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Abstract

Persistent homology is a tool from Topological Data Analysis (TDA) used to summarize the
topology underlying data. It can be conveniently represented through persistence diagrams.
Observing a noisy signal, common strategies to infer its persistence diagram involve plug-in
estimators, and convergence properties are then derived from sup-norm stability. This depen-
dence on the sup-norm convergence of the preliminary estimator is restrictive, as it essentially
imposes to consider regular classes of signals. Departing from these approaches, we design an
estimator based on image persistence. In the context of the Gaussian white noise model, and
for large classes of piecewise-Holder signals, we prove that the proposed estimator is consistent
and achieves minimax rates. Notably, these rates coincide with the well known minimax rates
for Holder continuous signals.

Introduction

Topological Data Analysis (TDA) is a field that aims to provide representations to describe the
“shape” of data. A central tool in TDA is persistent homology and its representation through
persistence diagrams. It offers a practical, multiscale, summary of the topology underlying data.
Although in its early years research has primarily focused on deterministic settings, it didn’t take
long for statistical questions to emerge. A prominent topic is the estimation of persistent diagram
and, more specifically, the investigation of convergence properties of considered estimators. A first
historical success in this direction is ( ), that formalizes the problem of per-
sistence diagram estimation from a density in a parametric setting. Following this initial work, in
wider non-parametric settings, ( ) provide confidence sets for persistence diagrams
from a sampled density and ( ) provide (nearly) minimax estimators of the den-
sity support controlling its regularity. In the slightly different setting of non-parametric regression,

( ) study a plug-in estimator based on kernel estimation and show that it achieves
minimax rates over Holder spaces. Most of these works, consider plug-in estimators and the proofs
for convergence properties then exploit stability theorem ( , ) for sup norm, lift-
ing results from non-parametric estimation or geometric inference. Although this approach can be
proved to be minimax over regular classes (e.g. Holder spaces), it falls short for function spaces
where sup norm convergence is not assured. This raises the issue of whether consistent persistence
diagram estimation is achievable outside these regular classes and at which rates. A first step in
this direction is the work of ( ). This work proposes a general, non-plug-in
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approach in both the context of non-parametric regression and the density model. Under a weak
condition (g—tameness) they show some near-consistency properties of their estimators. But they
do not provide convergence rates. The challenge likely stems from the framework being too broad
to quantify convergence rates or to demonstrate proper consistency. Hence, it is interesting to
identify narrower classes on which we can provide stronger and more precise results. Recently, in

( ), we proposed a new approach that also departs from the sup norm stability. This
work study the inference of persistence diagram, from a minimax perspective, for Gaussian white
noise model and non-parametric regression. Although we consider a plug-in estimator, our analysis
of convergence properties did not rely on sup-norm stability (but on a weaker notion of stability).
We introduced and studied classes of piecewise-Hdolder continuous function with discontinuities set
having a positive reach. The reach ( , ) is a popular curvature measure in geometric
inference, that can be thought as a way to describe the geometric regularity of a set. Under this
reach assumption, we manage to show that a histogram plug-in estimator permits to achieve the well
known minimax rates for Hélder-continuous functions. Still, the positive reach assumption imposes
some limitation on the shape of discontinuity sets, typically it does not allow corners or multiple
points (i.e. self intersections of the discontinuities set). Relaxation of this assumption was already
discussed in this earlier work. We highlighted that it would imply to consider other estimators, as,
even in the noiseless setting, the histogram approximation falls short on simple examples (see Figure
6). This serves as a motivation to depart from plug-in approach for persistence diagram inference
and as starting point for this new work.

We consider the Gaussian white noise model given by the following stochastic equation,
dth,...,td = f(tl, ey td)dtl...dtd + Hthlv--,td

with W a d—parameters Wiener field, f : [0,1]% — R a signal and 6 > 0 the level of noise. In this
context, our goal is to estimate dgm(f), the persistence diagram coming from the sublevel sets of
f.

For a set A C [0,1]¢, A we denote its adherence and 9A its boundary. We suppose that f verifies
the following assumptions :

e Al. fis a piecewise (L, a)—Holder-continuous function, i.e. there exist My, ..., M; open sets
of [0, 1]¢ such that,

l
U =0, 1)
i=1
and f|pg isin H(L, ), Vi € {1,...,1}, with,

H(L,a) = {£: 10,17+ R st. |£(z) — f0)] < Lllz — yll5. Y,y € [0,1]7}

e A2. f verifies, Vao € [0,1]%,
liminf f(z) = f(zo).
TE .Lljl M;—x0
In this context, two signals, differing only on a null set, are statistically undistinguishable.
And persistent homology is sensitive to point-wise irregularity, two signals differing only on a
null set can have persistence diagrams that are arbitrarily far. Assumption A2 prevents such
scenario.



e A3. Let 1> p>0and R, >0. Forall I C {1,...,1} and = € (;c; B2(M;, R,,), there exists
a half cone C, with apex x of angle 6 verifying cos(0/2) > p and,

UTon () C C.

i€l
with [gpy, (2) the set of closest point of = in 9M;. This assumption gives control over the ge-
ometry of the discontinuities and can be compared to a positive p—reach assumptions (
). The link with p—reach is discussed in Section 1.2.

)

The class of function verifying A1, A2 and A3 is denoted Sq(L, o, i, R,). For our purpose, we
show in Appendix A that persistence diagrams of signals in Sq(L, o, u, R,,) are well-defined. This
class is significantly larger than the one considered in ( ), allowing multiple points
and corners in the discontinuities set.

Contribution

We extend the main result of ( ). Unlike the classes considered there, over the weaker
classes Sq(L, o, i1, R,), a plug-in estimator from histogram estimation is no longer consistent (see

Figure 6). To overcome this issue, we propose, dg/mU) a non-plug-in estimators of the persistence
diagram of f. Over Sy(L, o, i1, R,,), we show that this estimator is consistent and achieves conver-
gence rates coinciding with known minimax rates for Hélder-continuous signals. More precisely, our
main result is the following theorem.

Theorem 1. There ezists Co and Cy such that, for allt >0,

" 2 1\ #% 5 5 42
P <f65d(sup )db (dgm(f),dgm(f)) >t <0 log <9>> > < Cpexp (—Clt ) .

Lvoévu‘vRM

As these rates are minimax under stronger conditions (see , , Theorem 3), they are
evidently minimax over Sy(L, o, i1, R,).

The paper is organized as follows. Section 1 recalls the necessary background on geometric measure
theory and persistent homology, Section 2 describes our estimation procedure, and Section 3 is
dedicated to the proof of Theorem 1. Secondary results as long as proofs of technical lemmas can
be found in appendix.

1 Background

This section provides the necessary background to follow this paper.

1.1 Persistent Homology

We here present briefly some notions related to persistence homology. Persistent homology permits
to encode the evolution of topological features (in the homology sense) along a family of nested
spaces, called filtration. Moving along indices, topological features (connected components, cycles,
cavities, ...) can appear or die (existing connected components merge, cycle or cavities are filled,
...). For a broader overview and visual illustrations of persistent homology, we recommend

( ). For detailed and rigorous constructions, see ( ). Additionally,
since the construction discussed here involves (singular) homology, the reader can refer to

(2000),



Definition 1. Let A C R be a set of indices. A filtration over A is a family (), of topological
spaces satisfying, VA, N € A, A < N,
Ky C Ky

A typical filtration that we will consider in this paper is, for a function f : R — R, the family of
sublevel sets (Fa)yer = (f71(] — 00, A]))acr. The associated family of homology group of degree

s € N, Vi, = (Hs(F)))yer» equipped with vj\\ the linear application induced by the inclusion

Fy C Fy, for all A < X, forms a persistence module. To be more precise, in this paper, H,(.) is the
singular homology functor in degree s with coefficient in a field (typically Z/2Z). Hence, H; (F))
is a vector space.

Still, the estimator we propose in Section 2, relies on image module ( , ),
that does not come (directly) from sublevel sets filtration. Hence, we need the following, more
general, definition.

Definition 2. Let A C R be a set of indices. A persistence module over A is a family V = (V)),ca
of vector spaces equipped with linear application vg\/ :Vy — Vy such that, VA < X <\ €A,

vy = id

and

vﬁ/ ovf\‘ = vi .
Under g—tameness of the persistence module, it is possible to show that the algebraic structure of
the persistence module encodes exactly the evolution of the topological features along the indices

A.
Definition 3. A persistence module V is said to be g-tame if YA < X € A, rank (’U/)\‘,> is finite.

By extension, when considering the persistence modules (V¢ ,)sen coming from the sublevels sets
filtration of a real functions f, we say that f is g—tame if Vg is for all s € N.

Furthermore, the algebraic structure of the persistence module can be summarized by a collection
{(bi,d;),i € I} C ﬁz, which defined the persistence diagram. Following previous remarks, b;
corresponds to the birth time of a topological feature, d; corresponds to its death time and d; — b;
to its lifetime. For a detailed construction of persistence diagrams, see ( ).
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(a) graph of f (b) Hy-persistence diagram of f
Figure 1: Graph of f(z) = xcos(8mx) over [0,1] and the persistence diagram associated to its

sublevel sets filtration. ay, ..., a4 correspond to local minima of f and thus birth times in dgm(f).
as, ..., ay correspond to local maxima of f and thus death times in dgm(f).
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Figure 2: Graph of f(z) = sin(4nz) cos(4ry)(z + y + 1) over [0,1]? and the persistence diagram
associated to its sublevel sets filtration, red points corresponds to the Hy—persistence diagram and
blue points to the H;—persistence diagram.

To compare persistence diagrams, a popular distance, especially in statistical context, is the bottle-
neck distance.

Definition 4. The bottleneck distance between two persistence diagrams D1 and Dy is,

dy (D1, D2) = inf sup ||p — v(p)|[o
'YGFpGDl

with T the set of all bijection between Dy and Ds (both enriched with the diagonal).

We now introduce the algebraic stability theorem for the bottleneck distance. This theorem was the
key for proving upper bounds in Henneuse (2024), it is also the case in this work to prove Theorem
1. This theorem relies on interleaving between modules, a notion we extensively exploit.

Definition 5. Two persistence modules V = (Vy),cpcr and W = (Wy),cpcr are said to be e-
interleaved if there exists two families of applications ¢ = (¢)ycacr and ¥ = (¥a) cacr Where
Ox V= Wiag, ¥y Wy — Ve, and for all A < A the following diagrams commutes,

/ ’

v§ wﬁ
V)\ V)\/ W)\ 7 WAI
¢Al l¢>\’ T/’Al ldﬁ’
W)\Jrs 7 W)\/Jrs V)\+5 7 V)\’ +e
w3\++5 ”3\++6
,UAI-&-QE w§/+26
%) Vitoe W > Wtoe
Wie Vige

Theorem (Chazal et al. 2009a, "algebraic stability"). Let V and W two q—tame persistence
modules. IfV and W are e—interleaved then,

dp (dgm(V),dgm(W)) < e.



We now give a corollary of this result, proved earlier in special cases ( , ;
, ). We insist on the fact that this is a strictly weaker result than algebraic
stability.

Theorem ("sup norm stability"). Let f and g two real-valued q-tame function, for all s € N

dp (dgm (Vf,S) ,dgm (Vg,S)) <|f = 9lloo-

— fo +e
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Figure 3: 1D Ilustration of stability theorems.

This last property is often used to upper bounds the errors (in bottleneck distance) of "plug-
in" estimators of persistence diagrams. It enables the direct translation of convergence rates in
sup-norm to convergence rates in bottleneck distance, which for regular classes of signals provide
minimax upper bounds. Still, for wider classes, this approach falls short. The alternative approach
proposed in this work focuses instead on the estimation of the persistent modules V¢ s, in the sense
of interleaving, and then exploits algebraic stability.

1.2 Generalized gradient

We here present some concepts from geometric measure theory, extensively used in geometric infer-
ence and TDA. The first notion used in this paper is the distance function to compact.

Definition 6. Let K C [0, 1]¢ a compact set, the distance function d is given by,

di 1 x — mi — .
K:T ;rg(lllx yll2

Generally the distance function is not differentiable everywhere, still it is possible to define a gen-
eralized gradient function that matches with the gradient at points where the distance function is
differentiable.

Definition 7. Let,
Ir(z)={y € K ||lz —yll2 = dx ()}

the set of closest point to  in K. For 2 € [0,1]?\ K, let denote O (x) the center of the unique
smallest ball enclosing ' (x), the generalized gradient function Vg (z) is defined as,

xr— Ok(x)

Vi(@) = di()



Figure 4: 2D example with 2 closest points

With these definitions we can now introduce the notion of p—reach ( , ).

Definition 8. Let K C [0,1]¢ a compact set, its u-reach reach,,(K) is defined by,

reach,(K) =inf ¢r| inf [[Vg|, <p ;.
i (N\K

The 1—reach corresponds simply to the reach, a curvature measure introduced by ( ).
||V (x)|| can be thought as the cosine of the (half) angle of the smallest half cone with apex x that
contains 'k (z) (see , , Section 2.1). We then have immediately the following
lemma.

Lemma 1. If My, ..., M; verifies Assumption A3, then, for all I C {1,...,1},

reach,, <U 8M,-> > R,.

el

Note that we do not have the converse implication, as illustrated in Figure 5. Assumption A3 is
slightly stronger than having a positive pu—reach.

We now state a particular property of sets with positive py—reach from ( ).
This property is used in the proof of Theorem 1 to quantify approximation errors. For a set
K c [0,1]% and 7 > 0 we denote By(K,r) = {x € [0,1]¢s.t. dx(x) < r} and Ba(K,r) = {z €
[0,1]% s.t. dg(z) <r}.

Lemma 2. ( , . Lemma 3.1.) Let K C [0,1]¢ a compact set and let y > 0,7 > 0
be such that r < reach,(K). For any x € Bo(K,r)\K, one has
r—dg(z) _r
dop, (i) (T) < — = < "



Figure 5: The discontinuities set | J,. {(1,2,3} OM,; has a positive p—reach, for small p but the smallest
half cone C; containing ;¢ g1 2 53 Pons, (2) is of angle § = .

2 Procedure description

We here propose a two-steps estimation procedure.
The first step is a "rough" estimation of sublevel sets via local averaging on a regular grid plus a
thickening. We call these estimators rough, as they are not meant to perform well for the estimation
of sublevel sets evaluated with standard metrics. Typically, over Sy (L, o, u, R,,), for a fixed A € R,
our estimator Fy can be (arbitrarily) far in Hausdorff distance from Fy. But, it captures well the
topological features of the true signals.
Still, cubical approximation and noise may create cycles lying around the boundaries of sublevel
sets estimators that do not correspond to any cycles of true signal (as in Figure 6.b). These cycles
are pretty benign when appearing in regular regions (they will have "short" lifetime), but may have
arbitrarily long lifetime when appearing around the discontinuities of the signal. Hence, for the
second step, instead of considering directly the modules coming from this estimated filtration, we
construct an image persistence module ( , ). This can be seen as a topologi-
cal regularization step. The proposed image module aims to eliminate such cycles (or at least make
their lifetime short) without damaging (too much) the information inferred about true cycles. The
use of image modules to filter out topological noise is not a new idea, for example

( ); ( ) used it to estimate persistence diagrams of a signal while working
on noisy domains or closer to our context ( ) that used the image modules
between slightly shifted sublevel sets filtration to infer persistence diagrams in the non-parametric
regression and the sampled density settings.

In the following, for a set A C R% and b > 0, we denote,
Ab = {x € R s.t. doo (1, A) < b}

with
doo (z,A) = inf ||z 00
( ) 1}6 ! H yH



(a) A true cycle not captured by (b) A false cycle created by cubical
cubical approximation approximation

Figure 6: A—sublevel cubical approximation for f the function defined as 0 on the hatched area and
K outside (for arbitrarily large K). (a) display a case where the histogram approximation fails to
capture true cycle in green, for, at least, all 0 < A\ < K/2. (b) displays a case where the histogram
approximation create a cycle in red, not corresponding to any true cycle, with an arbitrarily long
lifetime.

Step 1 : rough sublevel sets estimation. Let h > 0 such that 1/h is an integer, consider G}
the regular orthogonal grid over [0, 1]¢ of step h and Cj, the collection of all the hypercubes of side
h composing Gp,. Let r1 > 0, we define, YA € R, the "rough" A—sublevel estimator,

[r1]h
A=l U H with Cp =< H € Cp, such that [ dX — [ A <0
’ H H

HEC/-L,A

with [.] the ceiling function. This thickening of the sublevel sets obtained by histogram estimation
of f aims to solve the problem exposed in Figure 6.a. The choice of ¢ follows from Lemma 2 (see
also the proof of Proposition 1)

Step 2 : construction of the image persistence module and associated diagram. Let,
ro > 0 and,

px+ Hy (Fr) = H, (F]71")

the map induced by the inclusion ]?A - ]?)[rﬂh. For all \ < )\/, we have ]/-:)\ C ]?)\/ and ]?){mh -
fiﬁ"ﬂh. Then denote,

W A, (ﬁ{’"ﬂh) ~ H, (ﬁ£721h>

the map induced by the inclusion. ﬁ{rﬂh CF i,rﬂh. Note that the following diagram commutes (all



maps are induced by inclusions),

m, (F1) % » 1, (F)

Thus for all A < X',
3\, (m(pa)) € Im(py).
We now introduce Vf,s the persistence module associated to (Im(py))aer equipped with the collec-

tion of maps (@§ n)acy for the s-th order homology, dgm,(f) the associated persistence diagram,

—

and dgm( f) the collection of such persistence diagrams for all s € N. This diagram is well-defined,
as we prove in Appendix A that Vy ; is g—tame. This second step aims to solve the problem exposed
in Figure 6.b.

Calibration. A natural question is how to choose the parameters h, 1 and r3. Lemma 2 from
( ) (see also Section 3.2) suggests that a good choice is taking h such that,

hd-i—oz
>0 (1)

hilog (1 + %)

1
1 d+2a
~ 2 —
h ~ (9 log <9>> .

Lemma 2 (see also the proof of Proposition 1) suggests taking,

r=Vd/p

which implies that we can take,

and Proposition 2 suggests taking,
ry = Vd(1+2/p*)(Vd + [r1]).

Computation. By construction, for all A € R, ]?A and ﬁ/{rﬂh are simply unions of cubes from

the regular grid Gp,, thus can be thought as (geometric realization of) cubical complexes or even

simplicial complexes. Hence, the computation of dgm(f) is made possible by the algorithm for
image persistence gave in ( ).

Another strategy, would be to consider,

f)\ = Pg U CH, 7"1h
HEC}%A
with ¢y the center of the hypercube H and v t,s» the image module induced by,
P - Hy (f)\) — H (EQ (ﬁ)\,Tgh>> .

10



One can show, adapting the proofs of Section 3, that the subsequent estimator achieve the same
convergence rates (up to slight change in constant). As F » and By (]/-: Ny 72 h) are union of Euclidean
balls, they can be replaced by Cech complexes. To justify properly that it lead to the same estimated
persistence diagram, one can adapt the "parameter nerve theorem" (Lemma 3.4) from

( ). Again, the computation of this persistence diagram is then made possible by the
algorithm provided in ( ).

3 Convergence results

This section is dedicated to the proof of Theorem 1.

3.1 Main proof

The idea of proof follows similarly to the proof for upper bounds in ( ). The general
idea is to construct an interleaving between the module V¢ ; and Y t,s and apply the algebraic stabil-
ity theorem. This implies to construct two morphism, v : Vis— Vv t,s and ?: \7f7S — V¢ satisfying
definition 5. Propositions 1 and 2 give the necessary ingredients.

We recall some useful notations from ( ). Let,

W (W (H)|
— Su
I ||G(h) HeIc)h w(hd)

with w(r) = \/rlog(1+1/r), W(H) = [,; dW.

1
Proposition 1. Let f € Sy (L, o, pt, R,), h ~ (6*log (%))m and 1 = \/d/p. For 0 sufficiently
small such that h < RH/\/&, we have, for all A € R,

=~ (aVa/uh
I (Wl +L(1Va/u+va) Y he © X C I w|gonhe

The proof of Proposition 1 can be found in Section 3.2. The lower inclusion given by this proposition
induced directly a morphism from V. to \7f’5, this will be our ¢. But the upper inclusion is not
sufficient to induce a converse morphism, the construction of ¢ require additional work. To be
able to use this upper inclusion, we need a map from the homology groups of (F2)ycr, h > 0 into
the homology groups of (Fy)xer. Proposition 2 provides such a map, exploiting the geometrical
properties of the discontinuities set imposed by Assumption A3 to construct a deformation retract.

Definition 9. A subspace A of X is called a deformation retract of X if there is a continuous
F: X x[0,1] - X (called a homotopy) such that for all x € X and a € A,

o F(z,0)=x
o F(z,1)e A
e F(a,1)=a.

The function F is called a deformation retraction from X to A.

Homotopy, and thus homology, is invariant under deformation retract. Thus, a deformation retrac-

11



tion from X to A induces isomorphism between homology groups. More precisely, for all ¢ € [0, 1],
F(.,t) induces a morphism F(.,t)# : Cs(X) — Cg(X) between s—cycles of X defined by composing
each singular s-simplex o : A® — X with F(.,t) to get a singular s-simplex F#(o,t) = F(.,t) o0 :
A% — A, then extending F¥(.,t) linearly via 7 (3", njoi, t) = >, niF# (04,t) = >, niF(.,t) 0 0y
Then, F*(.,t) : Hs(X) — Hg(X) defined by [C] + [F#(C,t)] can be shown to be an isomorphism
for all ¢t € [0, 1] (see , , pages 110-113). In particular, F*(.,1) : Hs(X) — Hs(A) is an
isomorphism.

Proposition 2. For all 0 < h < % and all X € R there exists Gy, ICxp, and Fyp, : Ky p % [0,1] —
Kx,n such that,

® Fx COxn C Farrs(142/u2)"he

o By(Fa,h) CKan C Ba(Fa, (1+2/p?)h)

o F\} is a deformation retraction of Ky onto Gy p,

e for allx € Ky and all t € [0,1], Fyp(z,t) € By (x,2duie{1 """" 5 BM@-(CU)/M2>'

The proof of Proposition 2 can be found in Section 3.3. Using the inclusion F§* C Ba(Fy, h) C Ky,
Gxh C Fayrs+2/u2))ene and the homology map induced by the retraction of Ky =, onto G, =

we get the desired maps from the homology groups of (]:f) aer (for all R, > h > 0) into the
homology groups of (F))xer- Combine with the upper inclusion of Proposition 1, we have all the
necessary ingredients to construct ¢ and prove Theorem 1.

1
Theorem 1. Let h ~ (6%log (5)) >, r1 = Vd/p and ro = Vd(1+2/p2)(Vd+ [r1]). There exists
Co and C, such that, for allt >0,

(ot ) (1)) <o)

L,OL,,LL,RH

Proof. Tt suffices to show the result for (arbitrarily) small 6 (up to rescaling Co). Hence, we suppose
that @ is sufficiently small for the application of Propositions 1 and 2 used in this proof.

Denote k; = v/d + [r1] and define the morphism,
¥y Hy (F\) = Hj (J?A+(||W||G(h>+Lkg)ha)
following from the inclusion F) C F AH(IW | g (ny +LES )b given by Proposition 1.
For the second morphism, denote ko = k1 + [r2] and consider,
Jia s Im(py) — Hs (IC/\-i-HWHG(h)ha,kzh)

the map induced by the inclusion ﬁ{rﬂhh C ‘FfiilllWllc(mha - /CAJFHWHG(thath given by Proposition

1 and Proposition 2,

Jax : Hs (’CMHWHG(h)ha,kah) — H, (9A+\|W||c<h>h°%kzh>

12



induced by the deformation retract of Proposition 2, and,

Iz Hs (g)‘JFHWHG(h)haJ@h) — Hy (‘7:)\+(||W|\G(h)+L(8(1+2/,u2)k2)a)h>

induced by the inclusion g)\+HW||G(h)ha7k2h C ‘7:/\+(|\W\|G(h)+L(8(1+2/u2)k2)°‘)h given by Proposition 2.
We then define,
{ Py Im (pr) = Hy (Fo (Wlhoge+ s+ 27000018
@y = J3,x0J2x 0 J1,
We now show that 1) and ¢ induce an interleaving between Y t,s and V, r. More precisely, we show

that the following diagrams commute, for all A < N. For compactness of notations, we denote
K1 = [|Wllgm + Lk§ and Ko = [|[W||gay + L (8(1 4 2/p?)ks)".

’
A

v
Im (p)) 2 » Im (py/)
D 5)\/ (2>
,\ +Koh®
)\+K h&
Hy (Fatkohe) : H (‘7:)\/+K2ha>
w
Hs (-7:>\) Hs (]:)\’)
Py EA' (3>
,\ + KR
)\+K h&
Im (p)\+K1hf") : > Im (p)\/+[(1ha)
/\+(K1+K2)h°‘
/L\+(K1+K2)ha)
\ V ()
Hy (Fatrohe)
>\+(K1+K2)ha

s (Fag (ki Ka)he)

\ / ®

PM—thO‘

e Diagram 2 : We can rewrite the diagram as (unspecified maps are simply induced by set
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inclusion),

Im (py) Im (P,\’)

hg v

a _—
HS (IC)\+||W||G(h>h 7k2h> Hs (IC)\’—FHWHGv(h)hO‘,th)

J2,A Ja N

_—
H; (g)\JrHWHG(h)ha,kgh) H; (gx+||W||G<h)ha,k2h>

v
hg

HS (./_")\+K2ha) ” Hs (f)\/+K2ho¢>

By inclusions the upper and lower faces commutes and the central faces commutes as for all
A € R, j2.x comes from a deformation retract, thus the diagram is commutative.

Diagram 3: One can check that it can be decomposed as diagram 2 and thus the same
reasoning applies.

Diagram 4: Let [C] € Im (p)). By construction, we can suppose C' € CS(]?)\). The map ¢,
maps [C] to [C'] with,

gl
C - FA+||W||G(h)ha7k2h(C’ 1).

Combining the upper inclusion of Proposition 1 and the last assertion of Proposition 2, we
know that, for all z € Fj,

EX4[[W/| g ho kah (%, [0, 1]) C ]?/\[fg;ﬁKQ)ha
and thus,
Y, iiigne st (G 10:1) € Ce (B s sne )
Thus, C and C” are homologous in F i’fg}él FKa)he As 1y 4K, ho is simply an inclusion map, it

maps [C'] to [C'], and hence, [C] = [C'] = Ui xohe (@5 ([C])), which proves the commutativ-
ity.

Diagram 5: Let C € Cs (Fy), ¥,([C]) = [C] as it is simply an inclusion induced map. By
Proposition 2, we have F)\ C G) 3, thus,

Ok ([C]) = [Fﬁr(KﬁHW\\G(m)h‘*mh(c’ 1)} =1[c]

which establish the commutativity.

The commutativity of diagrams 2,3,4 and 5 means that \7f,s and Vg s are (K1 4 K>)h® interleaved,
and thus we get from the algebraic stability theorem ( , ) that,

dy (dgm (Vr.) .dgm (Vys) ) < (Ko + Ko)h

and as it holds for all s € N and f € Sq(L, o, 1, R,),

sup dp (dgm(f),dgm(f)) < (K + Ko)h™.
feSa(L,a,p,Ry)

14



We then conclude, using the concentration of ||[W||g ). From Lemma 4 of
know that there exist two constant Cy and C; (depending only on d and «) such that,

P ([[W]lgm) <t) < Coexp (—Cit?).
Then,
P ( sup dy (dgm(f), dgm(f)) = th>
feSq(L,a,p,Ry)
<P (K1 + Ko > t)
t— L (kf + (8(1+ 2/M2)k‘2)a)>

=P <||WHG(h) > 5

(t — L (kS + (3(1+ 2/p%)ks)%) ) ’
2

< Co exp —01

< Coexp <_C41t2> exp (C1L (K + (8(1+ 2/u2)ks)”) 1)

x exp | —C1 (L (k? + (8(1; 2/M2)k2)a)>2

and the result follows.
From this result, we can derive from this result bounds in expectation.
Corollary 1. Letp > 1,
_pbx
— p 9 1 d+2a
sup E (db (dgm(f),dgm(f)) ) < (9 log (>>
FeSalLiaRy) 0

Proof. The sub-Gaussian concentration provided by Theorem 1, gives that, for all ¢ > 0,

5 (db (d@),dgm(fD . t) < Gy exp (—C’lt2> .

ha

Now, we have,

hpe

_ /+oop (db (dg/mﬁ),dgm(f)y . t) dt
0

) (db (dg/r@,dgm(f))p)

hpa
“+o0

< Coexp (—C’lt%> dt < +00.
0

15



3.2 Proof of Proposition 1

This section is dedicated to the proof of Proposition 1. It relies on Lemma 2 (stated in Section 1)

and on the following lemma from ( ).
Lemma 3. ( , , Lemma 2) Let f : [0,1]* = R and h > 0 verifying (1). Let H C
’7:§+HWHG(h)h“ NCy, and H C ]:)‘_HW”G(h)ha N Cp. We then have that,

/dX—/)\>O(md/ dX—/)\<0.
H H H' H

Proof. Let consider here the case where in H' C .7:,\,||W||G(h)ha (The proof being the same in both

cases). Note that,
/ aX — A
H' H'
:/ (f—)\)+0/ qaw

W [leube wh |H'| + W | cube #0w (hd)

HWchbe h <—hd+a + Ow (hd)) <0
by the choice made for h. L

IN

IN

Proof of Proposition 1. We begin by proving the lower inclusion, let x € ]:A*(IIWHc(h)JrL((\/3/M+\/3)a)ha‘
Without loss of generality, let suppose = € M. If,

B> (x,ﬂh) C (LZJ aMZ)c

then, H, p, the hypercube of Cj, , containing z is included in M;. Assumption A1l and A2 then
give H,p C F)\_HWHG(h)hQ. Hence, it follows from Lemma 3 that H,j; € Cj \ and consequently

T € ]?,\. Else, by Lemma 2 (which we can apply thanks to Lemma 1 and Assumption A3), there

exists,
C

! Vdh
y € <U 8MZ-> N M; such that ||z — y|]2 < Vdh/p.
i=1

Let Hy j, the closed hypercube of C, containing y. Hence, Hy, C M;. and dp, , () < Vdh(1+1/p).
Then, Assumption A1l and A2 ensure that,

Hyhw C Fx—||Wl|gnhe-

Then, Lemma 3 gives H, j, € C}, ) and thus, asz € H;,/gh/”, T € ]/:}\, which proves the lower inclusion.

Vdh
Xt Wl he

Hence, Lemma 3 gives that,

For the upper inclusion, let = € (
We then have, H,  C F}

C
) , and H, j the hypercube of C}, containing x.

HIWllgmyhe

[

Hx,h C U H
HEC;%,\

16



and thus,

Vdh
U H A ggne:
HECh,)\
Consequently,
[Vd/ulh
_ T (Vd+[Vd/u])h
U # = 0 C I W lgmhe
HEC;L,)\
and the proof is complete. O

3.3 Proof of Proposition 2

To construct the desired deformation retract, we follow the idea of proof of Proposition 2 in

( ). In the proof of this proposition, the deformation retract involved the projection on
the discontinuities set. Under the positive reach assumption on sufficiently small neighborhoods of
the discontinuities set, the closest point is unique. Here, we do not have such a nice property. To
overcome this issue, inspired by the proof of Theorem 12 from ( ), we construct a
smooth flow from the generalized gradient of the discontinuities set, that essentially play the same
role as the projection in the positive reach case.

Let h < R,,/2 and = € Ba(Fy,2(1+2/p*)h) N B2(U§:1 OM;, h). We denote,
I, = {ie{l,..,1} st By (2,4(1 +2/p*)h) N M; N Fy # 0} .

For all 2 € Ba(Fy,2(1 + 2/p?)h) N Bo(U\_, dM;, h) \ U\, 8M;, note that I, # 0. By assumption
A3 there exist v(z) € Cy, verifying, for all ¢ € {1,...,1} such that x € By(0M;, R,,), and for all
y € Tong, (),

cos((0(z) — 2y — 7)) > . (6)

We then define the following vector field,

v(z) —x

= ote) =l

Unfortunately, this field is not continuous, and thus we cannot derive a continuous flow from it. The
idea is then to approximate it by a continuous field W that shares essentially the same dynamic.
To do so, W needs to be not too wild, which is ensured by the following lemmas.

Lemma 4. For all x € Ba(Fy,2(1 + 2/u?)h) N Bg(Ué:1 OM;, h) \ Ui‘:l OM;, there exists Uy a
neighborhood of x, such that for all y € Uy,

I, C1,.
Proof. For all i € I, there exists €; > 0 such that,
durnr, (2) < 4(1+2/p*)h — &;.
Let 0 < € < minyes, (€;)/2 and y € Ba(z,¢), for all ¢ € I, we have,
A, (y) <41+ 2/p*)h — e+ <414+ 2/p?)h —e.

Thus, I, C 1. O
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Lemma 5. For all z € Bo(Fy,2(1 + h/u) N Bo(U'_, OM;, k) \ U'_, OM; there exists Vi a neigh-
borhood of x such that for all y € V,,

<W(:U), _vUieraMi (y)> > M2/2'

Proof. Let I C {1,...,1}, consider a sequence (yn)nen in [0,1]% converging to x and take z, €
Ly, 00, (Yn). The sequence (z,)nen take its value in the compact [0, 1]¢, hence up to extracting
a subsequence we can suppose it converges, we denote z its limit. By continuity of the distance
function we got lim da(zy,x) = da(z,z) and lim dy(2p,z) = dy, o0, (z). Thus, z € T'y,_, o0, (2).

n—00 n—00 i€ g ic i
Consequently, as there is of finite number of different I, for all € > 0, there exists V,, C Ba(z,h) a
neighborhood of x such that, for all y € V,,,

Luier,om,(y) © Ba(Luye,, om, (%), €).

Thus, let € > 0, for all z € FuielyaMi (y) there exists z € FUieraMi (z) such that ||[y—z—(xz—2)|| < 2e.
As for all y € Ba(x, h), and i € I, x € Ba(0M;,2h) C Ba(0OM;, R,,), we have by (6),

<z—y v(z) — >>< Z—x  v(z)- >_’ -y E-w
2=yl Tlo@@) = all / = \Tlz ==l llo(@) =2/~ [llz=ll 1z ==lll,
z—1 Z—x
=cos(z —y,v(z) —x) — 'HZ_ZJH 1z — |||,
>0 ly —z—(z— )H—Hz—xll‘du- on; (2) — du,., o, (y)
dulefyam) e e
2 +d
1 dugg,on (@)
o 2++/d .
IC?E.I},Z} dureron (@)

Taking € > 0 sufficiently small we have, for all y € V, and z € Luer, oM, (y),
z—y v(r)—=x >
, > p/2.
<||Z—y|! |v(z) — x|

e {umymitnwe R or (=S B2 ) 2 i)

and hence,

By definition, VUiE]VaMi(y) belongs to the cone C,. Consequently, as Hvu"elyaMi(y)Hz > u by

Assumption A3 and Lemma 1, we have,

VUZ'EIyaMi (y)

(W), ~Vier,0m W) = <W<w>,— | | > |Vuenom®)|, 2 /2

vuigly OM; (y)
With this two lemmas we can now prove Proposition 2.
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Proof of Proposition 2. Let W, = U, NV, and extract a locally finite open cover {W;,j € N} from
_ _ I
{We,x € Ba(Fy,2(1+2/pu?)h) mBQ<Ué:1 OM;,h)\ U OM;}. Let {p;,j € N} an associated smooth
i=1
partition of unity, and define the C'*° vector field,
W=> piW(x).
JEN

By the fundamental theorem of flow (see e.g. , , Theorem 25), there exists a maximal
open domain,

l l
D C By(F»,2(1+2/u?)h) N By <U OM;, h) \ [J oM; x [0, +o0]
=1 =1
and a unique smooth flow,
l !
C :D — By(Fy,2(1 4 2/u?)h) N By (U dM;, h> \ J o
i=1 =1

verifying 4 C(x,t) = W(C(,t)). Let (z,s) € D, by Lemma 4 and continuity of C, for ¢ sufficiently
small I, s) C Io(s,s44)- Hence, from Lemma 5, it follows that,

dUielC(z,s+t)aAIi (C(x7 s+ t)) B dUiEIC(z,s)BA/Ii (C(m7 8))

lim
t—0 t
. dUieIC(z £)0M; (C(x’ 5+ t)) o dUz‘EIC(z 5)0M; (C(:E’ 8))
< lim : .
t—0 t

= <Vuiefc(mys)wi (C(z, ), W(C(z, 5)), >

— JEZN pi(C(z,s)) <VUZ,EIC(W)3Mi (C(z,s)), W(z;), >
< —p)2.

Let # € Ba(Fa, h) N Bo(Ul_, M, h) \ O OM; and s € [0, +o0[ such that (z,s) € D, the foregoing
implies, =

W o (O 5)) Sy, (@)= 5122 7)
Let s, = sup{s € [0,00] s.t. (x,s) € D}, by (7), for such z,

se <2y, on(2)/10? < 20/ pP.

ie{1
Denote d¢ the arc length distance along C, as ||W(x)|] < 1, we then have,

aC(:c,t)‘ dt

do(z,C(x,5,)) = /0 -

< / [W(C (1)t
0
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< sp < Qduie{1 7777 5 oar; (2) /10 < el (8)

Thus ||z — C(z, s;)|]2 < 2dUie{1 l}aMi(x)/lu“Q < 2h/u?. Now, If C(z,s,) ¢ Use[O,sz[UieIC(zyt) OM;

,,,,,

— l
then C(x,s;) € Ba(Fy, (1 + 2/u?)h) N Bg(Uizl OM;, R,) \ U OM; and by (7) the flow can be
=1

(]
extended which contradicts the definition of s,. Thus,

C(z,s;) € U U OM;.

s€[0,54[ €10 (a,1)

From the foregoing we can extend continuously C(z,.) on [0, +o0o[, taking C(z, s) = C(z, s;) for all
S > Sg.

Now, let
Kan := Ba(Fr,h)U ( U {C(z,t), te [O,sz]})

LEGS)\’h
with l .
San = (U By (FaNM;, h)N MZ> N EQ(.F,\, h).
i=1

Using C' we then define the following retract : if

ze |J {Clt), tel0,s]}nM; (9)
m€S>\,h
and
dMim]:)ﬂLLhO‘ (C(‘Tﬂ Sw)) > 4h/M2 - dC(C(‘Tﬂ Sx), :C) (1())
then,

F)\’h((]},t) = C (a:,t§x)
with §, verifying,
do(C(x, 82),C(x,8;)) = (4h/,u2 — dMNFoy ppa (C(m,sz)))Jr.

Else,
F)\,h(az, t) =X.

Let Gxp = Im(z— F)p(x,1)). Then, by definition, Fyp(z,1) € Gyp, for all z € Kyjp. As
C(x,0) = z then F) (x,0) = z, for all x € IC) ;. Remark that, for all x verifying (9) and (10),

de(C(C(x, 50), S0(2,50)): C(C(2, 82), 5 (w.5,))) = (4h/1* = dagnryy ppe (C(C(2,5y), S0(.52)))) 4
= (4h/,u2 - dMiﬂfA+Lha (C(l‘, 31:)))+
=do(C(x,$2),C(x,8;))

and

dC(C(C<x7 §$)7 SC’(ac,gz))7 C(C(J}: §$)7 gC(x,&;))) :dC(C(I'? 527)7 C(.’E, Sz + §C(1‘,§I)))
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Hence, do(C(, 52), C(7, 82 +3¢(2,5,))) = dc(C(x, 52), C(w, 82)). If 3z < s, then H%C(mﬁx + t)H >
0 and thus $¢(;5,) = 0. In this case, we then have,

C(C(7,32), 3¢(2,5,)) = C(, 32).
In the case where 5, = s,, directly, we have,
C(C(wv Siv)’ gC(x,§z)) = C(l‘, Sz + §C(z,§z)) = C(z, 3z)~

It follows, by construction of F) p, that F) p(x,1) = z, for all z € Gy 5. The proof for the continuity
of Fj can be found in Appendix B. Hence, F) , is a deformation retract onto Gy 5. Furthermore,
by (8), we have, for all x € Ky j, and all ¢ € [0, 1],

Fyp(z,t) € §2($’2dU¢e{1 77777 l}aMi(x)/,u) C Bay(z,2h/p?)).

Let’s now prove that Gx n C Fiyr(s(142/u2))*he- Suppose that = € M; N Kq,pn and let’s look at the
following different cases.

o Ifz ¢ Uxesm {C(z,t), t€][0,s,]}NM;, then directly F) p(z,1) =z € Fyyphe, by Assump-
tions A1 and A2.

o If v € Upes,, {Clz,t), t€[0,s:]} N M; and dr, ;,ann; (Clz,82)) < 4h/p?, then, as
F,\,h(x, 1) S {C(Jf,t),t S [0, Sx]}, F)\,h(flj, 1) S Ml and,

4h 6h
dFyy ppanns; (Fap(z, 1)) < 2 + ||z — C(z, s2)||2 < 2

By Assumptions A1 and A2, it then follows that F) n(z,1) € Fair(146/u2)%he-

e Else, Fyp(z,1) = C(z,s;) € UsG[O,sx[UiEIC(%t) OM;. Suppose that C(z,s,) € OM;, i €

Use(o,5. L0(a.t)> thus there exist s € [0, sy such that C(z, s) N Ba(Fy, 4(1 + 2/p?) N M; # 0.
Hence, we have,

darin, (O(2, 50)) < 4(1+2/p%) + [|Cla, 52) — Cla, 5|
<A1 +2/p%) + |C(x, 5) —
<4

(1+2/p?) + 20/ 1.
By Assumptions A1 and A2, it then follows that F) 5 (7,1) € Fxiraa42/u2)+20/u2)h

Hence, in all cases we have F) 5 (7,1) € Fyirs(1+2/u2))*he and the result is proved. O

4 Discussion

In this work, we extend main results of ( ), relaxing the positive reach condition over
the discontinuities into A3. It allows considering signals with pretty wild discontinuities, for ex-
amples, exhibiting multiple points or (arbitrarily narrow) corners, cases that were excluded by the
positive reach assumption. Once again, the convergence rates obtained here coincides with the ones
known for Holder-continuous signals. This means that there is (constant-wise) no additional cost
to tackle such irregular signals. This highlights the robustness to signal irregularity of the persis-
tence diagram inference and the interest of breaking free from analysis relying on sup norm stability.
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A main difference with this previous work, is that under our relaxed conditions, a histogram plug-in
estimator fails to converge consistently to the true persistence diagram. Consequently, we had to
depart from usual plug-in approaches and propose a new estimator based on image module. This
highlights the appeal of non-plug-in methods in TDA.

Similarly to what is done in Appendix C of ( ), one can extend the method and
results obtained here in the setting of non-parametric regression. Motivated by applications to
modes detection, we are also interested in extension to the density model, which will be the object
of forthcoming works.

A practical limitation of the proposed method is that it require some knowledge on the param-
eters « to calibrate h and on p to calibrate 1 and r3. The dependence on « can be handled (while
preserving the convergence rates), as in Section 2.4 of ( ), via the Lespki’s method
( , , ). The dependence on p is more problematic but rather common in homol-
ogy/homotopy inference. Exploring methodologies to develop adaptive procedures requires further
dedicated research.

Also, from a computational perspective (and in order to perform a numerical evaluation of this
method), an important step forward would be to provide an efficient algorithm to compute the
image persistence for general filtrations. This would permit to compare this method to plug-in ap-
proach, specifically to the histogram estimator. While ( ) offers an efficient
such algorithm, it is tailored for Rips complexes, complicating its direct application to our context.
In particular, this would permit to investigate practical selection of the parameters h, r1 and ro.
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A Proof for ¢g-tameness

This section is devoted to prove the claim that the persistence diagrams we consider and esti-
mated persistence diagrams we propose are well-defined, by proving that the underlying persistence
modules are g—tame.

Lemma 6. Let f € Sq(L,a, p, R,). Vs € N, Vh < B there exist a morphism ¢ such that, VA € R,

H, (F3) Hy (FxyLs(uez/uz)ne)
(11
Hy (F3)

is a commutative diagram (unspecified map come from set inclusions).

Proof. Let ¢y : H, (KKxn) = Hs (Gxp) the morphism associated to the deformation retract from
Proposition 2. We also denote 1y : H, (]: f) — Hg (K ) the morphism induced by the inclusion
FU C Kypand dgy @ Hs (Gop) — Hs (,FA+L(8(1+2/M2))0’]7/04) the morphism induced by the inclusion
Gxh C Fayrs(142/u2)*he, also provided by Proposition 2. We take ¢y = ig ) o by 0 i1,x. Diagram
11 then is (unspecified maps are the one induced by set inclusion),

H (Fasn(s(14+2/u2))*he)

f\m\ (12
s (Kan)

s (Gan)

Faces (F1) and (F'3) simply commute by inclusion. Face (F2) commutes as ¢ is an isomorphism.
All faces of diagram 12 are commutative, hence diagram 12 (and equivalently diagram 11) is com-
mutative. O

Proposition 3. Let f € S4(L,a, p, R,,) then f is g-tame.

Proof. Let s € N and V, ; the persistence module (for the s—th homology) associated to the sublevel
filtration, F and for fixed levels )\ < X' let denote vi‘ the associated map. Let A € Rand h < R,,/2.

By Lemma 6, /\+L(8(1+2/M DR = ¢y 01y, with iy : H (Fn) — H, (.Ff) By assumption A1l
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and A2, F) is compact. As [0,1]¢ is triangulable, F is covered by finitely many cells of the
‘Eriangulation, and so there is a finite simplicial complex K such that F, ¢ K C F ff Consequently,
i) factors through the finite dimensional space Hg(K') and is then of finite rank by Theorem 1.1 of

2\\Y 7
( ). Thus, viJrL(S(HQ/M )" is of finite rank for all 0 < A < &. As for any
A< N <)\, v§ = vi, o Ui we then have that v§ is of finite rank for all A < \. Hence, f is
g-tame. O

Proposition 4. Let f € Sy(R, L,«) and h > 0 then, for all s € N, \737]« is g-tame.

Proof. The results also follows from by Theorem 1.1 of ( ). Let h > 0 and
A€R. Fy and .F)[rﬂh are unions of cubes of C}, and thus finite dimensional. Hence, Im (p)) is finite
dimensional. Thus V; r is g-tame. O

B Proof of the continuity of I

This section is devoted to the proof of the continuity of the deformation retract F) ;, claimed in
the proof of Proposition 2.

Lemma 7. Let h > 0 and X\ € R, F)\}, is continuous.

Proof. Let 6,8 > 0, z,y € ICxp such that ||z —y|l2 < 0 and ¢,s € [0,1] a such that |t — s| < 5.
Let’s look at the different cases.

First let’s tackle the cases where x € M; and y € Mj, i # j. In this case, we have d 1 4, (z) <
i=1 1
e —ulle < 8 and iy, () <l — ]2 <.

e If z verifies (9) and (10), by (8), we have

1 Exn(z,t) = all2 = [lo = C(x,3:)|]2 < do(z, C(z, 54)) < 20/

e If = does not verify (9) or (10), F) x(z,t) = z, and directly,

[|Faxn(z,t) —x[]2 = 0.

following the same reasoning we also have, in both cases for y, ||[F\x(y,s) — y|l2 < 26/u®. Conse-
quently, in any cases,

1 Fan(@,t) = Eaa(y, s)ll2 < [[Fan(@,t) — ll2 + [|Fan(y, 8) — yllz + |z — yll2 < 6(1+4/47).

This concludes for the cases where x € M; and y € Mj, i # j. From now, we suppose that
z,y € M;.

e If x and y do not verify (9) or (10), then directly,
Ean(@,t) = Fxn(y, s)ll2 = |l —yll2 < 6.
e If x verifies (9) and (10) and y does not verify (9). Then, y € Fatrpe. Thus,

datin s e (C(2,50)) < (e, O, 5,)) + |2 — ylla < 20/ + 6
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and, by (10),
Ao, Cl,5)) > W12 — dagry e (Clas52)) > 21/ — 5 > do(e, Cla, ) — b
Consequently, F p(z,t) € {C(x,t),t € [0,0]}. As,
1Fan(@,t) = Fan(y, s)ll2 = [[Fan(z,t) —ylla < |[Fan(z,t) —all2+0
we can conclude in this case by continuity of C.
e If z verifies (9) and (10) and y verifies (9) but not (10), then,
do(z, C(x,54)) > 4h/1? — duinry, e (C(2,52))
= 4h/1® = dainFay ppe (CW, ) + darinFy s e (CWs sy)) — dagnry e (C(,52))
> dh/p® = dasnFy e (C(Y:8y)) = IC (@, 50) = Cly, sy)ll2
(,

> dc(y,C(y,sy)) — [|C(z,82) — Cly, s )Hz
> do(x,C(x,82)) — |de (@, C(x, 55)) — do(y, C(y, sy))| — [|C(x, 82) — C(y, sy)l|2-

Hence, by definition of 8., Fyn(z,t) € {C(z,t),t € [0,|dc(y, Cly, sy)) — do(z,C(z, s2))| +
||C(x, sz) — C(y, sy)||2]}. Suppose without loss of generality that, s, > s, then we can write,

C(x,s;) = C(Clx, sy), sC(LSy)) =C(x,sy + Sc(x,sy))-

By (7), sc(as,) < 21C(z,sy) — C(y, sy)ll2/p?. And by continuity of C, ;in%HC(:L‘,sy) -
—
C(y, sy)|l2 = 0, thus, gin% |sz —sy| = 0. Hence, by continuity of C' again, gin% | Faxn(z,t)—x|2 =
— —
0. As,

10 (2, 8) = Exn(y, s)llz = [[En (2, 8) = yll2 < [|[Exn(@, ) = 2ll2 + llz = yll2 —— 0

we conclude in this case.

e Finally, If both  and y verifies (9) and (10), then,

1Fxn(2,t) = Fan(y, s)lla = IC (z, t52) = C (y, 55yl

As in the previous case, it follows again in this case by continuity of C, that %irr(l) |sz — sy| = 0.
—>
Consequently, by continuity of C' and definition of 5, and 5, %in% |5z — .§y| = 0. And using
—

again the continuity of C', we then have,

lim [|C(z,tsy) — C (y,s8y)[l, =0
8,6’ =0

which gives the conclusion in this case.

Combining all the previous cases, we proved that F) j, is continuous. O
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