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GEOMETRIC CATEGORIFICATIONS OF VERMA MODULES:

GRASSMANNIAN QUIVER HECKE ALGEBRAS

RUSLAN MAKSIMAU AND CATHARINA STROPPEL

ABsTrACT. Naisse and Vaz defined an extension of KLR algebras to categorify
Verma modules. We realise these algebras geometrically as convolution alge-
bras in Borel-Moore homology. For this we introduce Grassmannian—Steinberg
quiver flag varieties. They generalize Steinberg quiver flag varieties in a non-
obvious way, reflecting the diagrammatics from the Naisse-Vaz construction.
Using different kind of stratifications we provide geometric explanations of the
rather mysterious algebraic and diagrammatic basis theorems.

A geometric categorification of Verma modules was recently found in the
special case of slag by Rouquier. Rouquier’s construction uses coherent sheaves
on certain quasi-map spaces to flag varieties (zastavas), whereas our construc-
tion is implicitly based on perverse sheaves. Both should be seen as parts (on
dual sides) of a general geometric framework for the Naisse-Vaz approach.

We first treat the (substantially easier) sly case in detail and construct
as a byproduct a geometric dg-model of the nil-Hecke algebras. The ex-
tra difficulties we encounter in general require the use of more complicated
Grassmannian—Steinberg quiver flag varieties. Their definition arises from
combinatorially defined diagram varieties which we assign to each Naisse—
Vaz basis diagram. Our explicit analysis here might shed some light on cate-
gories of coherent sheaves on more general zastava spaces studied by Feigin—
Finkelberg—Kuznetsov—Mirkovi¢ and Braverman, which we expect to occur in
a generalization of Rouquier’s construction away from sls.
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INTRODUCTION

Let T' be a quiver without loops, and let g be the associated Kac-Moody Lie
algebra with corresponding quantum group U,(g). To categorify U,(g), or more
precisely its negative part U,(g)~, Khovanov-Lauda [15] and Rouquier [25] intro-
duced in their seminal works important algebras which are now called KLR algebras.
These algebras depend on the quiver I' and a dimension vector n (which encodes
the weight space which gets categorified). Given moreover a dominant weight A
of g, the algebra R,, has a remarkable finite-dimensional quotient R2, called the
cyclotomic quotient attached to A. It was proven by Kang—Kashiwara [_13], that the
cyclotomic quotients R yield a categorification of the simple U,(g)-module L, (A)
of highest weight A. This simple module L4(A) is the unique simple quotient of the
Verma module V;(A). It is therefore natural to ask how to categorify the Verma
modules themselves and not only U,(g)~. An answer to this question is interesting
from a structural point of view, but also in the context of categorified link invari-
ants, see [23]. It however turned out to be quite difficult (merely because of the
asymmetry in the behaviour of the positive versus negative Chevalley generators) to
find such a categorification. Nevertheless, it was finally achieved by Naisse and Vaz
in [22] for sly and then in [24] in general. Let us briefly sketch their construction.

The Naisse—Vaz algebras. Depending still on I' and n, Naisse and Vaz intro-
duced, [?], a new (Z,Z>()-bigraded algebra ER,, whose degree zero component for
the second grading is the Z-graded KLR algebra I2,,. They then show that cate-
gories of modules for ER,, can be used to categorify the universal Verma module
Vg (with generic highest weight). Moreover, for each A as above, they construct
a special operator da: ER, — ER, of degree —1 (for the second grading) turn-
ing the algebra ER,, into a dg-algebra. They prove that the dg-algebra (ER,,,dx)
has homology concentrated in degree zero and that this homology is isomorphic
to RA. This means that (ER,,ds) is a dg-model, or a sort of resolution, of the
cyclotomic quotient R2. It is a particularly nice model, since every term of this
resolution is free over R,,. The isomorphism H,(ER,,ds) = R is also of interest,
since it categorifies the following two procedures simultaneously: the specialization
Vg — V4(A) of the generic weight to A, and the procedure of taking the simple
quotient Vi (A) — L4(A).

The Naisse-Vaz algebra ER,, is defined algebraically and in terms of diagrams
which extend the diagrammatic description of [15] in a subtle and intriguing way.
The main new ingredients, the floating dots, are key to the construction. A concep-
tual explanation of their relations and their twists seems however so far missing.

Geometric construction? In case of the KLR algebra R,,, the generators and
relations as well as the grading have natural geometric explanations. In the geo-
metric construction due to Rouquier [26] and Varagnolo-Vasserot [29], which was
extended to positive characteristics in [17], the KLR algebra R,, is realised as a
quiver Hecke algebra that is the equivariant Borel-Moore homology of the corre-
sponding Steinberg quiver flag variety, equipped with the convolution product.
The natural question which arises now is whether this geometric construction
can be extended to give a geometric construction of the Naisse-Vaz algebra in
terms of some equivariant Borel-Moore homology. This question is the main mo-
tivation of our paper, and we will give an affirmative answer. We will introduce
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a Grassmannian-Steinberg variety Z with a natural group action G and define a
(non-obvious!) convolution product on HE(Z). For the resulting Grassmannian
quiver Hecke algebra HS(Z) (attached to I' and n) we show then our main result:

Theorem. There is an isomorphism of graded algebras HS (Z) = ER,.
Outline of the construction for the quiver with one vertex. We start our
outline of the construction with the case g = sly (i.e., I has one vertex and no
arrows). In this case, the KLR algebra R,, is the nil-Hecke algebra NH,, which, by
definition, acts faithfully on Pol,, = k[X7,...,X,]. This action can be extended
to an NH,-action on EPol,, = Pol,, ® A (w1, ...,w,), see §3.2. The algebra ER,
is in case of g = sls easy to describe as what we call the exterior power extended
nil-Hecke algebra ENH,,, see Definition 3.4. It is the subalgebra of linear endomor-
phisms of EPol,, generated by the operators coming from NH,, together with the
multiplications by w1, ..., wy,. (It is in fact enough to only take w1, the other w’s will
then be included). For a presentation via generators and relations see Lemma A.4.
The Grassmannian-Steinberg variety Z is also easy to describe here: Let F
be the variety of full flags in C™ and set G = GL,(C). Then the algebra NH,
can be identified with the equivariant Borel-Moore homology HE(F x F) (as the
Steinberg quiver flag variety is F x F) and the representation Pol,, can be identified
with HE(F), [29]. To upgrade Pol,, to EPol,, with a geometric action of ENH,,, we
add some Grassmannian varieties Gry(C™) to the construction, schematically,

Pol,, ~ EPol,, corresponds geometrically to F ~ F x G := F X H Grp(C™).
k=0

Indeed, since we can identify HE(F x G) with EPol,, as vector space, adding the
direct factor G results in adding A (w1, .. .,w,) to the vector space Pol,,.

To add now the multiplications by wy, . ..,w, to the algebra NH,, = HS(F x F),
one might naively add a copy of G and then get stuck, since there is no apparent
convolution product on HE(F x F x G). Alternatively, we can add two copies of G
to obtain an algebra ENH,, := HE(F x F x G x G) which indeed has a convolution
product and acts faithfully on EPol,, = HS(F x G). This algebra ENH,, is however,
bigger than the algebra ENH,, we want to reconstruct geometrically. We call this
algebra the doubly extended nil-Hecke algebra, see Definition 3.8, since ENH,, not
only contains the multiplications by w1, ...,w,, but additionally some annihilation
operators wy , .. .,w;, , which make the algebra too large. (In fact this phenomenon
touches an intriguing aspect at the core of the Naisse-Vaz construction: having
the creation operators and not the annihilation operators creates some asymmetry
which is desired to address the aforementioned asymmetry for Verma modules.)

To get a geometric construction of precisely the algebra ENH,,, we combine the
two naive approaches. Namely, we extend the Steinberg quiver flag variety F x F
by adding the variety G of Grassmannians, and then define the Grassmannian—
Steinberg quiver flag variety Z = F x F x G, see Notation 4.38. In §4.11, we
identify the vector space HS(F x F x G) with a subspace of the algebra ENH,, =
HE(F x F x G x G). We show that this subspace is in fact a subalgebra and that
there is an isomorphism of algebras ENH,, = HE(F x F x G). The crucial insight
hereby is that HS(F x F x G) has no natural convolution product on itself, but
via an embedding into the algebra ENH,, it inherits a (non-obvious) product.
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Cyclotomic quotients via equivariant intersection cohomology. The larger
algebra ENH,, encodes moreover the differential on ENH,,. For each N € Zo,
there is an operator dy: ENH,, — ENH,, turning ENH,, into a dg-algebra whose
homology is concentrated in degree zero and isomorphic to the cyclotomic quotient
NH,J;[ of NH,,, see §3.4. We show in Proposition 3.17 that there is an element
dy € ENH,, such that the differential d : ENH,, — ENH,, is the (super) commu-
tator with dy. The action of dy on the faithful representation induces an operator
dy: EPol,, — EPol, which has a nice geometric meaning, Proposition 5.6. We
realise Nny in geometric terms, see Theorem 5.10, and explain how the resolution
(ENH,,,dy) of NHY is related with the resolution of H*(Gr,, (CV)) by the equivari-
ant intersection cohomology of orbit closures in Hom(C", C¥), see Corollary 5.12.

The case g = sly is interesting on its own, but also contains already key ideas
of the general construction which we describe next. We want to stress however
that the general case appears to be substantially more involved. Since a precise
description of the difficulties requires a good understanding of the basic sly case,
we treat this, often with different proofs as in the general case, first in detail. The
general case however requires new ideas.

This phenomenon of substantially increasing difficulty should be compared with
the situation on the coherent sheaves side. There, a geometric reconstruction of
the Naisse—Vaz categorified Verma module already exists in case of g = sly, [27].
Rouquier used in [27] (categories of coherent sheaves on) spaces (so-called zastavas)
of quasi-maps to flag varieties, [6], to provide a geometric categorification with the
action of Chevalley generators given by correspondences. Adding a superpotential
and passing to matrix factorizations allows in this framework to construct a simple
quotient of the categorified Verma module, see [27] for details. In the special case
of g = sls, these spaces are particularly nice and smooth. In general, these zastavas
have a rich complicated structure, [6], [27] which was used in [6] to give a geometric
constructions of the (not categorified) Verma modules themselves.

Outline of the construction for general quivers. Now, let I" be an arbitrary
finite quiver without loops. We like to upgrade the geometric construction of the
KLR-algebra R, to ER,. The case g = sly suggests the following naive strategy
which is considered in §9.5. We just add the variety G of Grassmannians to each
vertex of the quiver. We then take this enhancement of the geometric construc-
tion of R,,. We form the corresponding generalized Steinberg variety and take its
equivariant homology. (The sizes of the Grassmannian space is encoded by an idem-
potent in ER,,). This approach however creates a problem that did not show up
for g = slp: the Grassmannians interact with the maps given by the representation
of the quiver. Adding Grasmannians naively creates an algebra which is by far too
large. We have to make additional modification of our variety to get exactly the
algebra ER,, that we need (and not just a bigger algebra). Solving this problem is
the most complicated part of the paper.

For the vertices that are sources of the quiver we see in §10.1, that there is
however an easy solution: it suffices to add the additional Grassmannian—Steinberg
condition that the Grassmannian spaces that we have added are in the kernel of
the quiver representation maps, see Definition 10.3. We obtain in Theorem 10.5 a
geometric construction of a natural subalgebra of ER,, namely the source algebra
where the Grassmannian dimension vectors are supported at sources of the quiver.
However, as shown in Example 10.8, it is in general not possible to reduce the size
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of the algebra far enough by adding extra conditions on the Grassmannian spaces.
In general, we have to do something more sophisticated.

In general, we add a second copy of the quiver representation space and do a
twist mixing the two copies, Definition 10.9, Example 10.12. This trick is motivated
by the diagram varieties discussed in Appendix B. The idea behind this is that the
mysterious Naisse-Vaz basis elements, see Proposition 8.3, in ER,, should be realised
in terms of fundamental classes of certain varieties whose definition is predicted by
the diagrammatics. Outside slo, this is however too naive. This is due to some non-
transversality problems, which we believe not to occur for the source algebra. We
introduce therefore the aforementioned twists to resolve these non-transversality
issues, see Appendix B for a detailed treatment and examples.

Incorporating the crucial twisted Springer conditions from Definition 10.16 to
the naive construction, we obtain in Theorem 10.21 a geometric construction of an-
other natural subalgebra of ER,,, namely the sink algebra where the Grassmannian
dimension vectors are supported at sinks of the quiver.

In §11 we are finally able to define the general Grassmannian—Steinberg varieties
Z in Definition 11.1. As in the geometric construction of KLR, [29], we consider
now coloured (with colours being the vertices of T') versions of F, G, see §7.

For the construction of Z we then proceed in steps, see §11.1,

(i) We add the variety of Grassmannians to the usual quiver flag variety to
obtain the Grassmannian Springer variety, see Definition 7.3,

y:]?ngEﬁx]-"xg, Where]?:{(oa,\/)|o¢preserves\/}CEﬂ><}'.

(ii) We add a second copy of the representation space and twist to obtain Y?,
see Definition 10.16.
(iii) We build the Steinberg variety Z¢ = Y? Xp,e8, Y°.
(iv) We consider a (natural) asymmetric subvariety Z¢ = Y? x En®E, YO C 7.
(v) We define the Grassmannian-Steinberg variety as the subvariety Z C Z¢ of
points (a, 3,V, \2 W) satisfying the Grassmannian—Steinberg conditions
an (V"W N W) < (V' W)t nw;,
for any arrow h: ¢ — 7 in I and any r € [0;n], see (11.1).
In case of sly, step (i) is the passage from F to F x G, step (ii) does nothing. Step
(iil) gives then F x F x G x G with the subvariety F x F X G obtained in step
(iv). The last step does again nothing and we obtain Z = F x F x G. Apart
from constructing a variety and showing that its homology has the correct size, the
mayor challenge is to show that it inherits a convolution product. This is done
similarly to slz, but is technically more involved, since we do not always have nice

pavings for all the involved varieties in general.
We finish this introduction with remarks putting our construction also in context.

Further results and applications.

Pavings and Gells. To control the size and the grading of the involved Borel-Moore
homologies we introduce several types of pavings. In case of sly one can work with
well-known pavings coming from Schubert cells and and in fact many decomposi-
tions would do the job for us. In the general case, the situation is much more tricky.
There, we need to have a paving which is adapted to both, the asymmetric subva-
riety we define and secondly to the mysterious algebraic and diagrammatic bases.
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We therefore introduce first for sly, see §6, and then in general in §7.5, more clever
decompositions of the varieties into Gells. These are analogs of the Schubert cell
decomposition of flag varieties, but they in addition incorporate some interaction
with the added Grassmannian varieties and with the quiver representations in a
more clever way. We believe that the combinatorics of these Gells is interesting on
its own. For some explicit examples see Appendix B.

Dg-model of cyclotomic quotients. A geometric construction of cyclotomic quotients
of R is often related to adding shadow vertices to quiver representations, possibly
with stability conditions, see e.g. [30], [28]. Building on this idea, see Notation 5.7,
we construct in case of g = sls in §5.4 not only the cyclotomic quotient, but instead
the whole resolution (ENH,,,dy) of R} geometrically and provide as a byproduct
a new geometric perspective on the cyclotomic KLR algebras.

Diagram varieties. To understand the rational behind our definitions it might be
helpful to have a look at Appendix B, where we indicate how the diagrams from [24]
encode the varieties. We believe that the notion of diagram varieties is a powerful
notion and interesting to study further.

Higher floating dots. In §9.6 we treat the higher floating dots and in particular
realise in Proposition 9.20 their action on the faithful representation geometrically.
The construction also provides a geometric interpretation of the recursion formulas.

Geometric Naisse-Vaz program. As mentioned already, another approach towards
a geometric realisation of the Naisse-Vaz constructions is given in [27] by the con-
struction of a categorification of Verma modules for g = sly. The two constructions
are quite different and from our point of view complementary (and most likely dual
to each other). In the paper [27], Rouquier provides directly a geometric categori-
fication of Verma modules using the geometry of zastavas. What we do, is the
geometric construction of the algebra ER,, itself, without doing the categorification
explicitly. It would be nice to have a common framework for both constructions.
Our approach might help thereby to make the explicit translation to the original
(algebraic and diagrammatic) construction.

Acknowledgments. We thank Pedro Vaz for his explanation of how the Naisse-Vaz
algebras work and Alexandre Minets for useful discussions on how to do computa-
tions in convolution algebras. R. M. is grateful for the support and hospitality of
the MPI for Mathematics in Bonn, where a big part of this work was done. C. S.
is supported by Gottfried Wilhelm Leibniz-Preis of the DFG.

Conventions and notation. We fix throughout the paper a ground field k which
we assume for simplicity to be of characteristic 0. If not stated otherwise, tensor
products, homomorphisms etc. are taken over k; for instance ® = ®y, End(V) =
Endg (V). By an algebra we mean an associative algebra (over k, if not specified
otherwise) with unit 1. For a,b € Z such that a < b, we abbreviate [a;b] =
{a,a+1,a+2,...,b} and denote by S,, the symmetric group generated by the simple
transpositions s; = (i,i+ 1), 1 < n — 1 with composition e.g. (2,3)(1,2) = (1,3, 2).
For 1 < k < n we denote by wp  the longest element in S C S,,. If not stated
otherwise, grading always means Z-grading.
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1. KLR ALGEBRAS AND THEIR EXTENDED VERSIONS

Let T' = (I, A) be a finite quiver without loops. We denote by I the set of
vertices and by A the set of arrows of I'. For a € A let s(a) € I be its source and
t(a) € I its target. For 4,j € I let h; ; be the number of arrows from 4 to j in I
For i # j define the polynomials Q; j(u,v) = (u — v)" (v — u)hi. A word in I is
a finite sequence (including the empty sequence) of elements in I. We will define a
category with objects words in I and morphisms between words given by diagrams
with I-labelled strands built from

>< and + and | (1.1)

We always read such diagrams from bottom to top.

1.1. KLR algebras. Consider the k-linear strict monoidal category Rf*¢ defined
as follows: on the level of objects it is generated by the elements in I, i.e., objects
are just word in I and the tensor product on objects is concatenation of words, with
the empty word being the unit. On the level of morphisms R°¢ is generated by
morphisms ij — ji, i — ¢ (and the identity morphisms ¢ — i) for any i, j € I given
by the diagrams displayed in (1.1). The label at the bottom indicates the source
(and determines the target). We interpret the label as a colour on each strand.
The tensor product of morphisms is given by placing diagrams horizontally next to
each other. Composition of morphisms means stacking diagrams vertically (the top
morphisms follows the bottom morphism, and the composition is defined whenever
the colours of the strands match, and is by convention zero otherwise.) Thus
an arbitrary morphism is a linear combination of diagrams obtained by stacking
vertically and horizontally the generating diagrams (1.1) such that colours match.

We use the usual diagrammatical abbreviations, such as

|
>< = = + ° >< and | p(X1,Xz)
( J

i J

where p(X1, X5) € k[X7,X2]. This polynomial should be viewed as a k-linear
combination of monomials and X{X? is interpreted as the identity diagram with a
dots on the first strand (coloured i) and b dots on the second strand (labelled j).

Definition 1.1. The diagrammatic KLR category R is the quotient of the k-linear
strict monoidal category R**® by the local relations (1.2) - (1.6) on morphisms.

| |
=0 and = |9, ,;(X1,X2) ifi#j (1.2)

i i i J { J




>< >< - >< ifij,  (L3)

) ] 7

<
<.
<

X

i
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(2

2
X -

i

XX

.

unless ¢ = k # j, (1.5)

I I I
_ _ Qi (X3, X2) — Qi (X1, X2) e
= XX, ifi#£j4. (1.6)

I I I
1 J 1 1 J 1 1 i 1

Here, a monomial in a box over n strands polynomial in the box

Let now n € Z>¢I be a dimension vector of I We can view n as a formal
Z¢-linear combination of the vertices i € I, and write n = Y, _; n; - 4, where n;
is the dimension at the vertex i. We set n = |n| = >>,.;n;. We denote by I™
the subset of I"™ consisting all ordered sequences having dimension vector n, that
is all i = (41,142,...,4,) with 4, € T such that i appears n; times in the sequence.
Interpreting sequences as objects in R we have that Homg(i,j) = {0}, if i and j
have not the same dimension vector.

Definition 1.2. The KLR algebra R,, = R, (I') is the k-algebra €P; ; ;. Homg (i, ).
For each i = (i1,...,i,) € I we have in R,, the idempotent
1; = | . (1.7)
i1 12 in

Remark 1.3. More concretely, see [15], elements in the algebra R,, are linear com-
binations of KLR diagrams of weight n, that is of planar diagrams containing |n|
strands such that the following holds: the strands connect |n| points on a hori-
zontal line at the bottom with |n| points on another horizontal line located above.
Each strand is labelled by an element of I and there are n; strands with label i.
Two strands are allowed to cross transversally, but there are no triple-intersections.
Strands are allowed to carry dots, but only away from crossing. These diagrams are
considered modulo isotopies (in particular, a dot is allowed to move along a strand,
but not slide past a crossing) and modulo the defining relations (1.2) — (1.6) of R.
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We name some morphisms from R,,, since they will play an important role:

|1 X

i1 Gpr—1 dp Gyl dn i1 lr—1lp  lr4llr42 i

X,1; = (1.8)

) 7l =

Definition 1.4. We consider R,, as a graded algebra by setting, for r € [1;n — 1],
deg(X,1;) = 2 and deg(7,1;) = 2h4, 4, — 203, i,,,, where ¢ is the Kronecker delta.

Grd1

Remark 1.5. The convention for deg(7,1;) is taken here to have the degree equal
to the degree of the operator acting on the polynomial representation.

Definition 1.6. Given a reduced expression w = Sy, ... Sy, in Sy, let 7y = 7, ... T,
Whenever we write 7, we assume a reduced expression has been chosen for w € S,,.

1.2. Naisse-Vaz extensions of KLR algebras. To define the algebras ER,, =
ER,(T') from [24, §3] we use an extension of the monoidal category R from §1.1.
Consider the k-linear strict monoidal supercategory! C defined as R¢® but with
additional odd endomorphisms of of the tensor unit for i € I, a € Z3o. These
morphisms are taken modulo the relations (1.2)-(1.6) from R and additionally

o | - +o?_1 ifi=janda>0,
o = ' HZT (1.9)
! S d +t i
7

a - a+h e
ORI X AL TN G

t,r h+40=
r—1

(1.10)

where the ¢}f € k are defined by the expansion Q; ;(u,v) =Y, . gfjuv".

Definition 1.7. The of are called floating dots. We call ¢ its colour and a its twist.
We moreover use the abbreviation o; = of for floating dots with twist zero. Let

o’

2

(1.11)

Qrili = | ; 0L =0, 15 = | o,

il iv' i7'+1 in 7:1 iQ Z‘n

IThat is a monoidal category enriched in vector superspaces, i.e. each morphism space is a
superspace and composition induces an even linear map, see e.g. [2, Definition 1.4] for a definition.
We also use the convention that when we work over a field of characteristic 2, then we assume
additionally that each odd endomorphism of the tensor unit squares to zero.
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Definition 1.8. The diagrammatic Naisse-Vaz category ER is the quotient of C by
the ideal given by the additional relation that a floating dot on the left is zero:
a

O.

(3

= 0.

7:1 'i2 Zn
Definition 1.9. We denote by ER,, the k-algebra €P; jc ;. Homer (i, j).-

Observe that, as for R, nonzero morphisms only exist between objects having
the same dimension vector. By definition of a monoidal supercategory, the floating
dots anti-commute; in particular the Q7 ;1; square to zero, diagrammatically (1.12).

Elements in ER,, are linear combinations of diagrams like the KLR diagrams
from R, except that they might have some additional small circles arising from the
floating dot generators. Finitely many floating dots can appear in each diagram, but
(1.9) allows to inductively move floating dots to the left. In the resulting nonzero
diagrams, floating dots occur only directly to the right of the leftmost strand and
carry the same colour as this strand. From now on we omit therefore to indicate
this unique interesting colour, see e.g. (1.12) and (1.13). By the super relations, one
might reduce then to diagrams with at most one circle in each region. We have then
a more minimalistic (and concrete) presentation of ER,,, see [24, Corollary 3.17]:

Lemma 1.10. As an (ordinary) algebra, ER,, is isomorphic to the algebra gener-
ated by Ry, and Q1; for i € I modulo the relations (1.12) and (1.13).

In Lemma 1.10, products are set to be zero in case the labels do not match.

(¢
Of...] =0 (12 E’? == éj - (L13)
© o

i j ( J

7:1 i2 in

Definition 1.11. We consider ER,, as a Z-graded algebra by putting
deg(1;) =0, deg(X,) = 2, deg(7-1;) = 2h —26 deg(Q1;) = 2(ny, — 1).

Tpryirg1 Tpylrg19

Definition 1.12. We refer to ER,,, viewed as graded algebra via Definition 1.11, as
the Naisse—Vaz-algebra (associated with n).

Our goal is to provide a geometric construction of the Naisse—Vaz algebras.

2. CONVOLUTION ALGEBRAS

We pass now to geometry and recall here the fundamental notion of a convolution
algebra from [4, §2.7]. We do an equivariant version, [5], [9].

Let Y be a smooth complex manifold and let X be a complex algebraic variety
(possibly singular). Let L be a complex algebraic group acting smoothly on ¥ and
algebraically on X. Denote by HX(X) the L-equivariant Borel-Moore homology of
X. By the assumption on Y, its (equivariant) Borel-Moore homology HZ(Y') can
be identified with its (equivariant) cohomology Hj(Y'). Let Rp, = Hj ({pt}) be the
L-equivariant cohomology of a point.



GEOMETRIC CATEGORIFICATION OF VERMA MODULES 11

Definition 2.1. Assume that there is an L-invariant proper map p: Y — X. Set
Z=Y xxY. (2.1)

Let p1,p2: Y XY — Y be the projections to the first and the second component
respectively. Consider the maps pi12, p13 and pa3 from ¥ XY xY to ¥ x Y
forgetting respectively the third, the second and the first factor.

Lemma 2.2. Assume the setup of the opening paragraph of this section.

1.) There is an algebra structure on HX(Z) with multiplication given by

axb = (p13)(P7a(a) NP35(b),  forabe HI(Z). (2.2)

The unit is the fundamental class of the diagonal (isomorphic to'Y ) in Z.
2.) The algebra HE(Z) acts on HE(Y) by

axb = (p1)«(anp5(d)), forae HE(Z), be HE(Y). (2.3)

Ezample 2.3. One might pick X = {pt} and Y any complex projective variety.
Then Z =Y x Y and HE(Z) can be identified with Endg, (H;(Y)). The HLX(Z)-
action (2.2) on HX(Y) = H;(Y) is the natural action of Endg, (H;(Y)) on H;(Y).

2.1. Torus fixed points localization. Assume that G is a reductive complex
algebraic group and T C G is a maximal torus. Let X be a G-variety. Then by
[11, §III, Proposition 1], there is an action of the Weyl group W on Hi(X) and we
have? HE(X) ~ (HF(X))"W. This allows us to include H(X) into HX (X).

Now, assume that X has an action of T (not obligatory of G). We consider
T-equivariant Borel-Moore homology, see e.g. [1] for details.

View HI(X) as Rp-module and let H}(X)joc = Frac(Rt) ®g, HI(X) be its
localization. Assume that the set X T of T-fixed points in X is non-empty and finite.
By the localization theorem, the push-forward of the natural inclusion XT C X
induces an isomorphism HY (X )ioc = HI (X )ioc.

Definition 2.4. We call the obvious map loc: HI (X) < HI(X)joc =~ HI (X T)joc
the localization map. If HY (X) is free over Ry, then this map is in fact injective.

The localization map allows us to do computation using T-fixed points. For
z € X1 let [z] € HY(X) be the push-forward of the fundamental class of the
point z to X. Then {[z], z € X1} is a basis of H}(X)joc over Frac(Rr). We will
often do homology calculations using this basis. Now, assume that X and Y are
G-varieties and that Y is smooth. As in (2.1), set Z =Y x x Y. Assuming that Y'*
is non-empty and finite, we have ZT C YT x YT, and we can label T-fixed points
of Z by pairs (z,y) with 2,y € YT,

For a finite-dimensional representation M of T we denote by eu(M) € Ry the
character of AY™M AL, For z € YT we set eu(Y,z) = eu(T,Y).

The following lemma is crucial for doing computation on the T-fixed points, see
e.g. [18, Propositions 2.10, 2.11] and [29, Lemma 2.19 (b)].

Lemma 2.5. The localization maps satisfy the following for x,y,z € Y .

1.) The inclusion HX(Z) < HE(ZT)oc is an algebra homomorphism for the
product [(z,y)] x [(y/, 2)] = 8y, (Y, y)[(w, 2)] on HI(Z)ioc-

2Here7 the assumption that the characteristic of k is zero is crucial!
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2.) With the action map from Lemma 2.2 the following diagram commutes

Hi(Z)® HI(Y)  —— HI(Y)

! l

HE(Z )oe @ HE (Y P oe —— HI (Y Pioc,
where H(Z7))oc acts on H (Y ioe by [(z,9)] % [y'] = 0y, eu(Y, y)[2].
In particular, the HE (Z)-action on HE(Y) is faithful.
Remark 2.6. Lemma 2.5 holds in more general settings, where for instance the
space is not algebraic, as long as we have HX (V) C HF (Y)ioc & HI (Y T)j0c and
HY(Z) ¢ HYNZ)10c =2 HY(ZT)1oc. In practice, this can often be achieved by
constructing nice pavings of Y and Z.

Now, assume Z C Z is closed and that
ZoZ:={(x1,23) € X x X | (z1,72), (x2,73) € Z for some x5 € X} C Z.
then the following is a consequence of the definitions.

Lemma 2.7. The rule (2.2) turns HS(Z) into an algebra, and the push-forward
of the inclusion Z C Z induces an algebra homomorphism HE(Z) — HE(Z).

Remark 2.8. The push-forward H¢(Z) — HY(Z) may not be injective in general.
Thanks to the following commutative diagram this map is however injective if the
localization map HE(Z) — HI'(Z"). is injective, see Definition 2.4 (to ensure
that, it suffices for instance to show the existence of a nice paving of Z).

HE(Z) —— HI(2)

l l

HE(ZT)IOC EE— HI(ZT)loc-

3. NIL-HECKE ALGEBRA AND ITS EXTENDED VERSIONS

We start with the first part of the paper, namely the treatment of the sly case,
i.e., we assume that our quiver I' has only one vertex and no arrows. The dimension
vector n is then just a positive integer n. The KLR algebra R,, is in this case the
nil-Hecke algebra NH,,. We briefly recall this algebra and its extension ENH,,.

We will define several k-algebras via some faithful representations. Equivalent
definitions in terms of generators and relations can by found in Appendix A.

3.1. Nil-Hecke algebra. First, we recall some generalities about the nil-Hecke
algebras, see [16, §4] and [14, §2.2] for more details.

Let n be a positive integer. Set Pol,, = k[X, ..., X,]. The symmetric group S,
acts (from the left) on Pol,, such that s, exchanges X, with X, ;1.

Definition 3.1. The nil-Hecke algebra NH,, is the subalgebra of End(Pol,,) generated
by the following endomorphism of Pol,, for i € [1;n] and r € [I;n — 1]:
e the element X; € NH,, acting as multiplication with X; € Pol,, on Pol,,

e the element 7T, € NH,, acting by the Demazure operator 0, = lei)?ﬂ

We view Pol,, as a graded algebra by putting the generators in degree 2. Note
that this induces a grading on NH,, with X; of degree 2 and T, of degree —2.
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3.2. The extended nil-Hecke algebra ENH,,. Set EPol,, = Pol, ® /\n7 where

N, = N (w1, . ..,w,) is the exterior algebra in n generators. The S,-action on Pol,,
can be extended to an S,-action on EPol,, by algebra automorphisms such that
wj if ¢ £,
sr(w;) = ! o 7 (3.1)
wr + (X — Xpg1)wrypr ifi=r
and we obtain well-defined Demazure operators 0, = lei)?ﬂ on EPol,,. Note that

Or(wy) = —wyy1, and 0, (w;) = 0 if ¢ £ r, and thus the NH,,-action on Pol,, extends
to EPol,,. (This can be verified by checking the relations in Lemma A.1.)

Notation 3.2. Consider the set A(n) = U}_ Ar(n) with
Ar(n) ={X= (A, A2, An) € {0,137 | DA =k}
r=1

For each A € A(n) we set wy = w;, Awi,_, A... Aw; where i3 < ... < iy are the
numbers of the positions ¢ such that \; = 1. We denote [A\| = >_I"_; A\, and often
identify A\ with the set {i1,42,...,i;} of cardinality k.

Remark 3.3. The inversion in the indices of wy may look strange. We chose this
convention to avoid signs in the geometric construction of the creation operators in
Proposition 4.21 and Proposition 4.23. The choice creates signs for the annihilation
operators, but they are less important for this paper. Viewing the elements of A(n)
as subsets A of {1,2,...,n} is useful, because it allows to use set-theoretical oper-
ations auch as unions, intersections, etc. as we tacitly did already in Notation 3.2.
For instance, |A| is the cardinality of .

Definition 3.4. The extended nil-Hecke algebra ENH,, is the subalgebra of End(EPol,,)
generated by the following endomorphisms of EPol,, for 7 € [1;n] and r € [1;n — 1]:

e the element X; € ENH,, acting as left multiplication with X; € EPol,,
e the element w; € ENH,, acting as left multiplication with w; € EPol,,
e the element T, € ENH,, acting by the Demazure operator 9, from (3.1).

Remark 3.5. Viewing the exterior algebra as a graded algebra with w; in degree
2(n — i), the algebra ENH,, inherits a Z-grading:

deg(X;) =2, deg(w;)=2(n—1), deg(T,)=—2.

We pick deg(w;) different from [24] to fit it better with the geometry. This is just
an unimportant renormalisation which could have been chosen already in [24].

Elements from ENH,, are in fact already determined by their action on Pol,:

Lemma 3.6. Given a nonzero element h of the extended nil-Hecke algebra ENH,,,
there exists a polynomial P € Pol,, C EPol,, such that hP # 0.

The subalgebras NH,, and A\, of ENH,, provide a PBW-type decomposition:
Lemma 3.7. There is an isomorphism ENH,, = NH,, ® A\, of vector spaces.

This isomorphism is induced from the multiplication. A proof of Lemma 3.6 and
Lemma 3.7 is given in Appendix A where we also give a presentation of ENH,,.
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3.3. The doubly extended nil-Hecke algebra ENH,,. We extend the action of
the algebra ENH,, on EPol,, to an action of a bigger algebra ENH,, on the same
vector space. We do this by viewing multiplication on the left by w; as creation
operator wj' € End(EPol,,) and additionally define the annihilation operator w; as

w; (Q)=0 and w; (wQ)=0Q
for any @ = Pw;, ...w;, with P € Pol,, and distinct i1, ..., not equal to i.

Definition 3.8. The doubly extended nil-Hecke algebra ENH,, is the subalgebra of
End(EPol,), generated by the following endomorphisms:

e the element X; € ENH,, acting as left multiplication by X; € EPol,,
the element w;” € ENH,, acting by the creation operator wj' ,

the element w;” € ENH,, acting by the annihilation operator w; ,
the element T;. € ENH,, acting by the Demazure operator 0,.

Note that Pol,, € ENH,, commutes with w;r and with w; .

Notation 3.9. Similarly to the definition of the monomial wy € ENH,, in Nota-
tion 3.2, we can define monomials w/\i € ENH,, in the following way:

wfzw? Awh AAw]
k

i1 iy Wy =w; ANwi, Ao Aw,

The opposite conventions ensure wy (1) = wy and wy (wy) = 1 without signs.

The following justifies the name doubly extended nil-Hecke algebra.
Proposition 3.10. The following set is a basis of ENH,,:
{TwX{* .. .X,‘:"wj\Lw;; w € Sp,a; € L0, A\, b € A(n)}.
A proof of this result is given in Appendix A. It directly implies the following.
Corollary 3.11. Multiplication induces isomorphisms of vector spaces
ENH, 2ENH, ® A, *NH, @ A\, ® A,

Notation 3.12. The algebra ENH,, contains idempotents 1j, k € [0; n] projecting to
the components of EPol,, given by the exterior algebra degree k, in formulas

- - + _ + -
lo=w; ...wnw;'{...wl, 1, = E wy Towy .
)\EAk(n)

3.4. Application: A dg-enrichment of ENH,, via the superalgebra ENH,.
Throughout this section we fix a nonnegative integer N.

Notation 3.13. Let dy: ENH,, — ENH,, be the unique linear operator which satis-
fies dn(X;) = 0,dn(T}) =0, dn(w1) = X and the graded Leibniz rule dy(PQ) =
dn(P)Q + (1) P Pdx(Q) for homogeneous P, Q € NH,,, see Lemma A.3.

If we equip (for a moment) the algebra ENH,, with the Z-grading given by
deg(X;) = deg(T,) = 0 and deg(w;) = 1, then dy turns ENH,, into a dg-algebra
(ENH,,,dy) with differential dy of degree —1. By [24, Prop. 4.14], its homology
is particularly nice, recovering an important algebra:

Proposition 3.14. Letr € 7. Then
NHY  ifr=0,

Hr(ENHx, dw) = {0 ifr #0.
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where NH,J:[ denotes the cyclotomic nil-Hecke algebra corresponding to N, that is
the quotient of NH,, by the ideal generated by X{¥.

Remark 3.15. If n > N, then the algebra NH,J:[ is zero, see [12, Theorem 2.34].

We get a new point of view on the differential dy when we realize ENH,, as a
subalgebra of ENH,,, but with ENH,, viewed as a superalgebra with even generators
X;, T, and odd generators w;t (this is well-defined by §1 or more explicitly by
Lemma A.4). Let [o, o] denote the supercommutator in ENH,,.

Definition 3.16. Define inductively polynomials Pp, P, ..., P, € Pol, by P, = X{¥
and P41 = —0,(P,) for r € [1;n — 1], and set dy = Y- ; Pw; € ENH,,.

Proposition 3.17. Let h € ENH,,. Then dy(h) = [dn, h] as elements in ENH,,.

Proof. Since both, d ; and the super commutator [dy, e], satisfy the graded Leibniz
rule (by definition respectively thanks to the super Jacobi identity) it is enough to
check the statement on the generators h € {X;, T,,w;} of ENH,,.

Case h = X;: Since the w, commute with polynomials, [dy, X;] = 0 = dn(X;).
Case h = T,: Note that T;,- commutes with each summand in dy except of P,w, and
P, 1w, 1, and also with w;” and P.y1. Thus [dy, T3] = [P, T Jw; + Pryafw, o, Tr).
For P € Pol,, we have [P, T,] = 0,(P)((Xy41 — X,)T — 1). We get in particular

. _ A. _ _
[P, T] °2° Pt (X — X)) Ty + 1) and w0, ) 2 [(Xpw, T = [X,, Tylwy =

((XT - XTJrl)Tr - 1)wr_ Thus, [dNa Tr] =0= dN(TT‘)'
Case h = wy: Only the first summand X w; in dy does not commute with wy .
But then we have [dy,w]] = [XVw,w] = XV [w;,w] = XV =dy(w1). O

Notation 3.18. Denote by dy: EPol, — EPol,, the linear map given by the action
of dy € ENH,,. It is characterized by obeying the graded Leibniz rule, commuting
with the action of NH,, and satisfying dy(w;1) = X3".

Proposition 3.17 provides a dg-enrichment of the ENH,,-module EPol,,:
Corollary 3.19. (ENH,,,dy) is a dg-algebra and (EPol,,dy) a dg-module.

4. CONSTRUCTION OF THE (GRASSMANNIAN QUIVER HECKE ALGEBRA

In this section we discuss geometric constructions of the nil-Hecke algebra and
their (doubly) extended versions. For NH,, this is well-known and will be recalled
first. For the extended versions, the constructions are new and provide in particular
geometric versions of creation and annihilation operators.

4.1. The setup and important varieties. Let V be an n-dimensional complex
vector space. Let G = GL(V') with a choice T C B C G of a maximal torus and a
Borel subgroup. Counsider the variety 7 = G/B of full flags in V. We will usually
denote an element of F by V=V*=(0CVicVZc...cv»1lcV).

There is an isomorphism of algebras H¢, (F) = k[X1,..., X,], where X}, is the
equivariant Chern class of the line bundle V¥ /V¥~1. We also have an isomorphism
of algebras Ry = Hi({pt}) = Kk[T1,...,T,], where T1,...,T, are the basic char-
acters of T. We consider the usual Sp-action, denoted by w(P)(Ty,...,Ty) =
P(Tw(1)7 e 7Tw(n)) for w € S, on Ry =Kk[Ty,...,T,].

For k € [0;n] let G = Gri(V) be the Grassmannian variety of k-dimensional
vector subspaces in V' and let V. = F X G.
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Definition 4.1. We set G = HZ:O Gr, and call it the variety of Grassmannians. We
set Y = F x G = [[}_o Yk and call it the (Grassmannian) extended flag variety.
These varieties come equipped with the obvious (diagonal) G-action.

The following geometric construction of the nil-Hecke algebra is well-known con-
necting Lemma 2.2 with Definition 3.1.

Proposition 4.2. There is an isomorphism of algebras HS (F x F) = NH,, iden-
tifying the HS (F x F)-action with the NH,,-action on HS(F) = Pol,, from §3.1.

We consider the Steinberg extended flag variety Z =Y x Y, 2;617;@2 = Vi, X Vis-

We would like to describe the convolution algebra HS (Z) with its action on HE ().
Notation 4.3. Whenever we write V, V or w, W without specification we mean a
point in F respectively in G. A point in Z is denoted as (V,V, W, W). Hereby V
always refers to the first and V to the second flag, similar for W and W.

4.2. The representation HS()).

Lemma 4.4. For any G-variety X, there is a canonical isomorphism
HE(F x X) 2 HY(X). (4.1)

Remark 4.5. The left hand side of (4.1) has an action of H(F) = k[X1,...,X,]

and the right have side has an action of Ry = Hy({pt}) = Kk[T1,...,Tp]. The
isomorphism identifies the multiplications by X, on the left and by T, on the right.

Proof. The isomorphism of varieties
Gxp X ~2G/BxX, (9,2) — (9B, gx). (4.2)
induces HE(F x X) = H5(G xp X) = H5(X) = Hi(X). O
Definition 4.6. For A € Ai(n), see Notation 3.2, let
Cy={(V,W) € Y | dim((V" N W)/ (V"IN W)) =\, Vr € [1;n]}.
Denote by Sy the class [Cy] € HE (D), the equivariant Schubert class® for ).
Setting X = G in (4.2) gives the following (see also [8, Proposition 4.12]):

Corollary 4.7. There is an isomorphism HS (V) 2 k[X1,..., X @ N (Wi, .-, wn)
of HS(F) =k[Xy, ..., Xyn]-modules sending Sx to wy for each A € Ag(n).

From now on we identify HS(Y) with k[X1, ..., X,]O N (w1, . .,w,) as a module
over HE (F) =k[Xq,...,X,] such that the element Sy corresponds to wy.

4.3. Euler classes in (extended) flag varieties. We will now do explicit calcu-
lations with fixed points and classes in Frac(Rt) = k(Ty, ..., T,), the fraction field
of Rr = k[T1,...,T,), in particular with Euler classes in extended flag varieties.

For this fix a basis e1, es, ..., e, in V such that B and T are the upper triangular
respectively the diagonal matrices. Let U= (0 Cc U cU? Cc --- Cc Ut C V) be
the full flag in V' whose stabilizer is B, i.e., U/ = (e, ea,.. ., €;).

Each permutation w € S,, can be seen as permutation matrix (a;;) € G, where
(aij) = 6;w(j)- Then F' = {fy, |w € S,}, where f, = w(U).

Let B,, = wBw™! be the stabilizer of the flag f,, € F and b,, its Lie algebra.
Let n,, be the nilpotent radical of b,,. Set also Ny, w, = Ny, NNy, and My, w, =

3Note that Sy corresponds via (4.1) to the usual, see e.g. [9], equivariant Schubert class on G.
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Moy /My ws- L€t Py, be the minimal parabolic subgroup of G containing both
B, and By,, and let p,,, 4, be its Lie algebra. We record a direct consequence:

Lemma 4.8. We have P ws, /bw = My, w and my, o =My o for any w € Sy,
r € [1;n —1]. Moreover, eu(My ws,) = Tuw) — Tw(rt+1)-
Via the inclusion HE(F) C H5(F)ioe from §2, any P € k[ X1, ..., X,]| = HE(F)
can be viewed as an element in H}(F)ioc and then be written as
P= Z PuA ' [fu], where A, =eu(F, fu). (4.3)
wES,
Lemma 4.9. For any w € S,,, the Euler class A, = eu(F, fu,) equals
A, = H (Tw(j) — Tw(i))- (4.4)
1<i<ji<n
Proof. Via the isomorphism G/B,, = F, ¢By — g¢fw, the tangent space T%, (F) is
isomorphic to g/b, = (ny,)* and clearly eu(nw) = [[1 ¢, jcn (Tw(?) — Tw(4)). O

The T-fixed points in F x F are the pairs fu, w, := (fw;, fw,) of fixed points in
F. Forw € §,, let O be the diagonal G-orbit of fiq . in F x F and Ov its closure.

Lemma 4.10. For any simple transposition s € S,, we have
ew(0%, fuww) = eu((ny)* ® Mysw) and  eu(O%, fiws) = eu((Ny)™ S My, ws).-

Proof. Consider the isomorphism G xp,, Py.ws/Bw — O%, (9,p) = (9 fw, gpfw). It
realizes O% as a fibration over G/B,, with fibre Py, ,s/B. The tangent spaces to
Puw.ws/Buw at fu,Byw and fi,sBy, are isomorphic to my,s . respectively my, ps. O

The T-fixed points in G are canonically parametrized by Ag(n). Namely, the
fixed point corresponding to A € Ax(n) is the vector subspace gy of V' spanned by
the basis vectors e; such that A; = 1. We obtain directly:

Lemma 4.11. The Euler class Ay = eu(Gy, gx) is explicitly
Ay = H (Tj — Ta). (4.5)
IENTEN
We parametrise the T-fixed points in YV, = F X Gy by S, X Ag(n) by denoting
Ty = (fuw, Gw(n))- Here, the twist of A by w is chosen such that z,, » € Cx. Denote
Aw)H = Ay Aw(#) = eu(yk, $w7u) S k[Tl, - ,Tn]. (4.6)

We will later compute the HE () x Y)-action on HE () using the localization the-
orem and repeatedly the following lemma, which is a special case of Lemma 2.5 2.).
We denote by T, ws,uy,pe = (Tws iy > Tws,pe) the T-fixed points of Y x V.

Lemma 4.12. The HE(Y x Y)-action on HE () satisfies

Ay [Ty pn] W w2 = w, pho = 1,
[le,wm#l,;@] * [:Ew,u] = L . (47)
0 otherwise.

Consider the polynomial SY(u) € Kk[T1,...,Tq] = H}({zw,,}) defined as the
pullback of Sy € HE (V) € HY(Y)) along the inclusion {z,, ,} — Vk. In the basis
of T-fixed points, Sx =3_,, , SY(1)Ay L, - [Tw -
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The following characterization of the SY¥(u) is a reformulation of [8, Lemma 3.8].
To state it consider a partial order on Ay(n) given by A > pif Y0 A = >0, p;
for each r € [1;n]. Set inv(A) = {(i,7)| 1 <i<j<n, > A}

Lemma 4.13. Fiz A € Ax(n) and w € S,,. There is a unique family of polynomials
SY(p) € k[Tq,...,Ty), parametrized by pn € Ag(n), such that SY(p) € Hy({zw,u})
is the restriction of some class v € H5(Ve) C H(Vk) to the T-fized point ., ,,
and the following properties hold:

(i) The support of SY lies above .

(ll) Sw()\) =Ay - w(H(z 7) va()\)( j TZ))

(iii) For each p > A, the degree of SY(n) is #(inv(\)) + (3).

Remark 4.14. Note that by convention, (iii) allows S¥(u) to be zero, since zero is
of any degree. Lemma 4.13 directly implies that SY¥(u) = w(Sd(p)).

Proof. We claim that SY(u) = A Sw()\)( w(p)), where S¥ (1) = eu(Bugn, g,) is the
polynomial denoted S¥(u) in [8]. Consider, similar to (4.2), isomorphisms

yk:fxgkl’G/Bngk’:GXBw gk, (48)

where the last one is (gB., W) — (9,97 1(W)). The composition (4.8) identifies
the subvariety Cy C V) with G xp,, Buwgwr) C G xB,, Gk We obtain then

SY (1) = eu(Cx, 2w.u) = ew(G/Bu, fu)-eu(Bugu(n): Ju(n) = AuSin (w(n)). (4.9)

Now we apply |8, Lemma 3.8| to the polynomials S{(u)A,! (noting that SY¥(u) is
automatically divisible by A,,) and the lemma follows. (I

The following "wall-crossing formula" is proved in [8, Prop. 3.12].

Lemma 4.15. Let w € S,, and r € [1;n — 1]. Then the following holds

SwST( ) _ SKJ(ST(N)) + (Tw(r) - Tw(rJrl))quUT()\) (ST(N)) Zf /\r > /\T+17
A SY(sr(p)) otherwise.

Remark 4.16. The proof of Lemma 4.13 and also its relation to ordinary equivariant
Schubert classes might become more transparent when we have a closer look at the
isomorphism HE(F x X) = Hi(X) in Lemma 4.4 under localisation. Assume for
this that X is a smooth G-variety such that XT = {x,}, is finite. Note that
the Weyl group S,, of G acts on XT. Assume moreover that the localisation map
HY(X) C Hi(X)ioc is injective.

Let now h € H3(X). Then we can write h = ) h,[x,] for some h, € Frac(Rr).
On the other hand, we can view h as an element of H¢ (F x X) and do the local-
ization for F x X. We consider HE(F x X) C Hi(F x X) C Hi(F X X)ioe. In
the basis of fixed points x,,,, = (fw, Ty()) of F x X, the element h becomes

h= Z Yaw,] € Hi(F x X)ioc.

Now let’s specialise to X = G and h = Sy € H}(G). Its localization in H}(G)ioc
looks like Sy = 3_ Sid(u )& [g,], where S is as in the proof of Lemma 4.13. We

then get indeed SY (1) = w(SX(11))Ay, since for Sy € HE(F x G) we have

S,\—st AuL [ )
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This is also compatible with (4.9) and Remark 4.14.

4.4. The S,-action on HE(Y). Recall that HE(G) = H7(G)S". The S,-action
here extends to an action on H}(G)ioe D H1(G), explicitly w(Plg,]) = w(P)[guw ]
for w € Sy, u € A(n) and P € Frac(Rr), see Notation 3.2. Using the isomorphism
HX(G) = HE(Y) from (4.1) we get an induced S,,-action which extends to H.I ())ioc-
It satisfies

Z(A;,l,u[xw-,#]) = A;iflvz(u) [xwzfl,z(u)]- (410)
To describe the action on H(Y) =k[X4,..., X, ]®/\'(w1, ..., Wwy) concretely, write
P = ZP A, [Tw,],  in particular ZAw ulTw, ], (4.11)

for P € k[X,...,X,], and then write Pwy, for A € A(n), as

Pux =Y PuSY (1A ulw. - (4.12)
w,p
Lemma 4.17. The group Sn acts on Hg(y) = k[le S 7Xn] ® /\.(wlu oo 7Wn) by
T P Xr - XT Sr ] r r s
sn(Puwy) = sr(P) (WA +( F1)w T(A)) if A >‘)\ 41 (4.13)
sr(P)wx otherwise.

Remark 4.18. Note that (4.13) uses on the right hand side the usual action of s, on
P. The lemma in fact implies that the action (4.13) is by algebra automorphisms
which then justifies the notation on the left hand side of (4.13).

Proof. We compute for z € S,.

(4.12) w (4.10) w
z(Pwy) ZP S [ w,,u]) = ZPwSA( )Awi 1 Z(H)[‘Twz*l,z(u)]
w,

- ZPWSW )AL T

Let us see what thls gives for z = s,. By Lemma 4.15 we have the following:

If Ar < Aryq then SV (s (1)) = SY (1), thus s, (Pwy) = Ps, wa.

If A > Ay, then 8T (sr (1)) = 8X (1) + (Tw(r) = Tw(r+1))S5. x) (1) O

Importantly, the S,-action on Lemma 4.17 agrees with the action in [24, §3.2.1]
and is the starting point of our geometric approach to the Naisse-Vaz algebra. We
show later in this section that ENH,, = HY(Z) by comparing the faithful actions
of the two algebras on EPol,, = H&()). For each generator x of the algebra ENH,,
we will find some x € HE (Z) which acts by the same endomorphism.

4.5. Demazure operators. For r € [1;n— 1], consider the subvariety A" C Y x Y
defined by the condition that the two Grassmannian spaces agree and the two flags
are the same except maybe at the rth component. Define

=—[A"] e H*G(Z)v and [A"] = Z Awy wy,pir oo [xw17w27#11#2]' (4.14)
W1, W2,H1,H2
Lemma 4.19. Ezplicitly, T, is given by the formulas

Al ( wa(r) — Ty (r+1))71 Zf (wla,ul) ~r (w27,UJ2)7
Ay w = WnphEE 2 4.15
1,W2, 11,2 {O otherwise, ( )
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where (w1, p1) ~r (w2, p2) if (w1, pa) = (w2, p2) or (w1, p1) = (w2sr, sr(p2)).

Proof. Let 1 = s,(u2) and wy = was,.. Abbreviating w = wy, u = p1 we have
def

Awiwe e = eu(Arvxw,wsr,,u,sr(u))_l = eu(m, fw,wsT)_l 'A;(lu)
4.10 1, - 44 1, _
- eu(n’t) @ m’lJJ,’UJSr) ! ' Aw(lu) = AwlAwgﬂ‘) eu(mw,’u)Sr) !
-1 -1 ass 1 -1
= Ay (Tue) = Twi+1) = Aur i (Twa(r+1) = Tws(r)
Let u = po and wy = we. Abbreviating w = wy, u = p we have
def _ — 1,
R ws,pips = WA T u) ™ = eu(0%, fu,uw) ™" 'Aw(lu)
4.10 X 1, - 44 1, _
= eu(nl, © My, w) " -Aw(lu) = AwlAw(lu) eu(Mys, )t
-1 -1 ass )1 -1
= Aw”u(Tw(rJrl) - Tw(r)) = Aw”u(Tw2(r+1) — ng(r))
This shows the first case in (4.15). Clearly, we get zero otherwise. (]

We recover the action of the Demazure operators 0., see Definition 3.1:

Proposition 4.20. The action of T, € HE(Z) on HE(Y) agrees with 0.
Proof. Abbreviate s = s,. By (4.12), (4.14), the action of T, is given by

[A"] % Pwy = ( Z Ay ws iy o [‘Tw17w27#17#2]) * (Z Pwsi)l\)(U)A;,lu[xw#])
"

W1, W2, 1,42

(4.7) w
= Z Awy w1, uPuwSy (.U)[‘Twhm]-

W, W1, 1, 141
By (4.15), the coefficient of [z, ,] is here equal to
L PS0) PuSP) o PSI0) - PuSPs()
’ (Tz(r) - Tz(rJrl)) ’ (Tzs(r) - Tzs(rJrl)) ’ Tz(r) - Tz(rJrl)
Using (4.12) and (4.10) we deduce that this agrees with the coefficient of [z, ,] in

the decomposition of —8,(Pwy) = %15172(1;“) in the basis of T-fixed points. O

4.6. Creation operators. For k € [1;n] we consider the following Grassmannian
inclusion subvariety of Vi1 X Vi,

Zog = {((V, W), (V, W) € Vey1 X Vi | WD W,V =V} (4.16)
If € denotes the element A\ € Aj(n) satisfying A; = d;,, the fundamental class
[Z5 k] can be written as [Z5 ;] = EH17H27w17w2 B'ltlwa;Hl;HZ [Ty s, 1), Where
B+ A e (T = Tun @)™ ifwy =wa, i = pa + e,
Wil 0 otherwise.

Proposition 4.21. Convolution with the fundamental class [ng] defines a map
which, via Corollary 4.7, is the creation operator wi: HE (Vi) — HE (Vit1)-

Proof. Again by (4.7) and we get [237;6]*1%.;,\ = Zw’wl_’#_ﬁl B$17w7M17MPwS§“(u) [Twy )
The coefficient of [z, ,] in this expression is

ip SO
tev HiEV\{t} (Tz(t) - Tz(i)>
Now, the statement follows from Lemma 4.22 below and Remark 4.14. O
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Lemma 4.22. The equivariant Schubert classes Sy := S&d satisfy the formula

Sa(e\Mt}) ) Saumy(w)  ifn g 41T
ten Hie,u\{t}(Tt —T;) {0 if n €A\ (4.17)

Proof. Abbreviate the left hand side of (4.17) as Dy (u). Note that they are polyno-
mials by Lemma 4.13(ii) and, by the computation in the proof of Proposition 4.21,
they arise as restrictions of the class = = [Z5 4] xwy € HE(F x Gr) = HA(Fp).
To show (4.17) in case n & A, it therefore suffices to verify that Dy (u) satisfies the
characterising properties (i)-(iii) from Lemma 4.13.

To see (i), assume Dy(u) # 0 for some p. Then there exists ¢ € ,u such that
Sa(u\{t}) # 0. Then, by Lemma 4.13(i), p\{t} > A which implies u > AU {n} by
definition of the ordering. Thus (i) holds.

To see (ii), note that

Dy(Au{n}) =

$x(A)

HieA(Tn - Ti)
Here the second equality holds by Lemma 4.13(ii), and the first equality holds, since
in the definition of Dy(AU{n}) only the summand for ¢ = n is nonzero. (The other
terms vanish due to the support condition for the equivariant Schubert classes in
Lemma 4.13(i), because AU {n}\{t} < A). Thus (ii) holds.

Since (iii) is obviously true, we proved (4.17) in case n & A.

Assume now n € A. Using the already proved case we can write

Savgnt (\{t,1'})
t .
Bt = t’EHZ\{t} icp g0y (Ter = Ti)

Plugging this into the definition of D (u) we obtain
S)\\{n} (/L\{ta t/})

= Sxu{n} (AU {n}) (4.18)

D)\ (IUJ) = Z = 07
vy iew 1o (Te = Ti) L o0y (T = Ti)
because the summand for (¢,t¢') cancels with the summand for (¥',¢). O

For the Grassmannian inclusion variety (4.16) let & € HS(Z+ ;) be the Chern
class of the line bundle given by W/W and let X,. € HS(Zc 1), for r € [1;7], be the
Chern class of the line bundle corresponding to the tautological quotient V7 /V" 1.

Proposition 4.23. Let r € [1;n — 1]. The push-forward to HS(Y x Y) of

n

1 x5, -9 enS(Z) (4.19)

p=r+1
acts on HE(Y) by the creation operator w: HS (Vi) — HE (Vit1)-

Proof. We can write the push-forward X € HE () x )) of the class (4.19) in the

. . _ + r
fixed point basis as X =37 Bu s e [Twr ws ], Where

— 7w Tieu, (Tuy ) —Twy (1)
W1, W2, 1,12

B+ . A_ Hp:r+1(Tw1(p)_Tw1(t))) if w1 = wa, M1 = o + €4,
0 otherwise.
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The coefficient of [z, ,] in X % Pwy is then, again by (4.7) and (4.12) equal to

2P Y Il=ri1(Tww) — Tw)SY (#\{t}) '
= e (Twe = Tum)
Now, the statement follows from Lemma 4.24 below and Remark 4.14. [l

Lemma 4.24. Letr € [1;n—1]. The equivariant Schubert classes Sy := SIAd satisfy

> o1 (To = TISAEMED  [(-D)P>rISaugy () if r & A,
tew Hieu\{t} (T: = Ti) 0 ifr e

Proof. Denote by Dy () the left hand side of (4.20). This is a polynomial, by
Lemma 4.13(ii) and arises by restriction of = X wx € HE(F X Gi) = Hi(Gr).

Assume r ¢ . To verify (4.20) it suffices to verify again the characterising prop-
erties (i)-(iii) from Lemma 4.13 for (—1)*>"IDy(u). For (i) assume that Dy (p) # 0
for some p. Then there exists ¢ € p such that Sy (u\{t}) # 0. This implies p\{¢t} > A
and thus g > AU {t}. For (ii) we have

Hp&A,p)r(Tp - TT)S)\(A)
HieA,Kr(TT - Ti)
The second equality holds by Lemma 4.13 whereas the first one holds since only
the summand for ¢t = r survives in the definition of Dy(AU {n}). (The others are

zero because AU {r}\{t} < A for ¢ < r.) Thus (ii) holds, and (iii) is obvious.
Now, assume t € A. Using the already proved case we calculate

[T— i1 (Tp — Te)Sav oy (0N {2, 1'})

— (1A p=r+

SA(u\{1}) = (=1) Z\{} Toemior; (T — T
Ieid(To = T T (Tp = T)Say oy (N {2, ')

Da(w)= ) =0,
= [Licon 0y (Te = To) LLigp g,y (Ter = Ti)

(4.20)

(~D)P=rIDy(A U {r}) =

= Saugry(AU{r}).

)

since the summands for (¢,¢') and (¢',t) cancel each other. O

4.7. Annihilation operators. Similarly to 237;@ we consider the opposite Grass-
mannian inclusion subvariety
Zen={((V,W),(V,W)) € Vi x Vi1 | W C W,V = V}. (4.21)

Proposition 4.25. Convolution with the fundamental class [ch] induces, via
Corollary 4.7, the (signed) annihilation operator (—1)*wi : HE (Viy1) — HE (k).

Proof. Writing [Zc k| = D20 s i1 s Bt wa i [Twr wa 2] We have
_—-— _ I g (Twn ) = Tun ) ™1 3 (w1, ) = (wa, 42 = €), (4.22)
B 0 otherwise.

The coefficient of [z, ] in the product [Z¢ ;] * Pwy equals

SY(pUt)

At :
tn Higuu{t} (Tw@i) — Tw@))

w,

Now the statement follows from Lemma 4.26 below and Remark 4.14. O
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Lemma 4.26. The equivariant Schubert classes Sy := S&d satisfy the formula

CSaeudty)  _ )Saupw) dflen
tep Hig{uut(Tz‘ — Tt) {O Zf 1 g A (423)

Proof. The proof is similar to the proof of Lemma 4.22. We are therefore brief.
Denote by Dy (u) the left hand side of (4.23) which arises by restriction from x =
[Zc k] *wx € HE(F x Gi) = Hi(Gy), see the proof of Proposition 4.25.

Assuming 1 € A we again check the properties (i)-(ii), since (iii) is obvious.

If Dy(u) # 0 for some p, then there exists ¢ € p such that Sy(pU{t}) # 0. Thus
pwU{t} > X and therefore p > A\{1} proving (i). For (ii) note that

DA = =2y = Snon (A (1)

Knowing the case 1 ¢ A\, we deduce the case 1 ¢ X\ by computing

Sxo{1y (U {t,t'})
Sx(puU{t}) = Z i T =T,) and
v Zuu{t} igpU{t,t’} t

PR Swi(pU{tt) 0 o

b E At icpoe (T = To) Higuu oy (Ti = Te))

Abusing notation, we denote by £ € HS(ch) also the Chern class of the line
bundle given by W/ W for the opposite Grassmannian inclusion variety, (4.21).

Proposition 4.27. Let r € [1;n — 1]. The push-forward to HS(Y x Y) of
H HE(Zc ) (4.24)

agrees with the (signed) annihilation operator (—1)Fw.: HE (Ver1) — HE(Vr).
Proof. Write the push-forward X € HE(Y x ) of (4.24) as
X = Z Bwirxwzxuhuz [$w1)w2xﬂlvﬂ2]
H1,H2,W1,W2

r—1
—1 w1 (szl(Tp_Tt))

=T _ wi,p1 [, (Twy (i) —Twy (¢))
Bwl-,w2-,#1”u2 - Firz 1@ 1® .

0 otherwise.

if wy = w2, p1 = p2 — €,

The coefficient of [z, ,] in the product X * Pwy is

r—1 w
A,1 Hp:l(Tw(p) - Tw(t))s)\ (/’L U t)
“4 24" Tguogy Toto — Ture)
tZpn igpuu{t}\tw(9) w(t)

The statement follows from Lemma 4.28 below and Remark 4.14. O

Lemma 4.28. Let 7 € [I;n — 1]. The polynomials Sy () := Si3(u) satisfy

r—1 3
> (I3 IEIT,; - T(zeT)}Sj(Tu)u {th _ { (()—1)'A<TSA\{T}(M) Z; r Z ; (4.25)
teu gt e



24 R. MAKSIMAU AND C. STROPPEL

Proof. We argue as for (4.20). Denote by Dy(u) the left hand side of (4.25).
First, assume 7 € \. We check that (—1)*<rIDy(u) satisfies the properties of
Lemma 4.13 (by the proof of Proposition 4.27 it arises by restriction from z =
H;;}(Xp —z)*xwx € HE(F x Gi) = H3(Gr)). The support of Dy lies above A\{r},
since if Dy(u) # 0, then there exists ¢ ¢ p such that Sx(n U {t}) # 0 and ¢ > r.
This implies 1 U {t} > X and thus p > A\{r} which shows property (7). Now,

r—1
DAN\{r}) = (TT (i = To)sa() [ J(Ti = T) 7
i=1 igA
= ()P ICTT @ =1psa) [ (=17t = (=D)P<rIsy g N\ {r}).
TEN LT PEN A>T
Here, the first equality holds, since only the summand for ¢ = r survives in

Dx(A\{r}), because \{r} U {t} < Xif t > r and [[,_ (T, — T¢) = 0 if t < .
Thus (ii) and obviously (iii) holds. If now r &€ A we can use
(IT,21(Tp — T ))Saugry (U {t,t'})

Sx(pU{t}) = (== H" Tigpoqe (Ti — Ter)

v Epuft}

and deduce

Da(p) = (1)<l —0. O

5 (=1 (Tp = T (Tp = Teo))Sangr (U {L:1'})
tt' dut£t HiEHU{t} (TZ - Tt) Hi&uu{t,t'} (TZ - Tt/)
4.8. The x-product on H;(G). Let a € [1;n] and X € H}(G,). Let i, be the
inclusion i, : {g,} — Ga of the fixed point labelled by p € A,(n). Consider the
polynomial X () = i, X and let [9,] be the push-forwand of the fixed point g, to
Ga- Since (i,)* (in)x = Ay, We can write X = 30 o X(1)A; g, in H7(Ga)oc-

If now X € H4(Gq)1oc we can similarly describe it via a family of rational functions
X(u) labelled by p € Ay(n). Given such X and Y € H4(Gp)ioc define

(X*Y)(p) = Z w, where Qi = H (T; — Tj). (4.26)

wiUpo=p Q'M”LQ 1ENJEV

[pil=a,|pz2|=b

It is easy to see that x is associative and that * yields a graded algebra structure
on Hi(G)ioc. We next show that x preserves H3(G) C Hi(G)ioc-

Lemma 4.29. For \,v € A(n), the following holds in H}(G) :

{(—1)S<Av”>smy fFANY =0,
0

Sy*xS, = (4.27)

otherwise,
where s(A\,v) == |{(i,j) |1 € \,j € v,i < j}.

Proof. We prove (4.27) by induction on v. If |v| = 1 then v is of the form v = ¢,
and the statement is equivalent to Lemma 4.24. Thus we have Sx*S,,,} = S, %S,
for (\,v U {r}) with r ¢ v. Assuming now (4.27) for (A, v), we calculate

(—1)sOrDsy gy e €A,

S *Sy ry = -1 S()\’V)-i_s(u’er)s v *x 8¢, =
A Uiy = (1) AU r 0 otherwise.
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We used hereby the identity (—1)s(V)+smer)+sQver) — (_1)sOv{rh) - which fol-
lows? from the associativity of wedges: (wx Awy,) A w, = w A (W, A w,). O

Corollary 4.30. The subspace H3(G) of H5(G)ioc is a subalgebra. Moreover,
HY(G) 2 Pol, ® /\(wl, ceyWp) such that Sx — wa.

4.9. Geometric construction of the x-product. In this section we give a geo-
metric construction of the x-product Hi(G,) x H5(Gp) — H3(Ga+p) from (4.26) for
any a,b € [1;n] such that a+b < n. The construction will use some extra hermitian
scalar product which we introduce first.

Fix now a (hermitian) scalar product on V. Let U C G = GL(V) be the maximal
compact subgroup formed by unitary transformations.

Remark 4.31. Since there is no difference between G-equivariant and U-equivariant
(co)homology, we will, to simplify notation, often write G-equivariant (co)homology
even if the variety is only U-stable (and we really mean U-equivariance). This is
particularly convenient, since it is enough to find a U-invariant isomorphism be-
tween two G-varieties to be able to identify their G-equivariant (co)homology. It
is not even necessary to have an algebraic isomorphism, a homeomorphism suf-
fices. Similarly, when we mean U-equivariant (co)homology, we may simply write
T instead of U even if the variety does not carry a T-action.

Fix k1,ke € Z such that n > k1 > ke > 0. Let Gk, ~k, denote the 3-step partial
flag variety in V' with subspaces of dimension k; and k2. In other words, Gy, >k, is
the subvariety of G, x G, where the subspaces are contained in each other.

Lemma 4.32. There is o diffeomorphism Yi, iy © Gkioks = Gk ki —ko -
Proof. Using the scalar product on V', we can define the following map

~ ~ 1
Gkyoky = Gkyoky—kos (VoWoWo{0})»(VOWDOW NnW D{0}).

In other words, given a flag (V O W > W D {0}) in Gy, ~,, we can replace the
ko-dimensional subspace W by its orthogonal complement in W and obtain a flag
in Gk, >k, —k,- This obviously defines a diffeomorphism. O

Remark 4.33. This diffeomorphism is only U-invariant, and not G-invariant. It still
induces by Remark 4.31 an isomorphism in G- or T-equivariant cohomology.

Definition 4.34. Let g, xy: H3(Gry—ks) = HF(Gr,ok,) be the composition

H’?(gklsz) P_) H’?(glﬂDkl*kz) H’{‘(glﬂDkz)v
where the first map is the pullback with respect to p: Gr, 5k, —k, — Gk, —k, Which
forgets one component of the flag. Assume now a,b € [1;n]. Pick integers n > ki >
ko > k3 > 0 such that k; — ks = a, ko — k3 = b. We then have the inclusions
Uk ko - H’?‘(ga) - H’?(gthm)a Ukg ks * H’{‘(gb) - H’?‘(gk23k3)
bk ks - H:Iﬁ‘(ga-i-b) - H:Iﬁ‘(gfﬁ Dks)'
We view T-fixed points in G, 5k, as T-fixed point of G, x Gi,. They are of the

form (gu,, gu,), where p11 € Ay, (n), p2 € A, (n) and g1 D po. Let us write g, u,
instead of (gu,, gu,) and similarly for Gi,~r, and G, ~k,.

Vkq,ko

(4.28)

4Note that wy Aw, = (=1)5CMwy .
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Proposition 4.35. The usual convolution product

HY(Gkyoky) X HY (Graoks) — HT(Gryoks)

with respect to the inclusions

Gkyoks C Gky X Gy, Okooks C Gky X Gk, Gkyoks C Gky X Ggg
restricts along (4.28) to the x-product H}(Gg) X HY(Gy) — HF(Gats) from (4.26).
Proof. This follows directly from Lemma 4.36 below. O

Lemma 4.36. In the notation from (4.28) we have for X € H3(G,), Y € H%(Gp),
(bhoy koo X) * (Lo ks Y) = Ly ks (X% Y).
Proof. Tt is enough to verify this on the T-fixed points. For any p; € Ag, (n),
Ho € Ap,(n) and ps € Ay, (n) we have
(thy o X) (11, p2) = X(p1 \ p2) and €U(Gryokas Gpur i) = By Qpur\pa o

with @\ s, @S in (4.26). Thus we can write

Uk kX = Z A;;l ;:11\H2,M2X(M1\/1‘2)[9H17#2]7
H1Dp2

and similarly
Uho ks Y = Z A;; ;21\H37M3Y(:u2\:u3)[9#27#3]'
H2Dus
Then, using [g,, o] * [Gpuo,pus) = Aus[Gp1,us), Which holds by Lemma 2.5 2.), we get

(Lk17k2x) * (Lkz,ksy) = Z A;Lll ;ll\MQ)HzQ;;\MS)HSX(/Ll\HQ)Y(/LQ\/B)[9#11#3]'

p1Cu2Cu3
On the other hand, we have
b x0) = D RIQIN L Kk (a\ 1) g )
p1Cus
—1-1 -1
= Z A #1\#3,#3QM\M,#2\#3X(N1\U2)Y(N2\N3)[Qulyua]-
p1 Cpz2Cus

The statement follows then from the following obvious equality

Qm\uz,QO\us,m = Qm\uz,M\anm\umanuz\umM = Qm\umuz\ust\us,m- O

4.10. The isomorphism HZ(Z) = ENH,,. We now are able to give a geometric
construction of the doubly extended nil-Hecke algebra:

Theorem 4.37. There is an isomorphism of algebras HE(Z) = ENH,,.

Proof. The algebra ENH,, acts faithfully on EPol, by Definition 3.8, and HS(Z)
acts faithfully on H¢()) = EPol,,, by Lemma 2.5 with Remark 2.6. Moreover, for
each generator of the algebra ENH,, we have constructed in Propositions 4.20, 4.21,
4.23, 4.25, 4.27, an element of HS(Z) acting on the polynomial representation by
the same operator. This implies immediately that there is an injective homomor-
phism ENH,, — HS (Z) To prove that this is an isomorphism, we check that the
graded dimensions of the algebras agree.

We already know by Proposition 4.2, that the graded dimensions of NH,, and
HE(F x F) agree. Moreover, by Corollary 3.11, we have an isomorphism of graded
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vector spaces ENH,, = NH,, ® A, ® A,. Since Z=FxFxGxGand H*(G) = A,

as graded vector spaces, the graded dimensions of HY(Z) and ENH,, agree. O

4.11. The Grassmannian quiver Hecke algebra. We next construct the ex-
tended nil-Hecke algebra using the following Grassmannian—Steinberg variety:

Notation 4.38. Set Z=F x F x G = HZ:O Z1, where Z, = F X F x Gy,

Our goal is to turn HE(Z) into an algebra isomorphic to ENH,, ¢ ENH,,.
Let k € [0;n] and fix integers n > k1 > ko > 0 such that k1 — ko = k and recall
the partial flag varieties from §4.9. Consider the following diagram

.. . y - .
Zkl,k2 +— Fx Fx gk13k2 — Fx Fx lejk — Zk,

Here, ¢ and 7 are the obvious maps coming from Gy, 5x, C Gk, % Gg, and from
forgetting the k;-dimensional flag component, and v is the diffeomorphism induced
by Yk, k+2 from Lemma 4.32.

Lemma 4.39. The linear map
. G/ = G/~ o * %
Uhiko s O (Z8) = H (Zkyka)y thaky = 077
is injective and thus identifies HG(Zy,) with a subspace of HE(Zg, k,).

Proof. Indeed, 7 is injective, because 7 is a Grassmannian bundle. The map ¢, is
injective, because the push-forward of the inclusion Gy, 5k, — Gk, X G, is injective
(we can see this using a cell decomposition). O

Taking the direct sum by all possible k; and ko such that n > k1 > ko > 0, we
get an identification of HS(Z) with a vector subspace of HS(Z). We would like to
show that this vector subspace is a subalgebra.

For this, we use that HS (Z) acts faithfully on HE()). Abusing the terminology,
we will say that HG(Z) acts on HS(Y), by which we just mean the restriction of

the HG(Z)-action to the subspace HG(Z). To relate the multiplication in HE(Z)
with the x-product from §4.11, we identify HS(Y) = HX(G) as in Lemma 4.4.

Proposition 4.40. The following diagram, relating the HX (GxG)-action on H} (G)

at the top to the convolution action of HE(Z) on HE(Y) the bottom, commutes.
HI(G xG) x HI(G) —— H(9)

lg (4.1) lg (4.1)
HS(F x G xG) x H(Y) HE (D)

A lld

HE(Z)x HE(Y)  —— HE(Y).

Here A\: FXGXxG 3 FxFxGxg= Z is the diagonal inclusion.
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Proof. The statement follows from the commutativity of the localized diagram

H;F(g X g)loc X H;r(g)loc E— H;r(g)loc

| |

H;F(]: X g X g)loc X H;P(y)loc H;r(y)loc

o |

H;P(Z)loc X H;P(y)loc > H;F(y)loc-
which can be checked on the basis of T-fixed points using Remark 4.16. O
Projection onto the factors directly implies the following refinement:

Corollary 4.41. The following diagram commutes

H;_[‘(ga) X H:kr(gb) — H:kr(ga-i-b)
lg (4.1) l% (4.1)

HE (Vo) x HE(Vy) HE (Vass)
lA* lld
HE(Z,) x HE (D) HE (YVats)

lLa+b,b lld

HE (Zayop) X HE (Vo) —— HE (Vats),

where the horizontal maps are the x-product respectively the HS (Z)-action on HE (),
and A: Y, = Z, denotes the diagonal inclusion.

As a direct consequence we obtain the geometric creation operators. For this
let wy be the push-forward of wy € HE(Y) to HS(Z) with respect to the diagonal
inclusion Y = F x G - Z = F x F x G. The notation is consistent:

Corollary 4.42. Acting with wy € HE(Z) on HE(Y) multiplies by wy € \,.
Proposition 4.43. The vector subspace HS(Z) of HS(Z) has basis
{TwX®wr;w € Sp,a € 255, A € A(n)}.

In particular, this vector subspace is a subalgebra.

Proof. The statement on the basis follows by standard arguments based on the
cellular fibration lemma, see [4, §5.5]. The consequence holds then by Corollary 4.41
and Corollary 4.42. O

We call HS(Z) the Grassmannian quiver Hecke algebra (attached to sly and n).

4.12. The Naisse-Vaz algebra as Grassmannian quiver Hecke algebra. The
Grassmannian quiver Hecke algebra relates to the quiver Hecke algebra from [29]
as the Naisse—Vaz algebra relates to the KLR algebras from [14], [25]:

Theorem 4.44. The algebra HS(Z) is isomorphic to ENH,,.
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Proof. Both algebras act faithfully on HE()) = EPol, (see Lemma 2.5 with Re-
mark 2.6, and Definition 3.4). By Propositions 4.20, 4.21, 4.23, ENH,, embeds into
HE(Z). Now, compare Proposition 4.43 with Lemma 3.7. (]

Remark 4.45. The isomorphism in Theorem 4.44 becomes compatible with the
grading from Remark 3.5 if we use the shifted grading on HS(Z) with HS(Z},) in
degree 2dim Y, + k? — k — r. The correction k2 — k encodes that wy, A. .. ANWn—k+1,
which corresponds to the fundamental class [Vx], has degree k2 — k.

Remark 4.46. The name Grassmannian quiver Hecke algebra indicates that we ex-
tend the quiver Hecke algebra by extra Grassmannians. This notion should not be
confused with the notion of quiver Grassmannians, see e.g. [7], [3], which would
mean that we change the full flags to (Grassmannian) partial flags. The Grassman-

nian quiver Hecke algebra for sly, is a subalgebra of HE(Z).

5. GEOMETRIC CONSTRUCTION OF THE DIFFERENTIALS
In this section we construct the differential from Proposition 3.17 geometrically.

5.1. The differential dy on EPol,. Recall the differential dy: EPol,, — EPol,
from Notation 3.18. We now reconstruct this differential geometrically using the
push-forward Z y € HE(Y x V) of (—=1)*[Zc k] NN € HE(Zc 1), see (4.21).

Proposition 5.1. The element Zy, n acts as dy: HE(Vei1) — HE (D).

Proof. Proposition 4.25 gives the statement for N = 0. It also implies that the
action satisfies the graded Leibniz rule, see §3.4, and commutes® with the action
of the nil-Hecke algebra (i.e. with 9y,...,0,—1 and X7,..., X,,). By Notation 3.18
it remains to show that Z, y acts on w; by multiplication with X fv . This holds
thanks to the extra twist ¢V in comparison to the N = 0 case. O

Remark 5.2. Algebraically, dy is defined via the action of dy € ENH,, which is a
Pol,,-linear combination of the w,’s. Geometrically, the situation is reversed and
dn appears more natural than the w,’s. Proposition 4.27 and Proposition 5.1
express then w, as Pol,-linear combination of the various differentials dy.

To interpret dy we incorporate the twist by ¢V into the construction.

5.2. The differential dy on ENH. For the rest of this section fix N € Z. We
first build a dependence on N into our varieties. For this, consider the affine space
A = Hom(V,C¥) and define the following upgraded versions (all depending on )

V={(V,W,7) [7(W)=0} CY XA and Z=YxnY (5.1)

of the extended flag varieties ) and Steinberg variety Z. Define for k, ki, ko € [1;n]
Ve=YINQhkxA) and Zhyk = Ver Xa Ve,

Let ZD be the subvariety of Z given by W D W and set 2k13k2 = 23 N Zﬁm.

Iiet us define "Z'D, Z..k13k2a" 2,'7'C7k, Z.{c = 2,'7';670 apd Z = ]_[Z:O Z) as preimages of
Z5, Ziyoksy Zcky 2k = Zryo and Z = [[_, Zk respectively with respect to the

morphism Z — Z which forgets the A-factor.

5This is geometrically obvious: the correspondences deal with different factors of the varieties.
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o~

We equip HE(Z) with the convolution product using the inclusion Z C Y x Y.

~

The algebras HS(Z) and HS(Z) are usually different. Their interplay will be
crucial, see Proposition 5.3 and Proposition 5.6.

Proposition 5.3. The pullback HS(Z-) — HS(Z-) is an algebra isomorphism.

Proof. The morphism )A)k — Yk is a vector bundle with the fibre over (V, W) being
Hom(V/W,CN). Similarly, the morphism Zj, ~r, — Z ok, 15 a vector bundle
with the fibre Hom(V/W,CV) over (V,V,W,W). For u € Ag(n), let W, C V be
the vector space representing the T-fixed point g, € Gi. Let Q, € Ry >~ Kk[T1,...T,]
be the Euler class of Hom(V/W,,,CY).

We compare the products in the two algebras using the torus fixed point local-
ization. The T-fixed points of Y are (w, 1) := (fuw,9gu), w € Sp, pp € A(n), and of
Z they are (w1, wa, i1, 2) := (fuwys fws> Gurs Gus)- (Note we use a different labelling
(w, 1) # Ty, as before; now p is not twisted by w.) The point (w1, wa, p1, 12) is
in Z- if and only if w1 D p2. The maps Z- — Z- and 37 — Y induce bijections
on T-fixed points. We can write h € HS(Z-) and its pullback h € HE(Z-) as

h= Z hwl,w2,u1,u2[(wlaw2a,u1a,u2)]v h = Z hw17w27#17#2[(w17w2,u17u2)]

w1, W2, 1,42 W1, W2,11,M42

fOI’ some hw1;w2;H17N2 € k(Th ety Tﬂ) a‘nd then hwl;w2xH1xH2 = Q;llhwhw%NhNQ'
The coefficient of [(wy, w3, p1, p3)] in [(w1, w2, pa, )] (w2, w3, pia, p3)], viewed
as element in H} (Z 5)loc, agrees now up to the factor @), with the corresponding

coefficient in HY(Z-)j0e. Since Q;llQ;;QM = Q;ll, the pullback map preserves

the multiplication, i.e. HG(Z5) — HS(Z-) is an algebra isomorphism. O

Remark 5.4. Proposition 5.3 is in general wrong if we remove the D-condition:
The map Z, g, — Zr, .k, is N0t a vector bundle; its fibre over (V,V, W, W) is
Hom (V/(W+W),CN) whose dimension is not even locally constant. The restriction
to the part satifying the (W D VNV)—condition is however a vector bundle.

In Proposition 4.43 we identified HS(Z) with a subalgebra of HS(Z) using

Zkl—kz — Z/ﬁDkl—kz = Zlekz - Zkhkz'

Similarly, we can identify HG(Z) with a subalgebra of HS(Z) using the upgrades

Zkl*k2 — ZlekI*k2 = Zk13k2 - Zk11k2'

The arguments from Proposition 5.3 show that the two algebras agree:
Corollary 5.5. The pullback HS(Z) — Hf(%) s an isomorphism of algebras.

We now use® Hf(g’) to give a geometric construction of dy € ENH,,.
Proposition 5.6. The action of the fundamental class [éck] € HS(ZA?) agrees
with the differential (—1)Fdy : HE (Vry1) — HE (Vr).

6The cohomology class used for this will live in the C-part of the algebra (not in the D- part).
That is why the replacement of Z by Z was important!
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Proof. The case N = 0 holds by Proposition 4.25. For general N we get an extra
multiplication by a power of the first Chern class of the line bundle given by the
quotient W /W of the Grassmannian spaces. Now argue as for Proposition 5.1.

5.3. A geometric construction of cyclotomic nil-Hecke algebras. We now
construct NHfj , see Proposition 3.14, geometrically.

Notation 5.7. We abbreviate F = F x A and consider F XA]} = F x F x A. Denote
by | C A the subvariety of injections in A = Hom(V,C").

Identify in this section NH,, = HE(F x F) = HS(F x F x A).
Theorem 5.8. The pullback map
HE(Fx Fx A — HE(F x F x1) (5.2)

is surjective and its kernel coincides with the kernel of NH,, — NH,J:[. In particular
we get an isomorphism of algebras NHY = HG(F x F x 1).

Proof. If n > N, then the statement is trivial, because NH,J;[ is zero and [ is empty.
Let us assume n < N. We first claim that X7 is in the kernel of (5.2). By definition,
the element X; € HE(F x F x A) is the first Chern class of the line bundle on F x A
given by the first subspace of the flag, pushed forward to HS (F x F x A) along the
diagonal in F x F. We now pull back. For v € [ we can identify, via (V') c C¥,
the restricted line bundle with a subbundle of a trivial bundle with fibre C. By
definition of A, the Nth power of this Chern class is zero and the claim follows.
Now we have

dim HE(F x F x ) = dim H,(F x F x 1/G) = dim H,(F x F x Gr,(CY)), (5.3)
since the G-action is free by the definition of [. This implies that the map in (5.2) is
surjective. It remains to show that the dimension of (5.3) equals dim NHY . Since

N!
— = (n))?
EED

by the basis theorem [12, Theorem 2.34], see [19] for an overview, we are done. [

N
dim NHY = n! ( >:dimH*(]-"><}'>< Cr,(CY)),
n

5.4. The geometric dg-model of the cyclotomic nil-Hecke algebras. We
encountered in Proposition 3.14 a dg-model for NH,J;[ . The dg-algebra (ENH,,,dx)
has served there as a "resolution" of Nny . We give now a geometric interpretation.

Notation 5.9. For k € [0;n] let A, = {y € A | dimKer v = k}, in particular,
Ao = [. Let IC(A;) be the simple perverse sheaf supported on the closure Ay,
whose restriction to A is a shift on the trivial local system.

The variety A; has a small resolution of singularities:
Ax G D by, ={(3, W) | 7(W) =0} — RAp, (7, W) = 7.

Observe that Ay, is reminiscent of the geometric construction from §5.3. Indeed, we

have Yy, = F X Ag. So, the algebra HE(Z) is the algebra of (n! x n!)-matrices over
the Ext- algebra of the intersection cohomology sheaf £ = @@} _, IC(X}).

Recall the identification ENH,, = HS(Z) = HS(Z) from Theorem 4.44 and
Corollary 5.5. Now Propositions 5.6 and 5.8 provide a geometric reformulation of
the resolution in Proposition 3.14:
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Theorem 5.10. Consider the complex H*G(Z.) supported in degrees, denoted e,
from [0; n] with differential dy. This complex has homology concentrated in degree
zero and this homology is isomorphic to HS(F x F x 1).

We work here with Z;, 2 F x Jx Z&k, but the statement holds equivalently with
F x F removed. Moreover, H{ (Ar) = HE(Gr). By removing F x F and replacing
Borel-Moore homology by cohomology we obtain the following

Corollary 5.11. There is a resolution of HE (1) = H*(Gr,(CN)) of the form
HE(Gn) = HE(Gr-1) — ... = HG(G1) — HE(Go).

Using Hé(lk) = H¢,(IC(Ax)), this can be reformulated in terms of sheaves in
the following way.

Corollary 5.12. There is a resolution of HE(Ao) = H*(Gr,(CN)) of the form
HE(IC(An)) = HG(IC(An—1)) = ... = HE(IC(A1)) — HE(IC(Ao)).

6. GEOMETRIC BASES: CELLS AND GGELLS

In this section we introduce different decompositions of Z = F x F x G which
result in geometric constructions of different Pol,-bases of ENH,,.

6.1. Basic pavings. Recall the isomorphism of algebras ENH,, = HE (Z) from
Theorem 4.44 using the varieties Z from Notation 4.38.
Fix k € [0;n] and assume for this section that we have a finite decomposition

Zp = H Op (6.1)

0O
with disjoint parts, labelled by some linearly ordered set ©. Set Z'k7<9 = Huge O,.

Definition 6.1. We call the decomposition (6.1) a basic paving if the following holds:

(b-i) For each 6 € ©, the subspace Z]g)gg of Zj, is closed.
(b-ii) Each Op is a smooth real” U-stable manifold.
(b-iii) The projection F x F X G, — F onto the first component restricted to O,
is a locally trivial fibration Oy — F with (complex) affine fibres (then the
push-forward induces an isomorphism HE(Op) =2 HE (F)).

The word basic refers to the fact that it provides a basis in cohomology, namely
assume the decomposition (6.1) is a basic paving, then HS(Zk) is a free Pol,-
module of rank |©]. Indeed, we get a filtration HE(2,)S¢ = HE (2}, <p) on HE(Z},)
such that each associated graded HS(Z,)<?/HS(Z;,)<? is isomorphic to Pol, =
HE(F) = HE(Op). Moreover, this filtration is stable by the left Pol,-action and,
in view of (b-iii), the left Pol,-action on HS(2,)S/HE(2,)<? = HS(0Oy) = Pol,,
is just the action by the left multiplication with polynomials. A Pol,,-basis of the
associate graded can then be lifted to a Pol,-basis in HS (Zk)

"In the case of Gells studied below, Oy is a priory a real and not a complex manifold. The
fibres of Oy — F are however just complex affine spaces by Lemma 6.19.
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6.2. Adapted basic pavings. From now on we identify HS(Z) =~ ENH, via
Theorem 4.44 with the shifted grading from Remark 4.45. We moreover fix a
subset B = {bg | 0 € O} C HE(Z},) of homogeneous, pairwise distinct elements by.

Definition 6.2. Assume (6.1) is a basic paving. We call the decomposition (6.1)
strongly adapted to B if each by is contained in the image of HE(Z, <¢) and its re-
striction to HE (Op) is a constant nonzero polynomial in Pol,, = HS(F) = HS(Oy).

Lemma 6.3. Assume there exists a basic paving (6.1) strongly adapted to B, then
B is a Pol,-basis of HS(Zy).

Proof. By the assumption, {bg}oco induces a Pol,-basis of the associated graded
of HS(Z}), which implies that it is also a Pol,-basis in HE(Z}). O

Since strongly adaptedness is not easy to check we consider a weaker notion:®
Definition 6.4. We call a basic paving (6.1) weakly adapted to B if, for each 6§ € ©,
deg(bg) = 2dim Yy, — 2dim Op + k* — k. (6.2)
By Remark 4.45, weakly adapted is indeed weaker than strongly adapted.

Lemma 6.5. Assume that the basic paving (6.1) is weakly adapted to B. If B is
Pol,,-linearly independent or a Pol,-spanning set, then B is a Pol,-basis of HE (Z4,).

Proof. For each 6 € © we can find an element b, € HS (2, <p) € HS(Z}) such
that its restriction to HE(Og) = Pol, is 1. Then (6.1) is strongly adapted to the
set B’ = {by}9co. Thus, B’ is a Pol,,-basis by Lemma 6.3. By (6.2), b, and by have
the same degrees. By the assumptions, B forms then a Pol,-basis as well. (|

6.3. Relative position of flags. We will now construct some weakly adapted®
pavings. First, we recall the notion of a relative position of two full flags in V.

Definition 6.6. Let V,V € F. Then (V,\N/) is in relative position w € Sy, denoted
w = rel(V, V), if dim(V¢ NV?) = |[1;a] Nw([1;b])| for all a,b € [1;n].

The relative position of partial flags can be reduced to this notion as follows.
Given a composition v = (v1,v2,...,14) of n, a partial flag V in V is of type v if it
is of the form V = ({0} =V c VI c ... Cc V! = V) with dim(V"/V"~1) = v, for

€ [1;t]. Let S, be the parabolic subgroups of S,, corresponding to v. We will use
this notion for full flags (then v = (1,1,...,1) and S, = {Id}) or for Grassmannians
(then v is of the form (k,n — k) and S, = Sk X Sp—k).

Assume that V is a partial flag of type v and V is a partial flag of type p. Complete
them to full flags and let w € S,, be their relative position. This depends on the
chosen completions, but the double coset S,wS, € S,\S,,/S,, does not and is by
definition the relative position, rel(V, \N/), of (V, \N/) We sloppily write w = rel(V, \N/)

6.4. Cells and Gells. We still fix k € [0;n]. We equip S,, with the Bruhat order.
We also fix the induced ordering on any set S of (double) cosets in S,, (obtained
by embedding S into S,, sending a coset to its representative of minimal length).

8We denote by "dim" always the complex dimension. In case of a real variety, "dim" is half of
the real dimension. This situation appears in the case of Gells in §6.4.3.
9We believe that they are in fact strongly adapted, but will not dicuss this.
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6.4.1. Upper and lower cells.

Definition 6.7. Let Oy be the set Sy, x (S, /(Sk X Sn—k)) with the lexicographic
order on ©,,. For (w,\) € O, define the upper cell*

Oy ={(V.V, W) | rel(V,V) = w,rel(V, W) = A} C Zy. (6.3)
For the following we identify S,,/(Sk X Sp—r) = Ar(n) via z — x([1; k]).

Proposition 6.8. The decomposition Z, = ]_[(w A€ OWP\ from (6.3) is a basic

paving and weakly adapted to B"P = {wiTw}wes, rea,m) C ENH,.
Proof. With the grading from Remark 3.5 and Remark 4.45 we have
deg(Tywy) = —20(w) + 2nk — k(k + 1) — 20(N).

On the other hand dim O,°\ = dim F + £(w) + £(\), where £()) denotes the length
of the shortest coset representative corresponding to A € Ag(n) = S, /(Sk X Sn—k)-
Thus,

2dim Yy + k> — k — 2dim 0,7, = 2dim G + k* — k — 2(w) — 2((\) = deg(Twwy),
and therefore (6.2) holds which we wanted to show. ]

Varying over all k gives what we call the geometric upper basis of HS(Z), since
the diagrams of this basis have floating dots only on the top of the diagram.

Definition 6.9. Denote by Ojoy the set S, X (Sg X Sn—k)\Sn equipped with the
lexicographic ordering. For (w, \) € OF  define

low

O = {(V,V, W) | rel(V, V) = w,rel(W, V) = A} C 2. (6.4)
Identifying (Sg x Sn—k)\Sn = Ax(n),  — 27 1([1; k]), the following holds.

Proposition 6.10. The decomposition Zj, = Hiwyecon. (’)L‘?‘X\ from (6.4) is a basic
paving and weakly adapted to B'Y := {T,,wx}wes, renr(n) C ENH,,.

Varying over all k gives what we call the geometric lower basis of HS (Z)

Remark 6.11. Since the dimensions and the degrees for the upper and lower basis
agree, the basic paving (6.3) is weakly adapted to B'°%, similar for (6.4) and B"P.
For strongly adaptedness this is different. We expect that (6.3) is strongly adapted
to B and not to B°V; similarly for (6.4) with respect to B°% (and not BUP).

6.4.2. G-cells. So far we considered cells defined via relative positions with respect
to the flag V (upper cells) respectively V (lower cells). We next construct basic
pavings by considering instead the relative position with respect to the Grassman-
nian subspaces W. For this we will introduce the notion of G-cells.

Definition 6.12. Assume V € F and W € Gy with rel(V, W) =2z € S,,/(Sk X Sp—k)-
View z as element of S, by taking the coset representative of minimal length, and
let VW be the unique full flag such that rel(V, VW) = z.

10T heir images in F x F and F x Gy (for the left copy of F) correspond to usual Schubert
cells.
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Remark 6.13. If V= (V! c V2 C ... Cc V* = V) then VW is the full flag given by
W=WnWec-..cvrInWeWwWcVi+Ww c V4w c---c VP iy c V).
(The equalities appearing here must be removed to get a true n-step full flag.) Thus
VW contains W and it is "as close as possible" to V amongst all such full flags.

Definition 6.14. Set ©g, = (Sn/(Sk X Sp—k)) X (Sk X Sp—k) X ((Sk X Sn—k)\Sn)
and define the G-cell corresponding to (z,vy, 2) € Og, as

09 ={(V,V,W) |rel(V, W) = z,rel(VV VW) =y, rel(W,V) = 2} C Z.

T,Y,z
We equip Og, with the twisted(!) lexicographic ordering which orders the triples
(z,y, z) by comparing first x, then z, then y.

09 . _is a basic paving

Proposition 6.15. The decomposition Zj, = ]_[(z v,2)€0g, Ozy.z

which is weakly adapted to B9 defined as
{Towws .. .wkTyTz}(m7y7z)e@gk or {T,Tywiws.. 'wkTZ}(w,y,z)EG)gk' (6.5)
Varying over all k gives what we call'! a G-cells basis of HS (Z)

Proof. Ouly condition (b-iii) for basic pavings is not obvious. It can be proved
exactly as in Lemma 6.19 below which treats a harder situation. To show the
weakly adaptedness note that for any two elements in (6.5) with the same label the
degrees agree. So it suffices to assume B9 is the first set. We calculate

deg(Trwiwa ... wipTyT;) = —26(x) — 20(y) — 20(2) + 2nk — k(k + 1),
and dim OY | , = dim F + £(x) + £(y) + £(2). Thus, deg(Trwiws . . .wiT,T.) equals

T,Y,z
2dim Gy, + k* — k — 20(z) — 20(y) — 2((z) = 2dim V), + k* — k — 2dim OF .
This proves the proposition. O

6.4.3. Gells. We next introduce an interesting twisted version of G-cells which we
call Gells. We give a special name to this notion because it will be very important
in §9, where we do general quivers. The choice of name comes from the fact that
Gells are in some sense "Grassmannian-based cells".

Using Gells we will construct a basic paving adapted to a basis containing only
w1 and no wsg,ws,...,wy, cf. Lemma 1.10. Gells may seem to be unconvincing
in case of sly, where we have many other, much nicer, bases of ENH,, available.
However, for more general quivers only this complicated basis works and Gells will
play a much more important role there. The definition of Gells requires to work
with orthogonal complements of flags and actions of the group U instead of G.

We fix a (hermitian) scalar product on V.

Definition 6.16. Let V € F, W € G,. We denote by V"' the modification of the
flag VW from Definition 6.12 where the part of the flag contained in W is replaced
by its dual flag inside of W, and the remaining part is kept; more precisely

VIV — (v W)t aw e (VW) i nw e c (Vinw)tnw
CWeVi+WeVi4We---cViewcV).

Remark 6.17. If rel(V, W) = rel(V, VW) = 2, then rel(V, VtW) = zwq 1, where wq
is the longest element in Sj.

11Using Lemma 6.5 one can see that they are indeed bases, justifying the name.
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Definition 6.18. For (z,y, z) € ©g, define the corresponding Gell as
OSSN — ((V,V, W) | rel(V, W) = a; rel(VEW VW) = y: rel(W,V) = 2} C Z.

T,Y,2

Lemma 6.19. The varieties OS¢!L satisfy condition (b-iii).

T,Y,2

Proof. We examine the fibres of the map OS‘;“Z — F, (V,W,V) — V. For given V,
the W satistying rel(V, W) = z are parameterised by C/®). For given V and W the
v satisfying rel(VAW V) = yz are parametrised by C‘w?), For every such choice
of V we automatically have rel(W, V) = rel(VV,V) = z and rel(VEW, VW) = y, by

definition of VW . We have a locally trivial fibration with complex affine fibres. [

This shows that, with the ordering ©g¢, from Definition 6.14, the decomposition
into Gells is a basic paving (the conditions (b-i) and (b-ii) are obvious).

Example 6.20. The minimal Gell O%C_}h_rld C Z;, contains all (V, v, W) such that the

subspaces in V and V agree in dimension > k, equal W in dimension k£ and form
orthogonal flags in dimensions < k.

The fundamental classes of minimal Gells motivate the special elements of ENH,,:
Qk,n = w1T1w1T2T1w1 ...... W1Tk72Tk72 BN TlCLJlkalTk72 BN lel- (66)

Diagrammatically, this element is the For example, for (n, k) = (6,4) it is
permutation diagram of the longest
element in S, viewed inside S,,, with
k floating dots inserted, at most one
in each region. Each floating dot is
separated from the left hand side by
exactly one strand and different float-
ing dots correspond to different strands.

Gells can be used to provide a basis of BS! of HE(Z).

Proposition 6.21. For fized k, the basic paving ]_[ (2,4,2)€0g, OS‘Z“Z 18 weakly

adapted to BGe“ = AT Ty T2 } (2, 2)eog, C ENH,,, i.e., we have
deg(To . T, T.) = 2dim Vg — 2dim OS°, + k2 — k. (6.7)

T,Y,2
In particular, B! = <, BE" is a Pol,,-basis of HE(2).

Proof. We can just refer to the statement on G-cells from Proposition 6.15, since
deg(Ty Q. Ty T.) = deg(Tpwiws . .. wiT,T,) and dim 0%l — dim 09 O

T,Y,z T,y,z"
This Gell basis is a special case of the Pol,-bases of ENH,, from [24, Thm. 3.16].

Remark 6.22. Checking weakly adaptedness is merely a matching of degrees and
dimensions. As a result, several basic pavings are weakly adapted to a given basis
and a given paving can be used to construct many bases. For instance, the paving
by Gells is also weakly adapted to the G-cells bases. In contrast to this example, we
expect that the examples we gave proofs for are in fact strongly adapted. Strongly
adaptedness reflects more of the geometry in algebra and more of the algebra in
geometry. Currently we however do not have a proof for these stronger statements.
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7. COLOURED GEOMETRY AND ITS COLOURED COMBINATORICS

From now on fix as in §1 a general finite quiver I' = (I, A) without loops together
with a dimension vector n = 3, n;-i € Zxol. Let |n| := >, ;n; = n. Finally
fix an I-graded complex vector space V = @, ; V; of graded dimension n.

Let G, = [[;c; GL(V;) with its standard torus T formed by diagonal matrices.
We denote by E,, = @, 4 Hom(V(,), Vi(a)) the affine variety of representations of
I" of dimension vector n equipped with the action of G,, = [],c; GL(V;).

We provide in this section combinatorial and geometric notions depending on
I'. In case T' = ({o},() we recover many constructions from Part I (which were
usually denoted by the same symbol there). We refer to the elements in I, i.e.
the vertices of T, as colours. By coloured geometry and coloured combinatorics, we
mean geometry and combinatorics for more than one colour.

7.1. Coloured geometry.

Notation 7.1. Elements in I"™ will be denoted by bold letters, such as 1i,j, and
their components by the same not bold letter, for instance i = (i1, 42,...,4,). Let
I™ C I" be given by the tuples i, where |{j | i; = k}| = ng. The group S,, acts on
I™ and I™ such that w(j) = i means j, = iy for r € [1;n].

For i € I, let F; be the variety of flags V= ({0} =V c Vi C ... cV* =V),
which are homogeneous with respect to the decomposition V' = @,.; V;, and for
each 1 < r < n the graded dimension of V" /V"~1 is equal to 4,. Set F = [Hicm Fi-

We say a € E,, preserves V € F if V is a sequence of subrepresentation of a.
Set Fn = [Lic; F(Vi), where F(V;) is the usual flag variety in the vector space
Vi. Independently of i € IZ, the variety F; is always isomorphic to F,. However
whether « preserves V depends essentially on i.

Definition 7.2. A Grassmannian dimension vector is a vector k = (k;);e; with
ki € Z such that 0 < k; < n;. Let J,, = [],.;[0;n;] be the set of such vectors.

Consider the following varieties associated with k € J, where |k| = 7., k.

O = HGrki(‘/i)? g = H Ok, and Gy = H Gy for fixed k. (7.1)
i€l kEJn k€T, k=K
Definition 7.3. We define the Grassmannian—Springer quiver variety
Y=FxGC E, x FxG, where F ={(a,V) | a preserves V} C E,xF. (7.2)
We denote elements of ) as triples (a,V, W), where a € E,,, V€ F, W € G.

The decomposition F = [];c;» Fi induces decompositions F = Hicin fi and
Y = Iicia Vi- Moreover, (7.1) induces decompositions ) = HZ:O V. = erJn Vi
Set also yiﬁk = VNV and yLE =J)N yE B

Definition 7.4. Consider the following variety
Z=Yxp, YCE,xFxGxFxg. (7.3)
Points in Z are usually denoted as tuples (o, V, v, W, I/T/) (.t.hat is we first list the
flags and then the Grassmannian spaces). Via the inclusion Z C Y x ), the variety

7 inherits many decompositions and subvarieties. We introduce notation for certain
unions of connected components of Z as follows:
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Zis =20V x V), Ly =20 Ve, X Vby)s Lhy gy = 20 (Vhy X Vi),

19
L6k Gdey) = 20 Dy X Viky)s Ziika) ko) = 20 Qg X Vika)-
We define the Grassmannian-Steinberg variety 7 involving only one copy of G:
Definition 7.5. For k € [0;n] we define Zy = Zy o and Z = [[}_, Zx

Alternatively, we could define Z as) x E, Yo- We denote points in 7 as tuples
(a,V, v, W). Similar to 7. we use additional notation for subvarieties of Z, namely
Zi,j =70 x Yio), ZE =7nN (Vi x o) = Z@,o,

Zige =720 (Vik X V50) = Ziiw, 6.0 ik = 20 Vik X Vi0) = L k). 3,0)-
7.2. Coloured permutations. In this subsection we will identify permutations
w € S, with the associated permutation diagram, for example w € S5 given by
(w(l),...,w(5)) = (4,5,3,1,2) is identified with the diagram with five black strand
connecting the ith point at the bottom with the w(¢) point at the top. We can take
any other reduced diagram, i.e. where the number of crossings is equal to £(w).

A coloured permutation D = (w, c¢) is a permutation diagram w with a colouring
¢, which means each strand is labelled by an element of I, see Example 7.6 for
I =1{g,b,r}. We identify the set of coloured permutations with

"x S8, = {coloured permutations} = S, xI",
(Lw) < D = (w,c) = (w,))
where j respectively i is the colour sequences read off at the bottom and at the top.

Ezample 7.6. Here are instances of (coloured) permutation diagrams

K X

g b r r
permutation diagram w coloured permutation coloured crossing

In formulas, the coloured permutation here is (w, (g,b,r,r, b)) = ((r,b,r, g,b), w).

Remark 7.7. One could define I-coloured permutations as reduced expressions of
morphisms in the free symmetric monoidal category generated by the set I.

Remark 7.8. Purely diagrammatically, the coloured permutation (w,j) looks like
the diagram 7,,1; from §1, but the two should not be confused. Coloured permuta-
tion do for instance not depend on a choice of a reduced expression.

The following count of crossings of the form (7.6) does make sense for coloured
permutations!? as well as KLR diagrams.

Definition 7.9. Assume D is a coloured permutation.

o Let (D) be the number of crossings such that ¢ = j.
o Let X(D) be the multiplicity of crossings such that ¢ — j in I'.

120ne can easily check that the count is independent of the chosen drawing of the permutation.
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e Let (D) be the multiplicity of crossings such that j — i in T.

By multiplicity we mean hereby that if there are r arrows between ¢ and j of the
specified direction, we count the crossing with multiplicity r. Sometimes we just
write X (w), X (w), X(w), if D = (w, ) and i is clear clear from the context.

Ezample 7.10. We illustrate the counting for the coloured permutation D = (w, j)
from Example 7.6. Consider first the quiver I'y : ¢ —— e <—— o . The possible
coloured crossings are of the form

X XXX X XA XX

xrrzl ‘ng:o xbb:1 xrbzl LUgb:l be:2 xbg:o xTQZO xQT:2'
Below every crossing we displayed how often it appears in D = (w, j). We calculate

X(w,j) = zprtzgg+am =2, X(w,j) =zt =2, X(w,j) = zor+zp9 = 2.
Note that crossings which involve one red and one green strand are irrelevant.

To illustrate how sensitive these numbers are to the given quiver, let us first add
a second arrow from the red vertex to the black vertex and then also consider the
quiver which has two arrows from red to black and one arrow from black to red (no
arrows at the green vertex). Thus we consider the following quivers

Iy o e and I's: el 2o
~_ 7 ~_ 7

For I'y we get extra multiplicities, namely

>:<(w7.]) = TrrtZgg+Tpp = 2, X(wuj) = 22ppt+Tgp = 3, X(waJ) = 2%pr +Tpg = 4.

For T's crossings involving black and red contribute twice and we get
>:<(w7j) = Tpr+Tgg+Top = 2, X(w,j) = 2%,p+Tpr = 4, X(w,j) = 2xp+Typ = O.

Remark 7.11. We will use such countings to obtain various dimensions formulas in
geometry. For KLR diagrams, the counts encode their degrees in the KLR algebra,
see Definition 1.4. We have for example deg(7,1;) = 2 - X (w,j) — 2 - X(w,j).

7.3. Some dimension formulas. Given V € F;, denote by X (V) its fibre under
the morphism ]-N"i — Fi, i.e. the subvariety of E,, given by the representations that
preserve the flag V. We will use now coloured permutations to do calculations with
dimensions related to the fibres X (V).

If Ve F and V € Fj then the relative position rel(V,V) of the two flags is a
permutation w € S, such that w(j) = i. It is useful to think of the relative position
as being encoded by the coloured permutation (w, j), since it carries the information
about the coloured types (i and j) of the flags. We will do this from now on.

Definition 7.12. Given quivers (I, A;) and (I, A3) with the same set of vertices, we
define!? their sum as the quiver (I, A) where A is the disjoint union of 4; and As,.

Each quiver having at least one arrow can be presented as a sum of quivers with
one arrow. Thus, this notion allows to do reduction to a one-arrow quiver in proofs
involving quantities which are additive with respect to the sum of quivers.

Proposition 7.13. AssumeV € F; andV € F; with relative position rel(V, @) =w.
Then we have dim X (V) — dim(X (V) N X(\N/)) = X(w,J)

131t is indeed a coproduct in an appropriate category of quivers with vertex set I.
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Proof. Since both sides of the proposed equation are additive with respect to the
sum of quivers, it is enough to assume that the quiver has at most one arrow.
The case of no arrow is obvious. Thus we assume that the quiver has exactly
one arrow ¢ — j (but possibly more vertices). Then X (w,j) is the number of pairs
(r,t) € [1;n)? such that j,. =i and j: = j and r < ¢, w(r) > w(t). By definition, the
vector spaces X (V), X (\7) can be described as spaces of (n x n)-matrices specified
by the vanishing of certain matrix entries. The (r,t)-matrix entries for the above

pairs (r,t) are exactly the ones which are zero for X (V) but not zero for X (V). [

Let F(w,j) = F(i,w,j) C F;i x Fj be the subvariety containing the pairs of flags
in relative position w. Let F(w,j) be the preimage of F(w, j) under the projection
Fi XE, ]?J — Fi X F;. Both, Fi — F; and F(w,j) = F(w,j), are vector bundles.
Let dim, 7; and dim, F(w,j) be their ranks, that is the dimensions of the fibres.™*

Corollary 7.14. For w € S,, such that w(j) = i, we have
dimg F; — dimg F(w, j) = X(w,j).

Proof. This is just a reformulation of the statement in Proposition 7.13. O
Corollary 7.15. For w € S,, such that w(j) = i, we have
~ - 1
dim F; — dim F(w, j) = 3 deg(wl;).

Proof. We have dim F; = dim, Fi+dim F;, dim F(w, j) = dimg F(w, j)+dim F(w, j).

Now, the statement follows from Corollary 7.14 and from the obvious equality

dim F; — dim F(w, j) = —X(w,j) together with 1 deg(r,1;) = X(w,j) — X(w,]).
O

Assume V € Fi. As explained in §7.1, there is an isomorphism F; = F,,. In other
words, the data of a flag V € F; is the same as the data of a flag V; € F(V}) for
each i. The components of the flag V; are just the intersection of the components
of the flag V with V;, with repetitions removed.

Now take a second flag V € Fj and describe it again by a family of flags V; €
F(V;). Let w = rel(V,V) be the relative position of V and V. The permutation
w is naturally coloured by i on the top. Moreover, knowing the relative position
w € S, of the flags V and V is the same thing as knowing the relative position
w® e Sy, of the flags V; and V¥, for each i. We can see the permutation w; in the
coloured permutation w just by ignoring all strands which are not of colour i. The
definitions imply the following.

Lemma 7.16. Assumei,j,t € I® and V € Fj, Ve Fi, Ve Fi. Then the following
two statements are equivalent

L) We have rel(V,V) ~rel(\w/,\%/) = rel(\/,\%/).
IL) For eachi € I, we have rel(Vy, V;) - rel(V;, V;) = rel(V;, V;).

14The o should indicate that we take dimensions of the vector spaces of the possible o € Fy,.
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7.4. Coloured subsets. We introduce now coloured version of the sets A(n) =
ITr_o Ak(n) C [1;n] from Notation 3.2 to parametrize coloured cells in §7.5 .

Fix j € I and think of the elements 1,2,...,n from [1;n] as being coloured by
J1,J2, - - ., jn respectively. We obtain a decomposition A(n) = HEGJn,\E\:k Ak (n,j),
where Ay (n, j) consists of all subsets of [1;7] of cardinality k, such that exactly k;
elements have colour i. Obviously the parts of this decomposition depend on j and

Am)= ] M) = ] I A (7.4)
kedy k€lOsn]  KEJn,|kl=k

We obtain a bijection Ag(n,j) = Ag(n) := [[,c; Ax.(ni) by considering each colour
separately. Indeed, given 1 € Ag(n,j) and i € I'let 1 <7 < ... <71y, < n be the
elements in [1;n] coloured i. Identify this set order preserving with [1;n;] and let

pD € Ay, (n;) be its intersection with p. Obvioulsy p [Licr 1 is a bijection.
Ezample 7.17. Assume j = (ijiijiijj), u = (100100010). Then n;, = 5, n; = 4,
k =3,k =2and k; = 1. We get 4 = (10100) € A2(5) and ) = (0010) € A, (4).
In §6.4 we used minimal coset representatives to label the parts of basic pavings.
Recall the identification S, /(Sk X Sn—k) = Ax(n), x — z([1, k]). Still fixing j, we
assign to a minimal coset representative x the coloured permutation (j,z) and let

() be the permutation obtained by ignoring all strands not coloured by i. With
the assignment x — (z(9);c; as left vertical map we obtain the following diagram:

Lemma 7.18. The identifications fit into a commutative diagram of bijections

Sn/(Sk X Snfk) —_— Ak (n)

HEEJQ,\E\:IQ(Hie](sni/(ski X Snfk))) — HEGJM@:;C AE(E)-

We get an analogous commutative diagram when we use right cosets instead. For
this consider the identification (Sk X Sp—k)\Sn = Ak (n), z — z71([1, k]) and attach
to a minimal right coset representative z now the coloured permutation (z,j). We
obtain the following (with the assignment z — (2(9);c; as the left vertical map).

Lemma 7.19. The identifications fit into a commutative diagram of bijections

(Sk X Sn,k)\Sn —_— Ak (n)

H&EJQ,\E\:k(HiEI((Ski X Sni—k;)\Sni)) — HEEJM@:;C Ag(n).

7.5. Coloured cells, G-cells and Gells. Similar to §6, we like to have cells, G-
cells and Gells for the variety F; x Fj x Gi. Recall from §7.1 the varieties

re][rovm=r, Go=]]6m ().
lel iel

Using these identifications our task is easy to achieve: we can take the definition
of cells, G-cells or Gells from §6.4, apply them separately for each colour and then
pull the resulting decompositions through the following isomorphism

Fi x Fi x Gp = [[(F(Vi) x F(Vi) x Gry, (Vi)). (7.5)

icl
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We obtain a decomposition whose parts we call (coloured) cells, G-cells and Gells,

respectively. The parametrization of the parts is however not very convenient from

a more global point of view, since it is just a naive combination of the parameteri-

zations inside each ¢ € I. We improve this using the combinatorics from §7.4.
Arguing as for (7.4) we obtain a bijection

{we S, |w() =i} =[S (7.6)

i€l
Namely, we view w as a coloured permutation (w,j) and then consider each colour
i € I separately. Similarly we have identifications

iel icl
In summary, the isomorphism (7.5) together with the identifications (7.6), (7.7),
(7.4) give the global labelling sets (in the second case we specify additionally j):

o Upper and lower cells in F x Fj x G are labelled by S,, x A(n).
e Upper and lower cells in F x F x G are labelled by S,, x A(n) x I

The combinatorics is a bit more delicate for G-cells and Gells. We have that
e G-cells and Gells in F x F x Gy, are labelled by the quadruples

(x,y,z,j) S (Sn/(Sk X Snfk)) X (Sk X Snfk) X ((Sk X Sn,k)\Sn) X Iﬁ,

where the G-cell Og)y)z)j respectively the Gell OS’)Z{IZ)J- is defined via the following
bijection to the colour-wise labelling. Depending whether we consider G-cells or
Gells, pick w = e or w = wy_, by which we mean the shortest or the longest element
in S respectively. We view them as element of S, via the standard inclusion
Sr € S,,. Then we colour the permutation zwyz € S, by j at the bottom. This
induces colours on the premutations z, y, z and w. Let i = zwyz(j) and k such
that z € Ag(n,j) C Ap(n) = (Sk X Sp—k)\Sn, see (7.4). Considering each colour
1 € I separately, we obtain permutations

«TE(Z) S Sm/(skl X Sﬂi*ki)v y(l) € Sk1 X Sni*ki’ Z(l) € (Skl X Sﬂz*kl)\sm
Definition 7.20. Define the G-cell respectively Gell corresponding to (z,y, z,j) as
Og,y,z,j = Hoii),y(i),z(i) and ngl,lz,j = H Oig%l,y(i),zm- (7.8)
i€l i€l
Here the equalities are inside F; x Fj x Gp = [[,c;(F(Vi) x F(V;) x Gry, (V7).

Lemma 7.21. The Gell O¢! . has dimension dim O . equal to

Z,Y,%,) T,Y,%,)

. 1
dim(Fi x Gg)+ <§ > k- ki)) + X (@) + XX 1)+ X () + X (wo ) = D (ni = Dk
i€l i€l
Proof. We consider equation (6.7) for the Gell OS(S.%IW) & for each i € I and we
sum these equations. We also use the fact that for a coloured permutation w we

have X (w) = >, ¢(w™). Note that the terms with % come from the degrees of
the crossings and the sum ), ;(n; — 1)k; is the half-degree of the floating dots. [
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8. THE PROBLEM: EXTENDING QUIVER HECKE ALGEBRAS

We assume the setup from the opening paragraph of §7. In particular, I' = (I, A)
is a quiver with no loops and n is a dimension vector. In this section we set up the
basics towards our main goal: a geometric construction of the algebra ER,,. We
start by recalling the faithful representation of ER,, from [24] and the geometric
construction of KLR. Based on these and the construction of the Grassmannian
quiver Hecke algebra in the sl;-case, we discuss an intuitive, although too naive,
strategy towards the main goal. We describe its deficiencies in some detail, since
this analysis helps to understand the subtleties in our final geometric construction.

8.1. Polynomial representation of ER,,. Recall EPol,, from §3.2 and set
EPol, = @ EPol,1;. (8.1)
icln

Here, EPol,,1; = EPol,, as vector space, but we add 1; to the notation to distinguish
the different copies of EPol,, in EPol,,. Consider the S,-action on EPol,, given by

s, : EPol, 1; — EPol,1, ;,
Xpli — —Xs,,,(p)lsri?

(wr + (Xp = Xpi))wrg1) 13 ifp=rand i, =i,, (82)
wpli = wpls i if p#rand i, = ip41,
wsT(p)lsTi if ir 75 ir-l—l'
hij

For i,j € I, i # j, we consider the polynomial P;;(u,v) = (v — v) Then we

have Q; j(u,v) = P; ;(u,v)Pj (v, u), see §1. We assign to the generators, (1.8) and
(1.11) of ER,, the following endomorphisms of EPol,, 1; extended by zero to EPol,.

Xrli — fli — erli, Qli — fli — wlfli,

fli—s.(f1;) i
Xy — XrJrl " L (83)

Pir-,ir+1 (X’I";XTJrl)ST(fli) lf Z.T }é 7:,«+1.

Tr1i — fli —

Proposition 8.1. The rules (8.3) define a faithful action of ER,, on EPol,.
Proof. This is Proposition 3.8 and Theorem 3.15 in [24]. O

It will sometimes be useful to enumerate the omegas colour by colour. For this
assume i € I and ¢ € [ and let then t; < t2 < --- < t,, be the indices coloured
by 4, that is ¢ = 44, = 4, = -+ = 4, . We then denote w;,;1; = wy,1;, the w
corresponding to the rth index of colour ¢ with the conventions wg ; = 0. Similarly,
for polynomial variables, set X, ;1; = X, 1;.

8.2. Bases of ER,,. For each w € S, fix a reduced decomposition w = s, ... 5.

Recalling 7, from Definition 1.6 the following holds, see e.g. [25, Theorem 3.7].
Lemma 8.2. The set {1,1j | w € S,,j € I} is a Pol,-basis of R,,.
To formulate a similar result for ER,,, set for k& € [0; n], analogously to (6.6),
Qe = QnQren Q... QT oTp—2 ... MVWTp_1Tk—2 ... 718 (8.4)

The following gives a geometric version of a basis of type [24, Theorem 3.16].
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Proposition 8.3. There is a Pol,-basis of ER,, as follows:

n

I (mQunmymts | (2,y,2) € S, j € 12}, (8.5)
k=0

where S = (S, /(Sk X Sp—k)) X (Sk X Sn—k) X ((Sk X Sn—k)\Sn)-

Proof. Consider the basis of ER,, given in [24, Theorem 3.16]. To check that (8.5)
is indeed a basis, it is enough to show that the elements of (8.5) may be written in
term of the elements of the basis in [24, Theorem 3.16] with a triangular change-
of-basis matrix with units on the diagonal. However, to get an element of the basis
in [24] from an element of (8.5) we need to move some strands through crossings,
this would create extra terms. This means that an element of (8.5) is equal to an
element of the basis in [24, Theorem 3.16] plus smaller terms. (]

8.3. The geometric construction of the KLR algebras. We w111 now use the
varieties introduced in §7. We consider the algebra structure on Ho (]—" XE, F )

given by the convolution product with respect to the inclusion F x E, FCFxF.
The following important result is proven in [29, Thoerem 3.6] and in [26].

Proposition 8.4. There is an isomorphism of algebras R, = Hfﬁ(]? XE, f)

We sketch the proof of this statement to prepare the reader for the proof of a
similar statement for the Naisse-Vaz extended version ER,,.

Idea of the proof. The algebra R, acts faithfully on Pol, = ;. Pol,1; and

HSQ(}N' XE, F) acts faithfully on HSQ(}N') = Pol,. To get the desired isomor-
phism one can proceed as follows. For each generator g of R,, one can construct by

hand some ¢’ He ﬁ(}t XE, F ) such that the action of g and g agree. This defines
a monomorphism R, — oY E(.f’-: XE, F ). To show that it is an isomorphism, it is

enough to check that a Pol,-basis of R,, goes to a Pol,-basis of H. . E(J-N' X g, F ).
This can be done following §6.1. Namely, on can show that the Pol,-basis of R,
from Lemma 8.2 is weakly adapted!'® to the basic paving given by the decomposi-
tion with respect to relative positions of flags. To check a condition similar to (6.2),
we use Corollary 7.15. O

Terminology 8.5. To keep track of different versions of (possibly isomorphic) alge-
bras, we refer to the algebraic/diagrammatic algebra R, as KLR algebra and to the

geometric algebra Y »(F xp, F) as quiver Hecke algebra. Then Proposition 8.4
says that the KLR algebra is isomorphic to the quiver Hecke algebra.

Following the same philosophy, we call the Naisse-Vaz extension ER,, of R,
the extended KLR algebra. Its geometric counterpart that we introduce in Defini-
tion 11.9 is then the Grassmannian quiver Hecke algebra. The naming reflects the
fact that we add the variety of Grassmannians to the previous geometric construc-
tion. Our main result Theorem 11.8 then says that the extended KLR algebra is
isomorphic to the Grassmannian quiver Hecke algebra.

15We define basic pavings similarly to the sla case. For condition (b-iii) in Definition 6.1, we
take the projection to the first flag component Fj.



GEOMETRIC CATEGORIFICATION OF VERMA MODULES 45

8.4. An intuitive approach and its problem. Intuitively, §4 and Proposi-
tion 8.4 suggest the following strategy to construct ER,, geometrically.

We consider the coloured versions ) = F x Gand Z = Y x g, Y of the extended
flag variety and the Z from §4.1. Hereby, the fibre product is defined using the
obvious forgetting map Y — E,,.

By viewing 7 as a subvariety of B, X F x G X F x G we can turn HSQ(Z) into
an algebra for the convolution product with respect to the inclusion ZCYxY,
which acts on Hfﬂ(y), see Lemma 2.2.

On the other hand, H*Gﬂ(y) can be identified with the space EPol, from (8.1)
underlying the faithful representation of ER,. Indeed, we have J = [[;. ;. )i and

H:, (V)= P HE, V) = @ HE, (F < 6) = @ HiG) = € EPol,, = EPol,.

icln icln iceln icln

The third equality here follows by applying (4.2) for each vertex of the quiver.
Again following §4 we can then consider the variety Z = ) x E, Yo containing
only one Grassmannian instead of two Grassmannians and similarly to §4.11 identify
HSQ(Z) with a subalgebra of Hfﬁ(Z) This will be done in §9.5. One could expect
that the algebra o’ (Z) is isomorphic to ER,,. However, we will see that it is not

true in general. We face the problem that the algebra HSE(Z) 18 too big.

The problem is that in the definitions of the varieties Z and Z from §8.4, we
naively added copies of G without any interaction with £, nor F. In general,
we are forced to introduce some coupling of G with F, and F. For this some
(non-obvious) modifications of the varieties 7 and Z are necessary. In §4 this was
obsolete, because of the absence of arrows in the quiver.

8.5. Vector bundles over Gells? Let us explain what fails if we consider the
naive coloured analogue 7 of Z. Imagine that we can copy the proof of Propo-
sition 8.4. The final step requires a check that the inclusion ER,, — H. : l(Z) is
an isomorphism. We would do this using bases in cohomology arising from basic
pavings. Now recall from §4, that Gells provide bases which algebraically gener-
alize to arbitrary I', see §7.5. Thus it looks promising to consider the decomposi-
tion of Z induced by the preimages p’l((’)gf}}zd) of the Gells under the projection
p:7Z— FxFxG. These preimages seem to be not well-behaved, e.g. not smooth.
Moreover, to be able to deduce that the image of the basis in Proposition 8.3 is
weakly adapted to the decomposition in Z we need to verify the dimension formula
2dimp~ 1 (OFS, ) = 2dim Vi + D> (k7 — ki) — deg(meQpn7yT=15). (8.6)

T,Y,2,]
icl
We have already seen in (6.7) that this formula holds in case of sly. In the general
we compute the dimension by computing the dimensions on the base (which is just

an sly calculation) and of the fibres. If we divide (8.6) by two and subtract the
equality from Lemma 7.21 we obtain with Remark 7.11 that (8.6) is equivalent to

dima p~ (OGS, 5) = dima Vix — OX(2) + X () + X(2) + X(wor)), (8.7

where we colour the permutations x, y, z, wo as in §7.5. As above, dim, de-
notes the dimension of the fibre of the vector bundle given by forgetting the F,-
component.
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While trying to verify this, we however encountered a bad behaviour: the fibres
of p are vector spaces, but their dimensions are not constant over a fixed Gell. We
therefore want to modify Z (more precisely, the fibres of 7Z— FxFx G) to a less
naive coloured analogue such that the map p defines a vector bundle over each Gell
and the dimensions of the fibres are such that formula (8.7) holds. Making this
precise will be the purpose of the next sections.

9. GEOMETRIC CONSTRUCTION OF THE NAISSE—VAZ GENERATORS

We still assume the setup from §7. In particular, I' = (I, A) is a quiver with no
loops and n is a dimension vector. In this section we will construct geometrically
the action of the generators of the algebra ER,. They arise from the action of a

subspace oY E(Z) inside the convolution algebra bins E(Z) from §8.4. We show that

this subspace is in fact an algebra and realise ER,, as a subalgebra of H. S E(Z)

9.1. Fixed points. To understand HSE(Z) better, we compute the action of cer-

tain elements from H S *(Z) on the polynomial representation. We do this using the
torus localization and compare the results with (8.3).

Fix once and for all a basis {e1,ea,...,e,} of V consisting of T-eigenvectors.
Let U be the corresponding standard flag given by U? = (e1, ea,...,e;) C V. Let ig
be the colour type of this flag, i.e., U € F,.

Set f,, = w(U), and i, = w™(ip). We have f,, € F;, and F' = {f,; w € S, }.
Given a T-fixed point f,, € F. Then f,, € F; if and only if w(j) = io.

The obvious inclusion G, C Gri (V') from (7.1), induces a bijection on the sets of
T-fixed points. As in §4.3, we thus have GI = Gr, (V)T = {g,; p € Ax(n)}. Since
Gr = [Lics Grr, (V3), the T-fixed points can also naturally be labelled by Ag(n).
The inclusion G C G induces then an inclusion A(n) C Ax(n) which is in fact
the inclusion from §7.4 (with respect to the fixed sequence iy € I™).

The T-fixed points in F X G by S,, X Ax(n) can be parametrized as in §4.3,
namely (F x Gi)" = {zw.; w € Sp, A € Ap(n)}, where 2w x = (fuw, guw(n)). Note
that T-fixed points in )} have zero F,-component. Therefore, the T-fixed points
in YV can be viewed as T-fixed points in F X Gi. Abusing the notation, we also
write 2y, ) for the elements of y,;f.

We also identify the T-fixed points via the inclusion 7 C Y x Y and denote them
as tuples T, wo, 1, = (Twy,pas Two,ps ) Where wi, wo € Sy, pr, 2 € A(n). We will
moreover need the labelling which does not involve a twist, namely

(’LUl,’LUQ,,U) = (fwlaf’wzag#) € Zv (’(Ul,’LUQ,/Ll,,lLQ) = (fwlafwzag#ng,uz) € Zv
of the T-fixed points in Z and Z respectively.
9.2. The representation Hfﬁ(y). Similarly to §4.2 we consider for A € Ag(n)
subvarieties Cy C F X Gy, defined as
Cyx={(V,W) € Fx G| dim((V" NW)/(V""EnW)) =\, Vr € [1;n]}.

Denote wy = [C)\] € HY (F xG) = HE (Vi) The notation makes sense, since the
identification of Hfﬂ(y) with @jell EPol,, in §8.4 sends wy to wy. We can write

wr =Y SV (ALY [rw,]  where Ay, = eu(Y, zy ). (9.1)
w,



GEOMETRIC CATEGORIFICATION OF VERMA MODULES 47

We would like to have a description of the coefficients S (1). We are going to use
the notation defined in §7.4. Moreover, if A\, u € Ag(n), we say that u is j-above A,
denoted g >3 A, if A\, pu € AJE(n) for some k € J,, and u > A9 for all i € I. Here
we identify AJE(n) = Ak(n) as in §7.4 and we consider the partial order on Ag, (n;)
defined in §4.2.

Lemma 9.1. Recalling Lemma 4.13, the coefficients in (9.1) can be expressed as
(i )
H S (1
icl

We use here the notation from §7.4 with w being coloured by ig on the top, and thus
by i, on the bottom, and with [1;n] being coloured by i, .

Proof. This follows from the Kiinneth formula applied to G = [[,.; Gy, (V;). O

iel

9.3. Coloured Demazure operators. For r € [1;n — 1], consider the subvariety
A" C 7 defined by the condition that the two Grassmannian spaces are the same
and the two flags are the same except maybe at the rth component. For i,j € IZ,
set Af; =A"N Zi; and write

[AT J),J] Z Aw17w27#11#2 [Iw11w21#11#2]' (9'2)

W1, W2, H1,H42

The following lemma is proved in [29, Lemma 2.19].

Lemma 9.2. The coefficient Aw, w,. .1 0 the expansion (9.2) can only be nonzero
if w18-(§) = 1o, w2(j) = io, and w1 (p1) = wa(p2); in which case we moreover have

_ hi. s . . .
At s (Twr () = Twy () 790 if 50(§) # 3, w2 = wasy,
Awl,’wz,Ml,Mz = Awll,ul (T(wg(r)) - ng(r+1))71 Zf Sr(j) :jan € {wlvwlsT}a
0, otherwise.

Identifying H¢ (V) = EPol, as in §8.4, we construct the Naisse-Vaz operators:

Proposition 9.3. The fundamental class [AY ;) ;] acts on h € HSE(J/) by
o Ga ey s
[Ar ] (X’l“ - XT+1)hJTYJT+1 ST(h’) € H* _(yST(‘])) Zf ST(.]) 3& J
, Gn . . .
DI -0 € B ) if 50() = J.
In particular, this action agrees (up to sign) with the action of 7,15 from (8.3).
Proof. Let s = s, and h = Pwy, where P € Pol,,. Using (9.2) and (9.1) we get

[AY J)J] * Pwy = ( Z By wa pan iz [T wa ) * ( Z Pwa(u)A;}#[xw,#]).

W1, W2, 11,42 wES,

We compute the coefficient of [z, ,] using (4.7) and Lemma 9.2. If s(j) # j we get
w,ws,u,s(u)PwsSE\Us(S(:u)) = Avj;,l,u(T(w(r)) - Tw(r-‘rl)) dridri PwsSE\US(S(:u))'

This agrees with the coefficient of [z,,,,] when we write (X, — X, 41)"r3r+15(Pwy)
in the basis of T-fixed points, since we have Pwy = 3, Pu,SY ()AL [2w,] by

A
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(9.1). If s(j) = j we get

Aw,w,,u.,,upwsg\”(ﬂ) + Aw,ws,u,s(u)PwSSK}S(S(:u))
= A;u,lupwsij (N)(Tw(rJrl) - Tw(r))il + A;}Mpwssg\”s(S(N))(Tws(rJrl) - Tws(r))71
= A;,l# (PwSY (1) — Pwssgjs(s(ﬂ)))(’rw(wrl) - Tw(r))_l'

This is the coefficient of [z, ] in —0,(Pwy) written in the T-fixed points basis. O

9.4. Creation operators. Fix j € I and k € [0;n — 1]. Consider the subvariety
75 =,V VW, W) € Zypa o | WD W,V =V, grdim(W/W) = j}

and write

[ZJDJC] = Z B’lt1,’u}27u1,u2 [xw17w2nu'l',,u‘2]' (93)

W1, W2, 11, M2
Using the abbreviation i = i,,, we have

" A171117#1 H (Twl(t) - Tw1(7“))_1 if (wlvﬂlvit) = (w27/142 +€tuj)u

W1, W2, 11,42 rEU2, =]
0 otherwise.

(9.4)
We recover the multiplication by the elements w;.; from §8.1.

Proposition 9.4. The action of [Z]Dk] on HSE(J/) 15 by multiplication with wy,; ;.

Proof. Using (9.3) and (9.1), we get

254 )% Pox = (3 By s gie [Tunwain ) % (D PuSY (1AL [70])-
W1, W2, 11,5142 N
By (4.7) and (9.3), the coefficient of [z.,,,] in this product is

SY (u\{t}) '
e 1,0 (Tw) = Tuwer)

—1
Aw_#Pw
teEp,ir=j

Now, the statement follows from Lemma 4.22 and Lemma 9.1. O

As in Proposition 4.23, we can construct multiplications by other w;’s. Similar
to §4.6, denote by & the first Chern class of the line bundle on ZJD . given by W/W.

Proposition 9.5. Fiz j € I* and r € [1;n] such that j, = j. The push-forward to

HSQ(Z) of the element

[ & -9eniZ,)

pE[r+Lin],jp=J
acts on Hfﬂ(yj) by the multiplication with w,..

Proof. We can argue as for Proposition 9.4 except that we use Lemma 4.24. (I
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9.5. The algebra Hfﬁ(Z) C Hfﬁ(Z) Fix for each ¢ € I a (hermitian) scalar
product on V;. They combine to a scalar product on V such that all V; are orthog-
onal. Let U,, C G,, be the maximal compact subgroup of unitary transformations.

Fix ki, ky € Jy, such that k; — k, € J,. We define the inclusion variety ZE13E2 as
the subvariety of Zﬁl .k, defined by the condition W D w.
Similarly to Lemma 4.32, there is a diffeomorphism

. . o ~ ~ ~ L
Vi, ok - ZE13E2 = ZE13E1—E27 (V,\VIW,W) — (V,V, W, W NW). (9.5)

This diffeomorphism is not G,-invariant, but it is U,-invariant, see Remark 4.31.

Definition 9.6. Let tx, k, : HSE(ZEI,&) — HSE(ZEI&) be the composition
G/n/ . Gn . Gn . Gn .
H, _(ZE1,E2) — H, _(ZE13E1*E2) — H, _(ZE13E2) — H, _(Zﬁlvkz)’

where the first map is the pullback with respect to ZEI Sky—ky, —* Zﬁl—ﬁz which
forgets the component W, the second map is induced by 7, x, and the third map
is the push-forward with respect to the inclusion.

Assume 7 € [1;n]. Consider the subvarieties A; of Z; given by V=V and A; . of
Aj given by W C V", Assume that j € I™ is such that j, = j and assume &k € J,,.

Lemma 9.7. The image of the fundamental class [AJT] € HSE(Z]) under Lg1jk
acts on HSE(JJJ-7E) as multiplication with wy.

Proof. We have 14451 ([A;]) = [ZJDE], where Z]DE = Z]jkﬁZE'HE for k = |k|. Since
we have [Aj,] = [A;] TLeprq1,n) ip=i (Xp—&), Proposition 9.5 implies then that the

image of [A; ] acts on Hfﬂ(yj,ﬁ) by the multiplication with w.. O

Now, we construct a product on HS E(Z) and we identify this algebra with a

subalgebra of H. S *(Z). This could be done exactly as in §4 because 7 contains G as
a direct factor (since Z = (F x E, F) x G) and Z contains G x G as a direct factor
(namely 7 = (F x E, F) x G xG). We prefer however to give an argument that also
works for the modifications of Z and Z that we will define later.

Definition 9.8. For k,,k, € J,, such that k; + k, € J,, construct a product map
H™ (Zy,) % HO™(Zgy) = He™(Zy ) (9.6)
as the composition of tg, 4k, k, X Id with the convolution product
HE™N(Zy,) % He™(Zy) = HE (L, vy py) % HE(Zig,0) = HE™ (2, iy 0)
using the identification HSE(ZEIJFEwO) = HSE(ZEIJrEz).

Proposition 9.9. The maps (9.6) define an algebra structure on HSQ(Z)

After some preparation we will in fact prove a stronger statement in Theo-
rem 9.15. We start with some cohomology calculations using localization. For this
we upgrade the notation from §4.8 to coloured subsets. For A, v € A(n) coloured by
io, we set Qx v = [[,c e, (Ti — Tj), where the product runs only over pairs (r,t)
such that r and ¢ have the same colour (in ip).
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Recalling the notation for T-fixed points from §9.1 we write X € H;F(Zgl)loc as
X= Z X(wy, we, p)[(wy, wa, )] (9.7)
wi,W2,H

The morphism ¢, g, from Definition 9.6 lifts to HT (o), by setting

by kX = Y Q) e X(wr, wa, i \p2) [(wr, wa, i, p2)]-
H1Dp2

Set Oy = eu(V, (fu,g,)) and O, = eu(F, f,,). Then O, = 0,Q,. e, where
here and in the following u¢ = [1; n]\p denotes the complement of u.

Definition 9.10. Define the following product on H (7)), using notation (9.7). For
Xe HE(Z@l)loc and Y € HE(ZE2)10<: let XxY € HE(ZE1+E2)10C be given by

(X *Y) (w1, w2, ) = Z O, Qurr (urye X (w1, wa, p )Y (w2, w3, p”).
wa,p=p’ [T p"”
Lemma 9.11. Assume we are given ky,ky, kg € Jyn such that!®
kigi=k —kyedJ, and kyy:=ky—Fkg€Jp.

Then the following diagram commutes

HE(ZEH)IOC X HE(ZE%)IOC — HT(ZE13)10C

Lky ko X ko kg J{ tky.k3 J{

HY (Zy, g, )oc X HY (Zg,y 1, oo —— HY (Zg, g, )oc-
Here the bottom map is the product on HY (Z)1oc from Lemma 2.5.
Remark 9.12. By Lemma 2.5, we have explicitly (here § is the Kronecker delta)
(w1, wa, pu1s p2)] * [(wh, w3, o, 13)] = Oyt Ouws O, ua (W1, W3, 1, p3)]. (9:8)

Proof. Assume X € HF (ZE12)1OC and Y € H;F(ZE%)MC. Then we can write

ey kX =Y Qe X(wr,wa, iy \pao)[(wr, wa, 1, pa)],

H1D 2
Lk kg Y= Z QHS McY w27w35u?\:u3)[(w25w37,u27:u3)]7
H2Dus
Uk, ey (X% Y) = Z QHSM (X *Y) (w1, w3, pa\p3)[(w1, ws, p1, pi3)]-
1 Cps

Using (9.8), we can then compute (g, 1, X) * (tk,5,Y) as
Z @w2 'U‘2QH2 u Q;3 ng(wla w2, :ul\:UJQ)Y(va w3, ﬂ2\u3)[(w15 w3z, K1, :U’3)]
M1 2 DOMU3

The desired equality (tx, &, X) * (tk, k,Y) = tk, k, (X * Y) follows, since we have

1 _ -1 -1
Ouws iz Qumui 13,15 Q#&#i - @w2Qu27(u2)cQuz,ui usﬁuSQ#&#i

-1
- ®w2Q#zy(#l\m)cng,(m\m)c = Ouws Qs \pis (1 \1s2)*-
by the formula ©,, , = ©,Q,,c and the definitions. O

161n this case, the element k5 := k{5 4+ ky3 = k| — k3 is then automatically in Jy.
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We observe that Lemma 9.11 applied in case k5 = 0 implies that the product on
HY(Z)10c defined in (9.10) restricts to the product on HSQ(Z) defined in (9.6).

Corollary 9.13. Assume that ky,ky, ks € Jy, are as in Lemma 9.11. Then the
following diagram commutes

G'Vl 5 Gn 5 G'Vl 5
H*(Zg,,) x H*(Zy,,) —— HJ*(Zg,,)

lky ko Xlkg k3 l Lky k3 l

G’yl . Gn . G’yl ..
H*(Zg, k) X Hi*(Zg, k) —— H*(Zg, k)

Corollary 9.13 identifies HSE(Z) with a subalgebra of HSE(Z) Moreover, the

algebra oY ™(Z) acts faithfully on bins () = EPol,, by Remark 2.6. For each
generator of ER,,, namely for X,1;, 7.1; from (1.8) and for Q1; from (1.11), we

have constructed an element of HS %(Z) acting by the same operator. This gives

a homomorphism ER,, — He 2(Z) of algebras. With the following grading it is
homogeneous of degree zero.

Definition 9.14. Define a Z-grading on the algebra HSQ(Z) by putting HSQ(ZLJ&)
in degree —r +2dim Vi + >, o, (k7 — k).

In summary we obtain the following strengthening of Proposition 9.9.

Theorem 9.15. The product maps (9.6) equip HSE(Z) with an algebra structure.

Moreover, there is an embedding ER,, — HSE(Z) of algebras, even of graded alge-
bras with the gradings given by Definition 1.11 and Definition 9.14 respectively.

Remark 9.16. The algebra homomorphism ER,, — HY %(Z) is in general not sur-
jective, although it is indeed an isomorphism in case of sl;. It is not hard to show,
that H. S l(Z) is the algebra of operators on EPol,, generated by ER,, and the mul-
tiplications with ws, w3, ...,w,. In the nil-Hecke case the floating dot €2, acts on
the polynomial representation by w, for any 1 < r < n. In general €2 1; acts by wy,
but ©,1; acts only by w,1; multiplied by some polynomial plus some other terms
involving some w1 1j, . ..,wr—11;.

Remark 9.17. We like to stress that the overall strategy of this section is rather
general and might be pursued for other varieties. We use three ingredients:

(I-i) We used the embeddings of HSE(Z) into H}(Z)1oc and of HSE(Z) into
HY(Z)10e. This for instance always holds, when the variety has a nice
paving, see Remark 2.6.

(I-ii) We used that Zﬁl Sk, —* Zﬁl —k, is a Grassmannian bundle whose relative
Euler class at the T-fixed point (w1, wa, p1, pi2) 18 Q iy e

(I-ii) The Euler class eu(Y, (w, p)) factorizes as a product of @, ;- and of some-
thing which depends only on w.

9.6. Higher floating dots. In Remark 9.16 we elaborated on the difference be-
tween the action of the 2,.1; and the multiplication with w,. Algebraically the
higher floating dots €2, (that is floating dots with index 7 > 1 or with nonzero
twist a) are rather mysterious and seem to appear ad hoc. We finish now this
section by explaining their geometric meaning.
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Remark 9.18. The floating dot €2, ;, will finally correspond to some fundamental
class of some variety and then Qf " arises by twisting this fundamental class by the
ath power of a certain Chern class. This observation motivated our terminology
(twist).

Whereas, by [24, §3.2.1], the element Q7 ; acts on EPol,, by some complicated re-
cursively defined operator, the floating dots appear geometrically more directly. We
describe next the meaning of a single higher floating dot of colour jg in H S %(Z;,)- In
this case, the vector space W = W, in Zjo is 1-dimensional. We will see that Q7 ;
acts on EPol,, by some w,» multiplied by a product of Chern classes, see Proposi-
tion 9.20 and (9.11). We will upgrade our geometric framework so that this product
of Chern classes appears naturally from certain geometric conditions. To run the
construction we add a new copy of E, to Z. We identify HSE(Z) = H*GE(Z x Ey)
as vector spaces and will interpret the product of Chern classes from (9.11) below
in terms of geometric conditions on elements in the new FE,.

As above, we fix a (hermitian) scalar product on each V;, ¢ € I. This allow to
identify Hom(V;, V;) with the the space of sesquilinear forms V; x V; — C. So S
can be thought as a family of sesquilinear forms g : V; x V; — C for each arrow
h: i — j of the quiver.

Fix i € I™. Algebraically the vector space Hg ()i j,) can be identified with the
vector subspace of EPol,, whose elements are of the form

Tjo

> Prwrjli, P €Poly. (9.9)
r=1

Moreover, we can identify )} ;, with the subvariety A; j, of Z; j, given by V = V.

The action of HSQ(ALJ-O) - HSQ(ZLJ-O) on H¢ (V) corresponds in EPol, to the
multiplication by the elements (9.9).

Definition 9.19. Denote by (), ;, the subvariety of AJ—O x I, given by the conditions

o W CV",
e for each arrow h in the quiver of the form jo — j or j — jo, the vector
space W = Wj, is orthogonal to V with respect to [p,.

Let £ € HE (Vij,) be the first Chern class of the line bundle whose fibre is

W. Then, abusing notation, the operator &: Hfﬂ(yiyjo) — Hfﬁ(yiﬁjo) of multipli-
cation by ¢ is characterized by the fact that it commutes with multiplications by
polynomials and satisfies

(Xrjo — Ewr joli = wr—1,j, i, for all r € [1;n;,]. (9.10)
Now higher floating dots and their twists have a natural geometric interpretation.

Proposition 9.20. Via the embedding ER,, — HSQ(Z) of algebras, the (higher)
floating dot Q5. ; 15 corresponds to the twisted fundamental class (—§) [0 ;,] pushed

forward to HSQ(Z x Ey).

Proof. In case it exists, let 7’ be maximal such that ' < r and i, = jo. Set ' =0
otherwise. By Proposition 9.5, the push-forward of the fundamental class of the
subvariety given by the condition W C V" in Definition 9.19 acts just by w,~1;. The
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second condition adds an additional multiplication by [,_; Q;, j,(X¢,&). Thus, the
push-forward in the proposition acts on the polynomial representation by

&) T] Qv (Xt e L. (9.11)
t=1
This operator should be understood as a polynomial in £ with coefficient in (9.9).
The power of ¢ should be applied to the coefficient.

Since all Qf ; 1; can be reduced to Qf ; 1; using relations (1.9)-(1.10) (and the
fact that Q ; commutes with 7, for ¢ # p), it suffices to check (since the commu-
tativity is obvious) that the operators (9.11) satisfy the same formulas and that
the operator (9.11) acts as required for a = 0, 7 = 1, namely by w; if jo = i; and
by zero otherwise. Since the second statement is obvious, it remains to check the
formulas (1.9) and (1.10). Algebraically, (1.9) is the formula

a—1 a—1 : . -
= (b S ST o
Zt,p( )p TJQQT 1 gngli if 4, 7& Jos
To verify this assume first » = 1. If 41 # jo, then the relation (9.12) becomes 0 = 0,
since w,r = wp = 0. (We interpret the operator (9.11) as zero for r = 0.) If i; # jo,
then (9.12) holds, since for the operator from (9.11) we have

(_Xl)awlli — O — Xl(—Xl)a_lwlli.

Next assume r > 1. In case jo # i, the relation (9.12) translates into geometry as

r—1
H Q'Lt ,Jo Xtvf)wr'l = Qu ,J0 (er§ H Qu ,J0 Xtag)wr/lu
t=1 t=1

which is obviously true. If jo = i, then the relation (9.12) translates into

—£)" H Qi, jo (X1, §wr i

t=1
r—1 T
= (=¢)"! H Qi o (X, w1y i — (=)' X, H Qi,.io (X, w1y,
t=1 t=1
which holds by (9.10). It remains now to verify the following formula, see (1.10),
TTQT JOTTl - QrJrl j()l + Z qu1T+1 Z ( )hQ?Jr]lIggXﬁXerl? (913)
t,p hp-télz

. . . . . . +
geometrically in case i, # 4,41 = jo. Since Q; j(u,v) =, » qifutvp, we have

Qi j(u,v2) — Q; j(u,v1) tp ¢ hot
Zq > v

— v
2 =0 hit=p—1

and thus (9.13) turns into
QiT;iT+1 (XT7 XT+1) - QiT7i7‘+1 (Xra 5)
XTJrl —5

multiplied by (=€) [T/—; Qi, jo (Xt E)wri1. However, (9.14) is true, because 721; =
Q’ir,’iT+1(XT;XT+1)1i' l:l

721 = Qiyinyy (Xr, )11+ (Xrp1—8)1; (9.14)
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Remark 9.21. The element £ does not make sense globally in ue 2(Z), but only

when we work in He ﬂ(Zjo). This fact explains why, algebraically, the formula for
the action of 27 ; cannot be written simply as w, times a polynomial as in (9.11).

10. THE SOURCE ALGEBRAS AND THE SINK ALGEBRAS

We still assume the setup from the opening paragraphs of §1 and §7. In partic-
ular, I' = (I, A) is a quiver with no loops and n is a dimension vector.

We approach now our problem of defining a variety Z whose equivariant Borel-
Moore homology is the algebra ER,, by first realising some important subalgebras
of ER,, geometrically and then combine the constructions.

For this assume that K C I is a subset of vertices of I' and consider the corre-
sponding set of Grassmannian dimension vectors k that are supported on K, i.e.,
we only take those k where k; = 0 for ¢ € I\K. We define the subalgebra of ER,,
Grassmannian supported on K, as the subalgebra of ER,, generated by R, and by
the floating dot with colours from K.

Remark 10.1. The subalgebras of ER,, Grassmannian supported on some K are
the algebras called p-KLR algebras in the context of categorified parabolic Verma
modules, see [24, Definition 4.1, Def. 7.6].

We will see in §10.1, that if we pick for K the set of sources in I', then the
subalgebra Grassmannian supported on T can be constructed using a certain sub-
variety Z of Z defined by the Grassmannian-Steinberg conditions, Definition 10.3.
In case K is the set of sinks in T, the same holds, but now for a variety Z not inside
7 C E, x F x F x G, but rather inside E,, x E,, x F x F x G, i.e., we need to use a
second copy of E,,. We start by explaining these source and sink cases. We believe
that the geometric source/sink algebras are interesting on their own.

10.1. The source algebra. We say that a vertex ¢ € I of I is a source, if there
is no arrow which ends in 7. Let I C I be the set of sources of I' and let J,, C J,,

be the set of Grassmannian dimension vectors k that are supported on T, ie., we
only take those k where k; =0 for i € T\ I.

Definition 10.2. The source algebra ERQ is the subalgebra of ER,, Grassmannian
supported on I, that is the subalgebra generated by R,, and by the floating dots
with coloursin 7.

We denote by 37, 7., 7 the modification of ), Z, Z obtained by only allowing the

Grassmannian dimension vectors k € J,,. We define the replacement Z of Z.

Definition 10.3. Define the subvariety Z = {V,V, W) | a(W) = 0} C Z, where the

condition a(W) = 0 means oy, (W;) = 0 for each arrow h: i — j.

Definition 10.4. Define a Z-grading on the algebra HSQ(Z) as in Definition 9.14.
The embedding from Theorem 9.15 restricts to an injective algebra homomor-

phism ER,, < H,*(Z) and the following holds:

Theorem 10.5. The push-forward of the inclusion Z C 7 identifies HSE(Z) with

the source algebra ERQ inside HSQ(Z).
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We call Z the Grassmannian—Steinberg variety Grasmannian supported on sources.

Proof. Consider the Varlety - {(a,V,W,V, W) | a(W) =0} C 7. Then HGﬂ(g)

is a subalgebra of HS %(Z) by Lemma 2. 7 and the same argument as in §9.5 shows
that H,' (Z) is a subalgebra of HY (Z) By looking at the generators is is not

hard to see that the image of ER < H (Z) is contained in H (Z) (We only
need to check this for €2.) To conclude it suffices to show that the algebras ERQ

-

and HY %(Z) have the same graded dimension, which is Lemma 10.6. O

Lemma 10.6. The algebras ERn and HSE(Z) have the same graded dimension.

Proof. For each Gell OSZ“ZJ C ]-" x Fj x G, denote by p_l(OSZ“ZJ) its preimage

with respect to the projection Z — Fx FxG. Note that this projection is a vector

bundle over each Gell. The preimages p~ (OS;“Z ;) of Gells form an analogue of a

basic paving of Z. Asin §6, the classes [p~ ((’)gfjllz ;)] form then a Pol,-basis of the

assomated graded of bins (Z), and this basis can be lifted to a homogeneous basis
of H, "( ) We would like to show that the elements of this basis have the same
degrees as the elements 7,Qy, ,,7,7.1; of the Pol,-basis of ER,, in Proposition 8.3

5
corresponding to the Grassmannian dimension vectors supported on I .
3

Using Lemma 6.5, it is enough to show that the paving Z = Hz,y,z,j p! (ngl,lz,j)

is weakly adapted to {7 Q. nTy 721} 2.y,2,j. For weakly adaptedness we need to verify

deg(TeQp nmy7:15) = 2dim Y i + Z (k7 — k;) — 2dimp~ (@SZHZJ) (10.1)

i€l
Assume first that the quiver has no arrows. Then the equality (10.1) holds by (6.7).
For a general I we argue as for (8.6): using Lemma 7.21, we reformulate (10.1) as

X (@) + X () + X(2) + X (wo ) = dimg Vi — dima p~ (OG5 ). (102)
To verify this pick V € F;, V € Fj and W € Gy, such that (V,V, W) € Gl

@,y,2.§"

We have dim, ); = dim X (V). Moreover, dim, p~ (OS;“ZJ) = dim(X (V") N
X (V)), since X(VW) is the subvariety of X (V) given by the condition (W) = 0.

On the other hand, rel(V,VW") = z and rel(VV,V) = yz by the definition of

(’)SZ“Z j- From Proposition 7.13 we get then

dim X (V) — dim X (V) = X(2), dim X (V") — dim(X (V") n X (V)) = X(yz).
Altogether we obtain
dimg Vi — dimg, p~H(OSY, 5) = dim X (V) — dim(X (VW) n X (V)

T,Y,2,j
= (dim X (V) — dim X (V")) + (dim X (VW) — dim(X (V) N X (V)))
= X(@) +X(yz) = X(@)+X(y) + X(2)
Since we assumed that k € fﬂ, i.e. Grassmannian vetors are supported on sources,
we have X(wox) = 0 and therefore (10.2) holds. Thus we showed weakly adapt-

edness, (10.1). Finally, the equality of the graded dimensions follows by comparing
bases, since B is a basis of the source algebra ERQ. O
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10.2. The sink algebras algebraically. Analogous to the source algebra in §10.1
we like to restrict now to sink vertices. We say that a vertex ¢ € I of I' is a sink,
if there is no arrow which starts in 4. Let I C I be the set of sinks of ' and let
jﬁ C Jp be the set of Grassmannian dimension vectors k that are supported on T.

Definition 10.7. The sink algebra ]?)Rﬂ is the subalgebra of ER,, Grassmannian
supported on I , that is generated by R, and the floating dots with colours in T.

Similarly, let EPOIﬁ be the subalgebra of EPol,, generated by the X,, 1; and
by the omegas having colours in I (i.e. by w,1; such that i, € I;). Now consider

EPol,, as a representation of the sink algebra ERQ. Then ]?)Polﬂ C EPol, is clearly
a subrepresentation which is still faithful.

To get the geometric source algebra we have replaced the naive variety v/ by a

smaller variety Z. This strategy however cannot work for sink algebras:

Example 10.8. Let I' be the quiver with two vertices: ¢ and j, and one arrow ¢ — j.
Set n =i+ j, 1= (i,7). Algebraically, we have the floating dot Q21; which acts on
the polynomial representation by multiplication with (X2 — X7)ws1;. In contrast,
the fundamental class of [Z;; ;] acts on EPol, by wyl;. We observe that it is not
possible to match the algebraic formula by considering a smaller variety because
Zi4., is already just a point!

To compare with what happens for the source algebra, consider the same example
but with the arrow reversed, thus j — ¢ instead of i — j. Now Q51; acts on the
polynomial representation by (X7 — Xo2)w21;. The fundamental class [Z” ;] acts on
EPol,, by w21;. But now Zi,i,j = Hom(V}, Vi) and the variety Z C 7 is cut out by
imposing a = 0. Now the subvariety is again a point, but the action differs from the
sink case by an extra factor X; — Xy coming from the Euler class of Hom(V}, V;).

Example 10.8 shows that sink algebras need a different geometric treatment. Our
main idea is, in comparison to the source algebras, to add first an additional copy
of E, to the variety ) and then also some additional twist mixing the two copies
of E,. This approach was inspired by the Naisse-Vaz diagrams, more precisely by
the diagram varieties which we can attach to each such diagram; see Appendix B
for a definition and more motivation. More precisely, we believe that in the naive
version §B.3.2 some transversality property holds for every basis diagram which has
floating dots only for source vertices, and that this is the reason why the source
case works in an easy way. This expected transversality in the source case fails
however in the general case, see Example B.14 for an example, and §B.3.3 for a fix.

10.3. G-twists of vector bundles. We provide now some basic linear algebra facts
which will be useful to describe vector bundles which appear in our constructions.

Definition 10.9. Let E be a complex vector space with a fixed direct sum decom-
position £ = U @ U’. Then the U-flip map is the linear map

¢v: E®E—>FE®E, (w1 + ul, ug + ub) — (ug + ul, ur + ub). (10.3)
where uy,ug € U, u},uy € U'.

Remark 10.10. If U = E, then ¢y just flips the summands. It is the identity map if
U = {0}. In general, ¢y exchanges the two copies of U in E & E without touching
the U’ parts.
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One can easily compute the U-twists ¢y (E’ @ E) for a subspace E' C E:

Lemma 10.11. For any vector subspace E' C E, we have
du(E'®E)=(E'+U)® (E'NnUaU"). (10.4)

Ezxample 10.12. Back to our general setup in §7, consider the I-graded vector space
V = ®;c1V; with fixed subspaces W; C V; for all i. We equip V with a hermitian
scalar product which is compatible with the I-grading. This induces a decomposi-
tion V; = W; & VVZ-L for any 7. Now we can take

E:=E, = @i—m‘ Hom(V;, Vg) =U®U’, where
U= @i—)j Hom(V;,W;) and U’ =@, . Hom(V;, WJ_L).

i—J
For fixed V € F consider the corresponding Springer conditions
E' :={ac E|an(V])CVjforall h:i— j}. (10.5)

By Lemma 10.11 the U-twist of E' @ E C E® E = @,_, . Hom(V;, V; ®V;) equals

1—7J
¢u(E' @ E)={ac E, ® Ey | a(V)) C (Vi + W;) @ (V; N W)+ W;5)}.

More explicitly, («, 8) € ¢y (E' & E) satisfies the twisted Springer conditions

¢v(E'@E) ={(c, B) € En ® Ey | an(Vy) CVi+ W, Br(V)) C (VN W;)+ W}

We will now generalise the flip map to vector bundles. For this let X, Y be
smooth complex varieties and let V — X XY be the trivial vector bundle on X xY
with fibre V', and denote by Vx and Vy the trivial vector bundles with fibre V' on
X and Y respectively. These vector bundles have an induced scalar product on
each fibre. We can view V as the pull-backs of Vx and of Vy along the projection
to X respectively Y. Similarly, for subbundles x of Vx @& Vx and Uy of Vy we
denote by K and U the subbundles of V@&V respectively V which are the pull-backs
to X x Y along the respective projection map. Since the fibre over (z,y) € X x Y
of the vector bundle U is the fibre of Uy over y (independently of z), we denote it
just by U,. Similarly, for the fibre K, of K over . We now define vector bundles
by glueing U-flip maps:

Definition 10.13. Consider V as a real vector bundle. The U-twist ¢y (K) of K for
the triple (X,Y, V) is the subbundle of V @ V with fibre ¢y, (K,) over (z,y).

Remark 10.14. As a bundle of real varieties, ¢(K) is isomorphic to K (via ¢y).
The base and the fibres are complex varieties, although it is in general not a bundle
of complex varieties (since the map is not necessarily algebraic).

In practise we will use U-twists to show that certain manifolds are (real) vector
bundles by realizing them as some ¢y (K). Since for us prominent examples will
be such that U is the tautological bundle of a Grassmannian we call these twists
G-twists or Grassmannian twists.

Ezxample 10.15. As an upgrade of Example 10.12, we can define the extended KLR
twist bundle ¢y (K). For this take X = F, Y = G, V = E,. Then define Ux as
subbundle of Vy and Kx as the subbundle of Vx @ Vx with fibres U respectively
E' @ E as in Example 10.12.
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10.4. The sink algebras geometrically. Now, we explain how to construct geo-
metrically the subalgebra ]?)Rﬂ of ER,,. We denote by j/, 7 the modification of ),
Z from Section 7 by only allowing the Grassmannian dimension vectors k € jﬁ. To

define the replacement Z of Z we first enlarge y by an extra copy of E,.

Set Yip = Vg X En, Y = Vi X By and Y = j_i x Ey,. We denote elements of
the original copy of E, by « and of the new copy by S, thus («,3) € E, ® E,, =
@D, Hom(V;, V; & V). Finally fix a (hermitian) scalar product on V' such that
different V;’s are orthogonal.

Definition 10.16. Let Yiﬁ& be the (real) vector bundle!” over F x G whose fiber over
(V,W) is the subspace of E,, x E, x F; X G, determined by the tuples

{(a, B,V, W) | an(V}) C VI+W;, Bu(Vy) C (ViNW;)+W;* for h:i— 5}, (10.6)

Set also

¢ _ ¢ N h
Y& = Hiem Yi,& and Y?¢ = Hielﬁ,ﬁejl Yk
S R, P ﬁ¢ B b
Ly, b, =Yg, XEuFy Y, 22 =1k, kyedn Zhy by

Zo="100  Z=1lges, 2

Remark 10.17. Note that Y?k is the U-twist of the bundle with fibres £’ ® E given

by the Springer conditions (165) for the triple (F, G, E,), see Example 10.15. We
therefore call the conditions from (10.6) twisted Springer conditions.

Consider now the algebra He 2(Z%), with product given by convolution defined

with respect to the inclusion Z¢ C Y¢ x Y¢. We next define generalisations of the
Grassmannian inclusion subvarieties from §4.6. Namely we consider

7% = {(a, B,V VW, W) [W D W} C 2% and Zj ., =77 , NZ5. (10.7)
IfEluEQuEl _EQ € jﬂ, then we have
. , o 3 m
73 p = Zrkyn (@B VW) o (b, B). V.V, W, W),

where U = €, _, ; Hom(V;, W;) and U’ = ®,_,, Hom(V;, VNVj) By definition of the
flip map, this is a locally trivial fibration with Grassmannians as fibers; the fibers
are the same fibres as for Zg 5p, = Zg, —x,-

—

We have a linear map HSE(Z) — HSQ(Z‘i’) defined as the composition of the

—

pullback H®(Z) — H®(Z%) and the push-forward Hy =(2%) — Hy™(Z%).

Proposition 10.18. The space HSE(Z) is a subalgebra of HSQ(Z‘i’)

Proof. We just copy the arguments of §9.5. In that case, we knew (using Gells)
that H, 2(Z) embeds into HY (Z)1ec but the injectivity for the similar map for Z¢

—
n

is not clear. So, the argument above allows to identify HS *(Z) with a subalgebra

of the quotient of H. S 2(Z%) by the kernel of the localization map. Moreover, since

17Althoug;h Y? is by definition a real algebraic variety, it is homeomorphic to Y, and we can
view it as a complex algebraic variety. The variety Z? below is however real.
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the localization map is injective on the i 1mage of H (Z) in HSE(Z‘i’), we see that
HSQ( Z) is identified with a subalgebra of Ho= (Z¢) (not just of its quotient). [

—

Definition 10.19. Define a Z- grading on the algebra HSQ(Z) by putting Hf}ﬁ(ziyj&)
in degree —r + 2d1mY1 s >ier (k2 — k).

Remark 10.20. We omit the straight-forward check that Definition 10.19 is a well-
defined grading. The main difference to Definition 9.14 is that we use now dim ijk
instead of dim }); ;. In fact, we have dim Yfk =dim Y, =dim); + dim E,.

—

Theorem 10.21. There is an isomorphism of graded algebras ERQ = HSQ(Z)

Proof. The algebra bios (Z“b) acts on HGQ({N’) = Hfﬂ(j_i) & EPOI We can

restrict this action to Hy =z ) Similarly to What we did before, for each generator
x € ER we can construct some z € Ho (Z) acting by the same operator on

EPolﬂ. Indeed, there is nothing to do for 7. and X, we only have to consider Q1;
with iy € I. It is easy to see (doing a modification of the computations above) that
it acts by the same operator (namely multlphcatlon by wil;), as the fundamental
class of the closed subset of Z1 ii, given by V = V and W = V!, This is explained in
more detailed in the more general situation below, see Proposition 11.12. Moreover

the H GQ(Z )-action on H. Gﬂ({m) is faithful, as can be shown using the approach of
Remark 2.6 and the paving of Z by prelmages of Gells. Thus, we get an injective
algebra homomorphism ER o HS (Z) This is an isomorphism, since the two
algebras have the same graded dimension by Lemma 10.22 below. ]

Let ngllz j be a Gell in F; x F; x G, and let p~ ((’)gfjllz ;) be its preimage under

the projection Z — FxFxG.
Lemma 10.22. Fork € jn, we have
deg(Tu QU n1yT215) = 2d1mY¢ + Z (k2 — k;) — 2dim OF°! (10.8)

T,Y,2,§"
i€l

Proof. If the quiver has no arrows, then the equality (10.8) holds by (6.7). For a
general quiver I we reformulate (10.8), as we did for (8.6), using Lemma 7.21 as
X(@) + X () + X(2) + X (wor) = dima g YfE — dimqs (p1(OS9, 5)) . (10.9)

Here dim, g denotes the dimension of the fibre of the vector bundle given by forget-
ting both E,-components. To make sure that this notation makes sense consider

q: YD, = FixG, and pN(OFL;) -~ Oyl (10.10)
(@, B,V W) = (V, W), (@, B,V VW) = (V.V, W),

These are subbundles of the trivial vector bundles with fibre E,, @ E,,. Moreover,
it is easy to see from the construction, that in both cases every fibre F' C E, @ E,
is homogeneous with respect to the decomposition E,, ® E,,, i.e., we always have
F = F, © Fg, where F,, and Fj are the intersections of F' with the first F, and
second copy of E, respectively. Note that dim F' = dim F,, 4 dim Fj is 1ndependent
of the choice of fibre, but dim F,, and dim F3 heavily depend on the choice.
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Pick therefore (V, W) € Fix Gy and (V,V, W) € OF°L . and consider their fibres

T,Y,2,j°
n (10.10). We get decompositions (dependent of our choice)

dima, g Yffk = dim,, Yfi’ +dimg Y7,
dima”@p ((’)Gell ) = dim,, p—l(OGell ) + dlrn,@p (OGell )

T,Y,2, T,Y,2,§ T,Y,2,j
Note that we have dimg YSE = dimg p~1(OFS", ;). Thus, (10.9) becomes
X () + X(2) = dimg Y7, — dima p (055, ), (10.11)

since by assumption (sink case), we have X(m) = X(wo,x) = 0. On the other hand,

dim, Y{, =dim X(VY),  dimap~ (05 ;) = dim(X (VW) n X (V)), (10.12)

Z,Y,2,]

by Remark 6.13 and the arguments after (10.2). By Proposition 7.13, these formulas
imply (10.11). Since (10.11) is equivalent to (10.22), this finishes the proof. O

Summary. We treated sources and sinks quite differently. To obtaln the source

algebra we did not do anythlng special with the variety y but defined Z by puttlng
conditions cutting y XE, yo To obtain the s1nk algebra, we modified y to Y¢ (by

adding a copy of E,, and a twist), but defined Z as Y x Ep X EQYO (without passing
to a proper closed subset). We fusion now these two approaches.

11. GRASSMANNIAN QUIVER HECKE ALGEBRAS

In this section we prove the main isomorphism theorem which realises the Naisse—
Vaz algebras geometrically in terms of Grassmannian quiver Hecke algebras.

We still assume the setup from the opening paragraphs of §1 and §7. In partic-
ular, I' = (I, A) is a quiver with no loops and n is a dimension vector.

11.1. The Grassmannian—Steinberg varieties. Let k& be an arbitrary element
of J,. We define Y;; and Yf x as in Definition 10.16, except we do not assume
k e jﬂ. Set Z¢ = Y*¢ X Ep®E, Y? and Z¢ = Y? X Ep®E, Yg. We also consider
certain unions of connected components of Z¢ exactly as for Z, see Definition 7.4
and the definitions afterwards. We now can define our main player:

Definition 11.1. The Grassmannian-Steinberg variety is the subvariety Z C Z% of
all (o, 8,V,V, W) satisfying the following Grassmannian—Steinberg conditions

an(V" W) nwy) c (V' nWw,)t nw;, (11.1)
for any h: i — j and r € [0;n]; that is, the flag VXV is preserved by a.

Remark 11.2. In case W is supported on sources, (11.1) recovers Definition 10.3. In
case W is supported on sinks, (11.1) is no condition (compatible with Section 10.4).

Let OS¢l . be a Gell in F; x Fj x G and p~1(OF¢! ) its preimage in Z. The

T,Y,2,j z,Y,2,]
next statement, illustrated in Example 11.5, will help to compute their dimensions.
Lemma 11.3. Assume that T' has exactly one arrow i — j. Let V € F; and
W € G with rel(V,W) = z. Then rel(V,VW) = zwg . and zwo = z122 with
xy = 1el(V,VWi), 29 = 1rel(VW3 VW) Moreover, (x122) = €(x1) + £(2).
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Proof. The first statement follows from the definitions, see Remark 6.17. By
Lemma 7.16, we have rel(V,VWs) - rel(VWi VAW) = rel(V, VW) which implies
Twor = T1r2. Since x7'(a) > xyt(b) implies (zwo ) (a) > (zwox) ' (b) for
any 1 < a < b < n, we also have {(z122) = (x1) + {(z2). O

Proposition 11.4. We have
deg(mQp ny=15) = 2dim Y{, + > (k7 — k;) — 2dim 054" (11.2)

z,Y,2,§°
i€l
Proof. In case the quiver has no arrows, (11.2) holds by (6.7). For a general quiver
I" we argue as for (8.6): using Lemma 7.21, we reformulate (11.2) as

X (@) + X () + X(2) + X(wor) = dimg Vi p — dima p~ ' (O, 5), (11.3)

where we reduce, as in the proof of Lemma 10.22 from dimg,, g to dim,.
Now assume that I" contains only one arrow, say h : ¢ — j. Then

dim, Y{, — dimg p~1(OS9", ;) = dim X (VW7) — dim(X (V-") N X(V))

T,Y,2,)

(dim X (V"5) — dim X (VAW + (dim X (V") — dim(X (V2") N X (V)
= X(zwor) + X(yz). (11.4)

The third equality here follows from Proposition 7.13 applied to (V"W V) (which
gives dim X (VAW — dim(X (VEW)n X (V)) = X (yz)) and Proposition 7.13 applied
to (VW5,VAW). Indeed, with 21, x> as in Lemma 11.3 we have X (1) = 0 and then
X(x2) = X(zwok), and therefore dim X (V7)) — dim X (VW) = dim X (VW7) —
dim X (VV9) N X (VEW) = X(#2) = X(zwox). We thus showed (11.3) in case T’
has one arrow. It is clear if there is now arrow. Now (11.3) follows by writing T as a
sum of quivers with one arrow, see Definition 7.12, since all terms are additive. [

We illustrate the main step of the proof and Lemma 11.3 in an example.

Ezample 11.5. Consider the quiver i — j. Let n = 2i+3j, k = i+2j,1i= (4, 4,,5,7)
and © = s15283. For V € F;, W € Gy, the condition rel(V, W) = x means there
exist orthogonal bases (v 1,v;2) of V; and (v 1, vj,2,v;3) of V; such that
V= (0;1), V2 = (vi1,051), V2 = (031,051, vi2), V2 = (031,051, 0i2,052), (11.5)
Wi = (vi2), Wj = (vj,1,5.2)- (11.6)
The flags V', VAW VWi are then (here each step changes the dimension by 1):

VW {0} C (vj,1) C (vj1,vi2) C (v),1,0i2,052) C (v),1,i,2,5,2,03,1) C V.
VAW {0} C (v)2) C (vj2,vi2) C ()2, 52, v51) C (Vj2, V2,051, vi1) C V.
VWj : {0} C <1)j)1> C <1)j)1,’Uj12> C <vj11,vj)2,vi,1> C <vj11,vj12,vi)1,vi,2> cV.

To illustrate this diagrammatically we draw the coloured permutation (i, zwo ),
v i 3 i Jj J
\/W
e X< |
\/J_W
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with wo x at the bottom (which is the longest element in S, with k¥ =2+ 1) and =,
the given shortest coset representative at the top. The colour sequence i at the top
tells us V € F; and the strands indicate the flag V from (11.5) (each strand stands
for a new basis vector). Then VW and W from (11.6), can be read off by looking at
the intersection with the yellow horizontal line (the strands still stand for the basis
vectors). Finally, VA" is encoded by the strands at the bottom of the diagram.
Now we want to factor zwg j, as 179 with z1 = rel(V, VWi) x5 = rel(VWVi VW),
In practise, we can take Vi and encode it diagrammatically (see the yellow hori-
zontal line). Then z; can be read off by connecting with strands in a minimal way
to the top, and x2 appears when we extend afterwards at the bottom to get zwo .

v i J i Jj J
1 | (11.8)
VWi
i) |
\/J_W

We can also argue purely diagrammatically by connecting the top and bottom
sequences (determined by i and zwg ) by a product x1x2 = 2wy i of permutations.
Hereby 1 only moves some strands coloured j (corresponding to W;) to the left,

and xo does the rest. In particular, X(zl) = 0, and the flag VWi can then be

read off in the middle of the diagram. We see that x; = rel(V,VWi) = s351s9,
29 = 1el(VWi VW) = 53559, although the two elements play very different roles.

11.2. Main theorems. In this subsection we formulate the two main results: the
subalgebra theorem (Theorem 11.7) and the isomorphism theorem (Theorem 11.8).

Similarly to what we did in §10.4, we have the linear map HSE(Z‘ZS) — HGE(Z‘ZS)
defined as the composition of the pullback HG (Z¢) — HO® (Z¢) and the push-
forward HSE(Z%) — HSQ(Z‘i’) We also have the pushforward map Hy “(Z) -
He 2(Z?). Similarly to Definition 10.19, we consider the following grading.

Definition 11.6. We equip the vector space HG" (Z) with a Z-grading by putting

HS”(Z1J k) in degree —r + 2d1mY]l kT Sier(k? — k).

Theorem 11.7. The convolutwn algebra structure on HY (Z )loc induces a graded
algebra structure on H* (Z) via the maps bins ~(Z) - H® ( ?) — (Z¢) —
HY(Z%)10c. It turns o %(Z) into a graded subalgebra of H* (Z)10c.

The second main result is the following isomorphism theorem:

Theorem 11.8. There is an isomorphism of graded algebras ER,, = HSQ(Z)
Moreover, the isomorphism can be chosen such that the following holds:

e [Ajgol, mly= (“1)%5rma [Tg], Q1o [0y,
X,15 — the first Chern class of the line bundle on Ajj o given by V" V"

where 0y := {(a, B, V.V, W) | V =V, W =V} C Z55, and Tpj := {(a, 8,V,V) |
Wp*\/pforp#T}CZST(J)JO,andA“O—{( BV, V) [V =V} C Z50.

Definition 11.9. We call H., 1(Z) the Grassmannian quiver Hecke algebra.
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Theorem 11.8 says now that the extended KLR algebra is isomorphic to the
Grassmannian quiver Hecke algebra (and Theorem 11.7 says that that the Grass-
mannian quiver Hecke algebra is well-defined). See also Terminology 8.5.

Remark 11.10. For the proof, we like to proceed as for the source and sink algebras
and deduce that H{ l(Z) is an algebra isomorphic to ER,,, but there are some
subtleties in the general situation. The variety Z is nice, because it is a vector
bundle over each Gell, and we get an inclusion HY l(Z) — HT (Z)loc. However,
it is not clear if this also holds for Z¢ and Z¢ and we do not see a reason why
H2(7%) should act faithfully on HS®(Y?). Since the map from Hy2(Z%) to
the localization is not necessarily injective, we cannot argue as in §9.5 to define a
product on H*GQ(Z‘i’) from the product on HSE(ZQS)

We overcome these problems as follows. We know that for each generator z of
the algebra ER,, there exists some x € H & E(Z‘z’) which acts in the same way on the
polynomial representation. Without faithfulness, this does not allow to embed ER,,
into HSQ(ZC"), but allows to embed ER,, into the quotient F*Gﬂ(qu) of HSQ(ZC") by
the kernel of the action. We then use the argument of §9.5 to identify a quotient
of HY *(Z%) with a subalgebra of ﬁfﬂ(zd’) and show that the image of ER,, is
contained in this subalgebra. Finally, we show that the image of ER,, is in the
image of H S 2(Z) and we identify them by counting degrees.

11.3. The proof of the main theorem. As a preparation of the proof consider
the following commutative diagram:

HE(Z)IOC —— HE(Z¢)IOC . HE(Z¢)IOC

T T T (11.9)

Hi2(2) —— H2(79) ——— HI2(79).
Here, the left vertical map is injective, but we do not know if the other vertical
maps are injective. Denoting by H it _=(Z%) and H *(Z?) the quotients of H, "(Z‘ﬁ)

and H. S 2(Z%) respectively by the kernels of the vertical maps we obtain:

Lemma 11.11. All maps in the following commutative diagram are injective.

HE(Z)IOC — HE(Z¢)IOC — HE(Z¢)IOC

T T T (11.10)

HI2(2) —— H™(2%) —— H.™(2%).
Proposition 11.12. For each generator x of ER,, there exists x € HSQ(qu) whose

image in HSQ(Z‘ﬁ) acts on Hfﬁ(Y‘z’) = EPol,, by the same operator.

Proof. We claim that the assignments in Theorem 11.8 (with Z replaced by Z¢)
satisfy the desired property. We already checked in §9 that this works for the naive
version Z. Let us explain what happens when we add the twist. Since Zg =70 % B,
and Z,Dk = Zx~k X E,, the twist changes nothing for 15, z,15, 7,15

We are left with Q1;. We have Z¢ # Z; x E,, but these varieties become the
same when we add the conditions V = V and W = V!. Moreover, the image in
H (Z}f 41, ) of the class of the subvariety given by these conditions is the class of
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the subvariety defined by V = V, W = W & V! and this direct sum is orthogonal.
This subvariety is the same as in the non-twisted case. Thus, a computation using
T-fixed points gives the same coefficients in the twisted as in the untwisted case. [

Corollary 11.13. There is a monomorphism of algebras ®: ER,, — HE(Z¢)1OC.

Proof. An element of HSQ(ZC") acts by zero on HEQ(Y¢) if and only if it is zero in
HIY(Z%)10c. O

Similarly to the computation in Lemma 9.11, we see that the algebra structure
on HYT(Z%)e restricts to an algebra structure on HY (Z?)oc-

Lemma 11.14. The image of ® is contained in the image of HY ( )ioc -

Proof. Tt is clear from Proposition 11.12 that the image of every generator of ER,,
is in HE(Z)lOC. Since H;F(Z)h,c is a subalgebra of H(Z%)sc, the claim follows. [

An argument similar to Corollary 9.13 shows that the image of HSQ(ZQ in
HT(Z%)10¢ is a subalgebra. This yields in particular an algebra structure on ﬁSE(Z‘i’)

Lemma 11.15. The image of ® is in the image of HSQ(Z“")

As explained above, the element Q1; is given in He (ZZ +1.) (see Proposi-
tion 11.12) by the fundamental class of the subvariety described in the proof of
Proposition 11.12. For any point («, 3,V, \7, W, W) of this subvariety we have the
following.

Lemma 11.16. Let h: i — 7 be an arrow in the quiver I'. Then it holds
an(Wi N W) c W, (11.11)

Proof. We have W; ﬁﬁ/f = VNV, by the definition of the subvariety. Now (11.11)
follows from the twisted Springer condition in ijsz, see Definition 10.16. (|

Proposition 11.17. The image of ® is contained in the image of HSE(Z)

Proof. By Lemma 11.15, we have a monomorphism of algebras ER,, < ﬁfﬂ(zd’)

We would like to check that its image is in the image of H GE(Z.) It is enough to
check this for every basis element 7, ,,7,7.1; of ER,,. Let us write this basis ele-
ment as a product G1Gs - - - G, of elementary generators of the algebra (crossmgs

polynomials, floating dots). Each Gy, is sent to some homology class in H %(79) de-
fined as a push-forward of some homology class on some elementary correspondence
Cp. More precisely,

e if G, = P1; with P € k[X1,..., X,], then C}, is the diagonal (V = V) in Zl 100
e if G} = 7,15, then C), is "almost diagonal" (V¢ = V4 for ¢ # r) in Z
o if G, = Ql;, then C) C Zf; , is given by V=V and W = V1.
We lift now C7,...,C" to correspondences C1,...,C, in Z®. For p € [1;a] let f(p)
be the number of ﬂoatmg dots among the GPH, Gpt2,...,Gq. We define next C), C

Z3 oy +1.1)

the preimage of C;, under the map AA Fo)+15 /()

»(1),1,07

if G, is a floating dot, and C}, C 7% o), f( otherwise Namely, let C, be
— Z respectively Z ( Sfp) Zg.
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Then the basis element G1Gz - - G, in HSQ(ZZ) = Ffﬁ(zgo) is the push-forward
of some homology class on C;0Cs0---0(,,. (We use the notation of §2.) We claim
that C; 0 Cy0...0C, C Z. We need to show that if (Yo, Y1, ---,Ya) € (YP)or!
such that (y,—1,yp) € Cp for p € [1;a], then yo satisfies Grassmannian—Steinberg
conditions (11.1).

To see this we need some notation. Let yo = (o, 3,V,V, W = D, Wi). More-
over, let p; < po < ... < p be the indices such that G, are floating dots.
Then denote by W7 the Grassmanian space from y,.. Then W =: W° > W' >
W2 > ... > Wk = {0} is a full flag in W. For r € [1;k], pick some nonzero
w, € W1 N (W")L. The vectors wy, ws, ..., w form then an orthogonal basis of
W and we have W" = (w41, Wryo, ..., wg) for r € [0; k.

In case I' has no arrow, there is nothing to do, otherwise pick any arrow h: i — j.
Then, since we have w,, € W™=t (W")+, Lemma 11.16 applied to C,, yields

ah(<wr) N Wl) cWwW'n Wj = (wT+1,wT+2, Cey wk) n Wj.

We see from the formula above that « preserves each W' = (wy41, Wpt2,. .., Wk).

To verify the Grassmannian—Steinberg conditions (11.1) for yo, let r € [1;n]. By
definition of the correspondences, there is some index b such that wy,...,w, € V"N
W and wp41, Wpt2, ..., wy are orthogonal to V' NW. Thus, V' NW; = (VVb)l NW;
and (V" NW;)t N W, = Wb N W,. Now, (11.1) follows, since a preserves W”. I

Remark 11.18. The proof above becomes more natural if we think of it in terms of
diagram varieties, a notion we introduce in Appendix B. In fact, this proof explains
that for each basis diagram D, the image of the map prp: V(D) — Z¢ (we use the
notation of §B.3.3) satisfies (11.1). In this diagram varieties, the vectors ws, . .., wg
span the spaces (wy),. .., (wg) corresponding to the regions of the diagram D with
floating dots (counted from top to bottom), see also Example B.22.

Proof of Theorem 11.7 and Theorem 11.8. By Proposition 11.17, the monomorphism

& factors through H & “(Z). On the other hand, the graded dimensions of ER,, and
HSE(Z) agree by Proposition 11.4. Thus the image of ® is exactly (the image of)
H*GE(Z) In particular, HSE(Z) C HF(Z%)10c is a subalgebra.

The concrete formulas for the image of the generators of ER,, in bins *(Z) are
given by the choice of the images of the generators in Proposition 11.12, see Theo-

rem 11.8 . O

APPENDIX A. PRESENTATIONS IN TERMS OF GENERATORS AND RELATIONS

We present here NH,,, ENH,, and ENH,, as algebras with generators and rela-
tions. The isomorphism to the definitions in §3 is canonically given by identifying
the abstract generators with the concrete operator with the same name.

Lemma A.1. The nil-Hecke algebra NH,, is isomorphic to the algebra generated
by elements X; for i € [1;n] and T, forr € [1;n—1] modulo the nil-Hecke relations

L) T,T, = T,T,, if |r — | > 1, 5.) T,X, = X, Ty + 1,

2) TyTy 1Ty = Toa To T, 6.) X, T =Ty Xrp1 + 1,

3.) T?=0, 7) X, = XL, ift #14,i+ 1,
4) XiX; = X;X;, where i,j € [1;n] and r,t € [1;n —1].
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Lemma A.2. The extended nil-Hecke algebra ENH,, is isomorphic to the algebra
generated by X;, w;, Ty, i € [1;n], r € [1;n— 1], modulo the nil-Hecke relations and

8) wiwj = _iji; 11) [Tr,wT + err-l-l] = 0,
9.) Xiw; =w;X;, 12.) w? =0 (in case char(k) = 2),
10.) Trw; = wiTy, if r # 1, where i,j € [1;n] and r,t € [1;n —1].

It is not difficult to verify in ENH,, the formula
Wi+1 = TiwiTiXi+1 — XszwlTl, for 0 S ) S n — 1.
This allows a smaller presentation using only w; instead of wy,ws, ..., w, as follows.

Lemma A.3. The extended nil-Hecke algebra ENH,, is isomorphic to the algebra
generated by elements wy, X;, T, i € [1;n], » € [1;n — 1] modulo the nil-Hecke
relations and

8.) w? =0, 10°) Thwr = wiTy, if r #1,
97.) Xl-wl = lei; 11’) lellel + w1T1w1T1 =0.

Proofs of Lemmas A.1, A.2, A.3, 3.6, 3.7. The statement of Lemma A.1 is well-
known, see e.g. [15, Ex. 2.2(3)]. Let ENH], denote the asserted presentation of
ENH,,. It is easy to verify that the relations 1.) — 12.) hold in ENH,, (note w, +
Xrwy41 18 sp-invariant, see (3.1)). We get an algebra morphism ENH;L — ENH,,
which is surjective by Definition 3.4. We see from [21, Proposition 8.1] that there is
an isomorphism of vector spaces ENH, = N, ®NH,,, using the identification from
Lemma A.1. This implies that the ENH/ -action on EPol,, is faithful because of
the faithfulness of the NH,-action on Pol,,. Then the map ENH;L — ENH,, is also
injective. Thus we proved Lemma A.2. Lemma A.3 holds by [24, Corollary 3.17].
To see Lemma 3.6, we can write any h € ENH,, uniquely as h = ZAeA(n) wxhy with
hy € NH,,. Lemma 3.6 then follows by definition of ENH,, and the fact that NH,,
acts faithfully on Pol,,. Note that there is an antiautomorphism of ENH/, sending
each generator to itself, this implies Lemma 3.7. O

Lemma A.4. The algebra ENH,, is isomorphic to the algebra generated by X, w;L,

w;, T, i € [I;n], r € [1;n — 1] modulo the nil-Hecke relations and additionally
8”) w;"wj_ + wj_w;" = 0;j, 117) Tywi = wT,, if r #1,
9”,) wiiwji = —wjiwii’ 12”.) Trwi_ = wi_Tr, Zf’f‘ 75 i+ 1,
0% Xk - X, 1) (Tisf + Xt] 20
147) [Tr,w, — Xpw, ] = 0.

where i,j € [1;n] and r,t € [1;n —1].

Proof of Lemma A.4 and Proposition 3.10. 1t is easy to check that the operators
from Definition 3.8 satisfy the relations 8”.)-14”.) and of course the nil-Hecke rela-
tions. To prove Lemma A .4, it suffices to verify that the algebra ENH!, given by
generators and relations in Lemma A.4 acts faithfully on EPol,.

The relations directly imply that the set S of elements analogous to Proposi-
tion 3.10 span the algebra ENH,,. To show ENH/, = ENH,, it is enough to check
that the elements of S act by linearly independent operators. For this, we verify
that ENH,, is a free left ENH,-module with a basis {w,; A € A(n)}. Note that
each element x € ENH,, can be written as x = ZAGA(H) zawy where x\ € ENH,,.
We claim that a nonzero coefficient x) implies that such a linear combination is
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nonzero, since it acts on EPol,, by a nonzero operator. Indeed, pick Ao with |Ag|
as small as possible such that z,, # 0. By Lemma 3.6, we can find a polynomial
P € Pol, such that z),P # 0, and thus = - Pwy, = x,P # 0 in EPol,,. Therefore,
ENH/, = ENH,,. We implicitly also showed Proposition 3.10. ([

APPENDIX B. DIAGRAM VARIETIES

In this section we explain some of the motivation and intuition behind the con-
structions of the paper. The main theme hereby is that, up to technical details,
a lot of the geometry can be read off the diagrams defining the nil-Hecke algebra,
its extended version and their coloured version from Section 1. More explicitly,
we will define what we call diagram varieties, which are varieties assigned to the
diagrams and basis elements from the algebras we like to describe geometrically. In
some sense we build varieties and (co)homology classes from diagrams and in this
way construct step by step the geometry described in the paper. We think that
the underlying combinatorics is interesting on its own. It lead us naturally to the
definition of upper/lower cells, G-cells, Gells (see §7.5) and the definitions of the
modifications of the variety Z given in §10.1, §10.4 and §11.

Since the purpose of this appendix is to give some intuition, we will not get into
technical details. As a result we formulate instead several beliefs which we believe
are true and most likely not too difficult to prove. These statements are not used
in the main part of the paper. Assuming them however allows a more conceptual
explanation of why the overall construction given in the paper really works. In the
main part of the paper we do proofs in a more economical (but less conceptual way)
based on computations of dimensions.

B.1. The general idea. Let L, X,Y,Z be as in §2. Assume that C C Z is a
(smooth) L-stable closed submanifold. Abusing the notation, we denote by [C] the
push-forward to HX(Z) of the fundamental class of C. Imagine now that we want
to multiply fundamental classes in the convolution algebra HL(Z):

(€] - [Ca] - .- [Cal. (B.1)

For 1 <i < j < a+1, denote by p; ; the projection p; ;: YT — Y2 to the ith and
jth components. By the definition of the convolution product (see also the proof
of [4, (2.7.19)]), the product (B.1) is equal to

(P1,a+1)+([(P1,2) TH(CDI N [(p2,3) T (C2)] N N [(Pasar1) T (Ca))), (B.2)

where the N-product is taken inside the variety Y21, If these intersections (B.2)
are transversal, they can be replaced by the corresponding set-theory intersections

(P1,0+1)+([(P1,2)H(C1) N (p2,3) " (C2) N N (Paat1) ™ (Ca)))-
Moreover, we have
(P1.2)"H(C1) N (p2,3) "1 (C2) N oo N Pasas1) " (Ca) = C1 Xy Co Xy ... Xy Cl
Thus, if the intersection is transversal, the product (B.1) is equal to
(P1,041)+([C1 Xy C2 Xy ... xy Cgl). (B.3)

In general, if there is no transversality, the product (B.1) is the push-forward
(p1.a+1)«(c) of a more complicated class ¢ € HX(Cy xy Cy xy ... xy C,) which is
not always a fundamental class.
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We will now connect such calculations with the diagrams from Section 1. We will
see in concrete examples how the varieties C7 Xy Cy Xy ... Xy C, can explicitly be
described in terms of a corresponding diagram D. We will formalise this observation
in the notion the diagram variety V(D) attached to D.

B.2. The case of sls.

B.2.1. Nil-Hecke case. We first consider the nil-Hecke case from §3, §4.

Consider a word hp =1, T, . .. T, € NH,, with corresponding diagram D (it
has n strands built from p crossings and no dots, see §1.2). We now explain how
to see from the diagram which element of HE(F x F) corresponds to hp. For this
we consider D as a diagram drawn in a horizontal strip = in the plane connecting
n dots in the bottom boundary of the strip with n dots at the top boundary.

Definition B.1. For a diagram D € NH,, without dots we denote by A = A(D) the
set of connected components in the complement of D in =. For a € A let d(a) be
the distance!® from a to the unique leftmost component. (This number is 0 for the
leftmost region and it is n for the unique rightmost region).

For example, the diagrams for hp = ToT1T3T5 € NHy and hp = 11Ty € NHy
are drawn in Figure 1 in black. The additional blue numbers in the regions, i.e.
the elements in a € A, are the distances d(a).

Uy

Us

\ARACRRE
FIGURE 1. The distance function in A and points in [],c 4 Gra) (V).

Definition B.2. For a diagram D € NH,, without dots, the diagram variety V(D) is
the subvariety of [[,c 4 Gra) (V') given by all tuples (Us)ac 4 satisfying the diagram
conditions: U,, C U,, whenever a; and ay are neighboured and d(a;1) < d(asg).

Definition B.3. To U, € V(D), we can associate two full flags in V: the flag U*P

given by reading the vector spaces in the regions touching the top boundary of the

strip, and the flag UP°* given by reading the vector spaces in the bottom regions.

We get a projective morphism prp: V(D) — F x F,U s (UP, UPY),

Ezample B.4. For D as in Figure 1, the diagram variety V(D) is given by all tuples

0,V V2 v3 U, VL V2 V3 V) in Gro(V) x Gri(V) x Gra(V) x Grz(V) x Gra(V) x

Gr1(V) x Gra(V) x Gr3(V) x Grg(V) such that, see the second diagram of Figure 1,

Vicev2icevd, VIicV2ceVe, vicUucVv?, VicucVe.

the morphism prp, is (V1, V2, V3, U, V1, ¥2 ¥3) — (VI c V2 c V3, V! € V2 ¢ ¥3).
18The line segments given by the connected components of the intersection of the closure of

a € A with D are the walls of a. Moreover, a,b € A are neighbours if they share a common wall.

The distance between a € A and the leftmost component ag is the minimal d such that there
exists a sequence a = ag,a1,...,aq = a in A such that successive elements are neighbours.
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Note that the subspace corresponding to the leftmost region is always 0 and it
is V for the rightmost region. The inclusions forced by the diagram conditions
on these vector spaces are automatic. In the following we will mostly omit these
components which do not change the variety.

Ezample B.5. For D’ as in Figure 1, we have V(D’) 2 Gr1(V) x Gr1(V) x Gr1(V)
and hp: V(D) 2 Gri(V)x Gri (V) x Gr1 (V) = Fx F = Gr1 (V) x Gry (V) is given
by (Uy,Us,Us) — (Uy,Us). The push-forward of this map sends the fundamental
class to zero by dimension reasons. So, we have (prp.).([V(D')]) =0=T1T:.

It is clear from the definition of the convolution algebra (see §B.1), that for any
diagram D from NH,,, we have hp = (prp)«(c) for some ¢ € HE(V(D)). We believe
that it is a feature of sly that ¢ = [V(D)] works (see Examples B.4 and B.5).

Belief B.6. We believe that hp = (prp)«([V(D)]) for any diagram D in NH,,.
For general I' this may however fail, see Example B.14.

B.2.2. The version for ENH,,. Consider an element hp € ENH,, given by a word
with 7’s and w’s, but no X’s. The corresponding diagram D is allowed to have
intersections and floating dots, but no ordinary dots.

Fix a (hermitian) scalar product on V. Let A = A(D) be as before and let
B = B(D) be the set of floating dots in D.

Definition B.7. For a diagram D € ENH,, without dots, the associated diagram
variety'® V(D) is the subvariety in [],c 4 Gra)(V) X [Tyes Gri(V) given by all
points satisfying the following diagram conditions

e if a1,as € A are neighboured with d(ay) < d(asz), then U,, C U,,,

o if the floating dot b is in the region a, then W), C U,,

e all W, are orthogonal with respect to the scalar product.

Here, U, € Grgq)(V), Wi, € Gri(V) are the elements labelled by a respectively b.
As in §B.2.1, there is a projective morphism
prp: V(D) = Z2=Fx FxG, (Ue, Wa) 5 (UP U, @pepgWh).
Clearly hp = (prp)«(c) for some ¢ € HE(V(D)). We expect nicer behaviour:
Belief B.8. We believe that hp = (prp)«([V(D)]).

Ezample B.9. Consider the diagram D representing the element 3 ¢:

o oV,
V2 (B.4)
D = \/3 \/4 \/5
U
(o) (o)

We claim that picking out the top flag defines an isomorphism V(D) = F. We show
that any full flag V! C V2 C --- C V® can be extended in a unique way to a point in
V(D) by adding 1-dimensional vector spaces Wy, Wo, W3 associated to the floating

dots (counted from top to bottom) and a 2-dimensional space U as indicated in
(B.4). Clearly, (Wy, Wa, W3) = (VL V2N Wi V3 N W4 is the only possibility and

19Since the third condition uses the scalar product, this condition is not algebraic over C, but
it is algebraic over R. So, the diagram varieties are in general real algebraic varieties.
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then U = Wy @ W3. Then we also see that the map prp in this case is an inclusion
of a closed subvariety with image isomorphic to the triples (V,V, W) satisfying

Vo=Vo, vi=V4 VE=w=V3, V2LV wv!'lV2

These conditions are exactly the conditions defining the minimal Gell Ol | from
Example 6.20 associated to the basis element 23 6. With some extra work one can
show that Belief B.8 holds, but we omit the arguments.

Next we describe a general strategy how to assign a stratum of a basic paving
(more precisely an upper or lower cell, a G-cell or a Gell) to a basis element §6.1:

We take the diagram D of the basis element and consider its diagram vari-
ety V(D) with the morphism pr,: V(D) — Z. Then we construct a certain
open subset Op in the image of prp such that prp restricts to an isomorphism
prp' (Op) — Op. If we manage to get such a Op for each basis diagram D
such that the Op give rise to a basic paving in the sense of Definition 6.1 and
hp = (prp)«([V(D)]) for each D, then the resulting basic paving is automatically
strongly adapted to the basis. We believe, that this strategy works for every type
of bases introduced in §6.4 and that the obtained pavings are respectively upper
cells, lower cells, G-cells and Gells. We give some examples.

Ezample B.10. Let n = 3 and k = 2. Consider now the diagrams D, D’ as follows

VE (V2

D' =

Vo2

That is (z,y, z) = (s2,1d, s2s81) for D and (z,y, z) = (s2, $1, 8281) for D’. Consider
first the diagram D. Tt is clear that the elements in the image of prj, satisfy V! C
W, (VHENW < V2 in the notation indicated in (B.5). Inside of the closed subvariety
of Z defined by these conditions, consider the open subvariety Op given by the
additional open conditions V! ¢ W, V2 % W # V2. Then we also automatically
have W N (V1)L = W N V2. Note that Op is exactly the Gell OS¢l defined by the

x,Y,z
conditions rel(V, W) = so, rel(W, V) = so5; and VW = VW It is not hard to see
that pr, restricts to an isomorphism prpy'(Op) — Op.

Consider now the diagram D’. In the notation indicated in (B.5), it is clear
that the elements in the image of prp, satisfy the condition V! C W. Inside of the
closed subvariety of Z determined by this condition, consider the open subvariety
Op: given by the additional open conditions

Vigw, VLW £V vy (wnv?).

It is not hard to see that prp, restricts to an isomorphism prp'(Op/) — Op.
Note that Op, given by these conditions is exactly the Gell OS¢l defined by the

x,Y,2

conditions rel(V, W) = sy, rel(W,V) = sps1, rel(VEWV VW) = 5,
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In fact, is was not really necessary to add the first and the third open condition
to get an isomorphism. However, it is necessary if we want the different pieces to
be disjoint. For example, if we do not put the third open condition here, then we
get a nonzero intersection of Op: with Op.

B.3. The case of general quivers. Now, we assume that " is an arbitrary quiver
without loops. This subsection should motivate the definitions of the modifications
of the variety Z given in §10.1, §10.4 and §11. We use notation of §7 — §11.

B.3.1. The version for R,,. Consider a word of the form hp = 7,7, ... 7, 15 € Ry.
Diagrammatically, it is a dlagram D with n strands coloured by elements of I, with
p crossings of these strands but no dots. We would like to see geometrically from
the diagram which element of HY(F x g, F) corresponds to hp.

Definition B.11. Let A = A(D) as be before the set of connected components of
the complement of D. For each a € A and i € I, let d;(a) be the distance to the
leftmost component in the part coloured i, i.e. number of strands of colour ¢ to the
left of a. Let d(a) € I, be the resulting dimension vector, that is at vertex i we
have dimension d;(a).

Definition B.12. Let D € R, be a diagram without dots. Consider the variety
Ey, X [1ae49a(a)- The diagram variety V(D) is the subvariety in Ey, X [[,c4 Ga(a)
given by the points (a, (Uy)ac4) satisfying
e if aj,ay € A are neighbours with d;(a1) < d;(az2) for any ¢ € I, then U,, C U,,,
e cach U, is a subrepresentation of the representation V' given by a € E,.
To each element («,U,) € V(D), we can associate two full flags in V', namely the
flag U°P given by reading the vector spaces for the top regions of the diagram, the
flag UP°" given by reading the vector spaces for the bottom regions of the diagram.
We get a projective morphism

prp: V(D) — F XE, F, (o, U) = (a, UP, UPY),

It is clear from the definition of the convolution algebra, that hp = (prp)«(c)
for some ¢ € HE(V(D)). If some transversality conditions hold, then ¢ = [V (D)].

Belief B.13. We believe that hp = (prp)«([V(D)]) holds if the diagram has no
pair of strands intersecting twice (see however also Example B.14).

Ezample B.14. Let I' be of the form r —b. Set n =r +b,i= (r,b),j = (b, 7).
The varieties F; and Fj are single pomts We identify f and ]—' with subvarieties
of E, = C, namely}' En—Cand]:N{O}CC E,.
The elements 711; and 715 are represented by the fundamental classes [C1] and

[C5] respectively, where C; = f XE, F and Cy = F; x E, ]—' The varieties C7 and
Oy are again single points and can be identified with {0} C C = E,,. We compare
now hp = 17115 and hps = 717115 given by the diagrams

vl v
;é ;Ug 7 D ;é ;Ug . (B6)
b r b vl r r b ’ Vi b
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The element hp = 71 711; corresponds geometrically to the product [Ci] - [Ce] in
the convolution algebra. We multiply the fundamental classes using the formula in
Lemma 2.21. When we do the N-product [pf%(Cl )N [p;é(Cg)] inside of Fj x F; X
]?.i >~ C x {0} x C, we intersect {0} x {0} x C with C x {0} x {0}. This intersection
is obviously transversal. Thus we have [pl_;(Cl )] N [p;})’(CQ)] = [V(D)] and then
hp = (prp)«([V(D)]). We have the relation 1711 = (X2 — X;)1; in the KLR
algebra. The element (X3 — X1)1; is geometrically just the fundamental class of
{0} cCc=F X, F;. This fundamental class is equal to hp = (prp).([V(D)]).

The element hp, = 11711; corresponds to the opposite product [Co] - [C1]. This
time, we do the N-product [py 3(C2)]N[p 3 (C1)] inside of F; x Fjx F; 2 {0} x Cx {0}.
We intersect {0} x {0} x {0} with {0} x {0} x {0}, this intersection is not transversal.
We get ¢ = [pf%(C’l)] N [p;:l,,(Og)] # [V(D)]. Now we have mi711; = (X1 — X2)1; #
1i = (prp)«[V(D)]. Moreover, we see that (X; —X5)1; is however not a fundamental
class of a subvariety of fi XE, }N'i, because ]?i XE, ]?i is already a singleton.

B.3.2. The naive version for ER,. In this section we deal with the geometric con-

struction of §9.5, where the algebra ER,, is realized inside of bige (7). Consider a
word hp in ER,, on the generators 7,.1; or Q1;. It is represented by a diagram D
which has crossings and floating dots, but the floating dots are to the right of the
leftmost strand and have the same colour that the leftmost strand (and no twist).

Definition B.15. Let A = A(D) be the same as before and let B = B(D) be the set
of floating dots in the diagram. For b € BB, denote by ¢(b) € I the colour of b.

Fix a (hermitian) scalar product on each V;. It induces a scalar product on V
such that different V; are orthogonal. Consider now the variety Ep, X [],c 4 Ga(a) X
[Iye Gri(Vee)). For a point in this variety denote by a the element of E,, by U,
the element of Gq(,) and by W the element of Gry(V,)).

Definition B.16. The diagram wvariety V(D) attached to D is the subvariety in
Ep X [1aca Graga) X [1pes Gri(Vew)) given by the following conditions:

if a1, a2 € A are neighbours with d;(a1) < d;(az) for any i € I, then U,, C U,,.
if the floating dot b is in the region a, then we have?® W, C Uy,

all Wy, are orthogonal with respect to the scalar product,

each U, is a subrepresentation of the representation V' given by o € E,,.

As before, there is a projective morphism
prp: V(D) = ZC E, x Fx F xG, (o, Uy, Wo) = (0, UP U @y cgWh).

Belief B.17. We believe that hp = (prp)«([V(D)]) if D is a basis element from
Proposition 8.3 containing only floating dots coloured by sources of the quiver.

For a counterexample where the source assumption does not hold see Exam-
ple B.14. Take D’ with an additional floating dot inside the double-crossing.

Now, we explain the conceptual reason of why the construction of §10.1 works.
Points in the image of prp always satisfy the condition (W) = 0 in the source

case. That is why we define £ C Z by the Grassmannian-Steinberg conditions, see
Definition 10.3.

20T his implies W}, = U, because here we allow currently only floating dots of the form Q1;.
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Let D be a basis diagram as in Proposition 8.3 allowing floating dots only for
source vertices. Let Op C F x F x G be the corresponding (coloured) Gell. Let

Op be the preimage of Op in Z. We believe that the following happens.
Both prj, (OD) — Op and Op — Op are vector bundles The first one is a

subbundle of the second one. If we consider Z instead of Z let Op be the preimage

of Op in Z . We believe that in this case, the subbundle Op C Op coincides with
the subbundle pr;'(Op) = prp'(Op) C Op. This is the main reason why the
paving by Gells should be strongly adapted to the basis. (Under the assumption
that floating dots are coloured by source vertices only.)

B.3.3. The twisted version for ER,,. In this section we give a version corresponding
to the geometric construction of §11, where the algebra ER,, is realized inside of

ﬁfﬁ(ZC"). The twist ¢ involved in the construction is crucial and necessary to solve
the non-transversality problem appearing for floating dots coloured with vertices
which are not sources.

Let A and B be as before. Fix a (hermitian) scalar product on each V;. It induces
a scalar product on V' such that different V; are orthogonal.

Consider the variety E, X By X [[,c4 Gaca) X [ Ipeg Gr1(Vew)). Concerning points
in this variety, we denote by (c, 3) the element of E, x E,, by U, the element of
Ga(a) and by W}, the element of Gry (V). A point x in some a € A is generic, if
there is no floating dot in A centred on the same height. For generic x € a € A let
Wi, = @)W, C V, where the sum runs over all floating dots b € B(D) below the
chosen point *.

Definition B.18. Consider?! a word hp in ER,, on the generators 7,.1; or 1; with
corresponding diagram D. Then the diagram variety** V(D) is the subvariety in
Ey X By X [Taea Gra@) (V) X I1yep Gri(Vew)) given by the following conditions:

if a1, as € A are neighbours with d;(a1) < d;(az2) for any ¢ € I, then U,, C U,,.
if the floating dot b is in the region a, then we have W, C U,,

all W}, are orthogonal with respect to the scalar product,

the following conditions are satisfied for each arrow h: i — j, a € A and for any
generic point in a:

an((Ua)i) € (Ua)j + (Wi)ss  Bu((Ua)i) € ((Ua); N (W1L)5) + (W5 (B.7)

Remark B.19. The condition (B.7) should be compared with Example 10.12. It is
the twist of the condition ay(U,); C (Us,); with respect to the vector space W,.

Remark B.20. If in Definition B.18 the Grassmannian dimension vectors are sup-
ported on sources only, we recover the conditions from Definition B.16. In partic-
ular, (B.7) boils down to the subrepresentation condition there.

As before we get a projective morphism to Z¢ C E, X E, xFXFxG
prp: V(D) = 2% (o, 8,Us, We) = (a, B, U"P, U, @peWh).
Belief B.21. Using Definition B.18, we believe that hp = (prp).([V(D)]) for

every diagram representing a basis element from (8.5).

210ne might want to allow more general floating dots, but to get a basis this is sufficient.
22The word "variety" here is slightly delicate, since it is not a complex algebraic variety (the
conditions using the scalar product are not algebraic over C), but rather a real manifold.
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The twisted conditions (B.7) in the definition of diagram varieties should be seen
as providing a resolution of non-transversalities. However, we should not expect an
analogue of Belief B.21 for all (non-basis) diagrams. Counterexamples, similar to
D’ in Example B.14 still exist. Belief B.21 gives a new hint on the importance of
the basis (8.5) which is algebraically not visible.

Ezxample B.22. Let T" be a quiver with two vertices and one arrow b — r. Set
ky =k, =2 and np, = n, = 3. Take z = y = Id and let z € (S4 x S2)\Sg be the
longest possible (among shortest coset representatives). We have the following basis
diagram D corresponding to the basis element hp = Q4 ¢7,1; with j = (b, 7, b,7,b, 7).

Wy =V

v2 v3 v4 Vo

Denote the 1-dimensional vector spaces that we associate to the floating dots (from
top to bottom) by W,.1, Wy 1, Wy.2, Wy 2. In V(D), we then obviously have

VE=W, 1, V2 = W, 10W,1,V3 = W, 1 0W, 1©W,. 2,V = W, 1 ©W, 1 W, 2O W) 2.

Also the remaining subspaces are then completely determined, see (B.8). By con-
dition (B.7) of V(D) we have a(Wp2) = 0 and a(Wp,1) C W, 2. Using

Wyo = (VNWR) Wy, Wi 1@Wio = (VINW)NW,,  Wio = (VIOW,)NW,,
these conditions can be rewritten as
aA((V3NW)E W) =0, a((VINWy)EnW,) c (VENnW,)tnw,. (B.9)

Let Op C F x F x G be the corresponding (coloured) Gell. Let Op be the
preimage of Op in Z%. There is no reason why this conditions (B.9) should be
satisfied for Op, so the map prj,' (Op) — Op is not surjective.

Now let us see what happens when we replace 7% by Z and we consider the
preimage Op of Op in Z. The subvariety £ C Z? is defined by (11.1) (compare
this with (B.9)!). Now, the map pr;'(Op) = prp'(Op) — Op becomes surjective.
It is even an isomorphism!

We believe that the same thing happens for any basis diagram D and that for
this reason we get a basic paving by Gells strongly adapted to the basis.

In fact, Grassmannian-Steinberg conditions (11.1) defining Z inside of Z? are in
fact the conditions coming from the image of prp,.
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