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FREDHOLM BACKSTEPPING AND RAPID STABILIZATION OF GENERAL
LINEAR SYSTEMS

AMAURY HAYAT AND EPIPHANE LOKO

ABSTRACT. We study the rapid stabilization of general linear systems, when the differential
operator A has a Riesz basis of eigenvectors. We find simple sufficient conditions for the rapid
stabilization and the construction of a relatively explicit feedback operator. We use an F-
equivalence (or Fredholm backstepping) approach to show a stronger result: under these sufficient
conditions the system is equivalent to a simple exponentially stable system, with arbitrarily large
decay rate. In the particular, our conditions improve the existing conditions of rapid stabilization
for non-parabolic operators such as skew-adjoint systems.

1. INTRODUCTION

Stabilization is one of the three main problems in control theory, together with controllability
and optimal control. The goal is to drive a system of differential equations to a given long-term
behavior by acting on it with a control, with the specificity that the control has to be a function of
the state. This creates a feedback loop (the control influence the system which in turns influence
the control), which can make the achieved stability relatively robust. However, this feedback loop
makes the mathematical problem of finding a suitable control difficult and even the well-posedness
can be a challenge. From a practical point of view, stabilization has many applications [4], in
engineering [1], transportation [18] 23] 21, chemistry [44], biology [36], population dynamics [10],
fluid mechanics [4], economics [25] etc.

From an abstract point of view, the stabilization problem in a linear framework is the following:
given a system

(1) dyu = Au + Bu(t),

where A is a differential operator and B is a given operator, we would like to find a control
feedback law w(t) = K (u(t,-)) such that the system (/1)) is exponentially stable. That is, we want
all solutions of the system converge exponentially quickly to 0. A more ambitious problem is
to require that for any A > 0 there exists a control feedback law w(t) = K)(u(t,-)) such that
all solutions of the system converge exponentially quickly to 0 with decay rate at least A > 0.
This is the so-called rapid stabilization (or complete stabilization). Solving this problem is all the
more challenging when v is finite dimensional (in particular this implies that v is not a function
of the space variable z) and B is unbounded. This is the case, for instance, when the control is
located at a boundary, or when the control is a distributed force where only the amplitude can
be controlled (see for instance [5, [16] [I5] for particular examples). This linear problem is studied
since at least the work of Slemrod in 1972 [38] and powerful results concerning the exponential
stabilization of generic linear systems were obtained using tools from optimal control and LQ
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2 A. HAYAT AND E. LOKO

theory by, among others, Lions, Barbu, Lasiecka and Triggiani [31], [3] 29, [30], and several of
these results can be extended to rapid stabilization and an unbounded operator B [42] [43], [40].
Nevertheless, the control feedback laws obtained rely often on the knowledge of the semigroup
et or solving a minimization problem and a nonlinear Riccati equation, and are not always
explicit [27]. For this reason, many works on the stabilization problem have focused on particular
systems, especially when B is unbounded, see for instance (such as [4, 27]).

In the recent years, a new approach has been introduced to tackle this problem more generally:
the Fredholm backstepping or F'-equivalence. Instead of trying directly to find a feedback K, this
method consists in solving a different mathematical problem: finding an isomorphism-feedback
pair (T, K) such that 7" maps the original system of interest to an exponentially stable target
system. If such a pair exists, then the original system with feedback K is exponentially stable,
thanks to the isomorphism property of T'. In the particular case where T is a Volterra transform of
the second kind, this method corresponds to the well investigated backstepping method introduced
in [2, 7, 28] (and inspired from the final dimensional method [9, 26] 41| and the adaptation [14])
which has known a large success in the last 20 years. For this reason the F-equivalence can be
seen as a generalized backstepping.

Introduced in [16] for the special case of the Korteweg-de Vries equation and the Kuramoto-
Sivashinsky equation [?], the F-equivalence has been successfully extended to many different
frameworks: the (linear) Schroedinger equation in [I1], the 1-d heat equation in [19], the transport
equation in [47], the linearized Saint-Venant equations in [I5]. The hope that this approach
could be used in a general framework, rather than in specific cases, materialized in [19] where
the authors managed to generalize the approach to any (linear) skew-adjoint system when the
differential operator has eigenvalues A, scaling as n® with o > 1. This impressive result resulted
from overcoming the structural limitations of the original method in [16] and as a side result
allowed to deal with systems like the capillary gravity water-wave equations that was an open
question presented in [I3]. Nevertheless, these results are restricted to skew-adjoint systems
which enjoy very nice properties (such as a basis of orthonormal eigenvectors, pure imaginary
eigenvalues, a CY group, etc.)

In this paper we generalize the F-equivalence to a much more generic class of systems: es-
sentially any system where A generates a C° semigroup, has a Riesz basis of eigenvectors with
eigenvalues with finite multiplicities and satisfying a growth assumption (see (@7) The main
point of this approach is to give explicit feedback controls and conditions under which the PDE
system under consideration is equivalent to a simpler PDE system, rather than trying to improve
the sufficient conditions of stabilizability coming from the successful existing abstract approaches
(such as |29, [30} 40, 43], 33, 32]). Nevertheless, in some cases, our method results in very weak
generic sufficient conditions for rapid stabilization which, to the best of our knowledge, were
yet unknown. In particular, for skew-adjoint systems it shows that the system can be rapidly
stabilized even if the control operator B is not admissible and the system is not exactly null
controllable. This is discussed in Section 3.1

2. NOTATIONS AND ASSUMPTIONS

Consider the control system described by (). Let (H, (-,-)) be a Hilbert space. The operator
A :D(A) — H is assumed to be the generator of a C¥ semigroup e with finite growth bound
in D(A) where D(A) is defined as

D(A) := {f € H, Af € H}.

We assume the following
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(H) A is diagonal, i.e. there exists a Riesz basis of H consisting of eigenvectors of A, and the
associated eigenvalues have bounded multiplicities.

Let us denote by m € N* the highest multiplicity, one can decompose the space H into
(2) H:Hl—{—...—}—Hm,

such that for any ¢t > 0, e*AH; C H;, and on which A has a spectral decomposition with simple
eigenvalues (see |19, Appendix G| for an explicit construction of such a decomposition[l). In
other words, on each of the H;, there exists a Riesz basis (of H;) of eigenvectors (¢ ),en+ with
associated eigenvalues (\!)nen+ such that A # )\; for any n # p, and (@%)(z‘,n)e{l,...,m}xN* is a
Riesz basis of H. In what follow, we assume without loss of generality that any H; is generated
by infinitely number of . Otherwise the spaces H; generated by finite number of ¢! can be
easily treated as finite dimension spaces [12] and the following works with a finite set Z instead
of N*. We define for any s € R, the space

He =H] + ... +H),,
where
H = {f: Z fiot € H, Z n?| fi|? <oo}.
neN* neN*
These spaces can be endowed with a natural Hilbert space structure:

LEMMA 2.1. For any s € R, andi € {1,...,m} , the function

1/2
(3) [l = f = 1l = ( > n?5|f£2> :

neN*
is a norm of H; and (H3,| - ;) is a Hilbert space, with inner product
(4) (foghws o= > n*flgh, ¥V f=> figh, .g=> ghel €H;.
neN* neN* neN*

This is shown in Appendix As a consequence, for any s = (s1, ..., $n) € R™ we can define

the Hilbert space
HE = HP + o+ HE

These spaces are intimately related to the operator A. Indeed, if the assumption |§| (see below)
holds, then H* = D(A), and for any s € Z, H** = D(.A®) (this can even be extended to s € R
if A is sectorial, see [35, Section 2.6] for more details). These spaces also coincide with the
usual Sobolev spaces H® whenever (¢, )nen is an orthonormal basis of L?. Similarly to the usual
Sobolev spaces, these spaces satisfy the following embedding property

LEMMA 2.2. For any s € R ande >0,
H5YE is compactly embedded in HE.

This actually holds for the H; taken separately and the proof is identical to [19, Section 1.8.1].
Recall that if s =0, H® = H. Since (¢, )nen is not necessarily an orthonormal basis of H with
the canonical norm || - ||z, then || - || is different from || - ||y0. However, we have the following

LEMMA 2.3. If s =0, then || - |l3» and || - ||z are equivalent norms.

Lthe only difference being that is not a direct sum when the basis of eigenvectors of A is not orthogonal
and the (¢%™) are chosen outside Span((¢%)nen+) but not necessarily orthogonal
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This is a direct consequence of the fact that ¢, is a Riesz basis. Indeed, by definition there
exists positive constants ¢ and C such that for any (f,)nen+ € 12,

1/2 1/2
(5) c (Z \fnP) <D fagnlla<C (Z |fn\2) :

neN neN neN

Since || 3 fuenllmo = (X2 |£a2)Y3, Lemma follows.
neN neN

From [5], for each i € {1,...,m}, the family (¢%)nen+ admits a unique bi-orthonormal family
(@i)neN* in H; which forms a Riesz basis of H; and corresponds to the family of eigenvectors of
the adjoint A* of A (with respect to the scalar product (-,-) of H). Thus any f € H; admits a
unique decomposition in H; as follows

f: Z fngpn = Z <f7‘:f0\1/1i>‘:0;a
neN* neN*

and, as a consequence (f,op") = (f, goiL)H? and this extends to any function f € HJ for s € R.

Assumptions Thorough the paper, we assume the following assumptions: there exists (o, -+, ) €
(1,4+00)™, such that

e there exist ¢y, co > 0

(6) Clno‘i < |)\:Ln’+]. chnai, VnEN*,iE{l,"‘ 7m}
e there exists C' > 0 such that for any n,p € N*;i € {1,--- ;m},
(7) I, = AL > Cn®n — p|.

3. MAIN RESULTS

Our main result generates the exponential stabilization of system for any operator A
satisfying (H), (6)—(7)-
THEOREM 3.1. Consider the control system with operator A satisfying the assumptions
(@) and ([@). If B= (B1,-- ,Bp) € H™/2 x -+ x H™/2 js such that

(8) c1 < [(Bi,@n)| < con, WneN* ie{l,---,m}

for some constant c1,c2 > 0, and some y; € [0, (a; — 1)/2) fori € {1,...,m} and set o := min o
and v = min~y;. Then, for any A\g > 0, there exist A > Ao and a bounded linear feedback
K e E(Ho‘l/2 X ee X HOm/2, C™) and a mapping T that is an isomorphism from H" to itself for
any r € (1/2 — a+vy,a — 1/2—7) such that T maps the system

9) 0w = Au+ BK (u)
to the system
(10) o = Av — M.

In particular, for any p > 0, Ag can be chosen sufficiently large such that the closed loop system
@ is exponentially stable with decay rate p >0 in H" for anyr € (1/2 — a,a — 1/2).

REMARK 3.2 (Regularity of the feedback operator). While the linear feedback K belongs a
priori to E(?—[O‘l/2 X ... x Hom/2, C™), the feedback we construct is actually more reqular and can

actually be extended on L((HY/?T5)" C™) for any e > 0. (see and Lemma
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In fact, Theorem can be generalized as follows:

THEOREM 3.3. Consider the control system with operator A satisfying the assumptions
(©) and (7). Let (1,--- ’?m) €R™, (1,0, Ym) € [0,(c; —1)/2) x ... x [0, (v, — 1)/2), and
B= (B, ---,By,) € HO=T x oo x HOm T such that there exist c1,ca > 0 satisfying

(11) an P < |(Bi,@n")| < eon PtV WneN*, ie{l,---,m}

Then, for any A > 0 there exist A > Ao and a bounded linear feedback K € E('Hﬁﬁ% X e X
”HB'”JFQTM, C™) and a mapping T that is an isomorphism from HT to itself with

(12) H™ = O g Pt
for any
(13) r; € (1/2 — o+, o — 1/2—’71').

Moreover T maps the system
Ou = Au+ BK (u)
to the system
O = Av — .
In particular, for any > 0, Ao can be chosen sufficiently large such that the closed loop system
@D is exponentially stable with decay rate p in H™, for any 7 satisfying .

We give some illustrations from this Theorem in Sections B.2H3:3} an application to the
Schroedinger equation considered and the water wave equations, and an extension of the lin-
ear Laplacian operator studied in [20)].

In the particular case where A is skew-adjoint operator, we recover the result of [I9] but our
conditions are strictly less restrictive. One can also recover the result on the linearized Schrodinger
equation of [I], here again with less restrictive conditions of stabilization since [11, Hypothesis
1.1] is not necessarily needed depending on the regularity of the control operator).

From Theorem we deduce the following conditions for the rapid stabilization of system [I}

COROLLARY 3.4. Consider the control system with operator A satisfying the assumptions

(©) and (@). Let (v1,...,7m) € [0, (a1 —1)/2) x...x [0, (am—1)/2), r; € (1/2—i+7i, ;i —1/2—;),
and B = (Bi1, - ,Bp) € H™* X -+ Xx H™*m such that there exist c1,co > 0 satisfying

(14) e’ < [(By, @n')| < can”it,

then for any > 0 there exists a (constructive) bounded linear feedback K., € L(HO2 % x
Hom/2=rm C™) such that K, € L(HY27FE x . x HI/27Tm+e C™) for any e > 0 and the system
@ 1s exponentially stable in H with decay rate .

3.1. Link with controllability and existing conditions for stabilizability. Usually, a typ-
ical “good" condition for a generic rapid stabilization result (in H) would be exact null control-
lability (in H) and admissibility of the control operator B. These are the conditions typically
required when using Riccati methods for stabilization [42, 29| 30], or other methods such as the
one introduced by Komornik in [27]. The result of [40, Proposition 1] using an observability ap-
proach to investigate rapid stabilizability in a general framework with also uses this as assumption
(see also [39] in the case where A generates a C° group and not only a semigroup). In our case,
because we require BK to shift all the spectrumﬂ of A our statement is stronger than the sole

2since the system should be mapped to 8yv = (A — A d)v
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rapid stabilization and we could expect to require a stronger condition. Indeed, because we are
shifting the entire spectrum, our problem has similarities with the pole placement theorem, for
which a typical condition would be the exact controllability [?| (which is stronger than exact
null controllability in general when dealing with PDE and coincide when A is skew-adjoint, see
[40, 39, 146]). Surprising, our condition is in fact less restrictive: in our framework the system
is not necessarily exactly controllable in H and B is not necessarily admissible.

This is particularly striking when the system is skew-adjoint: in this case our sufficient condi-
tions are strictly less restrictive than those of all the existing results so far. In particular,
the system can be stabilized rapidly even it is not exactly (null) controllable and is B is not
admissible.

To go more in detail, let us recall the following results from [45] (see also [37])

LEMMA 3.5 ([45]). If B is admissible then there exists C > 0 such that

(15) |(Bi,<pfl>| <C(1+ |Re()\fl)\)1/2, v (i,n) € {1,...,m} x N*,
and if the system is in addition exactly controllable in H then there exists ¢ > 0 such that
(16) [(Bi, ¢ > c(1 + |Re(N,))Y2, ¥ (4,n) € {1,...,m} x N*.

These conditions are necessary (and not necessarily sufficient [22] in general) to admissibility
and exact controllability. Comparing with our condition we see the following:

e If the \!, have bounded real part (for instance if A is a skew-adjoint operator, but not
only).

— For r; = 0, 7, = 0 we recover the usual condition of admissibility and exact control-
lability which coincide with the regularity and observability conditions of |27 [42] [43]
(and [111, 34] for the bilinear Schroedinger equation).

— For r; + v € (1/2,; — 1/2), B is not necessarily admissible, in particular the
regularity condition required in [43], 42, 27] is not satisfied.

— For r; —v; € (1/2 — ,0), then the exact controllability of the system is not sat-
isfied. This is could seem surprising given the usual result according which rapid
stabilizability implies exact (null) controllability for skew-adjoint systems given in
[46, Theorem 16.5] (see also [40]). In fact, since in these references, the definition of
rapid stabilizability additionally requires that K € £(X,C™), which is helpful in the
analysis, in particular to ensure that the system is well-posed, but is not assumed
here (compared to the previous case r; € (1/2,a¢—1/2)): we only require the weaker
condition that A + BK generates a C° semigroup on H. This less restrictive and
relaxed definition can also be found in [32, [33] where the authors provide very nice
necessary conditions in terms of observability when A is a skew-adjoint operators
(but under the assumption that B is admissible, which is not the case here).

Note that both r; —~; € (1/2—«,0) and r; —7; € (1/2—«,0) can be satisfied at the same
time. As a consequence, our condition sufficient condition for rapid stabilization can
hold even in cases where the system is not exactly controllable and B is not admissible.

e If Re(\Y) > ¢|\,| for some constant ¢ > 0 (for instance if A is a self-adjoint operator, but
not only)

— Interestingly if 7; € (1/2,;/2) then K € L£(X,C™) but the system is not exactly
controllable. This is not a surprise from a stabilization point of view, but it is
still interesting since it is strictly weaker than the conditions for pole placement |?]
although we shift here the entire spectrum.
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— If r; € (0/2,¢ — 1/2) then the system is exactly controllable but B does not neces-
sarily need to be admissible.

Of course, if B is admissible and the system exactly controllable, then our condition on B is
always satisfied, as one could expect.

3.2. Application to Schroedinger equation around the ground state. We consider the
bilinear Schroedinger equation linearized around the ground state studied in [11], 34] (see also

5 6]):
10V = —AV — MU + u(t)pu(z)ei (),

(17) U(0) = U(1) =0,

where \; = 72 and ¢; = V/2sin(nz) are respectively the first eigenvalue and eigenvector of
the Laplace operator with Dirichlet boundary conditions. The total family of eigenvalues and
eigenvectors are the solution of

A n — )\n n
(18) 12 P
en(0) = @n(1) =0,
and is given by
(19) An =202, on(z) = V2sin(nrx), Vo € N*.

Here, the space under consideration is, as in |11, [34]

(20) H = {f e H*((0,1);R?), f(0) = f(1) = f"(0) = f"(1) = 0, Re(f, 1) 2(1) = O}.

One can easily check that the associated operator A = i(A — A\;1d) is diagonal with eigenvectors
@n = (n+ 1) 30,41 associated to eigenvalues A, = i(Anp1 — A1), for n € N* on H (note that
the eigenvector corresponding to Ay — A1 = 0 is excluded by the choice of the space H, which is
denoted Ho in [I1], see also [34, (1.9)-(1.10)]) and satisfy (6)—(7) with a = 2.

In [111, 4] it was showed that the system is rapidly stabilizable —i.e. for any A > 0 there exists
a feedback operator K such that the system with u(t) = K(¥(t)) is exponentially stable
with decay rate A— provided that the following sufficient condition is satisfied

(21) 1 belongs to H3(0,1))
|</‘“)01a ¢H>L2(O,1)‘ 2 Cn_sa Vn € N*
for some ¢ > 0. This implies in particular (see [I1, Remark 1.2]) that
(22) CTL_3 < |<#9017 SOTL>L2(O,1)| < C?’L—3,

for some ¢,C > 0. The left equality is equivalent to the exact (null) controlability of the system
[11]. Since (@n)nen+ is a Riesz (and in fact orthonormal) basis of H this is also

(23) ¢ < [ppr, @n)u| < C,

which corresponds to our condition with v = 8 = 0. From Corollary we can relax
the condition of 11, 19] and show that the system (17) with w(t) = K(¥(t)) is rapidly
stabilizable as soon as there exists v € [0,1/2) and r € (=3/2 + ,3/2 — ) such that

(24) en” < (1, @uhirl < O,
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In particular, a sufficient condition for rapid stabilization is

(25) 1 belongs to H3(0,1))
[{pepr, gpn>L2(071)] > cn_5/2+€, Vn € N*, for some ¢ > 0.

REMARK 3.6. Note that in [34] the author uses a very different method and shows an impres-
sive quantitative estimate of K with respect to X, which allows a finite-time stabilization of this
system. Since the F-equivalence construct relatively explicitly the control K and the isomorphism
T, it would be interesting to see if it possible to obtain in our case a quantitative estimate on K
and T and, in turn, a finite time stabilization.

3.3. Application to the linear diffusion equation. Let us first consider the heat equation
on a torus T = R/277Z with two scalar controls

(26) Oru = Au+ pw(t),

where ¢ = (41, ¢2)7 such that ¢ is even and ¢ is odd and w(t) € R%. The space of consideration
is H™(T) and the eigenvectors and associated eigenvalues of the operator A = A are

(27) Ao = =12, ok (x) = n"™ey, sin(ne), Lpiﬂ(m) =n""cyp cos(nz),Vn € N,

and the constant function p3(z) = (27) ! associated to the eigenvalue 0. Note that all eigenvalues
have multiplicity 2 except 0. In [20] is was shown that for arbitrarily large A > 0 there exists a
feedback operator K € L(H™t1/2t¢.R?) for any £ > 0 such that this system with w(t) = K (u(t))
can be invertibly mapped to the exponentially stable system

(28) Oru = Au — Au,
in H™*"(T) for any r € (—1/2,1/2) provided that the following sufficient condition holds:
(29) ¢ < ¢, b)) gmmy| < C, (i, m) € {1,2} x N*

We recover the same with our Theorem [3.3] but with a weaker condition:

COROLLARY 3.7. Let v €[0,1/2), if

(30) ¢ < (@i, @b rmimy | < O, W(iyn) € 1,2} x N,

then for arbitrarily large X\ > 0 there exists a feedback operator K € L(H m+1/2+e :R?) such that

the system with w(t) = K(u(t)) can be invertibly mapped to the exponentially stable system
in H™*"(T) for any r € (=3/2+7,3/2 — 7).

Our Theorem [3.3] also allow to generalize this to the classical diffusion equation:
(31) 0w = Oy (adyu) + bu + ¢K(u), on € [0,400) x [0, L],
cru(t, 0) + 20, u(t,0) =0
csu(t, L) + c40pu(t, L) = 0,

where a € C%([0,L];R%), b € L*(0,L), and ¢} + ¢ > 0, ¢} + ¢ > 0. In particular, the following
holds

COROLLARY 3.8. If there exist ¢1,co > 0 and v € (0,1/2) such that ¢ satisfies
L

| ot@yun oz
0

where (un)nen+ 1S the sequence of eigenvectors of the operator A := 0,(ady) + b, then for any
A € (0, +00), there exists a bounded linear feedback K € L(HY?%¢(0, L), C?) for any e > 0, such

(32)

(33) C1 S

<con”, Vn e N,
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that the diffusion equation f is exponentially stable in H" (0, L) with decay rate A, for any
re(=3/24+7,3/2—7).

4. STRATEGY AND OUTLINE

To prove our main result, the main challenge is to show the F-equivalence in each of the spaces
H; separately, more precisely:
PROPOSITION 4.1. Let B = (b1, .., m) € R™ and v = (71, ..., ym) € [0, (1 —1)/2) x ... X
0, (o, —1)/2). For anyi € {1,...,m}, assume that B; € /Hfi_# satisfies (L1)). Then for any A €
R\ N, where N = {X, = X/ | (n,p) € N*, i € {1,...,m}}, there exists a bounded linear operator

Lo L1

K; € L:(?'—[fﬂr 2 C) such that K; € L’(’HfﬁQﬂ; C) for any € > 0 and a linear mapping T; € L(H])
which is an isomorphism from H] to itself for any r € (B; +1/2 — ci+i, Bi + a; — 1/2—;) and
maps the system,

(34) Ou = Au + Ble(u), u € 'H:,
to the system,
(35) O =Av— I, veH.

The idea is that if Proposition holds, then a candidate feedback to obtain the exponential
stability with decay rate A for the total system is K = (K7, ...., K,,,)T. To do so, the main step
is to show that the system with feedback K = (K1, ..., K;,)T is well-posed, that is

PROPOSITION 4.2. Under the assumption of Theorem and with K = (K1, ..., Ky)T
where the K; are given by Proposition for any 7 satisfying (13), A+BK generates a semigroup
on H"™ and in particular the system (9) has a unique solution u € C°([0, +00); H").

If Propositions [£.1] and [£.2] hold, then Theorem [3.] follows by choosing T' = T} + ... + T,
This is detailed in Section [5.8 while the proof of Propositions [£.1] and [£.2] are done respectively
in Sections [5.IH5.6] and Section [5.7] In the remaining of this section, we present the strategy to
show the main Proposition [4.1] and the spirit of the backstepping approach.

Principle of the approach. Formally, having T; mapping the system to the system
with v = T;u means that T; is an isomorphism with satisfies the following operator equality

(36) Ti(A+ BiK;) = (A= NT5,
in some sense. Indeed, still formally, if holds and v = T;u, then
(37) O = T;0u =T;(A+ BiK))u = (A= N)Tu=(A— M\,

and conversely, since T; is an isomorphism. Because the operator equality has no uniqueness
in the solutions (7', K) —note that if (T, K) is a solution, then (a7, K) is still a solution for any
a # 0— it is tempting to add a kind of normalization on T" which would simplify . In this
regards, a good approach is often to formally add a condition of the form

(38) T'B; = B,

again in a sense to be defined (note that since B; can be unbounded and not belong to the spaces
H! on which we consider Tj, this inequality may have to be considered in a weak sense). With

(38)), the operator equality becomes (formally)
(39) T3 A+ BiK; = (A= \)T;.
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This operator equation is easier to solve that (36| since it is linear in (7, K). When H is finite
dimensional there exists a unique solution to (38)—(39) if (A, B;) is controllable in H; (see [12} 15])
which is an additional motivation to adding the condition . When H is infinite dimensional,
the situation is much less clear, but can be translated in terms of actions of 7' on (¢, )ien.
Indeed, projecting the operator equality on the eigenvector ¢!, of A, we get

(40) N Tioh, + BiKi(¢h) = (A — ATl

We set hi = Typl; K! := K;(¢!) and we project on a bi-orthogonal family (2,")pen-

n
associated to (! )nen+ to obtain

)‘jz<h:w@2> +K£<Bi7$;i> = <Ahln79/5;1> )‘<hln79/5;1>
= )‘;<hzn>%l> )‘<hzn?§5;l>
So we obtain, assuming that ) is chosen such that (\!, — )\;, + A) # 0, for any (n,p) € N*,
—~1 ; <Bza %Z>
ht -K'
This leads to the following

i i i ~z i w%"p i
(41) E@n - hn T Z <h’n790p Spp _K Z >\z )\1 _'_)\ p
peN* peN*
Hence, if T; is a solution to , it has to have the decomposition . In particular, as soon
as Kj; is chosen, the candidate transform 7T; is fixed and we aim to show that it is indeed an
isomorphism from H; to itself and maps the system to the system ([35)).

Outline of the proof of Proposition

The general strategy is the following
(1) Show that the operator

(42) S ‘P”_’Zm >\Z+/\
peEN*
is a Fredholm operator from A/ into itself for any r € (1/2 — a4+, a; — 1/2).
(2) Show that ker(S;) = ker(S;) = {0} and consequently S; is an isomorphism from H; into
itself.
(3) Show that S; is an isomorphism from M/ into itself for any r € (1/2 — aj+7v;, a; — 1/2)
(4) Find an explicit candidate K; € E(Hl/ 2+2. C) for any € > 0, such that T;B; = B; holds
in H;aiﬁ with
i\ Bh) oy
(43) T; : ¢, = KSDan
peN* ="

(5) Show that the linear operator T; is bounded from ’H” into itself for r; € (1/2 — a +
v, — 1/2) and satisfies the operator equality (39) in £ Ha/%s,’}-[.*a/ﬂs)

(—(a=1)/2+7,(@=1)/2—7).
(6) Show that 7; is an isomorphism from H] into itself for any r € (1/2 — a4+, a; — 1/2).

for any s €
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Step 1, 4 and 5 are similar to [19], the main difference with the duality compactness method
introduced in [I9] lies in the steps 2 and 3 where the duality argument used in [19] leverages
the skew-adjoint properties and does not hold anymore and in the Step 5 and 6, where the
boundedness of T; is n;)t straightforward when ~; # 0 while showing directly that T; is an
2

isomorphism from H; “/* into itself as in [I9] would be challenge. These steps are shown in

Section 5. 1H5.6l

5. PROOF OF THEOREM [3.1]

We first prove Proposition following the outline described in Section [4] and we then de-
duce Theorem (see Section . Since several of the arguments of the proof (namely steps
1, 4, 5) are similar to [19], we just explicit the novelty and refer the reader to [19] for the remaining.

Since Proposition [4.1] consist in showing the F-equivalence on each of the spaces H;, we start by
fixing i € {1,...,m} and we will work in H; (resp. #H). We also adopt the following convention:
when an operator on H; (resp. H3) is defined by its action on (¢, )nen, we extend it to H (resp.
H?®) by setting its image to {0} on (¢7,)nen for any j # 4. With this in mind, in the following, we
will drop the dependency in i for the different quantities B;, K;, T, Bi, ai, Vi, (¢%)nen, (AL )nen,
for the reader’s convenience. We will also assume in the following that 8 = 0, the extension to
the case 3 # 0 is given in in Appendix

Let us set, for n € N*,

¥p
44 n 1= Eure—— n
(44) q > JW o Se
peN*

5.1. Step 1: S is a Fredholm operator. We are going to show the following:

PROPOSITION 5.1. For any r € (1/2 — a,a — 1/2), the operator S € L(H") is a Fredholm
operator of index 0. More precisely there exists a compact operator S, € L(H") such that

(45) S=\"1Id+8S..
Proof of Proposition [5.1] O

Let r € (1/2 — a,« — 1/2). Showing that S is a Fredholm operator of order 0 in H" can be
done essentially as in [19]. The first thing to observe is the following

LEMMA 5.2. For any A € R.\N, there exists C(X\) > 0 such that [N, —Ap+A| > C(N)|An— A,
Proof. For n = p the inequality is true for any constant C(\). For n # p

e — Ap £ | A
4 - > -
(46) P nl ST ey
From \ \

=0.

li — < li
n2+p12g+oo [An — Ap| — n2+p12I£1>+oo C max(n,p)*—1
Since A, — A\p + A # 0 for any (n,p) € N* by definition of N, there exists C(\) > 0 such that
[An = Ap + Al = C(A)|An = Ay
[l

With this in mind, the key of this step is to notice that |19, Lemma 4.6] can still apply despite
A not being skew-adjoint. Indeed, we have
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LEMMA 5.3. For any s < a — 1 we have

S

n
4 § < 1—a+sl - N*
neN*\{p}

where < means lower or equal up to a multiplicative constant that does not depend on p or n.

Proof. From Lemma it is enough to show that

n’ —a "
(48) > ﬁwpl “*log(p) +p~°, Vp € N".
neN\{p} A
Since condition @ and hold, this is exactly given by [19, Lemma 4.2]. O

We can now perform as in [I9, Lemma 4.7 to show that

(49) Sei D ann Mg Do a3

neN* neN* peN*\{n}

is a compact operator from H" to itself:

let € > 0 to be chosen, by using Fubini’s Theorem we have, for any a = > a,n "¢, € H",
neN*

-

Sea = Z ann”" Z m Z ¥p Z )\na—nnm

neN* peN*\{n} PEN~ neN*\{p}
Thus,
2
apn~"
ISeallire = || D00 | > =i
peEN* neN-\{p} """ P qrte
(50) 2
_ 2r+2¢
=D » > M= A+ A )\ +A
pEN* neN*\{p}

Hence, we can use Lemma and perform exactly as in [19, Lemma 4.7] to get the following

LEMMA 5.4. Consider r € (1/2 — o, —1/2). For any € € (0,min{%1, ac +r — 1}) , it holds
that
2

Z p2r+2€ Z )\ _)\ - 5 Z |an|2-
peEN* neN*\{p} neN*

Using any ¢ provided by this Lemma, the following holds:

(51) IScallFprse S lanl*
neN*
Since
2
(52) Y danl =1 antn"en)|| = llalr,
neN* neN* HT

we conclude that
(53) [Secallygrse < llallar
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and from the compact embedding of H"*¢ in H" (see Lemma [2.2)), this implies in particular that
S. is a compact operator from H" to itself. Finally, noting that
(54) S=\11d+ 8.,
concludes the proof.

5.2. Step 2: S is an isomorphism from H° to itself. Using the results of Step 1 for r = 0,
we deduce that S is a Fredholm operator of index 0 from H° to itself. Then, S is an isomorphism
if and only if ker S = {0}. Since it is of index 0, this is also equivalent to (see [24, Chapter 4])

(55) ker S = {0} where S is the adjoint of S.
Let us introduce
~ Pp
peEN* >\p - )\n + A

We first claim the following
LEMMA 5.5. The adjoint of the operator S in HY is

(57) S : On F Qn-
Proof. Indeed, consider any f = Y fopn, € H' and g = Y gnn € HC. The following holds
neN* neN*
Sf g HO = Z anna Z gn@n
neN* neN*
anZ)\ _)\ A Zgn@n
neN* pEN* neN*
Z%’Z An _)\ )\ Zg”(p”
peEN*  neN* neN*
-y Y
pEN*nEN*A —Ap A

In the same way, we have the following

(F.59) 00 = (D fattn: Y Gnln)n

neN* neN*
an@naZ@pZ )\+>\
neN* peN* e A
=2 E:: j%fn+A
pEN*nGN*
Thus, we have (Sf,g) = (f,Sg) for all f,g € H°. a

In view of , , S is an isomorphism is equivalent to ker S = {0} or ker S = {0}, which
in turn is equivalent to:

V(fi)n €12, fatn =06 fr=0Yn €N, or V(fu)n € 1> > fuGn =0 fo =0neN".
neN* neN*

This means that S is an isomorphism from H° to itself is equivalent to (g, )nen+ is w-independent
in H° or (gn)nen+ is w-independent in H°. With a classical argument, one can show that (g, )nen:
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is either w-independent in H° or H%dense for any A € (0, +0cc). This is done in Section in
Appendix. So, the conclusion follows from the following Lemma:

LEMMA 5.6. (¢n)nen+ is HO-dense < (qn)nen+ is w-independent in HO.

Proof. Assume that (g,)nen+ is not H%-dense. Then there exists a non trivial (f,)n,en+ € 12 such

that for any n € N* (g, f)0 = 0 where f = Z frntpn.
neN*

<(]n, HO—O@Z )\+)\
EN*

(:)Z )\+)\ B

peN*
Thus, Y fogp= > fo D ﬁ => ¢n Z = 0, showing that (g5 )nen-
peN* peN* neN* + neN* GN*

is not w-independent. The converse is straightforward: let us assume that (¢ )nen+ 1S not w-
independent. Then, there exists non trivial (f,,)nen € [? such that Z fpap =0.

peN*
DRI S ppe A
peN* neN* pGN*
) ==
; T A )\ A
Thus by setting f = >, cn+ fa®n, € H it holds that (f, g)z0 = > peN- /\f:;H = 0, meaning
n—Ap

that (gn)nen+ is not H%-dense. O

5.3. Step 3: S is an isomorphism from H" to itself for any r € (1/2 —a,a —1/2). Let us
now look the operators S, S as their extension on H" defined as

S:n""on = nT gy,

S:n "o, nT .
Then, (n7"gn)nen+ is a Riesz basis in ‘H" if and only if S is an isomorphism from H" to itself.

Since S is a Fredholm operator of index 0, this is equivalent to ker S = {0}. As in the case r =0
this is equivalent to show that for any (f,)nen+ € 12

(58) > fanTgn =04 f, =0Vn €N,
neN*
Let us look at the different cases:
o recl0,a—1/2),
Then (07" f)nen+ € 12. And, as (gn)nen+ is a Riesz basis in H°, it holds that
Z faon g =0 n""f,=0Vn e N" & f, =0Vn € N¥,
neN*

thus S is indeed an isomorphism from H" to itself.
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er € (1/2 — a,0) Showing the property (58| is equivalent to show that (n™"¢n)nen-
is w-independent in H". We assume here by contradiction that (n~"¢,)pen+ is not w-
independent in H". Then, there exists a non trivial (f,,)pen= € (? such that >, e fan ™ "gn
0. Projecting this on the vector m™"y,,, we get

0= < Z fan™ " qn, m_r90m>7-tr

neN*

- Ez‘ﬁ’Ej‘x-—A e

pEN*  neN+

fanT"m”
(59) N Z A — A+ A +>\
nGN*

Let us set f = > e fan"on. As (fa)nen= € (2, it holds that f € H~". Since
(n"¢n)nen+ is a Riesz basis of H™" and (f,)nen+ is non trivial, we have that f # 0.
Since we showed in the previous case that S is an isomorphism on H" for r € [0, —1/2),
then S is also an isomorphism from H" to itself for 7 € [0, — 1/2), as the adjoint of S.
Thus, (n7"¢n)nen+ is a Riesz basis of H" for r € [0, — 1/2). Then for r € (1/2 — a,0),
(n"@n)nen+ is a Riesz basis of H™". In particular (n" ¢, )nen+ is H~"-dense. This ensures
that there exists mo € N* such that (f, m{gm,)»-+ # 0. It follows that

fan™"mj
(F oo ) Z%A Mm+A#O

which contradicts . So (n7"gp)nen+ is w-independent in H" and we conclude that S
is an isomorphism from H" to itself for any r € (1/2 — «, 0).
We conclude that S is an isomorphism from H" to itself for any r € (1/2 — a,a — 1/2).

5.4. Step 4: an explicit candidate for K. Consider r € (1/2 — a,« — 1/2). Let us set
(60) T:n "o byn " on,
and

K :¢p, = K(pn) = K.

For any r € (1/2 — a,« — 1/2), thanks to , we can see that the operator 7 is an isomorphism
from H" to 7(H"). And notice that this last space is a priori not H" when «y # 0. Thus, by seeing
the expression of the operator T as follow

(61) T:n"pp— —Kyn "¢,

the boundedness by above and below of K, does not suffice to conclude that T is an isomorphism
from H" to itself as done in [19]. Here, we rather see the operator as follow

T:n "pp — —Knbn(bin_ran).
n
In Section we will show that, under our assumption on +, the operator n="¢, + b 'n""1q,
is an isomorphism from H" to itself and then (b, 'n~"7¢,)nen+ forms a Riesz basis of H". Note
that the latter is not obvious a priori, since 7 and S do not commute thus b, 'n""7¢, < n~"q,.
From this we will be able to deduce that the operator T is an isomorphism from H" to itself if
(Kbn )nen+ is uniformly bounded by above and below.
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Recall that our goal is to have T that is a solution to and . In this section we would
like to construct K, such that the normalization holds and such that (K,b,)nen is bounded
by above. The question of whether (K;,by,)nen is bounded by below is the object of Steps (5)-(6).
We first state the following Lemma

LEMMA 5.7. There exists a unique sequence (—Kp)pen= such that for any e € (0, — 1) the
condition holds in T(H_%_E) and (—Knbnn_(%“))neN* YA
Proof. Noticing that B = ) .« bnn € H=2 with ¢1 < b, < con?, (recall that we assume
B = 0 to ease the notation, see Appendix for 8 # 0 ) it holds from definition that 7 is an
isomorphism from H" to 7(H") for any r € (1/2—a,a—1/2). Thus for any r € (—1/2—a,a—1/2),
T(n™"¢pn)nen+ forms a Riesz basis of 7(H"). Then the expression

(62) B = Z n"3—¢ n2+5<pn)

neN*

makes sense in T(H*%*E) for any € > 0, since <n7%75> € 2. In particular, the equation

neN*
shows that B € 7‘(7-[_%_5) for all € > 0. The condition can be expressed in a weak sense as

(63) Z —Kpby1qn = Z bnn,

neN* neN*
and we yet know that its right side belongs to T(H*%*) for all € > 0. This means, in particular,
that the left-hand side does too. As a consequence (—Knbnnf(%%))neN* €l?foralle € (0,a—1).
Indeed, in view of step (n%%qn) is a Riesz basis of H ™2 for any € € (0, — 1), and since 7

is an isomorphism from ’H_%_E to T(’H‘%_e), then T(n%—i_EQn)n is a Riesz basis of 7'(7-[_%_5). ]

The regularity given by Lemma is not enough a priori. To tackle this, we proceed as in
[19] and exploit the special structure of (¢, )nen and the fact that (g, )neny — A™! is more regular
than (gn)nen (see Lemma[5.3). We set

(64) kn = —(Knbp + ) Vn € N*.

LEMMA 5.8. Consider r € (1/2 — a,a« — 1/2). There exists € > 0 such that the sequence
(knn®)nen+ is uniformly bounded for any € € (0, ). In particular, the sequence (Kb )nen+ defined
by is uniformly bounded.

Proof of Lemma[5.8 For any e > 0, it holds that (nféfe)\)neN* € 12, thus using Lemma and
(64), we have for all € € (0, — 1) that (k‘nn_%_s)neN* € 12, and in particular

1 1
(65) (knn " nen- € 12, Vre <2,a - 2) .

Still using Lemma the equation makes sense in T(’Hiéfe), and by expressing k, and

Tqy it becomes
> Z _p;\Per 5+ > knTan =Y bupn.

neN* GN* neN* neN*
This yields to the following

(66) R e S DL

neN*  peN+\{n} neNx
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which holds a prior: in 7'(7-[7%75) for any € € (0, «—1). Actually, the equality is more regular
than T(H_%_E). Indeed, if & > 3/2, we can give a sense to in 7(He) for 0 <e <a—3/2. To
prove that, let us first notice by Fubini’s Theorem in 7(H~27°) that

®
A p p b by
Z An = Ap + A Z p¥p Z )\ + A\
neEN*  peN*\{n} PEN* neN*\{p}
And it holds that

1
D beeph Y n—A i = > T e (PN D] Mo Ay A

peEN* neN*\{p} pEN* neN+\{p} ~"

Since T7(p~°pp)pen+ is a Riesz basis of (%), it suffices to show that

E)\ l2
DI v vy >\ A <
nGN*\{ } peN*

to conclude that the left hand side of (66]) belongs to 7(#¢). Using Lemma and Lemma
we have that
2

z—:)\ Z )\ - ZPQE)‘2 Z )\ -

neN*\{p} peNIlp2 peEN* neN*\{p}

2?2 1
< Z p2€ Z
o 2P\ 2 Al
S.; Z p25+2(1foz) log2(p),
peEN*

and this converges for € € (0, — 3/2). So if a > 3/2, the left hand side of holds in 7(H°)
for e € (0, — 3/2). Consider now the right hand side of (66). We have that

(67) Z kntgn = Z knngT(nig%z)-
neN* neN*
Recalling that (n7°¢,)nen+ is a Riesz basis of H® for € € (0, —3/2), it holds by the isomorphism
property of 7 that 7(n"°¢,)nen~ is a Riesz basis of 7(#H¢). Thus in view of and , for any
e€(0,a—3/2),
(knng)neN* S l2-

In particular, we conclude that if o > 3/2, (kp)nen+ € [°°. In view of , we have Kb, =
—(X\ + ky,) and since (ky,)nen+ belongs to [°°, we get that

(68) (Knbn)nen- € 1% Va > 3/2.

Consider now 1 < o < 3/2. In this case the gain of regularity in is not enough to deduce the
boundedness of K,b,. However we are able to show that the equality holds in 7(H~¢), for
€ > 3/2 — . Indeed, similarly to the previous case, the following holds

2

AR D W =2 N D

neN*\{p} neN+llz  PENT neN*\{p}
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1
Z |>‘n _)‘p|

peN* neN*\{p}
< Z p 2200 Log2(p)
peN*
This converges for € > 3/2 — a and then the left hand side of belongs to 7(H™¢). Similarly
as before and in view of ,

1

3
(69) (knn )nen- €17 Ve € <2 -, — 2) :

We can see that we obtain (a — 1) gain of regularity between and . So in the following,
we will make an iterative principle to gain at each order this (o — 1) regularity in order to prove
Lemma So let us go back to the equation and expressing 7qy,

Z _Knbn n‘Pn + Z /\ P;\PP+)\ _ Z bn(Pnn

neN* pEN*\{n} neN*

Replacing — Kb, by (A+ ky,) in the first term only and using Fubini’s Theorem in 7(H ™2 7°) we

get:
P ILL D Dl v vy A+)\ =0

neN* peEN* neN*\{p}

Since (¢n)nen+ is a Riesz basis, we have by identification that

kmbm Kb, .
T_bm Z W Y Vm € N*,
neN*\{m}

Thanks to the fact that b, # 0 for all m € N* and K, b, = —(\ + k), this implies that
A+ ky, N
neN*\{m}
Let us now set A = €2 and k,, = k0. It holds that
0 kO
(70) k=AY Sty

A — Am + A
neN*\{m} T

Thus k, can be rewritten as ky, = e}, + k., where

0 0
| €n 1:_ kn *
==X Y p———— k==X > pY— Y ¥Ym € N*.

neN*\{m} m neN*\{m}
And using Lemma [5.3] we have that
(71) el S m' = logm +m™ S 1.
So, we focus on the regularity of k!. We define gq := % — « and we have

i 5
N F R WP PR v v

meN* neN*\{m}
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Using Cauchy-Schwartz inequality and Lemma we get

|kl 1
lm™ kg )mlle < Y m™> (> Do — ] > o =l
meN* neN*\{m} """ m neN*\{m} " m
Then applying Lemma (5.3)) and Fubini’s equality, we have
—e1.1 —2e+1—« |k2’2
[(m ™k )mlle S D m logm | >
meN neN*\{m}
m 26+« log m
sywr| oy om
neNx meN*\{n} " m
5 Z ’kg‘Qn—%a—l—I—a)—&-é’
neN*

for any & > 0. As k) = k, and in view of (69), for any ¢ — (1 — @) € (3/2 — o, — 1/2) (i.e.
e € (5/2—2a,1/2)) there exists § > 0 such that this converges. Thus for a € (1,3/2], the
following holds

1
(72) (n"k ) pen- € 12, Vee <Z - 2a, 2) .

If a > 4, we have e1 = 2a — 2 > 0 and then (n°k}),en+ € (% for all § € [0,£;). This ensures
that (k!),en« is uniformly bounded. And combining with ., it ensures that (k,)pen+ also is
uniformly bounded. Therefore (Kb, )nen+ is uniformly bounded because Kb, = —(A + ky,).
fl<a< %, the uniform boundedness of K,,b,, cannot be immediately deduced, but we need to
iterate again. So using the definition , we have from k0 = k,,, that

e + k0
kpy = —\ _“n T
Z A= A+ A

neN*\{m}
62 kn
=) D W W D An — A+ A
neN*\{m} neN*\{m}
el 1 ep —i—ko
N I M e DY
)\n_)\m )\ )\n_)\m )\ )\ )\
nel™\{m} * neN™ {m} AL e N

Referring to the definitions of e} and k., it holds that
1

kl
ke = €k — A L 7

€m Z Mo — A+ A Z o — A+ A
neN*\{m} neN*\{m}

(73) el +e2 + k2,

where

e kL
2 )\ G g2y P ypent
> N A, N > oA, ra E
neN*\{m} neN*\{m}
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Since ky, = el + kL, we have in view of that k. = e2 + k2,. This means that if (€2,),en
and (k2,)men are uniformly bounded, then (k. )n.en is and consequently (K, )men. Let us first
notice that combining and Lemma we have

le2 | <ml~@logn +m™ < 1.

For the (kp,)men, we use again Lemma (/5.3]) and Fubini’s Theorem to have, similarly as previously:
2

kl
—£1.2 —2 n

meN* neN*\{m}

112, —2(e—14+a)+9d

S D [y Pn2Er et
neN*

for any 6 > 0. In view of ([72]), there exists § > 0 such that this converges for any ¢ — (1 — a) €
(% - 2a, %) meaning for € € (% — 3a, % — a) . Thus, for a € (1,3/2],

7 3
(n_ekzl)n’EN* € 127 Ve € (2 - 304, 5 - Oé> .

If a>7/6, then g2 = 3 — 2 > 0 and (n°k2),en+ € 12, for any § € [0,e2). This ensures that
(k2)nen- is uniformly bounded and then (k2),en+ is. Thus, (Kpb, = —(e) + el + €2 + k2))
is uniformly bounded.

neN*

fl<a< %, we can continue the induction and have k!, = eit! + ki+! for all i € N where

6;;’_1 — —)\ Z )\_67;_}—)\, k:,j_l — —>\ Z ﬁ Vn S N*,Z S N
meN*\{n} m " meN*\{n} " "
And for any n € N*,
Knby=— |k, +) ¢, |, VieN
§=0

Thus, based on the previous computations, we obtain by induction the following;:

(74) el | <ntT%logn+n"* <1,

(75) (0= k5 nenelliz S ki [Pn 210401002

neN*

for any 6 > 0 and converges for ¢ € (—g;, —g;_9) with g; = (a — 1)i — gg for all ¢ > 2.
It is worth stressing that there exists a finite i9 € N such that ¢;, > 0. In this case we have
(n°kiot1), e+ € 12 for any & € [0,¢;) meaning that (k0+1),cy« € 1°°. Combining this with
we conclude that

0
(76) Knby = — | k2 +> el el® Vae(1,3/2.
7=0 neEN*

Therefore we conclude Lemma from and . O



FREDHOLM BACKSTEPPING AND RAPID STABILIZATION OF GENERAL LINEAR SYSTEMS 21

5.5. Step 5: T is bounded from H" to H" and satisfies the operator equality. In this
section, we would like to prove that the backstepping transformation 7' is bounded and the
operator equality holds at least in some H® space. More precisely, we prove the following
Lemma:

LEMMA 5.9. The operator T given by is a bounded operator from H" to H" for any
r € (1/2 — a+vy,a — 1/2). Moreover, we have the following operator equality,

(77) T(A+ BK)=(A-XT in E(Ha/2+s’H—a/2+5), Vs € (_a ; 1+% e g 1_7> .

Proof. We recall here that for any r € (% -, — %) —and therefore for any r € (f —atvy,a—1 )f

the operator T is defined as T': n™ "y, — —n~"K,Tq, with 7 an isomorphism from H" to T(HT)
and (Kp)nen+ uniformly bounded. Since the space 7(H") is neither equal nor included in H" a
priory, what we are able to say is that 7" is defined on H" to 7(H"). Here we will exploit the
regularity on K, b, to first show that T" is well defined from H" to itself and then deduce that it
is bounded.

Let r € (f —a+y,o %) and a = Z ann” ", € HT, the following holds

neN*
Ta=— Z anKnniran
neN*
_ Pp

= — Z anK n r Z p

neN* pEN* An = )\ A

B a b
P IR R Wi
neN neN- pEN*\{n}

1 _ _

- _X Z an Kby T@n - Z anKnn 7ﬂTSC((:OTL)'

By setting
1 B _
Tla = —X Z anKnbnn TSDTH TQCL = - Z a‘nKnn TTSC((pn)’
neN* neN

one has Ta = Tia + Tha. Notice that since (an)nen+< € 12 and (Kpbp)nen+ € 1°°, the term Tia
belongs to H" and in particular we have:

(78) IT1allr S fllaer-

So, it suffices to show that the second term Tha belongs to H" to conclude that Ta € H". We
have the following claim.

CLAIM 5.10. For anyr € ( , 00— %) and s > v, the space T(H"+%) endowed with the norm
(79) ||f||T(w+s> = (177 fllggres
1s a Hilbert space, continuously embedded in H".

Proof. For any ¢ € R, since 7 is an isomorphism from H? into 7(H?), the space H? is a Hilbert

space with the norm (79). Consider g € 7(H"**), there exists f = Z fan "5, € H"TF such
neN*
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that g = 7(f), thus

9= Z (fabnn ™" )n" "y
neN*
From (with 8 = 0) and the fact that v < s, we have b,, < can®, and we observe that
lgl5er = 1 (Fabnn Imenellie = Y [faban 1> S > |fal® = gl Z ey
neN* neN*
and this concludes the Claim [5.10] U

Going back to the norm of Tha now, we have based on Claim [5.10}

Z anKyn™"1Sc(¢n)

neN*

S Z anKn7Sc(n™"pn)

neN*

[Taall3r =

Hr T(H+)

From and Lemma S, is a continuous operator from H" to H"*¢ for any € € [0, min{(a —
1)/2,a+r —1/2}). Since r € (1/2 —a+v,a —1/2) and v € (0, (o — 1)/2) by assumption, =y
belongs to [0, min{(a—1)/2,a+r—1/2}) and S, is a continuous operator H" to H"*7 and, using
the isomorphism property of 7, one has

Z an K mSc(n""pn)

neN*

S

Z anKpnm(n""pn)

neN*

T(H™Y) T(H")

Using that 7(n™"¢n)nen is a Riesz basis in 7(H") and (K, )nen+ is uniformly bounded, we get
S Z |anKn’2 S Z |am|2 = [lallpr-
T(H7) neN* neN*

and combining this with , it holds that,

Z an Kpm(n™"pn)

neN*

ITallnr S llallar,

and thus T is a bounded operator from H" to itself.

It remains now to prove the operator equality to conclude the lemma. As, from Lemma
the equality holds in 7(H~®/?+5%7) for any s € (—(a — 1)/2, (a — 1)/2 — 7), and in
particular, from Claim it holds in H~®/2**. Thus proving amounts to show that

(80)  TA+BK = (A—ADT in L(HY2, H=o/2), s e (—“ - L - ! —7) .
Observe first that all terms make sense : indeed, K : n=(@/2+5) s n=(@/249) K is a bounded
operator from /%5 to C for any s > —(a—1)/2. On the other hand, B € H~%/? by assumption
and in fact in H~%/?*5 for any s < (a—1)/2—~ from So B can be formally seen as an opera-
tor from C to H /% for any s € (—(a—1)/2+, (a—1)/2—~). Thus BK is a bounded operator
from H/2+s to H=*/2+5 for any s € (—(a—1)/2, (a—1)/2). Similarly, one can show that AT and
TA are bounded operators from H®/? to H=/>*s for any s € (—(a — 1)/24, (a — 1) /2—7),
since 7' is a bounded operator from H" into itself for any r € (1/2 — a+vy,a — 1/2).
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To show , it suffices to check that it holds against n_(o‘/2+3)<pn for any n € N* and
s € (—(a—1)/2+7, (o —1)/2—7) which in turn amounts to show that it holds against any ¢, as
the operators are linear. From the definition of T' (see ([43)) we have (in H(@/2+9))

[TA+ BK — (A~ \D)]pn = \Tpy, + BK, — (A= \)Ty,

b by(Ap — A
= M(—Ka) S 2 1 BK, — (—K,) by = Np

S At S A At A
= (—=Kn) Y _ bppp + BE,,
pEN*

=0.
U

5.6. Step 6: T is an isomorphism from H" to itself. To show that T is an isomorphism
from H' to itself, we first show that ker 7 = {0} in #~%/2, then we deduce that (K,bp)nen is
bounded by below and we deduce that an intermediary operator (7 given below in Lemma [5.13))
is an isomorphism and further that 71" is an isomorphism from H" into itself. In other words, we
first show the following Lemma

LEMMA 5.11. ker T* = {0} in H /2.
Proof. For that aim, we will perform the proof originally used in [I] for the Schrodinger equation

and more recently in [20, [I9]. The idea is to prove the following steps

e There exists p € C such that A+ BK + A + pl an A + pl are invertible operator from
HY/2 to H/2,

e For such p, if ker T* # {0}, then (A+ pI)~! has an eigenvector h which belongs to ker T*.

e No eigenvector of (A + pI)~! belong to ker T*.

From the two last steps, it holds that ker 7% = {0} in #~®/2. Although we have not consider A
to be decomposed in orthonormal eigenvector basis here, the proof of these three steps is very
similar to what is done in [11} 20, [19] and the rigorous proof is provided in Appendix O

Now we want to show the following Lemma:
LEMMA 5.12. For anyr € (1/2 — a4+, —1/2), T is an isomorphism from H" to itself.
Before proving this, let us first show the following;:

LEMMA 5.13. For anyr € (1/2 — o+ v, — 1/2), the operator 7 : n™ ", in*’"an s a
Fredholm operator of index 0 and an isomorphism from H" to H".

Proof of Lemma[5.13 Let r € (1/2—a+~v,a—1/2), and f = Z fan" ", € H". It holds that
neN*

7~_(f) = Z bln_rTQn

neNs "

_ Z In T bpp
o bn, ot An = Ap + A

1 —r fn b
RO IRLRE D Dh v D Db vt

neN* neN* peN*\{n} "
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1 -
= Xf‘i‘TC(f)

where
_ fn —-r bpspp
_an” 2 Mo — A+ A
neN* peEN*\{p}

We first show that 7. is a compact operator on H". Using Fubini’s Theorem it holds that

b oo b
P e e CD DI D DIE Cia e e

nGN* peN*\{n} peEN* neN*\{p} bn

Let € > 0 to be selected. So we have

2
. fn b
TP Gree = {[ D n | D, 70—
b A — Ayt A
peEN* neN*\{p} Hrte
2
_ 2r+2¢ fn n~" 1
=2 PR > bn ' An— A+ A

pEN* neN*\{p}
Since (1/by,)nen+ is uniformly bounded from ((11)) (recall that here 8 = 0), we get that
2

2r+2
||TC ”'HT+E Z p €’b ’ Z )\ _ A _|_)\

peN* neN*\{p}

As |b,| < eon?, still from this yields

T
e < 2r+2e+2+y f n
7Dl $ 3 N
peEN* neN-\{p}
Since r € (1/2 — a+ v, — 1/2), we have that v < a +r — 1/2 and consequently v < &, :=
min {251, o+ r — } as v < (a—1)/2 by assumption. So, considering for instance & = (g, —7)/2,
we obtain from Lemma [5.4] that
2

242642y fan™" < 2
2P o] S 2

peEN* neN=\{p} " p neN*

This ensures that

1Te(H)lprre S 1 ll3ers

which in view of Lemma concludes that 7. is compact from H" to H". Consequently the
operator 7 is a Fredholm operator of index 0. Thus, 7 is an isomorphism from H" to H" if and
only if ker 7 = {0}. From the expression of 7,

f= Z fan "pp € ker T & Z ‘g—nT(n*’"qn) =0.

neN* neN* "
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The equality at the right hand side holds in H" and in particular in 7(#H") since H" C 7(H"). So
using the fact that (7(n~"qy))nen+ is a Riesz basis of 7(H"), we have

Z ‘l]:—nT(n_an) =0& {—n =0, VneN*
neNx n

S fn=0 VneN*

Thus, we have shown that ker 7 = {0}, hence, 7 is an isomorphism from H" to itself for any
re(l/2—a+vy,a—-1/2). O

We are able to state the proof of Lemma [5.12 now.

Proof of Lemma[5.13. In view of and Lemma we may rewrite now 7" as follows
T:n "pp — —Kpby7(n™"pp).

Based on Lemma 7 is an isomorphism from H" to H". This ensures that (7(n~"¢p))nen+
is a Riesz basis in H". Since (n~ "¢y )nen+ is also a Riesz basis in H", and (Kb, )nen € [*° from
Lemma we just have to prove that (Kb, )nen is uniformly bounded from below to conclude
that T is an isomorphism in H#". From Lemma ker T* = {0} in H~®/2. In fact, from the
decomposition and the fact that 7 is a Fredholm operator of order 0, we can deduce that
T is a Fredholm operator of order 0 from H~%/2 into itself (see Lemma in Appendix .
Hence, ker T = {0} in H~*/2. Let us assume by contradiction that there exists ng € N* such
that K, b,, = 0. We have

T(ng " Pny) = KnobnoT(ng " ¢ny) = 0.

This means that ny "¢y, € kerT, and since kerT = {0}, ng"¢n, = 0 which is a contradiction.
Therefore for any n € N*

(81) Kby, # 0.
Recall that from Lemma (j5.8)),
|Knbn’ = |)‘ + k’n’v

and (k,n®)pen< € [ for some € > 0, which means that k, — 0 when n — +oo. Then, there
exists N > 0 such that for any n > N,

A
(82) | Kpbp| > 5 > 0.
Combining with it holds that for any n € N*,
A
|Kpby| > min {2’321%|Knbn|} > 0.

Therefore, Kb, is bounded from below and this concludes the proof of Lemma [5.12 O
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5.7. Step7: Well-posedness and proof of Proposition Since, we have built the isomor-
phism T and the feedback law K, for which and hold, we need to show the well-posedness
of the closed loop system @D We will adapt the method given in [I5] for the well-posedness of
closed loop water tank or in [I9] for the well-posedness of closed loop systems described by
skew-adjoint operators.

Since, this method relies on the semigroup theory of the operator A + BK, we first provide a
description and some properties about its domain:

LEMMA 5.14. For anyr € (1/2 — a+v,a — 1/2—x), the domain D,(A+ BK) of A+ BK is
a Hilbert space, dense in H" and

(83) D,(A+ BK) =T Y (H*).
Proof. Recall that, what we call D, (A + BK) for r € (1/2 — a+7,a — 1/2—7) is the following:
D,(A+BK):={feH" , (A+BK)f e H"}.

We start by showing (83). For any f € D,(A+ BK) C H", we have Af € H"~* and then by
definition of D, (A + BK) this implies that BKf € H"™*. Asr < a — 1/2—, there exist € > 0
such that BK f € H~Y/277=¢. This shows that K f € C because B € H~Y2777¢ for any & > 0.
Since K f € C, it holds that BK f € H~1/277=¢ for any ¢ > 0. Combining this with the definition
of D, (A+BK) ensures that Af € H~1/2-7=¢_for any € > 0. So we get f = A~ Af € HO1/2-7—¢
for any & > 0. This shows that D,(A+ BK) C H* /27772 So in view of the operator equality
(77), for any € € (0,(a—1) = 2v), a/2—1/2—y—c € (y— (a—1)/2,(—1)/2 —~) and therefore
it holds that

T(A+ BK)f = (A—X)Tf e H />~ VfeD,(A+ BK).

Notice that by the property of 7" and the definition of D, (A+ BK), T(A+ BK)f € H" for any
f € D.(A+ BK), and hence (A— AI)T'f € H". So the operator equality holds in the following
appropriate setting: for any r € (1/2 — a+vy,a — 1/2—7),

(84) T(A+ BE)f = (A—A)Tf€H, VfeD,(A+BK).

Consider now f € D,(A+ BK), we get from that (A— X\)Tf € H", and then T'f € H"+°.
This implies that f € T-1(H"*), and thus show that D, (A + BK) C T~1(H"+2).

Conversely, let us consider f € T—1(H""*) C H". Then, since r < a — 1/2—~, there exists £ > 0
such that for any e € (0,8), f € H* /27577, So by considering ¢ small enough we can apply the

operator equality to f and get
(85) T(A+ BK)f =(A-XTY.

Notice that f € T—1(H"+®) implies that Tf € H"™, and thus (A — AI)Tf € H". This ensures
from that T'(A+ BK)f € H". Since T is an isomorphism from H" to itself, it then holds
that (A+ BK)f € H". Hence f € D,(A+ BK), meaning that T~Y(H"™) C D,(A+ BK). This
concludes the proof of .

Since T is an isomorphism from H" to itself, and from the density of H"™® in H", it immediately
holds based on that D, (A + BK) is dense in H".

It remains now to prove that D, (A + BK) is a Hilbert space to conclude Lemma For
that, we just need to prove that D, (A + BK) is complete since D, (A + BK) C ‘H" which is a
Hilbert space. So, let consider any Cauchy sequence (f,), C D,(A+ BK). It holds that

1 = Follp,(asnry |, =7 0
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Recall that || fn = fpllp,(at+BK) = [fa = fpllar + (A + BE)(fo — fp)ll#r, we have
(86) 1o = fpllar + (A + BE)(fo = fp)llr  — 0.

n,p——+00

Since (fn)n C Dr(A+ BK), by using the operator equality (84)), this implies that
(A= AT fo = Tfp)lnr = IT(A+ BE)(fo — fp)llr S WA+ BE)(fo — fo)llar  — 0.

n,p——+00
This combining with , ensures that
AT fo = T fp)llaer mp:?_w 0, and |[Tfn—Tfpllsr — 0.

n,p—-—+00

Thus, we obtain

n,p——+o00

This shows that (T'f,,), is a Cauchy sequence in H" ™. Then, since H" " is complete, there exists
g € H"" such that T'f, — g in H""®. As T is an isomorphism on H", and H"t® C H" there
exists a unique f € H" such that T'f = g and ||T'f,, — T f||3yr+« —> 0, which in turn implies, from
the compact embedding of H"™* in H" and the isomorphism property of 7" in H"

(87) fn = fllr — 0.

n—-+4o0o

We also have
[(A+ BE)(fo = Hllur SIT(A+BE)(fo — f)llnr
(59) = (A= ADT(f = oS WT o = T e 2 0.

Combining and , it holds that:
1fn = fllDyarBr) = lfa = fllaer + [(A+ BK)(fo = f)ller — 0.

n—-+00

Hence, D, (A + BK) is complete and therefore a Hilbert space. ]

As we know now that the domain D, (A + BK) is a Hilbert space and it is not an empty set,
we are able to state the following lemma:

LEMMA 5.15. The operator A+ BK with domain D,(A+ BK) generates a C° semi-group on
H".

Proof. Let us first notice that for any r € (1/2 — a+vy,a — 1/2—7), D,.(A — XI) := {f €
H', (A= X f € H"} = H"T. Since A generates a C° semigroup on H", then A — A\l generates

also a C° semigroup which we denote by A=) Let us now define the following C° semigroup
on H",

(89) S(t) := T~ 1tAADT e > .
Since T is an isomorphism, D,.(A — ) = H"t* and Lemma it holds that

_ A=A
{f eH", lim S(t)‘:f exists in HT} = {f eEH, tliin 7! (6 T/ Tf) exists in 'HT}
—+00

t——+o00 t

HA-N)
— {f — T lgeH, Lim T} (egg> exists in H’”}
t—4o00 t

t(A=XI) , _
= {f = Tﬁlg eH", lim (6”> exists in Hr}

t——+00 t
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={f=T""g, g€ D,(A—\)=H"""}
=T Y (H"*t*) = D, (A + BK).

This shows that the domain of the operator which generates S(t) is D, (A + BK).
Moreover, for any f € D,.(A+ BK), we have T f € H"™ and then it holds that

lim 75@)]0 —f = lim 77! (et(AAI)ff - Tf)

t—+o00 t t—+00
=T YA - ATY.
So using the operator equality we get that

. SOfF - _
A = = AR BRS
Hence, the operator A + BK with domain D, (A + BK) is the generator of C° semi-group S(t)
and this concludes Lemma [5.15 O

Proof of Proposition[{.Z4 Based on Lemma we know that for any ¢ € {1,--- ,m}, the opera-
tor A+ B; K; generates a C” semi-group S;(t) on H" for any r; € (1/2—a;+7;, a;—1/2—;). Now,
m

we would like to show that the operator A+ BK = A+ Z B;K; with domain Dz(A+ BK) :=

i=1
m
Z D,..(A+ B;K;) generates the CV semi-group
i=1
m
(90) S(t) == Si(t)
i=1

on H" := H" + -+ H"m. Recall that S;(t) = T[let(““_M)Ti, and since Tm% = 0 for any i # j,
it holds that Si(t)gaf'1 = 0 for any i # j. So for any f/ € H"i, we have that S;(t)f/ = 0 for any
i # j. This ensures in particular that Si(t)Sj(s)fk =0forany i # j, k € {1,...,m} and s,t > 0.
Combining this with the fact that (S;(t)):>0 is a C° semigroup on H"i, it holds that S(t) is a C°
semi-group of H". Looking at its domain:

i o SOF-f Y S
f= E ffeHH", lim ———— exists p =< f = E fleH", lim 1= exists
i t—+oo t st t—-+o00 t

exists

N 71 mSitfi—fi
= f:ZfJEH,thm Z()t

j=1 i=1

=> D, (A+ BK;) = Df(A+ BK).
i=1
This shows that Dr(A+ BK) is the domain of the corresponding generator to S(t). Moreover,
for any f € Di(A+ BK), there exists (f*,---,f™) € H"™ x --- x H"™ such that f = > 1", f1,

— ft
exists Vi € {1,---
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and
lim S(t)f - f — lim 2111 Si(t)fl - 221 fl
t——+o0 t t——+o0 t
— t—+o0 t
=> (A+BiK,)f' = (A+ BK)f
=1

Therefore, we conclude that the operator A+ BK generates a C° semi-group on . this concludes

the proof of Proposition O

5.8. Proof of Theorem Theorem follows from from all the previous steps and the
following Lemma, which is an immediate consequence from the fact that A/ is countable.

LEMMA 5.16. For any Ao > 0 there exists A > \g such that A € R, \ V.

Proof of Theorem[3.1. Let Ao > 0, and A > 0 given by Lemma From Proposition there
exists K; € L(HPH1/272.C) and T; € L(H") such that T} is an isomorphism from H" into itself
for any r; € (8; +1/2 — a;+7i, B + a; — 1/2—~;) and maps the system (34) to (35). Setting

(91) K= (Ki,..K.))T, T=Ti+ ..+ Tp,

we know from Proposition that the system @ is well-posed in H™ (defined as ) for any

r satisfying (I3)). It remains to show that T is an isomorphism from H" to itself which maps

the system (9)) to and that, as a consequence, the system @D is exponentially stable. T is

belongs clearly to £(HT). We define T := (T7 ' + ... + T;,)}) € L(H"). Recall that Tjp), = 0,
m

’Ti_lnp% =0 and K@), =0 for any j # i and n € N*. Thus, for any f = 3 figh € HT,
i=1 neN-

m m
(92) T =T (Z > f;m;) =X fwn=1

i=1 neN* 1=1 neN*
hence T is an isomorphism from A" into itself with inverse T—!. To show that 7' maps @D to it
suffices to show that the operator equality ~which currently holds in E(H?i/ S H, s
with Tj, B; and K; for any i € {1,...,m}— in fact also holds in L£(H®/?*5, H~/>+) with T, B
and K where

o; — 1 o; — 1
(93) 0= (@1, m), 5= (51,0 5m)s 7= (1 9m) 51 € <—( D, —%).

This is a consequence of the fact that, by definition, Tigo% =0, Kigogl = 0 for any ¢ # j and

any n € N*: let f = >", f* with f* = > fren and consider its smooth approximation

ft= Zévzl fiol. Observe that K f = (K1 f',...,Knf™7T and BKf = Y. B;K;f*, thus we have
i=1

(94) T(A+BK)f =T (i Af' + BJQf’) = Zm:TzAJFZ + BiK; [’

=1 =1
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where we used that, for any i € {1,...,m} and s € R, we have A € ﬁ(?—lf+ai,7-[f). Thus using
for each i € {1,...,m},

(95) T(A+BK)f =) T(A+BEK)f =Y (A= NTfi=(A-X\N))D Tifi = (A-A)Tf.
i=1 i=1 i=1

Note that one can pass to the limit (in £ ~%/2*%) N — 400 in each of this terms since f € H~/2+s

and the operator equality holds in L(H;ai/zﬂ, "H;ai/2+s) for any i € {1,....,m}. As a

consequence,

(96) T(A+ BK) = (A~ \)T in L(H*/*5, H~/>%) with (93).

Finally it remains to show that for any p > 0, Ay can be chosen large enough such that the
system @D is exponentially stable with decay rate u. Since A generates a C° semigroup with
finite growth bound on H” (see Lemma in Appendix , there exists M > 1 and w € R
such that for any f € H",

(97) 1€ fll30r < Me“"| fllggr, ¥ t € [0,+00),
and in particular for A > A\g > p + w,
(98) " AAD Fll3gr < MeT#| fllgqr, ¥t € [0, +00).

Let ug € H", the (unique) solution in C([0, +00); H™) to the closed loop system (9 is u : t —
S(t)up and, using

(99) [1S(tuollar = 1T A Tugllyge < I T 20 |1 T | aury Me ™ ol ¥ € [0, +00).
This ends the proof of Theorem O

6. CONCLUSION AND PERSPECTIVES

In this paper, we extended the F-equivalence approach (or generalized backstepping), to a
wide class of linear systems. This includes systems that are not necessarily skew-adjoint or self-
adjoint provided that the differential operator involved has a Riesz basis of eigenvectors (hence
not necessarily orthonormal) and is of order larger than one. We illustrate this result with the
rapid stabilization of the Schroedinger equation and the diffusion equations.This result makes the
F-equivalence one step closer to a general theory. Nevertheless, it is still a young approach and
there are many questions that remain open and that would be interesting to consider

e If A only has a generalized basis of eigenvectors (and not a Riesz basis of eigenvectors
which we assume here), is it still possible to extend this method? This is interesting in
particular for systems of PDE, where A does not always has a Riesz basis of eigenvectors.

e What happens if the eigenvalues A, are infinite dimensional? In particular, this could
be useful for multidimensional systems. While Theorem [3.1] and [3-3] are not limited to
1D systems, in several multidimensional systems the eigenvalues A, may have infinite
multiplicity (the heat equation for instance).

e Can these linear results be extended to nonlinear (quasilinear) systems? This is all the
more important that for infinite dimensional system the stability of the linearized system
does not necessarily imply the stability of the nonlinear system, even locally [17] when
they are at least quasilinear, and there is so far no general method to stabilizing these
systems.

e Is is possible to further relax the conditions on B?
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APPENDIX A. APPENDIX

A.1. Proof of Lemma We start by proving that || - [y is @ norm on H". Let f € H",

by definition there exists (f,)nen< € [ such that f = Y fup, and therefore | f| g is well-
neN*
defined. Besides, since (¢p)nen is a Riesz basis, f = 0 is equivalent to f, = 0 for any n € N* and

consequently to || f|lzr = 0. Also for any p € C

2
(100) liafllzer =1 Y wfaallrer = lul <Z nzrlntZ) = ulll -

neN* neN*

FinaIIY7 since (Zn n2r‘f7’b + gn’2)1/2 S (Zn n2r|fn|2)1/2 + (Zn n2T’gn‘2)1/2 fOI' any (gn)TLGN* € 127
|| - |lw2s is indeed a norm. One can easily check that it derives from the inner product given by
(). Since there is an isomorphism between {?(N*) and H" given by

(101) L (fn)neN* = Z fnnirgpna

neN*
such that for any (fn)nen+ ||t(fn)nen+ |l = || fnll;2, then H" is also complete and hence a Banach
space. Finally, since || - ||%r is associated to the inner product (-, )y it is a Hilbert space.

A.2. (gn)nen- is either H%-dense or w independent in H°. The following argument is clas-
sical. It was first provided in [I1] for the Schroedinger equation, and recently in [20] and [19] for
the heat equation and skew-adjoint operators respectively. We detail it here for completeness.
We assume that A\, # 0. The proof can be easily adapted to the case where A\; = 0, since the
resolvent Ay defined below is well defined and invertible on H°.

Recall that ¢, € H* /27¢ for any € > 0. We define 7, := (A, + A/2)"! and we obtain by
definition of ¢, in that

(A=X=A)gn = — Z wp=nh, in HoT/2e
peEN*
which becomes by assuming without loss of generality that \/2 belongs to the resolvent set of A,
Argn = 1nGn — T A0k in Ho—1/2E
where
Ay = (A+2/2)70

Let us now assume that the family (g, )nen+ is not w independent in H°. Then, there exists non
trivial (cp)nen+ € [2 such that

Z engn =0 in HC.
neN*
By applying A, to this equation, we get

Z CnTnQn = <Z cnm> Azh in HO

neN* neN*
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which is well defined since (7,),, € I2. Applying again Ay, we get

Z cnriqn = <Z cmy%) Axh + (Z cnrn> Aih in H°

neN* neN* neN*
By induction, it holds that

(102) Z o' Qn = i (Z cnr;nHi) Ag\h = iC’mH_iAé\h in H°,

neN* 1=1 \neN* i=1
where
Cj = Z card < 400, j € N*

neN*

Let us now distinguish two cases:

e The {C),} are identically zero. Then we define the complex variable function
G(z) := Z cprne ™.
neN*

This function is holomorphic and since {C,} are identically zero, we have
G (0)=0, VmeN.

Thus G = 0, and therefore ¢, = 0 for all n € N*. This is in contradiction with the
definition of (c,)nen+. Hence, (gn)nen+ is w independent in HO.

e The {C),} are not identically zero. Let us denote mg := inf{n € N* C,, # 0}. Then,
starting with m = myg, we have based on by induction

(103) AV € span{qy, fnen+, Vm € N*.

Suppose that the family (¢, )nen+ is not H%-dense. Then there exists a nonzero d =

Z dnon € #° such that
neN*

(9:d)3o =0, Vg € span{qn tnen-
which in particular yields,

(ATh,d)gp =0, Vm € N*.

Noticing that h = — Z ©n € HL, we get that
neN*
(104) > dpr =0, VmeN
neN*

By defining the complex variable function,

This function is holomorphic and from (104)), G(™) =0 for all m € N*. Thus G = 0, and
further d,, = 0 for any n € N* which is a contradiction. Therefore the family (g, )nen+ is
either H°-dense or w independent.
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A.3. Proof of Lemma We proceed as presented in Section Before doing that let us
first show that

LEMMA A.1. For anyr € (1/2 — a+ v,a — 1/2), the operator T is a Fredholm operator of
index 0 from H" to itself.

Proof. Looking at the definition of T' given by and , we have for any n € N*

TSO":AZ% X\ bpfp )
" pEN* no p+
(105) = ATpn + ko Ton,

where 7 is given by Lemma and k is defined on H" by k : n™" T, — kyn~"Te,. Notice
that the operator k is a compact operator. Indeed, let f € H". Since, 7 is an isomorphism from
H" to itself, it holds that (n™ "7y, )nen+ is a Riesz basis of H" and in particular there exists

(fu)nen+ € 12 such that f = Z fan"Tpn. Let € > 0 to be chosen,

neN*
kE(f) = Z knfon " "To, = Z knn® fon™" " Top,.
neN* neN*

Since from Lemma there exists ¢ > 0 such that (k,n%)nen+ € [°°, we have that (f,knn®)pen €
I2. And this ensures that k(f) € H"** and, in particular,

S Nknn® fulliz S N fnlliz S 11l
'Hr+a
Thus, k is compact in H" from Lemma Combining this with the fact that 7 is a Fredholm
operator of index 0 (Lemma |5.13]) and thanks to the expression ((105)), T" is a Fredholm operator
of index 0 in H" (see for instance [8, p. 169]). O

1B lper+e =

Z knn® fon™" " To,

neN*

e Let us define z := A + p, where p € C. We assume without loss of generality that
the operator A is invertible. Otherwise, since its spectrum is countable, there exists
sufficiently small § # 0 such that A + 61 is invertible. So showing that A 4+ BK + zI is
invertible amounts to show that I + A~'BK + 2A~! is invertible. We now consider the
following two distinct cases:

(a) K(A™'B) # —1.
We can check that for any f € H®/2, the function ¢ € H*/? defined by

A 1B(Kf)

v = T R A B)

is the unique solution to
(I+A'BK)p=f.

Thus, the operator I + A~'BK is invertible. Since A is a differential operator,
then A~! is a continuous operator. And then, thanks to the openness of invertible
operators, there exists € > 0 such that for any |z| < ¢

(106) I+ A 'BK + 247!

is invertible in H /2.
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(b) K(A™'B) = —1.

For any v € H®/2, it holds that
(I+A'BK)v =04 v=-A"'B(Kv) € span{ A~ B}.

This ensures that 0 is an eigenvalue of I + A~'BK with multiplicity 1 and the
corresponding eigenspace is generated by A~!B. Thus, there exist small open neigh-
borhoods €2 and €2 of 0 in C satisfying:

(I + A'BK + 2A Yy(2) = M2)y(2)

y: 2z y(z) € H/?, is holomorphic

Az A(z) € Q, is holomorphic

M0) =0, yo:=y(0)=A"'B
in such fashion that for any z € Q, A(z) is the unique eigenvalue inside Q. Since
A(0) = 0, either A is identically 0 in € or there exists small neighborhood w such
that A(z) # 0 for any z € w \ {0}. Let us show that A is not identically 0. For that,

we assume by contradiction that it is. From the holomorphy property of y, there
exists a sequence (yx)ren+ € H/2 such that

y(z) = > wb,

keN*

with y9 = A~'B. Then, in view of (107) and from assumption that A = 0, it holds
that

(I+ A 'BK +247Y Z ypz® =0, in HO/?
keN*
which ensures by the unicity of the development in entire function that

(I +yoK)yp + A lyp_1 = 0, in HY?, Vk € N*,

By applying K to this equation and noticing that Kyy = —1, we get

KA Yy_1) =0, VkeN' o KA y,)=0, VkeN
Applying now K A~! to the same equation , we get

K(A y) + K(A Yyo) (Kyg) + K(A 2y, 1) =0, VkeN*

and then

K(A%y,_1) =0, VkeN'& K(A%y)=0, VkeN
By induction, applying KA~ to , we get that

K(A "y,) =0, VkeNneN".
In particular
K(A ™) =0, VneN*,

which implies that

> b”;‘f(m =0, VI>2.
meN* m

Using the holomorphic function technique in Appendix [A:2] we get that by, K, = 0,

which is a contradiction. Therefore, there exists € > 0 such that A\(z) # 0 for any
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(113)
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z e Qand |z| < e. Since A(z) is the unique eigenvalue inside Q, I + A"'BK + zA~!
is invertible.
In the two cases, there exists at least a sequence of (zx)gen converging to 0 such that
I+ A 'BK + 2, A7! is invertible from H®/? to H~*/2. Since the spectrum of A + pI
is discrete, we can find p := 2z — A such that both A+ pl and A+ BK + A\ + pl =
A(I + A'BK + 2, A1) are invertible operators from H%/? to H /2.
We assume here that ker T* # {0} and we want to show that (A* + pI)~! has an eigen-
vector h in ker T* with p defined above. Recall the operator equality

T(A+ BE) = (A— \I)T.

Based on Lemma this equality holds at least where the operator are seen as acting
on H?2 to H~*/2. Then, for any p as in above, the following holds:

T(A+BK+ X +pl) = (A+ pI)T.

Since, A+ BK + A + pI and A + pI are invertible, we get
(A+p)'T =T(A+ BK + X +pI)" .
As ker T* # {0}, we can select h # 0 such that h € ker T* and h € H~*/2. So, from (112),
for any ¢ € H~%/2, it holds that
0= {((A+pl) 'Tp — T(A+ BK + X + pI) " 0, h)3/—as2

0, T*(A* + pI) " h)gy-arz — (A+ BEK + M + pI) "0, T*B) a2
o, T (A" + 1) R ymare.
This ensures that T*(A* + pI)~'h = 0 in H~*/2, and thus (A* + pI)~'h € ker T*. We
have then shown that for any f € ker T*, (A* + pI)~'f € ker T*.
Because ker T* is of finite dimension (recall that T is Fredholm, hence T* is) and not
reduced to {0} therefore the restriction of (A* + pI)~! to ker T* belongs to L(ker T*)
and is an operator on a space of finite-dimension, therefore there exists an eigenfunction

h € ker T* of (A*+pI)~!, associated to an eigenvalue u # 0 (since the operator (A+pl)~!
is invertible). Then we have

=
=

(A+pl) " 'h = ph,

which in particular implies that

1_ —
"

and h € H®/2. This ensures that h is an eigenfunction of A* associated to the eigenvalue
(1 — pp)/p- As the subspaces of H~%/2 which are the eigenspaces of A* have dimension
1, the dimension of eigenspace associated to (1 — pu)/p is one. Since (no‘/ 205 )nen+ forms
a Riesz basis of H~%/2, there exists ng € N* such that Big((1 — pu)/p) = span{ng/zgono}.
In view of (113), i € Eig((1 — pp)/p), then there exists C' > 0 such that h = Cng/ngnO.
So, we have finally shown that if ker 7" # {0}, there exist nyp € N*,;C > 0 such that
C’ng/2g0n0 € ker T and C’ng/2npn0 is an eigenfunction of (A* + pI).

From what is done above, if ker 7% # {0}, there exist ng € N*,;C > 0 such that
C’ng/zapno € ker T*. So for any ¢ € H~*/2,

2 * 2
0= (T, 18 20y )ag-arz = (0, T* (0% 0 ) gy—ar
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In particular for p = B = Z bnn we have
neN*

0= <TB,ng/ Prg ) ay—a/2

which combining with the fact that 7B = B in H~%/2, ensures that
b
0= (B,ng"* gy = —.
N

This is a contradiction due to assumption (§)). Hence, ker T* = {0}.

A4. A generates a semigroup on H". We show the following

LEMMA A.2. Under the assumption of Theorem A generates a C° semigroup on H” for
any r = (r1,...,Tm) € R™.

This is due to the intrinsic link between the definition of the spaces H"™ and A (see Section .
We explicit this below. Given the definition of A" it suffices to show that for any i € {1,...,m}
and r € R, A generates a C° semigroup on Hi. We define for any ¢ > 0

Hi — H;
(114) Sir(t) = Y faph = Y e fugh,
neN* neN*

Since A generates a C° semigroup with finite growth bound, there exists w > 0 such that
leAnt| < et for any n € N* and therefore S;,(t) € L(H") for any t > 0. Clearly, S;,(0) = Id
and for (¢,5) € Ry, S, (t+s) = Si,(t)Si,(s). Finally, using the fact that 7, : ¢!, — n="¢! is an
isomorphism from ’H? to H; which commutes with .4 and satisfies

(115) SipTr = 7050,

and the fact that A is the infinitesimal generator of S; o on H?, we deduce directly that S; , is a cY
semigroup and that A is the infinitesimal generator of S;, with domain D, (A) := 7,.(Dy(A)) =
H;*O‘i.

A.5. Extension to the case 8 # 0. Suppose that Proposition [£.1] holds for § = 0, then it
also holds for 8 # 0 exactly as in [19]. To do so, it suffices to define B = Yon nﬁbncpn, apply
ProposmonWlth B to obtain a feedback operator K and an isomorphism 7. Then Proposition
holds for g # 0 with T := M~ ITM, and K = KM where M is the isomorphism from H/+s
to H® for any s € R defined by

(116) M :n P, — @,

We refer to [19] for more details.
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