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Multiple Input (MI) Shannon capacity
model

* emitters x4, -, x;, "
transmit independent o X;
flows toward an access o
point y. °
e Each flow is a gaussian y
noise for the other flows




When a complex equation ...

* Let s(x;) be the signal received
from transmitter x;on the base
station y.

* Let B(y) the internal noise of the
receiver y.

* The average Shannon capacity of
the access point (in bit per Hertz)

Zlog <1+ s(x) > °
O\ T BOY 25 ()

CA)=E

* Average taken on all position
points, fading etc..., A is the
transmitter density



.. results in a simple outcome

* When the signal attenuation is a and
transmitters position are uniform on
the infinite plan and B(z) £ 0 we
find:

a
2log 2

e When the transmitters are distributed
in an infinite cube

CA) =

bits per Herz

CA) =

3log?2

* On an infinite line

c) = —
~ log?2




The deep insights around a simple formula

Physics: the attenuation factor of the

/ Electromagnetic wave propagation

04

C =
D log 2

Geometry: the euclidian Information theory: the intrassic value
dimension of the embedding space of one bit of entropy



Two proofs, two climbing ways, same
mountain

* The proof a la Italian path
ﬁiikir:é.msm. ‘ -

* The proof a la French path

)

* The proof relies on many steps and

requires skills in complex analysis and the Energy differentiated field theorem.
Laplace transform

* Vertigo assured



The hard way short visit, just to contemple
the headache.

* First step: compute the Laplace-Stieljes transform of the received signal
S(A) =Y;s(z):w(A,0) = E[e” 9P|

* Second step: extract the probability p(r, K, 1) that a transmitter is received at
distance r, with minimal SNR K.

* Third step: connect to the capacity
C(A)

= 21T ff log, (1 + K) p(r K, AD)rdrdK = logZ_U (r, K, A) deK




First step overview

* We split the plan in small squares

A;; of size dxXdy,

* Each contribute independently to

S(A) = Xi; S(Ayj) -

* w(A,8) =1, E[e"%5“i)]

* When dx and dy is small

. E [e—QS(Aif)J =1 — Adxdy +
Adxdye=95%) 4+ 0(dx?dy?)

dx




First step overview

N L Y, ‘ll\l(l' \\
* By dx,dy — 0 then » \t",tl"
w(4,8) = exp —f (1 — e~ 95 dxdy :
1
When s(x) = ey then ,
w4 8) = exp (i (1~ Z)6%/) B
* When s(x) = —%2 with an independent fading F thepililis & &

lx—y||®’

P

2N 2 B
w(4,8) = exp (—/lnI‘ (1 — E) E[Fa]Hz/“ i



Side remark: the dark night parado

* Whena < D:S(A) = o0
* Olber’s paradox of the dark night (D=3, @ = 2 in
vacuum)

* whena >D:S(1) < o
* BUtE[S(1)] = o




Second step overview

* When s(x) = - , then
lx—yl|% 1 —Cc+ico 1 — W(H)
p(?‘, K, /1) = —_— er
20T J_ i 0
* When s(x) = Fix) , then
lx—y|[* 1 —Cc+ioo 1 — W(H) )
K _ E Fr %/K
p(r, K, A) = —— 5 e |dé

—Cc—100

* Special case non selective Raylejgh fadg;}g

2
p(r) K; A) — eXp _AT[ azn_ Ka'rz
Sin —
a -
Baccelli, F., & Blaszczyszyn, B. (2010). Stochastic geometry and wireless networks: [

Volume Il applications. foundations and trends® in networking, 4(1-2), 1-312.
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The easy path: via an alternative formula

C() = f ] AE [logz 1 +ﬁ>] dxdy

* There is a ressemblance between
c) = [[ 2ED0g2 (G + )] - Ellog S Ddxdy

* And ;
- Ellog, S()] = J f (E[log,(S(A) + s(x))] — E[log, S(M)Ddxdy



The energy differentiated field theorem

Does not depend on energy unit

\
0E|log, S(A)]

0loo A oz A
g \ Does not depend on density unit
* The identity has a general scope, the energy S(A)includes the thermal
noise, etc. The transmitter locations should be i.i.d, eg modulated
Poisson.

C(A) =

P. Jacquet: “Paradoxes & physical limits of infrormation theory”, World Scientific, to appear.



MI Shannon capacity revisited

 Noiseless case

* Theorem: C(l) — - -~
2log?2

* Proof (the energy differentied field)

0
C(A)= iaE(log2 S(1))

EllogS(xA)] = —%logx + Ellog S(1)]

EllogS(A)] = %logxl + E[logS(1)]
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Uniform Poisson models are not realistic

e The world is fractal
* Fractal cities

=t ol o

16



MI Shannon capacity theorem extended to
fractal maps

e Eg Sierpinsky triangle

* Fractal dimension ¢, - log3 _1sg..
log?2 o)

* Extension of MI capacity theorem
(access point in the fractal map)

N A
/XAM\M/\
‘A
a é A5
C(A) = ‘+ P(log A) Adadnds

d, log?2

Small periodic fluctuations of mean 0
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* The full quadran with a density 4

in the unit quadran

>
EE NN EEEE ¢

&
l

i

* The overall density tends to zero.
* The access point position y must
be specified in the MI capacity

C(4y)



MI Shannon Capacity in the swiss flag

* Access point at left corner y=0
e Contraction by factor ¢

0,8 1

* Density increases 1 — 4,4

. S(42,0) - a~%S(2,0)

Ellog, S(41,0)] = —alog, a + E[log, S(4,0)]

'O OO OO OO
OO0 OO OoOg OO
00O OO oo OO
OO OO Oog OO
5 59 qdl OO 0OOd
I 59 98l OO OO0
1 e OO
[V} u,2 1
d

log, a

Ellog, S(4,0)] = —« log 4

d
C(A,0) = AﬁE[logz S(4,0)] = —«a

log, a
log 4

0,6

logA + Q(logA) «— periodic
+ Q'(log A3— Periodic of

Mean zero



Random Access point in swiss flag

E[log, S(44,ay)] = —alog, a + E|log, S(4,y)]

* Averaged over all y:

Ellog, S(1)] = logA + Q1(logA)

o
dr log 2

CA) = AiE[logz S| =

a
— / 1
o ddogz T Gallogd)



Gain in capacity due to fractal dimension

* In the uniform plan: witha = 4

C(4) = 2.885390082

* In the Siepinsky triangle

C(4) = 3.640956906




Periodic oscillations

* Small indeed (not
enough for free lunch?)

1.0015
1.0010:

1.0005

e exact analysis via Fourier:
transform: o

0.9990

0.9985 u

 Amplitude of order

107
a=03a=4

P. Jacquet: Capacity of simple MIMO wireless networks in uniform or fractal maps,
MASCOTS 2013
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Olber’s paradox in a fractal universe

* Whena < dgp:S(1) = »

e whena > dp:S(1) <
* BUtE[S(A)] = 0
* Fractal dimension of galactic
filaments: dr = 1.4 < 2.




