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ABSTRACT We investigate a single-turn circular wire loop antenna lying in a homogeneous and lossless

medium, in the framework of known explicit mathematical models of the current distribution in the loop
antenna and the impedance presented by the loop antenna. We obtain improved equivalent formulas and
approximate formulas for these models. We derive mathematical models about emission by the loop antenna.
These models include new approximate but accurate formulas for the computation of the vector effective
length. We obtain new mathematical models and results about reception by the loop antenna.

I. INTRODUCTION

We consider a single-turn circular wire loop antenna, similar
to the one shown in Fig. 1, lying in a homogeneous and loss-
less medium. This loop antenna is made of a perfect electric
conductor (PEC) having a circular cross-section of diameter
d,,. The center line of the PEC is an arc of a circle of radius
a. The antenna is used for emission or reception of time-
harmonic signals at a radian frequency w, corresponding to
a wavelength \ and a wave number £ in said medium. We
assume that: the wire is sufficiently thin for d,, < 2a to hold;
and the wire radius is electrically small, that is, kd,, < 1. We
also postulate that the antenna has a narrow gap, each side of
the gap being one of the antenna terminals.

This article presents mathematical models which may be
used to compute the loop antenna’s behaviour as regards
emission and reception.

Section II is about a known explicit mathematical model
for the current distribution in the loop antenna during emis-
sion, and the associated explicit mathematical model of the
impedance presented by the loop antenna. These models con-
tain complicated frequency-dependent integrals and special
functions of arguments depending on a and d,,, so that the
effects of the frequency, a and d,, are difficult to grasp. In
Section III, we obtain new equations for these models: equiv-
alent formulas without integrals depending on the frequency,
and then approximate formulas without special functions of
arguments depending on a and d,,,.

We derive mathematical models which may be used to
compute the loop antenna’s behaviour, as regards emission in
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2a + dy,
2a — d,,

FIGURE 1. The single-turn circular loop.

Section IV, and as regards reception in Section V. These mod-
els include new approximate but accurate formulas for the
computation of the vector effective length, which are found
to be useful for estimating the limitations of an electrically
small single-turn circular loop antenna used as a probe or a
measuring antenna, or in direction finding.

The existing literature relevant to this work is cited and

reviewed in the next sections, where it is easier to compare it
to our results.



F. Broyde and E. Clavelier: Some Mathematical Models of a Circular Wire Loop Antenna

Il. CURRENT DISTRIBUTION AND IMPEDANCE

A. NOTATIONS AND ASSUMPTIONS

The antenna’s positive terminal corresponds to an angle
Ymin > 0 shown in Fig. 1, and the antenna’s negative
terminal to an angle ¥ax = 27 —Yyin, also shown in Fig. 1.
The physical space between these terminals is the gap. Since
we postulate a narrow gap, min << 7/18.

A time factor e/ is assumed and suppressed throughout
the paper. In this Section II, the loop antenna is used for
emission, and excited by a generator applying a voltage Uy
to the gap. Whatever is connected to the antenna ports is
regarded as a part of the generator, so that, if an actual setup
comprises a feeder (i.e., a feed line), the feeder is a part of
the generator. We assume that the generator is equivalent to
a perfectly conducting wire, the wire closing the gap in such
a way that the wire and the loop antenna form a solid torus,
the wire being encircled by some distribution of small loops
of impressed magnetic current, of total electromotive force
Uy, the resulting distribution of impressed magnetic current
density being symmetric with respect to the plane y = 0. This
is a broad assumption [1, Sec 3-1] [2, Appendix III].

At an arbitrary angle ¢ such that 0 < ¥ < 2, the current
1 (1) flowing in the loop antenna or in the gap is positive
in the direction of increasing v, so that i  (¢min ) is a current
flowing into the positive terminal, and iz (t)max) @ current
flowing out of the negative terminal. It follows from our
assumptions that the generator does not deliver a common-
mode current, that is to say i g (¥max) = 15 (Vmin)-

B. MODEL FOR THE CURRENT DISTRIBUTION
The symmetry of the problem is such that i (¢)) is given by
a Fourier cosine series

o

in(¥) =Y Igycos(ny) (1)
n=0

Wu explained how the current distribution may be com-
puted, in the case of a loop antenna made of a PEC, excited by
a delta-gap source [3]. This approach was further developed
and implemented by King and other authors in [4]-[5], in [6,
Ch. 4] and in [7, Ch. 11]. According to the resulting theory,
if the positive integer N is sufficiently large but not too large,

1 (1) is accurately given by

N
. Vo 1 cosny
7 ~—< — 42 2)
=) Jmn {Ao — A }
where 1} is the voltage of the delta-gap source and where 7

is the intrinsic impedance of the medium [4], [6, Ch. 4], [7,
Sec. 11.4]. The Wu-King factors Ag, ..., Ay are

Ay = kaky 3)
and, forn € {1,..., N},

ﬁn+1+"€n71 n
A, = kgtntL Thinmt T 4
“ 2 ka'" @)

the quantities g to k41 being given by

1. 16a j [k
=—1 - = B d 5
Ko - n i 2/0 (z,0)dx (5)

and, forn € {1,..., N + 1},

ndy, ndy,

K =
T
j 2}{)(1
— 7/ B(x,2n)dx, (6)
2 Jo
in which K and I are modified Bessel functions, in which
n—1
1
C, =1In(4 -2 , 7
n(4n) + g;2m+1 ™
where ~ is Euler’s constant, and in which, for any x € R,
1 L .
B(z,v) = 7/ eI (vo—zsing) g4 (8)
™ Jo

where v is zero or an even positive integer.

The Wu-King factors are dimensionless. By (2), ig (1)
depends on only 3 real variables: v, ka and 2a/d,,.

Since v is always an integer in (8), we can use results
shown in [8, p. 145] and [8, p. 251] to write

B(I,V):JV(I)+j5V(I):JV(I)ijV(x), )
where J, is a Bessel function and £, = —, is a Weber
function (in [3], [4] and [7], 2, = —&, is called a Lommel-
Weber function).

Let ¢ be the velocity of light in the medium. The value

N =19, corresponding to 20 terms in (2), provides accurate
values up to the frequency
2.5¢c

fmax = %

if 2a/d,, > 24, or up to a lower frequency if the loop
antenna is thicker [4], [7]. For any frequency f < fiax, We
have ka < 2.5 so that B(z, v) can accurately be computed
using (8) and a numerical integration. However, we found the
computation of the Wu-King factors to be much faster if we

use (9), the expansion
_22\P
()

15
Jy(z) ~ (5) Z)m (11)

(10)

based on [9, Eq. 9.1.10] and the fact that v is a nonnegative
integer, and the expansion

_2\P

» g (4 )
Ey(x) = —(=1)""* Y Ey
VY L et )
based on [10, Eq. 11.10.9] and the fact that v is zero or an

even positive integer.
It follows from (1) and (2) that:

12)

Vo
Ipg~ ——; (13)
B Jmn Ag
forn € {1,..., N}, we have
2V
Ig, ~ ; 14
E T A, (14)
and, for n > N, we have
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FIGURE 2. The terminal-zone network, connected to Yj.

C. TERMINAL-ZONE NETWORK
To obtain a good measure of the impedance of the loop
antenna, denoted by Z,,,;, the conventional admittance

_ie(0)
Vo= m{ ZA} (16)

assumed to exist at the gap of the antenna, should be cor-
rected to take into account the actual configuration close to
the gap, by introducing a suitable terminal-zone network in
the model, in a manner paralleling that described for dipole
antennas [4], [6, Ch. 4], [7, Sec. 11.4]. Terminal-zone net-
works for dipole antennas have been thoroughly covered in
[11, Sec. I1.7-11.9], [11, Sec. I1.33-11.38] and [12, Sec. 8.1—
8.2].

A possible terminal-zone network is shown in Fig. 2,
where « is an arbitrary real number. This terminal-zone
network comprises a lumped inductance L7 and a lumped
capacitance C'r which need not be nonnegative, Cr be-
ing connected in parallel with Yj to obtain the admittance
Ys + jwCr subject to the voltage 1, this admittance being
connected in series with L7 to obtain the impedance Z,,;
subject to the voltage Uj. It follows that we have

Zant =~

= Ilv . +jwLy (17)
J'7”7{140+2nz114 }+]wCT
and
Uo

11 N1
n=1 4Iin

In this model, the current flowing into the positive terminal
of the antenna, denoted by I and such that Uy = Z,,Io,
is equal to the current flowing out of the negative terminal
of the antenna (so that there is no common-mode current
flowing into the antenna), but it need not be exactly equal

t0 i (Ymin) = 15 (¥max)- It satisfies

1 (1 N
I Vo= +2> ——p+J 1
0 VO(jWU{Ao+ n_lAn}+ijT>, (19)

VO ~

. (18)

so that
' i 49 g: cos na
ip(Y) =1 An 20)
Iy, 1
+ 2 Z — — mwCr
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10 e
iy
Il 1
10
i b — E. -
W/
¥
™ sl h
e
”
a [l
10 —
-
o f
- .
1 {
‘.
0
F
£
fixs 1 i 0 MHz

FIGURE 3. Impedance of the loop antenna, versus frequency. Absolute value
of the impedance: curve “a”. Real part of the impedance: curve “b”.

D. EXAMPLES

The mathematical models for i (1)) and Z,,,; defined by (2)—
(18) are easily implemented, and published values of Y5 may
be used to validate a program. We checked that values of Y
computed by a program based on (2)—(9), (11)—(12) and (16),
for 21n (4mwa/d,,) = 12 and ka in the range 0.05 to 2.00, by
utilizing N = 19 and the inaccurate value 120 w ohms of the
intrinsic impedance of vacuum 7, are exactly equal to the
corresponding values tabulated with 4 decimal places in [4]
and [6, Ch. 4]. Slightly different values were obtained when
this program used an accurate value of 7, as it did to deliver
the results shown hereinafter.

We now consider a loop antenna made of a PEC in
vacuum, with ¢ = 280mm and d,, = 14 mm, for which
fmax =~ 426 MHz. For Cr = 0pF, Ly = 0nH and N = 20,
we study the results computed by said program. Let Re(x)
denote the real part of a complex number z. Fig. 3 shows
| Zant| and Re(Zynt) up to about 422 MHz, plotted with 40
points per decade of frequency. According to Fig. 3, the
first parallel resonance occurs near 79.3 MHz, the first series
resonance near 179 MHz, the second parallel resonance near
256 MHz and the second series resonance near 352 MHz.

Fig. 4 shows seven curves providing information on the
Wu-King factors, plotted up to about 422 MHz with 40 points
per decade of frequency. Up to about 30 MHz, |1/Ay| is
much greater than |1/A,,| for n > 1, so that the contents of
the curly brackets in (16) is very close to |1/Ag|. Up to about
60 MHz, 20 dB/decade, while
|1/A1] to|1/A5]| have a slope of about 20 dB/decade. We also
note that the first series resonance frequency approximately
corresponds to a maximum of |1/A;|, and the second series
resonance frequency to a maximum of |1/A4,].

Fig. 5 to Fig. 7 show the normalized current distribution
lig (1) /Io] at different frequencies. At low enough frequen-
cies the current is of course uniform in the loop antenna, so
that |ig (1) /o] ~ 1. We see that this is accurate at 10 MHz,
but no longer at 30 MHz and above.
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FIGURE 5. Normalized current distribution |ig (v)/Io| versus + in degrees:
at about 10.0 MHz is curve “a”; and at about 31.6 MHz is curve “b”.
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FIGURE 4. Information on the Wu-King factors. |1/Ag]| is curve “a”, |[1/A1 | is
curve “b”, |1/Ax| is curve “c”, |1/As]| is curve “d", |1/A4| is curve “e”, |1/As5]|
is curve “f”, and the absolute value of the contents of the curly brackets in (16)
is curve “g”.

E. DISCUSSION

The current distribution iz (¢) and the input current I, pre-
sented in Section II.LB and Section II.C are applicable to a
lossless circular loop antenna used for emission and subject
to the voltage Uy, so that, if Iy # 0A, its impedance is
Zant = Uy/Iy, where Z,,; is given by (17). We can also
consider the lossless semi-circular loop antenna shown in
Fig. 8, which is built over an infinite plane made of a PEC.
The current distribution iz (1)), where 1 € [0, 7], and the
input current I are applicable to this semi-circular loop
antenna used for emission and subject to the voltage Uy /2,
according to image theory [13, Sec. 2-3], [14, Sec. 5-3]. Thus,
the impedance of the semi-circular loop antenna is Zg,+ /2.

An improved computation of the current distribution in
a semi-circular loop antenna used for emission, and of the
resulting antenna impedance, is proposed by Smith in [15].
In this improved computation, the delta-gap source used in
the theory of Wu and King is replaced with a magnetic frill
generator. If the antenna feeding configuration accurately
corresponds to the one assumed to introduce the magnetic
frill generator, the agreement between experiment and theory
is excellent, without using a terminal-zone network. How-
ever, this semi-circular loop antenna feeding configuration
cannot be realized in a circular loop antenna.

In 2006, Anastassiou proposed a new approach to the com-
putation of the current distribution in a circular loop antenna
used for emission, and of the resulting antenna impedance.
This approach is based on a method of moment formulation,
cast in such a way that accurate expressions are obtained at
a low computational cost, without the upper frequency limit
given by (10). The case of a delta-gap source is covered in
[16], and the case of a magnetic frill generator is treated in
[17]. The current distributions obtained in this manner are
not in the form of the Fourier cosine series (1), though.

o k5 an 135 180 225 270 33 360

FIGURE 6. Normalized current distribution |ig (v)/Io| versus 1 in degrees,
at about 79.4 MHz (near the first parallel resonance, for which ka ~ 0.466).
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FIGURE 7. Normalized current distribution |ig (v)/I| versus v in degrees:
at about 178 MHz (near the first series resonance, for which ka ~ 1.048) is
curve “a”; at about 251 MHz (near the second parallel resonance, for which
ka ~ 1.505) is curve “b”; and at about 355 MHz (near the second series
resonance, for which ka ~ 2.063) is curve “c”.
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FIGURE 8. The semi-circular loop.

lll. ANALYSIS OF THE WU-KING FACTORS

A. THE FREQUENCY-DEPENDENT INTEGRALS

In (5) and (6), each quantity k,, is a sum of: a first term
that only depends on 2a/d,, and n; and a second term that
only depends on ka and n, through the frequency-dependent
integral

j 2ka
—f/ B(z,2n)dx =
2.Jo

]» 2ka .

2ka
- egn(x)dx—l/ Jon(z)dz. (21)
2 Jo 2 Jo
We want to exactly compute this frequency-dependent
integral, in the form of a power series in the variable ka.

Copyright ©2024 by Excem
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According to [10, Eq. 11.10.9], we have

()
—T > 4
Ey(x) = — (1) 7 —, (22)
> (V" L G En T )
so that
2ka
/ Eon () da =
0
2p+1
o (P (5T
“T(p+n+15)T(p—n+15)
This leads us to
2ka
/ Eon () da =
0
& (~1)7 (ka)+2
1;) p+DI(p+n+15)T(p—-—n+1.5)"
(24)
According to [9, Eq. 9.1.10], we have
()
TV — 4 )
Ju = (= —_ 7 25
() (2) ;p!(yﬂo)! 25)
so that
2ka
/ Jon () dz =
0
2n+29
= gt (5) e
> (26)
p! (2n + p)!

This leads us to

2ka
/ Jon(2) dz =
0

2(k' 2n+12p' Qn( ) (ka’> P

+p)!@2n+2p+1)° @7

Using (24) and (27) in (21), we get (28) shown at the
bottom of this page. It follows that

. 2ka oo
J
-3 ; B(z,2n)dx = ; Xgn(ka)?, (29)
where, if ¢ is even, X, is real and given by
q
—1)"t2
Xqgn = ( ) s (30)

qr(g +n+0.5)1“(g —n+0.5)

and where, if ¢ is odd, x4, is 0 if ¢ < 2n — 1, or imaginary

and given by
a1
. -1) 2"
Xgn = —J ( ) (31)
q a=1_ g—&—n !
2 ’ 2 ’
if g > 2n + 1.

The coefficients x,, are dimensionless numbers, which
are independent of the frequency and of the characteristics
of the antenna. Some approximate values of x,,, are shown
in Table 1. We will use the polynomial approximation

. 2ka dp(n)
—% B(x,2n) dx ~ Z Xqn(ka)®,  (32)
0 q=1

of degree less than or equal to dp(n), resulting from a
truncation of the power series in (29). The number dp(n)
of terms which are necessary to obtain a given accuracy in
(32) depends on ka, hence on the frequency f.

= (—1)" 7+ (ha) 7+ &

(_1)p(ka)2n+2p+1

2ka
j
- B(z,2n) dz = - .
2/0 (z,2n) da pz:(:)2(p+1)I‘(p+n+1.5)I‘(p—n—|—1.5) ];p!(2n+p)!(2n+2p+l)

(28)

TABLE 1. Some approximate values of x ,, defined in Section IIl.A.
n
0 1 2 3 4 5 6
q
1 —1.000000 j 0 0 0 0 0 0

—6.366198 x 101

[S]

2.122066 x 101

4.244132 x 1072

1.818914 x 10~2

1.010508 x 10~2

6.430503 x 1073

4.451887 x 1073

3 3.333333 x 1015 | —1.666667 x 10~ j 0 0 0 0 0
4 1.414711 x 10~* —8.488264 x 10~2 1.212609 x 10~2 1.347343 x 1073 3.674576 x 10~ 1.413297 x 10~ | 6.595387 x 1075
5 —5.000000 x 10725 | 3.333333 x 10725 | —8.333333 x 10725 0 0 0 0
6 —1.509025 x 10~2 1.077875 x 1072 —3.592916 x 10~3 3.266287 x 10~ 2.512529 x 10~° 5.025057 x 106 | 1.477958 x 106
7 3.968254 x 10735 | —2.976190 x 10735 | 1.190476 x 10735 | —1.984127 x 10~4 5 0 0 0
8 9.238926 x 10~ —7.185832 x 10~ 3.266287 x 10~ —7.537586 x 10~° 5.025057 x 10~6 2.955916 x 107 | 4.667236 x 108
9 —1.929012 x 10745 | 1.533210 x 10~%5 | —7.716049 x 10755 | 2.204586 x 10755 | —2.755732 x 10~6 0 0

Copyright ©2024 by Excem
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We can compare the result of (32) with the result of a
numerical integration of B(x, 2n), using (9) and the approxi-
mations (11) and (12). If dg(n) = 30, the relative difference
is less than 107! for f < fmax and any value of n. If
dg(n) 15, the relative difference is less than 0.2% for
f < fmax and any value of n. If dg(n) = 5, the relative
difference exceeds 1% above fi,.x/4 for n = 2, and exceeds
10% above fiax/2 forn = 1and n = 2.

B. EXACT VALUES OF THE WU-KING FACTORS

Some manipulations using (3)—(7) and (29) lead us to the
exact values of the Wu-King factors shown in (33)—(35) at
the bottom of this page.

The Wu-King factors being dimensionless, we can use (16)
to assert that: Aj corresponds to an impedance zg = jmnAg;
if n € N is nonzero, then A,, corresponds to an impedance
zn = jmn A, /2; and these impedances satisfy

N
Y(;:ZZ—.

n=0

(36)

In other words, Ys is approximately the admittance ob-

tained by connecting 2, . . ., 2 in parallel.

It follows from (30)—(31) and (33)—(35) that:

o for any n € N and any nonzero g € N, the coefficient
of the term of A,, of degree ¢ in ka is real if ¢ is odd, or
imaginary if ¢ is even;

o for any n € N and ¢ > 2, the coefficient of the term
of A,, of degree ¢ in ka is independent of the frequency
and of the characteristics of the antenna;

« at low frequencies, zy approximately corresponds to an
inductive impedance exactly equal to j7n times the term
of Ag of degree 1 in ka, so that zg ~ jwLg in which w
is the radian frequency and the inductance

dy dy
Ly = pa {Ko <2a> Io <2a> + 01} (37)

is frequency independent (we use u to denote the per-
meability of the medium);
« the coefficient of the term of A, of degree 2 in ka is O
because x11 = 0;
e X31 = —j/6 entails that, at low frequencies, Re(zg)
approximately corresponds to a frequency-dependent
R, = n ﬁ =1N—

resistance
G 5 (5)

which is the approximate radiation resistance of the loop
at frequencies where it is electrically small [2, Sec. 2.5],
[18, Sec. 6-8];

« for any nonzero n € N, the coefficient of the term of A,,
of degree 1 in 1/ka is real;

« at low frequencies, for any nonzero n € N, z,, approx-
imately corresponds to a capacitive impedance equal to
jmn/2 times the term of A,, of degree 1 in 1/ka;

o the coefficient of the term of A; of degree 2 in ka is
—j /3, since x10 = —j, x12 = 0 and y31 = —j/6;

o forn > 2, the coefficient of the term of A,, of degree 2
in ka is zero because X1 (,—1) = 0, X1 (n41) = 0 and

87

(ka)* (38)

(33)

— X(g+1) 1) (ka)?, (34)

—n?xon| +

dw dw
o ()0 (3)+0 &
Ay = ka - + Z X(q—1) 1(ka’)q )
q=2
K() <dw> I() (Clw> + Cl
1 2a 2a
A =—— +
ka T
dw dw 1
KO <) IO <)+1H6a+02 [e'e]
b a a du NS X(g=1)0 + X(g-1)2
o 21 B
q=2
and, forn > 2
dw dw
s Ko (n )Io (n) +C,y,
n 2a 2a
A, =—— +
ka T
1 1 -1 —1
Ko (n+ Ddu Iy (n+ 1)dy + Ko (n—Ldu Io (n=1)dy +Cnp1 4+ Cna
2a 2a 2a 2a
ka
2T

X(g=1) (n—=1) T X(g=1) (n+1)

<
I
o

5 — nQX(qH)n) (ka)? . (35)

Copyright ©2024 by Excem
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For any n € N, we consider the power series in the variable
ka, that is present in (33) if n = 0, or (34) if n = 1, or
(35) if n > 2. It has no constant term and starts with a term
proportional to ka. We can define an approximation of A,, by
utilizing the nonnegative integer d 4 (n) such that this power
series is replaced with the sum of its terms of degree at most
da(n)ifda(n) > 1, orisignored if d4(n) = 0.

C. ABOUT THE MODIFIED BESSEL FUNCTIONS
In what follows, we will use Landau’s little-o and big-O no-
tations [19, Sec. 5.1]. By [9, Eq. 9.6.12] and [9, Eq. 9.6.13],
for any z € C, we have

2 4

Io(z) = 1+%+6—4+0(z“) (39)
as z — 0, and
z 22 324
Ko(z) = = {In3 +7}Io(z) + T+ S5 + OG") (40)

as z — 0. It follows from (39) and (40) that

z 22 Z4
Ko(z) = — (1n5 +7) <1+ T+ 64)

+ 54 o Fo(z%). (4D

2 32
22 1124 5
71 1 +o(z°), 42)

2,2
+T+ o(z%) (43)

and z
Ko(2)Ip(2) = —In 377 +o(2). (44)

We have assumed that d,, < 2a, so that we can in
principle use (42), or (43), or (44) as approximations to
remove the modified Bessel functions from (33)—(35). Note
that using the coarsest approximation (44) in (37) leads us to

Lo ~ pa (ln 16—a — 2) , (45)
du
which is equal to the thin-wire approximation of the external
inductance of the loop [20, Eq. (5-100)].

To make sure that one of these approximations is such
that the relative error on Ko (nd., /2a)Iy(nd,, /2a) is less than
0.1% up to n = 21, a sufficient condition is:

o dy/2a is less than 0.029 if we use (42);

e dy/2ais less than 0.014 if we use (43); and

e dy/2ais less than 0.002 if we use (44).

As a comparison, d,, /2a = 0.025 in the case a = 280 mm
and d,, = 14 mm considered above in Section II.D. Thus, a
good accuracy could be obtained in this case if we remove
the modified Bessel functions from (33)—(35) using (42).

Copyright ©2024 by Excem

Approximations of Ay, A; and A, were proposed (without
explanations) and discussed in [21, Eq. (71a)—(71c)]. They
are based on the use of d4(n) = 6 forn € {0,1,2}, and on
the use of (44) in (33)—(35) to remove the modified Bessel
functions.

A word of caution is in order here, about formulas without
modified Bessel functions for the computations of what looks
like the Wu-King factors, proposed in [22, Eq. (12)-(13)]
and [23, Eq. (5-31)—(5-32)]. Though none of these references
mention this, these formulas stem from [24, Appendix III]
and should not be used today, because they relate to the
theory proposed by Storer in [24], which was a significant
contribution when it was published, but became obsolete
after the theory disclosed by Wu in [3].

IV. EMISSION

A. GENERAL RESULTS

We now use a right-handed cartesian coordinate system
(z,vy,z) arranged according to Fig. 1, and the associated
spherical coordinates system (r,6,¢). We use (ug,u,,u,)
to denote the basis of the cartesian coordinate system, and
(ur,ug,uy,) to denote the local orthonormal basis of the
spherical coordinate system.

To compute the electric field E and the magnetic field H
emitted by the loop antenna, we sum the contributions of
infinitesimal current elements, regarded as electric dipoles.
Using the classical results [25, Sec. 8.5] or [26, Sec. 15.5.5],
we obtain

E=--L 2ﬂ{ ( ! + jk) [BRo(Ro - uz) — uy

" 4qe R R2
2 ; —jkR
~ MRy < (R x ut>}2EW?e dip  (46)
R Jw
and
27 1 k
_a J . —jkR
H = E/ <R2 + R) u; X RO ZE(?/J)G J d"ll) (47)
0

where R is the distance between the point of spherical
coordinates (a,7/2,1) and the observer, Ry is a unit vector
directed from this point towards the observer, u, is a unit vec-
tor tangent to the loop wire, its direction being the direction
of positive current (which is the direction of increasing ),
and e is the permittivity of the medium.

Using a numerical integration in (46)—(47), the fields E
and H can be computed anywhere (though the result will not
be accurate very close to the antenna wire, because of the thin
wire approximation).

It is interesting to compute H on the axis of the loop, that
is the straight line of equations z = 0 and y = 0. If the
cartesian coordinates of the observer are (0, 0, z), we can use
the results of Appendix A to get

zcosPu, + zsinypu, + au,

R 7
where R = va? + z2. By (20), (47) and (48), H on the axis
of the loop is given by (49) shown at the top of next page.

w x Rg = (48)
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27
HZIO

R2 R

™
0

iefij <1 I ]]f) / z cos Yu, + zsinyu, + au,

j 49 Z cozmp
1 0 n=1 n d¢ (49)
Z — — mwCr
0

Using manipulations involving integrals of cos ) cosny
and sin ¢ cos n1 over the interval [0, 27], we obtain

(1 i (auz N zux>

=+

H~ gy e 1R A A/ (s
-|-2 Z — —7r77wCT

on the loop axis. At a frequency low enough to be such that

kR < 1,and 1/]Ag| > mnwCrp, and 1/|Ag| > 2/|A,| for

n > 1,and a/|Ag| > |z|/|A1], we find that (50) leads us to
2

a
H:I()Tmuz (51)

which is identical to a textbook result on the magnetic field on
the axis of a circular loop carrying a dc current [27, Sec. 6-3].
In contrast, if |z| > a and the frequency is high enough to be
such that kR > 1 and a/|Ag| < |z|/]|A1], we get

jka kg i“w

H ~ ]
09RA, € 1

(52)
+ 2 Z — — mwCr

on the loop axis, where the plus sign applles to z > 0 and the
minus sign to z < 0. In (52), ||H]|| varies as 1/R.

B. EMISSION IN THE FAR FIELD

We now want to assess E and H given by (46)—(47) seen
by an observer at the point of spherical coordinates (r, 6, ),
in the case where » > a and kr > 1. According to
Appendix A, we have Ry ~ u,,

u, X Ry ~ cos (¢ — ) ug — cosfsin (¢ —¢)u,, (53)

—R()X (Roxut):
cos  sin ((p— ) ug + cos (80 — 1) u,, (54

By (20), (46)—(47) and (53)—(55), E and H in the far field
are given by (56)—(57) shown at the bottom of this page.
For any nonnegative integer n, we have

cos (¢ — ) cosnp =

COSQWP{COS [(n+1)&] + cos[(n— 1)5]}

sinne

{sin[(n+1)&]+sin[(n—1)&]}, (58)
where & = ¢ — . It follows that

27

/COS (¢ — 1) cos (ny)) e?kasinbcos (e=) gy,

0
= j"" 7 cos (ng) [Jni1(kasin @) — J, 1 (kasin 0)]
—j" 127 cos (ny) I, (kasin 6) (59

in which we have used [9, Eq. 9.1.21] and [9, Eq. 9.1.27]. For
any nonnegative integer n, we also have

sin (¢ — ¢) cosnyp =
cos ne {sm (n+1)¢] —sin[(n—1)¢]}

{cos[(n+1)¢] —cos[(n—1)&]}, (60)

where £ = ¢ —1). It follows that, in the case where  # 0 and
0 # m, we can again use [9, Eq. 9.1.21] and [9, Eq. 9.1.27] to
obtain

sin ngo

sin (¢ — ) cos (nap) e?Fasind cos (e=¥) gy,

I o\g

— " sin (ng) [Jny1(kasin) + J, 1 (kasin6))

2nm
= - i Jn(kasin 0 61
and R~r—asinfcos(p—1). (55) 7 kasmo ™™ (n) In(kasinf) D)
1 N
T 2 - +2 3 cozmb
E~ 104 : / [cos@sin (¢ — ) ug + cos (p — ) uy] . 0 ~ ":11 L eikasindcos(e=v) gy, (56)
TEr  jw
2 -
0 I + Z e mnwCr
and
N
L bl co;w
H~ IOJ @ =ik /[cos (¢ — 1) ug — cosfsin (p — 1) u,] 1 0 n=1 gikasingcos (p=1) gy, (57)
0 + 2 Z — — mwCr
n= 1
8 Copyright ©2024 by Excem
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whereas, in the case § = 0 or § = 7, we get and
27 - B~ _nkza oikr
/sin ((,0 _ dj) CoS (nd)) egkasm@cos (gafw)dw ® o
N
O N .
mwsing ifn=1 X Z] I, cos(ng)J) (kasinf). (70)
= (62) =0
0 else.

Using (56)—(57), (59) and (61)—(62), we find that: if § = 0
and 6 # 7, then E and H in the far field are given by (63)—
(64) shown at the bottom of this page; whereas, if § = 0 or
0 = m, then E and H in the far field are given by

C. NOTES ON RELATED WORKS

In 1996, Werner proposed formulas that give the fields emit-
ted by a thin circular loop antenna [28]-[29], for any assumed
current distribution specified using the angular Fourier cosine
series (1). These impressive but cumbersome formulas use

E~ Iy Jka . cosflsinpug 4 cospuy, (65) spherical coordinates and are valid everywhere around the
2rA; 1 5 N1 c antenna. Unlike (46)—(47), they contain no integral. Werner’s
Aoy T n; A ) results for the far-field approximation [28, Eq. (111)—~(116)]
are consistent with (68)—(70), though they were obtained
and differently.

Jka ik, cospuy —cosfsinpu, In 1997, other formulas for the fields radiated by a thin

H~ I ; (66) : .
2rA; 1 N1 circular loop antenna were proposed by Li et al [30], but they
T T2 2 74— mwCr are not advantageous [31]—[32] and use the obsolete concept
AO n=1 An g p

where we have used the fact that, by (25), for any nonnegative
integer n, the only nonzero J/ (0) is J;(0) = 1/2. We may
use the last results of Appendix A to see that, on the axis of
the loop, where 6 = 0 or § = 7, (66) agrees with (52).

The fields given by (63)—(66) of course satisfy

H~ lur xE, 67)
n
since, locally, the fields look like a plane wave propagating
in the direction of u,..
We can express E in the form E = E,.u, + Egug + E, u,,.
Using (13)—(14) and (19) in (63), we obtain, in the far field
and in the case where 6 # 0 and 0 # T,

of dyadic. In 2005, other formulas for the fields radiated by
a thin circular loop antenna, based on the use of cylindrical
coordinates, were proposed by Conway [33]. Later, other
formulas for the fields radiated by a thin circular loop antenna
were proposed by Hamed [34]-[36] and Miljak [37].

In 2018, Werner proposed formulas that give the fields
emitted by a thin elliptical loop antenna in the far zone [38].
They can be used to assess the effects of an ellipticity of a
nominally circular loop antenna.

D. VECTOR EFFECTIVE LENGTH

Let hg be the vector effective length of the loop antenna in
a direction (6, @), as defined in [2, Sec. 5.2] and [26, Sec.
16.5]. This definition is about emission (a different definition,

E, ~0, (68) relating to reception, also exists [39, Sec. 2.15]). According
to this definition, in the direction (6, ), the vector effective
length h g is such that E satisfies

g
By~ 1O i |
2r . Iy ke Ikr
N lim rE = jn——— hpg. (71)
o . : r—oo 4m
X Z nj" I gy sin(ng)J, (kasin®)  (69)
n=1 We can express hg in the form hg = hgoug + hg,u,.
N nj™si n(kasin@ o(kasin® Nogn J' (kasin6
e cotf { nj" sin (ny) J,, (ka sin )} w + ka [JO( asinf) s j"cos (ng) J, (kasin )] .
E~ —10776 n=1 Ap 240 n=1 Ay (63)
- € +2 % 1 C
AT EmaA, T T
and
o ka {J’O(kasin 0) n N j™cos (np) I, (ka s1n9)] w — cotd [ N nj™sin (np) J,, (kasin 9)} .
H ~ € 2A0 n=1 An n=1 An (64)
-0y L, % 1 o
AO n=1 An T

Copyright ©2024 by Excem 9
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According to (63) and (65), we obtain:
N nj"sin (ny) J, (kasin 6)

t0 = A,
hEg ~ 4]7Tcok ni; N 1 (72)
— 42 — - C
4 A, e
in the case where 6 # 0 and 6 # T;
2ma cos fsin

hgg ~ ——— 73
E0 a1 (73)

) = _
A, P2 x g, Tl

in the case where 6 = 0 or § = 7; and

hELp ~
Jb(kasin @) 4o JXV: j"cos (np) J, (kasin 6)
. AO n=1 A’Vl
2jma
Loy L omue
Ao n=1An e

(74)

We observe that, if 6 = 7/2, orif p = 0 or p = 7,
then hpg = 0. Let px € [0, 27). Since, for any nonnegative
integer n, the only nonzero J/,(0) is J; (0) = 1/2, we observe
that, if & = 0 or § = , then the value of |hg,| for p = px
is equal to the value of |hgg| for p = @ x + /2.

At a frequency where the loop is electrically small, we can
use expansions of hpg and hg, for small values of ka. It
follows from (25) that, for small values of x,

I(z) = % (g)n (1 - 4(;"11) + 0(563)) .5

3
I (z) = ,g n % +o(zh) (76)
and
1 n—1 2)x?
1@ =5-(5) (n - m + o<w3>) . a7

where n is a positive integer. To get the wanted expansions,
we must also take into account the fact that, according to
Fig. 4 and (33)—(35), for ka — 0, we have 1/Ay = O(1/ka),
and 1/A,, = O(ka) if n is positive. Thus, for small values
of ka, it follows from (72)—(74) that hge and hg, are
approximately given by (78)—(79) shown at the bottom of the
page, where w = ka sin 6. These formula are new.

m
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Yo 30 0 0 [E] 150 70

FIGURE 9. Entries of the vector effective length at about 10.0 MHz, as a
function of 0 in degrees: |hg| for ¢ = mis curve “@”; |hg,| for ¢ = 7/2
is curve “b”; |hge| for ¢ = 7/2is curve “c”; and |hgg| for o = 0orp = 7wis
not shown but equal to 0.
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FIGURE 10. Entries of the vector effective length at about 31.6 MHz, as a
function of 6 in degrees: |hg | for ¢ = = is curve “a”; |hg,| for ¢ = 7/2is
curve “b”; |hge| for ¢ = /2 is curve “c”; and |hgg| for ¢ = 0 or ¢ = 7 is
not shown but equal to 0.
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FIGURE 11. Entries of the vector effective length at about 31.6 MHz, as a
function of ¢ in degrees: |h | for 6 = 0is curve “a”; |hg,| for 0 = w/2is
curve “b”; |hge| for & = 0is curve “c”; and |hgg| for & = m/2 is not shown
but equal to 0.

Less accurately, we also have

hp ~ —jrka® sinfu, + o(ka). (80)

E. EXAMPLES
We use again the case where a = 280 mm and d,, = 14 mm
defined in Section IL.D, for which d,,/2a = 0.025.

Fig. 9 to Fig. 14 show |hgg| and |h | given by (72)—(74),
as a function of 6 and ¢, at about 10.0 MHz, 31.6 MHz,
79.4 MHz (near the first parallel resonance, at ka ~ 0.47),

2 . 2 .
jsmap 1_w7 _ sin ww—jsmg(pr—ko((ka)?’)
. 1 8 2A5 8A3
hgo ~ 2jmacost (78)
IR S
A, Lz a4, TR
and 1 2 3w? 2 3
w .COS w cos 2¢ .cos3p 3
- 11— — 1—— ) - — k
g (1) R (10 ) - St - e e ol (k)
hee ~ 2jTa (79)
IR S R
A, AL TwlT
10 Copyright ©2024 by Excem
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FIGURE 12. Entries of the vector effective length at about 79.4 MHz, as a
function of 0 in degrees: |hg, | for ¢ = mis curve “a”; |hg,| for ¢ = 7 /2is
curve ‘b”; |hge| for ¢ = w/2is curve “c”; and |hgg| for ¢ = 0or ¢ = wis
not shown but equal to 0.
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FIGURE 13. Entries of the vector effective length at about 79.4 MHz, as a
function of ¢ in degrees: |hg,| for 6 = 0is curve “@”; |hg,| for 6 = w/2is
curve “b”; |hge| for & = 0 is curve “c”; and |hgg| for & = 7 /2 is not shown
but equal to 0.

m
08 ]
_-"‘:-.-_. e
. a3 ﬂ‘-
1 x =
.. “‘--.\__‘-2____—/,.4
- .
- "]
0.4 -
"“-E .
. -
02 . -
. .. L’ o
. e LR ——
0 30 ) a0 120 130 180

FIGURE 14. Entries of the vector effective length at about 178 MHz, as a
function of 0 in degrees: |hg, | for ¢ = mis curve “a”; |hg,| for ¢ = 7/2is
curve ‘b”; |hgg| for ¢ = w/2is curve “c”; and |hgg| for ¢ = 0or ¢ = wis
not shown but equal to 0.

and 178 MHz (near the first series resonance, at ka ~ 1.05).
Fig. 15 shows |hpg| and |hg,| given by (72)~(74), as a
function of the frequency.

Fig. 16 shows the discrepancies between the accurate
formulas (72)—(74) and the approximate formulas (78)—(79),
as a function of the frequency. The latter are found to be very
accurate up to 200 MHz (for which ka ~ 1.17), well beyond
the first parallel resonance and the first series resonance.

Fig. 15 shows that the behavior predicted by (80) is accu-
rate up to about 30 MHz (for which ka ~ 0.18).

F. GAIN

The gain of the antenna in a specified direction is given by
k2

=

47TR€(Zant)

At low enough frequencies, we can use (80) and the fact
that Re(Z,,:) is close to R, given by (38), to obtain

(Ihmol” + [hp ). @D

G~ gsm2 6. (82)

Fig. 17 shows G given by (81), as a function of the
frequency, for the same loop antenna as the one considered

Copyright ©2024 by Excem
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FIGURE 15. Entries of the vector effective length, versus frequency. |h g, | for
0 =m/2and ¢ = 7iscurve “a”. |hg,|for 0 = w/2 and ¢ = 7 /2 is curve
“©”. |hgo| for @ = 0and ¢ = /2 is curve “c’.
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FIGURE 16. Deviations of (78)—(79) from (72)—~(74): |hEg| for & = = /2 and
¢ = mwiscurve “a’; |hp,| for 0 = w/2 and ¢ = m/2is curve “b”; |hgg| for
0 =0and ¢ = 7/2iscurve “c’; |hgg|for 0 = /4 and ¢ = /2 is curve “d”.
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FIGURE 17. Gain, versus frequency. G for 6 = 7 /2 and ¢ = = is curve “a”.
Gfor0 = w/2and ¢ = w/2is curve “b”. G for 6 = 0 and ¢ = =/2 is curve
“c”. Gfor6 = w/2and ¢ = 0is curve “d”.

in Fig. 9 to Fig. 16. We see that the approximation (82)
is accurate up to about 20 MHz (for which ka =~ 0.12).
It follows that, up to 20 MHz, the maximum gain occurs
for & = m/2 and practically any value of ¢. We have not
found the direction of maximum gain at higher frequencies,
in the literature [14, Sec. 5-3]. We used a maximum seeking
algorithm to ascertain that, for this loop antenna:
e at about 31.6 MHz (for which ka ~ 0.19), the max-
imum gain is about 1.47, and occurs in the direction
0 = 7/2 and p = 0, which is consistent with Fig. 10
and Fig. 11;
o atabout 79.4 MHz (near the first parallel resonance), the
maximum gain is about 1.40, and occurs in the direction
0 = m/2 and ¢ = 0, which is consistent with Fig. 12
and Fig. 13; and
o at about 178 MHz (near the first series resonance),
the maximum gain is about 2.29, and occurs in the
directions § = 0 or § = T, in line with Fig. 14.
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V. RECEPTION

A. GENERAL RESULTS

This Section V presents new results about the loop antenna
used for receiving an arbitrary incident time-harmonic elec-
tromagnetic field 7; = (E;, H;). The open-circuit voltage
at the antenna terminals is denoted by e,,:. The results
presented in [40, Sec. IV-Sec. V] and [41, Sec. IV] seem
to be only applicable to a planar wire loop antenna without
terminal-zone network. However, they are based on [40,
Eq. (1)], that is to say

1
%mz—gwﬁerEmh (83)
Iy

Antenna

where J; is the current density in the antenna if it is used
for emission and a current I flows into the positive terminal
of the antenna port, where E; is the incident electric field,
and where dv is a volume element. This formula is based
on reciprocity and applicable to any antenna in which no
non-reciprocal phenomenon occurs [42, Sec. 13.06]. If we
apply this formula to our antenna, we observe that the volume
integral over the lumped capacitance C'r and the lumped
inductance L7 can be ignored because a lumped capacitance
or inductance has no physical size, and our model assumes
that the only effective current in the antenna wire is the
current distribution i (1)).

It follows that we can directly apply the results presented
in [40, Sec. IV-Sec. V] and [41, Sec. IV] to the loop antenna
considered in this article, which includes a terminal-zone
network. Thus, using [40, Eq. (73)] or [41, Eq. (75)], we
obtain

Cant :jwu//Hi~uz dA
A

27

' — I
_a/wut.&dw’ (84)
Iy
0
where A denotes the disk bounded by the center line of the
loop antenna, d.A4 is a surface element of A, and u; was

defined in Section IV.A. This formula is equivalent to

27
Camt = —0 / B By (85)
Iy
0

An alternative proof of (84)—(85) is shown in Appendix B.

If we decompose F; = (E;,H;) into the 4 elementary
time-harmonic electromagnetic fields (ETHEFs) defined in
[40]-[41], denoted by Fa = (EA, HA), Fp = (EB, HB),
Fo = (E¢,H¢) and Fp = (Ep, Hp), it follows from (84)
that we can also use [40, Eq. (71)] or [41, Eq. (73)], that is to
say

Cant zjw,u/ Hy u.da
A
271"

.y
,Q/E&%gﬂm.@A+&ng<%>
0

12

Thus, at any frequency, only F4 and Fp excite the loop
antenna. Moreover, in the context of low-frequency field
measurements, it is possible to consider that F 4 causes the
intended response of the antenna, while 5 may cause an
unwanted response. What follows will allow us to clarify
the meaning of “the context of low-frequency field measure-
ments” in the previous sentence.

B. RECEPTION OF UNIFORM PLANE WAVES

We now assume that F; is a uniform time-harmonic plane
wave propagating from the direction § = 6; and ¢ = ;. The
wave vector of this incident plane wave is

k; = —ksinf;(cos p;,u, +sin p;u,) — kcosf;u, . (87)

Let E;o be E; at the origin. We use (u,;, Ug;, Uy;) to
denote the local orthonormal basis of the spherical coordinate
system in the direction 6 = 6; and ¢ = ;. Since E;o-k; = 0,
we can express E;q in the form E;g = Ejgpug; + Eip,Uy;.
We have

E;, = Ejge 75" = (Bigoug; + Eippuy:) e 7", (88)

where r is the radius vector of the observer. If we now assume
that the observer is located on the center line of the electric
conductor, at the angle 1) shown in Fig. 1, we have

k; -r = —kasinb; cos (p; — ). (89)
It follows from (113) of Appendix A that
u - Ez = [COS 91' sin (4101 — w) EiOO
+ cos (% _ QZ}) EiOLp:I ejka sin 6; cos (p;—1) . (90)

Using (90) in (85), and comparing the result with (56), we
find that, if E is the field radiated by the loop antenna in the
direction # = 6; and ¢ = ¢; during emission, we get

k2 efjkr
lim 7E-E;g = —Ip——¢€unt - oD
r—00 dme  jw
Using (71) in (91), we obtain
€ant = hpi - Ej, 92)

where hp; is the vector effective length of the loop antenna
in the direction # = 6; and ¢ = ;. This result, which
only applies to the circumstance in which F; is a uniform
plane wave, is well known [2, Sec. 5.2], [26, Sec. 16.5],
[43, Sec. 4.5]. We have derived it here to show that it is a
direct consequence of (84) or (85), which are applicable to
an incident F; that need not be a uniform plane wave.

According to [40, Appendix D], in the plane z = 0, F4
and Fp satisfy

Ex = Ejp,uy e 75T (93)

1 .
Hy = —~sind; By, u, e /%7 (94)
and g

Ep = cos0; Eig (cos p;u, + sing;uy) e~k (95)

where, in the case #; = 0 or §; = T, the arbitrary ¢, is chosen
in such a way that E;o = Fjg, uyy;.
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If we express hp; in the form hg; = hgpigug; + hgioug;,
(92) leads us to

€ant = hEioEioo + hEipyEioy (96)

where Fjp9 and E;o, are independent arbitrary parameters
that define the arbitrary incident uniform plane wave F;.

Using (93)—(95) in (86), and comparing the result to (96) in
a context where Ej;p9 and E;q, are regarded as independent
and arbitrary, we find that the contribution of F4 to egp; is
heioFEio,, and the contribution of Fp t0 eqnt 1S hEio Lios-
If eqpt 1s computed using (92) and the approximate value of
hg; given by (80), only F 4 is (coarsely) taken into account.

Since we have already investigated Z,n¢, hEip and hgqg
as a function of the frequency, it follows from (96) that we
have all the ingredients of a Thevenin equivalent circuit of
the circular loop antenna used for reception. For a Norton
equivalent circuit, we need the short-circuit current of the
loop antenna used for reception, which is given by

P hgi - Eio _ hgioLios + hiipEioe
ant Zant Zant '
The loop antenna parameters hgip/Zqnt and h Bip/Zant
are therefore relevant to the Norton equivalent circuit. It
follows from (17) and (72)—(74) that, if L7 = 0, we obtain:

hgig _ 4cot 0; EN: nj™ sin (ng;) J,, (kasin 6;)

7

98
Zant 77k n—1 An ( )
in the case where 6; # 0 and 6; # 7;
hgio . 2a .
~ j—— cos 0; sin p; (99
Zant J nAl v )
in the case where 6; = 0 or §; = m; and
hEiga N 2£ J6(kaSin9i>
Zam‘, B n AO
N . .
j" cos (ng;) J,, (kasin ;)
2 . (100
+ ; ™ (100)

For small values of ka and Ly = 0, it follows from (78)—
(79) that hgig/Zans and hgip/Zan: are approximately

hpig _ 2acost; [ singp; ) wa

Zant N n |:j Al ( a 8 )
sin 2¢; sindy; o

T o4, Y say v

+ 0((ka)3)] (101)
and
hEip 2a | —1 w? .COS ©; 3w?

~ —_— 1-— 1——
Zomt 11 [QAOw( 8 ) LR 8

cos 2¢p; .COS3P; o 3
- - k 102
S w i o((ka)) | (102)

where w = ka sin 6;. Less accurately, we also have

hEi 7'('@2
Zant CLO

in which Ly is the inductance defined by (37).

sin0; ug; + o(1), (103)
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FIGURE 18. Components of hg;/Z..:, as a function of the frequency.
|hEip/Zant| for@ = w/2and ¢ = wiscurve “a”. |hgiw/Zant| for 0 = w/2
and ¢ = w/2iscurve ‘b”. |hgio/Zant| for @ = 0 and o = /2 is curve “c”.

The contribution of Fa t0 ignt is iy Eiop/Zant, and
the contribution of F5 t0 ignt 1S hEigEiog/Zant- If iant 1S
computed using (97) and the approximate value of h; /7,
given by (103), only F 4 is (coarsely) taken into account.

Fig. 18 shows |hgio/Zant| and |hgip/Zant| given by
(98)—(100), as a function of the frequency, for the antenna
considered in Section IV.E (in which L = 0).

Expressed in decibels, the deviations between the accurate
formulas (98)—-(100) and the approximate formulas (101)—
(102) are the same as the corresponding deviations between
the accurate formulas (72)—(74) and the approximate formu-
las (78)—(79). Thus, the approximate formulas (101)—(102)
are very accurate up to 200 MHz or ka ~ 1.17.

Fig. 18 shows that the behavior predicted by (103) is
accurate up to about 30 MHz or ka ~ 0.18.

C. ABOUT DIRECTION FINDING AND MEASUREMENTS
We have up to now only considered a circular loop antenna
in free space, so that we have ignored the effects of nearby
ground and/or objects, and of a feeder, on the received signal.
A discussion of these phenomena is outside the scope of this
article. Our models nevertheless directly provide some clues
on direction finding and electromagnetic field measurements
using an electrically small circular loop antenna.

In direction finding, the loop antenna is typically rotated
until a very small response (ideally, a null response) is
obtained from a receiver coupled to the antenna [44, p. 875],
[45, Ch. 3], [46, Sec. 1.04], [47, Sec. 39-2]. It is assumed that
this very small response indicates that the plane of the loop is
perpendicular to the direction in which a received uniform
plane wave propagates, that is to say §; = 0 or 6, = .
It follows from (78)—(79) or (101)—(102) that a very small
response is obtained for any polarization of this incident wave
if the frequency is such that |1/A,| < |ka/Ao|/2.

In electromagnetic field measurements, a reasonable pur-
pose of the measurement is to obtain information about F4,
in spite of possible unwanted effects of Fp [40, Sec. X],
[41, Sec. VII]. It follows from (78)—(79) or (101)—(102) that
this result is achieved by positioning the loop in such a way

13
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that the direction in which a received uniform plane wave
propagates satisfies 6; = /2.

In addition, one may wish that |i,y:/Ejo,| is substantially
frequency independent up to the largest possible frequency.
This is particularly relevant to configurations in which the
loop antenna is suitably coupled to an amplifier having an
input impedance whose absolute value is much less than
| Zant| over a broad frequency range, and having a practically
constant transimpedance over this broad frequency range.
According to (102), |i4nt/ Eio,| is substantially frequency in-
dependent up to the largest possible frequency by positioning
the loop in such a way that §; = 7/2 and ¢; = +m/2, and
by utilizing a loop such that |1/A4,| < [1/Ap]|. In Fig. 18,
this result is obtained up to about 168 MHz, corresponding
to ka ~ 0.99 and 2a/\ ~ 0.314, for a deviation of about
1 dB from the value at 100 kHz.

In contrast, if #; and ¢; are unknown, the unwanted effects
of Fp are small if |1/A4;| < |ka/Ap|/2, according to (78)—
(79) or (101)—(102). We find that a difference of at least
20 dB between the curves “b” and “c” of Fig. 15 or Fig. 18
is obtained only up to about 8.4 MHz, which corresponds to
ka ~ 0.049 and 2a/\ ~ 0.016.

This discussion of electromagnetic field measurements
supplements the one proposed in [48], where a loop antenna
such that 2a/A < 0.010 is recommended for measuring
unknown magnetic fields.

VI. CONCLUSION
We have studied a single-turn circular wire loop antenna
lying in a homogeneous and lossless medium.

In this endeavor, we used known explicit mathematical
models of the current distribution in the loop antenna and
the impedance presented by the loop antenna. These models
contain no details of the geometry of the terminal region,
but include a terminal-zone network that allows the pos-
sibility of taking this geometry into account. We obtained
improved equivalent formulas and approximate formulas for
these models. In particular, (33)—(35) are quite efficient for
very accurate computations of the Wu-King factors.

We derived mathematical models for emission by the
loop antenna, which include new approximate but accurate
formulas for the computation of the vector effective length.

We obtained new mathematical models for reception by
the loop antenna, including results involving the elementary
time-harmonic electromagnetic fields F4 and Fp. We also
explained how these results can be applied to direction find-
ing and measurements.

A limitation of our work is that we have not taken into
account the resistance of the conductor forming the antenna.

This article is relevant to antenna theory and applications
where accuracy is important, among which electromagnetic
compatibility (EMC), electromagnetic field measurements,
antenna calibration, direction finding, etc. A forthcoming
article will show how some of the mathematical models
presented in this article can be used to obtain circuit models
of the circular wire loop antenna, and to design innovative
shielded loop antennas.
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APPENDIX A

This appendix provides some details on the derivations of
Section IV. Let Q be the point where the observer lies, and
P a point on the center line of the solid torus mentioned in
Section II.A, at the angle i) shown in Fig. 1. At this angle,
the vector u; defined in Section IV.A is

u; = —sinyu, + cosyu,, . (104)

In Section IV.A, when we assume that the cartesian coor-
dinates of the observer are (0,0, z), we have

—>

PQ = —acosyu, —asinyu, + zu,, (105)
so that .
R=1|PQ|| = Va? + 22 (106)
and
Ry — IZQ: _ —acosYu, — asinyu, + zu, 107
I[PQ| R

By (104) and (107), u; x Ry is given by (48).
The observer may now lie anywhere, at the spherical
coordinates (r, 6, v). We have

u, =sinf cospu, +sinfsinpu, +cosfu,, (108)
uy = cosflcospu, + cosfsinpu, —sinfu,, (109)
and
u, = —sinpu, +cospu, . (110)

It follows that
u, =sinfcospu, +cosffcospuy —sinpu, (111)
and
u, =sinfsinpu, +cosfsinpug +cospu,. (112)
Using (111) and (112) in (104), we obtain
u; = sin (¢ — ¥)sinfu,

+sin (¢ — ) cosBug + cos (p — ) u, . (113)

In Section IV.B, we have Ry ~ wu, because » > a.
Accordingly, it follows from (113) that u; x Ry satisfies (53)
and that —Rg x (Rg X uy) satisfies (54). We also have

—_—

PQ = —acosyu, — asinyu, +ru,

= [r —asinfcos (¢ — ¥)|u,

+acosbcos(p —P)ug +asin (¢ —P)u,, (114)
in which we have used (111) and (112). It follows that
R:||P—Q)||:r—asinecos(<p—w) (115)

because r > a. We have proven (55).
Finally, we note that, by (109) and (110), on the axis of the
loop, where 6§ = 0 or § = 7, we have

cosfsinpug + cospu, = uy (116)

and
cos p uy — cos fsinpu, = cosfu, = fu,, (117)

where the plus sign applies to z > 0 and the minus sign to
z < 0. These results are useful to interpret (65)—(66).
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APPENDIX B
This appendix is about reception by the loop antenna.

The results presented in [40, Sec. IV-Sec. V] and [41,
Sec. IV] being applicable to a planar wire loop antenna
without terminal-zone network, they can be directly used
to determine the electromotive force at the gap of the loop
antenna, denoted by €,.

According to Fig. 2 and [40, Eq. (73)], we have:

€gap :jwu//Hiouz dA
A

2m

—G/Mut-Eid¢7 (118)
’LE(O)
0
which is equivalent to
i)
i
Cgap = fa/ i};(o) w - E; dip . (119)
0
According to Fig. 2, we have
jwC'
Io = iz (0) (1 + 22 T) (120)
Y5

during emission, and the open-circuit voltage of the loop
antenna (during reception) is given by

e
Cant = - ;‘ZfCT : (121)
Ys
It follows from (119)—(121) that
2 .
Cant = —a / i)y, B ay, (122)
Iy
0
which is equivalent to
Cant = jwu//Hi -u, dA
A
2 ) 7
_a/wut.ww, (123)
Iy
0

These formulas are identical to (84)—(85), though they
were derived differently.
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