era
spanning approximately the period from 115,000 to 12,000 years before present and are characterized by rapid
warming phases followed by gradual cooling periods, revealing colder (stadial) and warmer (interstadial) climate states
(Rasmussen et al., 2014).

To analyze the DO events in Section 5, we propose a stochastic model of the escape dynamics in metastable systems,
the Kramers oscillator (Kramers, 1940), originally formulated to model the escape rate of Brownian particles from
potential wells. The escape rate is related to the mean first passage time — the time needed for a particle to exceed the
potential’s local maximum for the first time, starting at a neighboring local minimum. This rate depends on variables
such as the damping coefficient, noise intensity, temperature, and specific potential features, including the barrier’s
height and curvature at the minima and maxima. We apply this framework to quantify the rate of climate transitions
between stadial and interstadial periods. This provides an estimate on the probability distribution of the ocurrence of
DO events, contributing to our understanding of the global climate system.

Following Arnold and Imkeller (2000), we introduce the Kramers oscillator as the stochastic Duffing oscillator - an
example of a second-order SDE and a stochastic damping Hamiltonian system. The Duffing oscillator (Duffing, 1918)
is a forced nonlinear oscillator, featuring a cubic stiffness term. The governing equation is given by:

2 4

d
1+ i+ —Ulae) = f(t), where U(a) = —a% + b‘%, with a,b>0, 75>0. %)

The parameter 7 in (7) indicates the damping level, a regulates the linear stiffness, and b determines the nonlinear
component of the restoring force. In the special case where b = 0, the equation simplifies to a damped harmonic
oscillator. Function f represents the driving force and is usually set to f(¢) = 7 cos(wt), which introduces deterministic
chaos (Korsch and Jodl, 1999).

When the driving force is f(t) = +/2nT&(t), where £(t) is white noise, equation (7) characterizes the stochastic
movement of a particle within a bistable potential well, interpreting T > 0 as the temperature of a heat bath. Setting
o = /21T, equation (7) can be reformulated as an Itd SDE for variables X; and V; = X, expressed as:

dX, =V, dt,

®)

av, = (—nvt - diU()Q)) At + o dW,
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where W; denotes a standard Wiener process. The parameter set of SDE (8) is @ = {n, a, b, 0%}.

The existence and uniqueness of the invariant measure vy (dx, dy) of (8) is proved in Theorem 3 in (Arnold and Imkeller,
2000). The invariant measure vy is linked to the invariant density 7o through vo(dz, dy) = 7o (2, v) da dy. Here we
write 7o (x, v) instead of 7(z, v; 8y), and w(z, v) instead of 7(x, v; @). The Fokker-Plank equation for 7 is given by

0 0 d 0 2 09?
—va—xw(:c, v) + nr(z,v) + nv%w(%v) + aU(:c)%w(x, v) + %wﬂ(aav) =0. )
The invariant density that solves the Fokker-Plank equation is:
21 N 2
7(z,v) = Cexp (—O_QU(.T)> exp (—ﬁv ) , (10)

where C is the normalizing constant.

The marginal invariant probability of V; is thus Gaussian with zero mean and variance o2 /(2n). The marginal invariant
probability of X; is bimodal driven by the potential U (z):

m(z) = Cexp (—iZU(x)) . (11)

At steady state, for a particle moving in any potential U(z) and driven by random Gaussian noise, the position z
and velocity v are independent of each other. This is reflected by the decomposition of the joint density 7(x, v) into

m(z)m(v).
Fokker-Plank equation (9) can also be used to derive the mean first passage time 7 which is inversely related to Kramers’
escape rate x (Kramers, 1940):

27 o <AU>
XP| —+ |
(Vitsg-z)a T

where Zparrier = 0 is the local maximum of U (z) and e = ++/a/b are the local minima, w = /|U" (Zvarrier)| =

Va, Q= \/U" (xwen) = V2a, and AU = U(Tvarrier) — U(Twen) = a?/4b, . The formula is derived assuming strong
friction, or an over-damped system (1 >> w), and a small parameter T /AU < 1, indicating sufficiently deep potential
wells. For the potential defined in (7), the mean waiting time 7 is then approximated by

2 2
T%\fﬂ-exp(an>. (12)
n
2

/a—i— % _ 2b02

T =— =

2.2 Hypoellipticity

The SDE (5) is said to be hypoelliptic if its quadratic diffusion matrix X T is not of full rank, while its solutions admit
a smooth transition density with respect to the Lebesgue measure. According to Hormander’s theorem (Nualart, 2006),
this is fulfilled if the SDE in its Stratonovich form satisfies the weak Hérmander condition. Since 3 does not depend on
y, the It6 and Stratonovich forms coincide.

We begin by recalling the concept of Lie brackets: for smooth vector fields f, g : R?? — R2%, the i-th component of
the Lie bracket, [f, g](*), is defined as

[£.9]") =Dy " () f(y) — Dy f(y)g(y)-

We define the set H of vector fields by initially including 20, = 1,2, ..., 2d, and then recursively adding Lie brackets
HeM=[F H),[ED H].. [B% H e

The weak Hormander condition is met if the vectors in H span R2? at every point y € R??. The initial vectors span
{(0,v) € R?? | v € R?}, a d-dimensional subspace. We therefore need to verify the existence of some H € H with a
non-zero first element. The first iteration of the system yields

F, 500 = _50),
=0, 500 — g,

fori,7 = 1,2, ...,2d. The first equation is non-zero, as are all subsequent iterations. Thus, the second-order SDE
defined in (5) is always hypoelliptic.



Strang Splitting Parameter Estimator for Second-order SDEs A PREPRINT

2.3 Assumptions

The following assumptions are a generalization of those presented in (Pilipovic et al., 2024).

Let T' > 0 be the length of the observed time interval. We assume that (5) has a unique strong solution Y = {Y; |
t € (0,71}, adapted to F = {F; | ¢t € [0, T]}, which follows from the following first two assumptions (Theorem 2 in
Alyushina (1988), Theorem 1 in Krylov (1991), Theorem 3.5 in Mao (2007)). We need the last three assumptions to
prove the properties of the estimators.

(A1) Function N is twice continuously differentiable with respect to bOEl y and 0, i.e., N € C?. Moreover, it is
globally one-sided Lipschitz continuous with respect to y on R?? x ©4. That is, there exists a constant C' > 0
such that for all y;, yo € R??,

(y1—y2)" (N(y1;8) — N(y2;8)) < Clly1 — y*-

(A2) Function N exhibits at most polynomial growth in y, uniformly in 8. Specifically, there exist constants C' > 0
and x > 1 such that for all y;,y, € R?9,

IN(y1;8) = N (y2:8) > < C (1 + [[y1l**72 + [ly2*72) [ly1 — well*.
Additionally, its derivatives exhibit polynomial growth in y, uniformly in 6.
(A3) The solution Y to SDE (5) has invariant probability vo(dy).
(A4) =37 is invertible on Os;.
(AS5) 3 is identifiable, that is, if F(y, 31) = F(y,32) for all y € R4, then 31 = 5.

Assumption (A1) ensures finiteness of the moments of the solution X (Tretyakov and Zhang, 2013), i.e.,
E[ sup [[Y¢[[*"] < C(1+[lyol/*”), Vp>1. (13)
t€[0,T]

Assumption (A3) is necessary for the ergodic theorem to ensure convergence in distribution. Assumption (A4) ensures
that the model (5) is hypoelliptic. Assumption (AS5) ensures the identifiability of the drift parameter.

2.4 Strang splitting scheme

Consider the following splitting of (5):
dy/M = Ay —b)dt + Tdw,, Yl =y, (14)
ayP = Ny ar, Y = yo. (15)

There are no assumptions on the choice of A and B, and thus the nonlinear function N. Indeed, we show that the

asymptotic results hold for any choice of A and b in both the complete and the partial observation settings. This extends
the results in Pilipovic et al. (2024), where it is shown to hold in the elliptic complete observation case, as well. While
asymptotic results are invariant to the choice of A and b, finite sample properties of the scheme and the corresponding
estimators are very different, and it is important to choose the splitting wisely. Intuitively, when the process is close to a
fixed point of the drift, the linear dynamics are dominating, whereas far from the fixed points, the nonlinearities might
be dominating. If the drift has a fixed point y*, we therefore suggest setting A = Dy, F(y*) and b = y*. This choice is
confirmed in simulations (for more details see Pilipovic et al. (2024)).

Solution of SDE (14) is an Ornstein—Uhlenbeck (OU) process given by the following h-flow:

Yi] = o} (Y&],l) = ﬁh(Yi],l;ﬁ) + En ks (16)
fin(y: 8) = e*"(y = b) + b, (17)
ho_ o
Q) = / AR—FRT AT (h—w) gy (18)
0
where €}, i N24(O0, ﬁh) for k =1,..., N. Itis useful to rewrite ﬁh in the following block matrix form,

~ QSsl SR
Q= , 19
h Q}{lﬁs] Q}{LﬁR] ( )
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where S in the superscript stands for smooth and R stands for rough. The Schur complement of ), with respect to
QIRE] . = . ]
5 and the determinant of €2, are given by:

QP = P — P (@)1l det Q) = det @ det @

)

Assumptions (A1)-(A2) ensure the existence and uniq~ueness of the solution of (15) (Theorem 1.2.17 in Humphries and
Stuart (2002)). Thus, there exists a unique function f;, : R2¢ x O3 — R24 for h > 0, such that

Y=oy )= fYP 8. (20)

For all 3 € O, the h-flow fh fulfills the following semi-group properties:

fo(y;8) =Yy, Fras(yi B) = fi(fs(y: B): B), t.s > 0.

T.vT)T, we have:

Fory = (x',v

Falx,vi B) = {fh(xf‘v; ﬂ)} : 21

where f,(x,v; 3) is the solution of the ODE with vector field N(x, v; 3).

We introduce another assumption needed to define the pseudo-likelihood based on the splitting scheme.
(A6) Inverse function f,; !(y; B) is defined asymptotically for all y € R?>¢ and all 3 € O3, when h — 0.

Then, the inverse of fh can be decomposed as:

ﬁl(X,V;ﬁ) = [ *1(§,V;,8):| ; (22)

h

where j",fl(x7 v; (3) is the rough part of the inverse of f,: ! 1t does not equal I ! since the inverse does not propagate
through coordinates when f, depends on x.

We are now ready to define the Strang splitting scheme for model (5).

Definition 2.1 (Strang splitting) Let Assumptions (Al)-(A2) hold. The Strang approximation of the solution of (5) is
given by:
str str 2 1 2 str rl ~ r3 str ~
S (Y R ) = (@), 0 01 0 B7,) (YR) = Fuja(in(Fapa(YES)) + Enp)- (23)
Remark 1 The order of composition in the splitting schemes is not unique. Changing the order in the Strang splitting

leads to a sum of 2 independent random variables, one Gaussian and one non-Gaussian, whose likelihood is not trivial.
Thus, we only use the splitting (23).

2.5 Strang splitting estimators

In this section, we introduce four estimators, all based on the Strang splitting scheme. We distinguish between estimators
based on complete observations (denoted by C when both X and V are observed) and partial observations (denoted
by P when only X is observed). In applications, we typically only have access to partial observations, however, the
full observation estimator is used as a building block for the partial observation case. Additionally, we distinguish the
estimators based on the type of likelihood function employed. These are the full likelihood (denoted by F) and the
marginal likelihood of the rough component (denoted by R). We furthermore use the conditional likelihood based on
the smooth component given the rough part (denoted by S | R) to decompose the full likelihood.

2.5.1 Complete observations
Assume we observe the complete sample Yq.;, := (Ytk)fe\’z1 from (5) attime steps 0 = t9 < t; < ... <ty =1T.
For notational simplicity, we assume equidistant step size h = t;, — t_1. Strang splitting scheme (23) is a nonlinear

transformation of a Gaussian random variable gy, (f, /Q(Yitj]l )) + €n k. We define:

2k,k71(ﬁ) = .ﬁlg(Ytkéﬁ) - ﬁh(fh/z(Ytk_l;,@);ﬁ)a 24
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and apply change of variables to get:
p(ytk | Ytk71) = pj\/(()?ﬁh,)(AZik’,k—l ‘ Ytk—1)| det Dyfh_/lg(ytk”'

Using — log | det Dnyh_/l2 (y;8)| = log | det Dyfh/g (y;3)| and det DyjN'h/Q (y; B) = det Dy f1, /2 (y; B), together
with the Markov property of Y., , we get the following objective function based on the full log-likelihood:

N

LI (Youy50) = (log det 24(0) + Zik—1(8) " Qn(0) " Zg, k-1 (B) + 2log | det vam(Ytk;ﬁ)D (29
k=1

Now, split 2;67;6_1 from (24) into the smooth and rough parts Zk,k_l = ((Z EfS]k 1) , (Zg}i_l)T)T defined as:

chs,]k—l(/@) = [Zl(ﬁcq(ﬁ)]?:l =Xy, — /‘I’E—LS](fh/Q(Ytk—l;/g);lg>7 (26)
25 1 (8) = 12 BN s = £ (Y B) = ) (Fujo (Yo 13 8): B), 27)
where o ‘ .
mi8) = [ 3By I i8) = [ (5 B) 28)
We also define the following sequence of vectors
Zih (B) = 20 (8) - @ (@) 2L (8). (29)

The formula for jointly normal distributions yields:

- (7 _ (R]
pj\/(07s‘zh)(zk~,k*1 | ytk—l) = pN(O’QELRR])(Zk,kfl | ytk—l)

(s] R]
'pN(n[hSR](QE}?R])—lzﬁ] SlRl)(zk k1 | Zk 1 Yt 1)-

k-1

This leads to dividing the full log-likelihood £[®] into a sum of the marginal log-likelihood £[®(Y ., ;6) and the
smooth-given-rough log-likelihood LIS (Y., . ; 6):

L (Y10 0) = LI (Yo ;0) + LR (Y, 5 0),

where
N
L (Yo,,50) =Y <logdet Q) +zl_ (8T ezl (8)
k=1
+210g‘detDv.fh/2 (Ytk’ﬂ)’>7 (30)
N
LIS (Yy,,:0) = 3 (logder 251 (0) + ZE 1Y, (8) T 0) 2, (). 31)
k=1

The terms containing the drift parameter in LICR] in (30) are of order ht/ 2 as in the elliptic case, whereas the terms
containing the drift parameter in £(°SI®] in (31) are of order h?/2. Consequently, under a rapidly increasing experimental
design where Nh — co and Nh? — 0, the objective function (31) is degenerate for estimating the drift parameter.
However, it contributes to the estimation of the diffusion parameter when the full objective function (25) is used. We
show in later sections that employing (25) results in a lower asymptotic variance for the diffusion parameter making it
more efficient in complete observation scenarios.

The estimators based on complete observations are then defined as:

B[ObJ] — argmin £ [obj] (Yo:ty;0), obje {[CF],[CR]}. (32)
o

Although the full objective function is based on twice as many equations as the marginal likelihood, its implementation
complexity, speed, and memory requirements are similar to the marginal objective function. Therefore, if the complete
observations are available, we recommend using the objective function (25) based on the full likelihood.
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2.5.2 Partial observations

Assume we only observe the smooth coordinates Xo.¢,, = (X4, )A_,. The observed process X, alone is not a Markov
process, although the complete process Y is. To approximate V¢, , we define the backward difference process:
th B thq

Ahth = A

(33)
From SDE (2) it follows that
1 tr
ApXy, = f/ V, dt. (34)
h th—1

We propose to approximate V, using A, X, by any of the three approaches:

1. Backward difference approximation: V;, ~ A, Xy, ;

2. Forward difference approximation: Vi, ~ ApXy, , ;;

. . . ApXy, +ARXe,
3. Central difference approximation: Vy, ~ ——*———*+1,

The forward difference approximation performs best in our simulation study, which is also the approximation method
employed in Gloter (2006) and Samson and Thieullen (2012).

In the field of numerical approximations of ODEs, backward and forward finite differences have the same order of
convergence, whereas the central difference has a higher convergence rate. However, the diffusion parameter estimator
based on the central difference (X4, ,, — Xy, _,)/2h is less suitable because this approximation skips a data point and
thus increases the estimator’s variance. For further discussion, see Remark 6.

Thus, we focus exclusively on forward differences, following Gloter (2006); Samson and Thieullen (2012), and all
proofs are done for this approximation. Similar results also hold for the backward difference, with some adjustments
needed in the conditional moments due to filtration issues.

We start by approximating Z for the case of partial observations denoted by %z

Ziy1kp-1(8) = J%E(Xtmﬁhxtkmﬁ) — B (Frj2(Xep_y, AnXe,: B); B). (35)

The smooth and rough parts of Z are thus equal to:

Z1(8) = X, — il (Fupo(Kue 1 1Ko, B3 6), (36)
ZLPil kk—1(B) = .fh/g (X AnXyy 13 8) — /‘l’[hl,%](fh/Q(thfl JARX, 1 8)56), (37)

and
Z£€S+|Pl\]k r_1(B) = ZE{,‘S]]C 1(B) — QELSR] (QELRR])ilzgill,k,kfl(/B)' (38)

Compared to ZLR,L_l in (27), ZETL k.k—1 10 (37) depends on three consecutive data points, with the additional point

X4, entering through A, Xy, ., . Furthermore, X, enters both fh /2 and p uh ], rending them coupled. This coupling

has a significant influence on later derivations of the estimator’s asymptotic properties, in contrast to the elliptic case
where the derivations simplify.

e . . = 5Is SRl . L .
While it might seem straightforward to incorporate Z, ZL }k 1 and ZL 1]<: 1 into the objective functions (25), (30) and
(31), it introduces bias in the estimators of the diffusion parameters as also discussed in (Gloter, 2006 Samson and

]

Thieullen, 2012). The bias arises because X, enters in both fh /2 and ,UJL , and the covariances of Z ZL]k 1> and

ZLR,l 1 differ from their complete observation counterparts. To eliminate this bias, Gloter (2006); Samson and Thieullen

(2012) applied a correction of 2/3 multiplied to log det of the covariance term in the objective functions, which is
logdet XX " in the Euler-Maruyama discretization. We also need appropriate corrections to our objective functions
(25), (30) and (31), however, caution is necessary because log det 2, () depends on both drift and diffusion parameters.
To counterbalance this, we also incorporate an adjustment to & in §2;,. Moreover, we add the term 4 log | det Dy f}, /|
to objective function (31) to obtain consistency of the drift estimator under partial observations. The detailed derivation
of these correction factors will be elaborated in the following sections.

10
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We thus propose the following objective functions:

4 ~
LI (X113 0) = S (N = 2) log det 3,74 (6) (39)

N-1 B _
+ Z (zk+1,k,k—l(ﬁ)—rﬂh(e)ilzk—o—l,k,k—l(B) + 6log | det Dv.fh/2(xtk.,Ahth+1§ﬁ)|) )
-1

2
LI (Xt 0) 1= S (N = 2) log det Qi) (40)
= (IR 7
T RR
+ (Zk+1 kk—1(B) Q% ](9) Zii1 i1 (B) +2log |det Dy /2 (Xe,, AnXe, 3 8) D ;
k=1
LIPSIRI (X5 0) = 2(N — 2) log det ™ (g) (41)
N—-1
S|R. S|R.
+ (ZE<+|1]1€ k— 1(ﬁ)TQ£lS|R](9) ZE<3+|1]k k—1(8) + 4log | det vah/2(th7Ahth+1§ﬁ)|) . (42
k=1

Remark 2 Due to the correction factors in the objective functions, we now have that
L (X1 0) # LI (Xo.1y50) + LI (Xo,36). 43)

However, when expanding the objective functions (39)-(41) using Taylor series to the lowest necessary order in h, their
approximations will satisfy equality in (43), as shown in Section 6.

Remark 3 Adding the extra term 4log | det Dy, f}, /2| in (41) is necessary to keep the consistency of the drift parameter.
However, this term is not initially present in objective function (31), making this correction somehow artificial. This can
potentially make the objective function further from the true log-likelihood.

The estimators based on the partial sample are then defined as:

ég@bﬂ = argemln LM (X,,;0),  obj € {[PF], [PR]}. (44)

In the partial observation case, the asymptotic variances of the diffusion estimators are identical whether using (39) or
(40), in contrast to the complete observation scenario. This variance is shown to be 9/4 times higher than the variance
F] 9ICRI

N

of the estimator OAE\(; , and 9/8 times higher than that of the estimator based on the marginal likelihood

The numerical study in Section 4 shows that the estimator based on the marginal objective function (40) is less biased
than the one based on the full objective function (39) in finite sample scenarios with partial observations. A potential
reason for this is discussed in Remark 3. Therefore, we recommend using the objective function (40) for partial
observations.

3 Main results

This section states the two main results — consistency and asymptotic normality of all four proposed estimators. The key
ideas for proofs are presented in Supplementary Materials S1.

[obj]

First, we state the consistency of the estimators in both complete and partial observation cases. Let L}, be one of the

objective functions (25), (30), (39) or (40) and 0 A[JS, I the corresponding estimator. Thus,
obj € {[CF], [CR], [PF], [PR]}.

We use superscript [C-] to refer to any objective function in the complete observation case. Likewise, [-R] stands for an
objective function based on the rough marginal likelihood either in the complete or the partial observation case.

Theorem 3.1 (Consistency of the estimators) Assume (Al)-(A6), h — 0, and Nh — oo. Then under the complete
observation or partial observation case, it holds:

<olobil Pey

A[Obl ]PQO ,8, EEN EET

11



Strang Splitting Parameter Estimator for Second-order SDEs A PREPRINT

Remark 4 We split the full objective function (25) into the sum of the rough marginal likelihood (30) and the conditional
smooth-given-rough likelihood (31). Even if (31) cannot identify the drift parameter (3, it is an important intermediate
step in understanding the full objective function (25). This can be seen in the proof of Theorem 3.1, where we
first establish consistency of the diffusion estimator with a convergence rate of \/ N, which is faster than v/ Nh, the
convergence rate of the drift estimators. Then, under complete observations, we show that

S (E (8, 0) — L5 (B0, 00) — s [ (Foly) ~ Fly)) (527) 7 Foly) - Fly)) dioly).  (45)
h—0

The right-hand side of (45) is non-negative, with a unique zero for ¥ = F. Conversely, for objective function (31), it
holds:

1 P
w7 (N (8,0) — £ (B0, 0)) 0. (46)
h—0

Hence, (46) does not have a unique minimum, making the drift parameter unidentifiable. Similar conclusions are drawn
in the partial observation case.

Now, we state the asymptotic normality of the estimator. First, we need some preliminaries. Let p > 0 and B, (6y) =
{6 € © ] ||6 — 6] < p} be aball around 6. Since 8y € O, for sufficiently small p > 0, B,(6y) € O. For

ék’,bj] € B, (8o), the mean value theorem yields:

1 . Alobi obi
( / H o5 (80 + (O3 — ) dt) (0P — 9) = —VoLloP (). 47)
0 N
Define:
ob r ob ™S8
bi |:Nlh8§(z1)ﬁ(12)£[ J](0)1|71 P [Nfaé(l)g(ﬂ‘c[ J]<6):|z 1i=1
cle) = ol g Ve . T 48)
_1_ 52 ob] 192 obj]
5200 E O] [Nt O)]
5[obj] _LvﬁE[Obj] (60)
P I .
\/N(&Esbﬂ — 0'()) *Tvgﬁﬁbﬂ (00)
and DM = fo clP gy + (65" — 6y)) dt. Then, (47) is equivalent to DISPsP — AloPH e
[Cs(00))is iz = / (050 Fo(¥) T (ZE5) " (9500 Fo(y)) duo(y), 1 < irviz <7, (50)
[Co(80)]51.,52 = Tr((0p00 BEg ) (EEg )™ (0,00 g )(EEg ) ™), 1 <1, ja < . (51)

Theorem 3.2 Let assumptions (Al)-(A6) hold, and let h — 0, Nh — oo, and Nh?> — 0. Then under complete
observations, it holds:

\/N(&E\(;R] — 0'0> Osxr 200-(00)71

VNR(BY™ - Bo)] 4 Co(00)™ O
R ] B Ol e

under Pg,. If only partial observations are available and the unobserved coordinates are approximated using the
forward or backward differences, then

VNEBER Z go)] Cp(60)™t 0.y,
8] (o [0 S )

VNRBET — )] 4 Cs(00)" O,
[\/m&f“ao)_ ‘”V(O’{ 0y 200(00)1]>’

l\/N*h(ﬁE?R]—f’o)_$N<0’ [Cﬁ(ao)—1 0, D

under Pg,.

12
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Here, we only outline the proof. According to Theorem 1 in Kessler (1997) or Theorem 1 in Sgrensen and Uchida

(2003), Lemmas 3.3 and 3.4 below are enough for establishing asymptotic normality of 6. For more details, see proof
of Theorem 1 in Sgrensen and Uchida (2003).

Lemma 3.3 Ler Cn(0y) be defined in (48). For h — 0 and Nh — oo, it holds:

[CR] Pg, 20[3(90) 0,xs [PR] P, 205(90) 0,5
CN (00)—>|: Osxr Co’(a()) 5 CN (60)—> Os><7- %CG(OO) )
[CF] Peo,, 20[3(00) 0«5 [PF] Po,, 2Cﬁ(00) 0,xs
Cn ("°>—>{ Oucr 2Co(8y)]” Cx ) =1 0., 5C.(00)]"

Moreover, let pn be a sequence such that py — 0, then in all cases it holds:

. . P
sup [|C5 () + 6) — ClP(6,)(| 2 0.
[18]|<pn

Lemma 3.4 Let Ay be defined (49). For h — 0, Nh — oo and Nh? — 0, it holds:

[CR] d 4Cg(00) 0.y [PR] d 4Ca(600)  Opxs
AN _>N<07|: Os><’r‘ 2CO’(OO> ) AN %N 07 OS><r Co-(e()) B

[CF] d 4C3(6o) 0 xs [PF] d 4C3(0o) 0, x5
AN _>N(07|: Os><r 400'(00) ’ }\N _>N 07 Osxr 1600(00) ’

under Pg,.
Now, the two previous lemmas suggest
SEﬁ){bJ] _ (Dgabj])—lAE?[bj] g CE?,bj] (00)_1)‘E3bj]'

The previous line is not completely formal, but it gives the intuition. For more details on formally deriving the result,
see Section 7.4 in Pilipovic et al. (2024) or proof of Theorem 1 in Sgrensen and Uchida (2003).

4 Simulation study

This Section illustrates the simulation study of the Kramers oscillator (8), demonstrating the theoretical aspects and
comparing our proposed estimators against estimators based on the EM and LL approximations. We chose to compare
our proposed estimators to these two, because the EM estimator is routinely used in applications, and the LL estimator
has shown to be one of the best state-of-the-art methods, see Pilipovic et al. (2024) for the elliptic case. The true
parameters are set to 19 = 6.5, ag = 1,by = 0.6 and 02 = 0.1. We outline the estimators specifically designed for the
Kramers oscillator, explain the simulation procedure, describe the optimization implemented in the R programming
language R Core Team (2022), and then present and interpret the results.

4.1 Estimators used in the study

For the Kramers oscillator (8), the EM transition distribution is:

X te ‘ Xt P I - N x+ hv 0 0
Vi Vie i | |V v+ h (—nv+ax—ba:3) 10 ho?| )
The ill-conditioned variance of this discretization restricts us to an estimator that only uses the marginal likelihood of

the rough coordinate. The estimator for complete observations directly follows from the Gaussian distribution. The
estimator for partial observations is defined as (Samson and Thieullen, 2012):

N—-2

2 1

oIrt — arg min {3(N —3)logo? + 3 > (AnXi,, — AnXy, — h(—1ALXy,, +aX,,, — bxfkl)ﬁ} .
k=1

To our knowledge, the LL estimator has not previously been applied to partial observations. Given the similar theoretical

and computational performance of the Strang and LL discretizations, we suggest (without formal proof) to adjust the LL
objective functions with the same correction factors as used in the Strang approach. The numerical evidence indicates

13
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that the LL estimator has the same asymptotic properties as those proved for the Strang estimator. We omit the definition
of the LL estimator due to its complexity (see Melnykova (2020); Pilipovic et al. (2024) and accompanying code).

To define S estimators based on the Strang splitting scheme, we first split SDE (8) as follows:

d[VJ - {—2(1 —n] ({VJ B [O } ) dt + {aXt —bX} 4 2a(Xy — a%) dt+ 15| AW,
——— ——

A b N(X¢,V2)

where £ = ++/a/b are the two stable points of the dynamics. Since there are two stable points, we suggest splitting
with 2, when X; > 0, and x*, when X; < 0. This splitting follows the guidelines from (Pilipovic et al., 2024). Note
that the nonlinear ODE driven by N(z, v) has a trivial solution where x is a constant. To obtain Strang estimators, we
plug in the corresponding components in the objective functions (25), (30), (39) and (40).

4.2 Trajectory simulation

We simulate a sample path using the EM discretization with a step size of A*'™ = 0.0001 to ensure good performance.
To reduce discretization errors, we sub-sample from the path at wider intervals to get time step i = 0.1. The path has
N = 5000 data points. We repeat the simulations to obtain 250 data sets.

4.3 Optimization in R

For optimizing the objective functions, we proceed as in Pilipovic et al. (2024) using the R package torch (Falbel
and Luraschi, 2022), which allows automatic differentiation. The optimization employs the resilient backpropagation
algorithm, optim_rprop. We use the default hyperparameters and limit the number of optimization iterations to 2000.
The convergence criterion is set to a precision of 10~° for the difference between estimators in consecutive iterations.
The initial parameter values are set to (—0.1,—0.1,0.1,0.1).

4.4 Results

The results of the simulation study are presented in Figure 1. Figure 1A) presents the distributions of the normalized
estimators in the complete and partial observation cases. The S and LL estimators exhibit nearly identical performance,
particularly in the complete observation scenario. In contrast, the EM method displays significant underperformance
and notable bias. The variances of the S and LL rough-likelihood estimators of o are higher compared to those derived
from the full likelihood, aligning with theoretical expectations. Interestingly, in the partial observation scenario, Figure
1A) reveals that estimators employing the full likelihood display greater finite sample bias compared to those based on
the rough likelihood. Possible reasons for this bias are discussed in Remark 3. However, it is noteworthy that this bias is
eliminated for smaller time steps, e.g. h = 0.0001 (not shown), thus confirming the theoretical asymptotic results. This
observation suggests that the rough likelihood is preferable under partial observations due to its lower bias. Backward
finite difference approximations of the velocity variables perform similarly to the forward differences and are therefore
excluded from the figure for clarity.

We closely examine the variances of the S estimators of o in Figure 1B). The LL estimators are omitted due to their
similarity to the S estimators, and because the computation times for the LL estimators are prohibitive. To align more
closely with the asymptotic predictions, we opt for 1 = 0.02 and conduct 1000 simulations. Additionally, we set
o2 = 100 to test different noise levels. Atop each empirical distribution, we overlay theoretical normal densities that
match the variances as per Theorem 3.2. The theoretical variance is derived from C,2(6g) in (51), which for the
Kramers oscillator in (8) is:

C,2(0p) = i4. (52)

90
Figure 1 illustrates that the lowest variance of the diffusion estimator is observed when using the full likelihood with
complete observations. The second lowest variance is achieved using the rough likelihood with complete observations.
The largest variance is observed in the partial observation case; however, it remains independent of whether the full or
rough likelihood is used. Once again, we observe that using the full likelihood introduces additional finite sample bias.

In Figure 1C), we compare running times calculated using the tictoc package in R. Running times are measured from
the start of the optimization step until convergence. The figure depicts the median over 250 repetitions to mitigate the
influence of outliers. The EM method is notably the fastest; however, the S estimators exhibit only slightly slower
performance. The LL estimators are 10-100 times slower than the S estimators, depending on whether complete or
partial observations are used and whether the full or rough likelihood is employed.

14
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A) Parameter estimators for the Kramers oscillator
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Figure 1: Parameter estimates in a simulation study for the Kramers oscillator, eq. (8). The color code remains
consistent across all three figures. A) Normalized distributions of parameter estimation errors (é N — 60) @ 0 in both
complete and partial observation cases, based on 250 simulated data sets with h = 0.1 and N = 5000. Each column
corresponds to a different parameter, while the color indicates the type of estimator. Estimators are distinguished
by superscripted objective functions (F for full and R for rough). B) Distribution of 5%, estimators based on 1000
simulations with A = 0.02 and N = 5000 across different observation settings (complete or partial) and likelihood
choices (full or rough) using the Strang splitting scheme. The true value of o2 is set to o3 = 100. Theoretical normal
densities are overlaid for comparison. Theoretical variances are calculated based on C,2(6y), eq. (52). C) Median
computing time in seconds for one estimation of various estimators based on 250 simulations with A = 0.1 and
N = 5000. Shaded color patterns represent times in the partial observation case, while no color pattern indicates times
in the complete observation case.
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Figure 2: Ice core data from Greenland. Left: Trajectories over time (in kilo years) of the centered negative logarithm
of the Ca®™ measurements (top) and forward difference approximations of its rate of change (bottom). The two vertical
dark red lines represent the estimated stable equilibria of the double-well potential function. Green points denote up-
and down-crossings of level 0.6, conditioned on having crossed the other level. Green vertical lines indicate empirical
estimates of occupancy in either of the two metastable states. Right: Empirical densities (black) alongside estimated
invariant densities with confidence intervals (dark red), prediction intervals (light red), and the empirical density of a
simulated sample from the estimated model (blue).

5 Application to Greenland Ice Core Data

During the last glacial period, significant climatic shifts known as Dansgaard-Oeschger (DO) events have been
documented in paleoclimatic records (Dansgaard et al., 1993). Proxy data from Greenland ice cores, particularly stable
water isotope composition (6'0) and calcium ion concentrations (Ca®"), offer valuable insights into these past climate
variations (Boers et al., 2017, 2018; Boers, 2018; Ditlevsen et al., 2002; Lohmann and Ditlevsen, 2019; Hassanibesheli
et al., 2020).

The §'80 ratio, reflecting the relative abundance of 180 and 60 isotopes in ice, serves as a proxy for paleotemperatures
during snow deposition. Conversely, calcium ions, originating from dust deposition, exhibit a strong negative correlation
with 6180, with higher calcium ion levels indicating colder conditions. Here, we prioritize Ca®* time series due to its
finer temporal resolution.

In Greenland ice core records, the DO events manifest as abrupt transitions from colder climates (stadials) to approx-
imately 10 degrees warmer climates (interstadials) within a few decades. Although the waiting times between state
switches last a couple of thousand years, their spacing exhibits significant variability. The underlying mechanisms
driving these changes remain largely elusive, prompting discussions on whether they follow cyclic patterns, result from
external forcing, or emerge from noise-induced processes (Boers, 2018; Ditlevsen et al., 2007). We aim to determine if
the observed data can be explained by noise-induced transitions of the Kramers oscillator.

The measurements were conducted at the summit of the Greenland ice sheet as part of the Greenland Icecore Project
(GRIP) (Anklin et al., 1993; Andersen et al., 2004). Originally, the data were sampled at 5 cm intervals, resulting in a
non-equidistant time series due to ice compression at greater depths, where 5 cm of ice core spans longer time periods.
For our analysis, we use a version of the data transformed into a uniformly spaced series through 20-year binning and
averaging. This transformation simplifies the analysis and highlights significant climatic trends. The dataset is available
in the supplementary material of (Rasmussen et al., 2014; Seierstad et al., 2014).
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To address the large amplitudes and negative correlation with temperature, we transform the data to minus the logarithm
of Ca?", where higher values of the transformed variable indicate warmer climates at the time of snow deposition.
Additionally, we center the transformed measurements around zero. With the 20-year binning, to obtain one point
per 20 years, we average across the bins, resulting in a time step of A = 0.02kyr (1kyr = 1000 years). Additionally,
we addressed a few missing values using the na. approx function from the zoo package. Following the approach of
Hassanibesheli et al. (2020), we analyze a subset of the data with a sufficiently good signal-to-noise ratio. Hassanibesheli
et al. (2020) examined the data from 30 to 60kyr before present. Here, we extend the analysis to cover 30kyr to
80kyr, resulting in a time interval of 7" = 50kyr and a sample size of N = 2500. We approximate the velocity of
the transformed Ca®" by the forward difference method. The trajectories and empirical invariant distributions are
illustrated in Figure 2.

We fit the Kramers oscillator to the — log Ca*" time series and estimate parameters using the Strang estimator. Following
Theorem 3.2, we compute Cg(6y) from (50). Applying the invariant density my(z, v) from (10), which decouples into
mo(x) (11) and a Gaussian zero-mean and o3 /(21)) variance, leads us to:

_1 0 0
2n0
1 S 2 . 1 oo 4
Cs(6)) = 0 U—gf_oox mo(z) dz —57 Jo atmo(x) da | (53)
0 _UL% f_ocoo x47'('0(‘7}) dx %%f_ocoo xﬁﬂ-()(‘r) dx

Thus, to obtain 95% confidence intervals (CI) for the estimated parameters, we plug 0 wn into (52) and (53). The
estimators and confidence intervals are shown in Table 1. We also calculate the expected waiting time 7, eq. (12), of
crossing from one state to another, and its confidence interval using the Delta Method.

Parameter Estimate 95% CI

n 62.5 59.4 — 65.6
a 296.7 293.6 — 299.8
b 219.1 156.4 — 281.7
o2 9125 8589 — 9662
T 3.97 3.00 —4.94

Table 1: Estimated parameters of the Kramers oscillator from Greenland ice core data.

The model fit is assessed in the right panels of Figure 2. Here, we present the empirical distributions of the two
coordinates along with the fitted theoretical invariant distribution and a 95% confidence interval. Additionally, a
prediction interval for the distribution is provided by simulating 1000 datasets from the fitted model, matching the size
of the empirical data. We estimate the empirical distributions for each simulated dataset and construct a 95% prediction
interval using the pointwise 2.5th and 97.5th percentiles of these estimates. A single example trace is included in blue.
While the fitted distribution for — log Ca®' appears to fit well, even with this symmetric model, the velocity variables
are not adequately captured. This discrepancy is likely due to the presence of extreme values in the data that are not
effectively accounted for by additive Gaussian noise. Consequently, the model compensates by estimating a large
variance.

We estimate the waiting time between metastable states to be approximately 4000 years. However, this approximation
relies on certain assumptions, namely 62.5 ~ 7 > \/a ~ 17.2 and 73 ~ 02 /2n < a?/4b ~ 100. Thus, the accuracy
of the approximation may not be highly accurate.

Defining the current state of the process is not straightforward. One method involves identifying successive up- and
down-crossings of predefined thresholds within the smoothed data. However, the estimated occupancy time in each
state depends on the level of smoothing applied and the distance of crossing thresholds from zero. Using a smoothing
technique involving running averages within windows of 11 data points (equivalent to 220 years) and detecting down-
and up-crossings of levels +0.6, we find an average occupancy time of 4058 years in stadial states and 3550 years in
interstadial states. Nevertheless, the actual occupancy times exhibit significant variability, ranging from 60 to 6900
years, with the central 50% of values falling between 665 and 2115 years. This classification of states is depicted in
green in Figure 2. Overall, the estimated mean occupancy time inferred from the Kramers oscillator appears reasonable.

6 Technical results

In this Section, we present all the necessary technical properties that are used to derive the main results of the paper.
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We start by expanding €2, and its block components Q[}}*R] (0)71, QELS‘R] ()71, log det QELRR] (0),log det QELS‘R] (9)

and log | det D f}, /2 (y; B) | when h goes to zero. Then, we expand Zy, ;1 (3) and 2k+17k,k_1(5) around Y, _, when
h goes to zero. The main tools used are Itd’s lemma, Taylor expansions, and Fubini’s theorem. The final result is
stated in Propositions 6.6 and 6.7. The approximations depend on the drift function F, the nonlinear part N, and some
correlated sequences of Gaussian random variables. Finally, we obtain approximations of the objective functions (25),
(30), (31) and (39) - (41). Proofs of all the stated propositions and lemmas in this section are in Supplementary Material
S1.

6.1 Covariance matrix 2 h
The covariance matrix €2, is approximated by:
ﬁh = /h AL BTT AT (=) gy,
O~~ h? ~ <o ST h3 ~oea —SaT =T,
=hEx’ + ?(AzzT +I2TAT) + F(AQEET +2AXSTAT +32T(AYHT)
-+ %(EEET +3A’ESTAT +3ASET(AY)T + 22T (AT + R(1°, y0). (54)

The following lemma approximates each block of Q, up to the first two leading orders of h. The result follows directly
from equations (4), (6), and (54).

Lemma 6.1 The covariance matrix ﬁh defined in (54)-(19) approximates block-wise as:

h3 ht 5

25(0) = TERT + T (A(BSET + ZRTAL(B)T) + R(W, yo),
h? h3

Q(0) = TEZT + (A BT +25TAL(8)T) + R(R, yo),
h? h3

2,7(0) = ST + T (A(B)ZST + TTTAL(B)T) + R(1, yo),

Q') = n3xT + %Q(AV@EET +25TAB)T) +R(W, yo).

Building on Lemma 6.1, we calculate products, inverses, and logarithms of the components of €2, in the following
lemma.
Lemma 6.2 For the covariance matrix ﬁh defined in (54) it holds:
(i) 2,(0)7! = L(BBT) ! — J(ZXT) MAB) + AV(B)T(ZT) ) + R(h.yo);
(ii) (O)2 ()7 = ST - I3 (A, — BRTAL(B)(BET)7) + R(K. o),
(i) 2 (0)21 ™ (0) 1 () = EmnT + (A (B)EET + SETAL(B)T) + R, yo);
(iv) QM (9) = LSBT 4L R(15, o),
(v) log det Q™ (9) = dlog h + log det T2 T + h Tr Ay (8) + R(h2,y0):
(vi) logdet Q™ (0) = 3dlog h + log det X T + R(h2, yo);
(vii) logdet ©;,(8) = 4dlog h + 2logdet X7 + ATr Ay (8) + R(h2,y0).
Remark 5 We adjusted the objective functions for partial observations using the term clog det QH/C, where c is a
correction constant. This adjustment keeps the term h'Tr A (3) in (v)-(vii) constant, not affecting the asymptotic

distribution of the drift parameter. There is no h*-term in QLSIR] (8) which simplifies the approximation ofﬂ[hS‘R] ()71
and log det QLSlR] (0). Consequently, this makes (41) a bad choice for estimating the drift parameter.
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6.2 Nonlinear solution fh

We now state a useful proposition for the nonlinear solution fh (Section 1.8 in (Hairer et al., 1993)).

Proposition 6.3 Let Assumptions (Al), (A2) and (A6) hold. When h — 0, the h-flow of (15) approximates as:

- - B2 - -

Fu(y) =y + hN(y) + - (DyN(y))N(y) + R(h%, ), (55)
h2

filly) =y — hN(y) + 7(Dyﬁ(y))ﬁ(y) +R(P,y). (56)

Applying the previous proposition on (21) and (22), we get:

Fn(y) = v +hN(y) + %Q(DVN(y))N(y) +R(1%,y), (57)
2
17 y) = v~ IN(y) + o (DN(y)N(y) + RO, y). 58)

The following lemma approximates log | det D f}, /> (y; B) | in the objective functions and connects it with Lemma 6.2.

Lemma 6.4 Let fh be the function defined in (21). It holds:
2log|det Dy /o (Yi,; 8) | = h Tt DUN(Yy, 3 8) + R(W*2, Y, ),
2log | det Dfy /o (Xty, AnXiyyr:B) | = h T DyN(Yy, 38) + R(K3/2, Yy, ).

An immediate consequence of the previous lemma and that D, F(y; 8) = Ay (8) + DyN(y; 3) is

log det Q1 (9) + 21og | det Dy, /o (Yi,;8) | = logdet hEST + h Tr DyF(Yy, ,;8) + R(W*/2, Yy, ).

The same equality holds when Y, is approximated by (X, , ApX,,,). The following lemma expands function
Hh(fh/g(y)) up to the highest necessary order of h.

Lemma 6.5 For the functions j’Th in (21) and py, in (28), it holds

~ h2
H (Fupp(3)) = x+ hv + TE(y) + R(H. ), (59)

ul (Fua(y)) = v+ h(F(y) — =N(y)) + R(h?,y). (60)

DN | =

6.3 Random variables Zk,k_l and Zy 1 k-1

To approximate the random variables ZLS’],%l (B), Zg},]cfl (B), ZEL_l (B), and ZLT17k7k_1 (B) around Yy, _,, we start

by defining the following random sequences:

1 [t
M= [ AW (61)
1 tr 1 trt1
&p1 = 7372 /tk 1(t —tr—1) dWy, & = 7372 /tk (tkr1 —t) AWy, (62)
1 tr 1 tet1
Cro1 = W/ (t —tp_1)>dWy, ¢ o= W/ (tpp1 — )2 dW,. (63)
tr—1 tr

The random variables (61)-(63) are Gaussian with mean zero. Moreover, at time ¢, they are F3, , , measurable and
independent of F;,. The following linear combinations of (61)-(63) appear in the expansions in the partial observation
case:

Uy o1 =&, + &Ep1, (64)
Qri—1:=2Cp +2nk—1 — Cr—1- (65)
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It is not hard to check that 5; + Mp—1 — 52—1 = Uy, —1. This alternative representation of Uy, ;,_; will be used later
in proofs.

The It6 isometry yields:

1
IEHO [nkflnqu | ]:tka = I? EBO [%—15111 ‘ ‘/—_.tk—l] = ]E90 [nkflg;c—il | ‘Ftk—l] = §Ia (66)
1 1
Ego [6]6716;;[1 | ]:tk—1] = 617 E90 [Ekflél—cll | }—tk—l] = Eeo [&&T ‘ “Ftk—l] = glv (67)
2
Eoo[Uki—1Up o1 | o] = 31 Eoo Uk k—1(Ukp-1 +261)" | i ] =L (68)

The covariances of other combinations of the random variables (61)-(63) are not needed for the proofs. However, to
derive asymptotic properties, we need some fourth moments calculated in Supplementary Materials S1.

The following two propositions are the last building blocks for approximating the objective functions (30)-(31) and
(40)-(41).

Proposition 6.6 The random variables Zkﬁ k—1(8) in (24) and %k.}rl k,k—1(8) in (35) are approximated by:

h? h5/2
Zi 1 (8) = BP0k + 5 (Fo(Ye, ) = F(Yo, ) + 5 DvFo(Yr,_) oGy +R(W Y, ),
h3 /2
Zit1(B) = W*Somes + h(Fo(Yo,_,) = F(Ye,_,)) = 5 DuN(Yy, ) Somis
+h3/2D FO(Ytk 1)205/{3 1+R(h2’Ytk71)’
18] h2 h5/2 3
Zkk 1(ﬁ):77F(Yfk 1)7 —D F(Ytk 1)20516 1+R(h Yfk 1)
h3/2
Zi), k,kq(ﬁ):hl/ZEOUk,k—lJrh(Fo(Ytkfl)*F(th))* 5 DvN(Yt,_1)Z0Up -1

hd/2

— *PDyF (Y, )So&)  + 5

——DyFo(Yy, )Z0Qr k-1 +R(R* Yy, ).

Remark 6 Proposition 6.6 yield

Ee,[Z[_(B)Z]_ (B)T | Y., ] = hEE] + R(W2Y,,_,) = Q™ + R(2 Y, ),

[R] R] 2 2 R
Eoo[Zic1 kb1 (B)Zis1r 1 (B) | Yo\ = ShES] + R Yy, ) = 2"+ RO, Y,, ).

. . . . . IR
Thus, the correction factor 2/3 in (40) compensates for the underestimation of the covariance of ZL -&ll,k,k—l(ﬁ)'
Similarly, it can be shown that the same underestimation happens when using the backward difference. On the other
hand, when using the central difference, it can be shown that

—[R],central [R],central 5
Ego[zk—‘ﬂ k,k— 1(/6)Zk+1 kk— 1( )T | Ytk—l] = 172h2321(—)r + R(h27Ytk—1)7

[RR]

which is a larger deviation from S, yielding a larger correcting factor and larger asymptotic variance of the

diffusion parameter estimator.

Proposition 6.7 Let Zk k—1(8) and %k+17k’k,1 (B) be defined in (24) and (35), respectively. Then,

SR a7 , h?/2 T T T -1
Zy - 1((3)——720(% 1— 25/6—1)‘*‘?(1%—22 A (B) (X)) Zonk—1

h5/2 h5/2 / 3

+—D VIN(Yy ) Zome—1 — — Dv VvFo(Ye, )Z0(€r—1 — Chor) + R(A, Y, ),

SIR. h3/2 h? hb/? _
Z£e+|1]k k—1(8) = 5 ZoUkk-1 — 3F0(Yt;€71) + 45 Ay —Z2TAL(B) (227) B U k-1

h5/2 h5/2 5

+ 1 —D,N(Yy, ,)XoUkp—1 — 1 ——DyFo(Yy, 1 )Z0Qu k-1 + R(A°, Yy, ).
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6.4 Objective functions

Starting with the complete observation case, we approximate objective functions (30) and (31) up to order

R(h3/ 2Y,,_,) to prove the asymptotic properties of the estimators éESR] and éESS'R}. After omitting the terms
of order R(h, Yy, _, ) that do not depend on 3, we obtain the following approximations:

N
L (Youy50) = (N = Dlogdet B2+ n 5] (B27) ' Sonk_y (69)
k=1

N
+2Vh Y 012 (EET) N F (Yo 60) —F(Yi_.:8))

k=1
+ hz Ytk 17ﬂ0 (Ytkfl;ﬂ))T(EzT)_l(F(Ytk—l;IBO) - F(Ytkfl;la))
N
- thZ_lzg DyF(Yy, ;8) (ZXT) ' Some_1 + Y Tr DyF(Yy,; 8),
k=1 k=1

N
L5 (Yo0:0) = (N = 1)1ogdet ST + 33 (o1 — 265 _1) "2 (SST) 1 Sp (e — 264,)  (70)
k=1

N
—3h) (M1 —28_1) "2 (E2T) T DIN(Yy, 5 8)Somk

k=1
N
- hZ(nzH —26,_) S0 () THALB) - ==TALB) T (ZET) ) Semk-1
k=1
L (Yo :0) = LI (You50) + LI (Y40,:6) . 71)

The two last sums in (70) converge to zero because Eg, [(nx—1 — 2&;_,)n,_|Ft,_,] = 0. Moreover, (70) lacks the

quadratic form of F(Yy, _,) — Fo(Y+,_, ), that is crucial for the asymptotic variance of the drift estimator. This implies

LICSIRI

that the objective function is not suitable for estimating the drift parameter. Conversely, (70) provides a correct

and consistent estimator of the diffusion parameter, indicating that the full objective function (the sum of EE?R} and

EESS“)”]) consistently estimates 6.

Similarly, the approximated objective functions in the partial observation case are:
N-1
2
™ (Yo, :0) = 3 (IV = 2) log det EET 4D UL 80 (BET) T 80Uk s (72)
k=1

+2\fZU kk-120 (EET)THE(Yy,_1580) — F(Yi,_,:08))

k=1
N-1
+h Z (F(YtkfﬁﬂO) - F(Ytkfl;l@))T(EET)_l(F(YtkfﬁﬁO) - F(Ytkfﬁﬁ))
k=1
N—1 N-1
—h Y (Ugpo1 +28,_1) B DyF (Y, ;8) (EZT) 12Uk st + 1 Z Tr DyF(Yy,;8),
k=1 k=1
N-1
LI (Youy:0) = 2(N = 2) logdet ET +3 > UL, S7(E5T) ' S0Up s (73)
k=1
N
+6vVhY UL BJ(EST)IF(Y, ;5 60)
k=1
N-1
=30 Y UL, 30 DyN(Yy,_;8) (B2T)'BgUs st + 2k Y Tr DyN(Yy,; ),
k=1
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L (Yo 0) = L8 (Y005 0) + L0 (Y013 6). (74)
This time, the term with A, (8) — ZXTA,(B)T(ZXT)~! vanishes because
Tr(SoUp1Ufx 120 (BET) HAV(B) - BETA(B)(BET) 1) =0
due to the symmetry of the matrices and the trace cyclic property.

Even though the partial observation objective function £IPR! (Xo.,,;80) (40) depends only on Xo.;,, we could

approximate it with LB\F;R] (Yo:t,;0) (72). This is useful for proving the asymptotic normality of the estimator since its
asymptotic distribution will depend on the invariant probability v defined for the solution Y.

The absence of the quadratic form F(Y;, ,) — Fo(Y,,_,) in (73) indicates that ﬁgss‘m is not suitable for estimating
the drift parameter. Additionally, the penultimate term in (73) does not vanish, needing an additional correction term of
2h Zg:_ll Tr DyIN(Y,; B) for consistency. This correction is represented as 4 log | det Dy fj, /2| in (41). Notably, this
term is absent in the complete objective function (31), making this adjustment somewhat artificial and could potentially
deviate further from the true log-likelihood. Consequently, the objective function based on the full likelihood (39)
inherits this characteristic from (73), suggesting that in the partial observation scenario, using only the rough likelihood
(72) may be more appropriate.

7 Conclusion

Many fundamental laws of physics and chemistry are formulated as second-order differential equations, a model class
important for understanding complex dynamical systems in various fields such as biology and economics. The extension
of these deterministic models to stochastic second-order differential equations represents a natural generalization,
allowing for the incorporation of uncertainties and variability inherent in real-world systems. However, robust statistical
methods for analyzing data generated from such stochastic models have been lacking, presenting a significant challenge
due to the inherent degeneracy of the noise and partial observation.

In this study, we propose estimating model parameters using a recently developed methodology of Strang splitting
estimator for SDEs. This estimator has demonstrated finite sample efficiency with relatively large sample time steps,
particularly in handling highly nonlinear models. We adjust the estimator to the partial observation setting and employ
either the full likelihood or only the marginal likelihood based on the rough coordinates. For all four obtained estimators,
we establish the consistency and asymptotic normality.

The application of the Strang estimator to a historical paleoclimate dataset obtained from ice cores in Greenland has
yielded valuable insights and analytical tools for comprehending abrupt climate shifts throughout history. Specifically,
we employed the stochastic Duffing oscillator, also known as the Kramers oscillator, to analyze the data.

While our focus in this paper has been primarily confined to second-order SDEs with no parameters in the smooth
components, we are confident that our findings can be extended to encompass models featuring parameters in the drift
of the smooth coordinates. This opens up directions for further exploration and application of our methodology to a
broader range of complex dynamical systems, promising deeper insights into their behavior and underlying mechanisms.
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S1 Supplementary Material

In this section, we provide proofs for all the nontrivial lemmas, propositions, and theorems presented in Sections 3 and 6.
The majority of these proofs, especially those in Section 6, heavily rely on It or Taylor expansions in A around Y, .
Additionally, we frequently employ Fubini’s theorem as a useful tool. Our initial focus is on the results from Section 6,
as they constitute technical auxiliary properties essential for understanding the main results outlined in Section 3.

S1.1 Proofs of results from Section 6

Proof of Lemma 6.2 To prove (i), calculate

Q(0) ! = L(IET) NI+ L (AL(B) + ZRTAVB)T(EST) ) ) + Rih,yo)
= HERT) I H(AB) + BETAVB)(B3T) ) + R(hyo)
= (217 - L(Z5T) 7 AV(B) + AVB) (Z5T)7) + R(hyo)
Proof of (ii):
ol 00" (0) ! = (L7 + (AL (8)ERT) + 288 ALG) ) L(EET)
e )(EET) T AE) + AB)T(SET) ) + RO, y0)
= gx - %(Av —-BXTAB) T (EET) ) + R(P, yo).

To prove (iii), use the previous result to obtain:

o)l o)1l )

—d Ay st aue ) ) EsT) - LA E)EsT) - SSTAB) ) + ROy
= %SZ‘ET + %(Av(ﬁ)EET +IZTAL(B)T) +R(A°, yo).

Proof of (iv) follows from (iii) and Lemma 6.1. To prove (v), approximate the log-determinant as:

2
log det Q' (8) = log det <h22T + %(AV(B)Z}ZT + EETAv(ﬁ)T)> + R(h2, y0)

=dlogh +logdet ZXT + log det (1 + g(AV(B) + EETAV(ﬁ)T(EET)—l)) + R(h%,y0)

=dlogh +logdetTX T + gTr(Av(ﬁ) +32TAL(B)"(ZZT) ™Y + R(h2, y0)

= dlogh +logdet XX + h Tr A (8) + R(h?, o). (S1)
To prove (vi), repeat the previous reasoning on (iv). The proof of (vii) follows from det Q n = det QELRR] det QE‘R}

and properties (v) and (vi).

Proof of Lemma 6.4 Using the same approximation as in the previous proof of (v), we obtain:
h
2log|det Dy (v3 B)| = 2log | det(I+ 5 DN(y; 8))| + R(h*,y)

= 2log|1 + gTrDN(y;,BH + R(R%)y)
= h'Tr DN(y; 8) + R(h?,y) = h Tr DyN(y; 8) + R(h*,y). (S2)

In complete observation, put Y, instead of y and use 1t6’s lemma on N(Y, ) as in (S6). In partial observation, put
(X4, ApXy, ) instead of y and approximate N(X;, , A Xy, , ) as in (S7).
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Proof of Lemma 6.5 We use definition (6) and approximation (55), and plug them in (17) to obtain:
fin(Fap2(y) = €A (Frjoly) = b) + b
h? ~ ~ o~
— (st 1A+ A2 ROLY) ) Fupaly) - B) +5
L+ A+ R<h3,y> Mo+ Ay + R(B,y)
hAx + R(R%y) I, + hA, + R(h%y)
X+ hv + %QF(y) + R(R3,y) ]
v+h(F(y) - 3N(y)) + R(h*,y)

This concludes the proof.

{v + %N();;+bR(h27 w} i m

To prove Proposition 6.6, we need the following lemma that provides expansion of A, X, 1 ApXy, .

Lemma S1.1 For process Ap Xy, (33) it holds:

h3/2
ApXip — AnXy, = \/EEOUk,kA +hFo(Yy,_,) + 7DVF0(Ytk_1)20Qk,k—1 + R(h27Ytk—1)7 (S3)

h h3/2
Ahxtk - Vtk—l = \/5206;671 + §F0(Ytk~71) —D FO(Ytk 1)Eock 1 + R(h Ytk 1) (84)
Proof of Lemma S1.1 Proof of (S3). Equation (2) in integral form and (33) yield:

1 trt1 1 trt1 1 tr
ApXi — ApXy, = 7/ V. dt — f/ V.dt = 7 / (Vi =V, )dt + B/ (Vi, — V) dt

h tr th—1

tht1 1 tet1 t
/ / Fo(Y,)dsdt + 20/ dW, dt
h t

tr tr 1 ty ty
+f/ / FO(Ys)dsdt—i—on/ AW, dt.
h tp_1 Jt h tp—1 Jt

Apply Fubini’s theorem on double integrals to obtain:

1 tht1 1 tr
A}thk+1 — A}thk = — / (tk+1 — t)Fo(Yt) dt + E / (t — tk—l)FO(Yt) dt + \/Eonng_l. (S5)

h 123 th—1

Applying It6’s lemma on F(Y,) yields the following approximation:

t
Fo(Y:) =Fo(Ys,) + DVFO(Ytk)EO/ dW, + R(h, Y:,). (S6)
t
Plugging (S6) into (S5) gives:

1 tht1
Ahth+1 - Ahth = hFU(Ytk) + EDVFO(Ytk)EO/ / (tk+1 - t) dWS dt

tr

tr
1p vFo(Yy,) 20/ / (t —tp_1) AW, dt + VEZoUp x 1 + R(B%, Yy, ).

th—1

h

Once again, apply Fubini’s theorem on the double integrals to get:

Pt 1 5/2 »1 b e 1 5/2
/ /(tk+1 — 1) AW dt = S h 2¢, / / (t—ti1) AW dt = oh 128 1.
ty tr tp_1Jt

So far, we have

h3/2
ApXey ., — ApXy, = VEEgUp 1 + hFo(Yy,) + ——DuvFo(Y4,)S0(¢h — Crm1) + R(BA Yy, ).

To conclude the proof, use Itd’s lemma to get Fo(Yy, ) = Fo(Ytk,l) + ﬁDvFo(Ytk,l)Eonk—l +R(h, Y, ).
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Proof of (S4). As before, start with (33) and use (S6) to get:

1 tr 1 tr
AnXy —V, | = E/ (b — £)Fo(Yy) dt + EEO/ (b — ) AW,

tp—1 tr—1

h 1 bt
= VhZo€,_y + 5 Fo(Ye,_,) + ~ DvFo(Ye,) %o (tr — t) AW dt + R(h*, Yy, ).
2 h
th—1 Jtr—1

This concludes the proof.

Proof of Proposition 6.6 The expansion of ZLSL_l follows directly from Lemma 6.5 and S1.1. Indeed, it holds

h2

Zih 1 (B) =X, =X, = hVi, = (Yo )+ RO, Yy, )

h2
= h(Ahth - Vtk,—l) - EF(Ytk,—l) + R(h37Ytk—1)'

To expand Zg},]cfl, we use definition (27) and approximations (58) and (60), as follows:

h
2 1(8) = Vi, = Vi, = hF(Yy, ) = 5(N(Yy) = N(Y1, ) + R(P, Yy, )

L tr h
=30 [ aWes [ Fo(Yodt - hB(Y;, ) - 5(N(Y) = N(Yi, )+ RO, Y, )

tp—1 tr—1

= VA1 +h(Fo(Yr, )~ F(Y, ) — 5(N(Yy) ~ N(Yi, )

tr t
+D‘,F0(Ytk71)20/ / dW,dt + R(h*, Yy, ).

tr—1 Jtk—1

In the last line, we used Itd’s lemma on F(Y) as in (S6). Again, apply Itd’s lemma on N (Y4, ) to get:

h3/2
Zih1(8) = ViSomss + h(Fo(Yr, ) = F(Y,_,) = 5~ DyN(Yy, ) Somis

+ h3/2DvFO(Ytk—1)EO£;€71 + R(hQ’ Yt"‘—l)'

The expansion of ZE]IC_l follows from definition (36) and plugging (X;,_,, ApX}, ) in approximation (60):
=[8] h? 3
Zk+1,k,k71(ﬁ) = th, - th71 - hAhth - EF(thquhth) + R(h 7Ytk—l)

h2
= _7F(th—17Ahth) + R(h37 Ytk—l)'

Use Taylor’s formula on F (X, |, ApX,, ) to get

F(th71 ) Ahxtk) = F(Ytk—l) + DVF(Ytk—l )(Ahxtk - Vtk—l) + R(h27 Ytk—l ) (S7)
Now, the rest follows from Lemma S1.1.
Finally, to expand Z}fﬂl, kk—1 Start with definition (37) and approximations (58), and (60):

(Rl

Zii1ki—1(B) = AnXyy,, — ApXy, — hF (X4, ), ApXy,)
- g(N(th,AhthH) —N(X¢, ., ArXy,)) + R(R%, Yy, ).
Lemma S1.1 yields:
zgﬂl,k,k—l(ﬁ) = VhZEoUp -1 + h(Fo(Ye, ,) — F(Xe, 1, AnXy,))
h 3/2

h
- §(N(th,7Ahth+1> - N(th—wAhth)) + TDVFO(Ytk—l)EOQk,kfl + R(h27Ytk,—1)'



Strang Splitting Parameter Estimator for Second-order SDEs A PREPRINT

Apply Taylor’s formula on F(X;, ,ApXy, ), N(Xy, , ApXy, ., ), and N(X,, |, Ap X, ), to get:

IR h
Zk+1 k,k— 1( ) = \/EEOUk,kfl + h(FO(Ytk—l) - F(Ytk—l)) - §(N(Ytk) - N(Ytk—l))
h3/2 3/2 , h3/2
+7D Fo(Yt, 1 )Z0Qu k-1 — h?/°DyF (Y, )01 — —— DyIN(Y,) o€,
h3/2 , )
—D N(Ytk 1))2051671 +R(h 7Ytk,—1)'
Finally, applying It6’s lemma on N (Y, ) yields
—_[R] h3/2
Zi1jp1(B) = VhEUp o1 + h(Fo(Yy,_,) —F(Ye,_,)) - 5 DvN(Yy, ) Zome—1
h3/2 3/2 , h3/2
+ 7D FO(Ytk—1)20Qk,k71 —h DVF(Ytk—l)EOEkfl —D N(Ytk 1)20€k
h3/2 / 2
+ L DUN(Y o)) Sobh oy + ROZ, Yo, )
h3/2
= VhZgUp -1 + h(Fo(Yy,_,) —F(Y, ) — — D vIN(Yt, )30 Uk -1
h3/2

+ 7D FO(Ytk 1)20Qk k—1 — h3/2DVF(Yt1¢71)EO£;@71 + R(h27 Yt}c—l)’
This concludes the proof.

Proof of Lemma 6.7 Combining Proposition 6.6 and property (ii) of Lemma 6.2 yields:

S S S
Zp () =20 (8) - 29 o)z (8)
3/2 / h? h?/2 /
=" 301 + ?(FO(Y%?J -F(Yy,_,))+ TDvFO(Ytkq)EOqu

(h _hj B T T Ty—1 1/2 _
J1- (A - =ETAB) (5ET) ) (h Som—1 + h(Fo(Ye, ) — F(Ys, )

h3/2
_TDVN(Ytk_l)EoT];@,1 + h3/2DVF0(Yt1¢_1)EO£;€1)> + R(h37 Ytk—l)
2/2 , h2 h5/2
= W*PS0&) . + 5 Fo(Ye ) = F(Ye, ) + ——DoFo(Ye, )Z0Ck-1
2/ h2 h5/2
— B3 2Somyq — ?(FO(Ytk_l) -F(Yy,_,))+ TDVN(Y%_JEOWA
h‘)/2 h5/2 T T Ty\—1 3
DyFo(Yt,_,)Z0€f 1 + =5 (A XX AyB) (BE))Zemk-—1 +R(A*, Yy, ).
Additionally,
=I[SIR] et SR, RR _175IR]
Zk+1 k,k— 1(/3) = Zk k— 1(@ - Q[ ](H)QL ](9) 1Zk+1,k:,k71(/3)
h? ho/2 he h? T TissTy-1
=~ F(Yy ) - 5 DF(Yy )Segi — (31— 15 (Ay —EETAL(B)T(ZET) )
h3/2

| <hl/2EOU’“*’” +h(Fo(Yi, ) —F(Ye, ) DyN(Y+, )20 Ug k-1

SR

h3/2 f
+ 7D VEFo(Ye,_ ) Z0Qr k-1 — h3/2DvF(Ytk1)Eo€2_1> +R(h* Yy, )

h2 h5/2 ) h2
=5 FYu 1) = 5 DF(Yi 1) B0& — WS U1 — 5 Fo(Ye,,) = F(Ye,,))
h5/2 h5/2 h5/2

+ TDVN(Ytk,l)Eon,k—l - TDVFO(Ytk,l)EoQk,/c—l + TDVFO(Ytk,l)Eofﬁc_l
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h5/2 )
+ ﬁ(Av ~IETAB) T (EET)HEGUs o1 + R(A, Y, ).

S1.2  Proofs from Section 3

Before we start the proofs, we state the following ergodic property, which is proved in Kessler (1997) in case of
complete observations, and in Samson and Thieullen (2012) for both complete and partial observation.

Lemma S1.2 (Proposition 4 in Samson and Thieullen (2012)) Let Assumptions (Al), (A2) and (A3) hold, and let Y
be the solution to (3). Let g : R?>? x © — R be a differentiable function with respect to 'y and 0 with derivatives of
polynomial growth in'y, uniformly in 6. If h — 0 and Nh — oo, then,

N

1 ) Pe, .
N_1 > 9(Yy,:6) Vo g9 (y;0) dwo(y), (S8)
k=1 R0
1 = P
6,
N_2 2 9 (X, ApXe,; 0) W g9 (y;0) dwo(y), (S9)
= —

uniformly in 6.

S1.3 Proof of consistency

Proof of Theorem 3.1 The proof of the consistency of the estimators follows a similar path as in Theorem 5.1 of
(Pilipovic et al., 2024). With o := vech(ZX") = ([ZX 11, [EX 12, [Z2 a2, o, [EX 14, -y [Z2 Taa), we
half-vectorize XX T to avoid working with tensors when computing derivatives with respect to X3 7. Since XX " is a
symmetric d X d matrix, o is of dimension s = d(d + 1)/2. For a diagonal matrix, instead of a half-vectorization, we
use o = diag(XX ") and s = d in that case.

We start by finding the limits in Pg, of

1 C. 1 P-

v 1N (B.0) and o £(B.0), (S10)
for Nh — 0o, h — 0, uniformly in 6. We apply Lemma 9 in Genon-Catalot and Jacod (1993) to prove the convergence
and use Proposition A1l in Gloter (2006) to prove the uniform convergence. For more detailed derivations, see proofs in
Pilipovic et al. (2024). Taking the expectations of (69)- (74), we conclude that:

1 C _
ngﬁ] (8,0) = logdet(EXT) + Tr(T=T)'E%]),

1 CS|R _

ﬁggv ®(8,0) = logdet(Z=T) + Tr(E2T)"'=%]),
b
N-1

1 2 2
—— (B, o) = Slogdet(TRT) + = Tr((EXT)'EE]),
N—2 3 3
1
mcgss‘m (8,0) = 2logdet(T=T) + 2 Tr((ZX7)"1E%]),
ﬁLESF] (8,0) — glog det(EXT) + gTr((zzT)*lzon),

LB, 0) = 2logdet(B2T) + 2 Tr((ZET) 7 1EEy),

—TI[C- —TI[P-
in Pg,, for Nh — 0o, h — 0, uniformly in 6. From here, the rest of the proof of consistency for 3% N[ ! and XX N[ !

is the same as in (Pilipovic et al., 2024). The coefficients in front of log det terms in the partial observation setup
correspond to the correcting factors in definitions of objective functions (39)-(41). They are needed to match coefficients
in front of Tr terms that come from the forward difference’s under- or over-estimation of the noise effects.

To prove the consistency of the drift estimators EE\?R] and BE\I,)R], we start by finding the limits in Pg, of

o (ENYB.0) L (B o)), s1D)

1
'CESR](@U)—EESR]WOJ')) and m

R
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for Nh — oo, h — 0, uniformly in 6. Starting with expressions (69) and (72) we get

N
ﬁ(ﬁ[glﬂ(ﬁv@ — LM (B, o) = (N—Ql)\/ﬁ o Zg (EE) TN (Fo(Ye, ) —F(Yy, )
k=1
N
+ ﬁ Z(FO(Ytkfl) - F(Ytk'fl))T(EET)il(FO(Ytkfl) - F(Ytk—l))
k=1
- ﬁ Z""IijqonDv(F(Ytkfl) —Fo(Yy, ) (Z2T) ' Zome
kNl
z F(Yy,) —Fo(Yy)),
(N i 2) (L[PR](/G ) EESR}(/B()’(’-)) - ( : )\/> Z Uk k— 120 (EET)_l(FO(Ytk—l) - F(Ytk—l))
N-1
s S (Fo(Ye ) - F(Y,, ) (S5 (Ro(Ys, ) - F(Y, )
k=1
N-1
- ﬁ (Upior + 260 ) ST DG(F(Yo, ) — Fo(Yy ) (S2T)1S0Ups
k=
=
tv 3 ; Tr Dy (F(Yy,) — Fo(Yy,)).

To prove the convergence in probability of the previous two sequences, we use Lemma S1.2 and Lemma 9 in Genon-
Catalot and Jacod (1993). To apply Lemma 9 from Genon-Catalot and Jacod (1993), we need to show that the sum of
expectations converges to a certain value, while the sum of covariances converges to zero. Here, we only show the
former. Moreover, standard tools like Proposition A1l in Gloter (2006) or Lemma 3.1 in Yoshida (1990) can be used to
prove uniform convergence. Thus, we just look at the expectation to find the limits of these sequences. We use the
known covariances (66) and (68) to get:

(B, 0) — L3 (Bo,0)) — 2 [(Boly) ~ F(y)) " (£27) 7 (Foly) — F(y)) dwo(y)
h—0

+ / Te(Dy (Fy (y) — F (y)) (S2](SST) 7~ D) duly).  (S12)

Thus, the consistency of the drift estimator in the partial case coincides with the complete case when using rough
objective functions. This is because the right-hand side of (S12) is non-negative when XX T = EEJ , and the left-hand
side is non-positive, following the definition of the likelihood. The remainder of the proof is analogous to that in
Pilipovic et al. (2024), and is therefore not repeated here.

Here, we also illustrate why the objective functions based on the conditional likelihood of smooth given rough
coordinates do not provide identifiable drift estimators. Starting with the complete observations objective function (70)
and using that Eg, [(nx—1 — 2&,_,)n)_,|Ft,_,] = 0, we conclude::

1

Pe,
Nh(

LB, o) — L7 B0, ) 0 (513

In the partial observation case, we need to add the term 4 log | det Dy, f, /2| in (31). Due to this correction, we obtain
the consistency of the drift estimator from the following derivations and the fact that the diffusion estimator converges
faster:

N—
1
7(N_2)h(£[§s‘m(ﬁ,a)—Eﬁs'm(ﬁo, Z N(Y,,) — No(Y,))
k=1
N-—1
+ 5o z’,;Tr (B27) 20U UJ 4,5 DoNo(Yi )~ N(Yy, ) )
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e 2 [ 1Dy (No ) - N(¥) (S2] (E27T) - 1)) duo(y).

Finally, the consistency of the estimators based on the full objective functions follows from the previous proofs, (71),
and (74). That concludes the proof of consistency.

Proof of Lemma 3.3 We start by proving the first part of the lemma, for both complete and partial cases using the
rough objective functions (69) and (72). First, we find their second derivatives with respect to 3:

1 2
020 i LN (Yout:0) =

N
(N —1)h BV B Znl—crflzg—(zz—r)ilag(h)g(ig)F(Ytk71;ﬁ)

(N - l)ﬂkzl
- 2 &
+ N ZTI‘D aﬁ(n)[—}(fz)F(YtkH@) + N Z aﬁ(ll)F(Ytk 17:6) (EET)_laﬁ(iz)F(Ytkfl;ﬂ)

2
- ﬁ Za;(ﬁ),@(w)F(Ytkfl;IB)T(EZT)il(F(Ytkfl;IBO) - F(Ytk—1716))
k=1

N
1 _
N1 D g Dy s F(Y e 13 8) T (ZET) ! Somy,
k=1
1 9 N—-1
PR
ma/zgung(mﬁgv N(Youn:0) = m Z Upp1 B0 (B27)” 186(11)/@(72)F(Ytk 13 8)
1 = 2 =
+ Ni Z Tr D aﬁ(q)ﬁ(Q)F(Ytk’B) N D) Z aﬁ(il)F(Ytk_l;ﬂ)T(ExT)_laﬁ(iQ)F(Ytk—l;ﬁ)
k=1 k=1
9 N-1
- m Z a;(il)ﬁ(iz)F(Ytk—l;B)T(EET)_l(F(Ytk71;BO) - F(Ytk—nﬁ))
k=
1 =
- m (Uk,k—l + 252-—1)T28—Dv8[23(i1)/3(i2)F(Ytk,l§ﬁ)T(22T)7IEOUk,k—1~

k=1
As in the proof of consistency, it holds:

1 . P _
mﬁfgm)guz)ﬁg\rm (YO:tN;g)’ o R 2/3ﬁ<i1>F0(Y)T(EZT) 186@2)F0(y) dvo(y).
=Y%o
Now, we investigate the limit of N 1)f8;(11)0(]2)£[CR] () and 8§<ZI)J<JQ>E[PR](9)¢
g £ (Yai0) = S 0l B0, (B5T) 0 B (Vi)
B1) g (i2 HI - _ — olJ2 ‘1 k—1)
(N-1)vh N-16&
N
N 1 ZR (VA Ye, )
;aé(- o LR (v, = )3 1Uka 120 0502 (B2 1) 10500 F(Ye, 15 8)
1) g (d2 -N’ ) ol ‘1 k—1)
(N —2)vh N 2=
1 N1
+ m R(\/>7 Ytk—l)
k=1

Both previous sequences converge to zero due to Lemma 9 in Genon-Catalot and Jacod (1993). Next, we look at the

limits of x5 3§<71>0<12)4§R](9) and 78§<]1>g(12>£5\$R}(9)1
1 CR
ﬁaiuna(mﬁgv ] (Yo:ty;0) = 3(,(]00(]2) log det(EXT)
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N
1
282(11)0-02) Tr(Zom— 177k 120 (EET) )+ N_1 ];R(\/E, Y1)

:Tr((EET) 10200500 BB T) - Tr((Z2T) 710,

WEENEETT9, 5,2

oli2

1
~— N o ZTY Sonk— 17lk 120 (EET) (8301)(,(;'2)22”(22”71)
1
+ TZTY Zomi-1Mi-1%0 (BET) T 0,60 BB (EET) 0,0 EET)(EST)
1 N
+ —ZTr S 1 20 (EET) 0,0, 2R (EET)THO,0nEEH)(EET) T
1 N
N1 > R(VA Yy, ),
k=1
1 2
mag(n>g<jz)45R] (Yo:ty;0) = gazunguy log det(ZET)
1 N-1
+ N_2 02 1) i) Tr(B0 U k- lUk 13X (BT Z R(Vh, Yy, )
k=1
2 2
=3 Tr(Z27) 71026, 00 B2 ) — 3 Tr(Z21) 10,60 EE)(ZET) 10,0 ZRT)
1 N—-1
~“N_3 kzl Tr(ZoUp s 1 UL 1 g (B21) 7 (020,),00 ZEN(EST) )
1 N-1
+ v > T Uk i1 Uf 1 20 (BET) 70,6022 T)(E2T) (0,0 ZET)(EET) )
k=1
N-1
1
t N3 Tr(ZoUp 1 UL, 1 g (B2T) (0,00 22N (EST) (9,00 =ET)(EST) )
k=1
1 N—-1
— Y
+N_2k:1R(\/7 tk 1)

Using the second moments of 7, and Uy, ,,_; with additional calculations, we can conclude that:

1 CR P ~
maiungowﬁgv ] (Yo:ty;0) ‘9:00 = Tr((22T) 19
2

1 PR Pe —
m6§<.7‘1>g(j2>£[1v N(Youy:0) ‘9:90 — gTY((EzT) ',

To extend the previous results on the objective functions (70) and (73), we start by acknowledging that

1 SR Po
thafzﬂmmmﬁgvl ](YO:tma) 00, — 0.

L 2R (EE) 719,65, 28T,

(1) ZET)(EET)_IQI(Q) EET).

The reasons behind this are the same as in the proof of consistency. The same can be said for the limit of
#\/ﬁﬁ (,E['SlR] (0). Finally, repeating the same derivations as before, we get:

P
P00 B (Yo 0) | TH(RT) 7 0,00 BT (EET) 10,00 28T,
=bo
762 [PSIR] . Foq V=19 .. T Ty-1g T
N 300000 Ly (Youy;0) | — 2Tr((E5 )7 (0,60 33 )(EE )™ 9 TT ).
=0bo

This concludes the first part of the lemma. The second part follows from the fact that all limits are continuous in 8.

To prove Lemma 3.4, we state another useful property that provides a general formula to calculate moments of a product
of two quadratic forms with Gaussian vectors.
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Lemma S1.3 Let (ou.)n_q, (Bk)n—1, be two sequences of independent F, , , -measurable Gaussian random variables

with mean zero. If Eq,[ct—18)_, | Fi,_,] is diagonal, and A and B are two symmetric positive definite matrices,
then:

Eo, [0y 1 Aa_18_1BBr_1 | Fi,_,] = 2Tr(Ee, [ar—181_ | Fi,_,|AEe, [ar-18:_ | Fi,_,|B)
+ Tr(AEeo [ak—laZ—l ‘ ]:tk71])Tr(BE90 [,Bk—lﬁ];r_1 | ‘Fff}ch)'

Proof We start with

Eoq i Ac18]_ BByt | Fiy_,] = Z Aii BinEoy oy 10 B B | Fiy )
i,7,l,m=1
d
= Z A”Blmcov(aé)lak 176k 1 lim)ﬁ (S14)
i,7,l,m=1
d
l m
+ Z Al]BlmEeo[ak 1a§cJ)1 |‘Fk 1]E90[B() ( ) |ftk 1]

i,7,l,m=1

We compute (S14) using the formula for the covariance of products of centered Gaussian random variables (Bohrnstedt
and Goldberger, 1969). Then we get

d
Egolel 1 Aci18{_BBi—1 | Fu] = D AyBunBayloi” B2, | FiriJEo Lo 8™ | Fiy ]
i jlm=1
d
i m j l
+ Z AijBimEe, [al(cllﬁl(cf)l ‘ ‘Ftk—l]Eeo [al(cjzlﬁlgrzl | ftk—l]
i,7,l,m=1

!
+ Z AijBimEoo [0l 0 || Fi, By [, 8™ | Fio ]

%,7,l,m=1
d . .
=2 Z AijBij]Eeo[al(cZzlﬁl(czll |]:tk—1]E90[a§cj 1 k 1 |]:tk 1]
=1

d
+ Y AiiBjEo, [0 0\, | i JBe, B, 87, | Fi ).

i,j=1
That concludes the proof.

Applying the previous Lemma to our setup, corollary S1.4 follows immediately.

Corollary S1.4 Let (ng)i_,, (€x)N_,, (€}.)2_, be random sequences as defined in (61) and (62). Let B, and Bj, be
two symmetric positive definite matrices. Then it holds:

Eoo[mi 1 Bjme—1m{_1Bj,me—1 | Fr,_,] = 2Tx(B;, B,) + Tr By, Tr By, (S15)
Eo, (64 _1Bj, éx1&7_1Bj,€r1 | Frp,] = zTr(B Bj,) + ; TrB,, Tt B,,, (S16)
o, 671 By, € 60 Bruklcy | Fo ] = 5 To(B;, By + ; TrB;, TrBy,, (817)
Bo, 6] 1B, 160 Bigl | Fiy ] = 13 (B, B) + T B, TrB, (s18)

Proof of Lemma 3.4 To prove the lemma, we need to compute )\Eﬁb'ﬂ. The main part of the proof focuses only on the
rough estimators, while at the end of the proof we discuss how the same ideas can be adapted for other estimators. Thus,

we start with —ﬁaﬁmﬁg{]

1 2
950 LY (Youy:0) =

N
(N = 1)h Y S (B2 90 F (Ve 6)

VN -1
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+ 2\/ Zaﬂ( F(Yy 8T (ZZT) N F(Ye,_,:680) — F(Yy 3 0))

N
/ _ /| h
an 1% D vOso F(Ye, 3BT (BB S — ﬁZrﬁDvaﬁmF(Ytk;ﬁ)’
k=1

N—
1 pR] 2
950 L™ (Y, = U], 2022 0,0 F (Y, 8)
ﬂ() N O.tN7 k,k—1 0 B() te—1>
(N —=2)h k=1

\/ Z aﬂ( )F Ytk 17/6) (EET)_l(F(Ytk_ﬁBO) - F(Ytk_ﬁﬁ))

W3 2 Z U p1+261) 20 Dyso F(Yy,_;8) T (Z2T) " 20Uk s

N
_ /m Z Tr DyOgy F(Y4,; B).
k=1

. . 1
Similarly, for — \/—ﬁa(,

H

3

o EEQR], we get:

N
9, LI (Y, 0) = — T(EXT) 19, H 8T
Ty (Yo:1x;0) N—1Z r(2%0)7 0,0 ¥%T)

+ = 1 (ZET) (0,08 T)(ZET)  Som

+2 % Zn;ﬁlzg(zz—r) 1(60'(j)EZT)(EZT)_l(F(Ytk—ﬁﬁO) - F(Ytk—uﬁ))

Tr(Zx")19,,H,EXT)

1 N—-1

+
VA3

N—

h

+2\/ v Z

k=1

N—-1

h oy

N

+ — R(\/ia

To prove the convergence in distribution of }\['R], we introduce the following triangular arrays that arise from the
previous calculations:

U;k—1zg(22T)71(3¢7u>EET)(EET)%Eon,kq

1
Ui 120 (B2 0,028 )(EST) M F (Y, 80) - F(Y,_,:8))
th—1

1)

2

C 7 _
o) (8y) = mm}llEJ (Z20) 050 Fo(Ye,_,) (S19)
[ h
+ N _— 1(Tr(20nk 177k IEOD 85<)F0(Ytk 1) (EE(—)F)_l)_TrDVaﬁ(”FO(Ytkfl))v
2 _
WAL (80) = ULy 1 B (B20) 710500 Fo(Yo) (520)

h
) 75 (Tr (B0 U1 (Uk o1 + 2651) " 39 DyOso Fo(Ye, ) (B8g) ™) = Tr Dydson Fo(Ye)),

10
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i 1 _ B -
P (80) = ﬁ(m—f_@g(ﬁzb Y0, B (Z8]) o1 — Te((ZXg) 719, B8 ), (S21)
PR 1 _ B 9 B
p[ k]_(J)(OO) = ﬁ(U’Ik—lzg(EEJ) N0, BE0 ) () "B Upp-1 — 3 (X)) '8, %))
(S22)
Then, )\E;,R] rewrites as:
Pt 1 (60)
N | GERI6) g | XN
=3 [P 4 ¥ O RIVNR Y, ). (523)
=1 | Pnk-1(60) Pt
R)(s
P1(60)

Thus, to establish estimators’ asymptotic normality, we need an extra convergence condition N'h? — 0. This is common
in literature, and it is necessary for most estimators.

To finish the proof, we apply the central limit theorem for martingale difference arrays (Proposition 3.1 in Crimaldi and
Pratelli (2005)). However, we can not apply the same reasoning in complete and partial observation cases.

First, we notice that in both complete and partial cases, ¢E;,R,]€(i)1 (6o) and pg'\,R,]v(j )1 (69) are centered conditionally to

Fi,_, - Moreover, in the complete case, (bgv 1:](1)( 6y) and p[ k]( (6o) are adapted to the filtration F%, . Thus, the proof
follows directly by applying Proposition 3.1 in Crimaldi and Pratelli (2005). This proposition assumes a martingale
difference array centered conditionally to F;, , and F;, -measurable.

In the partial observation case, Uy, 1 is F3, 1 -measurable as it depends on random variables &1 and E;C. Conse-

quently, to apply Proposition 3.1 in Crimaldi and Pratelli (2005), it is not enough for ¢55};] 1(6p) and pgslz]_(jl) (69) to
be centered conditionally to /3, ,, they also need to be centered conditionally to %, . The previous condition, however,

does not hold. Thus, we use the idea of reordering the sum in )\ESR] (S23) to obtain the F, -measurable and centered
conditionally on F;, _,, as proposed by Gloter (2000, 2006) and later used by Samson and Thieullen (2012).

First, use Lemma 9 from Genon-Catalot and Jacod (1993) to notice that:

N-1
PR, 2 _
Z RN (B0) = g D7 ULy g (I5]) 71050 Fol(Yae ) + 024, (1)
k=1
Then, reorder the sum of ¢55F,§ ?(00) as follows:
2
PR _ _
Z P (B9 =N 3 (&0 20 (220) 050 Fo(Yi,) + €N 120 (20 ) 050 Fo(Yiy_,))
2 _
N -2 Z Ek: 120 220) 18ﬁ(i)F0(Ytk—l) "‘52—1125(22(—'}—) 1aﬁ<i>F0(Ytk_z)) +OP90(1)
k=2
2
N (€ BT EE 0 Fo (Vi) €5 (BT 00 Rl ) + o (1),

k=2

Now, the triangular arrays under the sum are centered conditionally on F;, , and F;, measurable. Thus, define:

*[PR] (i 2 T T T\— T T Ty—
N (B0) = N3 (€130 (B2) 190 Fo(Ye,_,) + €11 20 (B2 ) 7' 90 Fo(Ye,,)) -
To apply Proposition 3.1 from Crimaldi and Pratelli (2005), we need the following limits in probability:
*[PR] (i PR] (i Pe
Z N (00N (00) | Fiy ] = 4(Cp(80)]ii
k=

11
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N-1
7 % P
Eou[(¢rs (B0 @t ) (80) | Fiy ] = 0.
k=2
The first limit follows from properties (66) and (67). The second limit follows due to an additional order of 1/N.

When looking at pg;,R,]c(f)l, we repeat the same reasoning. For notational simplicity, start with defining:

B;(60) = (2%;) (8,10 TZ; ) (EEg) ' o
It follows immediately that Tr(B;(6y)) = Tr((£%] )19,

g

»XEXJ). Again, reorder the sum of pEE}Z]_(?(ao) as

follows:

N—

2

Z PO (g, \/Ni kz:: Uy 1B;(00)Up et — 3 Tr(B;(60)))

N 2

€1 B,(00)61 + 261 2B, (00)€L 1 + € 1By (00)E, 1 — > Te(B, (6 >>)
\/7/@2(]61 0)Sk—1 k—2 0)Sk—1 7\Y0)Sk—1 7 \Y0
+ s (E7By G060 + 26K B O0)EN 1 + €7 1By (B0)Eh 1 - 3 TH(B;(60))).

Since the last term in the previous equation is op,, (1), we focus only on:

PR]( 1 2
P (8) = N3 (521Bj(90)€k1 +26]_5B;(00)€1—1 +€.11B;(00)€i1 — 5 TY(BJ(HO))> :
Notice that py\ﬁi} gj ) (6o) is Ft, measurable and centered conditionally on F%, _,. Again, to apply Proposition 3.1 from
Crimaldi and Pratelli (2005), we need the following limits in probability:

* 2 Pg,
Z oI (00) o) (B4) | iy ] —2 [Cor(B0)]1 2
k=2
N-—1 P
*«[PR *[PR](j2 )
Eeo, (P 0" (60) o 79)2(80) | Fiyi,] = 0.
k=2

Once again, the second limit follows trivially. To prove the first limit, start by noticing that:

Eo, &1 1B;j(00)€kc—1 | Fr,_,] = Eg, 161 1B;(00)&). 1 | Fo,_,] = %TY(BJ'(BO))-

Then, we multiply the expectation with N — 2 for notational simplicity and compute:
«[PR, PR,
(V = 2)Ea, [3 7 (B0) PN (00) | iy

=Eo,[&1_1B;, (00)€k—1&1_ 1By, (00)&k—1 | Fo,_,] + 4B, [€1_2Bj, (00)€;_1&L 2B, (00)&), 1 | i, _,]
+ Eo, €11 1B;, (00)&), 1€ 1By, (00)€), 1 | Fur_y] + Eoo[€1_ 1By, (00)€k—1£, 1B, (00)€,_y | Fi,_,]

4
+ ]E90 [E;e‘—ilBh (00>£;71£;—71Bj2 (00)&]671 | ]:tk—l] - § TI(le (00)) Tr(Bj2 (00)) (524)
Applying Corollary S1.4 on (S24) yields:
N—1 5
PR 1 2
Eo [P\t (00)pAi ey (80) | Fu ] = 5 Tr(By, (60)B, (60))
k=2
4 1 N

N_2 D & 5B;,(80)By, (60)&k 2.
k=2

Once again, applying Proposition 3.1 from Crimaldi and Pratelli (2005) yields:

S

1 = 4
9N _ o ng 2B]1(00) J2(00)€k 2 —> 9TI'( J1(00) ]2(00))

k=2

C.O

12
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since
N—-1 v )
N 5 Z Eo, [€4_2Bj, (00)Bj,(00)€r—a | Frp_,] —= §Tr(BJ'1 (80)B;, (65)),
k=2
1 N-—1 .
a2 2 Eaul(62B;, (00)By; (80)8i—2)” | Fi ] = 0.
k=2

This concludes the convergence in distribution of )\EER].
To find the asymptotic distributions of Ak>"™!, the main issue is the fact that — =00 £LS™ 0 in probability. The

proof of this follows the same ideas as in the proof of consistency. Thus, we focus only on ——0, <j>££'\,S|R]. This

VNo
is then used together with equations (71) and (74) to obtain the asymptotic distributions of /\E'VF]. Thus, we start with
_ 1y, CLSIR
o) ~N .

VN
1 [CS|R] R
0, LN (Y445 0) = — T(E27) 10, B8
(N—].) G ~N ( O:tn ) me:l (( ) o (3) )
3 o Yoooh
+ > (1 =28 ) 2 (B2 0,0 EBT)(EET) T So(me1 — 28 1) + Y R(—=, Yy, ),
N-1 k=1 k=1 VN
1 [PS[R] 2~
-0, LM (v, 0) = — Tr(Zx") 9, ,H =X
(N*Q) G ~N ( O:tn ) N _ 2 P (( ) o (9) )
N—-1
3
ZU re1Z0 (BEN 0,0 =S (EET) 80Uk 1
VN -2 &~
h N—-1 N—-1
3 UL, 120 (221)9,n SET)(SET)'F(Yy, ,:80) + ZR Yo )
k=1 k=1

Once again, we define:

CSIR](j 1 _ _
Pt (60) :=N_1(3<nk1—2e;mz§ (22¢) 7 (0,0 B8 (257) ™" So (i1 — 2}-1)

- Tr((EEOT)‘lag<j>EEJ)>, (S25)

9 (8g) = S (U, ] (E8]) (0,0 EE (S8 S Uiy — 2 TH(S5]) 10,0 B8]
PN k-1 0) = \/7 -1 o (7) 0)( 0) 0Ykk-1 " 3 r(( 0) o () 0))
,/ Ukk o (EENTH0,HEENEET) (Y, )- (S26)

We skip the proof of the complete case, but it can be shown analogously that:

. ]PGU
ZE N9 (00)pl 52 (B9) | Fiy ] =% [Cor(80)]1a

. P,
Z]E (PSR (80) plb SII020)2(84) | F, ] =225 0.

Focusing on the partial case, we first notice:
PS|R](j PR](j
ng,k‘f]f])(eo) = 3P5v,k]£j1)(90) + opg, (1).
Thus, the same derivations from before hold. Moreover,
PF PR,
PR (80) = 402D (60) + 0z, (1),

which concludes the proof.
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