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Principal eigenvalues for Fully Non Linear singular or
degenerate operators in punctured balls

Frangoise Demengel
Département de Mathématiques, CY Paris University

Abstract

This paper is devoted to the proof of the existence of the principal eigenvalue and related
eigenfunctions for fully nonlinear degenerate or singular uniformly elliptic equations posed in a
punctured ball, in presence of a singular potential. More precisely, we analyze existence, unique-
ness and regularity of solutions (A, u.) of the equation

14+«
IVu|* F(D*uy) + Ay 2— = 0 in B(0,1)\ {0}, u, =0 on 8B(0,1)

rYy

where u, > 0 in B(0,1), @ > —1 and v > 0. We prove existence of radial solutions which are
continuous on B(0,1) in the case v < 2 4+ «, and a non existence result for v > 2 + a. We
also give the explicit value of X214 in the case of the Pucci’s operators, which generalizes the
Hardy—Sobolev constant for the Laplacian, and the previous results of [4].

1 Introduction
We look for “radial eigenvalues” and related positive eigenfunctions for the problem
|Vul|*F(D?u) + pr~7u'™™ =0 in B(0,1)\ {0},

where v > 0, and I is a second order, fully nonlinear, uniformly elliptic operator. « is supposed to
be > —1 and the solutions are intented in the viscosity sense given by [2]. In the model cases, F' will
be one of Pucci’s extremal operators. It is clear that, if a = 0, as in the case of Laplace operator,
v = 2 is a critical case, being F' a second order differential operator. This case @ = 0 is studied in
[1] and the present paper extends most of the results in [1] to the case o # 0. As in the case of the
Laplacian, for v < 2+ a not ”too bad” solutions are expected to exist, whereas there are no solutions
if ¥ > 2+ a. In the borderline case v = 2+ «, we will prove existence of unbounded ”eigenfunctions”.

The case of the Laplacian and v = 2 is naturally linked to Hardy’s inequality: let us suppose that N > 2
and let u € H}(B(0,1)) (respectively, u € H*(RY)), then “) Helongs to L?(B(0,1)) (respectively

|]

uz) ¢ 2 (R™)), and there exists a positive constant ¢ such that

|
J () = o



Furthermore, the best constant is ¢ = ﬁ and it is not achieved, in the sense that

N —2)2
inf . / |Vul|? = g. (1.1)
w€HY(B(0,1)), [5.1) (M52 ]) =17/ B(0,1) 4

[

and there is no u € H¢ which realizes the infimum. By obvious arguments, B(0,1) can be replaced
by any bounded regular open set of RY containing 0, and the optimal constant does not depend
on the size of the open set. Note that the right hand side of (1.1) coincides with the variational
characterization of the ”first” or ”principal 7 eigenvalue for the equation

U
—Au=)A—.
P

For further knowledge on the Hardy—Sobolev inequality and for the case of the p-Laplacian, we refer
to [9, 10].

On the other hand, if we replace in the constraint the power 2 by an exponent v < 2, compactness
from H{(B(0,1)) into the weighted space L?(B(0,1), -%) holds, and this allows to obtain existence of
minima in H}(B(0,1)) by standard arguments in calculus of variations. In that case, denoting

A, = inf / |Vul? (1.2)
=1JB(0,1)

u(z)|?
“eHé(B(Ovl))va(o,l) ‘ \i\)w‘

one sees that . is also the first eigenvalue for the equation
- u

Au+ A y— =0,
rYy

meaning that A, is such that there exists u > 0 in Hg(B(0, 1)) satisfying the equation.

Note that, by its definition, A, depends on the domain, since

1
If v > 2 there is no embedding from Hg(B(0,1)) into L*(B(0,1),-%). Indeed, as an example, the
function

u(r)=r""2 T¢(~logr)

with 0 < € < 7772, belongs to Hg(B(0,1)) and satisfies

2
[ -
B, |z

Let us now focus on non variational cases. More precisely, let us suppose that F is fully nonlinear
uniformly elliptic operator, that is F' is a continuous function defined on the set Sy of symmetric
N x N matrices, and it satisfies, for positive constants A > A > 0,

Atr(M') < F(M + M') — F(M) < Atr(M'), (1.3)

for all M, M’ € Sy, with M’ positive semidefinite.



Suppose also that F is rotationally invariant and positively homogeneous of degree 1, i.e.

forany M e Sand t > 0, F(tM) = tF(M).

In this case the principal eigenvalue for the equation

u

F(D*u) + A\— =
AT

0

in B(0,1) \ {0}

can be defined on the model of [1], i.e. by the optimization formula

Ay =M (Fyr~ ) =sup{p : Jue C(B(0,1)\{0}), u>0in B(0,1), F(D*u)+ ,u% <0}, (1.5)

where the differential inequality appearing above is understood in the viscosity sense. In the model
cases, the operator F' will be one of Pucci’s extremal operators. Let us recall their definition: by
decomposing each matrix M € Sy as M = M — M~, where M and M~ are positive semidefinite
matrices satisfying MM~ = O, then Pucci’s sup operator can be defined as

M (M) = Atr(MT) = Mr(M7),

as well as Pucci’s inf operator is given by

M A (M) = Mr(MF) = Atr(M ™) = =M (—=M).

In the sequel, we will omit in the notation the dependence on the ellipticity constants, which are fixed

once for all.

We further recall that for a C? radial function u(x) = u(|z|), one has

rTRx

D?*u(x) =" (r)

r2

and, as a consequence,

M (D?*u) = A(N — 1) (ul(r)>+ — AN —-1) <UI7(“T)) ) + A" (r)T = A (r) ",

r

M (D*u) = A(N — 1) <“/7(f)>+ — AN -1) (“;@) + AW (1) =A@ (r)) .

Thus, the ODEs satisfied by radial solutions of Pucci’s extremal equations have coefficients depending
on the dimension like parameters, associated with M™ and M™ respectively, defined as

A
N+=K(N—1)+17

A

N_==(N-1)+1.

A

Note that one has always N_ > N > N, , with equalities holding true if and only if A = A. We will
assume always that N > 2. This will imply in particular that since v < a+2, (N4 —1)(14+a)+1—7v >

0.
We recall the results obtained in [1].



Theorem 1.1. Suppose that F satisfies (1.3), (1.4) and is rotationaly invariant. Suppose that v < 2.
Then:

(i) A, defined in (1.5 ) is positive and there ezists a function u, continuous in B(0, 1), radial, strictly
positive in B(0,1), such that
F(D?u)+ X% =0 in B(0,1)\ {0}
u=0 on 0B(0,1)
Furthermore u is C?(B(0,1) \ {0}) and it can be extended on B(0,1) as a Lipschitz continuous

function if v < 1, as a function of class C*(B(0,1)) when v < 1, and as an Hélder continuous
function with exponent 2 — v if v > 1.

(i1) Assume that v = 2. Then: For the operator M™ one has

5\2(./\/14') — AM

and the function u(x) =r~ E (= Ilnr) is an explicit solution of

{ MT(D?*u)+ A% =0 in B(0,1)\{0}
u=0 on 0B(0,1)

(iii) If v > 2, then the eigenvalue 5\’7 defined by

A i=sup{p : Jue C%*(B(0,1)\ {0}), u > 0 in B(0,1) \ {0}, v radial, F(D%u)+ u% <0}

satisfies ;\; =0.

We now describe the results here enclosed. As we said above, we look for positive ”radial eigenvalues”
for the equation

|Vu|*F(D?*u) + pr~"u'™* =0 in B(0,1)\ {0},

where o > —1, 0 < v < a+ 2. I is always a fully non linear positively homogeneous operator, ie, it
satisfies (1.3), (1.4) , and is rotationally invariant. For v > 0 we define

u1+a

MF,r=7,B(0,1)) = sup{p : Ju € C(B(0,1)\{0}), v > 0 in B(0,1), radial, |Vu|*F(D*u)+pu - < 0}.

(1.6)
In the sequel we will simply denote it A, when there is no ambiguity on the domain, nor on the
operator.

Theorem 1.2. Suppose that F satisfies (1.3), (1.4) and is rotationaly invariant, and that o > —1.
Suppose that 0 < v < 2+ . Then: A, defined in (1.6 ) is positive and there exists a function u,
continuous in B(0,1), radial, strictly positive in B(0,1), such that
|Vul*F(D?u) + Ay“o— =0 in B(0,1)\ {0}
u=0 on 0B(0,1) .

1+

Furthermore u is C1(B(0,1) \ {0}), [o/|* € C1(B(0,1) \ {0}), u is Lipschitz continuous on B(0,1)

in the case v < 1, CY(B(0,1)) when v < 1, and Hoélder continuous of exponent 2?1;7 if v > 1.




Remark 1.3. In fact we will prove that u € C*>(B(0,1) \ {0}).

Statement (i) of the above theorem shows in particular that A, is actually achieved on smooth radial
eigenfunctions. Thus, if we define

A, =sup{p : Jue C(B(0,1)\{0}), u>0in B(0,1), radial, u € C'(B(0,1)\ {0}),

wlte < 0},

w/|°u’ € CH(B(0,1)\ {0}), |Vul*F(D?u) + pte (L.7)

it then follows that

A= X

Actually, we will work initially with the smooth eigenvalue X/, and we will finally prove that it
coincides with XY.

Theorem 1.4. Suppose that F = M™ and that v = 2 + «. Then:

(1)

)\2+(x =

A [((Ny—2)(1+a)\*™
a+1 24+«
A supersolution which satisfies the extremal inequality for Xoiq is 77 with T = Ws—2)(atl)

24«

(i) Aayo is stable under various regularization

A = lim A
o Y24 v

_ _ 1 _
— 1 +
)\2+a—§1_1>1(1))\</\4 ’W’B(O’l)\B(O’5)>
Xogpo = lHm A [ MT - B(0,1)
T 5o ’ (r2 + 62)—‘*32 ’ ’ '
We will finally prove

Theorem 1.5. Suppose that I satisfies (1.3), (1.4) and is rotationaly invariant. Suppose that o > —1.
Ify>a+2, X, =0.

2 The case vy < a+2

2.1 Maximum principles, existence and regularity results

For simplicity in the reading let us introduce the space invoked above

Ci.o = {u € CHB(0,1)\ {0}, radial, |u'|*u' € C*(B(0,1)\ {0})}. (2.1)



Remark 2.1. Let us observe that the radial solutions of |Vu|*F(D*u) = T% satisfy u € Cy . Indeed,
let us use the notations in [8], [1] :

Flx,l,m) = F(LId + (m — 1)%))
Then the equation above can be written
i

Fla,r ™|, (J|"')) = =

and then using the Ellipticity of F , adapting Lemma 2.1 in [7], (see also [8] ), there exists G locally
Lipschitz in R? so that
(|u/|au/)/ — Q(|u’|“u/7‘_1, f(:))
T

As a consequence the solutions of such equations satisfy uw € Ci . Furthermore if u' # 0, we get
that v’ € C(B(0,1) \ {0}), dividing the equation defining G by |u'|*. This will be the case for an
eigenfunction, since we will observe that it satisfies v’ < 0 in r > 0.

The first results of the present section are two crucial technical lemmata .

Lemma 2.2. Let f € C(B(0,1)\ {0}) be a radial, bounded and positive function and assume that
u € C o 15 a radial, bounded function which satisfies

|Vu|*MT(D?u) > fr=7 in B(0,1)\ {0}. (2.2)
Then
(i) u' >0 in a right neighborhood of 0;
FN-—1

(ii) lirr(1) u'(r) =0 and in o right neighborhood of 0 one has
r—

/ inf f e i
U(T)>((1"‘0‘)/\((]\7__1)(1+oz)+1—7)> Y

(iii) if, furthermore, |Vu|* M¥(D?u) = fr=7, then, in a right neighborhood of 0, one also has

/ sup f T
U(T)S<(1+a))\((1v—1)(1+a)+1—7)) o

In particular, there exists a constant ¢ > 0 such that, for r sufficiently small,
[/ ()| < criva

and then u can be extended as a Lipschitz continuous function on B(0,1) if v < 1, it belongs to

CL(B(0,1)) if v < 1, and it is Hélder continuous in B(0,1) with exponent 2"1'_7‘_;7 if v > 1.

For the convenience of the reading we define G x(p,q) = A(pt +¢7) — A(p~ + ¢7). Note that G x
is subadditive .



Proof. Note that when u is radial,

- A AY: N -1 I, !
[Vul* MF(D*u) = Gax((1+a) "' (|u/| w)', (——)l|*)

Suppose that u’ changes sign around 0, then, since u is C! and |u/|%u’ is C!, there exists a numerable set
{rn}n so that on [ron11,72,] @' <0, and on [ront2,72n4+1[ @ > 0. Then there exists s, in |rapi1, ron|
so that (|u/|*u’)'(sn) = 0, a contradiction with the inequation satisfied by w. Then u' does not change
sign and if we had ' < 0 then we would have

A |%u') (14 @)™+ Ao/ |/ (N = 1)r=t > fr 7.
which would imply that
(|ul|au/7,(N+71)(1+a))l > (1 + a)Aflf,r,(N-p*l)(lJra)*’Y
In particular |[u/|%u/'r(N+=11+®) has a limit when r goes to zero. Suppose that this limit is < 0, then

this would imply for some positive constant ¢

o < —ertTN+

near zero, which contradicts u bounded. We have obtained that lim |[u/|%u/rN+~1 = 0.
Then integrating the equation above one obtains

‘u"au’r(N+*1)(1+a) > 0

which yields a contradiction. We have obtained that v’ > 0 and then whatever is the sign of u” one
has

AN —1)

3 |u/|au/ Z f,r,—'yA—l
P

(14 )~ (|*w) +
which implies that
(‘u/|au/T(N,—1)(1+a))/ > (1 + a)A—lf,r—'y-&-(N,—l)(l—i-a)

Even if it is not necessary for the sequel, let us remark in particular that |u/|*uw/r(N-—10+®) hag
a limit when r goes to zero, and if the limit was ¢ > 0 this would contradict once more that w is
bounded. Then lim,_,q |u/|*u/7(N-~D(+2) — (. We obtain by integrating

|ul|au/r(N_71)(1+a) > (1 —|—O¢)A71 inff,r(N_fl)(lJra)Jrlf'y

which yields the result.
item (iii) can be proved in the same fashion.
0

Remark 2.3. From the arguments used in the proof of item 1, f > 0 is sufficient to get v’ > 0 near
zero. This will be used in the proof of the uniqueness in Theorem 2.11. .



Remark 2.4. By using the change of variable v = —u, one gets that if f € C'(B(0,1)\{0}) is a
radial, bounded and positive function and u € C'y , is a bounded radial function satisfying

|Vul* M~ (D?*u) < —fr~7 in B(0,1)\ {0},
then, for r sufficiently small, v’(r) < 0, lim, o« (7)r™¥~—1 = 0 and

, inf f 13
Y S N —hara iy

Moreover, if |Vu|* M~ (D?*u) = —fr=" in B(0,1)\ {0}, then |[u/(r)| < crtve for a positive constant
c. Hence u is Lipschitz continuous on B(0,1) for v < 1, it belongs to C1(B(0,1)) if v < 1, and it is
Holder continuous in B(0,1) with exponent QT"F;W for v > 1.

Obviously, since M~ < M™, one gets an analogous conclusion when

|Vul*MT(D?*u) < —fr7.

Lemma 2.5. Let f,g € C(B(0,1)\ {0}) be radial, bounded functions such that f > g and assume
that u,v € C1,o NC(B(0,1)) are radial functions satisfying respectively

|Vul|*F(D?*u) > fr~7 inB(0,1) \ {0} (2.3)

and
|Vo|*F (D) < gr7 in B(0,1)\ {0}. (2.4)

Then
(i) v —v' >0 in a right neighborhood of 0;
(i) In a right neighborhood of 0 one has

lnf(f - g) ,rl—'y .
AN —-1D)(1+a)+1—7) ’

|ul|au/ _ |’U/|a’U/ Z (1 +O[)

Proof. Suppose first that ' — v’ has not a constant sign near zero. Then, there exists a decreasing
sequence {r,} converging to 0, such that (v’ — v')(r,,) = 0 for all n, and v’ —v' < 0 in |rap41, 720,
u —v" > 0in |ropye,ront1]- Since (v — v')(re,) = (W — v')(rony1) = 0, there exists some so, €
Jron+1, ron [ such that (Ju'|*u — |v'|*v")(s2,,) = 0. Then we use the inequality
|Vu|*F(D?*u) — |Vu|*F(D?v)
= F(|Vu|*D?*u) — F(|Vv|*D?v)
< MT(|Vu|*D?u — |Vo|* D?v)
u'|%u — v |* ) (N — 1
— GA A <( ‘ | | )( ),(1 +a)71(‘u/‘o¢u/ - |v/avl)/> (25)

’ r

This yields a contradiction since G x (Uul'aul_‘”;lav,)(N_l), (1+ o)~ Y|/ |*u — \v’|av’)’> (s2n) < 0.

Suppose now that v’ — v’ < 0 in a neighborhood of zero. Using (2.5) above,

N -1
N R e (P P L R S



Hence
(/|0 = o' VDY > (1 a)(f = g) A=

Since f —g > 0, (Ju/'|*u — [v/|*0")r0+)NV+=1) hag a limit when r goes to zero. We prove by
contradiction that this limit is > 0.
In order to obtain this, we make an additional assumption which will be deleted in a second step
First step
Suppose that either lim sup, _,ou/rN*~1 > 0, or liminf, o v'r¥*~! < 0. And assume by contradiction
that

(|ul|aul . |U/|avl),r(1+a)(N+71) S5 —c<0.

- if limsupw/rN+=1 > 0, one derives that |v/|*0" > cr("N++D0+2) " and then v/ > er(-N++1D) o
contradiction with the boundedness of v.
- If lim inf v'rN+—1 <0,

|u/|au/ < _CT(7N++1)(1+04)

once more a contradiction with the boundedness of u. We have obtained that (|u/|*u/—|v/|*0 )+ N+=1)) >
0, hence v/ —v" > 0 and whatever is the sign of (Ju/|*u’)" — (|v'|*v’)" one has

((|u/|aul _ |U/|a’l}/)7”(1+a)(N__1))/ > (1 + Oé)(f _ g)r(N_—l)(l—i-a)—'yA—l
This implies by integrating that

inf(f — g)rt="
Ay —

(J/|%u" = ['|*0")(r) = (1 + a)A™

Second step
We use the previous step to compare u with w defined as follows : For 0 < 7 < inf (“Ii}v , N1, let
us consider the radial function

w(r) =L —r™) +u(l) (2.6)
where L > 0 is a constant to be suitably chosen. A direct computation shows that
MY (D*w) < L A(|7y — 1] = (Ny —1))rm =2,

so that
MY (D*w) < —CLr™ 2 in B(0,1)\ {0}

with C = ANy —1—|m — 1) > 0.
Then
|Vw|* MH(D*w) < —C(L7)* Ly~ 2Fm =D < || =7

choosing conveniently L. Note that since v < a+2, 71 — 1 + N, — 1 > 0, and then lim w/rN+~1 = 0.
We can apply the first step and obtain that for some positive constant ¢

/| (r) = |w'[*w' (r) = er' ™

this yields
/| > —itepitapn-ite) 4 opl=y

In particular by the assumptions on 71 and 7 one has limsup,_,o o/ (r)r™+=1 > 0.



In the same manner if v satisfies
Vol F(D%) < gr

Taking w = —L(1 —r™) +v(1), as soon as L is large enough, |Vw|* M~ (D?w) > |g|oor™". Using the
first step one gets [v/|*v" < |w'|*w’ — ¢r'=7, hence liminf, o v/rN =1 < 0.
As a consequence the result in the first step extends to any u and v without the assumption lim sup,._, o u/(r)r¥+=1 >
0, or liminf v/7N+~1 <0, and items (i) and (ii) are proved.
O
Theorem 2.6. Let f,g € C (B(0,1)) be radial functions and assume that u,v € C (B(O7 1)) NCh,a;
are radial functions satisfying in B(0,1) \ {0}

[Vul*F(D?u) — Blu|*u(r)r= > f(r)r™"
[Vo|*F(D?v) = Blo|*v(r)r=" < g(r)r~7

with B >0 and f > g in B(0,1), one of the inequalities being strict. Then u < v on dB(0,1) implies
u<w in B(0,1).

Proof. We suppose by contradiction that

max (u—v) > 0.
B(0,1)

If the maximum is achieved at 0, then (u — v)(0) > 0 and, by the assumptions on f, g and 3, there
exist § > 0 and a neighborhood on the right of 0 on which

Alul*u(r) = fo|*o(r))r=" + (f(r) = g(r))r=" = 6r=7 >0

Using Lemma 2.5, one gets that for some positive constant ¢, |u/|u/ — |[v/|*v" > ¢r'~7, which con-
tradicts the fact that u — v attains its maximum at 0. Hence, there exists 0 < 7 < 1 such that
u(F) — v(F) = max(u — v). Since the supremum cannot be achieved on 0, for ¢ > 0 there exists § < 7
that we can take small enough in order that u(r) < v(r) + max(u — v) — ¢, for any r < 6. Then
w = v + max(u — v) satisfies

|Vw|*F(D*w) — Blw|*wr™ < g(r)r~

Applying the comparison principle in [2] in r > § for regular coefficients, one gets that u < w in r > §,
and then u — v < sup(u — v) — € in the whole ball, a contradiction . O

Next, we have the following existence, uniqueness and regularity result.

Theorem 2.7. Let f € C(B(0,1)) be a radial, bounded function. Let further F be a rotationally
invariant operator satisfying (1.4), (1.3) . For f >0 and b € R there exists a (unique when 8 > 0 or
when f has a sign and B = 0) bounded radial function v € C(B(0,1)) NC1,q satisfying

{ |Vu|*F(D?*u) — Blu|®ur= = r=Yf(r) in B(0,1)\ {0}

u(1) = b. 27)

Moreover one has: u € C*(B(0,1)) if v < 1, u is Lipschitz continuous in B(0,1) if v < 1, u is Holder

continuous in B(0,1) with exponent QJ{i;W if v > 1.

10



Proof. For every n € N let us introduce the regularized Dirichlet boundary value problem

{ |V |*F(D?uy,) — Blun|“un (12 +1/n)"7/2 = (r2 +1/n) "2 f(r) in B(0,1) (2.8)

up(1) =b

which, by [2], has a unique radial solution u, € C((B(0,1)). For 0 < 74 < 2 —+, let us consider the
radial function in (2.6) replacing w(1) by b where always L > 0 is a constant suitably chosen, and 7;

satisfies 71 < inf(a:iz'y,NJr). Then

Vul* M (D*w) < ~[floor™ < =(r? + 1/n) 72 f(r).
Then one also has
[Vw|* M (D*w) = Blw|*w(r? +1/n) 7% < | flar™ < =(r* +1/n) 2 f(r).
Up to change the constant L one also has
|Vl MF(D?(~w)) = Blw|* (~w)(r? +1/n) 772 < —|floer™ < = +1/n) 2 f(r).

The standard comparison principle in [2] implies that —w < w, < w and then implies that the
sequence {u,,} is uniformly bounded in C'(B(0, 1)). Hence, it is locally uniformly bounded in C1 4 , in
particular uniformly Holder continuous, and, up to a subsequence, it is converging locally uniformly in
B(0,1)\ {0} to a radial solution u of problem (2.7), which is a globally continuous function belonging
to Cl,a'

Let us now show that the constructed bounded radial solution u satisfies the further regularity an-
nounced. We take now w a solution of

{ Vol MH(D20) = (| fle + B+ 1r  in B(0,1)\ {0}
@(1) = u(1)

where B > 0 is a constant such that S|u|'*® < B in B(0,1). Lemma 2.5 and Remark 2.4 applied to
w yield that
-
@] < er i

for some ¢ > 0. As a consequence, we have by Lemma 2.5 (i), in a right neighborhood of 0, (u—w)’(r) >

0. Hence,
’ Elia
u'(r) > —er e

for r small enough. Analogously, we have

M= (|Vu|®D?*u + |Vo|*D*w) < |Vu|*F(D?*u) + |Vw|*MT(D*(w)) < —r 7 in B(0,1)\ {0}

which implies, by Remark 2.4,
1—v
' (r) < —w'(r) < crive

for r small enough. Arguing as in the proof of Lemma 2.5, we deduce from the estimate |u/(r)| < cr o
for r sufficiently small, that u is Lipschitz continuous in B(0, 1) if v < 1, it belongs to C*(B(0, 1)) if

s .. . . . 2 a— .
v < 1, and it is Holder continuous in B(0,1) with exponent 11}” if v > 1.
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The uniqueness is obvious by the comparison principle when g > 0. If f has a sign and 5 = 0 for
example f < 0, then if u and v are two solutions of

{ |Vu|*F(D?u) =r=7f(r) in B(0,1)\ {0}
u(l)="»> ;

ue = (u — b)(1 4 €) + b satisfies u.(1) = b, and

|Vu|*F(D?*ue) = f(r)(1+e)'Tor™7 < L:)
r
and then u. > v. By passing to the limit one obtains u > v. Exchanging the roles of v and v one gets
the uniqueness.

O
The argument used in the above proof yields also the following compactness result :

Theorem 2.8. Let {u,}, be a uniformly bounded sequence of radial functions belonging to Ci o and
satisfying
|V, |*F(D%uy,) = for™" in B(0,1) \ {0},

where the f, are radial, bounded and continuous in B(0,1). If {fn}n is uniformly bounded, then
{un}n is equicontinuous, thus uniformly converging in B(0,1) up to a subsequence. If f, is uniformly
converging to f € C(B(0,1)), then, up to a subsequence, {un}, is uniformly converging to a radial
solution u € C1,, NC(B(0,1)) of

|Vu|*F(D?*u) =r~7f in B(0,1)\ {0}.
In the next results, we prove several properties of the “smooth” eigenvalue defined in (1.7), that we
recall here for the comfort of the reader

_ 14+«
N, i=sup{u : Fu€Cra, u>0in B(O,1)\ {0}, uradial, |Vu|*F(D?u)+ M“M

<0}.

In Subsection 2.3 we will prove in fact that /_\’v =\,
Let us start by proving the validity of the maximum principle below the value 5\'7.

Theorem 2.9. Let p < 5\'7 and suppose that v € C(B(0,1)) NC1 o is a radial function satisfying

|Vu|*F(D?*u) + plu|®ur™ >0 in B(0,1)\ {0} .

If u(1) <0, then u <0 in B(0,1).

Proof. If < 0, we just apply Theorem 2.6 with v = g = f = 0. So, we can assume without loss of
generality that > 0. For p/ €]u, X[, let v € C1 o be a radial function satisfying

[Vo|*F(D?0) + p/v' ™7 <0, v>0  in B(0,1)\{0}.

We can assume without loss of generality that v > 0 on 9B(0,1), e.g. by performing a dilation in r
(this may change a little x’ but we can still suppose by continuity that p €]u, \[). Arguing as in the
proof of Lemma 2.5, since |Vv|* M~ (D?v) + p/v1+r=7 <0, we easily obtain that v’ has constant sign
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near zero. Assuming by contradiction that v/(r) > 0 in a neighborhood of zero, then v is bounded
in B(0,1) \ {0}. Hence, Remark 2.4 applies and yields v'(r) < 0 for r small enough: a contradiction.
This shows that v/(r) < 0 in a neighborhood of 0.

Then, there are two possible cases: either lim, o v(r) = +00 or v can be extended as a continuous
function on B(0,1). In the first case, let € > 0 be given and let § > 0 be small in order that
supu < einf,.5 v, then applying the comparison principle in [2] for regular coefficients in the domain
B(0,1) \ B(0,d), one gets u < ev in r > §, hence u < ev everywhere. Letting e — 0, we get
the conclusion. On the other hand, if v is bounded and continuous on B(0,1), we can argue by
contradiction : Let us assume that u is positive somewhere in B(0,1), so that ¥ has a positive
maximum on B(0, 1), achieved at some point inside B(0,1). Up to a multiplicative constant for v, we
can suppose that

u
max — =1

B(0,1) V

)

so that u(r) < v(r). If the maximum is achieved at 0, then one has u(0) = v(0) > 0. By continuity,
for r small enough one has

1
|Vu|*F(D*u) — |Vo|*F(D?v) > §(u'v1+°‘(0) — e T(0))r
Since p/v'*(0) — pult(0) = (¢ — w)o!T(0) > 0, we can use Lemma 2.5 (ii) and we get that
(u—v)'(r) > 0 in a right neighborhood of 0. This is a contradiction to u — v has a maximum point
at zero.

1
ZES;. Let us select n < 1 such that n > max{(ﬁ) e , :jgg; }. Then,

the function u — nv has a positive maximum achieved at some point 0 < 7 < 1. Since 7 is an interior
point, using the arguments in the comparison Theorem for regular coefficients in [2], or using remark
2.10 below, valid for functions depending on one variable, one has

Hence, we have that 1 = max = >

Vul*F(D?u) () < |V ()| *F(D*no)(7)
and then using (1.4), we get
' ()T < —put ()T < |Vl F(D?u(r)) < [Vl F(nD?*0(r)) < —p'n' T ot (Fm)rT

which gives the contradiction p > p/n'+e.
O

Remark 2.10. Suppose that o > —1, that u and v are defined |# — h,7 + h[ are C* and such that u
and v € Cy . Then if 7 is a mazimum point, one has

u'(F) = o' (F) and (Ju/|*)'(7) < (J'[*0") (7).

Indeed, the result is obvious when u'(F) # 0, since in that case the assumption u'|*u/,|v'|*v" € C!
implies that w and v are C? on 7. Then

(lu'[*u) (7)) = (L + e[ (7)) (F) < (L + )|’ [(M)" (7) = (1 + a)'[* (7)o" (7) = (|v'[*0")'(7)

If now v/ (F) = V/(F) = 0, let us consider ue = u — er, ve = v — €r, Ue — Ve has its mazimum also
achieved on 7 and ul(F) # 0, hence by the first part

(lue|*ue) (7) < (Jg|*vp)'(7)
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and passing to the limit when € tends to zero, one gets
(l/|*u")' (7) < (Jo'|*0")'(F)
The next result provides the existence, uniqueness and regularity of solutions below the eigenvalue
M.
¥

Theorem 2.11. Let f be a radial and continuous function in B(0,1) satisfying f < 0, with f not
identically zero. Then, for every p < )\’7 there exists a unique, positive, bounded, radial function
u € C1 o satisfying

{ |Vu|*F(D?u) + put*r=" = f(r)r=7 in B(0,1) \ {0}
u(l) = 0.

Moreover, u can be extended as a strictly positive continuous function in B(0, 1), Lipschitz continuous

in B(0,1) if y<1,Ctify<1, (%_‘T_;A’)—Hé'lder continuous in B(0,1) if v > 1.

Proof. As in the proof of Theorem 2.9, we can assume without loss of generality that p > 0, otherwise
the conclusion just follows from Theorem 2.7. The uniqueness of u follows from Theorem 2.9.

As far as existence is concerned, let us recursively define a sequence {uy, }»>0 as follows: we set ug =0,
and by using Theorem 2.7, we define u,+1 € C1,o N C(B(0,1)) as the unique bounded radial solution

f
° { |V i1 F (D?*upi1) = (f — putt*)r=7 in B(0,1) \ {0}
un+1(1) =0.

By Theorem 2.6, we have that wu,; > 0, hence it is strictly positive in B(0,1) \ {0} by the standard
strong maximum principle, since f is not identically zero. In particular, w, is not identically zero
for all n > 1. By applying the comparison principle in Theorem 2.6 again, we deduce also that
Up41 > Upn. Let us prove that {uy}, is uniformly bounded. If not, by setting v, = HunHoo_lun and
kn = Juns1ll3ttnllco < 1, one gets that v, satisfies

(Vo1 F(D2un1) = (e — kb reole () r=in B(0,1) \ {0}
Un+1||loco
Un+1(1) =0
Since {vp}, is uniformly bounded, by applying Theorem 2.8, we can extract a subsequence still
denoted by {v,}, uniformly converging to a function v > 0 satisfying

|Vo|*F(D?v) + pkitoolTer=7 =0 in B(0,1) \ {0}
v(1)=0

where k < 1 is the limit of some converging subsequence of {ky},. Since v is a radial solution, one
has that v € C; 4 and, since pk'*® < p < 5\;, Theorem 2.9 yields v < 0. Hence, we get v = 0, a
contradiction with ||v||s = 1.

We have obtained that {u,}, is bounded, and using once more Theorem 2.8, we deduce that {u, }
uniformly converges to some u, which satisfies the desired equation. By the strong maximum principle,
we get that u > 0 in B(0,1) \ {0}. Moreover, by Remark 2.4, we have that «'(r) < 0 for > 0 small
enough, which implies ©(0) > 0. Finally, the global regularity of w follows from Remark 2.1 and
Theorem 2.7. In fact u’ < 0 and then u € C2(B(0,1) \ {0}).
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We now prove the uniqueness. Suppose that v and v are two ( positive ) radial solutions of
|Vu|*F(D?*u) + pu'Tr=7 = fr=7, u(1) =0

If f =0, the maximum principle implies that © = 0, so we can suppose that f is not identically 0.
We prove that u < v, next, exchanging the roles of u and v one gets the uniqueness. Suppose by
contradiction that sup * = 7 > 1. (The supremum is well defined by Hopf principle in [2]). Then
u < nv, and the supremum is achieved either on # > 0, or "on the boundary” which means that
lim,_,; & = 7, or on 0. Suppose that we are in one of the first situations, then since u’ < 0 by the
equation and by lemma 2.5 one gets using the strong comparison principle, proposition 4.4 in [3], that
u = nu everywhere in B(0,1) \ {0} and then by continuity v = nv in B(0,1). This contradicts the
equations since one would obtain then f = n'T®f. a contradiction. We are back to the case where
u < nu for any r # 0. Then one has

MF(|Vu|*D?u — [V ()| D () > (1 = 0" T) f + () = F)r™7 > 0

and then using remark 2.3 one gets that u’' > nv’ in a neighborhood of 0 , which contradicts the fact

that u — nv has a supremum at zero.
O

We can now prove that the smooth eigenvalue S\fy is actually achieved on smooth eigenfunctions.

Theorem 2.12. There exists u € C(B(0,1)) N C?(B(0,1) \ {0}), radial, strictly positive in B(0,1)
and satisfying ~
[Vul*F(D?u) + Mu'T*r=" =0 in B(0,1)\ {0}
u(l) =0

Furthermore, in B(0,1), u is Lipschitz continuous when v < 1, Ct when v < 1, and Hélder continuous

with exponent 2?3‘_;7 ify> 1.

Proof. We consider a sequence {\,}, with A\, — 5\; and \, < 5\1/ and, for all n, the solution u,, €

C(B(0,1)) NC1,a, (even C*(B(0,1) \ {0}) by remark. 2.1) provided by Theorem 2.11 of
|V |*F(D?*uy,) + Apul™@r™ = ™7 u,(1) =0 .

3

We claim that the positive sequence {||tn||oo}rn is unbounded. Indeed, arguing by contradiction, if
{tn }n is uniformly bounded, then, by using Theorem 2.8 and considering a subsequence if necessary,
we obtain that there exists a solution u € C(B(0,1)) N C1,q, u > 0, of

[Vu|*F(D*u) + Nu'T*r™" = =77, u(1) =0.

Then, arguing as in the proof of Theorem 2.11, we deduce that w is strictly positive in B(0,1), and

by taking 0 < € < —L+=, we see that u satisfies

[l
[Vul*F(D*u) + (X, + e)utr™7 <0,

a contradiction to the definition of 5\1/. It then follows that the sequence {uy}, is not uniformly
bounded. Normalizing and considering a subsequence, letting n — oo yields the existence of u €
C(B(0,1)) N Cy,q satistying

|Vu|®*F(D?u) + quuo‘r*'y =0, in B(0,1)\ {0} ,u(1)=0.
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Finally, the strict positivity of u in B(0,1) and its global regularity in B(0,1) follow by arguing as in
the proof of Theorem 2.11.
O

Proposition 2.13. The first eigenvalue is simple.

Proof. We have proved that there exists a positive bounded eigenfunction v. Take another eigenfunc-
tion v > 0. Let us define n=! = sup i which is well defined by Hopf principle and is finite. Then

u — nu is nonnegative in B(0,1) \ {0] and satisfies

M ([Vul* D*u — |V ()| *D*(1v))

IN

F(|Vul*D*u) = F(|V()|* D*(nv))
_j\u1+a + 5\(,'7,0)1—&-@
< 0

If by contradiction « — nv > 0 on some point in B(0,1) \ {0}, using the fact that ' and v' are < 0
and using the strong comparison principle, Proposition 4.4 in [3] one gets u — nv > 0 in the whole of
B(0,1) \ {0}. We now distinguish two cases

-If 4(0) = 400, then necessarily the supremum is ”achieved ” on 1 say

But this contradicts Hopf’s part in Proposition 4.4 of lemma in [3].

- If u(0) < oo, the maximum could be achieved on 0 , but then we get from Lemma 2.5 that (u—nv)’ < 0
for r sufficiently small, hence © — v cannot have a strict minimum at zero. Thus we have obtained
that all the eigenfunctions are bounded and multiple to each others. We have also obtained that
Ay = AL O

2.2 The first eigenvalue inherited from R*

In all that section we assume that F' = M™. The case of M~ is easily derived by exchanging A and A.
We present an alternative proof of the existence of radial eigenfunctions related to the eigenvalue ;\7.
Here, the idea is to show the existence of global solutions defined in (0, +00) of the ODE associated
with positive radial solutions of the equation

IVul* M (D) = _% in RN \ {0}.

We prove next that such solution take the value O the first time on some 7 > 0. Then considering
v(r) = u(Fr), v satisfies
v
|Vo|* Mt (D) + 72t —— =0
(rr)”

and then by the definition of X\,
A > ey,

If furthermore one had A > #>+®~7 then the fact that v > 0 is positive and zero on r = 1 would be a
contradiction with the maximum principle. We have obtained that 72t~ is the first eigenvalue and
v some corresponding eigenfunction.
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Vi = {u€ C(0,70]) + [u(r) ~ 1] < 5,u(0) = 1},

where r, will be chosen later . For v < 1 let us define T on V(r,) by

. - s
Tu(r) = 1 _/ (1 —; a) T+a Sl—N(/ ul-i—at(N—l)(l-‘roz)—th)ﬁds
0 0

We prove below that for r, small enough 7T is a contraction mapping and then it possesses a unique
fixed point. Let r, be defined by

2+a—y

ro T < (24 a— )37 el (1 o) TR AT (N = 1)(1+a) + (1 — 7)) ™. (2.9)

Then T maps V., into itself for r, small enough. Indeed

) — 1) < (2) i (L)
u) -11< (3) A2+ a— (V- D1 +a)+(1-7)7=

To prove that T is a contraction mapping on V(r,), we consider separately the cases & > 0 and o < 0.
- If @ > 0, let us define the space L*(]0,7]) = L1(]0,7[,t(N=D0+)=7) of functions with power
(o + 1)- integrable for the measure t(N=1D1+0) =74t Using Minkowski inequality one has

l[ulrego,rf = [vlLegorp| < [t = vlLago,
and then
Tu-Tolr) < Q@)™ [ = o
u — VT Q) 1ta — U — V|1, s S
< e o L2 (10,])
1
1 THa " —
< ; 1+ a) T Iu—vloo/ NN gy
AT (N = 1)(1+a) + (1 - 7)) 0
24a—~ (]_ + a)fi

< |u —v|eer THe

1

2+a—AT5 (N =11 +a)+(1—7)Ts

< 1| |
—|u — V|so-
2

So T is a contraction mapping on V,_ under the assumption (2.9).
If & < 0 we prove that under the assumption (2.9), T is a contraction mapping . We use twice the
mean value’s Theorem :
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1 T S S
Tutr) - 7o) < LSS [T (( | ey f v”at“”“*“”dtﬁa) “
ATHe o S 0 0
1 —a
< Aﬁ%(w— D(1+a)+(1—n))T (2) x (1+a)
/ SlfNS—a(N—l)—Ulliﬂga / (u1+a7U1+a)(t)t(Nfl)(1+oz)7'ydt ds
0 0
< AT (14 a)Ta2 (N = 1)(1+a) + (1 — 7)) T= @) / s—(Ha)(N-1)— e / [ — 0]t N TVAFI=Y gt
0 0
< Aﬁi$“ﬂ+aﬁﬁ«NFdxl+a%+ﬂ—7»ﬁﬂu—wm/jfuﬂmNJ*%%?équHM“”Ws
0
< M%S“a+aﬁ%«NfUU+a%Hlf)ﬁ%mfm P
< Yt gl o0
1
< —|u— V.
2

by the choice of r,.
We need to prove that the fixed point above is a solution of

|Vu|* M (D?u) = —u'Tor™7

for that aim we prove that if v < 1, /' < 0 and (|u/|*/)" <
then since u(0) = 1, u < 1, one gets that

14+«

o, !
'’ > T (N-D(ita

From this we derive

(Lt o)A~

/rt(zv—1>(1+a>—vdt >
) 0

0. The first assertion is immediate, and

(N-1D)(14+a)+1—7v

1+«
A

(1+a)r T

u(r) >1— —.
Zha1 (Nt t1-g)
Then si2a 1 2o~
fufou(r) > 1 - LE) AT L o,
2ta—=y  (N-1D(1+a)+1—7)Ta
Using the fact that u is a fixed point of T’
(o' |%u) = —(1+a)u'TA ™7 — (N = Dr (1 + o)|u/| %
- 1+ a)? _ A= @ta)
< -1 AP (N-1 ( T4 O(r e
e b (g Ty e (
_ _ —1+7 _
= 71+t g
A T sy oy g U
< 0
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We now consider the case v > 1. Here we suppose

24a—~

ro Tt < (24 a—7)22 37114 o) T AT (N~ D)(1+a) + (1-9) T (2.10)

and as in the case v < 1 V,, = {u € C([0,10]) : |u(r) — 1| < 3,u(0) = 1}. We define T by

1
[ 1+o O e A R A R

Following the same calculations as in the case v < 1, T" maps V,, into itself and is a contraction
mapping . We need to prove that |u/'|*u’ has a derivative > 0.

1o
If v > 1 we have for some positive constant ¢ which can vary from one line to another, |u/|*u/ > —crita
and then

24+a—v

u(r) >1—cr e

which in turn implies that

1 =71+ a)
U/ au/ < __ +o Tlf'y
] - ANy -D(A+a)+1-—7 ( )
and then using once more u < 1,
o Ny —-1)(1+a)l rl=7 _
e,y o> 1 YA 1 1 ( + = v
(Ju'%u)" > 14+ a)r +(1+a) " A(N+—1)(1+a)+1—'y+o(r )

— (1+a)A (v —1) . .
T Ny -D(t+a)+l-7" +o(r=7) > 0.

There remains to do the case v = 1. Here we need to go further in the second term of the limited
development :

1
AN — 1)

|u’|°‘u/ — _(1 —/&;04) T_(N+_1)(1+a) /r u1+a(t)t(N+—1)(1+a)—1dt > —
0

Then 1
u(r) >1— (A(Nj—l)) "

hence X

|u|au >1-— (1 + Oz) <A(]erl_1)) THa r+4 O(TQ)

This in turn implies

L ) L A W S r
L VPP R (A(N+—1)> N —na+ay+1 oW

From this we derive
1

u(r) <1-— (A(M_l)) e r+O0(r?)
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and
1

! )1 T4 o().

ut <1 —(a+1) (A(NJr—l)

Reporting in the equation

14+a)? _ 1 Ta
I, 1N/ > ( 1
dy 2 ER ()

(14 a)*(Ny —1) 1
B A (A((N+ -1

e — o -1 r
)Q (Ve —1)(1+0) + 1) +O@)

_ 1 THa (1 +a)2
- (A(Ml)) AN, - Dty r1 o0 >0

Let us prove that there exists 7 so that u(7) = 0. If not « > 0 and then from the equation v’ remains
< 0. Let us define , inspired by [7], [0] :

‘ul|au/T(N—1)(l+a)
( ) = u1+a

which is then always < 0. y satisfies the inequality
pN=1)(1+a)—y
A

"yl
y a+1
k(r) :/ N1 dt,

1

Y (r) < —(a+1) — (a+ D)|y|aFirt =N

and then defining for some r; > 0

P(N=1)(1+a)+1-y _ T§N*1)(1+a)+1*7
(N-1D(14+a)+1—7)A

In particular for some constant ¢ > 0 which can vary from one line to another

y(r) + (a+Dk(r) <y(r) = (a+1)

y(r) < —er(N=D(1+a)+1—y

which implies that

a+2

r (N=1)(24a)+(1—v)2E2
k(r) > c/ t S V)ax dt > cT(N_l)(l—i_a)J’_(l_'y)%ﬁ"‘l_

On the other hand since k < —(a + 1)~y for 7 large one has
K > ck SN

which implies

1-N

—5z = Cr

ka+1
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and after integrating between r and +o0, using lim,_, 1 o k(1) = 400,

k(r)a%l < erN 2

We would then have

Ot (N=2)(1+a)

(N =D +a)+ Q-7 +1<

which would imply a 4+ 2 — v < 0, a contradiction. We have obtained that u takes the value 0
somewhere.

2.3 The stability of the principal eigenvalue and related eigenfunctions

The results of the present section give, as a corollary, the proof of Theorem 1.2.
Let us start by proving the stability with respect to the e—regularization of the singular potential.
We recall that r. = (r2 + €2)z and AS = MF, -5, B(0,1)).

Theorem 2.14. One has

N/ . Y€
)\7 = lim ¢ .

e—0 7

Furthermore, if {u.} is the sequence of the eigenfunctions associated with the eigenvalue 5\; and

satisfies uc(0) = 1, then, one can extract from {u} a subsequence uniformly converging on B(0,1) to
the eigenfunction associated with . which takes the value 1 at zero.

Proof. Let {ue} be the sequence as in the statement. Then, each u. is a Cq o positive radial function
satisfying in particular

_ 1+«
Vuo|*F(D?u) + X, "= 2 0 in B(0,1)\ {0},

rY

so that, by Theorem 2.9, one has 5\; > 5\’7. Moreover, the sequence {;\f{} is monotone increasing with
respect to €. Thus, we deduce
= lm A\ > ).
w2 X,

On the other hand, by the monotonicity properties of radially symmetric solutions of elliptic equations,
we know that u.(r) <0 for r € [0, 1]. Since

M (D?u) > F(D?u,)

we deduce that, independently of the sign of u(r), one has

u/ 5\6
!+ (N = D > =Sy

A

-
€ .

This implies

Y€ N, —-1(14+«
(utfour D08y 5 (1 4 ) St

5\6
Ni—-1)(14a)—
- . > —(1+a) SN0

Y
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and therefore, by integrating, using u’(0) = 0,

1
5\6 1 Tto .
0> u(r) > — AGRIY rive
+1-7)

N(V; — D +a)
Hence, on B(0, 1), the functions u. are uniformly Lipschitz continuous if v < 1, and uniformly QE’F‘;”-
Holder continuous if v > 1. In both cases, up to a subsequence, {u.} is uniformly converging to a
continuous radial function u € C'(B(0,1)) which satisfies u(0) = 1 and

1+«
=0.

|Vu|*F(D*u) + u

Hence, u is C1 o and, by the standard strong maximum principle, u is strictly positive in B(0, 1). This
yields, by definition, u < X.. Hence, 1 = A and the conclusion follows from Proposition 2.13. Note
that since u’ < 0 for r # 0, u is C?(B(0,1) \ {0}).

O

As a consequence of the previous theorem, we finally obtain the following

Corollary 2.15. One has

Proof. We observe that the function § — A, (B(0,1) \ B(0,6)) is monotone increasing. Moreover, by
their own definition, we have that

A, <Ay <A (B(0,1)\ B(0,6)) forall§>0.
On the other hand, by Theorem 2.14, for any n > 0 there exists ¢y > 0 such that
e — ‘]7
AP SN+

Furthermore, by using the continuity of the principal eigenvalue with respect to the domain for
equations with regular coefficients, there exists do > 0 such that

n_ s
<A+

X (B(0.1))\ B(0.60)) < X+ <

Now, since € — A (B(0,1)) \ B(0,40)) decreases when e decreases to zero, one gets
Ay (B(0,1)\ B(0,60)) < X5 (B(0,1)) \ B(0,60)) < X, +1,

which gives the conclusion.
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3 The case vy =a + 2

In this section we suppose that the operator F' is MT. We will sometimes denote A, or A, (|V-[*M*)
the eigenvalue. Let us introduce the space of functions

V= {ue C?*([0,1]) : u/(0) =0, supp(u) compact in [0,1)} ,

1 1/a+2
A e
0

and let us denote by Hyt® the closure of V for this norm. We define

endowed with the norm

1
Noarny = inf / |vf |02 (Ne =D (1+e) gy,
UG’H},,fOI |v‘a+2T(N+*1)(1+a)fw:1 0

Theorem 3.1. One has

5 (N =2+ D\,
var,2+a — o + 9 =T .

(N4 —2)(a+1)

a—+2
) ) or equivalently that for any v € HI+

Proof. We begin to prove that S\UM,Q_M > (

1 1
Ta+2/ ,U2+a7,(N+71)(1+a)dr§\/ o/ [PHop(Na=D(+a) g,
0 0

For that aim we consider

u(r)y=r""
where 7 = % Then w satisfies for any r > 0 in B(0,1)
di(|u’|au'r(N+*1)(1+“)) _ _rat2,lta, (Ny—1)(1+a)—2—a
,

24«
Let us multiply this equation by % , for v € V. Using the definition of u one observes that

|| %

lim uu: r(N+=D(+e) — ) since N, > 2. Integrating by parts one has

1 1
(Oé+2)/ |u/|au/|U|avu717aU/T(N+71)(1+a)dr _ (O(—|—1)/ |u/|4a+2|U|a+2u72far(N+71)(1+a)dT
0 0
1
Ta+2/ |U|2+QT(N+_1)(1+Q)_2_Q.
0

We denote X = |u/|%u/|v|%vu=172 Y =4, p=a+2and p = g—ﬁ Using the convexity inequality

1 1 ,
XY < Z[YP 4+ = |X]7.
p D
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We obtain

1
Ta+2(a+2)—1/ I’U|2+a7‘(N+_1)(1+a)_2_a <

1
/|,U/|a+2,r(N+—1)(1+o¢)d,r
0 T a+2 )

Passing to the infimum one gets ;\wr,ua > rot2,
We prove the reverse inequality. Let for € > 0, ¢ < inf(Z, TIZgQ) u(r) = r=7t¢(—logr). We want to
prove that for some constant ¢

1 1
/ |u/|2+ar(N+—1)(1+a>dr < 7_2+(x/ ‘u|2+a,r(N+—1)(1+a)—2(1 + CG).
0 0

We define )
IE:/ (= logr)2teap—ite@ra) gy
0

Note that

-

I. > /2 (log 2)2Fep— i@+, — g (3.1)
0

€

We also introduce )

Je = / ((1 — €)(—logr) + 1)*Fap—iteta) gy
0

1
and K. = / (T =€) (=logr) 4 1)2Hepite@ra) gy

T—¢€

Note for the sequel that
/‘ul‘2+aTN+_1)(1+a) — 7_1+()¢(J6 4 Ke)
We use the inequality for 0 <u <1

(1+u)* ™™ <14 (2+ )2
to get when r < ee
(1 = e)(=logr) + 1)*** < (7 — €)(=logr))*** + 217 (2 + a)((1 — €)(~logr))' ™

and next we use for any b > 0, b < 1

b b
/ (* log r)1+ar71+6(2+0¢) =c; + 626/ (7 log 7ﬂ)2+ozrfl+e(2+o¢)
0 0

From this one derives

-1

Jo < mToT +(2+ a)21+0‘71+a/ (—logr)ttap=ite@ta) < 724ar 4 o], (3.2)
0

On the other hand one has
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' 2va 1, _ L [(T=e)(=logr)+1)*]!
K. < /effe (t —€)(=logr) + 1)*>Tr~ldr = — —G+a) o < e(r,a)el,

We have obtained
1
/ |u’|2+°‘7‘(N+71)(1+°‘)d7“ =J + K. <L (1 4 c(1, a)e)
0
which is the desired result since € is arbitrarily small.
O

In order to establish the relationship between Ay yqr and A, we need to investigate on the monotonicity
and convexity properties of the functions u realizing the infimum in the definition of Ay 4.

Proposition 3.2. Let v > 1. Let vy be in HLIT(B(0,1)), > 0 which realizes the minimum defining
Avar~- Then v, is bounded, v, < 0 and (v} |*v])" > 0.

Proof. Since v, is a minimum, it satisfies for any u € H} T

1 1
/ 0/ |0l o/ (Ve =D 0T g — j\var,'y/ vy | vy ur N+~ DA+ =7 gy, (3.3)
0 0
and then in the distribution sense
Ny —1 < -
(104*03)" + (1 + @) =—— v} |0, = =Auar v} 7. (3.4)

In particular by the regularity properties of solutions of equations in the distribution sense, one

gets vy € Ci,. Let us multiply the Euler equation (3.4) above by urW™N+=D0+) where u € ’Hé"’o‘.

Integrating by parts on ]e, r[ we obtain

/|v’7|°‘(s)v'v(s)u’(s)s(NJr_l)(Ha)ds + 0l (e)u(e)e M)

= )\var,'y / ’U,];/Jra(S)U(S)S(N‘F_l)(l"l‘a)_"/ds.

Letting € go to zero, since u(0) can be chosen # 0, we obtain from (3.3) that
W), | 0! (€)eNrmHUFe) g, (3.5)

We now prove that v, is bounded. Since v, > 0, by the equation above integrated between € and r
, |vfy|au/(r)r(N+’1)(1+°‘) <0, hence v, is decreasing. From (3.5) one also gets that there exists some

constant ¢ so that viY > —ert=N+ and this implies that
Uy < er? N+

which in turn implies
-
! [ () N+ =D0+e) > _c/ plta (Ve (ha) =y 5 o 2tay

Y
0
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or equivalently for some constant ¢y

24+a—n
v > —¢yr arr TLT

Integrating one gets for some constant dq

vy (r) < dyr e T2 N

Iterating the above inequalities, we obtain that for all integers j > 0 such that 2 — N, + j ra—y ),
there exist positive constants c; and d; satisfying

1+«
v () > —eyrt TN (3.6)

_ 24a—
vy (1) < Cljr2 Ny +i (55557

(3.7)

Indeed, by (3.5) inequality (3.6) is true for j = 0, and implies (3.7) for j = 0 by integrating. We now
suppose that (3.7) is true for j , then

/\var,'y

,
o o p VD) / plbep (Ve -1+

which implies

Y

—c/r d;"‘o‘r(?*N+)(1+Oé)+j(2+a*'y)T.(N+71)(1+a)7»y
0

el @ ta—7)

Y

v, 2 —orl N UHDHEE,

If 1 — Ny + (4 1)222 < 0, integrating this inequality we obtain (3.7) for j + 1.

1+«

Now, if there exists 7 € N such that 2— N +j 2+a 1 =0,ie. if W4 =2)(1ta) N, then, by integrating

24+a—7y

the estimates obtained at the (j — 1)-th step, we obtaln

vy(r) > —¢; rt, vy(r) <dj (—1Inr).

Integrating once more, we finally deduce

VL (r) = —cjpa(—Inr)r' ™ = vy (r) < djp =

Gj+1

(2—-7)%

On the other hand, if W =2)(A+a) j5 o integer, by integrating estimates (3.6) for j = [W},

24+a—vy

we obtain

vl (r) > —¢jar

1-Ny+(G+1) (34552

24a—vy

Cj+1

2- Ny + (G +1)(E52)

' = 0,(r) S dja =

This shows that, in any case, v, is bounded. We need to prove that (|v|*v])" > 0. For that aim we
introduce y = (1 + a)(Ny — 1)[v] |0, 4+ Aary 02 Tor! =7, Tt is sufficient to prove that y < 0. One has

y' = (Np=1)(14a) (][0

Fhvar (1)U V4 X (1= ) V02T = (N+—1)(1+a)_7y+(§ 0)
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hence

<yr(N+—1)(1+a)>’ <0
and then since (N — 1)(1 +a) + 1 —~ > 0, lim,_g v, (r) Tt =7+ =D+ (1) = 0 and since we
proved above that lim,_,q |v;|avf/rN+_1)(1+a) =0, we get y < 0, hence (|vi/|0‘v;)’ > 0. O

Corollary 3.3. Let v €]1,2+ af. Then

A

MV M) = =y,

var -

Proog. By proposition 3.2, v, is bounded, satisfies lim ’U,/YTN"'_l =0, v}, <0 and ([v}[*v))" >0, so v,
satisfies

Aj\ ,U1+o¢
a A (2 _ DAwary Yy
Vo, [*MT (D% vy) = atl

In particular by the definition of A,, A(a + 1)~ Ayer < A,. Furthermore, analyzing the boundary
condition, we get, by regularity, that v,(1) = 0 in the classical sense, and then, if one had (a +
)7 AXyar < A, one would get by the maximum principle, since v, = 0 on dB(0, 1), that v, <0, a
contradiction. O

Corollary 3.4. One has

: 3 | +\ -1 (N+_2)(a+1) 2o
’Yl:gri_a)wﬂv [*M™) = Ala+1) (a+2 .

Proof. By Corollary 3.3, it is sufficient to prove that X,,mz — 5\2+a,va,« as vy — 2+ a.
We first observe that, by their own definition, Aot o var < Ay var-
On the other hand, for any € > 0 there exists v € 7{(1)+°‘, v # 0 such that

1 1
e O < (Rt €) [ o gy
0 0
Take ~y sufficiently close to 2 + « in order that, for 2+ a > v > v ,

1 1
/ ‘,U‘2+04T(N+71)(1+a)7'y(i7, > (1 _ 6) / |U|2+QT‘(N+71)(1+Q)727adT )
0 0

Thus, one has
1 ~ 1
/ o [PHer (e DA dr < (R, par +€)(1—€) 7! / ooy (e DU Sy
0 0

which yields

)\'\/mar S (5\2+a,var + €)<1 - €>_1 .

Corollary 3.5. One has

_ A
Aasa(|V [ MF) = Tra (

(V. —2)(1 + a>)2+“
2+« ’
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Proof. One has for y> 1,7y <2+«
Aoga < 5\7 =Ala+ 1)*15\1,(”,7 = (a+ 1)*1 Aj\mmﬂ_a =Ala+ 1)*170”r2
Furthermore since the function u(r) = r~7 satisfies
|Vu|* MT(D?*u) + Ao 4 1) Lrot2yttep=27a =

one gets that 5\2+a > Ao+ 1)*17_014»2.

4 The case v > a+2
We prove Theorem 1.5. Suppose that there exists a radial C; ,, positive supersolution, of the inequation
|Vul* M~ (D?u) + pu'Tr=7 <0

with g >0 and v > a + 2.
Acting as in the proof of Theorem 1.2 one easily obtains that u’ does not change sign in a neighborhood
of zero. We prove that the sign is < 0. Indeed, if we had u’ > 0 one would have

A |%u") + X

N-Dd+a) [/ |*u" < —p(1 + a)ur™?
,

and then
(|u/|aulr(N+71)(1+a))/ <0

hence (|u/|*u/r(N+=1D(+2)) has a limit when 7 goes to zero, if this limit was > 0 one would get that u
becomes large negative near zero. Then v’ < 0. Coming back to the inequation, whatever is the sign
of (Ju'|*u")’ one has

AN —1)(1+a)
AT

(|u/|au/)/+ |u/|au/ <

< —B(l + a)ur™? (4.1)
A
we then have

(|u/|au/r(N,—1)(1+a))/ <0

which implies that [u/|*w/r(N-—D+) hag a limit < 0. If it is < 0, then there exists some constant
¢ > 0 so that

o < 7CT17N7
and integrating

u(r) > er?=N-,

We prove that for all integer j > 0 such that (N_ —2)(1+«a) 4+ j(2+ «a —+) > 0 and for r sufficiently

small, one has, for some c¢; > 0,
i@ta=v)

u(r) > ¢;r Fa . (4.2)
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Indeed, (4.2) holds true for j = 0, since v’ < 0 and w is positive. Let us suppose that (4.2) is true for

j and that N_ — 2+ (j + 1)252=2 > 0. Then, by (4.2),

ol ()N D () %cj/Ts(N,_1>(1+a)+j(2+a_7)_7d8
0

G

Il F(N-=1)(1+a)+j(2+a—)+1—y
AN-_-1)(14+a)+j2+a—-7)+1-7v ’

which implies
24—y | 1—v
—u >l e TiEa (4.3)

which, by integration, yields (4.2) for j + 1.
Now, let us assume that W

is not integer. Then, using estimate (4.2) with j = [W]

jointly with (4.1), we deduce for rg > r >0

[l (ro) | (royrg" TP ()| ()N DO

> K {Suv_—2><1+a>+<j+1>(2+a—w>}
T OA((N--2)(I+a)+ G+ D2+ a—7)

ro
Since (N_ —2)(1+a) + (j + 1)(2+ a — ) < 0, this yields the contradiction

T (N1 (e (N- = 1) (14a) _
}13(1) [u' ()| “u (r)r +00.

On the other hand, if Y==2U*2) — j 11 is integer, then (N_ —2)(1+a)+j(2+a—7) =y—2—a > 0,
and from (4.2) it follows that
to N

u(r) > eyriva -

hence
ul—i—a(r)r(N,—l)(l—i-a)—'y > er—l .

From (4.1) we then deduce, for 0 < r < rq,
) o)™ o ) () ) = B (g — )

and we reach, also in this case, the contradiction

PN--1

lim /() +00.

r—0
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