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Abstract

We consider the system modeling the motion of a rigid body into a viscous incompressible fluid. Such
a system couples the Navier-Stokes system for the fluid with the Newton laws for the rigid body and has a
free boundary due to the motion of the rigid body. We work here in the case where the fluid domain and
the structure domain are confined into a bounded domain. We show in this article that a weak solution for
this system such that the fluid velocity satisfies a Prodi-Serrin condition is smooth in time and space. As
for the proof in the case of the standard Navier-Stokes system, here we consider a particular linearization of
our system around our weak solution. The corresponding linear system written in a moving spatial domain
is then studied with the help of the Prodi-Serrin condition and to show some uniqueness result that allows
us to identify the solutions of the linear system and of the nonlinear system, we also study the adjoint of
this system.

Key words. Navier-Stokes system, fluid-structure interaction, weak solution
AMS subject classifications. 35Q35, 76D03, 76D05, 74F10.

1 Introduction

We study the weak solutions of a fluid-structure interaction system composed by a rigid body immersed into
a viscous incompressible fluid. The complete system is confined into a bounded smooth domain  C R®. The
domain of the rigid body is completely characterized by the position of its center of mass h € R3?, its orientation
Q € SO(3) (where SO(3) is the group of rotations of R3) and its shape S that is assumed to be a bounded
smooth domain of R3. More precisely, the structure and the fluid domains are given respectively by

S(h’Q) =h+QS, ‘F(h}Q) =) \ S(h,Q)-

We assume that S C Q and that F := Q\ S is connected. The equations for the rigid body are the Newton
laws whereas we use the standard Navier-Stokes system for the fluid dynamics. We denote by ¢ = £(t) € R? and
w = w(t) € R? the linear and angular velocities of the rigid body and by u = u(t,z) € R? and p = p(t,z) € R
the velocity and pressure fields in the fluid. The system of equations for the fluid-structure interaction system

writes as follows
ou+ (u-Vu—Au+Vp=0 (t>0, z € ]:(h(t),Q(t)))7

divu=0 (t>0, z¢€ f(h(t),Q(t)))7 (1.1)
u(t,z) = £(t) + w(t) x (z = h(t) (t>0, =€ ISnu).u));
u(t,z) =0 (t>0, z € 00),
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ml'(t) = —/ T(u,p)v dv, (¢ > 0),
IS (h(1),Q1))

(1.2)
(JQw)/ (t) = —/ (x —h(t)) x T(u,p)v dvy. (t>0),
IS (n(), Q1))
=t Q =Sw@qQ, (t>0), (1.3)
W0, )=a inF, h0)=0, QO)=TI, «0)="ls w(0)=w, (14)

In the above system, we have assumed that the viscosity and the density of the fluid are constant and, to
simplify the presentation, we have taken them equal to 1. We have also assumed that the density ps > 0 of the
rigid body is a positive constant and thus its mass and its inertia tensor are given by the standard formula:

m=ps/ dy, Jo=QJQ, J::ps/(ly\213—y®y) dy,
S S

where | - | is Euclidean norm of R3. We have denoted by v = V(h,@) the unit vector field normal to S, gy and
directed towards the interior of S o). The Cauchy stress tensor field in the fluid is given by the constitutive
law

1
T(u,p) = —pls +2Du, Du=(Vu+ Vu'),

and where M T denotes the transpose of a matrix M. We have also used the notation

0 —Wws3 w2
S(w) = | ws 0 —wi]. (1.5)
—W9 w1 0

Note that we have assumed, without any loss of generality that at ¢ = 0, the rigid body occupies the domain S.
In what follows, we extend the fluid velocity by the rigid velocity in S, q), that is

u(t,x) == L(t) +w(t) x (x =h(t) (>0, € Snw,ow))

and we do the same for the initial velocity a. We recall that (see, for instance, [33, Lemma 1.1] ), Dy = 0 in
S(n,q) if and only if there exist £,,w, € R3 such that

ox) =Ly +wy x (x—h) (v€Snqg)).
With this notation, we have in (1.1)—(1.4), £(t) = £,(t) and w(t) = w,(t) for all ¢ > 0. We also define a global
density for any (E, Qv) € R3 x SO(3) by the following formula
p(ﬁ’@) = 1].-@‘@) + psls(i@). (16)
In the particular case, where (%, @) = (0, I3), we simply note by p the corresponding global density:

P =P = 1F +psls. (1.7)

We now introduce several function spaces in order to define the concept of weak solution for the system (1.1)—
(1.4) and state our main results. Let G’ be a domain in R3. For any ¢ € [1, 0], and s > 0, we denote by L%(G)
and W*4(G) the usual Lebesgue and Sobolev-Slobodeckij spaces. We use the notation H*(G) = W*2(G).
Further, W;*¥(G) is defined as the completion of the set C§°(G) of smooth functions with compact supports in
G with respect to the W#4(G) norm. We also introduce the following spaces, associated with our problem: for
any h € R?, Q € SO(3) and for any ¢ € (1,00)

L:((]h,Q) ={peLiN)® : divp=0, ¢-v=00n099Q, D(p) =0in Sy q)}, (1.8)



H(lth) = {Qp € H&(Q)g : leQD =0, ]D)(QD) =0in S(h,Q)} ’ (19)
W(l}’l?Q) = {(p € Wol’q(Q)3 s divep =0, ]D)((p) =0in S(h,Q)} . (1.10)

If (h,Q) = (0, I3), then we denote the above spaces by £4,H! and W14 respectively. In what follows, we also
need the notation

2 ! 1 . r2
12 (0. T 1Y) » H' (0.T3 63, 0))  ete.
for (h,Q) € W (0, T;R?® x SO(3)). They are all defined in the same way: for instance H" (O,T; E%MQ)) is

the subspace of ¢ € H' (0,T;L?(€2)?) such that for a.e. t € (0,T), ¢(t,-) € E%h(t),Q(t))' Note that if h and @
are constant functions, we recover the usual definition.

Definition 1.1. Assume a € £? and T > 0. We say that (h,Q,u) is a weak solution of (1.1)—(1.4) in (0,T) if

(h,Q) € Wh= (0,TiR? x SO@3)), we L* (0,15 £3, )) N L2 (0,731}, g ) (1.11)

satisfy
W=t Q=Sw)Q (te(0,T)), (1.12)
Sty € (t€[0,T]), (1.13)

and for any
pe H <O,T; £%h7Q)) N L™ (O,T;’H(lhyQ)) such that o(T,-) =0,

we have the weak formulation
- // Ph,)u - (Orp + (u- V) dedt + // 2D(u) : D(p) dxdt = / pa - ¢(0,-) dx. (1.14)
(0, T)xQ 0, T)xQ2 Q
We recall the following result regarding the existence of weak solutions of the system (1.1)—(1.4) (see, for

instance, [3], [5], [15]):

Theorem 1.2. There exists a weak solution (h, Q,u) in the sense of Definition 1.1, and it satisfies the following
enerqgy inequality

1 ¢ 1
5 [ oveo@ ol a2 [ f DuP dedr <5 [ po) @) o (a.c.t€ 0.7))
Q 0 JFhw,e)) Q

Our aim is to show that if a weak solution of (1.1)—(1.4) satisfies a Prodi-Serrin condition for the fluid velocity,
then the solution is smooth in time and space. More precisely, let us define, for (h, Q) € W1 (0, T;R3 x 50(3))
the subset

Eng) = {(t,z) € (0, T xQ; = € Fnw.au) -

Then, our first main result states as follows:

Theorem 1.3. Let (h,Q,u) be a weak solution of (1.1)~(1.4) associated with an initial condition a € L? in the
sense of Definition 1.1. Assume

2 3
u € L"(0,T; LY Fng))?® with ~+ e 1, re€2,0), q€ (3, (1.15)

Then
h,Q € C=((0,T;R? x SO(3)), u€ C®(En.q)°

We have a similar result in the “critical” case (r = oo, ¢ = 3), but with a smallness assumption:
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Theorem 1.4. There exists € > 0 such that if (h,Q,u) is a weak solution of (1.1)—(1.4) associated with an
initial condition a € ['%0 Is) in the sense of Definition 1.1 and if

we L® (0,71 (Fug))’,  with <e, (1.16)

||“||L°°(OvT;L?’(f(h,Q)))3 h
then
h,Q € C=((0,T):R? x S0(3)), ue C™(Eng)’.

Remark 1.5. In Theorem 1.3 and Theorem 1.4, we have use the notation u € L"(0,T; Lq(]:(h@)))?’ where
(h,Q) € W (0,T;R? x SO(3)) . One can define rigorously this condition by extending u by zero in S o)
and by saying that the corresponding extension belongs to L™(0,T; LY())3. We can also define this condition
by using the change of variables defined in the next section.

Remark 1.6. We have obtained in [20] similar results in the case where Q = R® and where S is a ball. The
main difference between this work and [20] comes from the change of variables used to transforms the system
(1.1)—(1.4) into a system written in a cylindrical domain. In [20], due to the particular geometry, it consists in
a translation whereas here

Note also that the above theorems improve the results obtained in [23] where the authors show a similar
reqularity property with the additional hypothesis that

VW e L>™(0,T)3.

Let us also add that the Prodi-Serrin conditions have been used to obtain uniqueness results for weak solutions
of (1.1)~(1.4): [2/] in the case where Q is a bounded domain of R and [20] in the case where Q = R3 and

where S is a ball. In [20], we have been able to deal with the critical case (that is if u € L™ (L3)3).

Remark 1.7. Concerning the smallness condition in Theorem 1.4, note that for the Navier-Stokes system
without any structure and written in the whole space R3, the corresponding result without the smallness condition
is obtained in [9]. The proof is completely different from the one proposed here and relies on Carleman estimates
for the heat equation and on backward uniqueness (see also [8]). In [26], the author extends this result to the
half-space and some local results near a boundary are obtained in [22, 27], but up to our knowledge, the cases of
an exterior domain or of a bounded domain remain open.

Remark 1.8. The results in Theorem 1.3 and Theorem 1.4 can be extended to the case of several rigid bodies, the
main modifications are on the definition of change of variables where we need to localize the the rigid velocities
around each rigid body. We can also extend the results to the case where = R® and a rigid body of arbitrary
(smooth) shape. In that case, we need to consider the change of variables used in [4] (in the same spirit as
the one used presented here for a bounded domain) instead of the “simpler” change of variables consisting of a
translation and a rotation. With such a “simpler” change of variables, we obtain some additional terms in the
Navier-Stokes system with coefficients that can be unbounded in the space variables. We refer, for instance, to
[10], where the authors show the existence of strong solutions for the corresponding system.

The mathematical analysis of the system (1.1)—(1.4) has been considered by many authors and there are
nowadays a large amount of articles devoted to this subject in the literature. We can quote some of the earlier
works, mainly devoted to the well-posedness of the above system: [4], [10], [28], [29], [31], etc. in the case where
Q=RY d=2,3and [3], [5], [11], [13], [14], [15], [25], [30], etc. In the last years, many other problems on this
system have been tackled: the possible contact between rigid bodies ([12], [16], [17], [25], etc.), the control of
such a system ([1], [2], etc.), some asymptotic behavior ([6], [7], [18], etc.). Concerning the use of the Prodi-
Serrin condition to obtain regularity properties or uniqueness results, we have already given the corresponding
result in Remark 1.6.

The outline of this article is as follows: in Section 2, we recall a possible construction for the change of
variables in order to transform (1.1)—(1.4) into a system written in a cylindrical domain. The new system
involves operators with variable coefficients and we also give in this section some estimates of these operators.
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We introduce in Section 3 some functional spaces and the semigroup associated with a linearization of the
system. In this section, we give in particular some estimates of this linear system after a change of variables.
The corresponding result is important in order to analyze another linearization of (1.1)—(1.4) studied in Section 4.
For this linear system, we define several notions of solutions: strong solutions, weak solutions and very weak
solutions and using the Prodi-Serrin condition of the weak solution of the nonlinear system, we show the existence
and uniqueness of strong solutions for this system for initial conditions and right-hand side regular enough. We
can also show a similar result for the adjoint of this linear system and this allows us to obtain a uniqueness
result for the very weak solution of the direct linear system. Using these results, we can then show in Section 5
the main results.

Notation 1.9. In the whole paper, we use C as a generic positive constant that does not depend on the other
terms of the inequality. The value of the constant C' may change from one appearance to another. We also use
the notation X Sp Y if there exists a constant C > 0 depending only on the parameter p such that we have the
inequality X < CY.

2 Change of variables

In this section, we define a change of variables that allows us to transform systems written in a moving spatial

domain into systems written in a fixed spatial domain. The construction of this change of variables is the same

as in [30] (see [4] for the case where 2 = R? as in Remark 1.8), but we recall it here for sake of completeness.
Let us consider

(h,Q) € Wh*(0,T;R? x SO(3)) (2.1)
such that
h(O) =0, Q(O) =13, and S(h(t),Q(t)) cQ (t S [O,T]). (2.2)
Let us define (¢,w) € L>(0,T;R3 x R3) by
W) =L(1), Q) =Swt)Q) (te(0,T)), (2.3)

where S is defined by (1.5). We take o > 0 such that
dist (Sen(e),Qt)): 02) = a  (t€[0,T7), (2.4)
and we consider a cut-off function ¢ € C§°(R3) such that
suppy C {x € Q : dist(z,00) > «/2} and Y =1 in{zxeQ : dist(z,00) > a}.

Then, we introduce the function A defined in [0, 7] x R? by

At z) == %curl (w(x) (z(t) x (z — h(t)) — |z — h(t)]? w(t))) . (2.5)
We have the following properties of A:
Lemma 2.1. The function \ defined by (2.5) satisfies A € L>(0,T; CE(R®)3) for any k > 0, with
supp A C {z € Q : dist(z,0Q) > «a/2}.

Moreover,

diva=0 in (0,T) x R3,
At,z) =L(t) +w(t) x (x —h(t) (te(0,T), x€ S(h(t),Q(t)))- (2.6)



1

Let X be the flow associated with the vector field A:

{3tX(t7y) = A, X(ty) (£>0)

2.7
X(0,y) =y € R%. @7)
The following results were proved in [4] and [30].

Lemma 2.2. For anyy € R3, the initial value problem (2.7) admits a unique solution X (-,y) € W1>°(0,T;R?).
For any t € [0,T], X(t,-) is a C*-diffeomorphism from § onto itself such that

X(t,F)=Funw.quy, Xty =ht)+Q1F)y (tel0,T], yeS). (2.8)

Moreover,
det (VX)=1 in[0,T] x Q.

Lemma 2.3. For any t € [0,T], we denote by Y (t,-) = [X(t,-)]~! the inverse of X(t,-). For any k > 1, there
exists a positive constant C = C ([|€|| < o7y » |wll o (0,7)3 ) such that

HVkX||L°°((0,T)><Q)3k+1 + Hka(X)HLOO((O,T)XQ)?’kH <G, (2.9)
||atkaHL°°(O,T)><Q)3k+1 + Hatka(X)||L°°((O,T)><Q)3k+l <G (2.10)

Moreover, for any k > 1, there exists a constant C' > 0 such that for any t1,t2 € [0,T], we have the following
estimate

[VEX (t1,-) — VFEX (ts, -)HLOQ(Q)W + || VY (t1, X (1, ) — VFY (t2, X (t2, -))HLOO(Q)B,C“ < Clty —t1]. (2.11)

Let us set
G:=(VX) (VX), (2.12)
and for a smooth function W : Q — R3, we also define
DW = % (V (VX)W VY (X) + (VY(X)) (V[(VX) W])T) , (2.13)
KW = (vx)" div (2DW (VY(X))T) . (2.14)
Finally, if (h, Q, u) is a weak solution of (1.1)—(1.4), then we set
Ult,y) := VY (t, X(t,9)u(t, X(ty)), Alt,y):=VY(t, Xt 9)AE X (¢ y)) (2.15)
and
MW = (VX)) (U=A)-V)[(VX)W]. (2.16)

These operators G, D, K and M appear in the following change of variables: if w : (0,7) x @ — R3 and
7:(0,T) x Q — R, then we set

W(t,y) == VY, X(t,y)w(t, X(t,y)), H(ty):=r X(ty)). (2.17)
More precisely, after standard computations, we have the following result:

Lemma 2.4. Let W and II defined in (2.17). Then the following relations hold true:

(divw) (X) =divW, (VX)' (Vr)(X)= VI, (2.18)
(2Dw) (X) = DW, (VX)' (Aw)(X) =KW, (2.19)
(VX)) (Bw + (u- VIw) (X) = (VX)) 8, [(VX) W]+ MW. (2.20)



Moreover, if w satisfies

w(t, ) = Ly(t) + wu(t) x (2 = h(t)) (2 € Sy,

then W satisfies
W(ty) =tw(t) +ww(t) xy (y€S)

with
bw (1) = Q) T (1),  ww(t) = Qt) Twy(t). (2:21)

As a corollary of Lemma 2.3, we have the following result:

Corollary 2.5. Assume W and w satisfy the relation (2.17). Then, for any p,s € (1,00),

we L7 (0.T5 L5y q)) = W € LF (0,T5L7),

weLP (O,T; W(l,’:Q)) — Wel”(0,T;W),

we W' (0,T:L,q)) < W e W (0,759,
We can also write the Prodi-Serrin conditions (1.15) or (1.16) in a different way (recall Remark 1.5):
Corollary 2.6. Assume u and U satisfy the relation (2.17). Then, for any q,r € [1, 0],
uwe L"(0,T; LY Fnq))? < UeL(0,T;LIY(F))>.

The end of this section is devoted to some estimates on G,D,K and M defined above. To this aim, we
introduce the following spaces: for p € (1,00) and for t!,¢? € R, with t! < ¢?, we consider the spaces

AP, ¢%) = {w € LP(¢t", 5 WIP) n WP (¢ 12, LP) + w|F € LP(t', 3, W?P(F))?}, (2.22)
equipped with the norm

lwllxn e e2) = Wil Lo s2nrwy + 10w o1 220y + [WIFI Lo 2,20 (7)) -

We also define
AP, ¢%) = {we XP(t',*) : w(t')=0}. (2.23)

Note that, for any w € A (t!,t?), we have

[w(®)llzo < (=t Jwllgpr g2y (€ (E,27), (2.24)
11 Lo . .
where — 4 — = 1. For any ¢',¢* € [0, T] and let us write, to simplify,
p P

X=X, YI:=Y(@,), ¢ =G, )= (VXJ’)T (VX7), K :=K(#,). (2.25)
From Lemma 2.3, we have the following results

Lemma 2.7. There exists a positive constant C = C (HEHLW(O 73 5 1wl Lo o T)g) such that for any t*,t*> € [0,T),
for any p € [1,00], and for any W € XP(0,T),

HglatW - g2atWHLp(o,T;Lp(}-)3) <C ’tl - tz‘ HWHXP(O,T) ) (2-26)

KW = IPW | L o o) < C1E = E[IW ooz - (2.27)



Lemma 2.8. There exists a positive constant C = C (HZHLN(O,TP , HwHLm(O)T)g) such that for any t*,t? € [0, T},
with t' < 2, for any p € [1,00], and for any W € X} (t',t?)

|(v) o (vx)yw) - graw]

2 41 2 41N\1/p’
L (t1,2;L7 (F)?) S Cmax{(t ), (" =1) } IWllen e2,2) (2.28)

1 2 4
KW — K W]|Lp(t17t2;m(;)3) SCE =t Wl w2y - (2.29)
Proof. We only show (2.28), the proof of (2.29) can be done similarly. Note that,
(VX)) 0 [(VX)W] = GOW + (VX) (8,VX)W.

Combining this with Lemma 2.3 and (2.24), we obtain

2 1 2 _ 1\1/p’
ooy S I Loy + (6 =tV W 1 )

|V o (vx)yw) - graw]

Lemma 2.9. Assume

2 3
UelL(0,T; LYF))® with = + . 1, r€[2,0], g €[3,00]. (2.30)
T

Then there exists a positive constant C' = C (||€||L°°(O,T)3 , ||w||L°°(O,T)3) such that for any 0 < t' <t < T, and
for any W € X2(t%,1?)
HMW||L2(t17t2;L2(]:)3) g C (||U‘|Lr(t1’t2;Lq(]:))3 + HEHLQ(tl,tQP + Hw||L2(t17t2)3> ||W|‘X2(t17t2) . (231)
Proof. First we note that from Lemma 2.3,
T T
(VX)TA-W) v W]| £ (W + VWAL [vx)T @) (VX)W < (Wl el (282)
From (2.5) and (2.15), we have |A| < |A| S |€] + |w|. Thus the above estimates imply

|7 (- 9y v x) W

L2(#1,£2;L2(F)?) 5 (||£||L2(t1,t2)3 + ||w|‘L2(t1,t2)3) HW”Loo(tl’tZ;Hl(]:)S) . (233)

For the other estimate, we note that if W € X2(t!,2), then a Sobolev embedding yields

VW e L? (1,2 L8 (F))" n 1> (', 12 (F))° . (2.34)
In particular, if U € L=((t,1% L3 (F))* or U € L2 (¢',% L3 (F))” (that is the cases (r,q) = (c0,3) and
(r,q) = (2,00)), we can estimate the second relation of (2.32) and conclude the proof. Else, by an interpolation
result, we deduce from (2.34) and from (2.30) that

HVW||L2'V‘/('V'72)(t17t2;L2Q/(q72)(]-‘))9 <C ||WHX2(t1,t2) :

Applying the Holder inequality to the second relation of (2.32), we deduce

|vx)" - v vx)yw)|

L2(t1,62;L2(F)3) S ”U”LT(tl7752;1'4“(7"))3 ”WHXz(tliQ)'

Combining the above relation with (2.33) and with (2.16), we conclude the proof of the lemma. O
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3 Functional framework and preliminary estimates

As in the previous section, we consider (h, Q) satisfying (2.1) and (2.2). For any t! € [0, 7], we set
Rt = h(tY), Q':=Q(t") (3.1)

In this section, we first study a linear fluid structure system posed in the fixed spatial domains F(;1 g1y and
Snr,qny for (b, Q) defined as above. In fact, the results we present are valid for any (h', Q') € R?® x SO(3)
such that F;1 g1y C Q. The corresponding linear system was studied in several articles, for instance [21], [30].
We introduce the functional framework to analyze such a problem, and introduce the fluid-structure operator
associated with the linear problem. We will use this fluid-structure operator to define very weak solutions for
another linear system in Section 4. In Section 3.2, we reformulate the linear problem in the spatial domains
F.,S, and we obtain estimates that are uniform with respect to the choice of t'. Such estimates will be used in
Section 4. We also study a stationary Stokes system in moving domain and its reformulation in the reference
configuration at the end of this section.

3.1 A linear fluid-structure system in F;1 g1y, S g1)-

We consider the following linear problem

Ow—Aw+Vr=f (t€(0,T), x€ Fun o),
divw =0 (tE(O,T), .ref(hl’Ql))7 (3 2)
(t,x) = Lyw(t) + wy(t) x (& —h') (t€(0,T), x € dSp1,qn), ‘
w(t,z) =0 (t€(0,T), z€0N),
ml,(t) = —/ T(w, m)v dvy, +/ psfdx (te€(0,7)), (3.3)
S(n1,q1y Sn1 a1
Tty == [ W) xTwmrdnt [ psle-W)xfde Ge@T) (4
S(1 01y Siqn)
w(O, ) =b in ]:(hl’Ql), ew(O) = fb, ww(O) = Wp. (3.5)

The above system is a linearization of (1.1)—(1.4) and was studied by several authors (see, for instance, [21],
[30], etc.). One can use a semigroup approach and write the above system as

w = A(h1)Q1)w + P(hl,Ql)f in (0,7), w(0)=2b. (3.6)

In order to do that, we need to introduce several spaces and operators. We start by the following Helmholtz
type decomposition: from [34], we have

LIQ)® = L{n g1y @ Gl on) (3.7)

where E?hl oY is defined in (1.8) and where

gghl,Ql) = {90 (S Lq(Q)3 : dr e Llloc(]:(hl,Ql)), = V7 in ]:(hl,Ql),

/ psp dy+/ v dy, =0,

Slqn) S 01y
/ pscpx(x—hl) dx—l—/ 7TI/><(£L’—h1) d’yz—O}.
Sint.q1) IS(p1,01)



In the particular case ¢ = 2, note that E(2h1 oY) and Q(th Q1) are orthogonal for the scalar product in (-, -) q2 .
’ ' (nt,Q1)
defined by

Fahes, = | ownand - v (39)
We recall that p(1,g1) is defined by (1.6). Note also that ¢ € g{hl on and Dy = 0 in S¢1 g1y if and only if
there exists m € L, (F), Vi € LY(F1,01))° such that

=V in Fpi gy, L,= —m~! o dy., we= —Jéll/ v X x dyg. (3.9)
OS(n1,q1) 9S(n1,q1)

We denote by Pl h1 o L1(Q)% — E?hl’Ql) the projection onto L?hl’Ql) along gfhl’Ql). Then, we can define

the operator Agh)l,Ql) : D(AEZ)I,QU) — L?hl’Ql) as follows

(Agz)l 1)) = {(p S W(I;L?)Ql) : (P|]:(h1)Q1) S W2’q(.7:(h17Q1)>3}, AE a) )<p = Pgh)l )AEZ)l )(Pa

where
Aghl QN = Ap in Fpi gy,
and
(AE?A Ql)SD) (7) = -m~! (/ 2D(p)v d’Yz)
IS(n1,01)

—JQ11</8

As usual, if (h', Q') = (0, I3), then we simply write G, P@, A instead of gghl Q1y sz)l Q1y Agh)l Qb With
the above notation, we have the following result obtained in [21, Theorem 5.1] and [30 Corollary 5.4]:

(y — hl) x 2D (p)v d’yy> X (x — hl) (x € Spr,g)-
S(nt,q1)

Proposition 3.1. Assume T >0, p € (1,00) and t' € [0,T). Then there exists a constant C > 0 such that for
any b € W (- l/p)’p and f € LP(0,T; LP(Q)3), the system (3.6) admits a unique strong solution

we L2 (0,150 (AZ) o)) N W (0,73 £ o) ) -

Moreover, we have the estimate
<C|b “1/p) .
Vol 50005, ) o070 <€ (oo + Voo, )
Remark 3.2. Note that if (h',Q') = (0,13), then
v (0, ;D (A@))) AW (0,T; £P) = X7(0,T).
where XP is defined by (2.22).

3.2 Uniform estimates after the change of variables

Let (h, Q) satisfying (2.1)-(2.2) and let us consider the change of variables constructed in Section 2. We remind
the notation (2.25) to define X', Y G* and K. Then if we set

W(t,y) == VY (X' ()w(t, X (y), T(t,y) ==(t, X" (y)), (3.10)

10



-

-

-

-

Fi(ty) = VY (X () (6. X (), ' (y) = VY (X' (y)b(X" (1)), (3.11)
> we can see from (2.18)—(2.19) that the system (3.2)—(3.5) is transformed into

GLOW — K'W + VIL=G'F' in (0,T)
diviW =0 in (0,T) x F,

W =tlw +ww xy on (0,T) x9S, (3.12)
W =0 on(0,T)x 0Q,
3

mby =~ [ TOVI0w dyy + [ psFdy (e 0.7)) (3.13)

oS S
Tty == [ yxTWIw dy, + [ psyx Fldy (te 0.1)) (3.14)

oS S
W(0,)=b" inF, lw(0)="4lr, ww(0)=uw,. (3.15)

s Using the above transformation and Proposition 3.1, we can obtain the following result:

s Proposition 3.3. Let (h,Q) satisfying (2.1)-(2.2) and p € (1,00). Then, there exists a constant C > 0 such
7 that for any t' € [0,T], b € W2A=UP)P gnd F' € LP(0,T; LP(Q)3), the system (3.12)~(3.15) admits a unique
s strong solution W € LP(0,T; D(AWP)) N WLP(0,T; LP) together with the estimate
1 1

W Lo 0, mpamyweomery < C (||b o100 + I F ||LP(O,T;LP(Q)3)) :
0 Note that, with respect with Proposition 3.1, here the constant C' is independent of t! € [0, 7.
o Proof. Using the inverse transformation to (3.10)-(3.11), we deduce that for any ¢! € [0, 7], the system (3.12)—
1 (3.15) admits a unique strong solution W € LP(0, T; D(A®)) N WP(0, T; LP) together with the estimate

”W”LP(O,T;D(A(P)))OWI»P(O,T;L‘P) <C(t) (||b1||wz<171/p>,p + ||F1||Lp(o,T;Lp(Q)3)) (3.16)

> with a positive constant C(¢!). In order to obtain the above estimate with a constant independent of ¢!, we
s proceed as follows. For any t? € [0,7], we write the corresponding system (3.12)—(3.15) in the form

GLoW — K'W + VII = (G' — G%) oW + (K2 = K) W + G2F? in (0,T) x F,
divW =0 in (0,T) x F,

W =tlw +ww xy on (0,T) x9S, (3.17)
W =0 on (0,T) x 09,
mby =~ [ TOVI0w dyy + [ psF?dy (e 0.7)) (3.18)
oS S
Joiy == [ yx Ty dy, + [ psyx Fdy (te 0.1)) (3.19)
oS S
W(0,)=0b> inF, Lw(0)=~>le, ww(0)=uwp. (3.20)

s Using (3.16) and (2.26)-(2.27), we deduce that for |t1 - t2’ small, we have the following estimate for the solution
7 of (3.12)—(3.15) for t*:

”WHLP(O,T;D(A<P>))ﬂWl’P(O,T;EP) <20(t) (Hb2||w2<1—1/p>,p + ||F2||LP(O,T;LP(Q)3)) : (3.21)

15 Then using the compactness of [0,7], we deduce that [0,7] has a finite subcover of open intervals on which
19 the above property holds. Taking the maximum of the corresponding constant, we conclude the proof of the
20 proposition. O
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3.3 Uniform estimates on a Stokes type system

Finally, let us consider the following elliptic system (depending on the parameter ¢ € [0,7T)):

KW +VIL=GF in (0,T)
diviW =0 in (0,T) x F,

W =tlw +ww xy on (0,T) x9S, (3.22)
W =0 on(0,T) x 0.
Proposition 3.4. Let (h,Q) satisfying (2.1)-(2.2) and k > 1. Then for any
F e L?0,T; HY(F))?, (bw,ww) € R? x R3,
the system (3.22) admits a unique strong solution (W,I1) € L?(0,T; H*t*(F)3 x H'**(F)/R).
Proof. Assume t € [0,T] and let us define (w, ) by the inverse of the formula (2.17) and similarly
ft,z) :=VX(EY(tz)F(tY(tx)).
This allows us to transform (3.22) into
—Aw+Vr=f (t S [O,T}7 T € ]:(h(t),Q(t)))v
divw =0 (t S [O,T}7 T € f(h(t),Q(t)))v (3.23)
w(t, z) = Ly(t) + wu(t) x (z = (1)) (£ €[0,T], = € 0Snhu).qu))
w(t,z) =0 (t€][0,T], z € o).

By using [32, Proposition 2.2, p.33] and a similar proof to that of Proposition 3.3, we deduce the existence of a
constant C' > 0 such that for any ¢ € [0, 7]

. . : < : 3 ).
H(U}(t, )?ﬂ-(ta ))HH2+]€(-7:(}L(t),Q(t)))3XH1+k(-F(}L(t),Q(t)))/R = C (H(gw(t)aww(t))“]l@X]R?’ + Hf(tv )||Hk(f(h(t),Q(t)))3>
Going back the variables W, II, F' and using Lemma 2.3, we obtain from the above estimates

NV (6, 3,11 Dl sy ey < C (1w (00w () lgoas + 1F (s )

where C'is independent of t. By integrating in time the above result, we conclude the proof of the proposition. [

4 Study of a linear system

In this section, we study a linear fluid-structure in a given moving domain. More precisely, assume (h, Q,u)
is a weak solution of (1.1)—(1.4) in the sense of Definition 1.1, and satisfies (1.15) or (1.16). We consider the
following linear problem

Ow — Aw + V7 + (u . V)w =f (t S (O,T), T € F(h(t),Q(t)))»
divw =0 (t S (07T), S ]:(h(t),Q(t)))» (41)
w(t,x) = ly(t) +wu(t) x (z —h(t) (€ (0,T), z € 0Snw).Qu))

ml., (t) = —/ T(w,m)v dyy —|—/ psfdz (t€(0,T)), (4.2)

IS (h(t),Q1)) Sh().Q))
(Joww)'(t) = —/ (= h(t)) x T(w,7)v dy, +/ ps(x—h)x fdr (t€(0,T)), (4.3

IS (n(1), Q1) Sth(1),Q(®)
w(0,-)=b inF, £,(0)=4~, wy,(0)=uw. (4.4)

12
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The difference between the above linear system and the linear system (3.2)—(3.5) is that the spatial domains
F(h,Q)»S(h,q) are varying according to (h, Q) and that we have added the drift term (u - V)w. In what follows,
we are going to show that if w is a weak solution of the above system with f = 0 and b = a, then v = w. We
will then study the regularity of the solutions of the above linear system for ¢ > 0 and deduce the corresponding
regularity for v.

We also need to introduce the adjoint system of (4.1)—(4.4):

—atgo — A(p +Vr— (u . V)(p = f (t S (O,T), S .F(h(t),Q(t))%
divp=0 (t€(0,T), z € ]:(h(t),Q(t))>7 (4.5)
P(t, @) = Ly(t) +wy(t) x (x—h(t)) (t€(0,T), x € 0Sn),Q))

“mt, =~ | Tomw dvs + [ psf dz (1€ (0.T)), (4.6)
IS (n(1),Q(t) Sih(t),Qt)

—Jqul, = - / (z— h) x T(p,m)v d, + / ps(w—h)x fdo (te(0,T),  (47)
ISy, Q1))

NOR-IO)
(T, )=b inF, L,(T)=10, wy(T)=uw. (4.8)

In the next subsections, we will see how this adjoint system allows us to define a notion of weak solutions for
the system of (4.1)—(4.4).

We consider the change of variables defined in Section 2 and in particular the transformations (2.17), (2.15).
We also set for (t,y) € [0,T] x Q,

13

O(t,y) = VY (t, X (ty)elt, X(ty), ity =t X(ty)), (4.9)
F(t,y) = VY(t,X(t,9))f(t, X(t,y)), Bly):= VY(T,X(T,y))b(X(T,y)). (4.10)
Then, we can transform the system (4.1)—(4.4) into
(VX) 0, [(VX)W]+ MW —KW + VIl =GF in (0,T) x F,
divW =0 in (0,T) x F, (4.11)
W =tlw +ww Xy on (0,T) x9S, '
W =0 on (0,T) x 09,

mly, + mwy X by = —/ T(W,I)v dvy, —|—/ psF dy (t€(0,7)), (4.12)

aS S
Jwyy +wy X Jwy = —/ y x T(W, v dvy, + / psy x Fdy (te(0,T7)), (4.13)

88 s
W(O0,)=b inF, Op(0)=20, ww(0)=uw (4.14)

and the system (4.5)—(4.8) into
—(VX) 0, [(VX)®] — M® — K& + VI =GF in (0,T) x F,
&=V +wsxy on(0,T)x3dS, '
®=0 on(0,T) %09,

—mly — mwy X le = —/ T(®, v dy, + / psFdy (te€(0,T)), (4.16)

a8 s
—Jwh(t) — J (wy X we) = —/ y x T(®, v dy, +/ psy X Fdy (te(0,7)), (4.17)

a5 s

(I)(T,) =B in f, EQ(T) ZZB, wq>(T) = wpB. (418)



. 4.1 Strong solutions for the linear system

We now construct strong solutions to the system (4.1)—(4.4) and to the adjoint system (4.5)—(4.8). We say that
(W,I0) € X7(0,T) x L*(0,T; W"(F)/R)

is a strong solution of the system (4.11)—(4.14) if it satisfies the system (4.11)—(4.14) a.e. in time and space.
We define similarly the strong solutions of (4.15)—(4.18). In the case ¢ = 2, we recall that

A%(0,7) € CO([0, T]; 1Y),
> and if W € X2(0,T), then there exists a constant C' > 0 independent of T' such that

IWlleo o,y < ClIWllx2(0,7) -
3 The above result Lemma 2.8 allows us to show the following result:

Proposition 4.1. There exists ¢ > 0 small enough such that if (h,Q,u) is a weak solution of (1.1)—(1.4)
satisfying (1.15) or (1.16), then for any F € L?(0,T; L?(Q)3) and for any b € H, there exists a unique strong
solution

(W,II) € X(0,T) x L*(0,T; H' (F)/R)

+ of (4.11)~(4.14).

s Proof. Let us consider t!,¢? € [0, 7] and > > t!. Let us show the existence and uniqueness of strong solutions
¢ for the system

(VX)T 8, [(VX)W]+ MW —KW + VII=GF in (t!,12) x F,
diviWW =0 in (t1,#?) x F,

W =/tw +ww xy on (t',t?) x 4S8, (4.19)
W =0 on (t',t?) x 99,
mly, + mwy X by = 7/ T(W,I)v dv, +p5/ Fdy (te(t't?), (4.20)
oS S
Jwiy + wy X Juy = 7/ y x T(W, v dvy, +p5/ yx Fdy (te(t't?), (4.21)
oS S
W(th)=b inF, lw(t') =46, ww(t')=uw;. (4.22)

We can write the above system in the form (3.12)—(3.15), where X', Y, G, K! are given by (2.25) and where
Fl:=F +Bx(W) with

Bx (W) := (G}) " (— (VX)" 0, [(VX) W]+ G'aW — MW + (KW — /CIW)) in F,

and
Bx (W) = —wy x bw — [J 7' (wy x Juw)] xy in S.

The last relation allows us to have
pg/ Bx (W) dy = —muwy X Ly, pg/ y X Bx (W) dy = —wy x Juw.
S S

Therefore, in order to show the existence and the uniqueness of a solution of (4.19)—(4.22), it is sufficient to
show the existence and the uniqueness of a fixed-point of the mapping

N: L2 12 L% (0)°) — L2, 1%, L2 (Q)%), g — Bx(W),

14
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where W € X2(t1,12) is the solution of (3.12)~(3.15) with F! := F 4+ g and b' = b.
Let us consider g%, " € L2(t', 12, L2 (Q)*) and W# W® € X2(¢*,12) the corresponding solutions of (3.12)-
(3.15) with respectively F' := F 4 g*, F' := F + ¢ and b! = b. We set

g=9 —g¢" W:=W W

and we see that W € X2(t1,#?) is the solution of (3.12)—(3.15) with F! := g and b' = 0. Applying Proposi-
tion 3.3, we deduce that

Wl x2 2y S N9l 2 e2,r2(0)%) - (4.23)
Combining the above estimate with Lemma 2.8 and with Lemma 2.9, we obtain the existence of a constant
C' > 0 independent of ¢; such that

s~ o6

L2(#1,475L2()

<c(@-th+ @ -2+ U]

L7 (1,42, L9(F))3 + HEHLZ(tl,tQ)?’ + le|L2(t1,t2)3> ||g||L2(t17t2;L2(Q))3 . (424)

If r < 0o, we deduce that for 2 —t! small, we can apply the Banach fixed-point theorem and obtain the existence
and uniqueness of a strong solution W € X2(t!,¢?) of (4.19)—(4.22). If r = oo, we use the smallness condition
(1.16) to deduce the same result with € > 0 small enough. In both case, we can thus consider an increasing
sequence Tk such that 7o =0, v =T and

M| —

C ((Tk+1 —Tk) + (Thg1 — 77@)1/2 + “U||LT(Tk,Tk+1;Lq(f))3 + ||€||L2(7k77'k+1)3 + ”w”LZ(Tk’TkH)g) <
(k=0,...,N—1) (4.25)

and the above construction allows us to prove the existence and the uniqueness of a strong solution for (4.11)—
(4.14) in (0,7). O
In a similar manner we also have the following result.

Proposition 4.2. There exists ¢ > 0 small enough such that if (h,Q,u) is a weak solution of (1.1)—(1.4)
satisfying (1.15) or (1.16), then for any F € L?(0,T; L*(2)3) and B € H!, there exists a unique strong solution

(®,1II) € X%(0,T) x L*(0,T; H'(F)/R)
of (4.15)-(4.18).

In what follows, we fix € > 0 small enough so that the conclusions of Proposition 4.1 and Proposition 4.2
hold.

We can also study the following linear system that is similar to (4.11)—(4.14), but where we have removed
the term MW and some terms in the differential equations:

(VX) 0 [(VX)W] =KW +VII=GF in (0,T) x F,
diviW =0 in (0,T) x F, (4.26)
W =Llw +ww xy on (0,T) x9S, ’
W =0 on (0,7) x 09,

mby =~ [ TV d, + [ psFdy (te 0.1), (4.27)

oS8 S
Jwy, = —/ y x TW, v dv, + / psy x Fdy (te€(0,T)), (4.28)

oS S
W(,)=0 inF, fw(0)=0, wy(0)=0. (4.29)

With a proof similar to the proof of Proposition 4.1, one can show the following result.
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Proposition 4.3. Assume (h,Q,u) is a weak solution of (1.1)~(1.4) and p > 1. For any F € LP(0,T; L?(Q)3),
there exists a unique strong solution

(W,TI) € XP(0,T) x LP(0,T; W"P(F)/R)
1 of (4.26)(4.29).

. 4.2 'Weak solutions for the linear system

s Let us introduce two different notions of weak solutions for the system (4.1)—(4.4):

+ Definition 4.4. Assume (h,Q,u) is a weak solution of (1.1)~(1.4) in (0,T). Assume f € L*(0,T; L?(2)3) and
s a€ L2

e We say that w € L™ (0, T; E%h’Q)) nL? (O,T;H(lh}Q)) is a weak solution of (4.1)—(4.4) if for any

pe H (O T; L'(h Q)) L> (O,T;’H(lh,Q)> such that o(T,-) =0,

6 we have

- // Ph,W - (Orp + (u- V)p) dedt + // 2D(w) : D(p) dadt
(0,T)x%2 (0,T)xQ
= // P, f - pdrdt + / pb-(0,-)dx. (4.30)
(0,T)xQ Q

e We say that w € L?(0,T; ‘C%h,Q)) is a very weak solution of (4.1)—(4.4) if for any

¢ € HY(0,T; L3, g)) N L=(0,T; Hiy o)) N L0, T; H* (Fiq))°  such that o(T,-) = 0,

7 we have

// P - (=0ip = (u-V)p + Ap g)p) dedt
0,T)xQ
= // P, f - pdrdt + / pb- (0, )dz. (4.31)
(0,T)xQ Q

In the above definition, we have used the notation L*(0,T; H?(F,q)))? for (h, Q) satisfying (2.1)—(2.2). We
define this space as follows:

¢ € L*(0,T; H*(F,q))* < ® € L*(0,T; H*(F))?

s where ¢ and ® satisfy the first relation of (4.9).
0 We can also give similar notions of weak solutions for the system (4.11)—(4.14):

1w Definition 4.5. Assume (h,Q,u) is a weak solution of (1.1)—(1.4) in (0,T). Assume F € L?(0,T; L?(Q)?) and
u a€ L2

o We say that W € L>=(0,T; £2) N L*(0,T; H') is a weak solution of (4.11)~(4.14) if for any
®c HY(0,T;L>)NL>®(0,T;H')  such that ®(T,-) =0,

12 we have

//omg (V)T ((VX) @) + M) dydt+//0T 9D (w) : D(p) dydt

= // pGF - ddydt + / pb-@(0,-)dy. (4.32)
(0,T)xQ Q
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o We say that W € L?(0,T; L?) is a very weak solution of (4.11)~(4.14) if for any
® e HY0,T;£%) N L>(0,T;H') N L*(0,T; H*(F)*) such that ®(T,-) =0,

1 we have
- / / W [(VX)T 8, [(VX) @) + M + k2] dydi
(0, T)xF

T
+/ mlyy - (—EZI, —wy x by +m 2D(P)v d7y> dt
0

oS

T
+/ Jww - (—w&)(t) —wy X we + J_l/ y x 2D(P)v d’yy) dt
0 a5

:// pF-Q(I)dydt+/pb-‘I>(0,~)dy. (4.33)
0, T)xQ Q

2 Since the system (4.11)—(4.14) is obtained from (4.1)—(4.4) via a change of coordinates, the notions of weak
3 solutions and very weak solutions for each system are equivalent. More precisely, we have the following result:

+ Lemma 4.6. Assume (h,Q,u) is a weak solution of (1.1)~(1.4) in (0,T). Assume f € L?(0,T;L?*(Q)3) and
s a€ L% We define F by (4.10).

6 e The function w € L*(0,T; E%m@)) N LQ(O,T;th,Q)) is a weak solution of (4.1)—(4.4) if and only if
7 W e L>(0,T; £2) N L%(0,T; H') defined by (2.17) is a weak solution of (4.11)—(4.14).

8 e The function w € L?(0,T; ﬁ%h Q)) is a very weak solution of (4.1)~(4.4) if and only if W € L*(0,T; L?)
9 defined by (2.17) is a very weak solution of (4.11)—(4.14).

10 Proof. The first point is a direct consequence of (2.20) and (2.19). For the second point we write
// P(h,QW - (_81590 —(u-V)p+ A(h,Q)go) dx dt
(0,T)xQ

:// w- (=0 — (u-V)p — Ayp) dadt
(O,T)X]'-(;L,Q)

+ mby, - <—€fp(t) +m~t 2D(p)v dfy$>

98 (h,@)

(x — h(t)) x 2D(p)v dq@E) . (4.34)
9S(n,@)

+ Joway - (—w;(t) + Jél/

u Then, using (2.20) and (2.19),

// w- (=0 — (u-V)p — Ap) dedt
(O,T)X]:(th)

__ / / W [(VX)T 0 (VX) @]+ M 4 KCa] dydr, (4.35)
(0,T)xF

mby, - <—£;(t) +m~! 2D (p)v d%> = mlyy - (_ap —wy x Ly +m~t [ 2D(®)v dw) . (4.36)

S (h,qQ) aS

13 and
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Jow - (w;,(t) +J5! /65 (z — h(t)) x 2D(p)v d%>
(h,Q)

= Jww - (—wfb(t) —wy X we 4+ J 71 y x 2D(P)v d’yy> . (4.37)
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O
From the above definitions and the above lemma, one can check that a strong solution of (4.1)—(4.4) is a
weak solution of (4.1)—(4.4), and that a weak solution of (4.1)—(4.4) is a very weak solution of (4.1)-(4.4). Using

Proposition 4.2, we deduce the following result:

Lemma 4.7. Assume (h,Q,u) is a weak solution of (1.1)—(1.4) satisfying (1.15) or (1.16) e given by Proposi-
tion 4.1. Then there exists at most one very weak solution of (4.1)—(4.4).

Proof. The proof is similar to [20, Lemma 6.4]. O

Remark 4.8. Assume (h,Q,u) is a weak solution of (1.1)~(1.4) satisfying (1.15) or (1.16) € given by Propo-
sition 4.1. Then any very weak solution w of (4.1)—(4.4) with f =0 and b = a satisfies

w = u.

We use this property in what follows to deduce properties of u from the same properties for w.

5 Proof of the main result

In this section, we prove the main results namely Theorem 1.3 and Theorem 1.4. We are going to follow the same
approach as [20]. Throughout this section we assume that (h,Q,u) is a weak solution of (1.1)—(1.4) satisfying
(1.15) or (1.16) with e given by Proposition 4.1 and Proposition 4.2. We recall the definition of A?(0,T") from
(2.22).

Lemma 5.1. Assume (h,Q,u) is a weak solution of (1.1)—(1.4) satisfying (1.15) or (1.16) with & given by
Proposition 4.1. Then tU € X2(0,T).

Proof. Let us set

w(t, ) :=tu(t,") (te€(0,7)). (5.1)
Then we deduce from (1.14) that w is a weak solution of (4.1)—(4.4) with f = w and b = 0. Since u €
L2(0,T; C%h,Q))’ we deduce from Proposition 4.1 and Lemma 4.7 that W € X2(0,T). O

Lemma 5.2. Assume (h,Q,u) is a weak solution of (1.1)—(1.4) satisfying (1.15) or (1.16) with € given by
Proposition 4.1. Then t*U € X4(0,T).

Proof. Let us set
W(t,-) =t*U(t,") (te€(0,T)). (5.2)

Then we deduce from Lemma 5.1 that W is the strong solution of (4.26)—(4.29) with
F = —t2G ' MU +2tU = (VX) ' ((tU — tA) - V) [(VX) (tU)] + 2tU.

On the other hand, from Sobolev embeddings (see, for instance, [19, Lemma 3.3, p.80], [11, Proposition 4.3]),
we have

L2(0,T; H*(F)) N HY(0,T; L*(F)) < L'°(0,T; L' (F)) N L*3(0, T; W13 (F)).
We thus deduce that F' € L%2(0,T; £/?) and applying Proposition 4.3, we obtain W = t?U € x5/2(0,T).
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We can now repeat the argument: we set
W(t,) =t*U(t,-) (te€(0,T)) (5.3)
which is the strong solution of (4.26)—(4.29) with
F = —t'¢7' MU + 463U = (VX) ™' (U - £2A) - V) [(VX) (1*U)] + 4£°U.
From Sobolev embeddings (see, for instance, [19, Lemma 3.3, p.80], [11, Proposition 4.3]), we have
LP2(0,T; W5/2(F)) n Wh5/2(0,T; L3/*(F)) < L7(0,T; L' (F)) N L*(0, T; W' (F))

for any 7 > 5/2. We thus deduce that F € L*(0,T;£*) and applying Proposition 4.3, we obtain W = t*U €
x40, 7). 0

Proposition 5.3. Assume (h,Q,u) is a weak solution of (1.1)—(1.4) satisfying (1.15) or (1.16) with € given by
Proposition 4.1. Then

tU € H*(0,T; £*) N H'(0,T; D(A)) N L*(0, T; H*(F)?3).

Proof. Let us set
W(t,-) =t%0,U(t,-) (t e (0,T)). (5.4)

Then we deduce from Lemma 5.1 that W is a very weak solution of (4.11)—(4.14) with
F=g! [_tS @, VX) 0, (VX)U] = 3(VX)" 8, (0 VX)U] —t8(0,M)U + 15 (8,K) U] +8t70,U.  (5.5)

In order to estimate F, we first note that since t*U € X4(0,7T) and t2U € L*(0,T; £*), and by using (2.21), we
have
th', '’ € L*(0,T;R?).

Thus from (2.5) and Lemma 2.3, we deduce that for any k > 0,
to) € LY0,T; CE(R?)3), t*9,A € L*(0,T; CE(R?)?).
In particular, from (2.7) and Lemma 2.3,
t102V X € L*(0,T; L>=(2)%).

The above relations and Lemma 5.1 yield that

G —t2 (VX)) 0 [(VX)U] -3 (VX)' 8, [(8,VX) U]} +8t70,U € L*(0,T; L£?). (5.6)
Now, from (2.16), we have

(@MU = (VO,X)" (U= A)-V)[(VX) U]+ (VX)) ((0U = 9A) - V) [(VX) U]
+(VX) (U-A)-V)[(VO,X)U] (5.7)

and from t*U € X%(0,T), we deduce that t® (9, M) U € L*(0,T; £?). From (2.13) and (2.14), we deduce similarly
that t® (0,K)U € L?(0,T; £?). Combining these relations with (5.5) and (5.6), we conclude F' € L?(0,T; L?).
Combining Proposition 4.1 and Lemma 4.7, we deduce that W = t39,U € X2(0,T). Note in particular that

t8U € H'(0,T; H*(F)?) < L>=(0,T; L>=(F)?). (5.8)
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Now we use the fact that (tSU, tSP) satisfies the elliptic system

—K(8U) + V(8P) = — (VX) " 180, [(VX) U] — MU in (0,T) x F,
div(t®U) =0 in (0,T) x F, (5.9)
(t8U) = ¥y + t%wy xy on (0,T) x IS, '
(t2U) =0 on (0,7T) x 09.

We have already obtained that
—(VX)" 80, [(VX)U] € L*(0,T; H*(F))*, MU € L*(0,T; L*(F))>.
Then, from (2.16), t*9,, (MU) involves terms that can be estimated as before and
(VX) " (9, (#0)) - 9) [(vX) (#*0)] . (VX)" ((#0) V) [(VX)y, (1'U)] -
Using Lemma 2.3 and that t*U € L*(0,T; W?4(F))3, we deduce that t*MU € L%(0,T; H'(F))3. Thus from
Proposition 3.4, we deduce t3U € L?(0,T; H3(F))3.
On the other hand, t*9,,0,, (MU) involves terms that can be estimated as before and terms of the form
(VX)" ((90.0y, (t0)) - V) [(VX) (1*0)] . (VX)" ((8y, () - V) [(VX) By, (+U)],
(VX)" ((t*U) - V) [(VX) 8,0y, (t*U)].

Using Lemma 2.3, t*U € L*(0,T; W24(F))3, t* MU € L?(0,T; H'(F))? and (5.8), we deduce that t'S MU €
L?(0,T; H%(F))3. Applying Proposition 3.4 allows us to obtain 16U € L?(0,T; H*(F))3. O

We are now in a position to prove Theorem 1.3 and Theorem 1.4.
Proof of Theorem 1.3. We show by induction that for any k > 2, there exists m > 1 such that
tmaJU € L*(0,T; H*®=D(F)3) (0<j<k), ™, tmw@ e 12(0,T)° (0<j<k). (5.10)

We have already obtained the above relation for k = 2 in the previous proposition. From the above relation, we
deduce that, for M > m, W := tM9kU is the very weak solution of (4.11)—(4.14) with F defined by

GF =" Y ( y ) {ag'lvxrat ([agévx} [8Z3UD

Jj1+je+is=k,js#k Ju, 2, Js
"k ; , koK A )
—tMy (J> (3?/‘/‘) OFIU M (;) (8516) OF U + MtMTGoFU.  (5.11)
Jj=1 j=1

From (5.10), we deduce that for M > 3m and o > 0, tM9OF\ € L?(0,T; C$(R?))? and thus from the Faa di Bruno
formula and from (2.7), we conclude that for M > C(m) and for any a > 0, tMoF ' X € L2(0,T; C5(R?))3. We
also obtain that for for M > C(m) and for any o > 0, tMFT'VY (X) € L*(0,T;C§(R?))?. We deduce that,
with M > C(m), for ji,jo < k and j3 +1 < k,
, T ,
$M {aglvx} [agzvx} [6§3+1U} € L2(0,T; L(F))?
and for j17j3 < k, and j2 +1 < k,
: T ,
2 o vx| [op x| [0FU] € 120,75 L2(F).
For jo = k, we use that U € L>(0,T; L>(F))? to deduce

M (Vx| [0FTVX] U € L0, T; LA(F))*.
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Next, combining ¢™0F U e L2(0,T; H2(2))? for j > 1 with (2.13) and (2.14), we deduce that for M large
enough,

k
Y (;“) (ag'/c) OFIU € L2(0,T; L*(F))®.
j=1
From (2.16), we have

Since ny,n3 < j < k, we have for M large enough, tM9;"VX,0/*VX € L>(0,T; L=(F))°. By using (2.15),
we have for M large enough and o > 0, tMOFA € L2(0,T; C§(R?))? and thus for ny < j < k,

tM (972U — 9 A) € L*(0,T; L*(F))*. (5.13)
On the other hand, by the hypothesis of induction, if j € {1,...,k},
t" oy U € L0, T HY (F))* 0 H' (0, T; HY~2(F))?

and thus _ ‘
v (tm“af*ﬂU) € L0, T; H¥~2(F))°. (5.14)

If j > 2, a Sobolev embedding and the above relation lead to

v (e Hop ) € 10,15 L (F)),
and combining it with (5.13), we deduce

M (v x)T (92U — 92A) - V) [(8?3VX) (af—j U)} € L2(0,T; L2(F))*. (5.15)

For j =1, we only get from (5.14) that

v (tm“af—j U) e L=(0,T; L*(F))° (5.16)
but in that case, ny < 1 and by the hypothesis of induction,

92U € L*(0, T, H*" 1 (F))* ¢ L*(0,T; L= (F))*

since k > 2. Combining the two above relations implies (5.15) in that case and thus for M large enough,
tM (8,?/\/1) F U e L2(0,T; L%(F))®. We conclude that for M large enough, F defined by (5.11) satisfies

F € L?(0,T; L*(F))3. Combining Proposition 4.1 and Lemma 4.7, we deduce that W = tM9FU € x2(0,T).
It remains to show that for j =0,...,k — 1, there exists M; > 0 such that

tMigIU e L2(0,T; H*F—3+D (F)3). (5.17)

We have already obtained the above relation for j = k+ 1 and j = k. Let us assume that it holds for
jo+1<j<k+1, with jo € {0,...,k — 1} and let us show it for jo. We first see that for M large enough,

(W, II) = (tMag'O U, Mo P) are the solution of (3.22) with
gt S (.2 ) [orrox] o ([orrwx] [ae])
- thjz_ojO (JJO) (agM) 8o M i (J;’) (ag’;c) 97U, (5.18)

Jj=1
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Let us first analyze the first sum in the right-hand side of (5.18). For j; < jo < k— 1 and jo < jo < k— 1, we
have for any a > 0,

Mol VX € L=(0,T;C¢(R%)®), tMal**'VX € L*(0,T;C§ (R%)?).
Now, from (5.10), we have for js < jo,
tmalPU e L2(0,T; H2*=33)(Q))® < L*(0,T; H**~30)(Q))?,

and the same result holds for tma§3“U with j3 + 1 < jg. The only term that remains to be tackled in the first
sum in the right-hand side of (5.18) is
—tMgojttu.

Using (5.17) for j = jo + 1, we deduce that the above term is in L2(0,7; H2(*=30)(Q))3 for M > Mj, 1 and we
have thus shown that for M large enough

—tM Z (j1 jg j3> [8?1VX}T&5 ([8{2VX} {8?3U}) € L2(0,T; H2(k—jo)(Q))3. (5.19)
J1+i2+i3=jo e

For the second sum in the right-hand side of (5.18), we use (2.16) to write it as
- tM;Z_O:O (JJ()) (91 m) o~
=ty () (X)) (v - era) - ©) [(0vx) (a0)] . 620)

Jiti2+is+ia=jo J15J2: 35 4

We consider 3 cases:
Case 1: if jo € {0,...,50 — 1} and if j4 € {0, ..., jo — 1}, then we deduce from (5.10) that

M (ag’w - ag’2A) € L0, T; H2k=32)=1 ()3 ¢ L0, T; H2k—90)+1 ()3

and we have

v (tmag'w) € L2(0,T; H2k=i0=1(Q))? ¢ L2(0, T; H2F—30)+1 ()
so that, since 2(k — jo) +1 > 3,
M (agIVX)T ((8{2U - 8{2/\) .v) [(agﬁvx) (a{mﬂ € L2(0, T; H2(k—i0)+1 ()3,
Case 2: if jo = jo, then j; = j5 = js = 0, and we deduce from (5.10) that
(90U — 9 A) € L(0,T; H20) 1 ()

and
V (t"U) € L*(0,T; H**~1 (Q))°.

If jo = 0, then 2(k — jo) —1 =2k — 1 > 3 and we deduce that
™M (vx)T ((ag'OU - ag'OA) : v) (VX)) U] € L2(0, T; H2(*=i0)=1 ()3, (5.21)

Else, jo > 1 and )
V (t™U) e L?(0, T; W2k=do)=1.00 ()9

and we obtain again (5.21).
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Case 3: if j4 = jo, then j; = jo = j5 = 0, and we deduce from (5.10) that
tM(U — A) € L°°(0,T; H**~1 (Q))?

and
v (tmago U) € L2(0,T; H2k=i0)=1 (Q))°

With the same proof as in Case 2, we obtain

2(VX)T (U= 8)- V) [(VX) 0 U] € L2(0,T; H2 =0~ ()2, (5.22)
We can conclude that
Jo .
~MY <3J°> (9f M) 079U € L2(0, 75 B30 (@), (5.23)
j=0

For the second sum in the right-hand side of (5.18), we use (2.13), (2.14) and (5.10) to obtain that
Jo j ) o ‘
My (jf’) (ag/c) & 7IU e L2(0,T; H2(F—0) ())3. (5.24)
j=1

We thus deduce from (5.20), (5.19), (5.23), (5.24) and Proposition 3.4 that for some M > 0,
tMaloU e L2(0,T; H>*=30)+1 ()3, (5.25)

We can use this relation to improve (5.23) and more precisely (5.21) and (5.22). Indeed, for j» = jo and
Jj1 = j3 = ja = 0, we have now

™M (a{oU - agOA) € L0, T; H2(k=0) (Q))?

and
V (t™U) € L*(0,T; H*1 (Q))°.

If jo = 0, we use (5.25) to replace the last relation by
V (t™U) € L*(0,T; H* (Q))°
and, using that 2(k — jo) = 2k > 4, we deduce
™M (vx)T ((ag‘OU - ag‘OA) : v) [(VX) U] € L0, T; H2(*=i0) ()3, (5.26)

Else, if jo > 1, then _
V (t™U) e L*(0,T; H**=50) ((2))°

and since 2(k — jg) = 2, we deduce (5.26). For the other case, j;, = jo and j; = jo = j3 = 0, we have now
tM(U - A) € L*=(0,T; H**~1 ()3

and _ ‘
v (tMagﬂU) e L2(0,T; H2k=30) (2))?.

With the same manipulations as for the previous case, we deduce

M (vx)T (U= A) - V) [(VX) ag'OU} € L2(0, T; H2(k=i0) ()2 (5.27)
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27

28

29

30

31

32

33

The above relations allow us to conclude that

Jo .
03 () (o) o0 € 0 T () 29
j=0

We thus deduce from (5.20), (5.19), (5.28), (5.24) and Proposition 3.4 that for some M > 0,

tMaloU e L2(0,T; H>*=30t1) ()3, (5.29)

This concludes the induction (5.17) and then the induction (5.10), and this ends the proof of the theorem. O
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