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Abstract

We study the compatibility between the antipode and the preLie product of a Com-

PreLie Hopf algebra, that is to say a commutative Hopf algebra with a complementary preLie

product, compatible with the product and the coproduct in a certain sense. An example of

such a Hopf algebra is the Connes-Kreimer Hopf algebra, with the preLie product given

by grafting of forests, extending the free preLie product of grafting of rooted trees. This

compatibility is then used to study the antipode of the Connes-Moscovici subalgebra, which

can be de�ned with the help of this preLie product. The antipode of the generators of this

subalgebra gives a family of combinatorial coe�cients indexed by partitions, which can be

computed with the help of iterated harmonic sums.
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Introduction

PreLie algebras, also called Vinberg algebras or symmetric algebras (see [1, 11] for surveys on
these objects) are particular Lie algebras, where the Lie bracket is obtained by the antisym-
metrization of a non associative product 
 such that

@a, b, c P A, pa 
 bq 
 c� a 
 pb 
 cq � pa 
 cq 
 b� a 
 pc 
 bq.

An easy and classical exercise proves that if this axiom is satis�ed, the antisymmetrization of 

indeed satis�es the Jacobi identity. A classical example is given by the Lie algebra of derivations
of the polynomial algebra KrXs, with the preLie product de�ned by

@P,Q P KrXs, P
dX

dX

Q

dX

dX
� �

dP

dX
Q
dX

dX
.

A remarkable property of these particular Lie algebras is that an explicit description of their
enveloping algebra can be done, under the name of Guin-Oudom's construction [14]. They are
closely related to the combinatorics of rooted trees [2], and the enveloping algebra of the free
preLie algebra is the Grossman-Larson Hopf algebra [9, 10], dual to the Connes-Kreimer Hopf
algebra [4].

1



In [12], a new type of preLie algebras, called Com-PreLie algebras are introduced, see Def-
inition 1.1. They also appear in [6, 7], as structures appearing on the underlying Lie algebra
of a group of Fliess operators. Such an object is given a preLie product 
 and a commutative,
associative product �, with a Leibniz-style compatibility between them:

@a, b, c P A, pa � bq 
 c � pa 
 cq � b� a � pb 
 cq.

Examples on trees are given in [12], on words in [7, 6, 5], and other combinatorial examples can
be found in [8]. Among them, the Connes-Kreimer Hopf algebra HCK inherits a complementary
Com-PreLie structure. Let us give a few more details on this object. A basis of HCK is given
by the set of rooted forests:$''&

''%
1, , , , , , , ,

, , , , , , , , . . .

,//.
//-

Its commutative associative product is given by the disjoint union, for example:

� � , � � .

Its preLie product is given by graftings, for example:


 � � � , 
 � � � , 
 � � .

This preLie product includes two important operators on HCK , the grafting B and the growth
N :

@a P HCK , Bpaq � 
 a, Npaq � a 
 .

IAs a Hopf algebra, HCK has a coproduct ∆, consisting of separating rooted forests into a upper
part (on the right) and a lower part (on the left), for example:

∆p q � b 1� b � b � b � b � b � 1b ,

∆p q � b 1� 3 b � 3 b � b � 1b .

This coproduct satis�es the following compatibility with the preLie product:

@a, b P HCK , ∆pa 
 bq � ap1q b ap2q 
 b� ap1q 
 bp1q b ap2qbp2q,

with Sweedler's notation. This includes the well-known compatibilities [4]:

@a P HCK , ∆ �Bpaq � 1bBpaq � pB b Idq �∆paq,

∆ �Npaq � Npap1qq b ap2q � ap1q 
 1b ap2q .

Such a family pA,m, 
,∆q is a Com-PreLie bialgebra, and if pA,m,∆q is a Hopf algebra, a Com-
PreLie Hopf algebra.

Our �rst aim here is a study of the compatibility between the antipode S of a Com-PreLie
bialgebra and its preLie product. Keeping in mind the Connes-Kreimer case, we restrict ourselves
to the case where the bialgebra pA,m,∆q is conilpotent, and we prove that

@a, b P A, Spa 
 bq �
�
Spaq 
 bp1q

	
Spbp2qq.
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Secondly, we use this result to study the antipode of the Connes-Moscovici Hopf subalgebra
HCM ofHCK [4]. With the preceding notation, HCM is the subalgebra generated by the elements

δn � p. . . pp 
 q 
 q . . .q 
loooooooooooooomoooooooooooooon
appears n times

,

with n ¥ 1. For example,

δ1 � , δ2 � , δ3 � � , δ4 � � 3 � � .

This subalgebra is stable under the coproduct. For example,

∆pδ1q � b 1� 1b

� δ1 b 1� 1b δ1,

∆pδ2q � b 1� b 1� b

� δ2 b 1� 1b δ2 � δ1 b δ1,

∆pδ3q � p � q b 1� 1b p � q � 3 b � b � b

� δ3 b 1� 1b δ3 � 3δ2 b δ1 � δ1 b δ2 � δ1 b δ21 ,

∆pδ4q � p � 3 � � q b 1� 1b p � 3 � � q

� p6 � 6 q b � b p4 � 7 q � b p � � 3 � q

� δ4 b 1� 1b δ4 � 6δ3 b δ1 � δ2 b p4δ2 � 7δ11q � δ1 b pδ3 � 3δ2δ1 � δ31q.

Note that for any n ¥ 1, ∆pδnq � δn b 1� δn b 1 makes only appear δ1, . . . , δn�1, which allows
to inductively compute Spδnq, as m � pSb Idq �∆pδnq � 0 for any n ¥ 1: for example, we obtain

Spδ1q � �δ1, Spδ2q � �δ2 � δ21 , Spδ3q � �δ3 � 4δ1δ2 � 2δ31 .

More generally, one can write

Spδnq �
¸

pi1,...,inqPNn,
1i1�...�nin�n

ai1,...,inδ
i1
1 . . . δinn ,

where the coe�cients ai1,...,in are integers. Our aim is to give a way to compute these coe�cients.
They have been studied in [13], in a very di�erent approach: in particular, they are split into a
sum of several coe�cients, corresponding to the di�erent way to write each monomial. Firstly,
using the compatibility between the preLie product 
 and the antipode, as for any n ¥ 1,
δn�1 � δn 
 , we obtain the inductive formula

ai1,...,in �
¸

j¥2, ij¥1

pij�1 � 1qai1,...,ij�1�1,ij�1,...,in�1 � pn� 1qδi1¥1ai1�1,i2,...,in�1 .

We then partially solve this induction. We prove the existence of a sequence of polynomials
Pi2,...,in P ZrX1, . . . , XN s, indexed by sequences of integers pi2, . . . , ikq with ik � 0, with

N � 1i2 � . . .� pk � 1qik � 1,

such that for any i1 ¥ 0,

ai1,...,ik,0,...,0 � p�1qi1�...�ikp1i1 � . . .� kik � 1q!
¸

1¤p1 ... pN¤1i1�...�kik�1

Pi2,...,ikpp1, . . . , pN q

p1 . . . pN
.
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These polynomials are inductively de�ned and can be rather complicated. For example,

P0,1 � X1 � 1,

P2 � pX1 � 2qpX1 � 1q,

P1,1 � p2X1 �X2 � 7qpX1 � 1q

P1,0,1 � p2X1 �X2 �X3 � 11qpX1 � 1q,

P2,1 � p3X1X2 � 2X1X3 �X2X3 � 22X1 � 11X2 � 7X3 � 59qpX1 � 1q,

which gives for any n great enough,

@n ¥ 3, an�3,0,1,0,...,0 � p�1qnpn� 1q!
¸

1¤p1¤n�1

p1 � 1

p1
,

@n ¥ 4, an�4,2,0,...,0 � p�1qnpn� 1q!
¸

1¤p1¤n�1

pp1 � 2qpp1 � 1q

p1
,

@n ¥ 5, an�5,1,1,0,...,0 � p�1qn�1pn� 1q!
¸

1¤p1 p2¤n�1

p2p1 � p2 � 7qpp1 � 1q

p1p2
,

@n ¥ 6, an�6,1,0,1,0,...,0 � p�1qnpn� 1q!
¸

1¤p1 p2 p3¤n�1

p2p1 � p2 � p3 � 11qpp1 � 1q

p1p2p3
.

This implies that all these sequences pan�2i2�...�kik,i2,...,ik,0,...,0qn can be rewritten with the help
of polynomial sequences and iterated harmonic sums

Hpkq �

� ¸
1¤p1 ... pk¤n

1

p1 . . . pk

�
n¥1

.

For example,

@n ¥ 3,
p�1qn

pn� 1q!
an�3,0,1,...,0 � n� 1�H

p1q
n�1,

@n ¥ 4,
p�1qn

pn� 1q!
an�4,2,0,0,...,0 �

pn� 1qpn� 6q

2
� 2H

p1q
n�1,

@n ¥ 5,
p�1qn�1

pn� 1q!
an�5,1,1,0,...,0 � pn� 1qpn� 10q � p10� nqH

p1q
n�1 � 7H

p2q
n�1,

@n ¥ 6,
p�1qn

pn� 1q!
an�6,3,0,...,0 �

pn2 � 17n� 90qpn� 1q

6
� p2n� 14qH

p1q
n�1 � 8H

p2q
n�1.

Acknowledgments. The author acknowledges support from the grant ANR-20-CE40-0007
Combinatoire Algébrique, Résurgence, Probabilités Libres et Opérades.

Notations 0.1. The base �eld K is a commutative �eld of characteristic zero. All the spaces in
this article will be taken over K.

1 Com-PreLie Hopf algebras

De�nition 1.1. 1. A (right) Com-PreLie algebra [6, 7] is a family A � pA,m, 
q, where A
is a vector space, m and 
 are bilinear products on A, such that

@a, b P A, ab � ba,

@a, b, c P A, pabqc � apbcq,

@a, b, c P A, pa 
 bq 
 c� a 
 pb 
 cq � pa 
 cq 
 b� a 
 pc 
 bq (preLie identity),

@a, b, c P A, pabq 
 c � pa 
 cqb� apb 
 cq (Leibniz identity).
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In particular, pA,mq is an associative, commutative algebra and pA, 
q is a (right) preLie
algebra. We shall say that A is unitary if the algebra pA,mq is unitary.

2. A Com-PreLie bialgebra is a family pA,m, 
,∆q, such that:

(a) pA,m, 
q is a unitary Com-PreLie algebra.

(b) pA,m,∆q is a bialgebra.

(c) ∆ and 
 are compatible, in the following sense:

@a, b P A, ∆pa 
 bq � ap1q b ap2q 
 b� ap1q 
 bp1q b ap2qbp2q,

with Sweedler's notation ∆pxq � xp1q b xp2q.

If pA,m,∆q is a Hopf algebra, of antipode denoted by S, we shall say that pA,m, 
,∆q is a
Com-PreLie Hopf algebra.

Lemma 1.2. Let pA,m, 
,∆q be a Com-PreLie bialgebra, of counit ε and of unit 1. For any
b P A, 1 
 b � 0. For any a, b P A, εpa 
 bq � 0.

Proof. For any b P A,

1 
 b � p1 � 1q 
 b � p1 
 bq � 1� 1 � p1 
 bq � 2p1 
 bq,

so 1 
 b � 0. Let a, b P A.

εpa 
 bq � pεb εq �∆pa 
 bq

� ε
�
ap1q

	
ε
�
ap2q 
 b

	
� ε

�
ap1q 
 bp1q

	
ε
�
ap2q

	
ε
�
bp2q
	

� εpa 
 bq � εpa 
 bq,

so εpa 
 bq � 0.

Notations 1.1. Let pA,m,∆q be a bialgebra. Its augmentation ideal, that it to say the kernel of
its counit εA, is denoted by A�. It is given a coassociative, not necessarily counitary coproduct

∆̃ :

"
A� ÝÑ A� bA�

a ÞÝÑ ∆paq � ab 1A � 1A b a.

As it is coassociative, we can without any problem iterate this coproduct ∆̃:

@n P N, ∆̃pnq �

#
IdA� if n � 0,�
∆̃b Id

bpn�1q
A�

	
� ∆̃pn�1q if n ¥ 1.

We shall say that the bialgebra A is conilpotent if for any a P A�, there exists Npaq ¥ 1 such
that ∆̃pNpaqqpaq � 0. If this holds, then pA,m,∆q is a Hopf algebra, and its antipode is given by
Takeuchi's formula [16]:

@a P A, Spaq �

Npaq�1¸
n�0

p�1qn�1mn � ∆̃
pn�1qpaq,

where for any n ¥ 0,

mn :

"
Abn
� ÝÑ A

a1 b . . .b an ÞÝÑ a1 � . . . � an.

Theorem 1.3. Let pA,m, 
,∆q be a conilpotent Com-PreLie Hopf algebra. Then for any a, b P A,

Spa 
 bq �
�
Spaq 
 bp1q

	
Spbp2qq.
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Proof. For any b P A, as 1 
 b � 0,

Sp1 
 bq � 0 �
�
Sp1q 
 bp1q

	
Spbp2qq.

So the result hods if a � 1: we can restrict ourselves to prove our result in the case where
a P A� � Kerpεq.

We put An � Ker
�
∆̃pnq

	
. As the coalgebra pA,∆q is conilpotent, we obtain that pAnqn¥0 is

an increasing �ltration of A�, with A0 � p0q. Consequently, for any a P A�, we put

degpaq � minpn P N | a P Anq.

We shall use Sweedler's notation ∆̃paq � a1 b a2. Note that if a P An, then

∆̃paq P An�1 bAn�1.

Moreover, for any a P A�,

0 � εpaq � m � pS b Idq �∆paq � Spaq � a� Spa1qa2,

so Spaq � �a� Spa1qa2.

Let us prove that Spa 
 1q � Spaq 
 1 for any a P A� by induction on degpaq. If degpaq � 0,
then a � 0 and this is obvious. Let us assume the result at all ranks   degpaq. Then

∆pa 
 1q � ab 1 
 1� 1b a 
 1� a1 b a2 
 1� a 
 1b 1� 1 
 1b a� a1 
 1b a2

� 1b a 
 1� a1 b a2 
 1� a 
 1b 1� a1 
 1b a2,

so, with the induction hypothesis applied to a1,

0 � εpa 
 1q

� m � pS b Idq �∆pa 
 1q

� a 
 1� Spa1qpa2 
 1q � Spa 
 1q � Spa1 
 1qa2

� a 
 1� Spa1qpa2 
 1q � pSpa1q 
 1qa2 � Spa 
 1q

� a 
 1� pSpa1qa2q 
 1� Spa 
 1q

� pa� Spa1qa2q 
 1� Spa 
 1q

� �Spaq 
 1� Spa 
 1q,

so Spa 
 1q � Spaq 
 1. This concludes the induction. As a consequence, we can restrict ourselves
to the case where a, b P A�.

Let us �nally prove the result when a, b P A� by induction on N � degpaq�degpbq. If N ¤ 1,
then a � 0 or b � 0 and the result is obvious. Let us assume the result at all ranks   N .

∆pa 
 bq � ab 1 
 b� 1b a 
 b� a1 b a2 
 b� a 
 1b b� 1 
 1b b� a1 
 1b a2b

� a 
 bb 1� 1 
 bb a� a1 
 bb a2 � a 
 b1 b b2 � 1 
 b1 b ab2 � a1 
 b1 b a2b2

� 1b a 
 b� a 
 bb 1� a1 b a2 
 b� a 
 1b b� a1 
 1b a2b� a1 
 bb a2

� a 
 b1 b b2 � a1 
 b1 b a2b2.

Therefore, using the induction hypothesis on a 
 b, a1 
 b1 and a 
 b1, with Sweedler's notation

p∆̃b Idq � ∆̃pbq � pIdb ∆̃q � ∆̃pbq � b1 b b2 b b3,
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0 � εpa 
 bq

� m � pS b Idq �∆pa 
 bq

� a 
 b� Spa 
 bq � Spa1qpa2 
 bq � pSpaq 
 b1qb2 � pSpaq 
 1qSpb1qb2 � pSpaq 
 b1qSpb2qb3

� pSpaq 
 1qb� pSpa1q 
 bqa2 � pSpa1q 
 1qSpbqa2 � pSpa1q 
 b1qSpb2qa2 � pSpa1q 
 b1qa2b2

� pSpa1q 
 1qSpb1qa2b2 � pSpa1q 
 b1qSpb2qa2b3 � pSpa1q 
 1qa2b

� a 
 b� Spa 
 bq � Spa1qpa2 
 bq

� pSpaq 
 b1qpb2 � Spb2qb3loooooomoooooon
��Spb2q

q � pSpaq 
 1qpSpb1qb2 � blooooomooooon
��Spbq

q � pSpa1q 
 bqa2

� pSpa1q 
 1qa2pSpbq � Spb1qb2 � bloooooooooomoooooooooon
�0

q � pSpa1q 
 b1qa2pSpb2q � b2 � Spb2qb3loooooooooooomoooooooooooon
�0

q

� a 
 b� Spa 
 bq � Spa1qpa2 
 bq � pSpa1q 
 bqa2 � pSpaq 
 b1qSpb2q � pSpaq 
 1qSpbq

� a 
 b� Spa 
 bq � pSpa1qa2q 
 b� pSpaq 
 b1qSpb2q � pSpaq 
 1qSpbq

� pa� Spa1qa2looooomooooon
��Spaq

q 
 b� Spa 
 bq � pSpaq 
 b1qSpb2q � pSpaq 
 1qSpbq

� Spa 
 bq � pSpaq 
 bp1qqSpbp2qq,

so the result holds for a 
 b.

2 Application to the Connes-Moscovici subalgebra

The Connes-Kreimer Hopf HCK algebra is given a preLie product by graftings [8]. Let us recall
�rst a few de�nitions. If F and G are two rooted forests and v P V pF q, then F 
vG is the rooted
forest obtained from FG by adding an edge from v to any root of G. We then de�ne the preLie
product 
 by

@F,G P F, F 
G �
¸

vPV pF q

F 
v G.

For example,


 � , 
 � � � � 3 ,


 � , 
 � � � ,


 � , 
 � � � � � 2 ,


 � , 
 � � � ,


 � � .

In particular, the grafting operator, for which HCK satis�es a universal property [4], is

B :

"
HCK ÝÑ HCK

x ÞÝÑ 
 x.

It associates to any rooted forest F the tree obtained by adding a new vertex and graft all the
roots of F on it. The growth operator used in [3] is

N :

"
HCK ÝÑ HCK

x ÞÝÑ x 
 .
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It associates to any rooted forest F the sum of forests obtained by adding a new leaf to F , grafted
on a vertex of F . The Connes-Moscovici Hopf subalgebra HCM is generated by the inductively
de�ned generators δn:

@n ¥ 1, δn �

#
if n � 1,

δn�1 
 if n ¥ 2.

Our aim here is to study the antipode of Spδnq. Firstly, as HCK is graded by the number of
vertices of the forests, and as the only forest of degree 0 is 1, it is conilpotent as a coalgebra
and we can apply Theorem 1.3. Secondly, as HCM is a Hopf subalgebra of HCK , and by the
homogeneity of the antipode, we can write for any n ¥ 1,

Spδnq �
¸

pi1,...,inqPNn,
1i1�...�nin�n

ai1,...,inδ
i1
1 . . . δinn .

Example 2.1. Direct computations give

Spδ1q � �δ1, Spδ2q � �δ2 � δ21 , Spδ3q � �δ3 � 4δ1δ2 � 2δ31 ,

so

a1 � �1, a0,1 � �1, a0,0,1 � �1,

a2,0 � 1, a1,1,0 � 4,

a3,0,0 � �2.

Let us give an inductive way to compute these coe�cients.

Proposition 2.1. Let pi1, . . . , inq P Nn, such that 1i1 � . . .� nin � n. If in � 1 (and, therefore,
i1 � . . . � in�1 � 0), then ai1,...,in � �1. Otherwise, in � 0 and

ai1,...,in �
¸

j¥2, ij¥1

pij�1 � 1qai1,...,ij�1�1,ij�1,...,in�1 � pn� 1qδi1¥1ai1�1,i2,...,in�1 ,

where the symbol δi1¥1 takes the value 1 if i1 ¥ 1 and 0 if i1 � 0.

Proof. We consider the two operators N,D : HCM ÝÑ HCM , de�ned by

Npxq � x 
 , Dpxq � x 
 1.

Note that if x is homogeneous of a certain degree k, then Dpxq � kx. By Theorem 1.3, for any
x P HCM ,

S �Npxq � Spxq 
 � pSpxq 
 1qSp q � N � Spxq � D � Spxq.

In particular, if x is homogeneous of a certain degree k, as Spxq is homogeneous of the same
degree,

S �Npxq � N � Spxq � k Spxq.

Applying this to x � δn�1, homogeneous of degree k � n� 1,

Spδnq �
¸

pi1,...,in�1qPNn�1,
1i1�...�pn�1qin�1�n�1

ai1,...,in�1Npδi11 . . . δ
in�1

n�1 q

� pn� 1q
¸

pi1,...,in�1qPNn�1,
1i1�...�pn�1qin�1�n�1

ai1,...,in�1δ
i1�1
1 δi22 . . . δ

in�1

n�1

�
¸

pi1,...,in�1qPNn�1,
1i1�...�pn�1qin�1�n�1

n�1̧

j�1

ijai1,...,in�1δ
i1
1 . . . δ

ij�1
j δ

ij�1
j�1 δ

in�1

n�1

� pn� 1q
¸

pi1,...,in�1qPNn�1,
1i1�...�pn�1qin�1�n�1

ai1,...,in�1δ
i1�1
1 δi22 . . . δ

in�1

n�1 .
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The result follows by an identi�cation of the coe�cients.

Here are a few examples, some of them being referenced in the OEIS [15].

Lemma 2.2.

@n ¥ 1, an,0,...,0 � p�1qnpn� 1q!, OEIS A000142

@n ¥ 2, an�2,1,0,...,0 � p�1qn�1pn� 1q!pn� 1q, OEIS A001563

@n ¥ 3, a1,0,...,0,1,0 �
npn� 1q

2
� 1, OEIS A152947

@n ¥ 3, an�3,0,1,0,...,0 � p�1qnpn� 1q!
¸

1¤p1¤n�1

p1 � 1

p1
, OEIS A067318

@n ¥ 4, an�4,2,0,...,0 � p�1qnpn� 1q!
¸

1¤p1¤n�1

pp1 � 2qpp1 � 1q

p1
.

Proof. By Proposition 2.1,

@n ¥ 2, an,0,...,0 � �pn� 1qan�1,0,...,0,

@n ¥ 3, an�2,1,0,...,0 � pn� 1qan�1,0,...,0 � pn� 1qan�3,1,0,...,0

� p�1qn�1pn� 1q!� pn� 1qan�3,1,0,...,0,

@n ¥ 3, a1,0,. . . ,0,1,0loooomoooon
n

� a1,0,. . . ,0,1,0loooomoooon
n�1

� pn� 1qa0,...,0,1a1,0,. . . ,0,1,0loooomoooon
n�1

� n� 1,

@n ¥ 4, an�3,0,1,0,...,0 � an�3,1,0,...,0pn� 1qan�4,0,1,0,...,0

� p�1qnpn� 2q!pn� 2q � pn� 1qan�4,0,1,0,...,0.

Moreover,

a1 � �1, a0,1 � �1, a1,1,0 � 4, a0,0,1 � �1.

The four �rst results follow from an easy induction. For an�4,2,0,...,0, we proceed by induction on
n. For n � 0, still by Proposition 2.1,

a0,2,0,0 � a1,1,0 � 4

whereas

3!
¸

1¤p1¤3

pp1 � 1qpp1 � 2q

p1
� 3!

2

3
� 4.

Let us assume the result at rank n� 1, with n ¥ 5.

an�4,2,0,...,0 � pn� 3qan�3,1,0,...,0 � pn� 1qan�5,2,0,...,0

� pn� 3qp�1qnpn� 2q!pn� 2q � p�1qn�1pn� 1qpn� 2q!
¸

1¤p1¤n�2

pp1 � 1qpp1 � 2q

p1

� p�1qnpn� 1q!
pn� 2qpn� 3q

n� 1�
p�1qnpn� 1qpn� 2q!

¸
1¤p1¤n�2

pp1 � 1qpp1 � 2q

p1

� p�1qnpn� 1q!
¸

1¤p1¤n�1

pp1 � 1qpp1 � 2q

p1
.

Let us now describe these coe�cients as iterated sums. We shall need the following notions:

De�nition 2.3. A dominant sequence of length k ¥ 1 is a sequence pi1, . . . , ikq P Nk such that
ik � 0. If pi1, . . . , inq P Nn is nonzero, the dominant of pi1, . . . , inq is the dominant sequence

Bpi1, . . . , inq � pi1, . . . , imq where m � maxtj | ij � 0u

By convention, Bp0, . . . , 0q is the empty sequence, denoted by pq.
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De�nition 2.4. Let pi2, . . . , inq P Nn�1. Its weight is ωpi2, . . . , inq � 1i2 � . . .� pn� 1qin � 1.

Remark 2.1. Obviously, ω � B � ω.

We �nally introduce a family of polynomials, indexed by dominant sequences of weight ¥ 1:

De�nition 2.5. We de�ne Pi2,...,in P Zrp1, . . . , Xωpi2,...,inqs for any dominant sequence pi2, . . . , inq
of weight ¥ 1 by the following:

P2 � pX1 � 2qpX1 � 1q,

P0,1 � X1 � 1,

Pi2,...,in �
¸

j¥3,ij¥1

pij�1 � 1qPBpi2,...,ij�1�1,ij�1,...,inq

� δi2¥1pXωpi2,...,inq � 2i2 � . . .� nin � 2qPBpi2�1,i3,...,inq if ωpi2, . . . , inq ¥ 3,

where

δi2¥1 �

#
1 if i2 ¥ 1,

0 otherwise.

Remark 2.2. If j ¥ 3 and ij ¥ 1,

ωpi2, . . . , ij�1 � 1, ij � 1, . . . , inq � ωpi2, . . . , inq � 1

and if i2 ¥ 1,
ωpi2 � 1, i3, . . . , inq � ωpi2, . . . , inq � 1.

Therefore, Pi2,...,in is well-de�ned for any pi2, . . . , inq of weight ¥ 2.

Remark 2.3. An easy induction proves that for any dominant sequence pi2, . . . , inq of weight ¥ 1,

degpPi2,...,inq � i2 � . . .� in,

and that Pi2,...,in is a multiple of X1 � 1.

Lemma 2.6. Let pi2, . . . , inq be a dominant sequence of weight N ¥ 2. If p1, . . . , pN P N, such
that

1 ¤ p1   . . .   pN ¤ 2i2 � . . .� nin � 2,

then Pi2,...,inpp1, . . . , pN q � 0.

Proof. By induction on N , then pi2, . . . , inq � p2q or p0, 1q. In the �rst case, 2i2�. . .�nin�2 � 2
and as P2 � pX1� 1qpX2� 1q, the result is obtained. In the second case, 2i2� . . .� nin� 2 � 1
and as P0,1 � X1 � 1, the result is obtained. Let us assume the result at a rank N � 1, with
N ¥ 3. Let us consider pp1, . . . , pN q such that 1 ¤ p1   . . .   pN ¤ 2i2 � . . .� nin � 2. If j ¥ 3
and ij ¥ 1, then

1 ¤ p1   . . .   pn�1 ¤ 2i2� . . .�nin�3 � 2i2� . . .�pj�1qpij�1�1q� jpij�1q� . . .�nin�2.

By the induction hypothesis, Pπpi2,...,ij�1�1,ij�1,...,inqpp1, . . . , pN�1q � 0. Let us assume that
i2 ¥ 1. If pN ¤ 2i2 � . . .� nin � 3, then

1 ¤ p1   . . .   pN�1 ¤ pi2 � 1q � 3i3 � . . .� nin � 2.

By the induction hypothesis, PBpi2�1,...,inqpp1, . . . , pN�1q � 0. Otherwise, pN � 2i2� . . .�nin�2
and pωpi2,...,inq�2i2�. . .�nin�2 � 0. Combining all these, we obtain Pi2,...,inpp1, . . . , pN q � 0.

Theorem 2.7. Let pi1, . . . , inq P Nn such that 1i1 � . . . � nin � n and N � ωpi2, . . . , inq ¥ 1.
Then

ai1,...,in � p�1qi1�...�inpn� 1q!
¸

1¤p1 ... pN¤n�1

PBpi2,...,inqpp1, . . . , pN q

p1 . . . pN
.
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Proof. In order to simplify the proof, we put

bi1,...,in �
p�1qi1�...�in

pn� 1q!
ai1,...,in .

These coe�cients satisfy the induction

bi1,...,in �
¸

j¥2, ij¥1

pij�1 � 1q
1

n� 1
bi1,...,ij�1�1,ij�1,...,in�1 � δi1¥1bi1�1,i2,...,in�1 .

Our aim is no to prove that

bi1,...,in �
¸

1¤p1 ... pN¤n�1

PBpi2,...,inqpp1, . . . , pN q

p1 . . . pN
.

We proceed by induction on the weight N � ωpi2, . . . , inq. If N � 2, two cases occur, If
pi2, . . . , inq � p2q or p0, 1q. These are covered by Lemma 2.2. Let us now assume the result for
all sequences of weight N � 1, with N ¥ 3. We proceed by induction on i1 � n� 2i2� . . .�nin.
By Lemma 2.6,

¸
1¤p1 ... pN¤n�1

PBpi2,...,inqpp1, . . . , pN q

p1 . . . pN
�

¸
1¤p1 ... pN�1¤n�2

PBpi2,...,inqpp1, . . . , pN�1, n� 1q

p1 . . . pN�1pn� 1q
.

Moreover,

b0,i2,...,in �
¸

j¥2, ij¥1

ij�1 � 1

n� 1

¸
1¤p1 ... pN�1¤n�2

Pi2,...,ij�1�1,ij�1,...,iN pp1, . . . , pN�1q

p1 . . . pN�1

�
¸

j¥3, ij¥1

ij�1 � 1

n� 1

¸
1¤p1 ... pN�1¤n�2

Pi2,...,ij�1�1,ij�1,...,iN pp1, . . . , pN�1q

p1 . . . pN�1

� δi2¥1
n� 1� 2i2 � . . .� nin � 2

n� 1

¸
1¤p1 ... pN�1¤n�2

Pi2�1,...,iN pp1, . . . , pN�1q

p1 . . . pN�1

�
¸

1¤p1 ... pN�1¤n�2

PBpi2,...,inqpp1, . . . , pN�1, n� 1q

p1 . . . pN�1pn� 1q

�
¸

1¤p1 ... pN¤n�1

PBpi2,...,inqpp1, . . . , pN q

p1 . . . pN
.

Let us assume the result at rank i1 � 1.

bi1,i2,...,in �
¸

j¥2, ij¥1

ij�1 � 1

n� 1

¸
1¤p1 ... pN�1¤n�2

Pi2,...,ij�1�1,ij�1,...,iN pp1, . . . , pN�1q

p1 . . . pN�1
� bi1�1,i2,...,in

�
¸

1¤p1 ... pN�1¤n�2

PBpi2,...,inqpp1, . . . , pN�1, n� 1q

p1 . . . pN�1pn� 1q

�
¸

1¤p1 ... pN¤n�2

PBpi2,...,inqpp1, . . . , pN q

p1 . . . pN

�
¸

1¤p1 ... pN¤n�1

PBpi2,...,inqpp1, . . . , pN q

p1 . . . pN
.

So the property is true at all rank N ¥ 2.

Remark 2.4. 1. If pi2, . . . , inq � pq, then an,0,...,0 � p�1qnpn � 1q. We can put ωppqq � 0 and
Ppq � 1. The result then holds also in this case, by convention.
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2. If pi2, . . . , inq � p1q, then an�2,1,0,...,0 � p�1qn�1pn� 1q!pn� 1q. The result holds if we take
ωp1q � 1 and P1 � p1.

Example 2.2. Easy inductions prove that

P0,...,0,1 � X1 � 1, Pn � pX1 � 1qpX1 � 1qpX2 � 4q . . . pXn�1 � 2n� 2q.

Here are other examples:

P1,1 � p2X1 �X2 � 7qpX1 � 1q

P1,0,1 � p2X1 �X2 �X3 � 11qpX1 � 1q,

P2,1 � p3X1X2 � 2X1X3 �X2X3 � 22X1 � 11X2 � 7X3 � 59qpX1 � 1q,

P1,0,0,1 � p2X1 �X2 �X3 �X4 � 16qpX1 � 1q,

P0,1,1 � p6X1 � 3X2 �X3 � 25qpX1 � 1q,

P2,0,1 � p3X1X2 � 2X1X3 �X2X3 � 2X1X4 �X2X4 �X3X4 � 34X1

� 17X2 � 13X3 � 11X4 � 125qpX1 � 1q,

P1,2 � p6X1X2 � 4X1X3 � 2X2X3 � 2X1X4 �X2X4 � 56X1 � 28X2 � 14X3

� 7X4 � 160qpX1 � 1q,

P3,1,0,0,0 � p4X1X2X3 � 3X1X2X4 � 2X1X3X4 �X2X3X4 � 45X1X2 � 30X1X3 � 15X2X3

� 22X1X4 � 11X2X4 � 7X3X4 � 250X1 � 125X2 � 81X3 � 59X4 � 605qpX1 � 1q.

Example 2.3. 1. In particular, for any n ¥ 4,

an�4,0,0,1,0,...,0 � �pn� 1q!
¸

2¤i1 i2¤n�1

i1 � 1

i1i2
.

We recover Entry A122105 of the OEIS [15].

2. We also obtain

a1,0,...,0,1,0 � pn� 1q!
¸

2¤i1 ... in�3¤n�1

i1 � 1

i1 . . . in�3

� pn� 1q!

�
4

pn� 1q!
�

n�1̧

j�3

j

pn� 1q!

�

� 4�
n�1̧

j�3

j

�
npn� 1q

2
� 1.

We recover the formula of Lemma 2.2. Here, j corresponds to the missing element of
t2, . . . , n� 1u in ti2, . . . , in�3u, the case j � 2 (the unique case where i1 � 2) being treated
separately.

Notations 2.1. We put, for any k, n ¥ 1,

Hpkq
n �

¸
1¤p1 ... pk¤n

1

p1 . . . pk
.

For a �xed dominant sequence pi2, . . . , inq, using technical manipulations of sums, the se-
quence pbn�2i2�...�nin,i2,...,in,0,...,0qn¥2i2�...�nin is the sum of a polynomial sequence (with coe�-

cients in Q) and a Q-linear span of sequences pnkH
plq
n�1q, with k ¥ 0 and l ¥ 1.
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Example 2.4. We obtain

@n ¥ 3, bn�3,0,1,...,0 �
¸

1¤p1¤n�1

p1 � 1

p1

� n� 1�H
p1q
n�1,

@n ¥ 4, bn�4,2,0,0,...,0 �
¸

1¤p1¤n�1

pp1 � 1qpp1 � 2q

p1

�
pn� 1qpn� 6q

2
� 2H

p1q
n�1,

@n ¥ 5, bn�5,1,1,0,...,0 �
¸

1¤p1 p2¤n�1

p2p1 � p2 � 7qpp1 � 1q

p1p2

� pn� 1qpn� 10q � p10� nqH
p1q
n�1 � 7H

p2q
n�1,

@n ¥ 6, bn�6,3,0,...,0 �
pn2 � 17n� 90qpn� 1q

6
� p2n� 14qH

p1q
n�1 � 8H

p2q
n�1,

@n ¥ 7, bn�7,2,1,0,...,0 �
pn2 � 25n� 210qpn� 1q

2

�
�n2 � 29n� 109

2
H
p1q
n�1 � p7n� 99qH

p2q
n�1 � 59H

p3q
n�1,

@n ¥ 8, bn�8,4,0,...,0 �
pn3 � 33n2 � 434n� 2520qpn� 1q

24

� pn2 � 19n� 108qH
p1q
n�1 � p�8n� 92qH

p2q
n�1 � 48H

p3q
n�1.

Proposition 2.8. Let k ¥ 2. Then

bn�k,0,...,0,1,0,...,0 � n� 1�
k�2̧

i�0

H
piq
n�1.

Note that the 1 is in position k in pn� k, 0, . . . , 0, 1, 0, . . . , 0q.

Proof. By induction on k. If k � 2, by Lemma 2.2, bn�2,2,0,...,0 � n�1. Let us assume the result
at rank k � 1. As P0,...,0,1 � X1 � 1,

bn�k,0,...,0,1,0,...,0 �
¸

1¤p1 ... pk�2¤n�1

p1 � 1

p1 . . . pk�2

� �H
pk�2q
n�1 �

¸
1¤p1 ... pk�2¤n�1

1

p2 . . . pk�2

� �H
pk�2q
n�1 �

¸
1¤p2... pk�2¤n�1

p2 � 1

p2 . . . pk�2

� �H
pk�2q
n�1 � bn�k�1,0,...,1,0,...,0

and the result follows. Note that in the last line of this computation, the 1 is in position k � 1
in pn� k � 1, 0, . . . , 1, 0, . . . , 0q.
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