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ABSTRACT
We study the multiscale dynamics of inertial particle clus-

tering using three-dimensional DNS data of isotropic turbu-
lence with inertial particles considering different Stokes num-
bers. We apply a tessellation-based technique and thus assign
a volume to each point particle. The temporal rate of change
of the volumes yields the divergence of the particle velocity
(Oujia et al., 2020; Maurel-Oujia et al., 2024). We perform a
multiresolution analysis of the divergence on unstructured dis-
crete particle positions (Matsuda et al., 2022). Thus the mul-
tiscale clustering dynamics is assessed and the spatial scales
where clustering formation and destruction are most active, is
determined for the different Stokes numbers.

INTRODUCTION
Particle-laden flows are commonly encountered in a wide

range of natural and industrial applications, from rain forma-
tion in clouds to combustion in aeronautic engines (Brown-
lee, 1985; Shaw, 2003). Understanding the dynamics of such
particles in turbulent flows is of paramount importance for
modeling and prediction of various phenomena. The objec-
tive of this study is to explore the dynamics of inertial parti-
cles within isotropic turbulence, employing tessellation-based
techniques over finite timescales. Understanding the velocities
of these particles is key to decoding their behavior, specifically
their tendencies to converge or diverge within turbulent clouds.
The complexity arises from the fact that particle velocities are
known only at discrete spatial locations, i.e. at the particle
position. This constraint renders traditional grid-based meth-
ods, such as the Fast Fourier Transform, unsuitable because
the particles follow a Lagrangian framework and are not lo-
cated on a fixed Cartesian grid. To address this challenge, we
employ tessellation techniques, such as Voronoi and Delaunay

tessellations.
Voronoi tessellations have been previously employed for

the study of preferential particle concentration Monchaux
et al. (2010a). More recently, Oujia et al. (2020) utilized the
changes in the volume of Voronoi cells to investigate parti-
cle divergence. Maurel-Oujia et al. (2024) then proposed an
improved version using modified Voronoi tesselation and ex-
tended the method for computing curl and helicity of the parti-
cle velocity and moreover the full particle velocity gradient
tensor. While these approaches offer valuable insights into
particle behavior at a global scale, they do not fully account
for the multiscale nature of turbulence. It is essential to under-
stand how divergence contributes at different scales, and this is
where multiresolution analysis, see e.g. Mallat (1989) comes
into play. By employing multiresolution techniques on tes-
sellations, as developed in Matsuda et al. (2022), we can dis-
sect how particle behavior varies at multiple scales, enabling
a more nuanced and deeper understanding of their dynamics.
Unlike traditional methods, which provide a global view of
divergence and convergence of particles, a multiresolution ap-
proach allows us to examine their properties at different scales
of motion. For this purpose, we employ coarsening and refine-
ment operators to create a multilevel description of the particle
flow field and its corresponding divergence.

We introduce the application of multiresolution analysis
specifically to the study of divergence in particle-laden tur-
bulent flows. This allows us to gain insight into the scales
at which divergence/convergence is most prevalent and how
these scales interact to influence the overall particle dynamics.

The remainder of the manuscript is organized as follows:
We first summarize the DNS flow data used for our analyses.
Subsequently, we describe the tesselation-based methods em-
ployed to determine the divergence of the particle velocity and
construct the multiresolution technique based on the Delaunay
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tessellation of particle positions. Results are presented for dif-
ferent Stokes numbers. Finally, we draw conclusions and offer
some outlook for future work.

DIRECT NUMERICAL SIMULATION
The particle-laden flow data are obtained from DNS of

homogeneous isotropic turbulence (HIT) using the incom-
pressible form of the Navier–Stokes equations for the fluc-
tuating components of velocity and pressure. Specifically,
the equations are solved within a 2π-periodic cube using a
fourth-order finite-difference scheme. Large-scale forcing is
employed to establish a statistically stationary turbulent flow.
For details on the numerical method we refer to Matsuda et al.
(2017).

The simulations are done with N3
g = 5123 grid points and

for a Taylor-microscale Reynolds number Reλ = 204. The
Reynolds number is defined as Reλ ≡ u′λ/ν , where ν is the
kinematic viscosity and λ represents the Taylor microscale.

Uniformly distributed discrete point particles are intro-
duced into the fully developed turbulent flow. In total Np =
1.07× 109 fluid and inertial particles are evolved in the sim-
ulations. The dynamics of these particles are governed by
Maxey’s model for inertial heavy point particles with Stokes
drag (Maxey, 1987). The inertial dynamics is controlled by
the Stokes number, St = τp/τη , where τp denotes the particle
relaxation time and τη refers to the Kolmogorov time. The
equations for the particle position xxxp j and its velocity vvvp j are
given as follows:

dtxxxp j = vvvp j and dtvvvp j =−
vvvp j−uuup j

τp
, (1)

where uuup j is the fluid velocity at the particle position xxxp j. The
subscript p denotes quantities at a particle position, and the
subscript j refers to the particle identification number.

We performed simulations for seven different Stokes
numbers, St = 0.05, 0.1, 0.2, 0.5, 1, 2, and 5. Note that parti-
cles with different Stokes numbers were tracked in an identical
turbulent flow.

METHODS
In the following we briefly describe the method for com-

puting the divergence of the particle velocity using tesselation
of the particle position and the multiresolution transform on
the tesselation graph.

Tessellation-based divergence
In Maurel-Oujia et al. (2024) we proposed a method for

computing the divergence of inertial particle velocities through
the examination of volume changes in modified Voronoi cells.
This approach relies on the conservation equation for particle
number density n, expressed as Dtn = ∂tn+ vvv ·∇n = −n∇ · vvv,
where Dt denotes the Lagrangian derivative. Moreover, the
method exploits the fact that the local density within a mod-
ified Voronoi cell np is inversely proportional to its volume
Vp. By computing the modified Voronoi volume at two subse-
quent time instants tk and tk+1 = tk +∆t with a time step ∆t,
the change in volume can be assessed. Eventually, the diver-
gence of the particle velocityD(vvvp) can be computed as fol-

lows (Maurel-Oujia et al., 2024):

D(vvvp) =−
1

np
Dtnp =

2
∆t

V k+1
p −V k

p

V k+1
p +V k

p
(2)

A detailed validation of the method can be found in Maurel-
Oujia et al. (2024).

Multiresolution analysis on graphs
In our study, we extend the tessellation-based method for

computing particle velocity divergence, as originally devel-
oped by Matsuda et al. (2022), by incorporating a multiresolu-
tion analysis. This approach allows us to examine the particle
flow dynamics across different scales of motion and thereby
we can extract meaningful information on the particle distri-
bution and its divergence.

We employ a multiresolution analysis based on Delaunay
tessellation graphs, which serves as an representation of par-
ticle neighbor cells in physical space. The graphs are con-
structed across multiple levels l = 0, . . . ,L−1, where the level
index l increases as the scale becomes larger.

For graph coarsening, we adopt the half-edge collapse
operator as outlined by Kobbelt et al. (1998). This operator
merges one vertex with an adjacent vertex, and the choice of
vertices to merge is based on the minimum volume attribute
of the tessellation cells associated with them. The algorithm
for this coarsening process involves a series of steps that mark
and merge vertices, updating the volume values in the pro-
cess to ensure volume conservation. As such, the updated
volume value for a vertex shifted to level l + 1 is given by
V l+1

i =V l
2i +V l

2i+1.
In terms of the wavelet transform on these graphs, we

consider a signal s0
i = s0(xp,i) on discrete particle positions.

The wavelet transform is based on the conservation equation
V l+1

i sl+1
i = V l

2is
l
2i +V l

2i+1sl
2i+1, where sl

i is the signal at the
i-th vertex on the graph at level l. The projection operator is
defined as

sl+1
i =

1

V l+1
i

(V l
2is

l
2i +V l

2i+1sl
2i+1) . (3)

For the prediction operator, we assume that the predicted sig-
nals at the finer level are the same as the projected signals at the
coarser level, i.e., equal to sl+1

i . Consequently, the detail coef-
ficients can be obtained by the difference between the original
and predicted signals

dl+1
i =

V l
2i

V l+1
i

(sl
2i+1− sl

2i). (4)

The wavelet energy spectrum can be defined as

Es(kV ) =
NlM2[σ

l
i dl

i ]

(2π)D∆kV
. (5)

The volume based wave number is defined as

kV =
π

dV
, (6)
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Figure 1: PDFs of volume of modified Voronoi tessella-
tion normalized by the mean Vp/Vp for different Stokes
numbers. The black dashed line represents the volume
distribution in the case of randomly distributed particles.

where dV is the mean volume scale, which is close to 2l/3. The
bandwidth of the wavelets at each level l is ∆kV and σ

l+1
i =√

V l+1
i V l

2i+1/V l
2i is the scaling factor required to achieve en-

ergy normalization, i.e in the L2 norm. The term M2[dl
i ] is the

second-order moment of the detail coefficients, computed as

M2[dl
i ] =

1
Nl

Nl

∑
i=1

(dl
i )

2, where Nl is the total number of detail

coefficients at level l.

RESULTS
First we explore the volume distribution of modified

Voronoi tessellations. This allows to elucidate the effects of
particle inertia on how particles are clustered. Figure 1 shows
the PDFs of the volume of modified Voronoi tessellations nor-
malized by the mean Vp/Vp for different Stokes numbers. Sim-
ilarly to Monchaux et al. (2010b), we define cluster cells as
cells that have a volume smaller than the left intersection value
(Vp/Vp ≈ 0.4) of the PDF of the volume of inertial particles
and the PDF of the volume of randomly distributed particles,
and void cells as the cells that have a volume larger than the
right intersection value (Vp/Vp ≈ 3). It can be observed that as
the Stokes number increases and gets closer to 1, the number
of small cells for Vp/Vp . 0.4 increases, and then decreases
after exceeding St = 1. This has also been observed in Dejoan
& Monchaux (2013) and Baker et al. (2017) although here we
show the volume of modified Voronoi cells and not that of the
classical Voronoi. For larger cells, a similar behavior is ob-
served, i.e., the number of large cells for Vp/Vp & 3 increases
up to St = 1, and then slightly decreases. This illustrates the
creation of void regions as the Stokes number increases, fol-
lowed by their reduction as inertia continues to increase.

Figure 2 shows the PDFs of the particle velocity diver-
gence D(vvvp) normalized by the Kolmogorov time scale τη for
various Stokes numbers. The presented statistics are obtained
by averaging over five different snapshots. The PDFs have a
stretched exponential shape and the tails are getting heavier
for increasing Stokes number. Table 1 quantifies the variance
and flatness of the particle velocity divergence for different
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Figure 2: PDFs of the particle velocity divergence D(vvvp)
for different Stokes numbers normalized by the Kol-
mogorov time scale τη .

Stokes numbers. Variance offers insight into the average level
of divergence fluctuation, while flatness, a fourth-order statis-
tical moment, provides an indication of the distribution’s tails.
Specifically, high flatness values signify the presence of more
statistically extreme events, characteristic of non-Gaussian and
spatially intermittent behaviors. For a Gaussian distribution,
the flatness value is equal to 3. For St ≤ 0.2, variance and
flatness of the particle velocity divergence show an increas-
ing trend with the Stokes number. In turbulent flows, the di-
vergence of particles for small Stokes numbers is predomi-
nantly driven by the fluid vorticity, mediated through centrifu-
gal forces. When the Stokes number increases, it is expected
that particles will exhibit a greater tendency to converge or
diverge due to the large particle relaxation time which is con-
sistent with our observations.

We note that for St ≥ 0.5 the variance continues to in-
crease, while the flatness begins to decrease. This observation
can be attributed to the more random-like behavior of parti-
cles at higher Stokes numbers, where their inertial properties
lead to more frequent crossing trajectories, i.e. the particle ve-
locity becomes multi-valued, which is referred to as caustics
(Wilkinson & Mehlig, 2005; Bec et al., 2010). Consequently,
particles, on the whole, are more likely to converge or diverge
strongly. However, as this behavior is more generalized, these
events are considered less statistically uncommon, resulting in
a reduced flatness.

Figure 3 shows the wavelet energy spectrum of the par-
ticle velocity divergence for different Stokes number. The
spectra are normalized by using the Kolmogorov scale η , the
kinematic viscosity ν , and the energy dissipation rate ε . For
0.1 ≤ St ≤ 0.5 the amplitude of the spectrum increases up to
kV η ≈ 0.5, and then decreases along with the wave number.
Additionally, an increase in the Stokes number leads to an in-
crease in the spectrum amplitude. This phenomenon could be
linked to the larger particle relaxation time, as already noted
in the comments of figure 2. Moreover, the wave number with
the maximum amplitude remains approximately the same for
0.1≤ St ≤ 0.5, indicating no significant shift. This means that
the scale of clustering or void formation does not change. In
the cases St ≥ 1, we see that for increasing Stokes number,
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the overall amplitude of the spectrum also increases, and the
wave number with the highest amplitude shifts to higher val-
ues, i.e., smaller scales. This may be attributed to caustics
resulting from particle crossing phenomena which implies that
the particle velocity becomes multi-valued. Moreover, parti-
cle crossings are pronounced at small scales. As the frequency
of crossings increases with the Stokes number, the amplitude
of the spectrum at high wave number likewise increases. The
wavelet energy spectra thus show for St = 5 a power-law scal-
ing similar to what is observed for random noise. We find the
slope close to 1, which is similar to the slope observed for a
Gaussian noise (Matsuda et al., 2022).
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Figure 3: Wavelet energy spectrum of the particle veloc-
ity divergence ED (kV ) for small (a) and large (b) Stokes
number.

CONCLUSIONS
We analyzed DNS data of particle laden isotropic turbu-

lence for different Stokes numbers and assessed the multiscale
clustering dynamics. To this end we applied tesselation based

techniques which associate a volume to each point particle.
Considering the temporal change of the volumes we deter-
mined the divergence of the particle velocity. Thus insights
into cluster and void formation could be gained. Multiresolu-
tion representation of the particle tesselation yields then scale
decomposition of the divergence. Therewith we can quantify
the dynamics of cluster destruction and void formation at dif-
ferent scales of motion depending on the Stokes number. We
found that the spectral distribution of energy does not change
significantly. However the amplitude increases as the inertia
increases which can be attributed to the τp dependence. Fur-
thermore, the spectral distribution of energy does change, and
an increase in amplitude for small scales is observed. We an-
ticipate that this increase is due to more frequent particle cross-
ing.

In future work we plan to compute not only the curl and
the helicity of the particle velocity to quantify rotation and
swirling motion in particle laden flows, but likewise the key
tensor invariants, i.e. QQQ and RRR, of the particle velocity gra-
dient tensor. Compression and stretching of particle clusters
can thus be quantified. Studying the influence of gravity onto
particle settling and the related cluster formation is likewise
object of future investigations.
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2010b Preferential concentration of heavy particles: A
Voronoı̈ analysis. Physics of Fluids 22 (10).

Oujia, T., Matsuda, K. & Schneider, K. 2020 Divergence and
convergence of inertial particles in high-Reynolds-number
turbulence. J. Fluid Mech. 905, A14.

Shaw, R. A. 2003 Particle-turbulence interactions in atmo-
spheric clouds. Annu. Rev. Fluid Mech. 35 (1), 183–227.

Wilkinson, M & Mehlig, Bernhard 2005 Caustics in turbulent
aerosols. Europhysics Letters 71 (2), 186.

5


