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Abstract

We study the compatibility between the antipode and the preLie product of a Com-
PreLie Hopf algebra, that is to say a commutative Hopf algebra with a complementary preLie
product, compatible with the product and the coproduct in a certain sense. An example of
such a Hopf algebra is the Connes-Kreimer Hopf algebra, with the preLie product given
by grafting of forests, extending the free preLie product of grafting of rooted trees. This
compatibility is then used to study the antipode of the Connes-Moscovici subalgebra, which
can be defined with the help of this preLie product. The antipode of the generators of this
subalgebra gives a family of combinatorial coefficients indexed by partitions, which can be
computed with the help of iterated harmonic sums.

Keywords. prelie algebra; Connes-Kreimer Hopf algebra; Connes-Moscovici Hopf algebra;
iterated harmonic sums
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Introduction

PreLie algebras, also called Vinberg algebras or symmetric algebras (see [I], 1] for surveys on
these objects) are particular Lie algebras, where the Lie bracket is obtained by the antisym-
metrization of a non associative product e such that

Va,b,ce A, (aeb)ec—ae(bec)=(aec)eb—ae(ceb).

An easy and classical exercise proves that if this axiom is satisfied, the antisymmetrization of e
indeed satisfies the Jacobi identity. A classical example is given by the Lie algebra of derivations
of the polynomial algebra K[X], with the preLie product defined by
dX dX dP _dX
P K[X P— — = :
VP Q e KLX], ax *Yax T TaxYax
A remarkable property of these particular Lie algebras is that an explicit description of their
enveloping algebra can be done, under the name of Guin-Oudom’s construction [I14]. They are
closely related to the combinatorics of rooted trees [2], and the enveloping algebra of the free
preLie algebra is the Grossman-Larson Hopf algebra [9, [10], dual to the Connes-Kreimer Hopf
algebra [4].



In [12], a new type of preLie algebras, called Com-PreLie algebras are introduced, see Def-
inition They also appear in [0 [7], as structures appearing on the underlying Lie algebra
of a group of Fliess operators. Such an object is given a preLie product e and a commutative,
associative product -, with a Leibniz-style compatibility between them:

Va,b,ce A, (a-b)ec=(aec)-b+a-(bec).

Examples on trees are given in [12], on words in |7, 0, 5], and other combinatorial examples can
be found in [§]. Among them, the Connes-Kreimer Hopf algebra Hok inherits a complementary
Com-PreLie structure. Let us give a few more details on this object. A basis of Hox is given
by the set of rooted forests:

Lol to b

.mthvﬂ”mbﬁﬂ”.
Its commutative associative product is given by the disjoint union, for example:
I-.VZI.V, ..-\VZ..\V.

Its prelie product is given by graftings, for example:

ooV loall IMZV+Y+L Id:b+y

This preLie product includes two important operators on Hog, the grafting B and the growth
N:

Va € Hog, B(a) = . eq, N(a)=ae.

IAs a Hopf algebra, Hog has a coproduct A, consisting of separating rooted forests into a upper
part (on the right) and a lower part (on the left), for example:

A(K/):K/®1+V®.+{®.+I®I+I®..+.®I.+1®K/,
A=V ®1+3VR.+3l®ce+ . ®cee +10 V.

This coproduct satisfies the following compatibility with the preLlie product:
Va,be Hog, A(aeb) = aM @a® eb+al)edM@aPp,
with Sweedler’s notation. This includes the well-known compatibilities [4]:

VYa € Hog, Ao B(a) =1® B(a) + (B®1Id) o A(a),
AoN(a) = NaM)®@a? +aM e 1®@a?..
Such a family (A, m, e, A) is a Com-PreLie bialgebra, and if (4, m, A) is a Hopf algebra, a Com-
PreLie Hopf algebra.

Our first aim here is a study of the compatibility between the antipode S of a Com-PreLie
bialgebra and its preLie product. Keeping in mind the Connes-Kreimer case, we restrict ourselves
to the case where the bialgebra (A, m,A) is conilpotent, and we prove that

Va,be A, S(aeb) = (S(a) . b<1>) S(0@).



Secondly, we use this result to study the antipode of the Connes-Moscovici Hopf subalgebra
Heag of Hoge [4]. With the preceding notation, Hepy is the subalgebra generated by the elements

(5n=£...((.o.)o.)...)0.,

)

~
s appears n times

with n = 1. For example,

51:., (52217 53:\/—1—{, (54:\V+3K/+Y+l
This subalgebra is stable under the coproduct. For example,
A(d]) = ®1+1®-.
=0 ®1+1Q04,

AG)=l@1+l1+.®.
=0 ®1+1Qd + 5 ® 1,

A(53)=(V+{)®1+1®(VJJ)+3I®.+.®I+.®..
=531 +1®03+30 R0 +01® 0 + 61 @63,

A(64)=(\V+3K/+Y+[ )®1+1®(\V+3K/+Y+[)

+(6V +6})®.+I®(4I+7..)+.®(V+{+31.+...)
=014+ 1®04+ 6031 + 02 ® (402 + 701) + 01 ® (65 + 30201 + 63).

Note that for any n > 1, A(d,) — 6, ® 1 — 0, ® 1 makes only appear d1,...,d,_1, which allows
to inductively compute S(dy), as mo (S®Id) o A(d,,) = 0 for any n > 1: for example, we obtain

S(6,) = —01, S(0) = =0y + 02, S(83) = —03 + 46109 — 203,
More generally, one can write

S(5n) = Z ai1,---,in5? R 5;1",

(ilv"'zin)ENnu

li1+...4+nip=n
where the coefficients a;, .. ;, are integers. Our aim is to give a way to compute these coefficients.
They have been studied in [I3], in a very different approach: in particular, they are split into a
sum of several coefficients, corresponding to the different way to write each monomial. Firstly,
using the compatibility between the prelie product e and the antipode, as for any n = 1,
Ont+1 = 0, ® «, we obtain the inductive formula

Qiq,.rying = Z (Z'jfl + 1)ai1:--~77f'j71+1:ij*1:--~77f'n—1 - (n - 1)57;1210’7:1*171'2’“'77;71—1‘
22,121

We then partially solve this induction. We prove the existence of a sequence of polynomials
P, i, €Z[X1,...,Xn], indexed by sequences of integers (i, ..., i) with i # 0, with

N=1lig+...+ (k—1)ip — 1,
such that for any ¢; = 0,

. , Py (D15,
Qi i 0,0 = (=1 H (16 + 4 ki — 1)! D gy (PLy -+ PI).

1<p1<...<pn <Li1+...+kip—1 Pr---PN




These polynomials are inductively defined and can be rather complicated. For example,

Py =X -1,
Py = (X1 — 2)(X1 — 1),
Pt = (2X1 + Xo = T)(X1 — 1)
Pro1 = (2X1 + Xo + X3 - 11)(X; - 1),
Pyy = (3X1 X + 2X1 X3 + Xo X3 — 22X; — 11X + 7X5 + 59)(X; — 1),

which gives for any n great enough,

-1
Vn = 3, an-3,0,1,0,.0 = (—=1)"(n —1)! P :
l<pr<n-1 P1
-2 -1
Vn = 4, an-420,.0 = (—=1)"(n —1)! Z (p1 —2)(p1 >’
1<pr<n—1 h
2p1 +p2 —T)(p1 — 1
Vn = 95, (p—51,1,0,.,0 = (_1)n+1(n —1)! 2 (2p1 + p2 )(p1 )7
1<p1<pa<n—1 pip2
2p1 +p2+p3—11)(p1 — 1
Vn =6, an61,010,..0=(—1)"(n—1)! Z ( )( )'
1<p1<p2<pz<n—1 p1p2p3
This implies that all these sequences (an—2i,—...—kiy is,...,ix.0,....0)n Call be rewritten with the help

of polynomial sequences and iterated harmonic sums

O = D ! .
1< <, D1 Dk
SPp1<...<ppkN n>1

=

For example,

Vn = 3, (fl__l)lr;!an—&og,...,o =n—1-— H,(Ll,)p

vn > 4, (7(1__1)171)!@71_47270,07_,_,0 = ("_1)2(”_6) +2HY |

Vn > 5, wan_&mo,mﬁ = (n—1)(n—10)+ (10— n)HY, + 7TH? |

Vn = 6, (i__l):)!an—&?;,o,...,(] = (n® — 17n J(:, 90)(n — 1) +(2n — 14)H7(11_)1 - 8H7(1,2—)1-
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Notations 0.1. The base field K is a commutative field of characteristic zero. All the spaces in
this article will be taken over K.
1 Com-PreLie Hopf algebras

Definition 1.1. 1. A (right) Com-PreLie algebra [0, (7] is a family A = (A, m,e), where A
s a vector space, m and e are bilinear products on A, such that

Va,be A, ab = ba,

Va,b,c€ A, (ab)c = a(be),

Va,b,ce A, (aeb)ec—ae(bec)=(aec)eb—ae(cebd) (preLie identity),
Va,b,c€ A, (ab)ec=(aec)b+a(bec) (Leibniz identity).



In particular, (A, m) is an associative, commutative algebra and (A, e) is a (right) preLie
algebra. We shall say that A is unitary if the algebra (A, m) is unitary.

2. A Com-PrelLie bialgebra is a family (A,m,e, A), such that:

(a) (A,m,e) is a unitary Com-PreLie algebra.
(b) (A,m,A) is a bialgebra.

(c) A and e are compatible, in the following sense:
VYa,be A, Alaeb) = a@a® eb+a)ebga@p?,
with Sweedler’s notation A(z) = 20V @ 2.

If (A,;m, A) is a Hopf algebra, of antipode denoted by S, we shall say that (A, m, e, A) is a
Com-PreLie Hopf algebra.

Lemma 1.2. Let (A,m,e,A) be a Com-PreLie bialgebra, of counit € and of unit 1. For any
beA, 1eb=0. For any a,be A, e(aeb) =0.

Proof. For any be A,
leb=(1-1)eb=(1leb)-1+1-(ledb)=2(1ebd),
so1leb=0. Let a,b e A.
claeb) =(c®c)oA(aebd)
— e (D) (0 b) e (a0 b0) & (@) & (52)
=c(aeb)+c(aed),
so e(aeb) = 0. O

Notations 1.1. Let (A, m,A) be a bialgebra. Its augmentation ideal, that it to say the kernel of
its counit €4, is denoted by Ay. It is given a coassociative, not necessarily counitary coproduct

A’ A+ — A+®A+
’ a — Ala)—a®ly—14®a.

As it is coassociative, we can without any problem iterate this coproduct A:

. Idg, ifn=0
m _ J1das N
¥YneN, A { ® nfl)) o A(n_l) ifn>1.
+

We shall say that the bialgebra A is conilpotent if for any a € A, there exists IV(a) = 1 such
that A(N(@)(q) = 0. If this holds, then (A,m, A) is a Hopf algebra, and its antipode is given by
Takeuchi’s formula [16]:

N(a)—1
Ya € A, S(a)= Y, (=)™ 'my 0 APV (a),
n=0
where for any n > 0,
. AP — A
" G ®..Qa, —> ar-...- Gy

Theorem 1.3. Let (A, m, e, A) be a conilpotent Com-PreLie Hopf algebra. Then for any a,b€ A,

S(aeb) = (S(Q) . b<1>> S(b®).

5



Proof. For any be A, as 1eb =0,
S(1eb)=0= (5(1) . b<1>) S,

So the result hods if @ = 1: we can restrict ourselves to prove our result in the case where
a€ Ay = Ker(e).

We put A,, = Ker (A(”)) As the coalgebra (A, A) is conilpotent, we obtain that (A,)n>0 is
an increasing filtration of A, with Ag = (0). Consequently, for any a € A4, we put

deg(a) =min(ne N |a€ Ay).
We shall use Sweedler’s notation A(a) = ' ® a”. Note that if a € Ay, then
Ala) e Ap 1 @A,_1.
Moreover, for any a € Ay,
0=¢c(a) =mo (S®Id) o A(a) = S(a) + a+ S(a’)a",
so S(a) = —a — S(a’)a".

Let us prove that S(a e 1) = S(a) e 1 for any a € Ay by induction on deg(a). If deg(a) = 0,
then a = 0 and this is obvious. Let us assume the result at all ranks < deg(a). Then

Alael)=a®lel+1®ael+d Rd"el+ael®@1l+1el®a+d el®d"
=1Qael+d d"el+ael®1+del®d",

so, with the induction hypothesis applied to a’,

0=c(ael)
a”e1) +S(ael)+ S(a' e1)a"
a”e1) + (S(a’) e 1)a" + S(ae1)
a’yel+ S(ael)
=—S(a)el+S(ael),

so S(ae1) = S(a)e 1. This concludes the induction. As a consequence, we can restrict ourselves
to the case where a,be A,.

Let us finally prove the result when a,b € A, by induction on N = deg(a)+deg(b). If N < 1,
then a = 0 or b = 0 and the result is obvious. Let us assume the result at all ranks < N.

Alaeb)=a®@1leb+1Qaeb+d @a"eb+ael@b+1e1@b+d e1®d"b
+aeb®1+1ebRa+d ebRa" +aebd RV +1eb/Rab” +d ot ®d"b"
=1Qaeb+aeb®1+d a"eb+ael®@b+d e1l@d"b+d eb®d"
+aeb @V +d b ®a"V.

Therefore, using the induction hypothesis on a e b, o’ ¢ &/ and a e V', with Sweedler’s notation

(ARId) o A(b) = Id@A) o A(b) = b @b ®b",



0=c(aeb)

—mo(S®Id) o Alasb)
=aeb+ S(aeb)+ S(d)(a" eb)+ (S(a) e b)b" + (S(a) e 1)SH )V + (S(a) e &')S(b")b"
+(S(a) @ )b+ (S(a) # b)a" + (S(a') o DSB)a" + (S(a) » BYSB"a” + (S(a') o b )a"t"

+(S(a') o )SE)a"Y + (S(a') o ¥)SE)a"" + (S(a) o 1)ab

=aeb+ S(aeb)+ S(a)(a" b)

+(S(a) o V)(0" + S(H")") + (S(a) « 1)(SB)D" +b) + (S(a’) @ b)a”

— N
——5(") =—5(b)
+ (S(a’) e 1)a"(§(b) + S + b) + (S(a’) e b’)a"(?(b”) +0" + S")")
-0 -

=aeb+ S(aeb)+ S(d)(a" eb) + (S(a’) eb)a” — (S(a)e V)
=aeb+ S(aeb)+ (S(a)a")eb— (S(a)eb)S(H") — (S(a) e
=(a+ S(d')a")eb+ S(aeb)— (S(a) e V')S(b") — (S(a) e 1)S(b)

= S(aeb) — (S(a) « 6)S(BD),

o

n
— TN
S
B
s
~~
0
—~
)
S
[ ]
[a—
N—
n
~
(wpl
SN—

so the result holds for a e b. ]

2 Application to the Connes-Moscovici subalgebra

The Connes-Kreimer Hopf Ho g algebra is given a preLie product by graftings [§]. Let us recall
first a few definitions. If F" and G are two rooted forests and v € V/(F'), then F e, G is the rooted
forest obtained from F'G by adding an edge from v to any root of G. We then define the preLie
product e by

VF,GeF, = ) Foe,
veV(F)
For example,
o=V, ceeoe=laa+. o+ =31,

SRRV
v Y, Voo ov ol
Wit Y
SRR

In particular, the grafting operator, for which Hox satisfies a universal property [4], is

SR VIS S TS

B:{HCK — Hck

r > .07,

It associates to any rooted forest F' the tree obtained by adding a new vertex and graft all the
roots of F' on it. The growth operator used in [3] is

N:{ Heox — Heg

r > T e..



It associates to any rooted forest F' the sum of forests obtained by adding a new leaf to F', grafted
on a vertex of F. The Connes-Moscovici Hopf subalgebra Heopr is generated by the inductively
defined generators d,:

.ifn =1,

Vn > 1, On =
571—1.' 1fn22

Our aim here is to study the antipode of S(d,). Firstly, as Hok is graded by the number of
vertices of the forests, and as the only forest of degree 0 is 1, it is conilpotent as a coalgebra
and we can apply Theorem [I.3] Secondly, as Hcps is a Hopf subalgebra of Hog, and by the
homogeneity of the antipode, we can write for any n = 1,

7 7
S(dn) = 2 ail,...,z’ndll R 5n".
(ilv“'vi’n)ENn7
lii+...4+nin=n

Ezample 2.1. Direct computations give

S(81) = —éy, S(82) = —ba + 62, S(83) = —b5 + 46185 — 267,
SO
a; = —1, ap1 = —1, ap,0,1 = —1,
azo =1, a0 =4,
az 0,0 = —2.

Let us give an inductive way to compute these coefficients.

Proposition 2.1. Let (i1,...,i,) € N, such that liy + ...+ ni, =n. If iy, = 1 (and, therefore,

ihW=...=1ip_1 =0), then a;,,. 4, = —1. Otherwise, i, = 0 and
QAiy,.in = Z (ijfl + 1)ai1,-~-7ij—1+1,ij*17-~-7in—1 - (n - 1)51'121(11'1*171'27---7%—17
§=2,i;=1

where the symbol 6;,>1 takes the value 1 if i1 =1 and 0 if i1 = 0.

Proof. We consider the two operators N, D : Hopy —> Hepy, defined by
N(z)=ze., D(z) =xzel.

Note that if = is homogeneous of a certain degree k, then D(x) = kz. By Theorem , for any
T € HC’M,
SoN(x)=S(x)ee+(S(x)e1)S(s) =NoS(z)—«DoS(z).
In particular, if x is homogeneous of a certain degree k, as S(x) is homogeneous of the same
degree,
SoN(z)=NoS(z)—k.S(x).

Applying this to x = §,,_1, homogeneous of degree k =n — 1,
S(3n) = >, Gir,in N (OF - 6)

(i1,eeyin—1)ENPT1
li1+...4(n—1)ip—1=n—1

) ) 11+1 gio in—1
—(n—-1) 2 Qiy,ooin 101 T 050,
(1,eeyin—1)EN""1
17;1+...+(7’L—1)in71=n—1

n—1 i
= Y - . 11 15— Zj+ Tn—1
= > D T T . A i
(i1,0eyin—1)eN?—1 j=1
1i1+...+(n—1)in,1=n—1

. . 11+1 gio In—1
—(n—1) 2 Qi1 01 09" 0y
(i1 )N,
lir+...+(n—1)ip—1=n—1



The result follows by an identification of the coefficients. O

Here are a few examples, some of them being referenced in the OEIS [15].

Lemma 2.2.

Vn > 1, ano,.0=(—1)"(n—1) OEIS A000142
Vn > 2, an-210..0=(=1)""1(n—1)(n-1), OEIS A001563
—1
Wn > 3, a10,..0,10 = "(nz ) 11, OEIS A152947
-1
Vn>=3, an-3010,..0=(—1)"n-1) Z b , OEIS A067318
l<pren-1 P1
-2 —1
Yn > 4’ Un-420,.0 = (_l)n(n o 1)! 2 (pl )(pl )
1<pi<n—1 p1
Proof. By Proposition [2.1],
Vn > 2, an0,..0 = —(n —1Lan_1p,..0,
Vn = 3, n-210,.0= (n—1)an—10,.0—(n—1)an-310,..0
= (=" Hn—1)! = (n - L)an—310,..0,
Vn = 3, ai0,...0,1,0 = ai0,..0,10— (n—1ao. . 01010,..010+7n—1,
n -1 n—1
Vn = 4, an-3,0,1,0,...,0 = an—s,l,o,...,o(n - 1)%—4,0,1,0,...,0
= (—1)”(71 — 2)'(71 — 2) — (n — l)an,4,071,07m70.
Moreover,
ap = —1, ap1 = —1, ai1,0 = 4, ap0,1 = —1.

The four first results follow from an easy induction. For a,—420,.. 0, we proceed by induction on
n. For n = 0, still by Proposition

ap,2,00 = a1,1,0 = 4

whereas

1<p1<3 P1 3

Let us assume the result at rank n — 1, with n > 5.
an-1420,.0= (N —3)an—31,0,.0— (n—1)an—520,..0

— (=31 (n—-2)(n—2) — (-1)" - (n-2) Y]

1<pr<n-—2 p
_ n (n—2)(n-3) "l — 1) — (p1 — D(p1 —2)
= (-1) (n—l)!—n_1+ (=1)"(n = 1)( 2)!1@2%2 s
= (=1)"(n — (p1—1)(p1—2)
= (=1)"( 1)!1@12@1 o . O

Let us now describe these coefficients as iterated sums. We shall need the following notions:

Definition 2.3. A dominant sequence of length k > 1 is a sequence (i1, ... i) € N* such that
i # 0. If (i1,...,in) € N is nonzero, the dominant of (i1, ...,iy) s the dominant sequence
i1y yin) = (i1, im) where m = max{j | i; # 0}

By convention, 0(0,...,0) is the empty sequence, denoted by ().



Definition 2.4. Let (ia,...,i,) € N*7L. Its weight is w(ia, ... iy) = lig + ...+ (n — 1)i, — 1.

Remark 2.1. Obviously, wo d = w.

We finally introduce a family of polynomials, indexed by dominant sequences of weight = 1:

Definition 2.5. We define Py, i, € Z[p1,- - -, Xu(iy,...in)] for any dominant sequence (iz, ..., in)
of weight = 1 by the following:

Py = (X1 —2)(X1 - 1),

Po1=X1 -1,
‘Pi27---7i7L = Z (ij_l + 1)Pa(ig,...,ijfl+1,ij71,...,’in)
J=3y;=1
+ 6i221(Xw(i2,...,in) —2i9 — ... —niy + 2)Pﬁ(i271,i3,...,in) Zf w(ig, - ,Zn) = 3,

where
5 )1 ifia 2 1,
=l 0 otherwise.

Remark 2.2. If j > 3 and i; > 1,

(/J(’L'Q,...,Z'j,1 + 1,ij — 1,...,’in) = w(’ig,...,in) —1
and if 12 = 17
w(’ig — 1,’i3,. . .,in) = w(ig,...Jn) — 1.
Therefore, P;, . i, is well-defined for any (io,...,iy) of weight > 2.
Remark 2.3. An easy induction proves that for any dominant sequence (ia, ..., 7,) of weight > 1,

deg(Piz,...,in) =10+ ...+ iy,

and that P, ;

Nze

is a multiple of X; — 1.

Lemma 2.6. Let (ia,...,i,) be a dominant sequence of weight N = 2. If p1,...,pn € N, such
that
1<pr <...<pNy €209+ ...+ niy, — 2,

then P, . ;. (p1,...,pN) =0.

Proof. By induction on N, then (i2,...,i,) = (2) or (0,1). In the first case, 2ia+...+nip,—2 = 2
and as Py = (X7 — 1)(X2 — 1), the result is obtained. In the second case, 2is 4+ ...+ ni, —2 =1
and as Py = X7 — 1, the result is obtained. Let us assume the result at a rank N — 1, with
N > 3. Let us consider (p1,...,pn) such that 1 <p; < ... <py <2i2+...4+ni, —2. If 7 >3
and i; > 1, then

1<p1 <...<pp-1<2i0+...4+ni,—3=2i0+...+(—1)(4j—1+ 1)+ + 1) +...+nip, —2.

By the induction hypothesis, Pﬂ'(ig,...,ij_l-‘rl,ij+1,...,in)(p17'"?pN—l) = 0. Let us assume that
o= 1. If py < 2i0 + ...+ ni, — 3, then

1<p1<...<pN_1<(i2—1)+3i3+...+nin—2.

By the induction hypothesis, Py,—1,..4,)(P1,---,pn-1) = 0. Otherwise, px = 2iz +. .. +ni, — 2
and py(i,,...i,) —262—- . .—nip+2 = 0. Combining all these, we obtain P, _;,(p1,...,pn) =0. O

Theorem 2.7. Let (i1,...,i,) € N" such that 1iy + ...+ ni, =n and N = w(ia,...,i,) = 1.
Then

Z Pa(ig,.‘.,in)(pla HE 7pN)

Gy, i = (= 1)1 Fin (0 — 1)1
11500052 ( ) ( ) pl..pN

1<p1<...<py<n—1

10



Proof. In order to simplify the proof, we put

b

11,0 0sn Wail,.--,in-

These coefficients satisfy the induction

1

bi,...rin = Z (ij—1 + 1)771 — 7 biteiym1 L —Liins T iy 21biy—1ig,.yin 1 -
j=2,1521
Our aim is no to prove that
Ppiy,...in) (P15 - - PN)
bis,...sin = > :

p1...PN

l<p1<...<py<n—1

We proceed by induction on the weight N = w(is,...,i,). If N = 2, two cases occur, If
(i2,...,1n) = (2) or (0,1). These are covered by Lemma [2.2] Let us now assume the result for

all sequences of weight N — 1, with N > 3. We proceed by induction on i3 = n — 2is — ... — ni,.
By Lemma [2.6
Z Pa(ig,...,in)(p17"'7pN) N 2 Pa(ig,...,in)(pla'"7pN—17n_ 1)
1<p1<..<py<n—1 pb1...-PN 1<p1 <. <pr_1<N—2 pP1-- -prl(n — 1)
Moreover,
151+ 1 Pig,_..,ij_l+1,¢j—1,...,iN (pl, e 7PN—1)
b0ig,...in = Z — Z
j=2,i;21 n 1<p1<...<py_1<n—2 P1...PN-1
_ Z tj—1+1 Z Pig,.‘.,z'j_l+1,z‘j—1,...,z'N (p1,...,PN=1)
j23,21 VT 1<pi<. <pn_1<n—2 Pi---PN-1
n—1—210—...—niy +2 P, 1. ..., DN—
+ diy=1 2 — n Z i2—1, ﬂN(pl? ,PN—-1)
n 1<p1<...<pny_1En—2 Pi---PN-1
B 2 Pai,...in)(P1, -, PN-1,10 — 1)
1<p1<...<py_1<n—2 pP1-. .prl(TL - 1)
B D Pyiy,...in) (P15 - - s PN)
1<pi<..<py<n—1 pP1..-PN
Let us assume the result at rank 47 — 1.
i1+ 1 Py i 1i—1,in (P15 - s DN=1)
Diviin,in = p, > . N biy—1,iz,....in
j=2,i;>1 n 1<p1<...<pn_1<n—2 P1---PN-1
- Z P@(ig,...,in)(plw")prlun_ ]-)
1<p1<...<pn_1En—2 pr-. 'pN_l(n B 1)
+ Z Pa(i27---7in)(p17 cee ’pN)
1< <n—2 P1...PN
SP1<... <PN KN
B 3 Ppig,....in) (P15 - -, DN)
1<pi<..<pysn—1 p1---PN
So the property is true at all rank N = 2. O

Remark 2.4. 1. If (ia,...,in) = (), then an 0,0 = (=1)"(n —1). We can put w(()) = 0 and
Py = 1. The result then holds also in this case, by convention.
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2. If (ig,...,in) = (1), then ap_210.. 0= (—1)""1(n—1)!(n—1). The result holds if we take
w(l)=1and P, = p;

Ezrample 2.2. Easy inductions prove that
P07..,7071 =X — 1, P, = (Xl — 1)(X1 — 1)(X2 — 4) - (Xn,1 —2n + 2)
Here are other examples:

Pi=02X1+Xo-7)(X1—-1)
Pio1=(2X1+Xo+ X3 -11)(X; - 1),
Py = (3X1Xo +2X1 X3 + Xo X3 — 22X, — 11Xy + 7X3 + 59)(X; — 1),
Pioo1 = (2X1+Xo+ X3+ Xy —16)(X; — 1),
Poi1 = (6X1 43Xy + X3 —25)(X; — 1),
Pro1 = (3X1 X2+ 2X1 X3 + XoX3 4+ 2X1 Xy + Xo Xy + X3X4 — 34X,
—17X5 —13X3 — 11X, + 125)(X; — 1),
Pio = (6X1X +4X1X3 +2X2X3 +2X1 X4 + Xo Xy — 56X — 28X — 14X3
— 77X, 4 160) (X1 — 1),
P31000= (4X1X2X3 +3X1 Xo Xy + 2X1X3Xy + XoX3Xy — 45X1 X5 — 30X1 X3 — 15X2X3
—22X1 Xy — 11X Xy — TX3X4 + 250X + 125X5 + 81X3 + 59X — 605)(X; — 1).

FEromple 2.3. 1. In particular, for any n > 4,

11— 1

An—4,0,0,1,0,.,0 = —(n —1)! —.
2<ir<ig<n—1 '1%2
We recover Entry A122105 of the OEIS [15].

2. We also obtain

17 —1
a1,0,..,0,1,0 = (n —1)! Z s

2<i1 <...<Up—3<n— 1

—1 .
:(n_l)!<n—1 2 n—l)

n(n—1)
= —7—+1.
5 +

We recover the formula of Lemma Here, j corresponds to the missing element of
{2,...,n—1}in {i9,..., i3}, the case j = 2 (the unique case where i; # 2) being treated
separately.

Notations 2.1. We put, for any k,n > 1

HP = Y !

1<pi<...<pp<n P1---Pk

For a fixed dominant sequence (is,...,1,), using technical manipulations of sums, the se-
quence (bn—2iy— .. —nin iz, rin,0,....0)n>2io+...+n;n 15 the sum of a polynomial sequence (with coefhi-

cients in Q) and a Q-linear span of sequences (nkHSzl), with k> 0and [ > 1

12



Example 2.4. We obtain

—1
Vn =3, bn-301,.,0 = P
1<pr<n-1 Pl
1
—n—1-H,
Vn =4, bn4200..0= 2. (pr = D1 = 2)
1<p1<n—1 p
(n—1)(n —6) 1
=5  t 2H,
2 —N(p1 —1
Vn =5, bn—51,10,..0 = > (2p1 +p2 = D)p1 — 1)
1<pr<pa<n—1 pip2
= (n—1)(n—10) + (10 —n)HY, + 7H? |
21T +90)(n —1
vn =6, bn—63,0,...0 = 2 nz o), (2n—19)HY, —sH?,,
2 —25n +210)(n — 1
Yn =7, br7.2.10...0 = (n n g Y(n—1)
2
—n* + 29n — 109
: 2n H| + (Tn —99)HY, — 590,
3 _ aq 2 _ B
Vn =8, bn-8,4,0,...0 = (n” = 33n +43;12 2520)(n — 1)

+(n2 =190 + 108)H'\Y, + (=8n + 92)H? | + 48H®) .

Proposition 2.8. Let k = 2. Then

k—2

(%)
bn—k0,..,0,1,0,.0=n—1— E H,~,.
i=0

Note that the 1 is in position k in (n — k,0,...,0,1,0,...,0).

Proof. By induction on k. If kK = 2, by Lemma bp—220,..0 = n—1. Let us assume the result
at rank kK — 1. As P07..,7[)71 = X1 — 1,

p1—1
bn—k.,0,..,0,1,0,...0 = 2 D
1<p1<...<prp_2<n—1 p1...Pk—2
_ (k—2) 1
ey

1<p1<...<pp_a<n—1 P2---Pr-2

_ (k=2) p2—1
- _Hn—l + Z -
1<p2...<pp_o<n—1 p2...Pk-2
k—2
= _H7(L—1 )+ bn—k+1,0,...,1,0,...,0
and the result follows. Note that in the last line of this computation, the 1 is in position k& — 1
in(n—k+1,0,...,1,0,...,0). O
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