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Central Limit Theorem for Bayesian Neural Network trained with
Variational Inference

Arnaud Descours’ Tom Huix! Arnaud Guillin} Manon Michel$
Eric Moulines’and Boris Nectoux!

June 3, 2024

Abstract

In this paper, we rigorously derive Central Limit Theorems (CLT) for Bayesian two-layer
neural networks in the infinite-width limit and trained by variational inference on a regression
task. The different networks are trained via different maximization schemes of the regularized
evidence lower bound: (i) the idealized case with exact estimation of a multiple Gaussian
integral from the reparametrization trick, (ii) a minibatch scheme using Monte Carlo sampling,
commonly known as Bayes-by-Backprop, and (iii) a computationally cheaper algorithm named
Minimal VI. The latter was recently introduced by leveraging the information obtained at the
level of the mean-field limit. Laws of large numbers are already rigorously proven for the three
schemes that admits the same asymptotic limit. By deriving CLT, this work shows that the
idealized and Bayes-by-Backprop schemes have similar fluctuation behavior, that is different
from the Minimal VI one. Numerical experiments then illustrate that the Minimal VI scheme
is still more efficient, in spite of bigger variances, thanks to its important gain in computational

complexity.
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1 Introduction

Neural networks (NN), especially with a deep learning architecture, are one of the most powerful
function approximators, in particular in a regime of abundant data. Their flexibility may however
lead to some overfitting issues, which justify the introduction of a regularization term in the
loss. Therefore, Bayesian Neural Networks (BNN) are an interesting alternative. Thanks to a
full probabilistic approach, they directly model the uncertainty on the learnt weights through the
introduction of a prior distribution, which acts as some natural regularization. Thus, BNN combine
the expressivity power of NN, while showing more robustness, in particular when dealing with small
datasets, and providing predictive uncertainty [BCKWT5, MWL™20, MGK™17, FEG™19]. During
training, the probabilistic modelling however requires to compute integrals over the posterior
distribution. This can be computationally demanding, as these integrals are most of the time not
tractable. Alternative techniques as Markov-chain Monte Carlo methods and variational inference
are most commonly used instead. The convergence time of the former may prove too prohibitively
long in large-dimensional cases [CJ21]. Therefore variational inference [HC93, Mac95, MT95] comes
often as the most efficient alternative, especially while using the reparametrization trick and the
Bayes-by-backprop (BbB) approach. The variational approach relies on an approximation of the
posterior distribution by the closest realization of a parametric one, according to a Kullback-Leibler
(KL) divergence. Using a generalisation of the reparametrization trick [KW14], the Bayes-by-
Backprop approach [BCKW15| leads to an unbiased estimator of the gradient of the ELBO, which
enables training by stochastic gradient descent (SGD).

There are now many successful applications of this approach, e.g. [GGI6, W17, KNT*1§].
This comes in contrast with the lack of analytical understanding of the behavior of BNN trained
with variational inference, especially regarding their overparametrized limit. For instance, it was
but only recently shown in [DHG¥23] what is the appropriate balance in the ELBO of the inte-
grated log-likelihood term and of the KL regularizer, in order to avoid a trivial Bayesian posterior
MVAW21]. To achieve such results, a proper limiting theory was rigorously derived [DHGT23].
Such mean-field analysis, as done in [RVEIS, [SS20bl, DGMN22], enables the deter-
mination of the limiting nonlinear evolution of the weights of the NN, trained by a gradient descent
or some variants. It then allows the derivation of a Law of Large Numbers (LLN) and a Central
Limit Theorem (CLT). The main practical goal of such asymptotic analysis is to show convergence
towards some global minimizer, it however remains an open and highly-challenging question. Nev-
ertheless, such asymptotic analysis can still be of direct and practical relevance. On top of the
proper balance in ELBO, it was recently shown in [DHG¥23] for BNN on a regression task that
the mean-field limit can be leveraged to develop a new SGD training scheme, named Minimal VI
(MiVI). Indeed, in this limit, the microcospic correlations between each pair of neurons can be
shown to be equivalent to some averaged effect of the whole system. Therefore, the Minimal VI




scheme, which backpropagates only these average fields, is proven to follow the same LLN as stan-
dard SGD schemes, but only requires a fraction of the previously needed computations to recover
the same limit behavior. Furthermore, numerical experiments showed that the convergence to the
mean-field limit arises quite fast with the number of neurons (N = 300 [DHG™23]). The Minimal
VI scheme would emerge as a genuinely competitive alternative under these conditions. However,
unsurprisingly, numerical experiments also showed a larger variance for the Minimal VI scheme,
compared to others. Therefore the work presented here directly deals with a precise study of the
fluctuation behaviors present at finite width N, as done in [DGMN22] for a two-layer NN, but here
for the different variational training schemes of a BNN. Independently from the question of scheme
comparison, the issue of quantifying the deviations of finite-width BNN from their infinite-width
limit is of direct and fundamental relevance.

In more details, we push on the analytical effort to further characterize the limiting behaviors
of the three schemes and derive CLT. By framing the fluctuation behaviors of the different schemes,
this work is thus of practical and direct relevance for a robust and efficient variational inference
framework. More specifically, we consider a two-layer BNN trained by variational inference on a
regression task and our contributions are as follows:

e We derive a CLT for the idealized SGD algorithm, where the variational expectations of the
derivative of the loss from the reparametrization trick of [BCKW15| are computed exactly.
More precisely, we prove that with the number of neurons N — +o0, the sequence of trajec-
tories of the scaled centered empirical distributions of the parameters satisfies a CLT, namely
the limit satisfies a stochastic partial differential equation (SPDE) whose leading process is
a ®-process with known covariance structure (see Definition . This is the first purpose of
Theorem [21

e We derive the exact same CLT for the Bayes-by-Backprop (BbB) SGD, i.e. when the integrals
of the idealized case are obtained by a Monte Carlo approximation, see [BCKWI5]. This
justifies even further than at the LLN level the use of such an approximation procedure.

e We derive a CLT with a ®-process of a different covariance structure, for the Minimal VI
(MiVI) scheme. This is the second purpose of Theorem [2| In comparison to the BbB scheme,
which requires O(N) Gaussian random variables and can become prohibitively expensive, the
MiVTI scheme only requires two Gaussian random variables and achieves the same first order
limit. Considering scalar test function, one can show that the variance of the &-process for
the MiVT is greater than the one of the BbB.

o We numerically investigate the fluctuations of the three methods on a toy example. We
observe that the scheme MiVT is still more efficient, as the gain in computational complexity
outweights the increase in the observed variances.

The paper is organized as follows: Section [2| presents the BNN setting as well as the different
training algorithms, i.e. idealized, BbB and MiVI, as well as recalls the LLN derived in [DHG™23],
that shows their asymptotic equivalence at first order. Then, in Section [3| we prove for each
algorithm a CLT for the rescaled and centered empirical measure with identified covariance based
on non trivial extensions of [DGMN22]. Whereas, covariances of the ®-process driving the limit
SPDE may be compared, the asymptotic variances of the rescaled centered empirical process are
not easily comparable. Therefore we produce numerical experiments in Section [4 showing the
good performance of MiVI needing few additional neurons to get comparable variances with less
complexity. The proofs for CLT can be found in the supplementary material.



Related works. The derivation of LLN and CLT for mean-field interacting particle systems
have garnered significant attention; refer to, for instance, [HMS86, [Szn91l, FM97, [IM98, [DLRI9|
DMG99, [KX04] and references therein. The use of such approaches to study the asymptotic limit
of two-layer NN were introduced in [MMNIS] (see also [MMM19]), which establishes a LLN on the
empirical measure of the weights at fixed times. Formal arguments in [RVE1S] led to conditions
to achieve a global convergence of Gradient Descent for exact mean-square loss and online SGD
with mini-batches. Regarding fluctuation behaviors, they observe with increasing mini-batch size
in the SGD the reduction of the variance of the process leading the fluctuations of the empirical
measure of the weights (see [RVELS| (Arxiv-V2. Sec 3.3)). See also [CRBVE2()] for a dynamical
CLT and [DBDFS20] on propagation of chaos for SGD on a two-layer NN with different step-size
schemes, however limited to finite time horizon. In [DGMN22], a LLN and CLT for the entire
trajectory, and not only at fixed times, of the empirical measure of a two-layer NN are rigorously
derived, especially when proving the uniqueness of the limit PDE. These results are obtained for
a large class of variants of SGD (minibatches, noise), that extend in addition to rigorize the work
done in [SS20b] and [SS20a]. Regarding the fluctuation behavior, the results in [DGMN22] agree
with the observations of [RVEIS| on the minibatch impact and further exhibit a possible particular
fluctuation behavior in a large noise regime. Finally, regarding BNN, [DHG™23] rigorously prove a
LLN for the entire trajectory for a two-layer BNN trained on a regression task with three different
schemes (idealized, BbB, MiVI).

We rigorously prove a CLT for the entire trajectory of the empirical measure of the weights
of a two-layer BNN trained by three different maximization schemes (idealized, BbB, MiVI) of
a regularized version of ELBO. Remark that a trajectorial CLT is necessary to understand the
evolution of the variance of the scaled centered covariance.

2 Setting and proven mean-field limit

2.1 Variational Inference and Evidence Lower Bound

In this section, we first recall the setting of Bayesian neural networks as well as the minimization
problem in Variational Inference. We then introduce the three maximization algorithms of the
ELBO and recall the respective Law of Large Numbers which were derived in [DHG™23|, which
are the starting points of this work.

The Evidence Lower Bound Let X and Y be subsets of R" (n > 1) and R respectively.
For N > 1 and w = (w?,...,w") € (RY)", we consider the following two-layer neural network
N X — R defined by:
N
1
N — .
fw ($) T N Z S(U}’La I) € Rv

i=1

where z € X and s : R? x X — R is the so-called activation function. In a Bayesian setting,
one needs to be able to efficiently sample according to the posterior distribution BV of the latent
variable w (w are the weights of the neural network). The classical issue in Bayesian inference over
complex models is that the posterior distribution 8% is quite hard to sample. For that reason,
in variational inference, one looks for the closest distribution to B in a family of distributions
ON = {¢),0 € EV} which are much easier to sample than PB~. Here, Z is the parameter space.
To measure the distance between ¢ € QN and PV, one typically considers the KL divergence



distance, denoted by Zkr, in the following. In other words, this minimization problem writes:

argmin e on ZK1, (q|£]3N)

This minimization problem is hard to solve since the KL is not easily computable in prac-
tice. A routine computation shows that the above minimization problem, which also writes
argmingc=v Zk1,(q) |BY), is equivalent to the maximization of the Evidence Lower Bound over
0 € ZN. In practice N > 1, and in this regime, it has been shown in [CBBT22| and [HMD¥22]
that optimizing the ELBO leads to the collapse of the variational posterior to the prior. It has
been suggested in [HMD™22] to rather consider a regularized version of the ELBO, which consists
in multiplying the KL term by a parameter which is scaled by the inverse of the number of neurons:

Ef\b]o(evzmy) = _/

1
Ly, £ (2)) gy (dw) — N-@KL(QéV!PéV)-
(RHN

In conclusion, the maximization problem we will consider in this work is

argmaxgezn EfY, (0, , ).

Loss function and prior distribution The variational family OV we consider is a Gaus-
sian family of distributions. More precisely, it is assumed throughout this work that for any
0 = (0',...,0Y) € =V, the variational distribution qév factorizes over the neurons: for all
w = (vl,...,w") € RYY, ¢)(w) = Hfil qp:(w'), where 6" = (m’,p') € Z :== R? x R and
qp: is the probability density function (pdf) of 9(m’, g(p*)*I4), with g(p) = log(1+e”), p € R. Let
us simply write R¥! for R? x R. Following the reparameterisation trick of [BCKWT15], gp(w)dw
is the pushforward of a reference probability measure with density v by ¥y (see Assumption Al).
In practice, v is the pdf of (0, I;) and Vy(z) = m + g(p)z. In addition, in all this work, we
consider the regression problem, i.e. £ is the Mean Square Loss: for a,b € R, £(a,b) = %]a — b|?.

Set ¢ : (0,z,2) € R x R? x X = 5(Wy(2),z). Throughout this work, we assume that the
prior distribution Pév is the function defined by:

N
vw e (RN, By (w) =[] Ao (w?), (1)

=1

where Py : R? — R, is the pdf of MN(mo,031y), and op > 0. With all these assumptions and
notations, we have:

Efl\;o(aax7y) =
N N
1 1 NG 1
- / )y O E ),x)‘ W)@ day = > gl B (2)
=1 =1

Remark 1. We recall that implies that Dx1(qy |PYY) has a rather mice expression, given by:
@KL(qé\qPéV) = Zz]\;l @KL(Q;APOI) and, for § = (m7 10) € Rd+17

m — mpl|2 2 i
Frab|r) = | abe) ostab(o)/mi ey = 17l (90 1) g (20,



We also note that Py, has at most a quadratic growth in m and p. In addition, for § € R*1, we
have

1 pl %(m —mo)
Vozialalr) = (b)) - (dzg'(})) -2 ’) | °

g(p)

We assume here a Gaussian prior to get an explicit expression of the Kullback-Leibler diver-
gence. Most arguments extend to sufficiently regular densities and are essentially the same for
exponential families, using conjugate families for the variational approximation.

2.2 Stochastic Gradient Descent and maximization algorithms

In this section, we present the three different maximization algorithms of the ELBO we are going
to consider. In what follows, (Q, F,P) is a probability space and we write (U,v) = [z, U

for any integrable function U : R? — R w.r.t. a measure v (with a shght abuse of notatlon we
denote by 7 the measure y(z)dz). Also we define the o-algebra FJ¥ = a(63,1 <i < N).

Idealized SGD Consider a data set {(x,yr)}r>0 i.id. wrt. @ € P(X xY), the space of
probability measures over X X Y. For N > 1 and given a learning rate £ > 0, the maximization of
0 € R~ EN (0, 2,y) with a SGD algorithm writes as follows: for k > 0,

{0k+1 = 0k + KVEN (Ok, Tk, Yk) (4)

QN
00 ~ g s

where 19 € P(R%*1) (the space of probability measures over R%*!) and 8y = (0},...,0Y). Using
the computation of VQE%O(Ok,xk,yk-) performed in [DHGT23], writes: for £ > 0 and i €

1,...,N},

elic—i-l - Hllc - % Z;V:Lj;éz <<¢(9£7 L )7 ’7> — Yk <v9¢(9i;7 o) xk)v ’Y>
_%<(¢(0;§77xk) yk)v9¢( Ly oL )77 - %VOQKL((‘%;JP&% (5)
96 ~ UQ.
We shall call this algorithm idealised SGD because it contains an intractable term given by the
integral w.r.t. the probability distribution «. This has motivated the development of methods
where this integral is replaced by an unbiased Monte Carlo estimator (see [BCKW15|) as detailed

below with the BbB SGD scheme. For the Idealized SGD, and for later purposes, we set for NV > 1
and k > 1:

f,ﬁvza(%,(xq,yq),lgiSN,qugk—l) (6)

Bayes-by-Backprop (BbB) SGD For N > 1, given a dataset (xy, yx) k>0, the maximization of
0 € R — EY (0, 2,y) with a BbB SGD algorithm is the following: for k > 0 and i € {1,..., N},

{%H =0, — 7= Zj'\;l (601, Z%, xx) — yr) Vod(0, Zh, 2x) — %VHQKL(Qéi\P&)y )

64 = (miy, ply) ~ o,



where (Zi, 1 <j < N,k>0)is aii.d sequence of random variables distributed according to .
We recall that this algorithm is based on the Monte Carlo approximation, for i € {1,..., N}, of
the term

/ (y — qb(Hj, 2, 1:))Vg¢(9i, 2t x)v(zl) .. .’y(zN)dz1 Y
(RHN

which is the gradient w.r.t. to #° of the integral term in the left-hand-side of (). We mention
that we consider here in the BbB SGD with a batch size of 1, corresponding to |B| = 1 in
[DHGT23].

For the BbB SGD, we set for N > 1 and k > 1:

fN:a(eg,zg,(xq,yq),lgi,jgz\r,ogqgk—1}). (8)

Minimal VI (MiVI) SGD The last algorithm studied, denoted MiVI SGD, was proposed in
[DHGT23| as an efficient alternative to the first two algorithm above. It is the following: for & > 0
and i€ {1,...,N},

{%H = 0}, — % X001 (601, ZL, @) — yk) Voo (0}, 22, ex) — K VoZkw(af |F)

Q[Z) = (m%)vp%)) ~ [0,

(9)

where (Z},p € {1,2},k > 0) is a i.i.d sequence of random variables distributed according to 2.
Thus, the MiVI descent backpropagates through two common Gaussian variables (Z,l€7 Z%) to all
neurons, instead of a different Gaussian random variable Z; for each neuron.

We finally set for N,k > 1:

FY = a(eg,zg, (2q,9q),i € [L,N],p € {1,2},q € [0,k — 1]). (10)

2.3 Mean-field limit and Law of Large Numbers

Empirical distributions and assumptions We introduce the empirical distribution y,]gv of the
parameters {0,i € {1,...,N}} at iteration k > 0 (where the 6!’s are generated either by the
algorithm , (7)), or by @) as well as its scaled version ,u{/v , which are defined by:

N
1
N N N
v, = N;l 5% and pp' = V| ny)- (11)

Note that for all N > 1, uV = {ul¥,t > 0} is a random element of the Skorokhod space
D(R.y, P(R¥1)), when P(R*!) is endowed with the weak convergence topology. Let us recall that
for ¢ > 0, the Wasserstein spaces P, (R™) are defined by Py(R*™!) = {1 € P(R*), [qas1 [0]90(d0) <
+o0}. The space P,(R*1) is endowed with the standard Wasserstein metric W,. Note that for
all ¢ > 0, (uY)n>1 is also a random sequence of elements in D(R,P,(R¥*1)). We denote by
Cy° (R? x X) the space of smooth functions over R% x X whose derivatives of all order are bounded.

We now introduce the assumptions [DHGT23| we will work with in this work:

A1. There exists a pdf v : R — R such that for all § € R4, qédm = Wy#~ydx, where {Uy, 0 €
R9*11 is a family of C!-diffeomorphisms over R? such that for all z € R%, § € R4T! s Wy(2)
is of class C*°. Finally, there exists pg € N* such that for all multi-index o € N4+ with
la| > 1, there exists C,, > 0, for all z € R? and § = (6;,...,04,1) € R4,

0aWg(2)| < Cab(z) with Vg > 1, (b%,7) < +oo0, (12)

7



where 0, = Jp ... ag‘dd:; and 9,7 is the partial derivatives of order a; w.r.t. to 6}, and
J
b(z) =1+ |z[F.

A2. The sequence {(zg, yx) }r>o is id.d. wr.t. 7 € P(XxY). The set Xx Y C RYx R is compact.
For all k > 0, (g, yx) L .7-",?7 (where, depending on the considered algorithms, f,ﬁv is defined

by @, , or )

A3. The (activation) function s : R? x X — R belongs to CZ°(R? x X).

A4. The initial parameters (63)Y, are ii.d. w.r.t. gy € P(R*?). Furthermore, 1o has compact
support.

We moreover assume when considering the BbB algorithm (7)) (resp. the MiVI algorithm @)

A5. The sequences (Zi, 1<j<N,k>0) (vesp. (Z},p € {1,2},k >0)) and ((@k,yx),k > 0) are
independent. For k > 0, ((mk,yk),Zi,l <j< N) 1L FN see (resp. ((:L"k,yk),Zi,p €
{1,2}) 1L FN, see ([L0)).

In the following we simply denote all the above assumptions by A. Let us remark that A3 may
seem restrictive, see however Remark 4 in [DGMN22] to consider a more general setting.

Law of Large Numbers for the sequence of rescaled empirical distribution As already
explained, the starting points to derive Central Limit Theorems for the sequence (u™) ~>1 defined
in for the three algorithms introduced above are the Law of Large Numbers obtained in
[DHGT23| (see more precisely Theorems 1, 2, and 3 there), that we now recall.

Theorem 1 ([DHG'23]). Let 49 > 1+ L. Assume A. Let the {05,k > 0,i € {1,...,N}}’s
be generated either by the algorithm , , or @D Then, (™)1 (see ) converges in P-
probability in D(Ry, Py, (RYTY)) to a deterministic element i € D(Ry, Py (RYTY)). In addition,
i € C(Ry, P1(RIY)) and it is the unique solution in C(Ry, Py (R¥Y)) to the following measure-
valued evolution equation: Vf € C°(R4!) and Vt € Ry

<f7;ut> fnU'O —_ﬁ/ /); v 5HT) Y, MS®7><v9f V9¢(7 ) )aﬂs ®"}/>7T(d$,dy)d8

oy /O (Vof - VoZxe(q'|P}). fis)ds. (13)

Let us mention that the statement of Theorem [I] differs slightly from the one of Th. 2 in
[DHG™ 23| when the Idealized SGD ({]) is concerned. Since this was possible, we have decided here
to work in P(0) (with © C R¥*! compact) instead of P,,(R**!). Nevertheless, Theorem 3 in
[DHG*23], by following its proof, also holds for the scaled empirical measure p’¥ of the parameters
0:’s generated by the Idealized SGD (F).

3 Main results: Central Limit Theorems

For J € N and j > 0, let H3/(R*!) be the closure of the set C°(R¥*1) for the norm || f||43.;

defined by
0cf(0)
= d9.
Wl = 32 |



The space H3F(R4*!) was introduced e.g. in [FM97, [IM98]. It is a separable Hilbert space.
Its dual space is denoted by H~9}(R*1). The associated scalar product on H3 (R will be
denoted by (-,-)y3,. For ® € H~II(R4*1), we use the notation (f, ®)y; = ®[f], f € HII(RIH1).
We will simply denote (f,®);5 by (f, ®) when no confusion is possible. The set C¥(R**!) is
defined as the space of functions f : R¥! — R which have continuous partial derivatives up to
the order J € N and satisfy, for all |k| < J, 9Oy ) as |0 — 4o00. It is endowed with the

1+(6p
norm | flleas := 32 j51<3 SUPgeRra+1 ‘?iflé?j)l < 4o00. We denote by z +— [x] the ceiling function and
we finally set:
. d+1 N d+1
j3 = (T} +1 and J3 = 4[71 +8.

The fluctuation process is defined by
™ te Ry = VN(uY — i) (14)

where v is defined in and ji; is its limiting process, see Theorem |1} We will show below that
the three fluctuation processes converge in law to a limiting process which is the unique (weak)
solution an equation (namely Equation (EqL) below). The equation (EqL) is fully characterizes
by the covariance structure of a so-called &-process, a process we introduce now.

Definition 1. We say that a C(R.y, H 9353 (R1))-valued process 4 is a &-process if for all k > 1
and all fi,..., fr € HBB RN, {t e Ry = (%], ... %[f:])T} is a C(Ry, R¥)-valued process
with zero-mean, independent Gaussian increments (and thus a martingale) and with covariance
structure prescribed by Cov(¥;[fi], ¥ f;]), for 0 < s < t.

We mention that two &-processes are equal in law if and only if they have the same co-
variance structure (see [DGMN22]). For a &-process 4 € C(R,,H 9353 (RI1)), we say that a
C(R, H¥3+Lis(R4*1))-valued process 7 is a solution of (EqL) if it satisfies a.s. the equation:

Ve H I R Vi e Ry,

(fsm) — (fimo) = —H/O /><xv<¢(" &) — s fis @ YWV f - Vb (e, -, x), ms © y)(d, dy)ds
- ’{/0 /X><Y<¢(.7 ) m)v Ns ® 7> <V¢9f : v9¢('a ) z)a ﬂs ® 7>7T(d$, dy)ds (EqL)

t
_ﬁ/o (Vof - VoZxr(a'|PL), no)ds + %[ f).

We now define, as in the classical theory of stochastic differential equations (see [Kal02]), the
notion of weak solution of (EqL).

Definition 2. Let v be a H 9313 (R4 -valued random variable. We say that weak existence
holds for (EqL) with initial distribution v if: there exist a probability space &, a process n €
C(Ry, H ¥+Lis(RI*Y)) and a B-process G on P satisfying (EqL) with in addition ng = v in
law. In this case, we will simply say that n is a weak solution of (EqL). In addition, we say that
weak uniqueness holds if for any two weak solutions n° and n* of (EqL) with the same initial
distributions, it holds n° = n* in law.

We are now in position to state the main theoretical result of this work: Central Limit Theorems
for the trajectory of the scaled empirical measures p of the {¢%,i € {1,..., N}}’s generated either

by the algorithm , , or by @



Theorem 2. Assume A. Then,

1. The sequence (N )n>1 converges in distribution in D(R.y, H~93 L3 (R¥1)) t0 a C(Ry, H 9313 (RIFL))-
valued process n*.

2. The process n* is the unique weak solution of (EqL) with initial distribution vy, where
vy is the unique (in distribution) H—93+133 (R -valued random variable such that for all
k>1and fi,..., frx € HJ3_17j3(Rd+1)’ ((fr,v0)s -, (i V0>)T ~ N0, &(f1,- .-, fr)), where
&(f1,---, fr) is the covariance matriz of (f1(68),..., fx(0)T. Moreover, the ®-process ¢
has covariance structure given by, for all f,g € HY*3(R™1) and all 0 < s < t:

o When the {0.,i € {1,...,N}}’s are generated by the idealized algorithm or by the
BbB algorithm (7)),

Cov (4[] —7/0m» Ay, iv), 2lg) (2, 3, fiw)) o,

where o@[f](.f,y,/_j,v) = <¢(7 -,l‘) — Y, [y @ ’Y><v9f ’ V9¢(', E x)vﬂv X /7>
e When the {6,i € {1,...,N}}’s are generated by the MiVI algorithm (9)),

Cov(#[f] -m/bm~ Ay, 24, 22 i), 2lg) ey, 21, 22, i) o,

where Q[f](:E?y) 21722>ﬁv) = <¢('7217‘T:) - y?/]v><V9f : VQ¢(‘,22,.T),/_LU>-

Let us begin by the following remark: when f = g it follows directly from Jensen’s inequality
that the variance of the &-process leading the limiting SPDE of the CLT of the Minimal VI
algorithm is greater than the corresponding variance of the BbB algorithm. It is however not
clear if this hierarchy is conserved through the SPDE. However numerical experiments presented
in Section [ tend to this conclusion.

The strategy of the proof of Theorem I is the same whenever one considers that the {6%,i €
{1,..., N}}'s are generated by , or (9)), except for the convergence of the martingale sequence
(VNMN) N>1 towards a ®-process which requires more inlvolved analysis (see more precisely
Section . Appendix |A| below is dedicated to the detailed proof of the Central Limit Theorem
when the {6i,i € {1,..., N}}’s are generated by . The other two cases are treated very similarly
except, as already mentioned, the convergence of the martingale term towards a &-process, which
is therefore proved for each of the three algorithms in Section The proof of Theorem
is inspired by the one made for Th. 2 in [DGMN22]. Nonetheless, two difficulties arise in the
proof of Theorem [2| compared to [DGMN22]. The first one comes from the fact that the term
VoZx1.(q5| Py ), appearing in all of the three algorithms, is not bounded in 6 (see indeed (). The
second difficulty deals with the convergence of the martingale sequence (\/N M) N>1, defined in
([24)), when the {6},i € {1,...,N}}’s are generated by (7). In this case, we have to introduce and
study the convergence of the empirical distribution of both the {#%,i € {1,..., N}}’s and the Z"s

(see and Lemma [12)).

4 Numerical simulations

In this section, we begin by illustrating Theorem [2]of this paper, followed by a comparative analysis
between MiVI SGD algorithm and its two counterparts, idealized (I-SGD) and BbB SGD.
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For our experimental setup, we draw uniformly the input data 2 ~ U([—1,1]%"). Then, the
output data is given by y = tanh((z,w},)) - wh,, + v - €. Here, v € R represents the noise level
and € ~ N (0,1, ) is the Gaussian noise. Therefore, we are trying to learn the noisy prediction of
a two-layer Neural Network with an hyperbolic tangent activation function. The true parameters
of this network are defined by wf, € R%» and w?,, € R%ut. These true parameters are initialized
randomly, sampled from a standard Gaussian distribution.

We consider two distinct settings in our evaluation. The first is a noiseless and low-dimensional
scenario with parameters set to v = 0, d;;, = 10, and dyt = 1. In contrast, the second setting is
more complex, involving noise with v = 1, and higher dimensions with d;, = 50 and d,; = 10.

For all algorithms (MiVI-SGD, BbB-SGD, and I-SGD), the prior distribution is P3¥ = N/(0, LN X (din+dour))-
The variational parameters 6 are randomly initialized, centered around the prior distribution. Since
the I-SGD cannot be implemented due to intractable integral calculation, we approximate it using
Monte Carlo with a mini-batch of 100. For the algorithm BbB-SGD, we set the number of Monte
Carlo samples to 1. The number of gradient descent steps used by all algorithms is set to [t - N |,
where t = 10 for the simple setting. However, due to computational limitations, we set t = 3 for
the complex setting. For all experiments, we consider three different test functions. If 6 = (m, p),

we define frean(0) = ||mll2, fsa(0) = |9(p)|, and fprea(d) = E, [Vqué [s(w,ac)]ﬂ Here, E and
\Y% represent the empirical mean and variance over 100 samples, respectively. These functions are
used to compute (f, V) and (f, ni¥).

Tllustration of Theorem [2/: Using the definition of 7} in equation and that [ is deter-
ministic, then we deduce that V[(f, nN)] = N - V[(f, uN)]. Figure 1| displays the convergence of
N -V[{f, u})] in the simple and complex setting. The variance is estimated using its empirical
version with 300 samples, and the 95% confidence interval is calculated based on 10 samples. These
plots clearly show that the &-process associated with the limiting fluctuation process 7, derived
from BbB-SGD shares the same covariance as the one derived from I-SGD, but differs from the
covariance derived from MiVI-SGD, which exhibit larger values. These plots clearly illustrates the
main result of Theorem [2| and the following remark.

Comparison MiVI-SGD, BbB-SGD and I-SGD: The objective of this paragraph is to
compare, at a fixed number of neurons IV, the performances of algorithms MiVI-SGD, BbB-SGD
and I-SGD. Recall that algorithm BbB-SGD randomly samples N Gaussian vectors of dimension
din + doyr at each training step. Consequently, during the full training, this algorithm samples
|t - N|N Gaussian vectors. In contrast, MiVI-SGD samples only 2 Gaussian vectors per training
step, resulting in a total of 2|¢ - N | sampled Gaussian vectors. Therefore, algorithm MiVI-SGD
becomes more suitable (in terms of the number of Gaussian vectors sampled) for N > 2. Figure
show the variance of (f, u¥) with respect to N, in the simple and complex setting. Similarly
to the previous paragraph, the variance is estimated using 300 samples, and the 95% confidence
interval is computed based on 10 samples.

This figure shows that, in the simple setting MiVI-SGD with N = 700 obtains the same
performance (in term of V[(f, u¥)]), than BbB-SGD and I-SGD with N = 620 for fyean, N = 210
for fgq and N = 380. Similarly, in the complex setting MiVI-SGD with NV = 700 obtains the same
performance (in term of V[(f, u¥)]), than BbB-SGD and I-SGD with N = 550 for fyecqn, N = 75
for fgq and N = 95.

Consequently, in both settings, algorithm MiVI-SGD appears to be more efficient (in terms of
the number of sampled vectors) than other algorithms for achieving the same value of V[{f,; u¥)].
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5 Conclusion

In this work, we have rigorously shown CLT for a two-layer BNN trained by variational inference
with different SGD schemes. It appears that the idealized SGD and the most-commonly used
Bayes-by-Backprop SGD schemes have the same fluctuation behaviors. i.e. driven by a SPDE
with a &-process having the same covariance structure, in addition to admitting the same mean-
field limit. Introduced in [DHG™ 23], the less costly Minimal VI SGD scheme exhibits a different
fluctuation behavior, with a &-process of different covariance structure, which can be argued to lead
to larger variances. Though, numerical experiments show that the trade-off between computational
complexity and variance is still vastly in favour of the Minimal VI scheme. This opens the
interesting perspective of exploring whether additional practical improvements can be derived
from the asymptotic results at the mean-field level. This becomes even more intriguing and a
justified approach given that neural networks appear to reach such limits rapidly.
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A Central Limit Theorem: proof of Theorem

In all this section, the {#¢ i € {1,...,N}}’s are generated by the algorithm (7)), except in Sec-
tion[A.3|which, we recall, is dedicated to the study of the convergence of the sequences of martingale
(VNMY)y (see ([24)). Recall the definition of the o-algebra F7 in (8). We also recall the follow-
ing paramount result which aims at giving uniform bounds, see Lemma 17 in [DHG"23| on the

moments of the parameters {6%,i € {1,..., N}} up to iteration |[NT], for a fixed T > 0.

Lemma 1. Assume A. Then, for all T > 0 and all p > 1, there exists C > 0 such that for all
N>1,ie{l,...,N} and 0< k < [NT|, E[|6;|P] < C.

Let us now recall some Sobolev embeddings which will be also used in the proof of Theo-
rem 2 For M,j > (d+1)/2 and &,J > 0, HTHIHRIHL) — CIHRI) and HPHIHRITL) oy g
HIEH(RIHL) (see Section 2 in [FMIT7]). Recall J3 = 4[941] + 8 and jy = [EH2] + 1. Set Jo =
(443, 31 = 2[H2]+4, 32 = 3[4 +6, and jo = 2[ 4] 42, j1 = 3[LL] +4, jo = 4[ L] +5.
Hence, the following Hilbert-Schmidt embeddings hold: H¥~U3(RIH) <y g HI2I2(RITL),
HI22(RIFY) ey HOFLI-L(RITD) 0y (RIH) sy g HI0O (R, One also has the fol-
lowing continuous embeddings: #3070 (RI+1) < €2i0(RIH1) and HM(RIFTL) — HIWH(RITL),
where 901,j,€ > 0.

We finally recall some useful inequality which will be used throughout this work (see the proof
of Lemma 1 in [DHGT23]) and which are direct consequences of A: for all # € R4!, z € R?, and
(z,y) € X x Y, it holds:

I |p(0,z,2) —y| < C and |Vyp(0, z,x)| < C|Jg¥p(2)| < Cb(z) (where Jy denotes the Jacobian
operator w.r.t. ).

In addition,

II. For all z € X,

f)(7x) 10— R ¢(9a27x)’7(2)d2 = <¢(0’ 'vx)77> (15)

is smooth and all its derivatives of non negative order are uniformly bounded over R w.r.t
x e X

Moreover, for any multi-index o € N9*1, (see Remark, it holds for some C' > 0 and all § € R*1:
On DL (@) < COL+ 16]) i o] = 1 and |9aZin(gh[PD| < C for [a] 2 2. (16)

A.1 Relative compactness of the fluctuation sequence (n")y>;

Recall that the fluctuation process is defined by 7™V : t € Ry + v/ N(u — i), N > 1. The aim of
this section is to prove the following relative compactness result on the sequence (n™¥)y>1.

Proposition 1. Assume A. Then, (n’V)n>1 is relatively compact in D(R.y, H93+1s(RI+)).

We mention that Proposition [1| also holds when the {6 i € {1,..., N}}’s are generated by the
two other algorithms and @ Before starting the proof of Proposition |1, we need to introduce
an auxiliary system of particles, this is the purpose of the next lemma.
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For any pu € P(C(R4+,R41)), we consider &2, € P(C(R4, R¥!)) defined as the law of the
process (X¢)¢>0 solution to

(E ) {dXt = _K:fXXY<¢(‘7 ',1’) — Y, Ut X 7><v9¢(Xtu -,a;),'y>7r(da:, dy)dt - Hv@‘@KL(q}Q‘POl)dt?
m
Xo ~ po-

We then denote by .#(u) the function t € Ry — (2,); = P, om; " the law (X;)s>0 at time ¢,
where m; is the natural projection from C(R.,R%*!) to R define by m;(f) = f(t).

Lemma 2. Assume A. Then, i = (i) (where fi is given by Theorem , i.e. for the solution
(X¢)e>0 of (Eg), it holds Xy ~ fiy for allt > 0.

Proof. We claim that #(u) € C(Ry,P1(R1)), for all 4 € P(C(R,R¥1)). Let us prove this
claim. Let (X;)¢>0 be the solution of (E,). Then, by I, IT, and A, together with (L€]), there exists
co > 0 such that a.s. for all £ > 0,

t
X, gc0(1+t)+co/ X, |ds.
0

Therefore, a.s., for all T > 0 and 0 < ¢t < T, by Gronwall lemma, one has |X;| < co(1 + T)e®T.
With this bound, one deduces that there exists ¢; > 0 such that a.s. for all 0 < s <t < T,
| X — Xs| < e1(1+T)erT(t — s), which proves the claim.

Let 1 € P(R1). Define #[u] : R¥H — RAF! by:

Vpl(0) = —H/X NG 2) =y, p @) {Vod(0, -, 2), vy (dz, dy) — KVeZxL(ap| Fy)-  (17)

By the analysis carried out in Section B.3.2 in [DHG™23| (based on Th. 5.34 in [Vil03]), jz is the
unique weak solutionﬂ in C(R4,P1(R¥1)) of the measure-valued equation

{&fui = div(¥ (] i) (18)

1o = Ho-

On the other hand, using the equality g(X;)—g(Xo) = fot Vg(Xu)- %Xudu valid for any C' function
g with compact support, together with (E,), we deduce that .# (1) is a weak solution of . By
uniqueness, @ = % (). The proof is complete. O

Let us now introduce N independent processes X*, i € {1,..., N}, solution to (Ep). It then
holds thanks to Lemma 2] for all i € {1,..., N} and ¢ > 0:

(S) {dX; = _ﬂfXXY<¢('7 *y LIZ‘) —Y, [l ® 7) <v9¢(X1%7 *y x))’wﬂ-(dxv dy)dt - ’QVQQKL(Q}(; ‘P(]l)dt)
Xé ~ 1o, Xg ~ lat'

Their empirical distribution is denoted by i = % Zfil o Xi> for N > 1 and t € Ry. Recall that
from the proof of Lemma there exists ¢; > 0 such that a.s. for all 0 < s < ¢t < T and all
ie{l,...,N}

X} < er(1+T)eTand | X} — X <1 (1+T)eT(t - s). (19)

'See Section 4.1.2 in [Sanl5| for the definition.
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We now decompose 1™V using the following two processes:
TV .= VNN — i) and OV = VN (@Y — p). (20)

We denote by CY/(RI1)* the dual space of CY(R!) (3,7 > 0). One the one hand, gV €
C(Ry,CY(R4T)*), j > 0. This is indeed a direct consequence of (I9). On the other hand, for any
i>0, uN € D(R,,CY(RH1)*). Hence, it holds for all j > 0 a.s.

™ e DR, CH(RITH"). (21)
Concerning ©", we have the following result.

Lemma 3. Assume A. Then, for anyJ > 14 (d+1)/2 and € >0, iV, € C(Ry, H IHRTD)).
Therefore, a.s. OV € C(Ry, H S YRIM)). Finally, also holds for any test function f €
HIEY R (3>1+(d+1)/2 and £>0).

Proof. Let J > 1+ (d+1)/2 and € > 0. It then holds H3*(RI+1) — CL¥(RI+1). This implies that
CLYH R s H—IH R, and consequently, iV € C(Ry, H VH(RITY)).

Let us now prove that i € C(Ry,H V{(R1)) for € > 0. Set j = € + 1. Recall that one can
choose any v > 1+ % in Theorem Pick thus such a 7 such that j < 9. We then have
HI LRI s WY RIHL) s cL0-[(RIFL) < CO0—L(RIHL). Since yp has compact support,
po € CONOHRA)* — HIHRD). Let f € C(R™!) and 0 < s <t < T. Thanks to and
Assumption A, we deduce that:

(i) = (f is) | <CJE—=s[([Fllerno + [ fllerro-1) sup ({147, fiu)]

u€[0,7T
SOt = sl fllgrao-r sup [(1+]- [ fu)|
u€el[0,T
< Clt = s[[[fllgaa—r sup [(L+ |-, fi)]-
u€[0,7T)

We have that sup,cpo 7y [(1+ | - [, fin)| < +00 since u > 0 = (1 + |- [, i1,) € D(R4,R) (this
follows from the fact that i € D(Ry, Py, (RY)) together with Th. 6.9 in [Vil09]). We have
thus proved that fi; € H™ Y R?) and |(f, i) — (f, fis)| < Ot — s|||fllyz.i-1. This proves that
i€ C(Ry,H 9~1(R4Y)). The last claim is obtained by a density argument and the fact that
HITH R — Clom (R, m

Lemma 4. Assume A. For all T > 0, we have

sup sup E[H@iv\\i-sl,n + HTiV”’?-[—S‘lJl] < +00.
N>1te[0,T]

In particular, supy>q Supycio, 1] E[anvﬂg_l,al,jl] < 400.

Proof. Let T > 0. Pick t € [0,7], N > 1, and f € HI(R?Y). On the one hand,
since (f(X]) — (f,fit))j=1..n are independent centered random variables, one deduces that
B(£,0))] < 2 XY (E(FZDP] + 1 i)2) < CrllfIZa, where the last inequality is a
consequence of together with HI0J0(RI1) «— CO0(RI*L) and i € C(R.,H J0Jo(RAFL))
(see Lemma . Using also the embedding H31/1 (R <y g HIO (R and considering an
orthonormal basis of #3171 (R*t1), one deduces the desired upper bound on OV,
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Let us now derive the bound on the second order moment of T™. To this end, introduce an
orthonormal basis (f,)a>1 of H3171(R4!). One then has:

(R N A FAD & (22)

a>1

Recall HI0Jo (RAF1) < ¢%I0(R¥H1). We have, by (S) and the fact that f € C*)o(R¥H1),

<f7/1t > fwuo _K’/ /X v L) =Y, [L3®7><Vf V9¢(7 ’ ),[Lé\f@v)ﬂ(dx,dy)ds

_p / (Vf - VoZrw (@ |P), i )ds. (23)

We now set for k > 0 and g € C*/(R4*1) (j > O)

1. DY[g] == — 5 i 123 Lisi Jxxy (< k’ x),7) —y){Vog(0})-Ved(0y, -, x),v)m(dz, dy) —
%fXXY< ¢(7 ) ) )VHQ v9¢(7 y L >7T d.%' dy

2. MY [g] = — %5 S (007, Z, 2r) — yi) Vg (0)) - Voo(0, Zi, ) — DY [g].
3. RY[g] = 5% Zﬁl(%ﬂ - 9};)TV29(9i)(92+1 0¢) is the rest of the second order Taylor
expansion of 3 Z]kvzl f(0;,1) — f(6) (the point 0] lies in [0}, ,0;]).
Note that D¥[g] and MY [g] are well defined for g € CY/(R4*1) (j > 0). For ¢ > 0, we also define:

|Nt]—1 |Nt]—1
R[g] := Ry'[g] and M{[g Z M} [g] (24)
k=0

~

Let ¢ > 0. With these definitions, we recall that from Eq. (53) in [DHGT23], there exist 6}
(i=1,...,Nand k=0,...,|Nt| — 1) such that for g € C*o(R4*!):

(g, 1Y) — (g, 1t z—ﬁ/ /X L)~y 1Y @) (Vg - Vod(-, - x), pY @ v)m(dz, dy)ds
X
- H/ (Vog - VoZxu(q"|Py), ud )ds
0

K t
b [ {6 = 0 (Vg Toote ) Y, an)as
/ / - y)VQQ V9¢( ’ " )7#{9\7 & '7>7T(dl‘,dy)ds
XxY

+ M [g] + Wi'[g] + R{Y[g], (25)
where WY [f] := =V ¥ [f] + ﬁf@ (Vof - VoZxi(a'|Fy), pi')ds and

O x) =y, 1Y @V (Vof - Vod(-,- ), ul @ y)m(da, dy)ds

=

_=

=

I

|

=
—
2‘3 =
><\
X

T % /t y /><xY <<¢('7 w2) =y, ) {Vaf - Voo(-, -,x),’y>,uﬁv>ﬂ(dx,dy)ds
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Hence, since by definition TV = /N(uV — i), one has for all ¢ € R, using and

together with the fact that (f, ud’) = (f, ud’):

faTN —H/ /X y 5HT) =Y, Ms QY)(Vof - Voo(-,-, )7T5®7>W(dw,dy)ds
o ﬁ/ /X Y<¢('7'7$)7Té\[®7><V€f'v0¢('7',$),ﬂé\[®’y>7‘l’(dl‘,dy)ds
t
— K,/ /X Y<¢(-, ',$)7 \/N(ﬁév - ﬂs) ®"}’><ng . vegb(.’ 'an),ﬁéV ®’Y>7T(d33,dy)ds

t
/ (Vof - Vo (a'|PL), TN )ds

\/>/ /X v -, 7><v9f VG(Z)(’ ) )77>7Név>7r(dx7dy)ds
/ /); v -y v@f VQ¢( ’ "y )”ué\f ® ’y>ﬂ'(d$,dy)d5
+\FMN[]+th[]+\FR§V[f]. (26)
Using II, when j > d+1 , one has $(-,z) € HY(RI1) for all J > 0, and it holds:
51 90, 2) g < +0- 2
zeX
By Lemma B.3 in [DGMN22], one has, for all t € R,
(f, 1) < AN ]+ BY[f), (28)
where
t
<2 [ [ IO 0) — g @) (Ve Vol ), T 09wl dy)ds
0 JXXY
t
2"/”'/ / fa TN ¢ ,,SC),TN®’}/><ngVQ¢(,,$),ﬂév®7>7T(dﬂf,dy)dS
XxY
_2H/ / f7 ERE) )7\/7(/‘ —ﬁs)®’y><V9fV9¢(,,x),/]év®’y>7r(dx,dy)ds
XxY
o / ) (VoS - Vo (al P, TN)ds
/ /X v f)TN ZL‘) —y,’y><V9fVg(;ﬁ(,,:c),’y),ui,v>7r(d:c,dy)ds
2 [ {00 000 Vo) i @0 )t s (29)
and
[Nt]-1 [Nt]—1
BYIfI= Y 204 0Y, VR[] +3NRYP] + > 2050, OVNMY ]+ BNMY [
k=0
|Nt|—1
3 [ Y a1+ sad ] -2V [T s
k=0 N
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with, for s € [0, 1],

L:]sv[f] =K N Y<¢(’ ) ) Y, ,LLS ®’Y><V@f v9¢<7 ’ )7/’L£V®7>ﬂ—<dxady)

5 [ (16 = ) (Vs - Vo). 2). s (. )
- % <(¢(7 ) x) - y)VGf ' V@¢(', ) x)vuﬁ;v b2y 7>7T(dxa dy)
XxY

— k(Vof - VoPxL(q'|Py), nd)

k+1
and, for 0 < k < | Nt], al¥[f] = \/Nf%N LY[f]ds. By and (29),

NN =0 <D AN fa] + BY[fal. (30)

a>1

Using Lemmal [7], one deduces that:

t
SOBAN[f] + B[] < Cr + Cr / E[[TY]2, ., Jds (31)
a>1

Hence, by and ,
¢
E[|T]3,-3,0] < Or + CT/O E[[ 717,20 ]ds. (32)

Using Gronwall’s lemma yields the desired moment estimate on Y. O

The following lemma provides the compact containment condition we need to prove that
(n™N)n>1 is relatively compact in D(R, H 9L (RITL)).

Lemma 5. Assume A. Then, for all T > 0, supy>; E[sup;con) ||77£VH$.¢—32,12] < +o00.

Proof. Let T' > 0 and N > 1. Consider an orthonormal basis (fs)e>1 of H32/2(R4!) and f €
HI292(RH1). From ( and using Jensen’s inequality,

sup (f,TNV2 < C / / ) =y i @) (Vaf - Voo (s a), TN @) Pr(de, dy)ds
te[0,T] XxY

e / / (B 2). TN ©7) (Vof - Vob(-, - 2) i @ 7)Pr(de, dy)ds
XxY
T
e / / (B 2), VN (Y = i) @ 9) (Vo - Vb (s 2), i @ ) Pr(da, dy)ds
XxY

+C/ ng V@@KL((] ’PO) TN>|2dS

2

N/ / y,’y><V9fV9¢(,,$),7),uéV> W(dx,dy)ds

XxY

N 2

N/ / _y)vﬁf v9¢(7 ) )nus ®7> W(d:ﬂ,dy)dS

XxY

+ N sup MiV[f] +N sup WY[f]>+ N sup RY[f]. (33)
te[0,7 te[0,7) te[0,T]
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Let us now provide upper bounds on each term appearing in the right-hand side of . Let us
consider the first term in the right-hand side of . By I, for all 3 > 1 and j > 0,

sup sup HV@Q -55(-,x)HHﬁ_1,i < 400. (34)
gEMHII(RAF1) [|g]l,,5,,=1 z€X

By (48), (34), the embedding H2J2(RI¥+1) — HI1FLit(RITL) together with Lemma 4 we have,
for all s € [0,T],

B[ [ 1600~y @)(Vos - Vool,2), TY @) n(de, dy)
XxY

2
< CE{/ Hvef'ﬁ(',w)HHJMHTéVHi_al’jlﬂ(dx,dy)}
XxY
< Ol A3 BITN 13,2000 ] < ClFIB 141 35
< Cllflpren BN 5-0000 ) < ClF a1 - (35)

Let us now deal with the second term in the right hand side of . Using , Lemma
and , and Sobolev embeddings, we have, for all s € [0,7],

E[|<¢(a K l‘), T:]ev ® ’7><VQf ’ v9¢('a K $)7ﬂév ® 7>|2] < CHng.[al,nE[HTf«:VH?ral,n] < C’Hf”g-[ﬁpil’

which provides the required upper bound.
We now consider the t third term in the r.h.s. of . We have, using and , together
with the embedding HY0o (RA*1) s 1o (R for all s € [0,T],

E[(¢(,2), VN (i = fis) @ 1) (VoS - Voo (-, -, 2), 1Y @ 7)) < Cll 3000

We now turn to the fourth term in . Note first that by , we have that Vg-VeZk1 (¢ |Pg) €
HI~LH (R for all g € HI(RIFL), 3 > 1, > 0. Moreover, we have

- sup Vg - vg.@KL(QHPOl)HHJfl,Hl < +o00. (36)
gEHII(RIFL) ||gll 5, =1

Hence, using the embedding H92/2 (RI+1) s HI1+LIi—1(RIF1) (see the beginning of Section |Al
and Lemma [4] we obtain, for all s € [0, 77,

E[[(Vof - VoZxr(a'1P), Y1 < E(Vof - VoZkr(a 1P 3,0 1T 153001 < ClF o151

By A and Lemma (1} the fifth and sixth terms in the r.h.s. of are bounded by CHngl’jO and
thus by CHfH?.[JoJo'

We now turn to the three last terms of (33). Note first that ¢ € Ry — MN[f] is a §}'-
martingale, where &{V = F ﬁ\,t | (to see this, use the same computations as those used in the proof
of Lemma 3.2 in [DGMN22]). Now, using Equations (65), (61) and (62) in [DHG™ 23|, we obtain,
using Doob’s inequality and Sobolev embeddings,

E[ts[%pﬂ MY [f17] = EIMZ[f1?] < C| £ 11300 /N (37)
S kl
E[ sup WY [f1] < C|f130.0 /N,
te[0,7
E[ sup RY[fT’] < Ol f 113000 /N°- (38)
te[0,T]
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Collecting these bounds, we obtain

B| sup (1] < O s + gy & W Bsaos + 1 gn)- (39)
S El

Hence, by Sobolev embeddings together with the embedding #3922 (RI*1!) <spy g HIFHLI—L(RIFL),
one deduces that:
E| sup |13 0] <C. (40)
t€(0,T]

We now turn to the study of E[sup;cjo r(f, ON)2]. Recall that OF = N(al¥ — ). Using
and (recall that by Lemma (3] one can use test functions f € H300(R*™!) in (T3)), one has:

t
(100 = (£.08) =k [ | (002) =32 ©2) (V1 - Vol-.-.2), O @ (e, dy)ds
X
t
—n/ (Vf-VoZxi(d"|Py), 0 )ds. (41)
0
By Jensen’s inequality, together with and Lemma |4, we obtain

E| sup (£,0))?]
t€[0,T]

T
< CE[(f,0§)%] + CE[/O /XXYWf Voo (-, @), 0N @ 9)?r(dz, dy)ds|

T
+CB[ [ (91 Vaalalr), 01

T T
< O + CIF e /O B0 12,0, ]ds + ClLF |20t /0 B[OV 2., Jds

< CU5pin + 1 s + 1 i)

Hence, by Sobolev embeddings (see the very beginning of Section , we deduce that:

E[ sup [|0)]5, 5] <C. (42)
te[0,7)
Together with , this completes the proof of the lemma. O

The following lemma provides the regularity condition needed to prove that the sequence of
fluctuation processes (7™)y>1 is relatively compact in the space D(R, H 93 FLis (RIH)).

Lemma 6. Assume A. For allT > 0, there exist C' > 0 such that for all N > 1,6 >0,0<r <t <
T witht—r <6 and f € C*RY), B[[(f,n") — (f,n)] < C(Vo+0+1+8)/VN)| fllagan i1
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Proof. From (26)), (f, TN) — (f, TN) is equal to:

- K‘/ /X v L) — Y, /’LS ®'7><VQf VH(Z)(a 3 )7Tév ®’7>7T(d$,dy)d$
x / / (6112, TN @) (Vof - Vool - 2), i @ y)m(de, dy)ds
XxY
t
p / / (O ), V(Y = fis) @ (Vo f - Vob (-, 2), i @ v)m(de, dy)ds
XxY

t
/(Vef VoZxkL(q!|Py), T )ds

/ /x v = 4,7(Vof - Voo (-, )7’Y>a/i£v>77(dx,dy)ds
/ /X Y )Vaf v9¢( » ),,ué\/ ®’Y>7T(dx,dy)ds

Using similar techniques as those used in the proof of Lemma [5], we obtain the following bounds:

E

E

E

E

_ t
/(V@f VoZxk1(q | Py), TN )ds

: / /X Y nnE) Y MS ®7><v9f V@¢(, ’ ),Tév®’y>7r(dx,dy)ds‘:| < CHfH?—L31+171'1 (t_T')7
: / /X Y<¢(-,.7x),Ti»V®’Y><V6f-vg¢(.,.7a:),pév®fy>7r(dx,dy)dSH <O fllgpin (t—1),

| [ ] 0les) VR = 1) ©9)(Vaf - Tod(e o), i ) mde,dy)ds]] < Clfllsonot =),

| < Clfllpann=n).

: \ﬁ/ /XxY —y, M (Vof - Voo(-,-, ),7>,uﬁv>w(dz,dy)dsu < C”f”\}%»i(>(t_r)7
: \ﬁ/ /XXY —y)Vof - Voo(:,-, )aﬂiv®7>7r(dx,dy)dsH gcm\/?‘%o’jo(t_r)'

Let us now treat the three last terms appearing at the last line of Equation . From the proof
of Lemma 21 in [DHG™ 23|, we have:

BIMY [~ MY (7)< €Y T s, and BIRY) - RY () < o1 e,

Let us mention that the upper bound on E[[WN[f] — WX[f]|] provided in the proof of Lemma
21 in[DHG¥23] (which we recall implies that this term is control by 1/4/N) is not sharp enough.
With straightforward computations, from the definition of W¥[f], we actually have:

E[[WY[f] - WY[f][] < E[W[f]] + B[W/[f]]] < c’f”]\c;m

In conclusion, using Sobolev embeddings (see the very beginning of Section , we obtain

E[[(£, 1) = (£, T < C(Vo+ 8+ (1+8)/VN) I fllgar 11 (44)
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Let us now consider ©) — ©Y. By (@] , one has:
(£.0N) — (f,0N) =« / /X (012) = e © TS Vi, 2). OF @ )l dy)ds
X
/ (Vf - VoTrr (' PL), O )ds. (45)

By , and , together with Lemma 4] it then holds:

t t
E[|(f.6) = (f.oM)]] < Cllfllyml,n/ E[H@ﬁvllyal,n]dSﬂLCIIfHHam,n1/ E[||07 I3 ]ds

< Co([[fllggarvrin + [1f lpgorrrin-1)- (46)
Hence, by and (46)), and recalling that n™ = TV + OV, we get that E[|(f,n)¥) — (f,nV)|] <
C(Vo + 0+ (1+8)/VN)IIf s O

Lemma 7. Assume A. Let (fu)a>1 be an orthonormal basis of H3'/1(RYY). Then, for all T > 0,
there exists C > 0 such that for all0 <t <T,

()

|: 2/%/ A v fayTN RS )_y7ﬂiv®’y><v.9fa ‘v9¢('7'7x)7rfgv®’}/>7T(d$,dy)ds

/ 12500 ) .

I\/M

(i)
SB[ 20 [ O)Vata Vo tal ). 0s] < € [ BT ]

a>1
(iii)
SE —2n/ | Ao T 00 ). XY @) (T Vi), 9)m(d, s

a>1

“2n [ ] TNl VR ) 70 (VoS Vadlna) i @) )]
<C+ C/Ot BTV 2, 1, Jds.
(i)
2 [ 40 {00 0) 02 (V- V) 2)od (i s
2 T 48 {(600) ~ 0¥0sa Va0 (i, )]
<C+ C/OtE[HyTgVH;_al,h}ds.
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(v)

N
ZE[ Nz:l[ 2(fa, T k+1 >\/NM{¢V[fa]+3NM]kV[fa]2” <C.
a>1 k=0
(vi)
|Nt|—1 .
;E[ kZ:O [2(fa X e )WNRY[fa] + 3NRY [fa]?] §c+/0 BTN 2, 5, ds.
(vii)
|Nt|—1 .
SB[ Y [20 T al (] + 30 (] — 2V / (for TYVLYflas| < C.
a>1 k=0 0

Proof. Let 0 <t < T and N > 1. Consider an orthonormal basis (fz)e>1 of HILIT(RATY) and a
function f € HI1(R1). In what follows, C' > 0 will denote a constant independent of ¢, N,
s €10,t], f and (fq)a>1, which can change from one occurrence to another. Let us prove item
Introduce for = € X, the operator T, : HI1J1 (RIH1) — HI1~Lit(RIHD) defined by

0 € R — T,(f)(0) = Vof () - Vo /Rd 60, z,x)y(z)dz = Vo f - 9(-, x), (47)

where we recall that ¢(0,z,2) = s(Vp(z),x). Note that T, is well defined since the function
N x) 0= [gad(0,2,2)y(2)dz = (¢(0,-,x),7) is smooth and all its derivatives of non negative
order are uniformly bounded w.r.t = € X over R%*! (this follows from A1 and A3). Then, one
has

> 2 / / (Jas TV VS 0) = 4, 1 © 1) (Vofa - Vb (-, 2), T @ yy(de, dy)ds
a>1 KXY
= _2"‘@/ / L) —Y, Ms ®7> Z<faaT<JsV>< efa, T > (dl‘ dy)d
XxY a>1
_ N * A~ IN _
- _Q’Q/ / L) —Y, :us ®7><Ts 7T:st >H—31,]17T(d$,dy)d5.
XxY

Since the function ¢ is bounded and Y is compact, one has:
3C > 0,Yv € PR, V(z,y) e X XY, [(¢(-,-,2) —y,r @) < C. (48)

By (48) and using Lemma B.2 in [DGMN22] (note that TN € DRy, H I HH(RIY) by (21)
together with the Sobolev embedding H31~1i(RI+1) — CLIy (R § > 0), we have

t
B3 -2 | [ 000 ) = i @)V Dablea), T © 3l dyhas]
t
< [ B[ s
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which is the desired estimate.
Introduce the operator T : HItJ1 (RIH!) — HI—Liit (R defined by (see also (16]))

T(f): 60— Vof - VeZxu(¢'|Py), (49)

Item is proved as the previous item, using now Lemma (8| below.

Item is obtained with exactly the same arguments as those used to derive the upper bounds
on Y, JN[fa] and D a1 K[f.] in the proof of Lemma 3.1 in [DGMN22] (it suffices indeed to
change o(-,x) there into $(-,z)). In particular, by IT and (19)), it holds:

sup (Vo - Vool L), iy @) < Ol fllevio (50)
and (see Equation (3.20) in [DGMN22]),
E[(¢(, @), (i — i) @7)%] < C/N. (51)
Note also that by Lemma |1} and I, it holds:
E[([Vof - Voo (-, -, 2)l, us’ @ 1)*] < Cllflges, (52)

Item follows from HJ0Jo (RA+1) < CLio(RIH) and HIVI (RIFL) ey g HI0o (RIFL).
Let us prove item Since E[MY [f]|FN] = 0, we have with the same arguments as those
used to derive Equation (B.1) in [DGMN22],

|Nt]—1

Z E[( k+1 >\FMI€[ H 0.

k=0
Moreover, we recall that by Lemma [1] (see Eqaution (60) in [DHGT23]), one has E[MZ [f]?] <
C|| 11215, /N?. Hence, we conclude, using again H30 (R41) — Clo(R*) and HIWH (R g,
HIodo (RIHD), that

|Nt]—1
SB[ Y 20 T, VEMY ]+ SNMY AP ]| < € fullfs <O (53)
a>1 k=0 a>1
Let us prove item We have
|Nt]—1 Nt -1 |Nt]—1
> kﬂ WNRY[f] < Z ~ AT k“ ¥+ Y NRJ[fP
k=0 k=0 k=0

Recall that from the analysis performed at the end of the proof of Lemma B.1 in [DHGT23],
E[RY[f]?] < C/N* so that

|Nt]—1

E[ > NRYUP] < Clf 1 /.

k=0

Using and Lemma [l the same computations as those of the proof of item (7v) in Lemma B.1
in [DGMN22] yield:

E[ Z <f Tk+1 >2} < CHngZio +E[/Ot<f,TéV>2ds].
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Hence,

|Nt|—1 ’
Y VERYI < sy + B [ (T2 + IR /Y. (54)

k=0

Item then follows from #3040 (R+1) < 2o (RAF!) and HIW (RIH) g g HIOO(RITD),
Let us prove item Using Jensen’s inequality together with Lemma [1f and , we have,
for all 0 < s <'t,

E[IL[f1*) < ClIf 1310 (1 + 1/N). (55)

On the other hand, for all s € (ﬁ i ), by (19)) and the same computations as those used to derive
Equation (B.5) in [DGMN22|, we have

[, T k+1 )= (TN = VN [(f, 1) = (f, ﬁ%ﬂ < | flle2o- (56)
Hence,
[Nt|-1 [z]vvtj
B[ Y (Y, el - VE / (. TN F)as)
k=0 0
[Nt|-1 k+1
o> / Yo - ()L s
LNt
SCHfHC?Jo/O E[ILY[f)]ds < ClIf[I2.5- (57)

We also have, using Lemma [I| and (I9), it is straightforward to deduce that E[(f, T))?] <
C’NHngLjO. Consequently, one has:

f‘/ (f, TVYLN(f ]ds <\F v \/E (f,TIV)2 \/E LV[f <CHchuo (58)

Finally,
|Nt|—1 Lth 1 LNtJ 1 %
B[ > &I =N ‘/ LN ds Z / ds
k=0 N N
< CHchl,jo(l +1/N). (59)
Item follows from , and . The proof of the lemma is complete. O

Lemma 8. Let J > 1 and j > 0. Recall the definition of T € L(HI(RIHL), HI-LIHLRITL)) in
[@9). Then, there exists C > 0 such that for any T € HITHTHRIFL),

(0, T 0 )30 < ClIT I35 (60)

Note that T* € L(H3THHH(RAITL) H—II(RI*)). Let us mention that the upper bound
is much better than the one which would be obtained applying the Cauchy-Schwarz inequality.
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Proof. The proof is inspired from the one of Lemma B.2 in [DGMN22] (see also Lemma Bl in
[SS20a]). We will give the proof in dimension 1, i.e. when d = 0, the other cases are treated the
same way. Let T € H9tHH(R) < H~9J(R). By the Riesz representation theorem, there exists
a unique ¥ € H3(R) such that

(X)) = (f, U)yas, Vf € HY(R).

Define F' by F(T) = W. The density of C2°(R) in H¥/(R) implies that {T € X9 (R) : F(Y) €
C>*(R)} is dense in X9/ (R). It is thus sufficient to show when ¥ = F(T) € C°(R). We
have

(T, TY) 525 = (U, T*T) = (TT, T) = (TT, U),3,. (61)

Hence, to prove (60)), it is enough to show [(TW, ¥),;,;| < C’H\I/H?{&j for U € C°(R). We will only
consider the case when J = j = 1, the other cases being treated very similarly. Recall the upper
bounds . Let ¥ € C®(R). We have, by integration by parts and using the fact that ¥ is
compactly supported,

(T, W)y11 = Ziy 1‘I’+(99)2d9+ / (W (0) Zhe (a1 P L) g

_/R\PI(H) 11062
- [ o taair s [ wosaain

/
/ %! P 14509)2(19
_ Zia (@5l Py) 1 roave 4 ¢ Dic (g5 Py)
__/\11(0) de( 1+ 62 )de_sz{‘l’(a)de( 1+ 62 )d9

v'(0)*
/ A (62)

To bound the first two terms of , we use the bounds . More precisely, for all 8 € R,

’d<@;’<L(qélP&)>‘ - Dk (@1 P) (1 + 6%)] + 210 %5, (951 o)l C Lepate) o ©
de 1+062 - (1+62)2 — 1462 (1+62)2 — 1+4+6%

Hence, we obtain, plugging this bound in ,

U(9)2 (9
(T, W) 01 ] gc(/R 1i22d9+/ (0)2d0> < C||W|20s.

This completes the proof of the lemma. O
We now collect the previous results to prove Proposition

Proof of Proposition[l. The proof consists in applying Th. 4.6 in [Jak86] with £ = H~JsFLis(R+1)
and F = {H;, f € C® (R} where

Hy:v e H_33+1’j3(Rd+1) = (f,v).

Note that #3133 (R¥1) is compactly embedded in H3272(R9*1). Hence, by Schauder’s theorem,
HI22(RI*L) is compactly embedded in H~93FLis(RI+L). Thus, for all C' > 0, the set {h €
H st LI (RIFY) || Ay -325, < C} is compact. Hence, Condition (4.8) in Th. 4.6 in [Jak86] follows
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from Lemma[5|and Markov’s inequality. Let us now show that Condition (4.9) in [Jak86] is verified,
i.e., that for all f € C°(R9*1), the sequence ({f,n"))n>1 is relatively compact in D(R4,R). To
do this, it suffices to use Lemma [f| and Prop. A.1 in [DGMN22] (with H; = Hy = R there).

In conclusion, according to Th. 4.6 in [Jak86], the sequence (n’V)y>1 is relatively compact in
D(R+,H_33+1’j3 (Rd+1)). 0

A.2 Relative compactness of (V NM")y>, and regularity of the limit points

Throughout this section, we that the {6i,i € {1,...,N}}’s are generated by the algorithm ([7)
(with straightforward modifications, one can check that all the results of this section are valid
when the {0i,i € {1,..., N}}’s are generated by the algorithms and (9)).

Lemma 9. Assume A. Then, for all T > 0, supy>; E[supte[O’T] H\/NM{VHE{,QNI] < +o00.

Proof. Recall that by , there exists C' > 0 such that for all f € H9)1(R4!) and N > 1,

E[ sup [VNMY[£11%] < ClIf13 0.0
t€[0,T]

Considering an orthonormal basis of HIL (R —spyg  HIGO(RIHL) one gets that
E[supco,1] H\/NMI{VH;,SNI] < C uniformly in N > 1.
O

We now turn to the regularity condition on the sequence {t € Ry + VNMN[f]}n>1, for
f € CP R,

Lemma 10. Assume A. Then, for all T > 0, there exists C > 0 such that for all N > 1, § > 0,
0<r<t<T suchthatt —r <6 and f € C°(RYY), it holds

E[VAMY[f] - VMY [f)] < cvNs T 11cn,

VN
Proof. From the proof of Lemma 21 in [DHG™23], it holds
B[V — MR < o + 1y e
MY ]~ MY < N 1) 8,
This leads the desired result. O

Proposition 2. Assume A. Then, the sequence {t € Ry +— v/ NMiN}NZl 1s relatively compact in
DR, H{—J3:)3 (RdJrl)'

Proof. Recall that H3333 (RH1) <y g HI1(RI!). The same arguments as those used to prove

Proposition [I] together with Lemmata [9] and [I0] imply the result. O
We now turn to the regularity of the limit points of the sequence (n™)n>1.
Lemma 11. Assume A. Then, for all T > 0,
lim B| sup [0} = 0¥ |B, syes | +E| sup VMY — VMY |2 o =0, (63)
N—=oo  Lyclo,] te[0,7)

Any limit point of (MN)n>1 (resp.  of (VNMN)y>1) in DRy, H-BFL(RIFL)) (resp. in
DRy, H 353 (RY))) belongs a.s. to C(Ry, H™ 93133 (RITL)) (resp. to C(Ry, H 9333 (RITL))).
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Proof. Let T > 0. Let us first consider the sequence (7™)y>1. In what follows, C' > 0 is a constant
independent of N > 1, k € {1,...,|NT|}, and f € H33~133(R¥*1). We have

sup Hnt —77,: H'H J3+1,i3 < 2 sup HTN TNH’H J3+1,i3 +2 sup H@ijiv 91{\1”3{—334-1%' (64)
t€[0,T] te[0,T) t€[0,T)

According to Lemma one has, for all t € Ry and N > 1, O — ON ||, 35415 = 0. In addition,
since a.s. i’ € C(Ry, H 3000 (R¥1)), it follows, by definition of Y, that a.s. for all N > 1,

sup (f, XY —TN)? =N sup (f,pup — pl¥)2 (65)
te[0,T] t€[0,T]

The function ¢t € [0,T] — (f, u)) has exactly | NT| discontinuities located at times t; = k/N
(k € {1,...,|NT]}). In addition, from (26), for k € {1,...,|NT]}, its k-th discontinuity is
bounded by

Sk [f] = My [!+IR 1[/]]

o / | 6n2) =l © (o - Vad(e-,). il @ 2)e(de. dy)as|

+ /N /X {6 = 508 Vbt Y0,
N‘/ /XxY —yVof-Voo(.,-, )aﬂg®7>ﬂ'(dx,dy)ds‘

N R
+ K‘ /“_1 <V9f . VH-@KL((]_ |P0)mus >d8 )
N

Thus,

SE(l)pT]<f,MiV—ut )? < max{|og}4 [f]*, 0 <k < [NT]}. (66)
te|o,

Using the bounds provided by the proof of Lemma 19 in [DHG™ 23|, we obtain, for 0 < k < |[NT|,

pin ) < Ml < Mo pmy g < oo T
and
‘/ /XXY ) =y iy @) (Vof - Voo, ),u§®v>w(dx,dy)ds‘4
N‘/k+1 /XxY -y, (Vof - Voo(-,-, ),’Y>,Mév>7r(dx,dy)ds‘4
N‘/ /xw —y)Vof - Veo(,, )vuév®’y>7r(dx,dy)ds‘4] Hf@\fﬂim‘

In addition, one also has (see Equation (57) in [DHG*23)):
k
W o W
EHﬁ1<V0f-V99KL(Q.1P01)aNéV>dS’ } < (;'#_
N
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Consequently, it holds:

INT|—1

Bimax{|af, [f% 0< k< vy < | > Eay 1] 2 _ o1 lon

N3/2

Hence )
”f”’Hﬁ(yio

VN

Since HI3~H3(RIT) <y g HIO(RIFL), one deduces that E[sup;cjo,r] (A H?_[_J?)H,ig,] -0
as N — +oo. The fact that any limit points of (n")x>1 is a.s. continuous follows from Condition
3.28 in Proposition 3.26 of [JS&7].

The case of the sequence (v NMY) N>1 is treated very similarly. The proof of the lemma is
complete. ]

E[N sup (f,ul —u)?| <C (68)

te(0,7)

A.3 Convergence of (v NM")y>; to a B-process

In this section, we prove that the sequence (v NMY) N>1 converges towards a ®-process (see
Definition 1)), see Proposition |51 The case when the {6%,i € {1,..., N}}’s are generated by the
algorithm ([7)) requires extra analysis compared to the cases when the {6},i € {1,...,N}}’s are
generated by the algorithms or @D (see indeed the second part of the proof of Proposition
and Lemma (12| below).

Proposition 3. Assume that the {0%,i € {1,...,N}}’s are generated either by the algorithm (5] or
by the algorithm (7). Then, for every f € CHo(RI1Y), the sequence {t € Ry — VNMY [f]}n>1
converges in distribution in D(R,R) towards a process X/ € C(R.,R) that has independent
Gaussian increments. Moreover, for allt € R,

t
E[X/] =0 and Var(x]) = &* /0 Vary (2[f](z,y, is))ds,

where we recall 2[f)(x,y, fiv) = (¢(-,,x) — Y, i @ V) (Vo f - Voo (-, -, 2), iy ® ) (see Theorem [J).

Proof. We treat separately the two cases when the {0¢ i € {1,..., N}}’s are generated by the
algorithm (f]) or by the algorithm (7). Let f € Cbio(R4+1).

The case of the Idealized algorithm (). Let us assume that the {6},i € {1,...,N}}’s are
generated by the algorithm . To prove the desired result, we apply the martingale central limit
theorem 5.1.4 in [EK09] to the sequence {t € Ry — vV NMPYM|[f]}n>1. Let us first show that
Condition (a) in Th. 7.1.4 in [EK09] holds. First of all, by Remark 7.1.5 in [EK09|, the covariation
matrix of vV NMY[f] is

[Nt]—1

=N Z MY [f (69)

In particular, a¥[f] — as[f] > 0 when ¢ > s. On the other hand, by (67) (which, we recall, also
holds when the {6,i € {1,..., N}}’s are generated by the algorithm (5))), we have for all T > 0:

lim E[ sup |[VNMN[f ]—\/JVMtN,[f]@ —0. (70)

N—+o0 te[0,7]
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Thus Condition (a) in Th. 7.1.4 in [EK0Q9| is satisfied. Let us prove the last required condition
in Theorem 7.1.4 of [EK09], namely that for all + € Ry, limy a'[f] = ¢[f] in P-probability,
where ¢ satisfies the assumptions of Th. 7.1.1 in [EK09] (i.e., ¢ € Ry — ¢[f] is continuous,
co[f] = 0, and ¢;[f] — ¢s[f] > 0if t > s). Let us consider and fix t > 0. We recall that when the
{6:,i € {1,...,N}}’s are generated by the algorithm (F]), one has that for k& > 0 (see Equation
(21) in [DHGF23)),

3 Z Z / 0%7 y L y7’7><v9f(9}c) ' v9¢(0}c7 ,JZ’),")/>7T(d£U,dy)

i=1 j=1,j#i XxY
K

- Nz/ Y<(¢(',‘ax) —y)Vof - Vod(-,- x), vp @7)m(de, dy)

Z Z/ k’ K SU) - y77><v9f(911c) : v9¢(91i;7 ) a:),*y>7r(dx, dy)

lel

+ % ; /X><Y <¢(0;c7 '71') - ya7><v9f(91k) ! V9¢( }:m ',1‘),’}/>7T(dl‘,dy)

7 [ (0052) = 9)Vof -Vao(o,), Y @)l ),
and
M[f] = — Ngz; 1Z¢ 9(8 1), %) = y) (VoS (6) - Voo b, - zx).7)
— 25 {(6C, - 2) = YVl - Voo (-, i), v © ) — DY/,

Let us introduce, for any v € HJ0Jo (R4,

Q[f](y) = /X><Y (<¢(7 '7$)7 v ®’7> - y) <v0f : v9¢('7 '7x),y ®’7>7T(d$7dy)'

Let us also define for £ > 0 and N > 1,

N
%i]cv[f] = ’ig Z(<¢(0;€77$k>77> - yk)<v9f(0§c> V9¢( k»H T )7’7)
=1
= 50 ar) = y) Vo - Voo (-, p), vl @)
N
B % Z/ (<¢( 27 'ax)77> - y) <v9f(91k) ' v0¢(9;w -,x),’y>7r(dx,dy)
i—1 Y XXY

It then holds for all £k > 0 and N > 1:

MY [f) = =2 2z, g i) + 120N + 211, (71)
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Hence, by and , forall t € Ry,

o [Nt]—1 [Nt|-1
aiv[f]=% > [ ) — QAN + 26 Y- RYIRNE) — 20w v )]
k= =
i1
+N Y /Y[R (72)
k=0

Fix ¢ > 0. Recall that we want to identify the limit of (a}¥[f])n>1 € RN in P-probability. Using
the following two upper bounds (which can be easily derived using A and Lemma |1)

E[IRY[f117] < ClflIgis /N and E[IQ[f1)7] + B[ 20f)(2r, g, v )] < ClflZao-

one deduces that the two last terms of converge to zero in L'. Therefore, one just needs to
determine the limit in P-probability of

Nt|— Lth 1
ﬁ Z Flw, ye ) — Q1Y) N Z Var, (2[f](x,y, v )
k=0
2 LNtJ—l
+ N Z (Q[f](a;k,yk,w]gv) _D[f](l/l]cv))Q
k=0
2 LVt
_ Z Var7r x , Y, V;JCV)) (73)

On the one hand, using Theorem [I| together with the continuous mapping theorem and the domi-
nated convergence theorem, one deduces that for all t > (P}

o [Nt|-1 INt]—1 kt1

Z Varg (2[f](z,y, ') = &> Z /N Varg (2[f](x,y, nY))ds
k=0

k

t
= IQQ/ Var (2[f](z, y, u) / Varg (2[f)(x, y, 12 ))ds

Fra—. / Var, (2[f](z,y, fis))ds.

Let us now deal with the two remainders terms in (73). Denoting by £ = [2[f)(zk, yk, v} ) —
Q[f](v)]?, we notice that Var(2[f](x,y, 1)) = EgyrlL]. Moreover if j < k, since Z;" is
F{-measurable (see (6])) as well as v, and (zy,y) 1L F}, one has:

Bl (4 - 5.120) (47 12 = B[(2" - )8 )72

NP N |
—E[(£" - B.12]) x 0| = 0.

2This is indeed the same proof as the one made just after Eq. (3.63) in [DGMN22], changing o there by
H=(Veg,7).

36



Thus, it holds:

Nt|—1 o [Nt]-1

> 2l ) ~ AP - S0 Varg(2(fy,m)| |
k=0 k=0

K,4
= > B[|l2Un ) - QA - Vare( 2],y )| |

C
E[|2[f) (kg v I'] < Sl llerso = 0-
k=0
We have thus shown that for all t > 0, a¥[f] — x? f(f Var, (2[f]|(z,y, fis))ds in P-probability and

as N — +oc. Therefore, for t > 0, ¢;[f] = x> fot Var, (2[f]|(z,y, fis))ds. This ends the proof of the
proposition when the the {6,i € {1,..., N}}’s are generated by the algorithm (F).

The case of the BbB algorithm (7). Let us assume that the {0 i € {1,...,N}}’s are
generated by the algorithm (7). We will also apply the central limit theorem 7.1.4 in [EK09] to
the sequence {t € Ry — vV NMN[f]}n>1. Again, we define, as in (69),

|Nt]—1

a[fl=N D> MY
k=0

Condition (a) in Th. 7.1.4 in [EKQ9] is satisfied and we will now prove the last required condition in
Th. 7.1.4 in [EK09]. Let us introduce the following random probability measures over R+ x R%:

N
1
rY = ~ > beizi) and pp =y, k>0, ¢ >0. (74)
=1

We also set, for (x,y) € X x Y and p € P(R! x RY),

Q[f] (1’, Y, 10) = <¢(7 ) x) -V, ,0> <V9f(7TRd+1(')) : Ved)('v ) x): p>a
where, for (0,Z) € R x R%, a1 is the projection onto R4 mRai1(0,Z) = 6 € R4FL. By
Item 2 in the proof of Lemma 4 one has for k& > 0,

MY (] = =18 2) — g 1) (VoS (Tpans () - Voo (o, ), 1) = DY)

— —E Q) ex) = DY U] = P o) - DY

where .
FN(xk’a Yk, r]kv) = _Nﬂ[nﬂ (xka Yk, r]k\/)

Fix t > 0. Let us identify the limit in probability as N — +oc of the sequence (ai¥ [f])n>1 C R.
We define at iteration k > 1 a larger o-algebra than .F,iv (see (8)), in which, contrary to ]-",iv , the

sequence {Zi, j=1,...,N} is considered:

oY = o (05.2), (wgu) 1S SN0 q<h—1,0<q < k}).
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We rewrite al¥[f] as follows:

|Nt|—1
=N Y (EMYTPEY] + MY - EMY R[S (75)
k=0
By , it holds:
[Nt]-1 ) |Nt]—1 )
E[(N Y MY -EMY RSN = N2 Y B[(MYP - EMY2ISY)) ]
k= k=
' LNZJ—l
<ON? 3 EMY[f]Y] < ON2| ][4 /N = 0.
k=0

Hence, the two last terms of (75 converge to zero in L2, i.e

|Nt|—1
N Z MY [f]2 - E[MY[f]2|2] NL—2>0. (76)
—00

Therefore, the limit in P-probability ¢;[f] of al¥[f] is given by the limit in P-probability of

|Nt]—1 |Nt]—1
N Y EMIPIEN] =N > Var(FN(z,y, 1)),
k=0

where the equality holds since (zj,yx) 1L ¥ and the (9%,2?) s are LI -measurable. We then
write:

[Nt|—1
N Z Var (F (z,y,73))

LNtJ 1
N Z Var (Q[f](x,y,7))

LNtJ 1

by / Var, (AU g

= /4;2/ Var, (Q[f](z, y, p) ﬁ Var, (Q[f](z,y, p¥))ds. (77)
0

For this fix time ¢ > 0, we would like now to pass to the limit N — 400 (in P-probability) in (77).
We recall the standard result: (X*) ~>1 converges to X in P-probability if for any subsequence
N’ there exists a subsequence N* of N’ such that a.s. XV — X. We will use such a result. Let
us thus consider a subsequence N’. Let us show that there exists a subsequence N* of N’ such

that a.s.
LN*tJ 1

Z Var, (F iL‘y,I‘k ) =K / Varr(2[f](x, y, 1s))ds.
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Since qo := 2max(jo,po) > 1 + (d 4+ 1)/2, by Theorem [1| in P-probability, limy: ¥ = fi in the
space D(R, Py, (R?T1)). Hence, there exists a subsequence N” of N’ such that p¥ " converges
a.s. to fi in D(R4, Py, (R*1)). By Lemma [12] below, it holds a.s. for all s > 0,

pN" = iy @y as N” — 400 in Py (R x RY). (78)
We now claim that a.s. for all s >0
Var (Q[f](z,y,p)")) = Var(Q[f](x,y, fis @ 7)) as N” — +o0. (79)

Let us prove this claim. We recall that by definition:

Vare (Q[f)(z, 9,02 ) = Blagymr [QU1(@, v, o2 )] = Bla ) on QU (9, 0Y )P, (80)

where

Alf)(,y,p2") = (@) =y, o2 ) (Vo f (rrar () - Voo -, ), p ). (81)

Since (0,z) — ¢(0,z,x) — y is continuous and bounded (uniformly over 0, z,z,y), it holds a.s.
for all s > 0, 2,y € X x Y, (¢(-,~z) —y, pN") = (¢(-,,x) — y, fis @ 7) as N — +oc0. On
the other hand, since the function (6, z) — (Vo f(0) - Vg¢(0, z,x) is continuous and bounded by
C| fllgrio (1 +10]°)b(2). Since (1+[0°)b(z) is bounded by the function D, (6, z) = 1+4]0]9% + ||
(recall that by A1, b(z) =1+ |z["), one has from (7§)), as N” — +o0, a.s. for all s >0, z € X,

(Vof(pani () - Vod (-, 2), pi") = (Vo f (rpan () - Vo (-, ), fis © 7).

Note also that by the previous analysis, we have a.s. for all s >0, z,y € X X Y,
1Qf1(, 9, p5) < sup [Q[f1(@, 5, p2 )| < Cll fllerio Daos 05 (82)
T,y

< C|fllerio Sup (Dgo, pY ) < 400
N'>1

where the last inequality follows e.g. from the fact that ((Dg,, p ")) is a converging sequence.
Together with the dominated convergence theorem, one deduces .
Let us now consider the random variable fg’ Var, (Q[f](z,y, pY"))ds appearing in the r.h.s.

of . By , , , and , it holds a.s. for all s >0 and z,y € X X Y,

Var (Q[f](z,y, 0Y)) < Clfl2050[(Dao, 22 )

< Ol flZ1s sup sup [(Dgq, g )[* < +o0.
N">1s€[0,t]

Therefore, using also and the dominated convergence theorem, for this fix t > 0, one has:

K2 / t Vary (Q[f](z,y, plY"))ds —25— k2 / t Var, (Q[f](x,y, fis ®7))ds.
0 0

N'""—00
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Let us now consider the last term in ([77)). We have using ,

t
N//
B [, Vore @ 005 < [ Vs QUG D1 i 5]

< N,,E[Se[igy” |l o))

N/

C 1"
< Wlerog g @y, 0"}

N// se |: UX;,,,” ,t]
_ O, .
- N N' 00

Therefore, there exists N* C N” such that

t
N* a.s.
/“JVVZ” Varz (Q[f](2,y, 5" ))ds ——— 0.

Thus, we have found a subsequence N* C N’ such that a.s.

LN*J —1 t
Z Vary (FY (z,y,17 ) —=—= o[f] := KQ/O Varr (Q[f](z, y, ts ® 7))ds.

N*—o0

Consequently
|Nt|—1

N Z Var, (FY (z,y,r))) ﬁct[f].

This is the desired result since Q[f](x,y, is ® v) = 2[f](z,y, fis). The proof of the proposition is
complete. n

Lemma 12. Assume that the {0},i € {1,...,N}}’s are generated by the algorithm (7). Assume
also A and let qo € 2N such that qo > 1+ (d + 1)/2. Assume that along some subsequence N,
(™) converges a.s. to i in D(Ry, Py (R¥L)). Then, it holds a.s. for all s > 0:

d d
mglil Pl = fis @7 in Pg (R x RY).

Proof. In the following, we simply denote 9t by N. Assume that p~ <> fi in D(R4, Py, (R4TL)).
Recall that Dq,(6,2) =1+ (6]% + |2]%. According to Th. 6.0 in [Vil09], to prove the lemma it is
enough to show that a.s. for all s > 0,

lim pY =, ®~y in PR x RY) and hrn (Dyos V) = (D, fis @ 7). (83)
N—+00 —+o0

We have for any continuous fonction h: R x R? = R and s > 0,

_ 1 o i i i
(hy o) = (his ©7) = Z (A} s) Zinsy) - /R BBy 21(2)d2)
e Z 1O 1) = (o 3, (34)
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as soon as the [gah(6,2)v(2)dz’s (0 € R4 and (h, i, ® 7) are well defined.

Step 1. We start by proving the first statement in . Let t > 0. We pick g € Cy(R! x R%).
Note that in this case holds with h = g. For ease of notation, we set Fig) = g(0%,Z8) —
Jra9(0}, 2)v(2)dz, and we will also simply denote #/(g) by ;. Note that since g is bounded,
for all m € N*, E[|.7}|"] < C for some C' > 0 independent of i € {1,...,N}, N > 1, and k > 0.
Let us consider i; € {0,...,6}, j = 1,...,6 such that Z?:l i; = 6. Assume that there exists
Jo € {1,...,6} such that i;, = 1 and i, # i; for all [ # jo. Then, it holds:

E{ﬁyﬂ —0
j=1

Therefore, it holds:

E[ sup Zg Ol ns) Zins)) — /Rd g(eiNszz)’Y(Z)dz)G}

s€[0,t]
[Nt]
<3 F H*Z% !
[Nt] N [Nt [Nt
= 5 2 SBIAL + g 3 OB + s O OB P)
k=0 i=1 k=0 i#j k=0 i#j
| Nt
C
T 3 3 EIARLAPAR < 1
k=0 i#j#L

where Z 2j+¢ 18 a short notation for the sum over the triples (i,7,¢) such that ¢ # j, j # ¢, and
{#1i. By Borel Cantelli lemma, one deduces that, for all ¢ > 0 it holds a.s.

N
1 ) , A
21[10pt] ‘N g 9O ng)» Lins)) — /Rd g(@’LNSJ,z)fy(z)dz’ — 0 as N — +o0. (85)
sel i=1

Considering t € N, on deduces that a.s. for all ¢ > 0, holds. Let us now show that a.s. for all
S € R+,

N
1 .
N g /Rd 9(0] ng)» 2)(2)dz — (g, is ® ) — 0 as N — +o0. (86)

Since Wy < Wg,, we have that pV “% fi in D(R4, P1(R4)). As i € C(Ry, Pi(RIHY)), it
holds a.s. for all t € Ry, ¥ — fi; in P1(RI*!). Let us define the function G : § € R4*!
Jra 9(6,2)7(2)dz, which is bounded continuous. We have a.s. for all s € Ry, (G, plY) — (G, [is).
This is exactly .
Considering together with and (6], we have shown that for all g € C,(R*™! x R9),
it holds a.s. for all s > 0:
(9,08) = (9,15 ® 7). (87)

We now would like to prove that it holds a.s. for all g € Cy(R*! x R?) and all s > 0: (g, pY¥) —
(g, fis ®) (which would exactly implies the first statement in (83))). To this end, by Remark 5.1.6
in [AGS0§], it is sufficient to show that a.s. for all s > 0 and g € C.(R%! x R%) (the space of
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continuous functions with compact support), (g, p) = n_s00 (g, fis®7). Since the space C.(R4*! x
Rd) is separable, this last statement follows from and a standard continuity argument. Hence,
we have proved that a.s. for all s > 0, pY — fis ® 7. The proof of the first statement in is
complete.

Step 2. Let us now prove the second statement in . Fix t > 0. Note first that by A1, v has
moments of every order. Thus, [gaDq,(6,2)y(2)dz = 14 10]% + (| - [%,~) and (D, iz ® 7) =
T4+ (|- |9, @) + (| - |9, ) are well defined. Thus holds with h = D,. From the analysis carried
out in the first step, holds with g is replaced by ®g, if for all m > 1, i € {1,..., N} and
ke{l,....[Nt]}, E[[#(Dg)|™] < C (C > 0 independent of i, k, and N), which is the case if

B9y 0 Z0I" B[] | (02010027 < €

On the one hand, we have E[|Dq, (6, Z%)[™] = E[|1 + [0;]% + |Z|%°]™] < Cp(1 + E[|6}|%°™] +
E[|Zi|%™] < C (see Lemma . With similar computations, E[| [ga Dq, (0}, 2)7(2)dz|™] < +o0.
Thus, holds with g is replaced by D, i.e. it holds a.s. for all ¢ > 0:

N
sup ‘N ZQqO(QLNSJ’ZLNSJ) - / QqO(GLNSJ,z)'y(z)dz‘ —0as N = +o0. (88)
SE[O,t] i—1 Rd

Let us now prove that holds with g replaced there by ©,. Consider the function Dq : 0 €
R [0 Dq(0,2)y(2)dz = 1+16|% + (| - |%,~). The function Dy is continuous over R**! and
clearly 0 +— Dg(6)/(1+|6]%) is bounded. Consequently, since 1~ =% i in D(R.y, Py, (R41)) and
i € C(Ry, Py (R4L)), it holds a.s. for all s € Ry, (Do, ) — (Do, fis), which is exactly
when g is replaced by Dg,. This achieves the proof of the second statement in . The proof of
the lemma is therefore complete.

We end the proof of the lemma by deriving two extra estimates (namely and below)
which will be useful in the proof of Proposition |3| when the algorithm is considered. Since
pN L2 [ in D(Ry, Py, (R4T1)), using e.g. Proposition 5.3 in Chapter 3 of [EK09], one has a.s.
for all £ > 0,

sup sup [(Do,pd )| < +oc.

N>1s€[0,t]
Say that the previous inequality holds for all w € Q* where P(Q2*) = 1. By , there exists €/
with P(€©') = 1 and such that for all w € Q" and ¢ > 0, it holds as N — +oo

sup, [{Dqo: 3 (@) = (Do, 1’ (w))] = 0.
se€|0,t

Therefore, for all w € Q' NQ*, there exists Ni(w) > 1 such that that for all N > Nj(w) and ¢ > 0,

sup [(Dgp, 23 (W))] <1+ sup [(Do, i (w))
s€[0,t] s€[0,t]

<1+ sup sup [(Do, pd (w)) < +oc.
N2>1 s€0,t]

Therefore, for all w € @' NOQ* and t > 0

sup sup |(Dgp. o ()] < +00, (39)
N2>1 s€0,t]
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ie. holds a.s. for all ¢ > 0 (since P(' N Q*) = 1). Finally, it holds that for all m > 1 and
0<t <to,

1 N I_thj
sup <> [Z]ng "< Y Z’Z
selty,t N
€[t1,t2] i=1 k= LNtlJ i=1

Since the Zi’s are i.i.d. with moments of all order (see A1), one deduces that:
N
1 7 m m
E| sup — 3 (Z{y, "] < (INt2] = [Nt] + DE,[1Z"].
SE[t1,t2] N i=1

Consequently, using also Lemma 19 in [DHG™ 23|, one has:

quo LNs NsJ ‘m}

SE Sup C 1+ 9 s q0m+ ZZ . qom
[se[tl,tz] NZ | v J| | [NV J| ]

gomh$§HWﬂmﬁwmwm—wm+mwwm
s€|0,t2

|: sup
SE[t1,t2]

< C+O([Nto] — [Nt1] + 1)E, [|Z]*™],

where C' > 0 is independent of N > 1. In particular, when ty — ¢t; < 1/N, it holds

B| suip [(Dq,.00)]"] <C. (90)

SE[tl,tQ]

where C > 0 is independent of N > 1. O

With the same arguments as those used to prove Proposition when the {6i i € {1,...,N}}’s
are generated by the algorithm , we obtain

Proposition 4. Assume that the {0},i € {1,...,N}}’s are generated by the algorithm (9). Assume
also A. Then, for every f € C>10(R*!), the sequence {t € Ry — VNMN[f]}n>1 converges
in distribution in D(Ry,R) towards a process X¥ € C(Ry,R) that has independent Gaussian
increments. Moreover, for allt € R,

¢
E[th] =0 and Var(th) = /42/0 Var,g,e2(2[f](z,y, zl,z2,ﬁs))ds,

where we recall Q[f]($7ya21a Zz’ﬂv) = <¢('7Zlv'm) —y,ﬂv><V9f : V@¢(‘,22,$),ﬂv> (866 Theorem@.

Proposition 5. Assume that the {0},,i € {1,...,N}}s are generated either by the algorithm (), (7)),
or (O). Assume also A. Then, (VNMY )N>1 converges in distribution in D(R., H 3353 (RIH1))
to a &-process 4 € C(R4, H™ 33>’J3(Rd“)) (see Definition l) with covariance structure given by:
forall1 <i,j <k, fi,..., fr € HB3RI) and 0 < s < t,

o When the {0%,i € {1,...,N}}’s are generated either by the algorithm (5} . and .
COV(%[fz]vgs[f]]) = 772/0 Cov(Q[fi](a:,y,ﬂv),a@[fj](a:,y,ﬂv))dv,
where we recall 2[f(x,y, ) = (d(-, -, )=y, @) (Vo f-Vod (-, -, x), 1y®7) (see Them‘em@).
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o When the {0i,i € {1,...,N}}’s are generated either by the algorithm @,
Cov(%fi], %1f5]) = 772/0 Cov(2[fil(x,y, 2", 2% i), 2[f)(2,y, 2", 2%, i) ),

where we recall 2[f](z,y, 21, 22, 1y) = (p(, 21, 2) — v, i) (Vo f - Vad(-, 22, ), i) (see Theo-
rem [9).
Proof. The proof of Proposition [5| relies on the same arguments as those used to prove Prop. 3.13
in [DGMN22]. O

A.4 On the limit points of (7", vV NMY)y>,

In this section, we come back to the case when the {#: i € {1,...,N}}’s are generated by the
algorithm @ The other two cases (namely and @) are treated similarly, and all the results
of this section also holds for each of these other two algorithms.

Let us derive the pre-limit equation for the fluctuation process %V, see (91)) just below. On the
one hand, one has for all N > 1, ¢ > 0 and f € HJ0Jo(RIH1),

VN / / ) — gy i @) (VoS - Vod(-s 1 2), fia ® 7)m(de, dy)ds
XxY
—\ﬁ// ) =y, N @YV f - Vod(-, -, x), Y @ y)w(da, dy)ds
XxY
/ /X (0102) =i © ) (Vo - Vo). @ (e, dy)ds

[ [ 0t 2)n ©)(T0f - Vad(,2). 1, 9 )(dr, dy)ds
t
/ /X Y<¢(,,x),név®’y><V9f : Vg(b(,,x),név@’ﬁw(dx,dy)ds
Hence, using and E, we obtain the following pre-limit equation for 7™V
<f777t > fa770 = _K’/ / HhT) Y, MS ®’7><V9f v9¢(a ) ),név®7>7'l'(da?7dy)d5
XxY
oy / [ {8000 ©9) (Vo Vool ) e ) w(de, dy)ds
XxY
t
/ /X Y<¢(7,33),77év®’7><v0fVHQS(’,x)aUéV@V)W(d%dZ/)dS
t
- FG/ (Vof-VoZxL(d'|Py),nd)ds
0
t
/ /X v <¢(77x) —y,’)/><V9fVQ¢(,,.T),’y),/ﬁév>7r(d$,dy)d8

/ /X v —y)ng ve(b(? ) )7N£V®’V>7T(d.r,dy)d5
+\ﬁMiV[]+\FWt[]+\/NR,{V[f]. o)

The aim of this section is to pass to the limit N — 400 in . We start with the following lemma
whose proof, identical to the one of Lemma 3.16 in [DGMN22], is omitted.
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Lemma 13. Assume A. Then, the sequence (n))ny>1 converges in distribution in H~33+1i3(R4+1)
towards a variable vy which is the unique (in distribution) H 931133 (R¥1) -valued random variable
such that for allk > 1 and fy,. .., fr € B3R, ((f1,0), ..., (fes vo))T ~ N0, C(f1, ..., fr)),
where €(f1, ..., fx) is the covariance matriz of the vector (f1(6}),..., fr(6{)T.

Let us now set
& = DRy, H 3R x D(R., K35 (RI)). (92)

According to Propositions (1| and |2, (p”, v/ MN) is tight in &. Let (n*,9*) be one of its limit point
in &. Along some subsequence N, it holds:

(N, VN'MY') = (g%, 9%), as N — .
Considering the marginal distributions, and according to Lemma it holds a.s.
n* € C(Ry, H 9 b3 (RTY)) and 9* € C(Ry, H 33 (RIT)). (93)

By uniqueness of the limit in distribution, using Lemma (together with the fact that the function
m € D(Ry, H I3 FTL(RI*L)) s my € HI3H133(RI*1) is continuous) and Proposition [5| it also
holds: . )

o Zypand 9 Zg. (94)

Proposition 6. Assume A. Then, n* is a weak solution of (EqL) with initial distribution vy.

Proof. Let us introduce, for ® € H~I+Lis(RI+1)| f € HIs3—L(RY) | and s > 0:

Us[fI(@) = H/X Y<¢('a “x) =y, fis @7)(Vof - Voo (-, 2), ® @ v)m(dz,dy), (95)
ms[.ﬂ((:[)) = H/X Y<¢(.’ * :C), ¢ ® "}/><ng : VB(ZS(" .’x)aﬂs @ 7>7T(dx7dy)7 (96)

and
W, [f1(®) = w(Vof - VoZxL(q!|Fy), P) (97)

The term $4s[f](®) is well defined because f € H I3~ L(RIFL) — HIss(RIHL). Since j; >
(d+1)/2, using and because fis € P;, (R (f € CHo(RI)), U, [f](®) is well defined. The
term 2U[f](®) is well defined because of (36)). Equation can be rewritten as follows:

(fomtY)y = (fond) + /0 S [F1N) + B[ () + W [£1(n)))ds — VNMY[f] = e [f],  (98)

where
Rerlf) = _\/%/0 /XXJ‘f’(""x)’”ﬁv @ Vol - Voo (-, 2),nY ©)m(dz, dy)ds
T \/N/o /XxY <<¢('7 wx) =y, (VoS - Voo, -,x),*y),uév>7r(dx,dy)ds

K t
- \/N/O /XW<(¢(~,-,96) *y)vef'V@¢(~,-,x),u§f®7>7r(dx,dy)ds
+VNWY[f] + VNRY[f].

Fix f € #3331 (R¥1) and t € Ry
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Step 1. In this step we study the continuity of the mapping
‘ t
Bi[f] : m € DRy, H R = (f, mt>+/0 (Us[f](ms) +Bs[f](ms) +2s[f](ms))ds (99)
Let (m™)y>1 such that m"¥ — m in D(Ry, H 3+ bis(R4H1)). Using (34), it holds, for all N > 1,
s €[0,t] and = € X,

(B(,,2) =y, fis @ V) (Vof - Voo (-, x),m) @7)|
< CHVGf VQS;J H’}.LJ:; 1,jg Sup Sup] ”ms ||’H J3+1,j3

Lsefoyt

< C”f“?—[‘3 i3 sup sup ||m ||7-[ I3+1jg < +00.
N>1s€[0,t]

We also have, by and the embedding f € HI#3~1(RIT!) — CLo(RI*!) and the fact that
fi € C(R+, Py (RH)),

|<¢(, '733)’ mé\f 029 ’7><ng : VQQb(‘, '7'17)7/15 ® 7>| < C sup sup ||mév||H*33+1vj3
N2>1 s€0,t]

[ fllerio sup (1417, fzs) < +oo0.
s€[0,t]

Finally, using ,

(Vof - VoZxiL(q'|1Py), mI)| < |IVaf - VoZkL(q'|Py)ll395-1s sup Sl[lp} M| gg-as+1s
>1s€|0,t

<O flyasis—r sup sup [[my [ly=as+155 < +o0.
N>1s€[0,]

These bounds allow to apply the dominated convergence theorem to obtain that B[f](m?) —
B.[f](m), as soon as t is a continuity point of m. Consequently, using and the continuous
mapping theorem 2.7 in [Bil99], it holds, for all t € Ry and f € HI3B~ LRI,

B = (£ ) = VMY [f] == B[ fl(n") = (f.m5) — S/ [f]. (100)

N’'—o00

Step 2. In this step, we prove that for any ¢t € Ry and f € HI3B—1(RIFL):
E[|%e¢)" (1] = N—00 0. (101)
By (34)-(27), the embedding H 311 (R4T1) — HIst+bis(R¥*!) and Lemma [4] it holds

1 t
Eb‘/Awwmmw®WWﬁwwmmﬂ®wmwm®]
x
< Cllf s C|l.f [ 435 -1 Cllf 351
> \}{j - o [”77 HH 3tz [ ds < \}{Nj 13/0 [HTI H'H d111i|d8§ \}{NB =

By Lemma [T} we have

1 t
E \/7/ /XXY <¢(,’ZL‘) _y77><v9fv0¢(’,x)7’y>“uév>‘ﬂ'(dl‘,dy)d3

//xw z) —y)Vof - Voob(,-, )auév®’y>’7r(dx,dy)ds] < Vi

In addition, from B8), E[VNIRN[f]]] < || fll3300/VN. Moreover, it is straightforward to prove
that E[WN[£]]] < || fll230.0/N. Hence, we have proved (T01)).
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Step 3. End of the proof of Proposition @ By , and , we deduce that for all
f e HIBBHRIL) and t € Ry, it holds a.s. By[f](n*) — (f,n) —%[f] = 0. Since HI33~1(RI*1)
and R4 are separable, we conclude by a standard continuity argument (and using that every
Hilbert-Schmidt embedding is continuous) that a.s. for all f € H¥B3~1(R1) and t € Ry,
B fl(n*) — (f,n5) — 97 [f] = 0. Hence, n* is a weak solution of (EqL) with initial distribution g
(see (94)). This ends the proof of Proposition [] O

A.5 Pathwise uniqueness and proof of Theorem

Throughout this section, we consider algorithm , but we recall that all our statements are valid
for algorithms and @

Proposition 7. Assume A. Then strong (pathwise) uniqueness holds for (EqL). Namely, on a
fized probability space, given a HI3TH13(R N -palued random variable v and a G-process 4 €
C(Ry, H 9333 (RIHL)), there exists at most one C(Ry, H™93TLis (RIH1))-valued process n solution
to (EqL) with ng = v almost surely.

Proof. By linearity of the involved operators in (EqL), it is enough to consider a
C(Ry, H I3FLis(R4H1))-valued process 1 solution to (EqL) when a.s. v = 0 and 4 = 0, i.e.,
for every f € HI3~H(R4!) and t € Ry,

(o) = 0, (102)

where we recall that 4, U and 2 are defined respectively in , and . Pick T > 0.
By (102), we have, a.s. for all f € H33¥3~L(R4*) and t € [0, T],

{<f, ) + 2 (WUs[F1(ns) + B[] (ns) + [ f](ns))ds = 0,

(o = =2 [ QLU0 + Bulfl(0) + W) ) (103)
Since supgejo (1 + |- o, fis) < +o00, and using (27),
=2 [ WA nds
< 21%/0 [<f7 775>2 + /X><Y ‘<¢<’ '7x)a Ns @ 7)’2‘<V9f : V@‘b('? '7x)a s @ '7)’27r(dxa dy)} ds

t t
S C/O |:<f’ 778>2 + ||n8||§.1733,j3 ||f||gl,j0:|d5 S C/O |:<f’ 775>2 —+ ||7]5H?_[,33+1,j3 HfH?}-[5O’j0i|d8'

Consider an orthonormal basis { f, }4>1 of ™93~ (R*1!). Recall that T, : f € H™ I3~ L(RIHL)
Jra Vof -Voo(-, z,x)y(z)dz € HIs—Lis—1(RIH) (see (7). By Lemma B.2 in [DGMN22], one de-
duces that:

23 [t fumdds = =2 [ [ (60a) = © 1) E(Tafurnd ol dy)ds

a>1 a>1

¢
— —214/ / (O(- ) — Y, fis @) (N, Tins)ay—a355-17(dz, dy)ds
0 Jxxy
t
< C/O HnSH’?-[—Jg,,jg,—ldS-

47



Using the operator T : f € HI# LRI s Vof - Vo ki (¢! |Py) € HI3713(RITL) (see (49))
together with Lemma [§) we obtain

t t t
2_2/0 ms{fa](%)<faa778>d3 = _2’€/0 Z<Tfaa77$><fa7ns>d5 = _2”€/0 (ns, T 778)7—(*33&3*1(13

a>1 a>1
t
<c /0 115112, 33151 ls

Hence, using (103)), one deduces that a.s. for all t € [0, 7],

t
2, a1 = S (fur)? < © /0 1912,

a>1

By Gronwall’s lemma, a.s. for all ¢ € [0,T7], ||n¢||-ss5-1 = 0. This concludes the proof of
Proposition [7} O

We are now in position to conclude the proof of Theorem

Proof of Theorem[9 Let us consider the case when the 9278 are generated by the algorithm ([7))
(the proofs of Theorem [2| are exactly the same when they are generated by the algorithms or
the algorithm (9))). By Proposition [1} (") admits a limit point. Assume that it admits two limit
points. Let £ € {1,2} and N, be such that in distribution n™¢ — ¢ in D(R,, H 3 +13(RI*1)).
Recall that from Lemma we have a.s. 1’ € C(Ry, H 93133 (R1)). Let us now consider a
limit point (n®*,4%*) of (n™Ne, VN,MNt) in & (see ) Up to extracting a subsequence from Ny,
we assume
(/NN —E s (™ 4*) in &,
Nyp—o0

Considering the marginal distributions, we then have by uniqueness of the limit in distribution,
for £ =1,2,

nt* Z n* and ¥4* Zyg. (104)

where ¢ is a G-process given by Proposition |5l Recall also that from Proposition |§|7 both n'* and
n** are two weak solutions of (EqL) with initial distribution v (see also Lemma. Since strong
uniqueness for (EqL) (see Proposition [7]) implies weak uniqueness for (EqL), we deduce that
n'* = n>*in law. By , this implies n' = 1? in law. Consequently, the whole sequence (7™) y>1
converges in distribution in D(R4, H~93T13(R41)). Denoting by n* its limit, we have proved
that n* has the same distribution as the unique weak solution of (EqL) with initial distribution .
The proof Theorem [2]is complete. O
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