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June 2, 2024
Abstract

The R-hulloid, in the Euclidean space R3, of the set of vertices V of a tetra-
hedron T is the mimimal closed set containing V' such that its complement is
union of open balls of radius R. When R is greater than the circumradius of T,
the boundary of the R-hulloid consists of V' and possibly of four spherical subsets
of well defined spheres of radius R through the vertices of 7. The existence of a
value R* such that these subsets collapse into one point O* ¢ V is investigated;
in such case O* is in the interior of T" and belongs to four spheres of radius R*,
each one through three vertices of T' and not containing the fourth one. As a
consequence, the range of p such that V is a p-body is described completely. This
work generalizes to three dimensions previous results, proved in the planar case
and related to the three circles Johnson’s Theorem.

Keywords. generalized convexity, tetrahedra, support cones.

Mathematics Subject Classification (MSC2020). 52A01, 52A30.

1 Introduction

Let R be a positive real number. The R-hulloid of a closed set E in the Euclidean
space R?, denoted by cor(E) in [5], is the minimal closed set containing E such that
its complement (cor(E))¢ is union of open balls of radius R. If the complement of a
body (non empty closed set) F, is union of open balls B of radius R, then E is called
a R-body. The family of R-bodies is closed with respect to intersection, see [10], thus
cor(E) always exists. If E is a R-body, cogr(E) = E.

The properties of the family of R-bodies were introduced by Perkal [10], then
Cuevas, Fraiman and Pateiro-Lépez in [2], more recently by Longinetti, Manselli and
Venturi in [5].

In Propositionthe boundary of co,(E) is described by the p-supporting spheres
of E: a p-supporting sphere S of a body F, at a point a € OF, is the boundary
S = 0B of an open ball B (of radius p) not intersecting E' and with a € S; B is called
a p-supporting ball of F.
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In this paper we focus on discrete sets of points: £ = V| the set of vertices of a
simplex of R%. In the plane, V is the set of vertices of a triangle 7" and a complete
description of co,(V), for all p > 0, was proved in [5] as elementary consequence of
the three circles theorem by Johnson [4], here recalled in Proposition . This paper
shows new results in three dimensions, as an extension of the planar case, proved in
[5].

In three dimensions, for the vertices V of a tetrahedron T, the description of
co,(V') looks similar: an explicit representation of co,(V'), with p > r(V'), the cir-
cumradius of T', is obtained in Theorem [3.5] using special p-supporting spheres of V,
see Definition Since Johnson’s Theorem cannot be applied, the proof relies on
non-trivial geometric arguments in three dimensions. The supremum of p for which
V' is a p-body is considered; this value is the infimum of p such that co,(V') has
not empty interior. We denote by (V') such critical value, see Definition In
dimension greater than two, r7 (V) can be closely greater than (V). For a regular
simplex T' = co(V), it is proved (see [5, Theorem 5.6]) in dimension d > 2 that
R :=rp (V)= %T(V); in such case, four R*-supporting spheres of V' must intersect
in the center of T.

In the geometry of the configurations of four spheres p-supporting the vertices
of a generic tetrahedron T is investigated. In Theorem [3.11] it is proved that, if
rr.(V) > r(V), then there exists R* > r(V') such that cor«(V') reduces to V U {O*},
where O* is the intersection of four special spheres R*-supporting V. As consequence,
in Corollary a complete description of co,(V) is given for all p. The arguments
here used for the definition of R* and of O* might be carried out in any dimension.

In §3.2]it is considered the configuration of four spheres S; in R3, of same radius,
each S; through three vertices V' \ {v;}; all S; intersect at a single point OF. If OF
does not lie on the circumsphere of T it is called a four crossing point of T; OF might
not coincide with special central points of T', see Remark

This configuration of spheres can be related to unit-sphere systems in R3, see [9].

In §4] Theorem proves an inclusive relationship between p-supporting spheres
centered outside a dihedron. This inclusion is called a p-supporting inclusion principle
for a dihedron.

In [7], using methods from symbolic computation, the existence of values for RF
and the related four-crossing points O are obtained for the family of triangular
pyramids.

Sharp bounds for the value of R* in the family of triangular pyramids and in the
family of isosceles tetrahedra will be given in [§].

2 Definitions and preliminary on R-bodies

R? is the euclidean space of dimension d > 2. The elements of R? are called vectors.
The origin of R? is denoted by o = (0,...,0). B(x,r) is the open ball of center
r € R? and radius r > 0, its boundary is the spherical surface dB(z,); the unit
sphere dB(0,1) C R? is often denoted by S%!. In case R is a fixed positive real
number, let us simply denote by B(z) the open ball of radius R and center x, and by
B any open ball of radius R. A body is a closed non empty set. The closure of a set
Ais cl(A) = A, its interior is int(A) and its complementary set A°. The usual scalar
product between vectors u,v € R? will be denoted by (u,v). A closed cone C, with



vertex o, is a subset of R? with the following property: when z € C, then Az € C
VA > 0. C is a closed pointed cone if C' N (—C) = {o}. The apex set of a closed cone
C is CN(—=C) and it contains o.

Let A be a body and g € A. The tangent cone of A at q is defined as:

Tan (A, q) ={v e RY: Ve > 0,3z € AN B:(q) ,3Ir > 0s.t. |r(x — q) —v| < €}
Let us recall that if Tan (A, q) # {o} then
SN Tan (4, q) = ﬂ cl {ﬁ:q :x € AN B(q,e),xz # q} .
L=
The normal cone at ¢ to A is the non empty closed convex cone, given by:
Nor (A4,¢) = {u € R?: (u,v) <0 Vo € Tan(4,q)}.
The dual cone of a cone K is
K ={yeR%: (y,2) >0 Vre K}

Thus
Nor (A, q) = —{Tan (A, q)}*.

Definition 2.1. A body A C R? will be called a R-body if Yy € AC, there exists an
open ball B C RY satisfying y € B C A°, that is:

A=n{B°: BNA=0}.
Definition 2.2. Let E C R? be a body and R be a positive real number. The set
cor(E):=n{B°: BNE =0}
will be called the R-hulloid of E.

If the family of all open balls not intersecting E' is empty, let us assume cor(E) =
R?. The R-hulloid always exists and cog(E) is the minimal R-body containing F.
Clearly every convex body E is a R-body (for all positive R), in such case £ =
co(E) = cor(F) for every R. A body A is a R-body iff A = cor(A). Moreover, see
[10, formula (8)]:

(1) Ry < Ry = cog, (F) C cog,(E).

Proposition 2.3. [5, Thm 3.10] The closed subsets of a sphere of radius v are R-
bodies for all R <.

Definition 2.4. ([6]) Let A be a closed set in R? and a € OA. Let v € dB(o,1) =
Sa=1. We say that the ball B(a + Rv) (of radius R) is R-supporting A at a if
A C (B(a+ Rv))

let us notice that a € OB (a + rv), called a p-supporting sphere.
Definition 2.5. Let p > 0 and S = 0B(o,p). There is a one-to-one correspondence
between closed cones K C RY and closed subsets K C S C R?: for any closed cone K of
R, let K = K NS; conversely, for any closed set K C S, let K = {\v:veK,A>0}
be the related cone in R?.

For any K C S let us define its spherical convex hull as

cofph(lC) =co(K)NS.

Last definitions have similar extensions for a sphere S centered at a general point
p € R, not necessarily at the origin o and for cones with vertex p # o.



2.1  Supporting balls and R-cones

Let us look at special sets £ = V, where V is the set of the vertices of a simplex
T = co(V) in R%.

The following fact is well known: there exists a unique open ball B(c(V),r(V))
such that V' C 9B; it is called the circumball to T' = co(V'), with radius (V) the
circumradius of 7" and circumcenter ¢(V'), denoted below simply by c. Let us recall
that its closure D(V) := B(c,r(V)) does not coincide (in general) with the closed
ball of minimum radius containing V.

The following proposition is a consequence of Proposition with 7 = r(V) and
R=p:

Proposition 2.6. Let T = co(V) be a simplex in RY. Then,
cop,(V) =V forall p<r(V).

As consequence of Johnson’s Theorem [4] (cf. fig. |1} left), for the set V' of vertices
of a simplex in the planar case, for p > r(V'), the set co,(V') is well understood (see

fig. 1 right).
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Figure 1: p-hulloid of three points in R2, p = (V) (left) and p > r(V) (right).

Proposition 2.7. [5, Theorem 4.2] Let V C R? be the set of vertices of a triangle T
with circumradius v(V'). If p > r(V), then

cop(V) =V UT,

where T C T is the curvilinear triangle bordered by three arcs of circles of radius 0,
each one through two vertices of T'. If T' is a right-angled or obtuse-angled then the
vertex of the major angle of T is also a vertex of T'.

The following properties of p-supporting balls B(p, p) to the p-hulloid of a body
E C R3 are a direct consequence of [6, Theorem 3.11 and Remark 3.12].



Proposition 2.8. Let E be a body in R3. Let x € dco,(E) \ E. Then there exists
p € R and p > 0 such that B(p,p) is p-supporting co,(E) at x. Let us assume
without loss of generality that p = o and let S = 0B(o0,p). Let H be the cone with
vertex o related to H = OE NS and let C = co(H). Then, there exist at least two
points in H and:

i) if C is a pointed cone, then there exist xy, ..., x5 distinct points of H, 2 < s < 3,
such that
v € cody({an,. .2}

ii) if C is not a pointed cone, named r = dim(C N (=C)), then it follows:

a) if r =1 there exist two opposite points x1,x2 € H, that is |1 — x2| = p;

b) if r = 2 there exist three points x1,x9,x3 € H, such that o is coplanar with
them;

¢) if r = 3 there exist four points x1,xo,x3,x4 € H such that
o € int(co({x1,z2,3,24})).

Let us recall a family of R-bodies, called R-cones, see [0, §5]. The R-cones are a
generalization of convex cones, as the R-bodies are a generalization of convex sets.

Definition 2.9. Let K be a body in S?™1. A R-cone with vertex o (more simply a
R-cone) is the R-body:
Cx := [ (B(Rv, R))".

veK

Let x € R?, a R-cone with vertex x is the R-body:

Ck=x+Ck= ﬂ (B(x + Rv, R))".
vek

Proposition 2.10. [5, Theorem 5.6] Let K be a body in S~ and K its related cone
in RY. Let N' = Nor (Cx) N S, Then

a) Tan (Cx) = —K*;
b) N = Cosph(lc);
¢) Tan (Cx) \ {o} C int(Cx).

Lemma 2.11. Let Bj,j = 1,2,3 C R3 be open balls of radius p, not necessarily
distinct. Let p* € ﬂ?zlﬁBj; then for every neighbourhood U of p*:

int(U \ U3_, B;) # 0.

Proof. Let u; be the unit inner normal at p* to Bj. Let K = {uy,u2,u3} C S°
The closed set ﬂg?:l(Bj)C is called p-cone with vertex p* in [6]. The p-cone Cx =

ﬂ?zl(Bj)c — p* with vertex at {o} is a generalization of the usual convex cone. Let

K = {Au;,u; € K, X\ > 0} be the related cone to . By a) and ¢) of Proposition

(2) — K* — {0} = Tan(Cx) — {0} C int(Cx).



Where T'an(Cy) is the tangent cone to the p-cone Cx at o. Since K is contained in a
closed hemisphere, the dual cone K* is not empty and the tangent cone is non empty
too. Then, by inclusion , for every v # o in the tangent cone: v € int(Cx). Let
y =p* +v, then y € int((Ul_, Bj)) # 0 and

3) dist(y, U, B;) > 0:
the thesis follows. O

Lemma 2.12. Let B;,j =1,2,3 C R3 be open balls of radius p. Let p* € ﬂ?zlﬁBj;

let CF = ﬂ?zl(Bj)c be the related p-cone with vertex p* and let T be a closed convex
cone with vertex p*. Then

a) if Tan (T,p*) N Tan (C’,%*,p*) \ {0} # 0 then, for every neighbourhood U of p*,
there exists a point y € T NU such that

(4) dist(y, (C2)°) > 0;

b) if Tan (T,p*) N Tan (C’,’g,p*) = {0}, then p* is an isolated point of T N C’,Ié*.

Proof. It can be assumed that p* = o. In case a), let r be a ray starting from o
in the cone 7 N Cx. From for every y € r,y # o, holds. Then for every
neighbourhood U of o and for every y € r U,y # o formula holds.

In case b), by contradiction let y,, — o, a sequence of points y,, € T NCk, yn # o.
Then up to a subsequence v = lim,, Y, /|yn| # 0 belongs both to Tan (7)) = T and to
Tan (Ck); this is a contradiction. O

3  R-hulloids of vertices of a tetrahedron

Let V = {v1,v2,v3,v4} C R3 be the set of vertices of a simplex T' = coV C R3.
We look for a description of co,(V'): formula of Theorem 3.5, The formula
is a generalization of that one given in Proposition for the planar case. Since
Johnson’s Theorem does not hold in R3, the approach is different.

As in the planar case, by Proposition cop(V) =V for p <r(V).

From now on, let us assume p > (V') and let us denote by ¢ = ¢(V') the circum-
center of T', so that B(c,r(V)) is the circumball of T

Let us denote by V; = V' \ {v;}, for 1 <i <4, and by T; = co(V;) the facets of T,
by H; = span(T;) and let ¢;, r; be the circumcenter and the circumradius respectively
of T; in H;.

Definition 3.1. The simplex T = co(V)) will be called well-centered if ¢(V) €
int(T) (in dimension two, the well centered simplexes are the acute triangles).

Let D(V') be the closed circumball of T. The set D(V)) N H; is a closed circle of
radius r; and center ¢;. Let §; be its relative interior.

As the vertices in V are affinely independent points, then v; does not belong to
H;, 1 <i<4. Let H;; be the open half space bounded by H; containing v;. Let H;r
the closure of H;y; let I; be the line orthogonal to H; containing c;.



Lemma 3.2. For every p > r(V) and for any face T; of T = co(V) and line ;
orthogonal to H; at the circumcenter ¢; of T;, there exists a unique point 0;(p) such
that:

Vi € 9B(oi(p), p) N H;

and
v & B(oi(p), p)-
Moreover

p = HI N (B(oi(p), p))°

is a continuous map of strictly nested p-bodies for p > r(V).

Proof. In the sequel, let us denote, for simplicity, the balls

Bi(p) := B(oi(p), p), for p>r(V)

and

B(V) = int(D(V)) = Ble,r(V)), BI(r(V) = lim Bi(p)

Let us notice that two different cases can occur:

a) T is well-centered. In this case Vi, ¢ € H;y; 0i(p) lies on the half line I of [,
with origin in ¢;, the symmetric point of ¢ with respect to H;, not intersecting
Hf . The half line ] is oriented as the outwards unit vectors n; to the facet T;
of T. In this case B(V) # B (r(V)) = B(¢,r(V)) and

lim Hj‘ N (B(o,-(p),p))c = H;-" N (BZT"(T(V))C;
p—r(V)+

b) T is not well-centered: then, there are indexes 7 such that the plane H; separate
¢ from v;; for these indexes, 0;(p) lies on the half line [} of [; starting from c
and not intersecting H;r ; the half line [7 is again oriented as the outwards unit
vectors n; to the facet T; of T.

For such indexes i it turns out that B(V) = B}t (r(V)), then

lim HE0(Bloi(e). ) = Y 0 (BV))”

The proof of Lemma [3.2] follows from elementary geometric arguments. O

Remark 3.3.

N (HF N (Ble.r(v))°) = (ﬂ H) N (B(c,r(V)))c —Tn (B(c,r(V)))c —V.
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Lemma 3.4. Let V be the set of the vertices of a tetrahedron T = co(V). If p >
r(V), then every open ball B(z, p), not intersecting V' and intersecting co(V'), has the
following properties:

b) dist(z,¢) > p—1r(V);
¢) the radical plane H through 0B(c,r(V)) N 0B(z,p) separates z from T';



d) dist(z,T) > (p —r(V))/2.

Proof. Since int(T) C B(c,r(V)), the spheres 0B(c,r(V)) and 90B(z, p) have non
empty intersection; thus they have a real radical plane H. Since every vertex v
belongs to 0B(c,r(V)) \ B(z, p) then

dist(z, c) > dist(z, v;) — dist(vs, ¢) > p — (V).

Moreover H separates D(V) \ B(z, p) from z, then it separates V' from z, this proves
c). Since p > r(V'), then H has distance from c less than from z, therefore

dist(z,T") > dist(z, H) > dist(z, (c+ 2)/2) > (p —r(V))/2
and d) is proved, O

Theorem 3.5. Let T = co(V) be a simplex in R? and let p > (V). Then

4
(5) cop(V)) = co(V) \ (U Bz’(ﬂ))
i=1
and r(V)) < p— cop(V) is a not decreasing family of closed sets, with
(6) plg{loo cop(V) =V Uint(T).

Proof. First let us notice that

4
G = co(V) \ (U Bi<p>) = H ) B (o)-
i=1 i i
Then G is a p-body as intersection of p-bodies and G O V. Then
F:=co,(V) CG.
Let us prove now that G C F. This is equivalent to prove that
(7) F° C G-

First V' C F, by definition of p-hulloid. Let y € F' = co,(V), then y ¢ V. If
y ¢ T, then it is obvious that y € G; if y € 9T \ V, there exists a face T; such that
y€T;\V C Bi(p). Then, y € G°.

Let y € int(T) and y ¢ F = co,(V); then, by definition of co,(V), there exists an
open ball B(z, p) 3y, B(z,p) NV = 0. Let us consider the family

Ty ={B(x,p) : B(z,p) >y, B(z,p) NV = 0}.
Since I'y is not empty let
ry = f{[z —y|:y € B(z,p) € Ty}

Obviously r, < p. From d) of Lemma ry > 0; by continuity argument, r, is a
minimum and there exists B(z*, p) € I'y such that

|2" =yl =1y



Claim A: OB(z*,p) NV # .
By contradiction if 0B(z*,p) NV = (), moving z* towards y, it is possible to get
another ball B(Z, p) € I'y such that

T —yl <|z" —yl =1y

Impossible, then Claim A is proved and there exists vs € B(z*, p)NV. With a similar
argument there exists at least another vertex ve # vs, vy € B(z*,p), otherwise a
rotation of B(z*, p) around vs towards y, decreases the value of r,, impossible.

Claim B: {v1,v2,v3} C OB(z*, p).

First let us notice that, since y € int(T), it does not belong to the line through
v, v3; moreover |z* — v3| = |z* — va|. Let C be the circle with center (ve + v3)/2,
through z*, in the plane orthogonal to the axis vov3. Let A be the plane through
y,v9,v3 and let z* be the closest point of CN A to y.

The function z — |z —y|, such that y € B(z, p) € Iy, has minimum at z*, then its
restriction to C has the same minimum value at z*. Since the function C 3 z — |z—y|,
with no restriction on z, attains its minimum on 2™ and decreases its value moving
z on C towards z*; then two cases need to be considered:

b) there exists v1 € 0B(z*,p)NV.

Case a) cannot hold. Indeed, by item c¢) of Lemma the radical plane of the two
spheres OB(zt, p), dB(c,7(V)) (containing vs, v3) separates 2zt from y.

Then item b) holds: in such case B(z*, p) cannot rotate towards 2T, to get another
B(z,p) € 'y, B(%,p) 2 v, to decrease further the value of r,. Then y belongs to the
open ball B(z*, p), which coincides with B4(p) of the family of balls defined in Lemma
Therefore y € G°. This proves .

The monotone property of co,(V) follows from (T]). Since, see [10],

| int(co,(V)) = int(T),

p>r(V)
then the limit property @ holds. O
Corollary 3.6. If T is not well-centered, then

(8) lim cop(V) =V

if T is well-centered, then

4

4
(9) lim _co(V)\ | Bip) = coV) \ | B (o(V).
=1

+
p—r(V) i—1

Proof. In case T is not well-centered, then there exists ¢ such that H; separates ¢
from v;, then

lim Bi(p) = Ble.r(V) 2 colV) \V

and holds; the limit @ follows from continuity and monotone properties of the
map p — co,(V). O



3.1 Critical configurations of supporting balls

Let V be the set of the vertices of a tetrahedron T. In this section we describe
particular configurations of p-hulloid of V', that is when the p-supporting sphers
intersect all in a single point which belongs to int(T).

Definition 3.7. Let p > 0. The p-hulloid of V' will be called full if int(co,(V')) is not
empty.

Definition 3.8. Let us define
rr.(V) =inf{p > r(V) : cop (V) is full}.

Let us notice that, for d = 2 and p > 0, Proposition and imply that the
set co, (V') is full if and only if p > (V).

Lemma 3.9. For p > r(V), the points 0;(p), 1 < i < 4, defined by Lemma are
the vertices of a simplex W.

Proof. The points o0;(p) are distinct. Otherwise if 0; = o; then B;(p) = B;(p) would be
an open ball of radius p containing all the vertices V' on the boundary in contradiction
with assumption (V') < p. Moreover, see cases a) and b) in the proof of Lemma
by construction, each point o; belongs to the corresponding half lines [; contained in
the lines I; through the circumcenter ¢ and orthogonal to the facet T;. All distances of
0i(p) from c are positive; the vectors from ¢ to ¢; are outwards normal vectors to the
facet T; of T. Then the simplex W, with vertex o0;(p), contains, up to a translation
and dilatation, the simplex 7" whose vertices are the contact points of the inscribed
sphere to T'; see also [I] for this simplicial vertex-normal duality. O

Definition 3.10. Let us denote r(p) the circumradius of the simplex W, centered at
c(W), with vertices 0;(p), defined in Lemmal[3.9

Let us notice that, by definition of circumcenter ¢(W) and r(p), the spherical
surfaces 0B(0;(p), (p)) intersect all in ¢(W); these spheres contain the vertices V' \

{vit if p=r(p).

Theorem 3.11. Let V be the set of the vertices of a tetrahedron T. If
(10) ro(V) >r(V),

then it holds

(11) cop«(V) =V U{O0*},

with R* :=r (V') and O* the circumcenter of the simplex W, with vertices the centers
0;(R*) of the spheres B(o;(R*), R*). Moreover R* = r(R") is the circumradius of W
and O* € int(T).

Proof. For all p > r(V') let us consider the centers o;(p) of the balls B;(p),i =1,...,4,
defined by ; let » = r(p) be the circumradius of the simplex W with vertices
{01(p),...,04(p)} and ¢(W) its circumcenter. Then for every i

r(p) = |e(W) — oi(p)]

10



is a continuous function of p.

Then
r(R*) = lim r(p).
p—R*
Moreover
(V)= 1l V).
cop-(V) = lim  cop(V)
Let us prove now that
(12) r(R*) = R".

The set T'\ UL, B;(p) has non empty interior for p > R*, and it is contained in a
bounded set. Therefore there exists a sequence p,, — (R*)T and a point p* such that

(13) P € limint(T \ Ui_y Bi(pn))-

Three cases could happen:
i) p* € int(T);
it) p* € 0T\ V;
iit) p* e V;
First, let us consider case 7). Then there exists a neighbourhood U C int(T) of p*.
In case p* € 0B;(R*) for every i, then p* is the circumcenter O* of W and holds.
Otherwise, by contradiction, if all four spheres do not cross at p*, then there exists
i and at most three spheres 0B;(R"),j # i, intersecting at p*. Then, by Lemma
U =UNN;jx(B;(R))° has non empty interior. Since dist(p*, B;i(R*)) > 0 then
B;(R*)° NU has non empty interior. Then T'\ UjleBj (R*) has non empty interior
too. By continuity argument, for € > 0 small enough, 7"\ U;*:lBj (R?) has non empty
interior, with R = R* —¢ < R*. Then cog: (V') is full, in contradiction with the
definition of rp (V) = R*.

Let us prove now that case i) does not occur. Since the distance of T\ UL, B;(pn)
from every o;(pn) is pn, then by

dist(p*, 0;(R*)) > R*, Vi.

Obviously p* € T'. Since for every g on the face T; \ V, dist(g, 0;(R*)) < R*, then p*
does not belong to T; \ V, for every 1.

Let us prove now that case iii) does not occur. By contradiction let p* =
ve € V. If p* € 0B4(R*) then 0B4(R*) would be the circumsphere of 7" and
R* =r(V), in contradiction with the assumption (10)). Then p* & dB4(R*), therefore
dist(p*, B4(R*)) > 0.

Let us consider the R*-hulloid of V:

cop-(V) =T N, (Bi(R*)).
Since dist(p*, B4(R*)) > 0 there exists a neighbourhood U of p*, such that

cor-(V)NU=UN (T My Bi(R*)") =Un (TN (CL)),

11



where C’,’g is the R*-cone of Lemma with p = R*.
Let us consider Lemma [2.12| with 7 := Tan (T, p*).
In case a) of Lemma [2.1 2|7 for every neighbourhood U of p*, small enough, there

exists y € TNU C T,y € int(C’,%*). By continuity argument there exists R,
r(V) < R. < R*, such that

y € int N (Bi(R:))".
Since every neighbourhood of y € T has non empty intersection with int(7), then
int(T) Nint( Ny (Bi(R2))) # 0.

Then cog (V) = T Ni_; (Bi(R:))¢ has non empty interior and it is full. This is
impossible by definition of r1 (V) = R*.

In case b) of Lemma the vertex p* is an isolated point of 7'\ UL, B;(R*) =
cop+(V'). This is in contradiction with (13).

Then, only case ¢) holds and p* = O* € int(T) is the circumcenter of W. Let us

prove now .

Since A
0" € (|JBi(R"))'nT,
i=1
by (), it follows that O* € cop+(V): then
(14) VU{O*} C cop«(V).

Let us consider the pyramid 7 with apex O* and opposite face T;. As O* ¢
0B(0;(R*), R*), then
T C B(oi(R), B) UV U{0"};

thus

cor-(V) = T\ U Bloi(R). R) € (T\JT7 ) UV U (0"} =V U{O").

This and prove . 0

Corollary 3.12. Let V be the set of the vertices of a symplex T = T(V) in R?, and
let R* =rp(V). Let us assume that R* > r(V'), then

co,(V) = 14 for p < R%
co,(V)= Vu{O*}  for p=R"
co,(V)= VUl for R* <p,

where

= int(T)\ U Bi(p)

is a connected, not empty set, with OT union of connected subsets of IB;(p).
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3.2 The four-crossing point of a tetrahedron

The radius R* in Theorem is a suitable value of the radius of four spheres S;
(centered at oj(R*)) satisfying the following:

(i) S; contains the vertices v;, for all i # j,
(#7) S; is the boundary of an open ball not containing v;,

(731) these four spheres intersect at a single point {O*}.

Then O* is the circumcenter of the symplex W of vertices o;(R*).
Let us consider a more general question.

Definition 3.13. Given a tetrahedron T of vertices V. = {v;,1 < i < 4}, let R" be
the radius of four distinct spheres S; satisfying the following conditions, see fig. @:

a) S; contains the vertices v;, for all i # j,
b) the intersection of the four spheres is one point {OF},
c) OF does not belong to the circumsphere of T.

RY and OF are called the four-crossing radius and the four-crossing point of T,
respectively.

Figure 2: A four-crossing radius and a four-crossing point of the regular tetrahedron.

In [7] an algebraic approach using symbolic computation to determine of the values
of R¥ and O' is described. Let us notice that the value R* = r(V), satisfying
and the point O*, satisfying in Theorem are a four-crossing radius and a
four-crossing point respectively of T, since O* € int(T) C B(V). Moreover they are
uniquely determined. More generally
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Theorem 3.14. Let (R, 0%) be a four-crossing radius and a four-crossing point for
a simplex T' = co(V'). If

(15) Ol € int(T)
then R* and O are uniquely determined.

Proof. Since OF € int(T) every sphere S; = 0B; containing V' \ {v;} and OF is
uniquely determined. Since OF € int(T) then v; ¢ Bj; by Lemma [3.2] the family

p = HI N (B(oj(p), p))*

is strictly nested. Then, B; has radius RY greater than (V). Therefore S; is the
boundary of an open ball B;, which is RY-supporting V at all vertices v; with i # j.
Then RY = r(V) of Definition [3.8 and satisfies of Theorem This implies
that RY = R* and OF = O* defined by . d

Remark 3.15. Without condition , the four-crossing radius and point of a tetra-
hedron are not uniquely determined, as proved in [7] for the class of triangular pyra-
mids. For a reqular tetrahedron there are seven different four-crossing points, see [,
Ezample 1].

A final question is considered.

In the plane the definition of three-crossing radius and three-crossing point for
a triangle can be given in a similar way. From Johnson’ Theorem RY = r(V), the
circumradius of T' = co(V') and O' is the orthocenter of T In such case, condition c)
of Definition holds, except for the rectangular triangle for which OL is a vertex.
Then a uniqueness and existence result holds for three-crossing radius and point for
all triangles, except for the triangular rectangles.

The following example shows a special triangular pyramid with a similar critical
configuration.

Example 1. Let T = co(V') be the triangular pyramid with apex vy, equidistant 1 from
the vertices V\{v1} of an equilateral base Ty = co(V \{v1}), with sides length \/12/5.
Then there exists a unique set of four distinct spheres Sj of radius p = r(V') = \/5/4,
the circumradius of T, where Sy is the circumsphere of V' and So,Ss, Sy satisfy the
following properties:

1. S; contains the vertices v;, for all i # j;
2. m?:QSj = {Ul}.

Proof. Tt has been shown in [7, Example 6] that T is the only triangular pyramid
admitting a configuration of four spheres S; = 0B(0;(p),p), j = 1,...,4, each sup-
porting the vertices of a maximal face of T', of radius equal to the circumradius
r(V) = /5/4 and that the intersection of the four spheres is the apex v1. In particu-
lar, S7 is the circumsphere. In order to show item 2, assume without loss of generality
that the vertices of T' are

0 0 _@ @
(16) v = [\%] , Uy = [2{] , v3=|_vs |, and wvg= |
V5 g ;

ot
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Therefore the centers of the four spheres are respectively

(17)
_\5
o1(p) = [Qﬁ] 02(p) = [ g] ,oo3(p)=| L |, and olp)=| £
v ? e e

A direct computation shows that O?ZQSJ- = {v1}. Let us notice that in this case
property c¢) of Definition is not satisfied and therefore, this configuration does
not correspond to a four-crossing point. O

Let us highlight the following fact. The mentioned question, whether there exists
a pair (RF,OL) satisfying Definition with RY = 7(V), for some tetrahedron
T = co(V'), has applications beyond the theory of R-bodies. Indeed, if such a sphere
configuration should exist, it would lead to a counterexample of a conjecture by
Maehara and Tokushige [9]: the four spheres S; determining O and the circumsphere
of T, would form a sphere system of five spheres of the same radius in R with no
common intersection and four-by-four intersecting in a single point, in the sense of
Conjecture 1 in [9]. It has been recently remarked in [7, Remark 1] that such a
counterexample does not exist when restricting to the case of triangular pyramids.

4  p-supporting balls centered outside a dihedron

The following arguments generalize obvious properties concerning supporting planes
used in convexity. We are interested in discrete sets of points. In classical convexity
the definition of supporting hyperplane to a discrete sets of points V' does not distin-
guish between V' and co(V'). We are interested in R-supporting balls to a point of V'

(see Definition that cut co(V'). The statement of Theorem will be called a
p-supporting inclusion principle for a dihedron ® C R3.

Definition 4.1. Let x,y be points on the boundary of a ball B of radius R, with
|x —y| < 2R. The shorter arc on OB from x to y is denoted by arcop(x,y), or simply
arc(z,y) when no ambiguity arises.

Let H; be non-parallel planes, i = 1,2, in R and let A,B € Hy N Hy. Let
D = Hf N H; be the dihedron, with Hj a fixed closed half space bounded by H;,
i =1,2. Let 0y be a point on the axial plane IT of AB and outside ©.

Definition 4.2. A ball By = B(og,p) is called p-supporting A, B centered outer
D =H{ NnHJ, if:
i) A,B € 0B(0g,p), with 2p > |AB|;

it) op ¢ D.

Let |AB| = 2h. Let us choose the origin o of the coordinates at the middle point
M of AB. From item 7) in Definition [4.2] it follows that oy belongs to the axial plane
II of AB, therefore:
09 = M +re(0) = re(0),

with r = y/p? — h? and e(f) a unit vector orthogonal to AB. Then by item i) of
Definition

(18) e(d) € S2ND°NIL
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Theorem 4.3. Let D = Hf N H;r be a dihedron in R? and let By, By, , By, be balls of
radius p, centered outer ®, which are p-supporting two points A, B. Let us assume
that og € arc(og,,09,) C IINOB(M,r); let H be the plane trough A, B and orthogonal
to the the segment with end points M and (09, + 0p,)/2.

If H separates (09, + 0p,)/2 from ®, then

(19) ByN® C (Bel U BQQ) no.

Proof. In a suitable reference system, let us assume that o= M , A = (0,0,h), B =
(0,0, —h) and the axis x is the line on IT through (0g, + 0g,)/2 and M. Then

0p, = (rcosa,rsina,0),0p, = (rcosa, —rsina,0),09p = (rcosf,rsind,0),

with 0 < o < 7. Since o0y lies on arc of radius r connecting og, with oy, exterior to
D, then a < 0 <27 — . Let Dy = By, 0o = 0g,,0_0 = 0g,.

Let us assume by contradiction that does not hold, then there exists n, a <
n < 2r —a and p € 0B, ND, such that dist(p, {0a,0-a}) > p. Let p > p be the
maximum of such distance, that is:

p < p:=max < dist(q, {oa,0-a}) : q € U 0By ND
a<0<2m—a

Let p such that dist(p, {0q,0-a}) = P

Claim 1: p=|p — 0a| = [P — 0—a-

Otherwise if p < p = |p— 04| < |[p— 0—q|, elementary variational arguments prove
that

0B(oy, p) C D(0q,p).

As p € 0B(o0y, p) N 0B(0q,p), the previous inclusion is satisfied if and only if o, lies
on the segment [0,p]. Moreover all points p, 04,0y lie on II; this is in contradiction

with the fact that p € © and Claim 1 is proved. Then p lies on the axial hyperplane
of 040_q, which has equation y = 0, therefore p = («,0, z).

Claim 2: IIN®D C {(x,0,0) : z > 0}.

As o, belongs to the arc of radius r, with center o, exterior to ®, then the half
line from o through o, is orthogonal to H, which, by assumption, separates it from
9; then Claim 2 is proved.

Let us notice that, as p € ©, then

p2 — 22 > r.
Since p € 0B,, with center o, = (r cosn, rsinn,0), then
p? = (z —rcosn)? + (—rsinn)? + 22
Since p € 0B(0q, p), then
72 = (z —rcosa)’ + (—rsina)? + 2%
thus
(20) 7% — p? = 2rz(cosn — cos ).

Since 0 < a < n < 7, then (cosn — cosa) < 0; from Claim 2 the value of z is non
negative then from it follows that p?> < p?. This is in contradiction with the
maximum property of p. O
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