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CONTROLLABILITY OF A TIME-DISCRETE 1D PARABOLIC SYSTEM

KUNTAL BHANDARI:, RAJIB DUTTA;, MANISH KUMAR§

Abstract. This article investigates the ϕp∆tq-null controllability of a time-discrete parabolic system
with Kirchhoff boundary conditions, using a single boundary control. We demonstrate this ϕp∆tq-null

controllability by deriving an appropriate Carleman estimate. Furthermore, we establish that the limit

of these controls for the discrete system turns out to be a control responsible for the null controllability
of the associated continuous system.
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1. Introduction

Let us consider the following one dimensional parabolic control system with Kirchhoff type boundary
condition
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Btu1 ´ Bxpγ1Bxu1q “ 0, pt, xq P p0, T q ˆ p0, 1q,

Btu2 ´ Bxpγ2Bxu2q “ 0, pt, xq P p0, T q ˆ p0, 1q,

u1pt, 0q “ 0, u2pt, 0q “ vptq, t P p0, T q,

u1pt, 1q “ u2pt, 1q, t P p0, T q,

γ1p1qBxu1pt, 1q ` γ2p1qBxu2pt, 1q ` αu1pt, 1q “ 0, t P p0, T q,

u1p0, xq “ u1,0pxq, u2p0, xq “ u2,0pxq, x P p0, 1q,

(1.1)

where α ě 0, γi P C1r0, 1s with γmin “ infxPr0,1stγipxq : i “ 1, 2u ą 0, and v is the control.

Such boundary conditions of Kirchhoff type is used widely in physics, electrical engineering, and
biology to describe systems involving network. For instance, in [15] and [16], authors have studied
the mathematical aspects of Kirchhoff’s rule for quantum wires, while in [8], the author has studied
the FitzHugh-Nagumo-Rall model of a neuronal network with a Kirchhoff type boundary condition. It
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should be noted that the usual Kirchhoff condition involves only first order derivatives (i.e, α “ 0),
however, in the control system (1.1) a general Kirchhoff condition with α ě 0 has been chosen.

The system (1.1) without control (i.e., v “ 0) can be written in an abstract form as
ˆ

Btu1
Btu2

˙

“ A
ˆ

u1
u2

˙

,

where the differential operator A is given by

A :“

ˆ

Bxpγ1Bxu1q 0
0 Bxpγ2Bxu2q

˙

,

with its domain

DpAq :“

#

pv1, v2q P pH2p0, 1qq2 : v1p0q “ v2p0q “ 0, v1p1q “ v2p1q,
2
ÿ

i“1

γip1qBxvip1q ` αv1p1q “ 0

+

.

Define the space H :“ DpA1{2q as the completion of DpAq with respect to the norm

›

›v
›

›

H :“ xA v, vy
1{2
L2ˆL2 “

˜

2
ÿ

i“1

ż 1

0

γip1q|v1
ipxq|2 dx` α|v1p1q|2

¸1{2

, for v P DpAq.

Note that this norm is equivalent to H1 ˆ H1 norm. Moreover, the Hilbert space H with the inner
product

xu, vyH :“

˜

2
ÿ

i“1

ż 1

0

γip1qu1
ipxq v1

ipxq dx` αu1p1q v1p1q

¸1{2

, for u, v P H,

can be explicitly represented as

H “

!

pv1, v2q P pH1p0, 1qq2 : v1p0q “ v2p0q, v1p1q “ v2p1q

)

.

Finally, we denote H1 as the dual space of H with respect to the pivot space E :“
“

L2p0, 1q
‰2
.

1.1. Controllability of continuous system. Before introducing the discrete control system and the
associated control problem, let us first state the existing null controllability result for the continuous con-
trol system (1.1), which we shall recover in this article using the null controllability of the corresponding
discrete control system.

Let us first introduce the notion of solution for the control system (1.1).

Definition 1.1 (Transposition solution). For u0 “ pu1,0, u2,0q P H1, a function u P L2p0, T ;Eq is said
to be a solution of the above control system (1.1) if it satisfies

ż T

0

xupt, ¨q, gpt, ¨qyE dt´

ż T

0

γ2p0q vpsq Bxφ2ps, 0q ds´ xy0, φp0, ¨qyH1,H “ 0, @ g P L2p0, T ;Eq, (1.2)

where pφ1, φ2q solves
$
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´Btφ1 ´ Bx pγ1 Bxφ1q “ g1, on p0, T q ˆ p0, 1q,

´Btφ2 ´ Bx pγ2 Bxφ2q “ g2, on p0, T q ˆ p0, 1q,

φ1pt, 0q “ 0, φ2pt, 0q “ 0, t P p0, T q,

φ1pt, 1q “ φ2pt, 1q, t P p0, T q,

γ1p1qBxφ1pt, 1q ` γ2p1qBxφ2pt, 1q ` αφ1pt, 1q “ 0, t P p0, T q,

φ1pT, xq “ 0, φ2pT, xq “ 0, x P p0, 1q.

(1.3)

We have the following well-posedness result for the system (1.1).

Proposition 1.2 (Well-posedness). For any u0 P H1, and v P L2p0, T ;Rq, the control system (1.1)
admits a unique solution u P L2p0, T ;Eq in the sense of transposition defined above. Moreover, the
solution u P C0pr0, T s;H1q.

Now, we define the notion of null controllability for the system (1.1).

Definition 1.3 (Null controllability). The control system (1.1) is said to be null controllable in time
T ą 0 if for any initial data u0 P H1, there exists a control v P L2p0, T q such that the solution of (1.1)
satisfies

upT, ¨q “ 0 on p0, 1q.
2



The null controllability of system (1.1) has been addressed in [9, Chapter 8], [2, Remark 3.6] and [1]
with the usual Kirchhoff boundary condition, i.e., α “ 0. This was further generalized for α ě 0 in the
work [3] via duality approach, which will be followed in this article as well for proving a similar notion of
null controllability for the discrete control system. As per controllability-observability duality property,
proving null controllability of the control system (1.1) is equivalent to proving the following observability
inequality

›

›φp0q
›

›

2

H ď CpT q

ż T

0

ˇ

ˇBxφ2p0q
ˇ

ˇ

2
dt, @φT “ pφ1,T , φ2,T q P H, (1.4)

where φ solve the following adjoint system
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Btφ1 ´ Bxpγ1Bxφ1q “ 0, pt, xq P p0, T q ˆ p0, 1q,

Btφ2 ´ Bxpγ2Bxφ2q “ 0, pt, xq P p0, T q ˆ p0, 1q,

φ1pt, 0q “ 0, φ2pt, 0q “ 0, t P p0, T q,

φ1pt, 1q “ φ2pt, 1q, t P p0, T q,

γ1p1qBxφ1pt, 1q ` γ2p1qBxφ2pt, 1q ` αφ1pt, 1q “ 0, t P p0, T q,

φ1pT, xq “ φ1,T pxq, φ2pT, xq “ φ2,T pxq, x P p0, 1q.

(1.5)

The authors in [3] derived a Carleman inequality to deduce the observability inequality (1.4), which
subsequently gives the following controllability result.

Proposition 1.4 (Null controllability, see [3]). The control system (1.1) is null controllable in any time
T ą 0 with the control v P L2p0, T q satisfying the following estimate

}v}L2p0,T q ď CeC{T }u0}H1 ,

where the constant C ą 0 depends on the system parameters γ1, γ2, α but is independent of controllability
time T and initial data u0.

The present article addresses similar question of null controllability for a time discretized version of
the control system (1.1), and uses it to produce a sequence of controls which approximates the control
obtained in [3].

1.2. Notations and symbols. To set the framework for posing and studying the problem of this article,
let us introduce some relevant notations and symbols. For any M P N, we define the discretization
parameter ∆t “ T

M . For a, b P R, we define the set Ja, bK as

Ja, bK :“ ra, bs X N.

We define tn “ n∆t and tn` 1
2

“
`

n` 1
2

˘

∆t, for n P J0,M ´ 1K. Let us now denote the set of primal and

dual discrete points, respectively as

P :“ ttn : n P J1,MKu, D :“ ttn` 1
2
: n P J0,M ´ 1Ku. (1.6)

Further, we denote

P :“ P Y tt0u, D :“ D Y ttM` 1
2

u, (1.7)

where tM`1{2 is an extra point outside the interval r0, T s.

We denote the sets of all real-valued discrete functions defined on P and D by RP and RD, respectively.

For u P RP `

resp. u P RD˘, we denote by un
´

resp. un` 1
2

¯

, its value at the point tn

´

resp. tn` 1
2

¯

. We

define the time-discrete integrals as

ż T

0

u :“
M
ÿ

n“1

∆t un, for u P RP , (1.8)

and

—

ż T

0

u :“
M´1
ÿ

n“0

∆t un` 1
2 , for u P RD. (1.9)
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Let pX, } ¨ }Xq be a real Banach space. We denote by XP and XD the sets of vector-valued functions
defined on P and D respectively. We introduce the spaces Lp

Pp0, T ;Xq and Lp
Dp0, T ;Xq, 1 ď p ă `8,

to denote the spaces XP and XD, endowed with the norms

}u}Lp
Pp0,T ;Xq :“

˜

ż T

0

›

›u}
p
X

¸1{p

and }u}Lp
Dp0,T ;Xq :“

˜

—

ż T

0

}u}
p
X

¸1{p

, respectively, (1.10)

where the discrete integrals are defined by (1.8) and (1.9). More precisely,

}u}Lp
Pp0,T ;Xq “

˜

M
ÿ

1

∆t
›

›un
›

›

p

X

¸1{p

and }u}Lp
Dp0,T ;Xq “

˜

M´1
ÿ

0

∆t
›

›

›
un` 1

2

›

›

›

p

X

¸1{p

.

For p “ 8, we define the spaces L8
P p0, T ;Xq and L8

D p0, T ;Xq by means of the norms

}u}L8
P p0,T ;Xq :“ sup

tnPP
}uptnq}X and }u}L8

Dp0,T ;Xq :“ sup
t
n` 1

2
PD

}uptn` 1
2

q}X . (1.11)

For p “ 2 and X “ L2p0, 1q, the spaces Lp
Pp0, T ;Xq and Lp

Dp0, T ;Xq are Hilbert spaces with the inner
products 〈

u, v
〉
L2

Pp0,T ;L2p0,1qq
“

ĳ

Q

u v “

M
ÿ

1

∆t xun, vnyL2p0,1q , (1.12)

and
〈
u, v

〉
L2

Dp0,T ;L2p0,1qq
“ —

ĳ

Q

u v “

M´1
ÿ

0

∆t
A

un` 1
2 , vn` 1

2

E

L2p0,1q
, (1.13)

respectively.
Let us now introduce the translation operators t` and t´ as

t` : XP Ñ XD : pt`uqn` 1
2 “ un`1, for n P J0,M ´ 1K,

t´ : XP Ñ XD : pt´uqn` 1
2 “ un, for n P J0,M ´ 1K.

Next we define the difference operator Dt as a map from XP into XD given by

`

Dtu
˘n` 1

2 :“
un`1 ´ un

∆t
“

ˆ

1

∆t

`

t` ´ t´
˘

u

˙n` 1
2

, n P J0,M ´ 1K. (1.14)

Analogously, we define the translation operators t̄` : XD Ñ XP and t̄´ : XD Ñ XP by
`

t̄`u
˘n

:“ un` 1
2 and

`

t̄´u
˘n

:“ un´ 1
2 , n P J1,MK, (1.15)

respectively, as well as an difference operator Dt from XD to XP given by

`

Dtu
˘n

:“
un` 1

2 ´ un´ 1
2

∆t
“

ˆ

1

∆t

`

t̄` ´ t̄´
˘

u

˙n

, n P J1,MK. (1.16)

1.3. Time-discrete control system. Let us now consider the following time-discrete control system
$
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un`1
1 ´ un1

∆t
´ Bxpγ1Bxu

n`1
1 q “ 0, n P J0,M ´ 1K,

un`1
2 ´ un2

∆t
´ Bxpγ2Bxu

n`1
2 q “ 0, n P J0,M ´ 1K,

un`1
1 p0q “ 0, un`1

2 p0q “ vn`1, n P J0,M ´ 1K,

un`1
1 p1q “ un`1

2 p1q, n P J0,M ´ 1K,

γ1p1qBxu
n`1
1 p1q ` γ2p1qBxu

n`1
2 p1q ` αun`1

1 p1q “ 0, n P J0,M ´ 1K.

u01 “ u1,0, u
0
2 “ u2,0.

(1.17)

This discrete system can be obtained from (1.1) using standard implicit Euler scheme for the time
derivative, where uni (resp. vn) denote the approximate value of ui for i “ 1, 2 (resp. v) at time tn.

The discretized differential equation can be written in shorthand form as
#

pDtu1qn` 1
2 ´ Bxpγ1pt`Bxu1qqn` 1

2 “ 0,

pDtu2qn` 1
2 ´ Bxpγ2pt`Bxu2qqn` 1

2 “ 0,
n P J0,M ´ 1K. (1.18)
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Using the Lax-Milgram theorem, one can easily prove the following existence-uniqueness result.

Proposition 1.5 (Well-posedness). For any given u0 P H1, the above discrete system (1.17) can be solved

inductively to get a unique sequence of weak solution un`1 P
“

H1p0, Lq
‰2

for n P J0,M ´ 1K, satisfying
the boundary conditions

#

un`1
1 p0q “ 0, un`1

2 p0q “ vn`1,

un`1
1 p1q “ un`1

2 p1q,

and the identity

2
ÿ

i“1

ż 1

0

γi Bxu
n`1
i Bxξi `

1

∆t

2
ÿ

i“1

ż 1

0

un`1
i ξi ` αun`1

1 p1q ξp1q “
1

∆t
xun, ξyH1,H , @ξ P H. (1.19)

Motivated by Definition 1.3, we now define the null controllability for the above discrete control system.

Definition 1.6 (Discrete null controllability). The time discrete control system (1.17) is said to be
null controllable at n “ M if for any u0 P H1, there exist controls tvn`1uJ0,M´1K such that the solution

tun`1uJ0,M´1K satisfies uM “ 0 in L2p0, 1q.

As pointed out in the work [22] for single heat equation with interior control, one cannot expect the
null controllability of the discrete control system (1.17) to hold in the above sense. In fact, we have
proved so in Section 2. This motivates us to study a weaker notion, known as ϕp∆tq- controllability,
which roughly means that there exists a discrete control v P L2

Pp0, T q such that the norm of uM is small,

and tends to 0 as ∆t Ñ 0 at a rate of
a

ϕp∆tq, for any function ϕ : p0,8q Ñ p0,8q satisfying

lim inf
∆tÑ0

ϕp∆tq

e´C{p∆tq1{4
ą 0, for some constant C. (1.20)

This notion of ϕp∆tq-controllability is an appropriate analogue of null controllability for discrete control
systems (see Remark 1.8), and such notion has been studied in literature for time-discrete parabolic
systems, for instance, see the works [22], [4] for heat equation with interior control, and the recent
work [13] for stabilized Kuramoto-Sivashinsky system.

1.4. Main Results. We prove the ϕp∆tq-controllability of the discrete control system (1.17) by following
the duality approach, analogue to the duality approach used in [3] to study of null controllability of the
main control system (1.1). First, we derive a time-discrete Carleman estimate, and then use it to deduce
a relaxed observability inequality for the following adjoint system

$
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’

’

’

’

&

’

’

’

’

’

’

%

´pDtφ1qn` 1
2 ´ Bxpγ1pt´Bxφ1qqn` 1

2 “ 0,

´pDtφ2qn` 1
2 ´ Bxpγ2pt´Bxφ2qqn` 1

2 “ 0,

φn
1 p0q “ φn

2 p0q “ 0, φn
1 p1q “ φn

2 p1q,

γ1p1qBxφ
n
1 p1q ` γ2p1qBxφ

n
2 p1q ` αφn

1 p1q “ 0,

φM
1 pxq “ φ1,M pxq, φM

2 pxq “ φ2,M pxq,

n P J0,M ´ 1K. (1.21)

More precisely, we obtain the following weak observability inequality, analogue to the estimate (1.4).

Theorem 1.7 (Relaxed observability inequality). There exist constants K0,K1,K2 ą 0 such that for

all T P p0, 1q and ∆t “ Ă∆t ď K0pT 2 ` T q´4 T 6, any solution to (1.21) with φM “ pφ1,M , φ2,M q P H
satisfies

}φ0}2H ď Cobs

ˆ

—

ż T

0

ˇ

ˇBxpt´φ2qp0q
ˇ

ˇ

2
` e

´
K2

p∆tq1{4
›

›φM
›

›

2

H

˙

, (1.22)

where Cobs “ eK1p1`1{T q.

Remark 1.8. The second term appearing on the right side of above inequality is specific to the discrete
system, and does not appear in the observability inequality (1.4). Due to the presence of this extra term,
the inequality (1.22) is referred as relaxed observability inequality in the literature. But note that this
extra term appearing in (1.22) goes to zero as the discrete parameter ∆t Ñ 0. Moreover, one can show
that

—

ż T

0

ˇ

ˇBxpt´φ2qp0q
ˇ

ˇ

2
Ñ

ż T

0

|Bxφ2p0q|
2
, as ∆t Ñ 0,

5



where φ2 appearing on right is a solution component of the continuous adjoint system (1.5), see Lemma 6.7.
This shows that the inequality (1.22) approximates the observability inequality (1.4). This points out that
ϕp∆tq-controllability is a suitable notion of controllability for discrete control systems.

Remark 1.9. The assumption T P p0, 1q in the above theorem is made as we are mainly interested in
small time controllability result. Although, one can follow the same procedure for T ě 1, with a small

change in the definition of Ă∆t.

Next, we show that this weak observability inequality is enough to guarantee the ϕp∆tq-controllability
of the time-discrete system (1.17) using the standard variational approach. More precisely, we are able
to obtain the following controllability result.

Theorem 1.10 (ϕp∆tq-controllability in H1). Let T ą 0 and choose the discretization parameter ∆t
sufficiently small. Then, for any initial data u0 P H1 and any function ϕ satisfying

lim inf
∆tÑ0

ϕp∆tq

e´K2{p∆tq1{3
ą 0, (1.23)

there exists a time-discrete control v P L2
Pp0, T q satisfying

}v}L2
Pp0,T q ď C }u0}H1 ,

such that the associated solution u P L2
Pp0, T ;H1q of (1.17) satisfies
›

›uM
›

›

H1 ď C
a

ϕp∆tq }u0}H1 , (1.24)

where C ą 0 is a constant, depending on ϕ and T .

Using the sequence of controls tvn`1unPJ0,M´1K responsible for ϕp∆tq-controllability of the discrete

control system (1.17) and the associated solution tununPJ0,MK, we define approximations VM P L2p0, T q,

and UM P L2p0, T ;Eq as

VM ptq “

M´1
ÿ

n“0

1ptn,tn`1sptq v
n`1, t P p0, T q, (1.25)

UM pt, xq “ 1rt0,t1sptq
u1pxq

2
`

M´1
ÿ

n“1

1ptn,tn`1sptq

ˆ

un`1 ` un

2

˙

pxq, pt, xq P p0, T q ˆ p0, 1q, (1.26)

where UM “

´

`

UM

˘

1
,
`

UM

˘

2

¯

, and uk “
`

uk1 , u
k
2

˘

. Then, we show that these sequence of functions

pVM , UM q has a weak limit pv, uq P L2p0, T q ˆ L2p0, T ;Eq as M Ñ 8, which satisfies the identity (1.2),
i.e., the limit function u solves system (1.1) with the limit function v as non-homogeneous boundary data.
Moreover, the limit function v of VM turns out to be a control responsible for the null controllability of
main continuous control system (1.1). We obtain the following convergence result.

Theorem 1.11 (Discrete to continuous). There exist functions v P L2p0, T q and u P L2p0, T ;Eq such
that

VM á v weakly in L2p0, T q,

and UM á u weakly in L2p0, T ;Eq.

Furthermore, the pair of functions pu, vq solves the control system (1.1) such that the state u satisfies

upT, xq “ pu1pT, xq, u2pT, xqq “ p0, 0q, for x P p0, 1q a.e..

1.5. Short literature survey concerning parabolic systems. The paper [22] is first one to ad-
dress the question of uniform controllability for time discrete heat equation. The proof is based on the
Lebeau-Robbiano’s strategy for the continuous heat equation (see [17], [18]), which relies on an observ-
ability estimate for the eigenfunctions of the Dirichlet Laplacian. Later, the work [10] proved similar
controllability result for an abstract controllable parabolic equation (discrete or continuous in space). In
particular, using the controllability result of space-discrete heat equation proved in [18], they conclude
about the controllability for fully discrete heat equation. In the article [7], the authors studied the con-
trollability problem for space-discrete and fully discrete heat equation, and computed the controls using
the variational approach. Moreover, they proved the convergence of control for the fully discrete system
to that of semi-discrete one. For proving the controllability result for fully discrete system, they assumed
spectral inequality for space-discrete system and then used the Lebeau-Robbiano’s strategy to yield the

6



controllability for the fully discrete system. Such spectral inequality for space-discrete system has been
proved by them in their earlier works [5], [6]. All the works mentioned above deals with an appropriate
filtering of high-frequencies. More precisely, for the lower frequency, one proves the null controllability
and for high frequencies, dissipation property of parabolic equation is utilized. This is where study of
similar control problems for hyperbolic systems becomes different from the parabolic ones (see [23] for
details).

Recently, a Carleman-type inequality for a time-discrete heat equation has been derived in [4] to deduce
ϕp∆tq-controllability result for the time-discrete heat equation with localized interior control. Unlike the
works mentioned before, this approach does not uses the spectrum of the underlying operator. Since
then, there has been few more works utilizing this method, for instance, see [12] for fully discrete heat
equation, and [13] for a time-discrete coupled system of fourth and second order parabolic equations.

Concerning the wave equation, the authors in [21] established some uniform boundary controllability
of trapezoidal time discrete wave equation in higher dimension using the discrete version of multiplier
method introduced in [14]. In [11], the authors proved controllability for general time-discrete conserva-
tive linear systems, which includes wave equation, in particular. Recently, the authors in [19] has studied
the boundary controllability of time-discrete approximation schemes for a class of integro-differential
equations in one dimension, which has been further extended in two dimensions in [20].

1.6. Outline. The remaining of the article is organized as follows. We first prove the lack of null
controllability of the discrete control system (1.17) in the sense of Definition 1.6 in Section 2. In the
next Section 3, we prove a suitable time-discrete Carleman estimate. Such estimate plays a very crucial
role in proving the relaxed observability inequality as stated in Theorem 1.7, which has been proved in
Section 4. In Section 5, we prove the ϕp∆tq-controllability result as stated in Theorem 1.10. Lastly, we
dedicate Section 6 for the convergence analysis mentioned in Theorem 1.11.

Acknowledgements. The authors would like to thank Dr. Shirshendu Chowdhury for his comments
and valuable suggestions. The work of Kuntal Bhandari is supported by the Praemium Academiae of Š.
Nečasová. Rajib Dutta acknowledges financial support from the INSPIRE Fellowship (DST/INSPIRE/04
/2015/002388), and Manish Kumar acknowledges financial support from Prime Minister Research Fel-
lowship, Govt. of India (PMRF ID: 0501091). Finally, the first author thanks Prof. Franck Boyer for
his fruitful suggestions.

2. Lack of classical null controllability

Motivated by the work presented in [22], we use a contradictory argument to prove the lack of null
controllability of the discrete control system (1.17) in the sense of Definition 1.6.

If possible, suppose that the control system (1.17) is null controllable, i.e., for any u0 P H1, there exists

a control v P RP such that the solution
!

`

un`1
1 , un`1

2

˘

: n P J0,M ´ 1K
)

of (1.17) satisfies

puM1 , u
M
2 q “ 0 in L2p0, 1q. (2.1)

Using discrete control system (1.17) and integration by parts w.r.t. x, one can easily obtain the following
identity:

A

pDtuqn` 1
2 , φn

E

H1,H
“

2
ÿ

i“1

ż 1

0

un`1
i BxpγiBxφ

n
i q ` γ2p0q Bxφ

n
2 p0q vn`1, for n P J0,M ´ 1K.

Multiplying the above identity by ∆t, and summing over n P J0,M ´ 1K, we get

—

ż T

0

@

Dtu, t
´φ

D

H1,H ´

2
ÿ

i“1

—

ż T

0

@

t`ui, Bxpγit
´Bxφq

D

L2 “ γ2p0q—

ż T

0

`

t´Bxφ2p0q
˘

pt`vq.

Now using discrete integration by parts (A.6), and the discrete adjoint system (1.21), the above identity
gives

´
@

u0, φ0
D

H1,H `
@

uM , φM
D

H1,H “ γ2p0q—

ż T

0

`

t´Bxφ2p0q
˘

pt`vq,
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which due to assumption (2.1) becomes

@

u0, φ0
D

H1,H “ ´γ2p0q

M´1
ÿ

n“0

∆t Bxφ
n
2 p0qvn`1. (2.2)

Claim: The identity (2.2) cannot be true.

Proof. Let Φ0 P C8
c p0, 1q ˆ C8

c p0, 1q with }Φ0}E ą 0. For n P J0,M ´ 1K, define

Φn`1
i :“ Φn

i ´ ∆t BxpγiBxΦ
n
i q, for i P t1, 2u.

Note that Φn P
`

C8
c p0, 1q

˘2
for all n P J1,MK. So, multiplying the above equation by Φn

i and using
integration by parts, we get

2
ÿ

i“1

„

∆t

ż 1

0

γi|BxΦ
n
i |2 `

ż 1

0

|Φn
i |2

ȷ

“

2
ÿ

i“1

ż 1

0

Φn
i Φ

n`1
i ď

2
ÿ

i“1

„

1

2

ż 1

0

|Φn
i |2 `

1

2

ż 1

0

|Φn`1
i |2

ȷ

,

which gives

2
ÿ

i“1

ż 1

0

|Φn
i |2 ď

2
ÿ

i“1

ż 1

0

|Φn`1
i |2, @n P J0,M ´ 1K.

This shows that ΦM P C8
c p0, 1q ˆ C8

c p0, 1q satisfy }ΦM }E ą 0.

Now let us choose the terminal data φM “ ΦM P H, in particular. Then by the uniqueness of solution
of the adjoint system (1.21) we get

φn “ Φn, @n P J0,MK.

Due to the fact that φn P C8
c p0, 1q ˆ C8

c p0, 1q, the identity (2.2) becomes
@

u0, φ
0
D

H1,H “ 0,

and thus by choosing the initial data u0 “ φ0, we get }φ0}E “ }Φ0}E “ 0, i.e., Φ0 “ 0, which is a
contradiction. □

3. Time-discrete Carleman estimate

This section is devoted to derive a time-discrete version of the Carleman estimate obtained in [3]
for the associated adjoint system to (1.1). The proof would be done by mimicking the steps from the
continuous setup, as done in [4] and [13].

To state the time-discrete Carleman estimate, let us first introduce the relevant weight functions
which is similar to the one used in [3] for the continuous system, and plays a very important role in the
estimate. Assume a constant ν0 P p0, 1q, sufficiently close to 1 so that

ˆ

216ν0
p1 ´ ν0q3

γ22p1q ´ 7γ21p1q

˙

ě 1. (3.1)

For i P t1, 2u, consider the functions βi on r0, 1s given by
$

&

%

βipxq “ 2 ` cipx´ 1q,

with c1 “ 1, c2 “ c2pγ1, γ2q :“ ´
6

p1 ´ ν0q
ă 0.

(3.2)

Note that
#

β2pxq ě β1pxq ą 0, x P r0, 1s,

β2p1q “ β1p1q, and |β1
2| ą |β1

1|.

Let K “ 2max
␣

}β1}8, }β2}8

(

, and assume λ ą 1. Then for i P t1, 2u, we define the functions ηi and µi

over the interval r0, 1s as

ηipxq “ eλK ´ eλβipxq, µipxq “ eλβipxq. (3.3)

Note that µ1p1q “ µ2p1q and η1p1q “ η2p1q, since β1p1q “ β2p1q. Next, given that

ηipxq “

´

eλpK´βipxqq ´ 1
¯

µipxq,
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we can establish the following relations:

ηi ď eλKµi on r0, 1s, (3.4)

µi ď Cηi on r0, 1s. (3.5)

Observe that the constant appearing in (3.5) is independent of λ as λ ě 1.

Let δ P p0, 1{2q. Then, we define the function θ as

θptq “
1

pt` δT qpT ` δT ´ tq
, t P r0, T s. (3.6)

One can easily observe that θ satisfies the following estimates

1

T 2
ď max

r0,T s
θptq ď

1

δT 2
. (3.7)

Remark 3.1. Note that the δT term is absent in the weight function associated to the continuous
Carleman estimate. This is added here to avoid the singularities of θ at t “ 0 and T , and thus this
number δ is specific to the discrete system.

For τ ą 0, let sptq “ τθptq. Finally for i P t1, 2u, we define the functions ri and ρi as

ript, xq “ e´τθptqηipxq, ρipt, xq “ pript, xqq´1, pt, xq P p0, T q ˆ p0, 1q. (3.8)

Then the spatial derivatives of µi, ηi and ri can be given by

Bxµi “ λciµi, Bxηi “ ´λciµi, Bxri “ τλciθµiri. (3.9)

Let Q “ p0, T q ˆ p0, 1q. We introduce the space F , defined as

F :“
!

pφ1, φ2q P
`

C2pQq
˘2

: φ1pt, 0q “ φ2pt, 0q “ 0, φ1pt, 1q “ φ2pt, 1q,
2
ÿ

i“1

γip1qBxφipt, 1q ` αφ1pt, 1q “ 0
)

.

(3.10)

Let us denote the discrete adjoint differential operator as

pLPφiq
n` 1

2 :“ ´pDtφiq
n` 1

2 ´ Bxpγ1pt´Bxφiqqn` 1
2 , for i P t1, 2u.

Theorem 3.2 (Time-discrete Carleman estimate). Let ηi for i “ 1, 2 and θ be the weight function as
defined in (3.3) and (3.6) resp. Then for λ ě 1 large enough, there exists τ0 ě 1, ϵ0 ą 0 and a constant
C ą 0, all depending on γ1, γ2, α, T and λ, such that the following estimate holds true

τ3
2
ÿ

i“1

—

ĳ

Q

pt´θq3pt´riq
2 |t´φi|

2 ` τ
2
ÿ

i“1

—

ĳ

Q

pt´θqpt´riq
2 |Bxpt´φiq|2 ` τ2 —

ż T

0

pt´θqpt´r1p1qq2
ˇ

ˇt´φ1p1q
ˇ

ˇ

2

ď C
2
ÿ

i“1

›

›pt´riq pLPφiq
›

›

2

L2
DpQq

` Cτ—

ż T

0

pt´θq
ˇ

ˇt´ pr2p0qq
ˇ

ˇ

2 ˇ
ˇBxpt´φ2qp0q

ˇ

ˇ

2

` C p∆tq
´1

2
ÿ

i“1

ˆ
ż 1

0

ˇ

ˇpri φiq
0
ˇ

ˇ

2
`

ż 1

0

ˇ

ˇpri φiq
M
ˇ

ˇ

2
`

ż 1

0

ˇ

ˇpri Bxφiq
M
ˇ

ˇ

2
˙

,

(3.11)

for every τ ě τ0pT 2 ` T q, ∆t P p0, 1q, and for any δ P p0, 1{2s satisfying the condition

τ3∆t

δ4pmintT 3, T 6uq
ď ϵ0,

and for all time discrete function pφ1, φ2q P FP .

Proof. The proof of this theorem is quite long and so it has been broken in steps for better readability.

Step-1: Change of variable:
Let us first make the following change of variables. For i P t1, 2u, we denote

qni pxq :“ rni pxqφn
i pxq, n P J0,MK,

where rni pxq “ riptn, xq. Then, qi P C2pr0, 1sqP , and so for n P J0,M ´ 1K we have

γi Bxq
n
i “ τλci θ

nµiγi q
n
i ` rni γi Bxφ

n
i .
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Recall that pφ1, φ2q P FP , and so pq1, q2q satisfies the following boundary conditions:

$

’

’

’

’

&

’

’

’

’

%

qn1 p0q “ qn2 p0q “ 0,

qn1 p1q “ rn1 p1qφn
1 p1q “ rn2 p1qφn

2 p1q “ qn2 p1q,

pγ1 Bxq
n
1 qp1q ` pγ2 Bxq

n
2 qp1q ` α qn1 p1q “ τλ

˜

2
ÿ

i“1

ciγip1q

¸

µ1p1qθnqn1 p1q,

(3.12)

for n P J0,M ´ 1K.
Now, we compute

BxpγiBxpt´qiqq “ τλ2c2i pt´θqµiγipt
´qiq ` τλcipt

´θqµiγ
1pt´qiq ` τλcipt

´θqµiγiBxpt´qiq

´ τ2λ2c2i pt´θq2µ2
i γipt

´qiq ´ τpt´θqη1
iγiBxpt´qiq ` pt´rqBxpγiBxpt´φqq.

Next, using Lemma A.1 and Lemma B.1, we get

Dtpqiq “ pt´riqDtφi `Dtript
`φiq

“ pt´riqDtφi ` pt`ρqpDtriqpt`qiq

“ pt´riqDtφi `

„

´τpt`θ1qηi ` ∆t

ˆ

τ

δ3T 4
´

τ2

δ4T 6

˙

Oλp1q

ȷ

pt`qiq.

Combining the above computations, we get the following identity:

Aqi `Bqi “ Fi, i P t1, 2u, (3.13)

where

Aqi “ Bx
`

γiBxpt´qiq
˘

` τ2λ2c2i pt´θq2µ2
i γipt

´qiq ` τ ηi
`

t`θ1
˘`

t´qi
˘

, (3.14)

Bqi “ Dtqi ´ 2τλ cipt
´θqµiγi Bx

`

t´qi
˘

´ 2τλ2c2i pt´θqµiγipt
´qiq, (3.15)

Fi “ pt´riq
´

Dtφi ` Bx
`

γi t
´pBxφiq

˘

¯

` τλcipt
´θqµiγ

1
i pt´qiq ´ τλ2c2i pt´θqµiγipt

´qiq (3.16)

` ∆t

ˆ

τ

δ3T 4
´

τ2

δ4T 6

˙

Oλp1qpt`qiq ´ ∆t τ
`

t`θ1
˘

ηipDtqiq.

Taking L2-norm in (3.13), we have:

}Aqi}
2
L2

DpQq
` }Bqi}

2
L2

DpQq
` 2 xAqi, BqiyL2

DpQq “ }Fi}
2
L2

DpQq
, i P t1, 2u. (3.17)

We denote the inner product 2 xAqi, BqiyL2
DpQq as the sum

ř3
j,k“1 I

i
jk with Iijk “ xpAqiqj , pBqiqkyL2

DpQq
,

for i P t1, 2u.

Step-2: Expanding and estimating the cross product terms:
Estimating the inner product xAqi, BqiyL2

DpQq and }Fi}L2
DpQq properly, one can obtain the estimate

mentioned in the lemma below.

Lemma 3.3. Let ϵ0 ą 0 be any real number. Then for a fixed λ “ λ0, there exists τ0pγ1, γ2, αq ě 1 and
a constant C ą 0 such that

2
ÿ

i“1

˜

}Bqi}
2
L2

DpQq
` τ3 —

ĳ

Q

pt´θq3|t´qi|
2 ` τ—

ĳ

Q

pt´θq|Bxpt´qiq|2 `

ż 1

0

ˇ

ˇqMi
ˇ

ˇ

2
´ pZi

¸

ď C
2
ÿ

i“1

˜

›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯
›

›

›

2

L2
DpQq

` xWi

¸

` ϵ0 C
2
ÿ

i“1

˜

—

ĳ

Q

pt´sq3 |t´qi|
2 ` —

ĳ

Q

pt´sq´1 |Dtqi|
2

¸

, (3.18)
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for all τ ě τ0pT 2 ` T q, and for all δ P p0, 1{2s and ∆t satisfying the condition τ3 ∆t
δ4 mintT 3,T 6u

ď ϵ0, where

xWi “

ż 1

0

pBxq
M
i q2 ` τ

ż 1

0

µ2
i pθ0q2pq0i q2 ` p∆tq2

ˆ

τ2

δ6T 8
`

τ4

δ8T 12

˙
ż 1

0

pqMi q2, (3.19)

pZi “ ´—

ż T

0

γip1q t´pBxqiqp1qDtqip1q ` τci —

ż T

0

pt´θqµip1q pγip1qq
2 `

t´pBxqip1qq
˘2

´ τci —

ż T

0

pt´θqµip0q pγip0qq
2 `

t´pBxqip0qq
˘2

` 2c2i pγip1qq
2
τµip1q—

ż T

0

pt´θqpt´qiqp1qt´pBxqiqp1q

` τ3c3i pµip1qq3 —

ż T

0

pt´θq3 pγip1qq
2

pt´qiq
2p1q ` τ2|ci|γip1qµip1qηip1qT —

ż T

0

pt´θq3pt´qip1qq2

` τ2|ci|γip1qµip1qηip1q
∆t

δ3T 4
—

ż T

0

pt´θqpt´qip1qq2. (3.20)

Further, we have following auxiliary estimate for the boundary terms pZi.

Lemma 3.4 (Estimates on the boundary terms of pZi). Let τ0 ą 0 be a sufficiently large number. Then
for τ ě τ0pT ` T 4q, there exists a constant C ą 0 such that

´

2
ÿ

i“1

pZi ě ´CĎW1 ´ C sE1 ` Cτ—

ż T

0

pt´θq
ˇ

ˇBxpt´q2p1qq
ˇ

ˇ

2
` Cτ3 —

ż T

0

pt´θq3
ˇ

ˇt´q1p1q
ˇ

ˇ

2

´ Cτ—

ż T

0

pt´θq
ˇ

ˇt´pr2p0q
ˇ

ˇ

2 ˇ
ˇBxpt´φ2qp0q

ˇ

ˇ

2
´ Cτ2

∆t

δ3T 4

2
ÿ

i“1

—

ż T

0

pt´θqpt´qip1qq2, (3.21)

where

ĎW1 “
α

2

´

`

qM1 p1q
˘2

´
`

q01p1q
˘2
¯

´
τλ0
2

˜

2
ÿ

i“1

ciγip1q

¸

!

θM
`

qM1 p1q
˘2

´ θ0
`

q01p1q
˘2
)

, (3.22)

sE1 “ ∆t

#

´
α

2
—

ż T

0

pDtq1p1qq2 dt`
τλ0
2

˜

2
ÿ

i“1

ciγip1q

¸

—

ż T

0

µ1p1qpt´θq
`

Dtq1p1q
˘2
dt (3.23)

`Cµ1p1q
τλ0
δ3T 4

—

ż T

0

pt´q1p1qq2 ` Cτ∆tλ0µ1p1q—

ż T

0

ˆ

T pt´θq2 `
∆t

δ3T 4

˙

`

Dtq1p1q
˘2

+

.

The proofs of Lemma 3.3 and Lemma 3.4 have been postponed to Appendix C and Appendix D,
respectively for better readability.

Now, using the above estimate (3.21) in (3.18), we get the following:

2
ÿ

i“1

˜

}Bqi}
2
L2

DpQq
` τ3 —

ĳ

Q

pt´θq3|t´qi|
2 ` τ—

ĳ

Q

pt´θq|Bxpt´qiq|2 `

ż 1

0

ˇ

ˇqMi
ˇ

ˇ

2

¸

` τ3 —

ż T

0

pt´θq3
ˇ

ˇt´q1p1q
ˇ

ˇ

2

ď C
2
ÿ

i“1

›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯
›

›

›

2

L2
DpQq

` Cτ—

ż T

0

pt´θq
ˇ

ˇt´pr2p0q
ˇ

ˇ

2 ˇ
ˇBxpt´φ2qp0q

ˇ

ˇ

2

` ϵ0 C
2
ÿ

i“1

˜

—

ĳ

Q

pt´sq3 |t´qi|
2 ` —

ĳ

Q

pt´sq´1 |Dtqi|
2

¸

` C
2
ÿ

i“1

xWi ` ĎW1 ` sE1

` Cτ2
∆t

δ3T 4

2
ÿ

i“1

—

ż T

0

pt´θqpt´qip1qq2, (3.24)

for all τ ě τ0pT 2 ` T q with some constant C :“ Cpγ1, γ2, αq ą 0, where τ0 is large enough to absorb the
unwanted terms from right by the l.h.s. terms to get the above estimate.

Step-3: Absorption of pDtqiq term from the r.h.s.:
Let us recall the expression of Dtqi from equation (3.15),

Dtqi “ Bqi ` 2τλ0cipt
´θqµiγi Bxpt´qiq ` 2τλ20c

2
i pt´θqµiγipt

´qiq.

As τ ě τ0T
2, we note that

τ´1pt´θq´1µ´1
i ď τ´1T 2e´λ0β1 ď C.
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Using this, we have

τ´1 —

ĳ

Q

pt´θq´1µ´1
i |Dtqi|

2

ď C

ˆ

}Bqi}
2
L2

DpQq
` τλ20 —

ĳ

Q

pt´θqµi

`

t´pBxqiq
˘2

` τλ40 —

ĳ

Q

pt´θqµipt
´qiq

2

˙

.

By utilizing the above estimate in (3.24) and choosing ϵ0 small enough, we get

2
ÿ

i“1

˜

τ3 —

ĳ

Q

pt´θq3|t´qi|
2 ` τ—

ĳ

Q

pt´θq|Bxpt´qiq|2 `

ż 1

0

ˇ

ˇqMi
ˇ

ˇ

2

¸

` τ—

ż T

0

pt´θq
ˇ

ˇt´q1p1q
ˇ

ˇ

2

ď C
2
ÿ

i“1

›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯
›

›

›

2

L2
DpQq

` Cτ—

ż T

0

pt´θq
ˇ

ˇt´pr2p0q
ˇ

ˇ

2 ˇ
ˇBxpt´φ2qp0q

ˇ

ˇ

2

` C
2
ÿ

i“1

xWi ` ĎW1 ` sE1 ` Cτ2
∆t

δ3T 4

2
ÿ

i“1

—

ż T

0

pt´θqpt´qip1qq2, (3.25)

for all τ ě τ0pT 2 ` T q.

Step-4: Estimating the remaining discrete terms of r.h.s.:
We begin this step by estimating the last two terms of the r.h.s. of inequality (3.25). From the

expression of sE1 given by (3.23), we see

sE1 ď C∆t

#

´
α

2
`

τ

δT 2

˜

2
ÿ

i“1

ciγip1q

¸

` τ∆t

ˆ

T

δ2T 4
`

∆t

δ3T 4

˙

+

—

ż T

0

pDtq1p1qq2 dt

` C
τ ∆t

δ3T 4
—

ż T

0

pt´q1p1qq2 dt.

Now using the condition
τ3 ∆t

δ4 mintT 3, T 6u
ď ϵ0, τ ě τ0T

2 and the fact θ´1 ď T 2, we get

sE1 ` τ2
∆t

δ3T 4

2
ÿ

i“1

—

ż T

0

pt´θqpt´qip1qq2

ď C∆t

#

´
α

2
`

τ

δT 2

˜

2
ÿ

i“1

ciγip1q

¸

` ϵ0

+

—

ż T

0

pDtq1p1qq2 dt

` C∆t

ˆ

τ

δ3T 2
`

τ2

δ3T 4

˙

—

ż T

0

pt´θqpt´q1p1qq2 dt

ď C∆t

#

´
α

2
`

τ

δT 2

˜

2
ÿ

i“1

ciγip1q

¸

` ϵ0

+

—

ż T

0

pDtq1p1qq2 dt` Cϵ0 —

ż T

0

pt´θqpt´q1p1qq2 dt.

Note that the first term is negative as
ř2

i“1 ciγip1q can be made so by choosing ν0 close to 1 (see (3.2)),
and so

sE1 ` τ2
∆t

δ3T 4

2
ÿ

i“1

—

ż T

0

pt´θqpt´qip1qq2 ď ϵ0 —

ż T

0

pt´θqpt´q1p1qq2 dt. (3.26)

Using the facts τ ě τ0T
2, 0 ă δ ă 1{2, and θ ď 1{pδT 2q, we now estimate the terms xWi,ĎW1 appearing

in the r.h.s. of (3.25) as follows

2
ÿ

i“1

xWi ` ĎW1 ď C
2
ÿ

i“1

"
ż 1

0

`

Bxq
M
i

˘2
`

p∆tq2τ4

δ8pmintT 8, T 12uq

ż 1

0

pqMi q2 `
τ

δ2T 4

ż 1

0

pq0i q2
*

`
α

2

`

qM1 p1q
˘2

´
τλ0
2

˜

2
ÿ

i“1

ciγip1q

¸

ˆ

θM
`

qM1 p1q
˘2

´ θ0
`

q01p1q
˘2

˙

,
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where xWi,ĎW1 are given by (3.19) and (3.22), respectively. Further we use the fact that
ř2

i“1 ciγip1q ă 0,

to remove the term θ0
`

q01p1q
˘2

from the right side, and thus we obtain:

2
ÿ

i“1

xWi ` ĎW1 ď C
2
ÿ

i“1

ż 1

0

`

Bxq
M
i

˘2
` Cϵ20

2
ÿ

i“1

ż 1

0

pqMi q2 ` C
τ

δ2T 4

2
ÿ

i“1

ż 1

0

pq0i q2 ` C
´

1 `
τ

δT 2

¯

`

qM1 p1q
˘2
.

Now as qM1 p0q “ 0, so we have:

qM1 p1q “

ż 1

0

Bx
`

qM1 pxq
˘

dx,

and so using Hölder’s inequality, we get

`

qM1 p1q
˘2

ď

ż 1

0

ˇ

ˇBxq
M
1

ˇ

ˇ

2
.

Using this estimate and the bound τ
δT 2 ě 1

τ0
, we get

2
ÿ

i“1

xWi ` ĎW1 ď Cϵ20

2
ÿ

i“1

ż 1

0

pqMi q2 ` C
τ

δ2T 4

2
ÿ

i“1

ż 1

0

pq0i q2 ` C
τ

δT 2

2
ÿ

i“1

ż 1

0

ˇ

ˇBxq
M
i

ˇ

ˇ

2
. (3.27)

Finally, substituting the estimates (3.26) and (3.27) in (3.25), we obtain

2
ÿ

i“1

˜

τ3 —

ĳ

Q

pt´θq3|t´qi|
2 ` τ—

ĳ

Q

pt´θq|Bxpt´qiq|2

¸

` τ—

ż T

0

pt´θq
ˇ

ˇt´q1p1q
ˇ

ˇ

2

ď C

˜

2
ÿ

i“1

›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯
›

›

›

2

L2
DpQq

` τ—

ż T

0

pt´θq
ˇ

ˇt´ pr2p0qq
ˇ

ˇ

2 ˇ
ˇBxpt´φ2qp0q

ˇ

ˇ

2

`
τ

δ2T 4

2
ÿ

i“1

ż 1

0

pq0i q2 `
τ

δT 2

2
ÿ

i“1

ż 1

0

ˇ

ˇBxq
M
i

ˇ

ˇ

2

¸

,

(3.28)

for τ ě τ0pT 2 ` T q and τ3∆t
δ4 mintT 3,T 6u

ď ϵ0.

This completes the estimation of the cross product terms.

Step-5: Returning back to the original variables:
This is the final step, where we return to the original variable φ to get the desired Carleman estimate

(3.11). For that, let us recall the expressions

pt´qiq “ pt´riq pt´φiq. (3.29)

pt´riq t
´pBxφiq “ t´pBxqiq ´ τλ0cit

´pθqµipxqt´priqt
´pφiq. (3.30)

ˇ

ˇBxpt´qiq
ˇ

ˇ ď pt´riq
´

|Bxpt´φiq| ` τλ0|ci|µipt
´θq|φi|

¯

ď pt´riq

ˆ

|Bxpt´φiq| ` C
τ

δT 2
|φi|q

˙

. (3.31)

From the identity (3.30), we have

pt´riq
2 |t´pBxφiq|2 ď 2|t´pBxqiq|2 ` 2τ2λ2c2i pµiq

2pt´pθqq2t´pqiq
2,

and hence

τλ2
2
ÿ

i“1

—

ĳ

Q

pt´θq |t´ri|
2 |t´pBxφiq|2 ď Cτλ2

2
ÿ

i“1

—

ĳ

Q

pt´θq |t´pBxqiq|2 ` Cτ3λ4
2
ÿ

i“1

—

ĳ

Q

pt´θq3 |t´qi|
2.

Thus, using this estimate and (3.29), the inequality (3.28) can be rewritten as

2
ÿ

i“1

ˆ

τ3 —

ĳ

Q

pt´θq3pt´riq
2 |t´φi|

2 ` τ—

ĳ

Q

pt´θqpt´riq
2 |Bxpt´φiq|2

˙

` τ—

ż T

0

pt´θqpt´r1p1qq2
ˇ

ˇt´φ1p1q
ˇ

ˇ

2

ď C

˜

2
ÿ

i“1

›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯
›

›

›

2

L2
DpQq

` τ—

ż T

0

pt´θq
ˇ

ˇt´ pr2p0qq
ˇ

ˇ

2 ˇ
ˇBxpt´φ2qp0q

ˇ

ˇ

2

`
τ

δ2T 4

2
ÿ

i“1

ż 1

0

ˇ

ˇpri φiq
0
ˇ

ˇ

2
`

τ

δT 2

2
ÿ

i“1

ż 1

0

ˇ

ˇpri Bxφiq
M
ˇ

ˇ

2
`

τ3

δ3T 6

2
ÿ

i“1

ż 1

0

ˇ

ˇpri φiq
M
ˇ

ˇ

2

¸

.
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Finally, using the fact that τ ě τ0 T and τ3∆t
δ4 mintT 3,T 6u

ď ϵ0, we get the desired estimate

2
ÿ

i“1

ˆ

τ3 —

ĳ

Q

pt´θq3pt´riq
2 |t´φi|

2 ` τ—

ĳ

Q

pt´θqpt´riq
2 |Bxpt´φiq|2

˙

` τ—

ż T

0

pt´θqpt´r1p1qq2
ˇ

ˇt´φ1p1q
ˇ

ˇ

2

ď C
2
ÿ

i“1

›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯
›

›

›

2

L2
DpQq

` Cτ—

ż T

0

pt´θq
ˇ

ˇt´ pr2p0qq
ˇ

ˇ

2 ˇ
ˇBxpt´φ2qp0q

ˇ

ˇ

2

` C p∆tq
´1

2
ÿ

i“1

ˆ
ż 1

0

ˇ

ˇpri φiq
0
ˇ

ˇ

2
`

ż 1

0

ˇ

ˇpri φiq
M
ˇ

ˇ

2
`

ż 1

0

ˇ

ˇpri Bxφiq
M
ˇ

ˇ

2
˙

,

(3.32)

for τ ě τ0pT 2 ` T q, and for all ∆t P p0, 1q and δ P p0, 1{2s satisfying the condition

τ3 ∆t

δ4 minptT 3, T 6uq
ď ϵ0.

□

4. Relaxed Observability Inequality

In this section, we prove Theorem 1.7. The proof uses the discrete Carleman inequality (3.11), energy
type estimates for the adjoint system (1.21), and proper bounds for the weight functions. Before going
to the proof, let us first see the relevant energy estimates.

Lemma 4.1 (Energy type estimates). For φM P H, the solution of the adjoint system (1.21) satisfies

}φn}2H ď }φn`1}2H, for n P J0,M ´ 1K, (4.1)

}φn}E ď }φn`1}E , for n P J0,M ´ 1K. (4.2)

Proof. We multiply the first and second equation of (1.21) by pDtφ1q and pDtφ2q respectively, and add
them together to get

pDtφ1q2 ` pDtφ2q2 ` Bx
`

γ1
`

t´Bxφ1

˘˘

pDtφ1q ` Bx
`

γ2
`

t´Bxφ2

˘˘

pDtφ2q “ 0.

Now integrating it w.r.t. x over p0, 1q, we get
ż 1

0

pDtφ1q2 `

ż 1

0

pDtφ2q2 ´

ż 1

0

γ1 t
´pBxφ1qDtpBxφ1q ´

ż 1

0

γ2 t
´pBxφ2qDtpBxφ2q

` γ1 t
´pBxφ1qDtpφ1q ` γ2 t

´pBxφ2qDtpφ2q

ˇ

ˇ

ˇ

1

x“0
“ 0.

Further, performing discrete integration w.r.t. t over ptn, tn`1q, and using the boundary conditions of
adjoint system (1.21), we have

—

ż tn`1

tn

ż 1

0

pDtφ1q2 ` —

ż tn`1

tn

ż 1

0

pDtφ2q2 ´ —

ż tn`1

tn

ż 1

0

γ1 t
´pBxφ1qDtpBxφ1q

´ —

ż tn`1

tn

ż 1

0

γ2 t
´pBxφ2qDtpBxφ2q ´ α—

ż T

0

t´ pφ1p1qqDt pφ1p1qq “ 0.

Lastly, we use the discrete product rule (A.4) to get

—

ż tn`1

tn

ż 1

0

γ1

"

1

2
Dt pBxφ1q

2
´

∆t

2
pDtpBxφ1qq

2

*

` —

ż tn`1

tn

ż 1

0

γ2

"

1

2
Dt pBxφ2q

2
´

∆t

2
pDtpBxφ2qq

2

*

` α—

ż tn`1

tn

"

1

2
Dt pφ1p1qq

2
´

∆t

2
pDtpφ1p1qqq

2

*

“ —

ż tn`1

tn

ż 1

0

pDtφ1q2 ` —

ż tn`1

tn

ż 1

0

pDtφ2q2,

which proves the estimate (4.1).
Next we multiply the first and second equations of (1.21) by φn

1 and φn
2 respectively, and add them

to obtain
2
ÿ

i“1

"

φn
i ´ φn`1

i

∆t
φn
i ´ Bx pγiBxφ

n
i qφn

i

*

“ 0, n P J0,M ´ 1K.
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Upon rearranging the terms and applying integration by parts in the above identity, we obtain

2
ÿ

i“1

"
ż 1

0

pφn
i q

2
´

ż 1

0

φn`1
i φn

i ` ∆t

ż 1

0

γi pBxφ
n
i q

2
´ ∆t γip1q pBxφ

n
i p1qqφn

i p1q

*

“ 0.

Now, using Hölder’s and Young’s inequalities in the second term, we get

2
ÿ

i“1

"

1

2

ż 1

0

pφn
i q

2
´

1

2

ż 1

0

`

φn`1
i

˘2
` ∆t

ż 1

0

γi pBxφ
n
i q

2
´ ∆tγip1q pBxφ

n
i p1qqφn

i p1q

*

ď 0.

Using non-negativity of the third term, and the boundary conditions of (1.21), the above inequality gives

2
ÿ

i“1

ż 1

0

pφn
i q

2
ď

2
ÿ

i“1

ż 1

0

`

φn`1
i

˘2
` 2∆t p´αφn

1 p1qqφn
1 p1q

ď

2
ÿ

i“1

ż 1

0

`

φn`1
i

˘2
,

which proves (4.2). □

Let us now proceed to the proof of weak observability inequality (1.22).

Proof of Theorem 1.7. Applying the Carleman estimate (3.11) to the solution of the adjoint system (1.21)
with φM P H and ignoring the integral term associated to pt´φiq, we get

τ
2
ÿ

i“1

—

ĳ

Q

pt´θqpt´riq
2 |Bxpt´φiq|2 ` τ—

ż T

0

pt´θqpt´r1p1qq2
ˇ

ˇt´φ1p1q
ˇ

ˇ

2

ď Cτ—

ż T

0

pt´θq
ˇ

ˇt´ pr2p0qq
ˇ

ˇ

2 ˇ
ˇBxpt´φ2qp0q

ˇ

ˇ

2

` C p∆tq
´1

2
ÿ

i“1

ˆ
ż 1

0

ˇ

ˇpri φiq
0
ˇ

ˇ

2
`

ż 1

0

ˇ

ˇpri φiq
M
ˇ

ˇ

2
`

ż 1

0

ˇ

ˇpri Bxφiq
M
ˇ

ˇ

2
˙

, (4.3)

for τ ě τ0pT 2 ` T q, and for all ∆t P p0, 1q and δ P p0, 1{2s satisfying the condition τ3 ∆t
δ4T 6 ď ϵ0.

Now we find lower bounds for the l.h.s. terms. Using the fact τ ě 1, and the estimate

1

T 2
ď θ

ˆ

T

2

˙

ď θptq ď θ

ˆ

T

4

˙

ď
16

3

1

T 2
, for t P

„

T

4
,
3T

4

ȷ

,

we get

τ
2
ÿ

i“1

—

ĳ

Q

pt´θqpt´riq
2 |Bxpt´φiq|2 ` τ—

ż T

0

pt´θqpt´r1p1qq2
ˇ

ˇt´φ1p1q
ˇ

ˇ

2

ě τ
1

T 2
e´C1τ{T 2

—

ż 3T {4

T {4

ˆ 2
ÿ

i“1

ż 1

0

|t´pBxφiq|2 ` |t´φ1p1q|2
˙

,

where C1 “
32 }η1}8

3 . Next using the estimate (4.1), we have:

—

ż 3T {4

T {4

ˆ 2
ÿ

i“1

ż 1

0

|t´pBxφiq|2 ` |t´φ1p1q|2
˙

“ —

ż 3T {4

T {4

}t´φ}2H ě
T

2
}φ0}2H.

Hence, combining the last two estimates and using the fact that τ ě τ0 T, we have

τ
2
ÿ

i“1

—

ĳ

Q

pt´θqpt´riq
2 |Bxpt´φiq|2 ` τ—

ż T

0

pt´θqpt´r1p1qq2
ˇ

ˇt´φ1p1q
ˇ

ˇ

2
ě
τ0
2
e´C1τ{T 2

}φ0}2H. (4.4)

Note that θptqe´2τθptqη2p0q attains its maximum value at t “ T {2 and so we have:

τpt´θqpt´r2p0qq2 ď
4τ

T 2
e

´2τη2p0q

T2 ď C. (4.5)
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Using the bounds (4.4) and (4.5) in (4.3), we get

}φ0}2H ď C eC1τ{T 2

—

ż T

0

ˇ

ˇBxpt´φ2qp0q
ˇ

ˇ

2

` C eC1τ{T 2

p∆tq
´1

2
ÿ

i“1

ˆ
ż 1

0

ˇ

ˇpri φiq
0
ˇ

ˇ

2
`

ż 1

0

ˇ

ˇpri φiq
M
ˇ

ˇ

2
`

ż 1

0

ˇ

ˇpri Bxφiq
M
ˇ

ˇ

2
˙

, (4.6)

for τ ě τ0pT 2 ` T q.
Thus, in order to get the observability inequality (1.22) we only need to estimate the last three terms.

To do that, we use θp0q “ θpT q ě 2
3

1
δT 2 to obtain

ˇ

ˇpri φiq
0
ˇ

ˇ

2
`
ˇ

ˇpri φiq
M
ˇ

ˇ

2
`
ˇ

ˇpri Bxφiq
M
ˇ

ˇ

2
ď e´

4η0
3

τ
δT2

2
ÿ

i“1

´

|φ0
i |2 ` |φM

i |2 ` |Bxφ
M
i |

¯

,

where, η0 “ minr0,1stηi : i P t1, 2uu. Further we use this estimate in (4.6) to get:

}φ0}2H ď C eC1τ{T 2

—

ż T

0

ˇ

ˇBxpt´φ2qp0q
ˇ

ˇ

2
` C e´C2τ{δT 2

p∆tq
´1

2
ÿ

i“1

ż 1

0

´

|φ0
i |2 ` |φM

i |2 ` |Bxφ
M
i |2

¯

,

where C2 “ 4
3η0 ´C1δ ą 0, for δ P p0, δ0s, for sufficiently small δ0. Lastly, we use the Poincaré inequality

and the estimate (4.2) in the last inequality to obtain

}φ0}2H ď C eC1τ{T 2

—

ż T

0

ˇ

ˇBxpt´φ2qp0q
ˇ

ˇ

2
` C e´C2τ{δT 2

p∆tq
´1

2
ÿ

i“1

ż 1

0

|Bxφ
M
i |2, (4.7)

Let us now fix τ “ τ0pT 2 ` T q, and define

Ă∆t :“
ϵ0
τ40
δ40 pT 2 ` T q´4T 6,

which implies

τ4Ă∆t

δ40T
6

“ ϵ0.

Next for any ∆t ď Ă∆t, we define δ :“ p∆tq1{4δ0

pĂ∆tq1{4
ď δ0 so that we get

τ4∆t

δ4T 6
“ ϵ0,

which further implies

τ

δT 2
“

´ τ4

δ4T 8

¯1{4

ě

´ τ4

δ4T 6

¯1{4

“ ϵ
1{4
0

`

∆t
˘´1{4

,

as T ă 1. Now using this inequality and then fixing τ “ τ0pT 2 ` T q in (4.7), we have

}φ0}2H ď eC1τ0pT 2
`1`1{T q

ˆ

—

ż T

0

ˇ

ˇBxpt´φ2qp0q
ˇ

ˇ

2
` e

´
ĂC2

p∆tq1{4

2
ÿ

i“1

ż 1

0

|Bxφ
M
i |2

˙

, (4.8)

for some constant C̃2 ą 0. This completes the proof. □

5. ϕp∆tq-Null Controllability Results

This section is devoted to prove the ϕp∆tq-controllability result mentioned in Theorem 1.10, which
mainly relies on the relaxed observability inequality (1.22).

Proof of Theorem 1.10. To prove the ϕp∆tq-controllability result, let us first recall the condition (1.23)
on ϕ, given by

lim inf
∆tÑ0

ϕp∆tq

e´K2{p∆tq1{4
ą 0.

This means there exists a constant C ą 0 such that for sufficiently small ∆t (depending on ϕ), we have

ϕp∆tq ě Ce´K2{p∆tq1{4

.
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Thus, from the relaxed observability inequality (1.22) we have

›

›φ0
›

›

2

H ď Cobs

˜

—

ż T

0

|t´pBxφ2qp0q|2 ` ϕp∆tq
›

›φM
›

›

2

H

¸

, for sufficiently small ∆t. (5.1)

Let us define the functional

J∆t

`

φM
˘

“
1

2
—

ż T

0

|t´pBxφ2p0qq|2 `
ϕp∆tq

2

›

›Bxφ
M
›

›

2

E
`
@

u0, φ
0
D

H1,H , for φM P H, (5.2)

where φ “ pφ1, φ2q is solution of the discrete adjoint system (1.21). This functional J∆t satisfies the
following properties:

(a) J∆t is continuous and strictly convex. The continuity follows by sequential approach using the
well-posedness result of the adjoint system, and the strict convexity by the properties of norm
induced in the Hilbert space.

(b) Using Cauchy-Schwarz and Young’s inequalities in the expression of J∆t, we get

J∆t

`

φM
˘

ě
1

2
—

ż T

0

ˇ

ˇt´pBxφ2p0qq
ˇ

ˇ

2
`
ϕp∆tq

2

›

›Bxφ
M
›

›

2

E
´

1

4Cobs

›

›φ0
›

›

2

H ´ Cobs}u0}2H1 .

Now using inequality (5.1) and the equivalence of the norms }φM }H and }Bxφ
M }E in the above

estimate proves coercivity of the functional J∆t.

These properties guarantee the existence of a unique minimizer of the functional J∆t. Let us denote
the minimizer by pφM and the associated solution of (1.21) by pφ. Then, the Euler-Lagrange equation
associated with J∆t is given by

—

ż T

0

t´ pBx pφ2p0qq t´ pBxφ2p0qq ` ϕp∆tq
@

Bx pφ
M , Bxφ

M
D

E
`
@

u0, φ
0
D

H1,H “ 0, @φM P H. (5.3)

Let us now define a linear map L∆t
T : H1 Ñ L2

Pp0, T q given by
´

L∆t
T pu0q

¯n

:“
`

Bx pφ2p0q
˘n
, for n P J0,M ´ 1K, (5.4)

and set the control vn`1 in the control system (1.17) as

vn`1 “

´

L∆t
T py0q

¯n

“ pBx pφ2p0qqn, for n P J0,M ´ 1K. (5.5)

Now taking duality product in (1.17) with the solution φn of the adjoint system with φM P H, for
each n P J0,M ´ 1K, and then summing over n P J0,M ´ 1K, we obtain

—

ż T

0

pt`vq t´ pBxφ2p0qq ´
@

uM , φM
D

H1,H `
@

u0, φ
0
D

H1,H “ 0, (5.6)

where the control v is given by (5.5). On comparing this identity (5.6) with (5.3), we get
@

uM , φM
D

H1,H “ ´ϕp∆tq
@

Bx pφ
M , Bxφ

M
D

E
, @φM P H,

which implies

uM “ ϕp∆tq B2
xppφM q in H1. (5.7)

Now, we take φM “ pφM in (5.3) and use the Cauchy-Schwarz inequality to get

—

ż T

0

ˇ

ˇt´ pBx pφ2q p0q
ˇ

ˇ

2
` ϕp∆tq

›

›

pφM
›

›

2

H ď }u0}H1

›

›

pφ0
›

›

H .

Next substituting (5.1) for φM “ pφM in the last estimate, we obtain

—

ż T

0

ˇ

ˇt´ pBx pφ2q p0q
ˇ

ˇ

2
` ϕp∆tq

›

›

pφM
›

›

2

H ď
a

Cobs }u0}H1

˜

—

ż T

0

|t´pBx pφ2qp0q|2 ` ϕp∆tq
›

›

pφM
›

›

2

H

¸
1
2

,

which yields

}v}L2
P

“
›

›t´pBx pφ2qp0q
›

›

L2
D

ď
a

Cobs }y0}H1 , (5.8)
a

ϕp∆tq
›

›

pφM
›

›

H ď
a

Cobs }y0}H1 . (5.9)
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This proves the well-definedness and continuity of the control map L∆t
T given by (5.4). Finally, we use

the expression (5.7) and the estimate (5.9) to get
›

›uM
›

›

H1 ď
a

Cobs

a

ϕp∆tq }y0}H1 .

This completes the proof. □

6. Convergence analysis

The main goal of this section is to prove the convergence result as stated in Theorem 1.11. Note
that the transposition definition for the control system (1.1) mentioned in Definition 1.1 involves the
adjoint system as well. Due to this reason, we study the convergence of discrete adjoint system to the
continuous system in Section 6.1. Further, we carry out the study of convergence of the discrete control
to the control for the continuous system in Section 6.2.

6.1. Convergence of the adjoint system. For n P J0,M ´ 1K, let us consider the following time-
discrete adjoint system

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

´
φn`1

1 ´φn
1

∆t ´ Bx pγ1 Bxφ
n
1 q “ gn`1

1 ,

´
φn`1

2 ´φn
2

∆t ´ Bx pγ2 Bxφ
n
2 q “ gn`1

2 ,

φn
1 p0q “ φn

2 p0q “ 0,

φn
1 p1q “ φn

2 p1q,

γ1p1q Bxφ
n
1 ` γ2p1q Bxφ

n
2 p1q ` αφn

1 p1q “ 0,

φM “ φT ,

(6.1)

where the functions gn`1 and φT are given.

The following lemma gives stability of the above discrete system (1.3).

Lemma 6.1. For tgn`1unPJ0,M´1K Ă E and φT P H, system (6.1) admits a unique set of solutions
tφnunPJ0,M´1K satisfying the following estimates

(a) }φn}H ď C
´

}g}L2
Pp0,T ;Eq ` }φT }H

¯

, @n P t0, 1, . . . ,M ´ 1u.

(b)
M´1
ÿ

n“0

∆t }Bxpγ2 Bxφ
n
2 q}2L2 ď C

´

}g}
2
L2

Pp0,T ;Eq ` }φT }2H

¯

, for n0 P t0, 1, . . . ,M ´ 1u.

(c)
M´1
ÿ

n“0

∆t
ˇ

ˇγ2p0q Bxφ
n
2 p0q

ˇ

ˇ

2
ď C

´

}g}
2
L2

Pp0,T ;Eq ` }φT }2H

¯

.

Proof. The existence and uniqueness of solution for system (6.1) is guaranteed by the well-known Lax-
Milgram theorem. To obtain the above estimates, let us multiply the differential equations in (6.1) by
Bxpγi Bxφ

n
i q for i P t1, 2u. Then, performing integration by parts and summing over i, we get

2
ÿ

i“1

∆t

ż 1

0

|Bxpγi Bxφ
n
i q|2 `

2
ÿ

i“1

ż 1

0

γi |Bxφ
n
i |2 ` α |φn

1 p1q|2

ď
∆t

2

2
ÿ

i“1

ż 1

0

|gn`1
i |2 `

∆t

2

2
ÿ

i“1

ż 1

0

|Bxpγi Bxφ
n
i q|2 `

1

2

2
ÿ

i“1

ż 1

0

γi |Bxφ
n`1
i |2

`
1

2

2
ÿ

i“1

ż 1

0

γi |Bxφ
n
i |2 `

α

2
|φn`1

1 |2 `
α

2
|φn

1 |2,

which gives

}φn}2H ´ }φn`1}2H ď ∆t }gn`1}2E , @n P t0, 1, . . . ,M ´ 1u, (6.2)

and
2
ÿ

i“1

∆t }Bxpγi Bxφ
n
i q}2L2 ď ∆t }gn`1}2E ` }φn`1}2H ´ }φn}2H. (6.3)

Summing the above estimates over n, we get the estimates (a) and (b). Finally, using the trace inequality
and the estimates (a), (b), one can easily get (c). □

18



Using the solution
␣

φn “
`

φn
1 , φ

n
2

˘(

nPJ0,M´1K of the discrete system (6.1), we define the functions

pφM qipt, xq :“
M´1
ÿ

n“0

1rtn,tn`1sptq

ˆ

pt´ tnq

∆t
φn`1
i pxq `

ptn`1 ´ tq

∆t
φn
i pxq

˙

, for i P t1, 2u. (6.4)

Let us now recall the non-homogeneous adjoint system (1.3)
$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

´Btφ1 ´ Bxpγ1Bxφ1q “ g1, pt, xq P p0, T q ˆ p0, 1q,

´Btφ2 ´ Bxpγ2Bxφ2q “ g2, pt, xq P p0, T q ˆ p0, 1q,

φ1pt, 0q “ 0, φ2pt, 0q “ 0, t P p0, T q,

φ1pt, 1q “ φ2pt, 1q, t P p0, T q,

γ1p1q Bxφ1pt, 1q ` γ2p1q Bxφ2pt, 1q ` αφ1pt, 1q “ 0, t P p0, T q,

φ1pT, xq “ 0, φ2pT, xq “ 0, x P p0, 1q.

(6.5)

Define the space:

Cα :“

"

pφ1, φ2q P
`

C8pQq
˘2

: φ1pt, 0q “φ2pt, 0q “ 0, φ1pt, 1q “ φ2pt, 1q,

2
ÿ

i“1

γip1qBxφipt, 1q ` αφ1pt, 1q “ 0, for t P p0, T q

)

.

Definition 6.2. φ P L2p0, T ;Hq XH1p0, T ;Eq is a solution of (6.5) if it satisfies

(i)

´

2
ÿ

i“1

ĳ

Q

Btφi ψi `

2
ÿ

i“1

ĳ

Q

γipxq Bxφi Bxψi ` α

ż T

0

φ1pt, 1qψ1pt, 1q “

2
ÿ

i“1

ĳ

Q

gi ψi, @ψ P Cα,

(ii) φpT, xq “ 0.

Theorem 6.3. Let g “ pg1, g2q P L2p0, T ;Eq. For n P J0,M ´ 1K, define the functions

gn`1
i pxq “

1

∆t

ż tn`1

tn

gipt, xq dt, for i P t1, 2u.

Then the function φM , defined by (6.4) corresponding to above gn`1 and φT “ 0, converges weakly to
the solution φ of (6.5) in H1p0, T ;Eq X L2p0, T ;H XH2 ˆH2q as M Ñ 8.

Proof. The proof of this theorem is done in two steps. First step is to show the uniform boundedness
of tφMuMPN, which gives a convergent subsequence with some weak limit φ. In the next step, we show
that this weak limit φ solves the adjoint system (6.5).

Step-1: Uniform boundedness.
Using the estimates mentioned in Lemma 6.1, one can easily obtain the following bounds for φM

defined by (6.4):

(a) }φM }2L2pHq ď C }g}
2
L2p0,T ;Eq .

(b) }BtφM }
2
L2pEq ď C }g}

2
L2p0,T ;Eq .

Due to these uniform bounds, we get a function φ P L2p0, T ;Hq with Btφ P L2p0, T ;Eq such that
$

’

&

’

%

φM á φ in L2p0, T ;Hq,

BtφM á Btφ in L2p0, T ;Eq,

φM pt, 1q á φpt, 1q in L2p0, T q.

(6.6)

up to a subsequence. For the last convergence, we have used the continuity of the trace map

T : L2p0, T ;Hq Ñ L2p0, T q : T pfq “ fpt, 1q,

with the convergence result φM á φ in L2p0, T ;Hq.

Step-2: The limit φ is the solution.
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Let ψ P Cα. Then using the differential equation (6.1) and performing integration by parts w.r.t. x,
we obtain

ż T

0

xBtφM , ψyE “

2
ÿ

i“1

M´1
ÿ

n“0

ż 1

0

γipxq Bxφ
n
i pxq

ˆ
ż tn`1

tn

Bxψipt, xq dt

˙

dx` α
M´1
ÿ

n“0

φn
1 p1q

ˆ
ż tn`1

tn

ψ1pt, 1q dt

˙

´

2
ÿ

i“1

M´1
ÿ

n“0

ż 1

0

gn`1
i pxq

ˆ
ż tn`1

tn

ψipt, xq dt

˙

dx.

Thus using the above identity, we have

´

ż T

0

xBtφM , ψyE `

2
ÿ

i“1

ĳ

Q

γipxq BxpφM qi Bxψi ` α

ż T

0

pφM q1pt, 1qψ1pt, 1q ´

2
ÿ

i“1

ĳ

Q

gi ψi

“

«

2
ÿ

i“1

M´1
ÿ

n“0

ż 1

0

γipxq

ż tn`1

tn

ˆ

pt´ tnq

∆t
Bxφ

n`1
i `

ptn`1 ´ tq

∆t
Bxφ

n
i

˙

Bxψi

´

2
ÿ

i“1

M´1
ÿ

n“0

ż 1

0

γipxq Bxφ
n
i pxq

ˆ
ż tn`1

tn

Bxψipt, xq dt

˙

dx

ff

`

«

α
M´1
ÿ

n“0

ż tn`1

tn

ˆ

pt´ tnq

∆t
φn`1
1 p1q `

ptn`1 ´ tq

∆t
φn
1 p1q

˙

ψ1pt, 1q dt

´ α
M´1
ÿ

n“0

φn
1 p1q

ˆ
ż tn`1

tn

ψ1pt, 1q dt

˙

ff

`

«

2
ÿ

i“1

M´1
ÿ

n“0

ż 1

0

gn`1
i pxq

ˆ
ż tn`1

tn

ψipt, xq

˙

´

2
ÿ

i“1

M´1
ÿ

n“0

ż 1

0

ż tn`1

tn

gipt, xqψipt, xq

ff

“: I ` II ` III.

These three terms can be estimated as listed below:
‚ Using Lemma E.1, we can easily conclude that

|III| ď C
?
∆t }ψ}L2pEq.

‚ Next observe that using φM “ 0, the first term can be written as

I “

2
ÿ

i“1

M´1
ÿ

n“0

ż 1

0

γi Bxφ
n`1

ż tn`1

tn

pt´ tnq

∆t
Bxψi ´

2
ÿ

i“1

M´1
ÿ

n“0

ż 1

0

γi Bxφ
n
i

ż tn`1

tn

pt´ tnq

∆t
Bxψi

“

2
ÿ

i“1

M´1
ÿ

n“0

ż 1

0

γi Bxφ
n`1
i

ˆ
ż tn`1

tn

pt´ tnq

∆t
Bxψi ´

ż tn`2

tn`1

pt´ tn`1q

∆t
Bxψi

˙

´

2
ÿ

i“1

ż 1

0

γi Bxφ
0
i

ż t1

0

t

∆t
Bxψi.

Now we use change of variable and triangle inequality to get

|I| ď

2
ÿ

i“1

M´1
ÿ

n“0

ż 1

0

γi
ˇ

ˇBxφ
n`1
i

ˇ

ˇ

ż tn`1

tn

pt´ tnq

∆t
|Bxψipt, ¨q ´ ψipt` ∆t, ¨q| dt`

2
ÿ

i“1

ż 1

0

γi
ˇ

ˇBxφ
0
i

ˇ

ˇ∆t }Bxψi}8.

Using the mean value theorem and Hölders’s inequality in the first term, we get

|I| ď C

ˆ

p∆tq2
M´1
ÿ

n“0

›

›φn`1
›

›

H ` ∆t
2
ÿ

i“1

ż 1

0

γipxq
ˇ

ˇBxφ
0
i

ˇ

ˇ

˙

.

‚ Similarly, we have:

|II| ď C

˜

p∆tq
2
M´1
ÿ

n“0

ˆ
ż 1

0

α
ˇ

ˇφn`1
1 p1q

ˇ

ˇ

2
˙1{2

` ∆t
´

α
ˇ

ˇφ0
1p1q

ˇ

ˇ

2
¯1{2

¸

.
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Now we combine the last two estimates and use Lemma 6.1 to obtain

|I| ` |II| ď C

ˆ

p∆tq2
M´1
ÿ

n“0

›

›φn`1
›

›

H ` ∆t
›

›φ0
›

›

H

˙

ď C∆t }g}L2p0,T ;Eq.

Using the estimates of I, II and III, we have

lim
MÑ8

$

&

%

´

ż T

0

xBtφM , ψyE `

2
ÿ

i“1

ĳ

Q

γi BxpφM qi Bxψi ` α

ż T

0

pφM q1pt, 1qψ1pt, 1q dt´

2
ÿ

i“1

ĳ

Q

giψi

,

.

-

“ 0.

(6.7)

We now use the convergence result (6.6) to get

´

ż T

0

xBtφ,ψyE `

2
ÿ

i“1

ĳ

Q

γipxq Bxφi Bxψi ` α

ż T

0

φ1pt, 1qψ1pt, 1q dt´

2
ÿ

i“1

ĳ

Q

gi ψi “ 0. (6.8)

This proves the first point of the Definition 6.2.

Next, using integration by parts w.r.t. t in (6.7) and (6.8) for the ψ P Cα such that ψp0, xq “ 0, with
the fact φM “ 0 and the convergence result (6.6), we get

2
ÿ

i“1

ż 1

0

φipT, xqψipT, xq dx “ 0, @ψ P Cα with ψp0, xq “ 0, (6.9)

which gives

φpT, ¨q “ 0 on p0, 1q.

This proves the second point of the Definition 6.2, which subsequently shows that φ P L2p0, T ;Hq X

H1p0, T ;Eq solves the system (6.5) for g P L2p0, T q. □

The sequence φM has few more convergence properties as mentioned in the lemma below.

Lemma 6.4. Consider the sequence tφMuMPN as mentioned in Theorem 6.3, and let φ P L2p0, T ;Hq X

H1p0, T ;Eq be the associated limit which solves the system (6.5). Then, the following convergence results
hold for a subsequence:

(a) φM p0, xq á φp0, xq in H.
(b) BxpφM q2pt, 0q Ñ Bxφ2pt, 0q in L2p0, T q.
(c) φM

`

T
M , ¨

˘

´ φM p0, ¨q á 0 in H.

Proof of Lemma 6.4. (a) Using Lemma 6.1, we have:

}φM p0, xq}2H ď C }g}2L2pEq, @n P t0, 1, . . .M ´ 1u.

So, there exists a function φ# P H such that φM p0, xq á φ# in H and hence in E, up to a subsequence.
Further, using the arguments similar to the one used in the proof of Theorem 6.3 to get (6.9), we obtain

lim
MÑ8

2
ÿ

i“1

ż 1

0

pφM qi p0, xqψip0, xq dx “

2
ÿ

i“1

ż 1

0

φip0, xqψip0, xq dx, @ψ P Cα with ψpT, xq “ 0,

which proves that φM p0, ¨q á φp0, ¨q in E. Thus, by uniqueness of weak limit, we have

φp0, ¨q “ φ#p¨q P H,

which proves (a).

(b) Using the estimate

|fp0q| ď }f}L2p0,1q ` }f}
1{2
H1p0,1q

}f}
1{2
L2p0,1q

, for f P H1p0, 1q,
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we have

}BxpφM q2pt, 0q ´ Bxφ2pt, 0q}
2
L2p0,T q “

ż T

0

|BxpφM q2pt, 0q ´ Bxφ2pt, 0q|
2
dt

ď

ż T

0

}pφM q2pt, ¨q ´ φ2pt, ¨q}H1p0,1q }pφM q2pt, ¨q ´ φ2pt, ¨q}H2p0,1q `

ż T

0

}pφM q2pt, ¨q ´ φ2pt, ¨q}
2
H1

ď }pφM q2 ´ φ2}L2p0,T ;H1p0,1qq }pφM q2 ´ φ2}L2p0,T ;H2p0,1qq ` }pφM q2 ´ φ2}
2
L2p0,T ;H1p0,1qq . (6.10)

Due to Lemma 6.1, we have

}pφM q2}L2p0,T ;H2q ď C }g}L2p0,T ;Eq,

and }BtpφM q2}L2p0,T ;L2q ď C }g}L2p0,T ;Eq.

Note that the embedding H2 Ă H1 and of H1 Ă L2 are compact and continuous, respectively. So by
Aubin-Lions lemma, pφM q2 Ñ φ2 P L2pH1q up to a subsequence. Using this result in the estimate (6.10),
we conclude

BxpφM q2pt, 0q Ñ Bxφ2pt, 0q in L2p0, T q up to a subsequence.

This proves (b).

(c) Using fundamental theorem of calculus and Hölder’s inequality, we have

|pφM qip∆t, xq ´ pφM qip0, xq|
2

ď ∆t

ż ∆t

0

|BtpφM qips, xq|2 ds.

Further, integrating w.r.t. x over p0, 1q and summing over i P t1, 2u, we get

}φM p∆t, ¨q ´ φM p0, ¨q}2E ď ∆t }BtφM }2L2p0,∆t;Eq ď C∆t }g}L2p0,T ;Eq.

This shows
›

›

›

›

φM

ˆ

T

M
, ¨

˙

´ φM p0, ¨q

›

›

›

›

E

Ñ 0 as M Ñ 8. (6.11)

Also due to Lemma 6.1, we have
›

›

›

›

φM

ˆ

T

M
, ¨

˙

´ φM p0, ¨q

›

›

›

›

H
“ }φ1 ´ φ0}H ď C}g}E ,

which says that there exists a function φ˝ P H such that

φM

ˆ

T

M
, ¨

˙

´ φM p0, ¨q á φ˝ in H as M Ñ 8.

Due to (6.11), we must have φ˝ “ 0, and hence proves (c) . □

Let us finally step into the proof of main theorem of this section, i.e., Theorem 1.11 in the following
subsection.

6.2. Convergence of the control system. The proof has been split into two theorems. The first
theorem concerns about the convergence of pVM , UM q to the solution pair pv, uq of the system (1.1),
while the second one deals with proving the function v as a control for the null controllability of (1.1).

Theorem 6.5 (Uniform boundedness for VM and UM ). Let M P N and u0 P H1. Then the functions VM
and UM given by (1.25) and (1.26) respectively satisfies the following uniform bound

(a) }VM }L2p0,T q ď
a

Cobs}u0}H1 .
(b) }UM }L8p0,T ;H1q ď C }u0}H1 .
(c) }UM }L2p0,T,Eq ď C }u0}H1 .

Furthermore, there exist v P L2p0, T q and u P L2p0, T ;Eq such that the pair pv, uq solves the continuous
control system (1.1).

Proof. (a) Due to Theorem 1.10 the approximate control VM , given by (1.25) satisfies

}VM }L2p0,T q “ }v}L2
Pp0,T q ď C}u0}H1 .
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(b) For k P t0, 1, . . . ,M ´ 1u, and φτ P H, consider the system
$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

φn
1 ´ ∆t Bxpγ1 Bxφ

n
1 q “ φn`1

1 ,

φn
2 ´ ∆t Bxpγ2 Bxφ

n
2 q “ φn`1

2 ,

φn
1 p0q “ φn

2 p0q “ 0,

φn
1 p1q “ φn

2 p1q,

γ1p1q Bxφ
n
1 p1q ` γ2p1q Bxφ

n
2 p1q ` αφn

1 p1q “ 0,

φk`1 “ φτ ,

n P J0, kK.

Then to estimate }uk`1}H1 , let us consider the duality product

@

uk`1, φτ

D

H1,H “

A´

uk`1
1 , uk`1

2

¯

,
´

φk
1 ´ ∆t Bxpγ1 Bxφ

k
1q, φk

2 ´ ∆t Bxpγ2 Bxφ
k
2q

¯E

H1,H
.

Note that since uk`1 P H Ă E, the duality product on r.h.s. is basically the x¨, ¨yE inner product,
and so we have

@

uk`1, φτ

D

H1,H “

A´

uk`1
1 , uk`1

2

¯

,
´

φk
1 ´ ∆t Bx

`

γ1 Bxφ
k
1

˘

, φk
2 ´ ∆t Bx

`

γ2 Bxφ
k
2

˘

¯E

E
.

Now using integration by parts, we have

@

uk`1, φτ

D

H1,H “

2
ÿ

i“1

˜

ż L

0

uk`1
i φk

i ` ∆t

ż L

0

γi Bxu
k`1
i Bxφ

k
i

¸

` α∆t φk
1p1quk`1

1 p1q

` ∆t γ2p0q Bxφ
k
2p0q vk`1.

Finally, we use the identity (1.19) in the above expression to obtain
@

uk`1, φτ

D

H1,H “
@

uk, φk
D

H1,H ` ∆t γ2p0q Bxφ
k
2p0q vk`1,

which iteratively gives

@

uk`1, φτ

D

H1,H “
@

u0, φ0
D

H1,H `

k
ÿ

n“0

∆t γ2p0q Bxφ
n
2 p0q vn`1. (6.12)

Using Cauchy-Schwarz and triangle inequalities in the above identity, we have

ˇ

ˇ

ˇ

@

uk`1, φτ

D

H1,H

ˇ

ˇ

ˇ
ď }u0}H1 }φ0}H `

k
ÿ

n“0

∆t γ2p0q
ˇ

ˇBxφ
n
2 p0q

ˇ

ˇ

ˇ

ˇvn`1
ˇ

ˇ.

Next, we use the trace regularity and the Hölder’s inequality in the second term of r.h.s. to
obtain

ˇ

ˇ

ˇ

@

uk`1, φτ

D

H1,H

ˇ

ˇ

ˇ
ď }u0}H1 }φτ }H `

˜

k
ÿ

n“0

∆t
›

›

›
Bx
`

γ2 Bxφ
n
2

˘

›

›

›

2

L2

¸1{2˜ k
ÿ

n“0

∆t |vn`1|2

¸1{2

.

Using Lemma 6.1 and (a) in the second term of r.h.s. of above inequality
ˇ

ˇ

ˇ

@

uk`1, φτ

D

H1,H

ˇ

ˇ

ˇ
ď C }u0}H1 }φτ }H,

which gives

}uk`1}H1 ď C }u0}H1 , @ k P t0, 1, . . . ,M ´ 1u. (6.13)

Now, due to the uniform estimate (6.13) we get

}UM pτq}H1 ď C }u0}H1 , @ τ P r0, T s,

which establish the estimate (b).

(c) Let g P L2p0, T, Eq be arbitrary, and let φn :“ pφn
1 , φ

n
2 q be the solution of system (6.1) with

φT “ 0 and gn`1 :“
`

gn`1
1 , gn`1

2

˘

given by

gn`1
i pxq “

1

∆t

ż tn`1

tn

gipt, xq dt, n P t0, 1, . . . ,M ´ 1u, for i P t1, 2u.
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To get L2p0, T ;Eq bound for UM , let us consider

ż T

0

xUM ptq, gptqyE dt “

2
ÿ

i“1

#

∆t

2

ż 1

0

u1i pxq g1i pxq dx`

M´1
ÿ

n“1

∆t

ż 1

0

pun`1
i ` uni q

2
pxq gn`1

i pxq dx

+

“

2
ÿ

i“1

„

∆t

2

ż 1

0

u1i pxq g1i pxq dx`
1

2

M´1
ÿ

n“1

∆t

ż 1

0

un`1
i pxq gn`1

i pxq dx

`
1

2

M´1
ÿ

n“1

∆t

ż 1

0

uni pxq gn`1
i pxq dx

ȷ

“: A`B ` C.

Using the differential equation of (6.1), and performing integration by parts, we get:

A “
1

2

2
ÿ

i“1

"

´

ż 1

0

u1i pφ1
i ´ φ0

i q ´ ∆t

ż 1

0

u1i Bxpγi Bxφ
0
i q

*

“
1

2

2
ÿ

i“1

"
ż 1

0

u1iφ
0
i ` ∆t

ż 1

0

γi Bxu
1
i Bxφ

0
i

*

`
∆t

2
αu11p1qφ0

1p1q `
∆t

2
γ2p0q v1 Bxφ

0
2p0q

´
1

2

2
ÿ

i“1

ż 1

0

u1iφ
1
i .

Next we use (1.19) in the above identity to get

A “
1

2

@

u0, φ0
D

H1,H `
∆t

2
γ2p0q v1 Bxφ

0
2p0q ´

1

2

2
ÿ

i“1

ż 1

0

u1iφ
1
i .

Following similar steps as in the case of A, and noting the fact that un`1 P H, B can be simplified
to get

B “
1

2

2
ÿ

i“1

ż 1

0

u1iφ
1
i `

1

2
γ2p0q

M´1
ÿ

n“1

∆t vn`1 Bxφ
n
2 p0q.

Again we follow the same steps as in A, keeping the regularity of tununPJ0,M´1K in mind, to get

C “
1

2

@

u0, φ1
D

H1,H `
1

2
γ2p0q

M´1
ÿ

n“1

∆t vn Bxφ
n
2 p0q.

Summing these expressions together, we get

ż T

0

xUM ptq, gptqyE dt “ γ2p0q

M´1
ÿ

n“1

∆t

ˆ

vn`1 ` vn

2

˙

Bxφ
n
2 p0q `

∆t

2
v1 γ2p0q Bxφ

0
2p0q

`
1

2

@

u0, φ0 ` φ1
D

H1,H . (6.14)

Using summation by parts and the fact φM “ φT “ 0, the first term of r.h.s. can be rewritten
as

γ2p0q

M´1
ÿ

n“1

∆t

ˆ

vn`1 ` vn

2

˙

Bxφ
n
2 p0q “ γ2p0q

M´1
ÿ

n“0

∆t vn`1

ˆ

Bxφ
n`1
2 p0q ` Bxφ

n
2 p0q

2

˙

´
∆t

2
γ2p0q v1 Bxφ

0
2p0q.

Now substitute this identity in the expression (6.14) and recall the definition (1.25) of VM to get
ż T

0

xUM ptq, gptqyE dt “ γ2p0q

ż T

0

VM ptq BxpφM q2pt, 0q dt`
1

2

@

u0, φ
0 ` φ1

D

H1,H

“
@

u0, φ
0
D

H1,H ` γ2p0q

ż T

0

VM ptq BxpφM q2pt, 0q dt`
1

2

@

u0, φ
1 ´ φ0

D

H1,H .

(6.15)
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Using Cauchy-Schwarz, Hölder’s inequality, and the estimates from Lemma 6.1, we get
ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

xUM ptq, gptqyE dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
´

}u0}H1 ` }VM }L2p0,T q

¯

}g}
2
L2pEq ,

which gives

}UM }L2p0,T ;Eq ď C
´

}u0}H1 ` }VM }L2p0,T q

¯

.

Finally using the estimate (a), we get

}UM }L2p0,T,Eq ď C }u0}H1 , for some C ą 0.

Now, due to the uniform bounds of VM and UM obtained above, there exist v P L2p0, T q and u P

L2p0, T ;Eq such that VM á v in L2p0, T q and UM á u in L2p0, T ;Eq, up to a subsequence. From (6.15),
we have

ż T

0

xUM ptq, gptqyE dt´ xu0, φM p0, ¨qyH1,H ´ γ2p0q

ż T

0

VM ptq BxpφM q2pt, 0q dt

“ ´
1

2
xu0, φM p∆t, ¨q ´ φM p0, ¨qyH1,H , @g P L2p0, T ;Eq. (6.16)

Thus, taking limit as M Ñ 8 in the above identity and using Lemma 6.4, we get
ż T

0

xuptq, gptqyE dt´ xu0, φp0, ¨qyH1,H ´ γ2p0q

ż T

0

vptq Bxφ2pt, 0q dt “ 0,

where φ is solution of the adjoint system (6.5). This proves the pair pu, vq solves the system (1.1). □

The next and final theorem is to show that the limit function v serves as a control for the null
controllability of the continuous system (1.1).

Theorem 6.6. The limit function v of sequence VM is a control for the continuous control system (1.1).

Proof. Let u and φ be the solution of the control system (1.1) and its adjoint system (1.5), respectively.
Then, using the differential equations of u and φ, and performing integration by parts w.r.t. x, we have

d

dt
xupt, ¨q, φpt, ¨qyH1,H “ vptq Bxφ2pt, 0q.

Further integrating w.r.t. t over r0, T s we get

xupT q, φT yH1,H ´ xu0, φp0, ¨qyH1,H “

ż T

0

vptq Bxφ2pt, 0q dt, @φT P H.

Now, note that the null controllability of the system (1.1) is equivalent to the identity
ż T

0

vptq Bxφ2pt, 0q dt` xu0, φp0, xqyH1,H “ 0, @φT P H. (6.17)

Thus to prove the theorem, we shall prove that v satisfies the identity (6.17).

Let φT P H be arbitrarily chosen. For n P J´1,MK, let φn “ pφn
1 , φ

n
2 q be the solution of system (6.1)

with gn`1 “ 0 and terminal data φT . Then, from the Euler-Lagrange identity (5.3), we have

M´1
ÿ

n“0

∆t vn`1 Bxφ
n
2 p0q ` ϕp∆tq

@

Bx pφ
M , BxφT

D

E
`
@

y0, φ
0
D

H1,H “ 0, @φT P H, (6.18)

where pφM is the minimizer of the functional J∆t given by (5.2).
Note that tφn´1unPJ0,MK solves system (6.1) with gn`1 “ 0 and terminal data φM´1. Thus, using the

identity (6.18) for φT “ φM´1, we have

M´1
ÿ

n“0

∆t vn`1 Bxφ
n´1
2 p0q ` ϕp∆tq

@

Bx pφ
M , Bxφ

M´1
D

E
`
@

y0, φ
´1

D

H1,H “ 0. (6.19)

Adding the identities (6.18) and (6.19), we have

M´1
ÿ

n“0

∆t vn`1
´

Bxφ
n
2 p0q ` Bxφ

n´1
2 p0q

¯

` ϕp∆tq
@

Bx pφ
M , Bxφ

M ` Bxφ
M´1

D

E
`
@

y0, φ
0 ` φ´1

D

H1,H “ 0.

(6.20)
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Recall that

VM ptq “

M´1
ÿ

n“0

1rtn,tn`1qv
n`1,

and define the approximation φM as

φM pt, xq “

M´1
ÿ

n“0

1rtn,tn`1s

ˆ

pt´ tnq

∆t
φn `

ptn`1 ´ tq

∆t
φn´1

˙

. (6.21)

Using these approximations, we have
ż T

0

VM ptq Bx
`

φM

˘

2
pt, 0q dt “ ´ϕp∆tq

B

Bx pφ
M ,

Bxφ
M ` Bxφ

M´1

2

F

E

´

B

y0,
φ0 ` φ´1

2

F

H1,H
. (6.22)

Finally, using the convergence results mentioned in the lemma below, we get the desired identity
(6.17). □

Lemma 6.7. Let φ solves (1.5). Then the following convergence results holds up to a subsequence.

(a) ϕp∆tq
@

Bx pφ
M , Bxφ

M ` Bxφ
M´1

D

E
Ñ 0 as M Ñ 8.

(b) φM´1p¨q á φT p¨q in H as M Ñ 8.

(c) Bx
`

φM

˘

2
p¨, 0q Ñ Bxφ2p¨, 0q in L2p0, T q as M Ñ 8.

(d) φ´1
p¨q`φ0

p¨q

2 á φp0, ¨q in H as M Ñ 8.

Proof. The proof of this lemma follows easily using the property of function ϕ and analysis similar to
the one used in the proof of Lemma 6.4.

(a) Using Cauchy-Schwarz inequality and the uniform estimate (5.9), we have
ˇ

ˇ

ˇ
ϕp∆tq

@

Bx pφ
M , Bxφ

M ` Bxφ
M´1

D

E

ˇ

ˇ

ˇ
ď φp∆tq

›

›

pφM
›

›

H

›

›φM ` φM´1
›

›

H

ď 2
a

Cobs

a

ϕp∆tq
›

›y0
›

›

H1

›

›φT

›

›

H,

Note that ϕp∆tq Ñ 0 as M Ñ 8, and hence we get the result.
(b) Using the equation, and the estimate (6.3) we have

›

›φM´1 ´ φT

›

›

E
“ ∆t

›

›

›

´

Bx
`

γ1 Bxφ
M´1
i

˘

, Bx
`

γ1 Bxφ
M´1
i

˘

¯
›

›

›

E
ď

?
∆t }φT }H.

This shows that φM´1 Ñ φT in E. Moreover, due to the uniform bound }φM´1}H ď C}φT }H,
we can conclude φM´1 á φT in H.

(c) The proof of this is similar to the proof of (b) of Lemma 6.4.
(d) Using the argument similar to the one used in proving (a) and (c) of Lemma 6.4, one can easily

get
#

φM p0, ¨q á φp0, ¨q in H,
φM p∆t, ¨q ´ φM p0, ¨q á 0 in H.

Thus, using the definition of φM given by (6.21), we get

φ´1p¨q ` φ0p¨q “ φM p0, ¨q ` φM p∆t, ¨q á 2φp0, ¨q in H.
This completes the proof of the claim.

□

Appendix A. Discrete calculus

For any continuous function h defined over R, we introduce the following continuous operators, with
similar notations as in the discrete case,

t`hptq :“ hpt` ∆tq, t´hptq :“ hpt´ ∆tq, and Dth :“
1

∆t
pt` ´ t´qh.

Lemma A.1 (Discrete Product rule). Let f and g be continuously defined function over R. Then, we
have

Dtpfgq “ t`f Dtg `Dtf t
´g. (A.1)

Dtpfgq “ t´f Dtg `Dtf t
`g. (A.2)
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Using the above formulas with f “ g, we obtain the following identities

t`f Dtf “
1

2
Dtpf

2q `
∆t

2
pDtfq2. (A.3)

t´f Dtf “
1

2
Dtpf

2q ´
∆t

2
pDtfq2. (A.4)

Proof. We compute

Dtpfgqpτq “
1

∆t
ppfgqpτ ` ∆tq ´ pfgqpτ ´ ∆tqq

“
1

∆t
ppfgqpτ ` ∆tq ` fpτ ` ∆tqgpτ ´ ∆tq ´ fpτ ` ∆tqgpτ ´ ∆tq ´ pfgqpτ ´ ∆tqq

“ fpτ ` ∆tq
1

∆t
pgpτ ` ∆tq ´ gpτ ´ ∆tqq `

1

∆t
pfpτ ` ∆tq ´ fpτ ´ ∆tqq gpτ ´ ∆tq

“ pt`fqpτq pDtgqpτq ` pDtfqpτq pt´gqpτq,

which proves (A.1). Similarly, replacing the term fpτ ` ∆tqgpτ ´ ∆tq ´ fpτ ` ∆tqgpτ ´ ∆tq by fpτ ´

∆tqgpτ ` ∆tq ´ fpτ ´ ∆tqgpτ ` ∆tq in the second line, we get (A.2). □

Lemma A.2 (Discrete integration by parts). Let H be any Hilbert space.

—

ż T

0

xDtf, gy “ ´

ż T

0

@

Dtg, f
D

`

A

fM , gM` 1
2

E

´

A

f0, g
1
2

E

, @f P HP , g P HD, (A.5)

—

ż T

0

@

Dtf, t
`g

D

“ ´—

ż T

0

@

t´f,Dtg
D

`
@

fM , gM
D

´
@

f0, g0
D

, @f, g P HP , (A.6)

where we use the common notation x¨ , ¨y to denote inner product and duality product (depending on the
situation).

Proof. For f P HP , g P HD, we have

—

ż T

0

xDtf, gy “

M´1
ÿ

n“0

∆t
A

pDtfqn` 1
2 , gn` 1

2

E

“

M´1
ÿ

n“0

∆t

B

1

∆t
pfn`1 ´ fnq, gn` 1

2

F

“

M
ÿ

n“1

∆t

B

fn,
1

∆t
p´gn` 1

2 ` gn´ 1
2 q

F

´

A

f0, g
1
2

E

`

A

fM , gM` 1
2

E

“ ´

A

f0, g
1
2

E

`

A

fM , gM` 1
2

E

´

ż T

0

@

Dtg, f
D

.

This proves (A.5). Similarly, one can prove (A.6) as well. □

Appendix B. Estimates on weight functions

Lemma B.1 (see Lemma B.4 of [4]). Provided ∆tτ
T 3δ2 ď 1, we have

pt`ρiq pDtriq “ ´τpt`θ1qηi ` ∆t

ˆ

τ

δ3T 4
´

τ2

δ4T 6

˙

Oλp1q, for i P t1, 2u.

Proof. For any sufficiently smooth function f , we have the following nth order Taylor’s formula

fpx` yq “

n´1
ÿ

k“0

f pkqpxq
yk

k!
` yn

ż 1

0

p1 ´ αqn´1

pn´ 1q!
f pnqpx` αyq dα.
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Using this formula for fipt, xq “ e´sptqηipxq w.r.t. t and y “ ∆t with n=2, we get

e´spt`∆tqηi ´ e´sptqηi

∆t

“ ´s1ptq ηi e
´sptqηi ` ∆t

ż 1

0

p1 ´ αqe´spt`α∆tqηi
“

ps1pt` α∆tqηiq
2 ´ s2pt` α∆tqηi

‰

dα

“ e´τθptqηi

„

´ τθ1ptq ηi ´ ∆t

ż 1

0

p1 ´ αqe´τθpt`∆tqηi`τθptqηiτθ2pt` α∆tq ηi dα

` ∆t

ż 1

0

p1 ´ αqe´τθpt`∆tqηi`τθptqηiτ2
`

θ1pt` α∆tq
˘2
η2i dα

ȷ

.

Using the facts }ηi}C0pr0,1sq “ Op1q and max
tPr0,T s

θpjq ď
1

δj`1 T j`2
for j “ 0, 1, . . . in the above expression,

and choosing the parameters satisfying ∆t τpT 3δ2q´1 ď 1 gives the required result. □

Lemma B.2. There exists a constant C ą 0 independent of the discrete parameters δ, ∆t, and control-
lability time T such that

|Dtpθ
pkqq| ď kT pt´θk`1q ` C

∆t

δk`2T 2k`2
, k “ 1, 2, . . . . (B.1)

|t`pθ1q| ď T pt´θq2 ` C
∆t

δ3T 4
. (B.2)

0 ď Dtpθ
1q ď CT 2t´pθ3q ` C

∆t

δ4T 5
. (B.3)

The proof of this lemma is elementary and can be found in [4, Lemma B.5].

Appendix C. Proof of Lemma 3.3

Proof. The proof has been divided in few steps for the ease of reading. We do the estimation for i P t1, 2u,
and at last sum the estimates over i P t1, 2u to get the desired estimate (C.7). First recall that

Iijk “ xpAqiqj , pBqiqkyL2
DpQq

, i P t1, 2u.

Step-1: Estimating the terms with no discrete operation:
‚ Using the integration by parts, we get:

Ii12 “ ´2τλci —

ĳ

Q

µi

´

t´θ
¯´

γi Bx
`

t´qi
˘

¯

Bx

´

γi Bx
`

t´qi
˘

¯

“ τλ2c2i —

ĳ

Q

pt´θqµi

ˇ

ˇγiBxpt´qiq
ˇ

ˇ

2
´ τλci —

ż T

0

pt´θqµi

ˇ

ˇγiBxpt´qiq
ˇ

ˇ

2
ˇ

ˇ

ˇ

1

x“0
.

‚ Next using integration by parts and the fact that qni p0q “ 0, for n P J0,M ´ 1K, we have:

Ii13 “ ´2τλ2c2i —

ĳ

Q

pt´θqµi pγipt
´qiqq Bxpγipt

´pBxqiqqq

“ J i
13 ` 2τλ2c2i —

ĳ

Q

pt´θqµi |γi Bxpt´qiq|2 ´ 2τλ2c2i —

ż T

0

pt´θq pt´qiqp1q Bx
`

t´qi
˘

p1q,

where

J i
13 “ 2τλ2c2i —

ĳ

Q

pt´θq

´

µ1
i γi pt´qiq ` µi γ

1
i pt´qiq

¯

γi Bxpt´qiq.

Using the facts γi P C1pr0, 1sq, and µ1
i “ λciµi we have

|J i
13| ď Cτλ3 —

ĳ

Q

pt´θqµipt
´qiq

´

γiBxpt´qiq
¯

.

Next we first use the Young’s Inequality and then the estimates pt´θq ď T 4pt´θq3, µi ď µ3
i to get

|J i
13| ď CϵτT

4λ4 —

ĳ

Q

µ3
i pt´θq3pt´qiq

2 ` ϵτλ2 —

ĳ

Q

µi pt´θq |γi Bxpt´qiq|2, for some ϵ ą 0.
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Choosing the ϵ sufficiently small, we get

Ii13 ě Cτλ2c2i —

ĳ

Q

pt´θqµi |γi Bxpt´qiq|2 ´ C τλ4T 4 —

ĳ

Q

µ3
i pt´θq3 |t´qi|

2

´ 2τλ2c2i pγip1qq2µip1q—

ż T

0

pt´θqpt´qiqp1q t´pBxqiqp1q.

‚ Again using integration by parts, boundary conditions on q and Young’s inequality, we get

Ii22 “ ´2τ3λ3c3i —

ĳ

Q

pt´θq3 µ3
i γ

2
i

`

t´qi
˘

Bx
`

t´qi
˘

“ τ3λ3c3i —

ĳ

Q

pt´θq3
´

3µ2
i µ

1
i γ

2
i ` 2µ3

i γi γ
1
i

¯

|t´qi|
2 ´ τ3λ3c3i —

ż T

0

pt´θq3pµip1qq3pγip1qq2|t´qip1q|2.

Further, using (3.9) and the fact that γi P C1pr0, 1sq such that γi ě γmin ą 0, we get

Ii22 ě 3τ3λ4c4i —

ĳ

Q

pt´θq3µ3
i γ

2
i |t´qi|

2 ´ Cτ3λ3 —

ĳ

Q

pt´θq3µ3
i pt´qiq

2

´ τ3λ3c3i —

ż T

0

pt´θq3pµip1qq3pγip1qq2|t´qipt, 1q|2.

‚ Next, we have

Ii23 “ ´2τ3 λ4 c4i —

ĳ

Q

pt´θq3µ3
i γ

2
i |t´qi|

2.

Step-2: Estimating the terms which involve discrete operations:
‚ Using integration by parts w.r.t.. x, and (A.4) we get

Ii11 “ —

ĳ

Q

Bx
`

γi Bxpt´qiq
˘

Dtpqiq

“ ´—

ĳ

Q

γi t
´pBxqiqDtpBxqiq ` —

ż T

0

γi t
´pBxqiqDtqi

ˇ

ˇ

1

x“0

“ ´
1

2
—

ĳ

Q

γiDtp|Bxqi|
2q `

∆t

2
—

ĳ

γi |DtpBxqiq|2 `

M´1
ÿ

n“0

γipBxqiq
n
`

qn`1
i ´ qni

˘
ˇ

ˇ

1

x“0

ě ´
1

2
—

ĳ

Q

γiDtp|Bxqi|
2q ` —

ż T

0

γi t
´pBxqiqDtqi

ˇ

ˇ

x“1
.

In the last step we have used the non-negativity of second terms and the boundary conditions qni p0q “ 0
for n P J0,M ´ 1K, along with the fact that qMi p0q “ qi,M p0q “ 0 as φ “ ρ q P FP . Further, evaluating
the time integral of the first term, we have:

Ii11 ě ´C

ż 1

0

`

Bxq
M
i

˘2
` —

ż T

0

γi t
´pBxqiqDtqi

ˇ

ˇ

x“1
.

‚ Using (A.4), we have

Ii21 “ τ2λ2c2i —

ĳ

Q

pt´θq2µ2
i γipt

´qiqpDtqiq

“
1

2
τ2λ2c2i —

ĳ

Q

pt´θq2µ2
i γiDtpq

2
i q ´

∆t

2
τ2λ2c2i —

ĳ

Q

pDtqiq
2 “: J i

21 `Ki
21.

Now, using the discrete integration by parts (A.6), (3.7), and the fact γi ě γmin ą 0, we have

J i
21 “ ´

1

2
τ2λ2c2i —

ĳ

Q

γi µ
2
iDtpθ

2qpt`qiq
2 `

1

2
τ2λ2c2i

ż 1

0

γiµ
2
i

´

`

θM
˘2`

qMi
˘2

´
`

θ0
˘2`

q0i
˘2
¯

ě ´
1

2
τ2λ2c2i —

ĳ

Q

γi µ
2
iDtpθ

2qpt`qiq
2 ` C

τ2λ2

T 4

ż 1

0

µ2
i

`

qMi
˘2

´
1

2
τ2λ2c2i

ż 1

0

γi µ
2
i

`

θ0
˘2`

q0i
˘2
.
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Further, using the estimate (B.1) and t`q “ t´q ` ∆tDtq, we can estimate the first term of the above
estimate to get
ˇ

ˇ

ˇ

ˇ

´
1

2
τ2λ2c2i —

ĳ

Q

γi µ
2
iDtpθ

2qpt`qiq
2

ˇ

ˇ

ˇ

ˇ

ď Cτ2λ2 —

ĳ

Q

µ2
i

„

T pt´θq3 `
∆t

T 6δ4

ȷ

pt´qiq
2 ` Cp∆tq2τ2λ2 —

ĳ

Q

µ2
i

„

T pt´θq3 `
∆t

T 6δ4

ȷ

pDtqiq
2.

Hence, we get the following estimate on Ii21

Ii21 ě ´Cτ2λ2T —

ĳ

Q

µ2
i pt´θq3pt´qiq

2 ´ C∆t
τ2λ2

T 6δ4
—

ĳ

Q

µ2
i pt´qiq

2

´ Cp∆tq2Tτ2λ2 —

ĳ

Q

µ2
i pt´θq3pDtqiq

2 ´ Cp∆tq3
τ2λ2

T 6δ4
—

ĳ

Q

µ2
i pDtqiq

2 ´ C∆tτ2λ2 —

ĳ

Q

pDtqiq
2

` C
τ2λ2

T 4

ż 1

0

µ2
i

`

qMi
˘2

´
1

2
τλ2c2i

ż 1

0

γiµ
2
i

`

θ0
˘2`

q0i
˘2
.

Finally combining the third and fourth terms, and using (3.7) and the fact that ∆t{T ď 1 in the combined
term, the above estimate can be rewritten as

Ii21 ě ´Cτ2λ2T —

ĳ

Q

µ2
i pt´θq3 |t´qi|

2 ´ C∆t
τ2λ2

T 6δ4
—

ĳ

Q

µ2
i |t´qi|

2 ´ Cp∆tq2
τ2λ2

δ4T 5
—

ĳ

µ2
i |Dtqi|

2

´ C∆t τ2λ2 —

ĳ

|Dtqi|
2 ` C

τ2λ2

T 4

ż 1

0

µ2
i

ˇ

ˇqMi
ˇ

ˇ

2
´

1

2
τλ2c2i

ż 1

0

γi µ
2
i

`

θ0
˘2ˇ
ˇq0i

ˇ

ˇ

2
.

‚ Using the discrete product rule (A.4), we get

Ii31 “ —

ĳ

Q

τpt`θ1qηipt
´qiqpDtqiq “

τ

2
—

ĳ

Q

ηipt
`θ1qDtpq

2
i q ´

τ∆t

2
—

ĳ

Q

ηipt
`θ1qpDtqiq

2.

Further using discrete integration by parts (A.6), and the estimates (B.1),(B.2) of θ, we have:

Ii31 “ ´
τ

2
—

ĳ

Q

ηipDtθ
1qpt´qiq

2 ´
τ

2

ż 1

0

ηipθ
1q0pq2i q0 `

τ

2

ż 1

0

ηipθ
1qM pq2i qM ´

τ∆t

2
—

ĳ

Q

ηipt
`θ1qpDtqiq

2

ě ´C
τ

2
—

ĳ

Q

ηi

ˆ

T pt´θq3 `
∆t

δ4T 5

˙

pt´qiq
2 ´

τ∆t

2
—

ĳ

Q

ηi

ˆ

T pt´θq2 ` C
∆t

δ3T 4

˙

pDtqiq
2.

Lastly, using the relation (3.4) we get:

Ii31 ě ´CeλKTτ—

ĳ

Q

pµiq
3pt´θq3pt´qiq

2 ´ C
τ∆t

δ4T 5
—

ĳ

Q

ηipt
´qiq

2 ´ Cτ∆t T —

ĳ

Q

ηipt
´θq2pDtqiq

2

´ C
p∆tq2τ

δ3T 4
—

ĳ

Q

ηipDtqiq
2.

‚ Using integration by parts w.r.t. x, boundary conditions given by (3.12), and the expression for η1 and
µ1, we get

Ii32 “ ´2τ2λci —

ĳ

Q

pt`θ1qpt´θqµi ηi γipt
´qiq Bxpt´qiq

“ τ2λ2c2i —

ĳ

Q

pt`θ1qpt´θqµi ηi γipt
´qiq

2 ´ τ2λ2c2i —

ĳ

Q

pt`θ1qpt´θqµ2
i γipt

´qiq
2

` τ2λci —

ĳ

Q

pt`θ1qpt´θqµi ηi γ
1
ipt

´qiq
2 ´ τ2λci —

ż T

0

pt`θ1qpt´θqµi ηi γipt
´qiq

2
ˇ

ˇ

x“1
.

Next using the estimate (B.2), relation (3.4), and the facts that µi ě 1 on r0, 1s and λ ě 1, we get:

|Ii32| ď Cτ2λ2c2i —

ĳ

Q

ˆ

T pt´θq2 `
∆t

δ3T 4

˙

pt´θq
`

|ηiµi| ` |µi|
2
˘

|γi| |t´qi|
2

` Cτ2λ|ci|—

ż T

0

ˆ

T pt´θq2 `
∆t

δ3T 4

˙

|t´θ||µip1q ηip1q γip1q| |t´qip1q|2.
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Thus, we have

Ii32 ě ´Cτ2λ2TeλK —

ĳ

Q

pt´θq3µ3
i |t´qi|

2 ´ C
τ2λ2∆t

δ3T 4
—

ĳ

Q

pt´θq
`

|ηiµi| ` |µi|
2
˘

|t´qi|
2

´ Cτ2λ—

ż T

0

ˆ

T pt´θq2 `
∆t

δ3T 4

˙

|t´θ||µip1q ηip1q γip1q| |t´qip1q|2.

‚ Using (B.2), the last term can be estimated as

|Ii33| “ ´2τ2λ2c2i —

ĳ

Q

pt`θ1qpt´θqηi µi γipt
´qiq

2

ď Cτ2λ2T —

ĳ

Q

pt´θq3|ηi µi| |t´qi|
2 ` C

τ2λ2∆t

δ3T 4
—

ĳ

Q

pt´θq|ηi µi| |t´qi|
2.

Thus, using (3.4) we get

Ii33 ě ´Cτ2λ2TeλK —

ĳ

Q

pt´θq3µ3
i |t´qi|

2 ´ C
τ2λ2∆t

δ3T 4
eλK —

ĳ

Q

pt´θqµ3
i |t´qi|

2

Step-3: Combining the above estimates:

(a) Terms corresponding to Bxpt´qiq:
Collecting the first terms from the estimates of Ii12 and Ii13, we have

´

τλ2pciq
2 ` Cτλ2pciq

2
¯

—

ĳ

Q

pt´θqµi

ˇ

ˇγi Bxpt´qiq
ˇ

ˇ

2
ě Cτλ2 —

ĳ

Q

pt´θqµi

ˇ

ˇγi Bxpt´qiq
ˇ

ˇ

2
.

(a) Terms corresponding to pt´qiq:
Collecting the terms from the estimates of Ii13, I

i
22, I

i
23, I

i
21, I

i
31, I

i
32, and I

i
33, and using τ, λ, eλK ě

1 we have
´

´ τλ4T 4 ` τ3λ4 ´ τ3λ3 ´ τ2λ2T ´ τeλKT ´ 2τ2λ2eλKT
¯

—

ĳ

Q

µ3
i pt´θq3|t´qi|

2

ě

´

τ3λ4 ´ τ3λ3 ´ τλ4T 4 ´ τ2λ2eλKT
¯

—

ĳ

Q

µ3
i pt´θq3|t´qi|

2.

Next, for λ ě λ0,i ąą 1 we have

´

τ3λ4 ´ τ3λ3 ´ τλ4T 4 ´ τ2λ2eλKT
¯

ě C
´

τ3λ4 ´ τλ4T 4 ´ τ2λ2eλKT
¯

,

and for τ ě τ0,i T
4 with τ0,i ąą 1, we have

τ3λ4 ´ τλ4T 4 ě τ3λ4 ´
1

τ0
τ2λ4 ě Cτ3λ4.

Hence, we obtain

´

´ τλ4T 4 ` τ3λ4 ´ τ3λ3 ´ τ2λ2T ´ τeλKT ´ 2τ2λ2eλKT
¯

—

ĳ

Q

µ3
i pt´θq3|t´qi|

2

ě C
´

τ3λ4 ´ τ2λ2eλKT
¯

—

ĳ

Q

µ3
i pt´θq3|t´qi|

2.

Now, we sum up all the above estimates to get a lower bound for xAqi, Bqiy and use it in (3.17) to get

1

2
}Fi}

2
L2

DpQq
ě

1

2
}Aqi}

2
L2

DpQq
`

1

2
}Bqi}

2
L2

DpQq
` Cτλ2 —

ĳ

Q

pt´θqµi|γiBxpt´qiq|2

` Cτ3λ4 —

ĳ

Q

µ3
i pt´θq3pt´qiq

2 ´ Cτ2λ2TeλK —

ĳ

Q

pt´θq3µ3
i |t´qi|

2

` C
τ2λ2

T 4

ż 1

0

µ2
i pq2i qM ´ C

´

Wi `Xi ` Yi

¯

´ Zi, (C.1)
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where

Wi “

ż 1

0

pBxq
M
i q2 ` τλ2

ż 1

0

µ2
i pθ0q2pq0i q2, (C.2)

Xi “
∆t τ2λ2

T 6δ4
—

ĳ

Q

µ2
i pt´qiq

2 `
∆tτ

δ4T 5
—

ĳ

Q

ηi pt´qiq
2 `

τ2 λ2 ∆t

δ3T 4
—

ĳ

Q

pt´θq|µi ηi|pt
´qiq

2, (C.3)

Yi “ p∆tq2
τ2λ2

δ4T 6
—

ĳ

µ2
i pDtqiq

2 ` ∆t τ2λ2 —

ĳ

pDtqiq
2 ` τ∆tT —

ĳ

ηipt
´θq2pDtqiq

2

`
p∆tq2τ

δ3T 4
—

ĳ

Q

ηipDtqiq
2, (C.4)

Zi “ τλci —

ż T

0

pt´θqµip1q pγip1qq
2 `

t´pBxqip1qq
˘2

´ τλci —

ż T

0

pt´θqµip0q pγip0qq
2 `

t´pBxqip0qq
˘2

` 2c2i pγip1qq
2
τλ2µip1q—

ż T

0

pt´θqpt´qiqp1qt´pBxqiqp1q ´ —

ż T

0

γip1q t´pBxqiqp1qDtqip1q

` τ2λ|ci|γip1qµip1qηip1q—

ż T

0

ˆ

T pt´θq2 `
∆t

δ3T 4

˙

pt´θqpt´qip1qq2

` τ3λ3c3i pµip1qq3 —

ż T

0

pt´θq3 pγip1qq
2

pt´qiq
2p1q. (C.5)

Step-4: Estimating the }Fi}
2
L2

DpQq
:

Recall the expression of Fi from (3.16), and then use triangle inequality to obtain

}Fi}
2
L2

DpQq
ď C

›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯
›

›

›

2

L2
DpQq

` Cτ2λ2c2i —

ĳ

Q

pt´θq2µ2
i pγ1

iq
2pt´qiq

2

` Cτ2λ4c4i —

ĳ

Q

pt´θq2µ2
i pγiq

2pt´qiq
2 ` Cp∆tq2

ˆ

τ

δ3T 4
´

τ2

δ4T 6

˙2

Oλp1q—

ĳ

Q

pt`qiq
2

` Cp∆tq2τ2 —

ĳ

Q

pt`θ1q2η2i pDtqiq
2

ď C
›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯
›

›

›

2

L2
DpQq

` Cτ2λ4T 2 —

ĳ

Q

pt´θq3µ3
i pt´qiq

2

` Cp∆tq2
ˆ

τ2

δ6T 8
`

τ4

δ8T 12

˙

Oλp1q

„

—

ĳ

Q

pt´qiq
2 `

ż 1

0

pqMi q2 ´

ż 1

0

pq0i q2
ȷ

` Cτ2p∆tq2 —

ĳ

Q

pt´θq4pDtqiq
2 ` C

p∆tq4τ2

δ6T 8
—

ĳ

Q

pDtqiq
2. (C.6)

In the last inequality, we have merged the second and third term together and then used the facts
pt´θq2 ď T 2pt´θq3, µi ě 1.

Step-5: Combining the estimate of }Fi}L2
DpQq with (C.1):

Using (C.6) in (C.1), and absorbing the second term of r.h.s. of the above inequality in left, we get:

1

2
}Aqi}

2
L2

DpQq
`

1

2
}Bqi}

2
L2

DpQq
` Cτ3λ4 —

ĳ

Q

µ3
i pt´θq3pt´qiq

2 ´ Cτ2λ2TeλK —

ĳ

Q

pt´θq3µ3
i |t´qi|

2

` Cτλ2 —

ĳ

Q

pt´θqµi|γiBxpt´qiq|2 ` C
τ2λ2

T 4

ż 1

0

µ2
i pq2i qM ´ Zi

ď C
›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯
›

›

›

2

L2
DpQq

` Cp∆tq2
ˆ

τ2

δ6T 8
`

τ4

δ8T 12

˙

˜

—

ĳ

Q

pt´qiq
2 `

ż 1

0

pqMi q2

¸

` Cτ2p∆tq2 —

ĳ

Q

pt´θq4pDtqiq
2 ` C

p∆tq4τ2

δ6T 8
—

ĳ

Q

pDtqiq
2 ` C

´

Wi `Xi ` Yi

¯

,

for λ ě λ0,ipγiq ą 0, τ ě τ0,ipT
2 ` T q.

Step-6: Summing the above estimate over i P t1, 2u:
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Define λ0 :“ maxtλ0,i : i “ 1, 2u and τ0 :“ maxtτpγiq0,i : i “ 1, 2u. Now, summing the above estimate
over i P t1, 2u, we get

2
ÿ

i“1

˜

}Aqi}
2
L2

DpQq
` }Bqi}

2
L2

DpQq
` τ3λ4 —

ĳ

Q

µ3
i pt´θq3pt´qiq

2 ´ τ2λ2TeλK —

ĳ

Q

pt´θq3µ3
i |t´qi|

2

` τλ2 —

ĳ

Q

pt´θqµi|γiBxpt´qiq|2 `
τ2λ2

T 4

ż 1

0

µ2
i pq2i qM ´ Zi

¸

ď C
2
ÿ

i“1

˜

›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯›

›

›

2

L2
DpQq

` ĂWi ` ĂXi ` rYi

¸

, (C.7)

for all τ ě τ0pT 2 ` T q, λ ě λ0 and for all δ P p0, 1{2s and ∆t satisfying the condition τ ∆t
T 3δ2 ď 1. The

expression ĂWi,ĂXi and rYi are given by

ĂWi “ Wi ` p∆tq2
ˆ

τ2

δ6T 8
`

τ4

δ8T 12

˙
ż 1

0

pqMi q2,

ĂXi “ Xi ` p∆tq2
ˆ

τ2

δ6T 8
`

τ4

δ8T 12

˙

—

ĳ

Q

pt´qiq
2,

rYi “ Yi ` τ2p∆tq2 —

ĳ

Q

pt´θq4pDtqiq
2 `

p∆tq4τ2

δ6T 8
—

ĳ

Q

pDtqiq
2.

Let us fix λ “ λ0. Then by ignoring few positive terms from l.h.s., using γi ě γmin ą 0, µi ě 1 and the
fact τ ě τ0 T

2, the above estimate (C.7) can be rewritten as

2
ÿ

i“1

˜

}Bqi}
2
L2

DpQq
` τ3 —

ĳ

Q

pt´θq3pt´qiq
2 ` τ—

ĳ

Q

pt´θq|Bxpt´qiq|2 `

ż 1

0

ˇ

ˇqMi
ˇ

ˇ

2
´ pZi

¸

ď Cλ0

2
ÿ

i“1

˜

›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯
›

›

›

2

L2
DpQq

` xWi ` pXi ` pYi

¸

, (C.8)

where pZi,xWi, pXi and pYi are nothing but Zi, ĂWi,ĂXi and rYi, respectively with λ “ λ0 in their expression.

Claim: Let ϵ0 ą 0 be any real number. Then for any ∆t ą 0, and τ ě τ0pT 2 `T q satisfying the relation

τ3 ∆t

δ4 mintT 4, T 6u
ă ϵ0,

we have the following:

pXi ď ϵ0 —

ĳ

Q

pt´sq3 |t´qi|
2, (C.9)

and pYi ď ϵ0 —

ĳ

Q

pt´sq´1 |Dtqi|
2. (C.10)

Proof of the claim. Let us first write pXi and pYi as

pXi “

5
ÿ

j“1

pXij , pYi “

6
ÿ

j“1

pYij .
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Now, using the fact 1 ď τθptq “ sptq, we can estimate the X̃ij as follows:

‚ pXi1 ď
∆tτ2

δ4T 6
—

ĳ

Q

pt´qiq
2 ď

∆tτ2

δ4T 6
—

ĳ

Q

pt´sq3pt´qiq
2 ď ϵ0 —

ĳ

Q

pt´sq3pt´qiq
2.

‚ pXi2 ď
∆tτ

δ4T 5
—

ĳ

Q

pt´sq3pt´qiq
2 ď ϵ0 —

ĳ

Q

pt´sq3pt´qiq
2.

‚ pXi3 ď
∆tτ

δ3T 4
—

ĳ

Q

pt´sq3pt´qiq
2 ď ϵ0 —

ĳ

Q

pt´sq3pt´qiq
2.

‚ pXi4 ď
p∆tq2τ2

δ6T 8
—

ĳ

Q

pt´sq3pt´qiq
2 ď ϵ20 —

ĳ

Q

pt´sq3pt´qiq
2.

‚ pXi5 ď
p∆tq2τ4

δ8T 12
—

ĳ

Q

pt´sq3pt´qiq
2 ď ϵ20 —

ĳ

Q

pt´sq3pt´qiq
2.

Thus, combining the estimates, we have

5
ÿ

j“1

pXij ď ϵ0 —

ĳ

Q

pt´sq3pt´qiq
2. (C.11)

Next we estimate the rYij terms, and in order to do so we use the fact that |ηi| ď Cµ2
i and pt´θq ď 1

δT 2 .

‚ pYi1 ď
p∆tq2τ2

δ4T 6
—

ĳ

Q

µ2
i pDtqiq

2 ď
p∆tq2τ3

δ5T 8
—

ĳ

Q

µ2
i pt´sq´1pDtqiq

2 ď ϵ20 —

ĳ

Q

µ2
i pt´sq´1pDtqiq

2.

‚ pYi2 ď ∆t τ2 —

ĳ

Q

µ2
i pDtqiq

2 ď
p∆tqτ3

δT 2
—

ĳ

Q

µ2
i pt´sq´1pDtqiq

2 ď ϵ0 —

ĳ

Q

µ2
i pt´sq´1pDtqiq

2.

‚ pYi3 ď τ∆t—

ĳ

Q

µ2
i pt´θq2pDtqiq

2 “ τ∆t—

ĳ

Q

µ2
i pt´θq3τpt´sq´1pDtqiq

2

ď
τ2∆t

δ3T 6
—

ĳ

Q

µ2
i pt´sq´1pDtqiq

2 ď ϵ0 —

ĳ

Q

µ2
i pt´sq´1pDtqiq

2.

‚ pYi4 “
p∆tq2τ

δ3T 4
—

ĳ

Q

pµiq
2pDtqiq

2 “
p∆tq2τ

δ3T 4
—

ĳ

Q

pµiq
2pt´θqτpt´sq´1pDtqiq

2

ď
p∆tq2τ2

δ4T 6
—

ĳ

Q

pt´sq´1pDtqiq
2 ď ϵ20 —

ĳ

Q

pt´sq´1pDtqiq
2.

‚ pYi5 “ τ2p∆tq2 —

ĳ

Q

pt´θq4pDtqiq
2 “ τ2p∆tq2 —

ĳ

Q

pt´θq5τpt´sq´1pDtqiq
2

ď
p∆tq2τ3

δ5T 10
—

ĳ

Q

pt´sq´1pDtqiq
2 ď ϵ20 —

ĳ

Q

pt´sq´1pDtqiq
2.

‚ pYi6 “
p∆tq4τ2

δ6T 8
—

ĳ

Q

pDtqiq
2 ď

p∆tq4τ3

δ7T 10
—

ĳ

Q

pt´sq´1pDtqiq
2 ď ϵ40 —

ĳ

Q

pt´sq´1pDtqiq
2.

On combining these estimates, we get:

6
ÿ

j“1

pYij ď ϵ0 —

ĳ

Q

pt´sq´1pDtqiq
2. (C.12)

Thus, the estimates (C.11) and (C.12) proves the claim. □

Finally, the claim reduces the estimate (C.8) to

2
ÿ

i“1

˜

}Bqi}
2
L2

DpQq
` τ3 —

ĳ

Q

pt´θq3|t´qi|
2 ` τ—

ĳ

Q

pt´θq|Bxpt´qiq|2 `

ż 1

0

ˇ

ˇqMi
ˇ

ˇ

2
´ pZi

¸

ď Cλ0

2
ÿ

i“1

˜

›

›

›
pt´riq

´

Dtφi ` Bx
`

γi Bxpt´φq
˘

¯
›

›

›

2

L2
DpQq

` xWi

¸

` ϵ0 Cλ0

2
ÿ

i“1

˜

—

ĳ

Q

pt´sq3 |t´qi|
2 ` —

ĳ

Q

pt´sq´1 |Dtqi|
2

¸

, (C.13)
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for all τ ě τ0pT 2 ` T q, and τ3∆t
δ4 mintT 3,T 6u

ď ϵ0. This completes the proof of Lemma 3.3. □

Appendix D. Proof of Lemma 3.4

Proof. To begin the proof, let us first club the boundary terms together as

´

2
ÿ

i“1

pZi :“
7
ÿ

k“1

Jk.

Now, we aim at simplifying these Jk’s for 1 ď k ď 7.
‚ Using the boundary condition (3.12), J1 can be rewritten as

J1 “

2
ÿ

i“1

γip1q—

ż T

0

Bxpt´qiqp1qDtqip1q

“ —

ż T

0

˜

´ α pt´q1qp1q ` τλ0

ˆ 2
ÿ

i“1

ciγip1q

˙

µ1p1qpt´θq pt´q1qp1q

¸

pDtq1qp1q.

Next, using the product rule (A.2) we obtain

J1 “ ´α—

ż T

0

„

1

2
Dtpq

2
1p1qq ´

∆t

2
pDtq1p1qq2

ȷ

` τλ0

˜

2
ÿ

i“1

ciγip1q

¸

—

ż T

0

µ1p1qpt´θq

„

1

2
Dtpq

2
1qp1q ´

∆t

2
pDtq1p1qq2

ȷ

“ ´
α

2
—

ż T

0

Dtpq
2
1p1qq `

τλ0
2

˜

2
ÿ

i“1

ciγip1q

¸

—

ż T

0

µ1p1qpt´θqDtpq
2
1p1qq ` E1,

where

E1 “ ∆t

#

α

2
—

ż T

0

pDtq1p1qq2 dt´
τλ0
2

˜

2
ÿ

i“1

ciγip1q

¸

—

ż T

0

µ1p1qpt´θqpDtq1p1qq2 dt

+

. (D.1)

Further, expanding the integral in first term and using discrete integration by parts (A.6) in the second
one, we get

J1 “ ´
α

2

ˆ

´

qM1 p1q

¯2

´

´

q01p1q

¯2
˙

`
τλ0
2

˜

2
ÿ

i“1

ciγip1q

¸

µ1p1q

«

´—

ż T

0

pDtθqpt`pq1p1qq2 ` θM
`

qM1 p1q
˘2

´ θ0
`

q01p1q
˘2

ff

` E1

“ ´
τλ0
2

˜

2
ÿ

i“1

ciγip1q

¸

µ1p1q—

ż T

0

pDtθqpt`q1p1qq2 ´ ĎW1 ` E1,

where

ĎW1 “
α

2

´

`

qM1 p1q
˘2

´
`

q01p1q
˘2
¯

´
τλ0
2

˜

2
ÿ

i“1

ciγip1q

¸

!

θM
`

qM1 p1q
˘2

´ θ0
`

q01p1q
˘2
)

.

Now using (B.1), and the relation t`q1 “ t´q1 ` ∆tDtq1, the first term can be further estimated as
ˇ

ˇ

ˇ

ˇ

ˇ

τλ0
2

˜

2
ÿ

i“1

ciγip1q

¸

—

ż T

0

µ1p1qpDtθqpt`q1p1qq2

ˇ

ˇ

ˇ

ˇ

ˇ

ď Cτ—

ż T

0

µ1p1q

ˆ

T pt´θq2 ` C
∆t

δ3T 4

˙„

`

t´q1p1q
˘2

` p∆tq2
`

Dtq1p1q
˘2
ȷ

.

Finally using the above estimate along with the fact θ2 ď 2T 2θ3, we get

J1 ě ´CτT 3 pµ1p1qq
3
—

ż T

0

pt´θq3pt´q1p1qq2 ´ ĎW1 ´ sE1,
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where

sE1 “ ∆t

#

´
α

2
—

ż T

0

pDtq1p1qq2 dt`
τλ0
2

˜

2
ÿ

i“1

ciγip1q

¸

—

ż T

0

µ1p1qpt´θq
`

Dtq1p1q
˘2
dt

`Cµ1p1q
τλ0
δ3T 4

—

ż T

0

pt´q1p1qq2 ` Cτ∆tλ0µ1p1q—

ż T

0

ˆ

T pt´θq2 `
∆t

δ3T 4

˙

`

Dtq1p1q
˘2

+

.

‚ Recall the expression of J2

J2 “ ´τλ0

2
ÿ

i“1

ci —

ż T

0

pt´θqµip1qpγip1qBxpt´qiqp1qq2 :“ J21 ` J22.

Now, using the boundary condition (3.12) J21 can be rewritten as

J21 “ ´τλ0 —

ż T

0

pt´θqµ1p1q

#

´α pt´q1qp1q ´

´

γ2pt´Bxq2q

¯

p1q ` τλ0

˜

2
ÿ

i“1

ciγip1q

¸

µ1p1q pt´θq
`

t´q1
˘

p1q

+2

.

Using pa` b` cq2 ď 3
`

a2 ` b2 ` c2
˘

, pa` bq2 ď 2pa2 ` b2q and θ ď T 4θ3, we have

|J21| ď 3τλ0 α
2T 4 —

ż T

0

pt´θq3 pµ1p1qq
3

pt´q1p1qq2 ` 3τλ0 —

ż T

0

pt´θqµ1p1q|γ2p1qt´pBxq2p1qq|2

` 6τ3λ30

˜

2
ÿ

i“1

c2i γ
2
i p1q

¸

—

ż T

0

pµ1p1qq3pt´θq3pt´q1p1qq2

:“ J
p1q

21 ` J
p2q

21 ` J
p3q

21 .

Next using the fact µ2p1q “ µ1p1q, we have

J22 “ ´τλ0c2 —

ż T

0

pt´θqµ1p1q

´

γ2p1q pBxt
´q2qp1q

¯2

.

‚ The term J3 can be written as

J3 “ τλ0

2
ÿ

i“1

ci —

ż T

0

pt´θqµip0q
`

γip0qBxpt´qiqp0q
˘2

:“ J31 ` J32.

Then using the fact that c1 “ 1, we have

J31 “ τλ0 µ1p0q—

ż T

0

pt´θq
`

γ1p0q Bxpt´q1qp0q
˘2

ě 0.

The second term J22 can be further estimated as

|J32| ď Cτµ2p0q—

ż T

0

pt´θq
ˇ

ˇt´pr2p0q
ˇ

ˇ

2 ˇ
ˇBxpt´φ2qp0q

ˇ

ˇ

2
.

‚ Now, recall

J4 “ ´2τλ20

2
ÿ

i“1

c2i pγip1qq
2
—

ż T

0

µip1q pt´θq pt´qiqp1qt´pBxqiqp1q :“ J41 ` J42.

Then, using the fact θ ď T 2θ2 we have

|J41| ď 2τλ20 c
2
1 pγ1p1qq

2
T 2 —

ż T

0

pµ1p1qq
2

pt´θq2|pt´q1qp1q|
ˇ

ˇt´pBxq1qp1q
ˇ

ˇ.

Let ϵ ą 0. Using Young’s inequality and (3.12), we have

|J41| ď ϵτ—

ż T

0

µ1p1qpt´θq|γ1p1q t´pBxq1qp1q|2 ` CϵτT
4 —

ż T

0

pµ1p1qq3pt´θq3|t´q1p1q|2

ď Cϵτ—

ż T

0

µ1p1qpt´θq|γ2p1q t´pBxq2qp1q|2 ` Cϵτ3
`

µ1p1q
˘3

—

ż T

0

pt´θq3|t´q1p1q|2

` CτT 4pµ1p1qq3 —

ż T

0

pt´θq3|t´q1p1q|2

:“ J
p1q

41 ` J
p2q

41 ` J
p3q

41 .

36



Similarly, for ϵ ą 0 noting the fact qn1 p1q “ qn2 p1q, the second term of term J4 can be estimated as

|J42| ď ϵτ—

ż T

0

µ2p1qpt´θq
ˇ

ˇγ2p1qt´pBxq2qp1q
ˇ

ˇ

2
` CϵτT

4 —

ż T

0

pµ2p1qq3pt´θq3|t´q1p1q|2

:“ J
p1q

42 ` J
p2q

42 .

‚ Using the facts µ1p1q “ µ2p1q, and t´q1p1q “ t´q2p1q the term J5 follows to

J5 “ τ3λ30
`

´c31 pγ1p1qq2 ´ c32 pγ2p1qq2
˘

—

ż T

0

pt´θq3pµ1p1qq3 pt´q1p1qq2.

‚ Again using µ1p1q “ µ2p1q, η1p1q “ η2p1q and t´q1p1q “ t´q2p1q, the sixth boundary term can be
estimated as

|J6| ď Cτ2 T µ1p1q η1p1q—

ż T

0

pt´θq3
`

t´q1p1q
˘2
.

‚ To estimate the last term J7, we again use the boundary condition
`

t´q1
˘

p1q “
`

t´q2
˘

p1q to get

|J7| ď Cτ2
∆t

δ3T 4
—

ż T

0

pt´θq
`

t´q1p1q
˘2
.

We now combine the similar terms from above estimates together.

(a) Terms corresponding to the derivative Bx
`

t´q1p1q
˘

:

Looking at the leading terms, we have:

J22 ´ J
p2q

21 “

´

´ c2τλ0 ´ 3τλ0

¯

µ1p1q—

ż T

0

pt´θq
`

γ2p1q
˘2 ˇ

ˇBxpt´q2p1qq
ˇ

ˇ

2
.

Using ´c2 “ 6
p1´ν0q

ě 6, we have

J22 ´ J
p2q

21 ě 3 τλ0 µ1p1q
`

γ2p1q
˘2

—

ż T

0

pt´θq
ˇ

ˇBxpt´q2p1qq
ˇ

ˇ

2
.

Thus for sufficiently small ϵ ą 0, all the boundary terms corresponding to Bx
`

t´q1p1q
˘

can be
combined together to get

J22 ´ J
p2q

21 ´ J
p1q

41 ´ J
p1q

42 ě Cτ—

ż T

0

pt´θq
ˇ

ˇBxpt´q2p1qq
ˇ

ˇ

2
. (D.2)

(b) Terms corresponding to the derivative
`

t´q1p1q
˘

:

Again looking at the leading terms, we have

J5 ´ J
p3q

21 “ Mτ3λ30
`

µ1p1q
˘3

—

ż T

0

pt´θq3
ˇ

ˇt´q1p1q
ˇ

ˇ

2
,

where

M “

ˆ

`

´c32 ´ 6c22
˘ `

γ2p1q
˘2

´ 7
`

γ1p1q
˘2
˙

“

ˆ

216 ν0
p1 ´ ν0q3

γ22p1q ´ 7γ21p1q

˙

.

So, using (3.1) we have

J5 ´ J
p3q

21 “ τ3λ30
`

µ1p1q
˘3

—

ż T

0

pt´θq3
ˇ

ˇt´q1p1q
ˇ

ˇ

2
.

Now, lower order terms can be combined together as

J1 ´ J
p1q

21 ´ J
p2q

41 ´ J
p3q

41 ´ J
p2q

42 ` J6 ě ´Cϵτ3 —

ż T

0

pt´θq3 |t´q1p1q|2

´ Cτ maxtT 3, T 4u—

ż T

0

pt´θq3 |t´q1p1q|2

´ Cτ2 —

ż T

0

pt´θq3 |t´q1p1q|2.

Thus for sufficiently small and ϵ ą 0 and τ ě CmaxtT 3, T 4u, we have

J1 ´ J
p1q

21 ´ J
p3q

21 ´ J
p2q

41 ´ J
p3q

41 ´ J
p2q

42 ` J5 ` J6 ě Cτ3 —

ż T

0

pt´θq3
ˇ

ˇt´q1p1q
ˇ

ˇ

2
. (D.3)
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Finally, we can conclude the following

´

2
ÿ

i“1

pZi ě ´ĎW1 ´ sE1 ` Cτ—

ż T

0

pt´θq
ˇ

ˇBxpt´q2p1qq
ˇ

ˇ

2
` Cτ3 —

ż T

0

pt´θq3
ˇ

ˇt´q1p1q
ˇ

ˇ

2

´ Cτ—

ż T

0

pt´θq
ˇ

ˇt´pr2p0q
ˇ

ˇ

2 ˇ
ˇBxpt´φ2qp0q

ˇ

ˇ

2
´ Cτ2

∆t

δ3T 4
—

ż T

0

pt´θq
`

t´q1p1q
˘2
.

This completes the proof. □

Appendix E. A technical lemma

Lemma E.1. Let f P L2p0, T ;Eq. Define for M P N,

fM pt, xq “

M´1
ÿ

n“0

1rtn,tn`1qf
n`1pxq,

where fn`1pxq “
1

∆t

ż tn`1

tn

fpt, xq dt, n P t0, 1, . . . ,M ´ 1u. Then,

(a)

ż T

0

|fM |2 “

M´1
ÿ

n“0

∆t|fn`1|2 ď

ż T

0

|f |2.

(b)

ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

xpfM ´ fq pt, ¨q, ψpt, ¨qyE dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
?
∆t }ψ}L2p0,T ;L2p0,1qq, @ψ P L2p0, T ;Eq,

which implies

fM á f in L2p0, T ;Eq.

Proof. Using the expression of fn`1 and Hölder’s inequality, we have

ˇ

ˇfn`1
ˇ

ˇ

2
ď

1

∆t

ż tn`1

tn

|f |
2
,

which on summing over n P J0,M ´ 1K gives (a).
Let us now prove second part of the lemma. Note that for ψ “ 1pa,bqptqψxpxq, where ψx P E, a P

ptp, tp`1q and b P ptq, tq`1q for some p, q P J0,M ´ 1K with p ‰ q, we have
ż T

0

xpfM ´ fq pt, ¨q, ψpt, ¨qyE dt

“

2
ÿ

i“1

ż b

a

ż 1

0

pfM ´ fqipt, xqψx
i pxq dx dt

“

2
ÿ

i“1

ż tp`1

a

ż 1

0

pfM ´ fqipt, xqψx
i pxq dx dt`

2
ÿ

i“1

ż tq

tp`1

ż 1

0

pfM ´ fqipt, xqψx
i pxq dx dt

`

2
ÿ

i“1

ż b

tq

ż 1

0

pfM ´ fqipt, xqψx
i pxq dx dt.

Note that the second integral term is 0. Further, using the definition of fM , we have

ż T

0

xpfM ´ fq pt, ¨q, ψpt, ¨qyE dt “

2
ÿ

i“1

ż 1

0

ż tp`1

a

˜

1

∆t

ż tp`1

tp

fips, xq ds´ fipt, xq

¸

ψx
i pxq dx dt

`

2
ÿ

i“1

ż 1

0

ż b

tq

˜

1

∆t

ż tq`1

tq

fips, xq ds´ fipt, xq

¸

ψx
i pxq dx dt.

Next, we use Hölder’s inequality in each of the four terms to obtain

ż T

0

xpfM ´ fq pt, ¨q, ψpt, ¨qyE dt ď

2
ÿ

i“1

ż 1

0

?
∆t

´

}fip¨, xq}L2ptp,tp`1q ` }fip¨, xq}L2ptq,tq`1q

¯

ψxpxq dx

ď C
?
∆t }ψ}L2p0,T ;L2p0,1qq.
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The above relation is true even for simple functions of the form ψ “

n0
ÿ

1

1pai,biqciψ
xpxq. Finally, using the

fact that simple functions are dense in L2 space, we can conclude
ˇ

ˇ

ˇ

ˇ

ˇ

ż T

0

xpfM ´ fq pt, ¨q, ψpt, ¨qyE dt

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
?
∆t }ψ}L2p0,T ;L2p0,1qq, @ψ P L2p0, T ;Eq.

Hence, fM á f in L2p0, T ;Eq, which completes the proof. □
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