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ABSTRACT

We study the stationary state of Hall devices composed of a load circuit connected to the lateral edges of a Hall bar. We follow the approach
developed in a previous work [Creff et al, J. Appl. Phys. 128, 054501 (2020)] in which the stationary state of an ideal Hall bar is defined by
the minimum power dissipation principle. The presence of both the lateral circuit and the magnetic field induces the injection of a current:
the so-called Hall current. Analytical expressions for the longitudinal and transverse currents are derived. It is shown that the efficiency of
the power injection into the lateral circuit is quadratic in the Hall angle and obeys to the maximum transfer theorem. For usual values of
the Hall angle, the main contribution of this power injection provides from the longitudinal current flowing along the edges instead of the

transverse current crossing the Hall bar.

Published under license by AIP Publishing. https://doi.org/10.1063/5.0044912

I. INTRODUCTION

The classical Hall effect’” is usually described by the local
transport equations for the charge carriers that take into account
the effect of the Laplace-Lorentz force generated by a static mag-
netic field. Typically, in a planar Hall device, an electric generator
imposes a constant electric current ]fc’ along the x direction (see
Fig. 1), and the Hall voltage is then measured transversally along
the y direction at a stationary regime as a function of the magnetic
field. The physical mechanisms behind this effect and the corre-
sponding transport equations are well-known and are described in
all reference textbooks. At a stationary state under a perpendicular
magnetic field, the Hall voltage can be measured, which is due to
the accumulation of electric charges between the two edges of the
Hall bar. This state corresponds to a vanishing transverse current—
or Hall current—]J, = 0 along the y axis.”” Indeed, the accumula-
tion of electric charges at the edges produces a transverse electric
field E, that balances the Lorentz force so that the system reaches
an “equilibrium” along the y axis.

However, due to the contact with the power generator, the
system is not at equilibrium (heat is dissipated), and the presence of
the magnetic field is likely to couple the two directions x and y of
the device (assumed to be planar), as shown by the transport equa-
tions. The reason—or under what conditions—the system imposes a
vanishing Hall current ], = 0 at a stationary regime is given by a
variational principle: the current distributes itself so as to minimize
the Joule heating. A stationary state with J, # 0 occurs in some

specific situations that are, for instance, (i) the Corbino disk under a
magnetic field,” (ii) the spin-Hall effect, in which the effective mag-
netic field is defined by the spin-orbit scattering (the presence of a
pure spin-current), or (iii) the case of an electric contact that links
the two opposite edges to a load resistance. This last situation is
present while measuring the Hall voltage, since the internal resist-
ance of a real voltmeter is finite.

The investigation of the condition J, = 0 in an ideal Hall bar
was the object of previous publications,”” in which the variational
method used in the present work was developed. Beyond, the case
(i) of the Corbino disk is well-known: in the presence of the static
magnetic field, an orthoradial current is indeed flowing perpendicu-
lar to the radial electric field. The power dissipated in the stationary
state is higher than for the equivalent Hall bar.*” The case (i) is still
controversial'>'" and will not be discussed here. The question (iii)
seems to be disregarded in the literature, but it could be related to
the so-called current mode in Hall devices.'> However, the measured
“Hall current” is usually an effect of the non-uniform current lines
due, e.g, to misalignment of the metallic electrodes.'™'* In contrast,
the goal of this report is to study the physical properties for the con-
figuration that corresponds to the highest symmetry of the device
compatible with the constraints applied to it.

Il. JOULE DISSIPATION

The system under interest is studied in the context of non-
equilibrium thermodynamics.”™" It is a thin homogeneous
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FIG. 1. Schematic representation of a Hall bar with the electrostatic charge accumulation +6n at the edges, the electric field lines (red), and the current lines (black).
The static magnetic field H is applied along the z direction. Note that the scales along x and y are not respected since we need ¢ < L in order to assume translational
invariance along x. (a) Planar Hall bar without dissipative leakage. (b) Same Hall bar including lateral circuit with transverse resistance Ry and representation of the load
resistance R (preserving the translational invariance along x). The chemical potential difference Au is also represented.

conducting layer of length L and width ¢ contacted to an electric
generator and submitted to a constant magnetic field H oriented
along the z axis (see Fig. 1). We assume that the conducting layer
is planar, invariant by translation along the x axis ¢ < L (this
excludes the region in contact with the power generator), and the
two lateral edges are symmetric.

Let us define the distribution of electric charge carriers by
n(y) = ng + on(y), where én(y) is the charge accumulation and
ny the homogeneous density in the electrically neutral system
(e.g., density of carriers without the magnetic field). The charge
accumulation is governed by Poisson’s equation V?V = —15n,
where V is the electrostatic potential, g is the electric charge, and
€ is the electric permittivity. The local electrochemical potential
H(x, y)—that takes into account not only the electrostatic poten-
tial V but also the energy (or the entropy) responsible for the dif-
fusion—is given by the expression'”” (local equilibrium is
assumed everywhere),

uzk—Tln(ﬁ> T, 1)

where k is the Boltzmann constant and the temperature T is the
temperature of the heat bath in the case of a non-degenerate
semiconductor or the Fermi temperature T in the case of a fully
degenerate conductor.”’ Poisson’s equation now reads

V2 — 229 0,2 1n (1

) +3sn=0, @)
E E

no

where Ap = ,/% is the Debye-Fermi length. On the other hand,

the transport equation under a magnetic field is given by Ohm’s law,
J = —6Vu = —qniVu, 3)

where the transport coefficients are the conductivity tensor 6 or the
mobility tensor 7. In two dimensions and for the isotropic material,
the mobility tensor is defined by Onsager relations,"”

~_(nm ng\ _ 1 60y
”—(—nH n) "(—BH 1)’

with

where 7 is the ohmic mobility, n7; the Hall mobility (usually propor-
tional to the magnetic field H = H&,), and 6y the Hall angle. The
electric current then reads

j= —qm](ﬁu —0Oye, x ﬁu) (where x denotes the cross
product) or

—gnn(1 + 63)0 = Jx — Ouys (4)
—qm](l + 9%1)8};# = ]y + HH]x’ (5)
7P = J2 + 72 = (gnn)* (1 + 63) || V. ©)
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The expression of the Joule power dissipated by the
system reads

=S jg A —— f ™ 1712
= Jla = o 4
! ' 4!1 4 qnon(1+63) )¢ n 7

where Sp; is the lateral surface of the Hall bar (product of the
length L by the thickness) and 2/ is the width.

lll. THE IDEAL HALL BAR

The stationary state is defined by the least dissipation principle,
which states that the current distributes itself so as to minimize
Joule heating P; compatible with the constraints.'*~"*

Due to the symmetry of the device and the global charge con-
servation, we have fff ondy =0, and the total charge carrier
density is constant . = 3; [ ndy. For the sake of simplicity, we
assume a global charge neutrality so that ny = ng. On the other
hand, the global current flowing in the x direction throughout the
device is also constant along x by definition of the galvanostatic
condition. The two global constraints read

¢ ‘
J n(y)dy = 2¢ny and J J:ndy = 24]2. (7)
-t —¢

We define for convenience the reduced power P = 1+6)

lat
2 2
P = f , L :]’ dy. Let us introduce the two Lagrange multiplayers 4;

and A, corresponding to the two constraints [Eq. (7)]. The func-
tional to be minimized then reads

- R
P]Uxa]y» I’l] :J /( n t _)“]]x_ﬂ-nn>dy- (8)

The minimum corresponds to

Py B
ol =0 << 2], =nl, 9)
oP; B
ij =0<=],=0, (10)
6_~’_ 2,12 _ 3 2
6(”)—0@])‘—5—0— Ann. (11)

Using Egs. (7) and (9) leads to 4; = % so that J, = nﬂolg [and from

Eq. (11), we have, furthermore, A, = —(],?/no)z]. Hence, the
minimum is reached for

h(y)z],?% and J, =0. (12)

The usual stationarity condition V -] = 0 is verified. Inserting the
solution (12) into the transport equations (4) and (5), we deduce

ARTICLE scitation.org/journalljap

These two terms are constant

Ot = —Land Gu = 2k
" qnon(1+63,) = on (o5

so that the electrochemical potential of the stationary state is har-
monic: V1 = 0. Since the profile of the lateral current J,(y) is
defined by the charge density n(y), Poisson’s equation [Eq. (2)] for
V2u = 0 gives the solution

soim(1+57) =2 (13)

no no ’

Once again, the boundary conditions for the density # are not defined
locally but globally by Eq. (7) and by the integration of Gauss’s law
V-E= 0yE, = 15n, at a point y, (see Appendix C in Ref. 7),

A
E,(y0) = —0,V(y) = — %J onysgnly —ydy -+ AE%, (1)

where the constant AE® = E(+00) + E(—00) accounts for the elec-
tromagnetic environment of the Hall device (AE* = 0 in vacuum),
and the Sign function sgn(y — yo) = (¥ — %) /|y — yo| accounts for
the opposite sign of the charge accumulation at both edges. Inserting
the stationary solution (12) and the relation (5) for O, gives the con-
dition

¢
+ 2/1]238y In (nl) (yo) +2Cg + J on(y)sgn(y — yo)dy = 0,
0 -

(15)

204JCy
1+ 63

where Cy = qz‘fm and Cg = quZw. Using this condition and fixing
gives a unique solution for #n(y), and the stationary current [Eq. (12)]
is fully determined.

This derivation was the object of the report published in Ref. 7,
and the result was confirmed by an independent stochastic

approach.” For small Debye length Ap/¢ < 1, the charge accumula-

0
tion +&n at the edges gives rise to the voltage VY = 9;’;—:#. For low
magnetic field H, we have 6y ~ nH, and the usual expression of

H2(p0
qno ”

the Hall voltage is recovered: V¥, =

IV. EFFECT OF A LATERAL PASSIVE CIRCUIT

The solution found in Sec. III is valid as long as the dissipa-
tion due to charge leakage at the edges is negligible with respect to
the dissipation inside the device. However, if it is no longer the
case, the stationary regime should be reconsidered by introducing
the dissipation due to the resistance of a lateral passive circuit that
connects the edges of the Hall bar. In order to take into account
this supplementary dissipation, we introduce the load conductivity
g (Q7'-m™2) of the lateral circuit [see Fig. 1(b)]. The power dissi-
pated in the lateral circuit is by definition of g,

P = SlatgA/12>

where Au = pu(+¢) — u(—2) is the difference of the chemical poten-
tial between both edges [see Fig. 1(b)]. We assume that the load
conductivity ¢ does not depend on the magnetic field. From a
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topological point of view, despite the presence of electric charge
accumulation at the edges dn # 0, the fact that the system is
doubly connected—instead of simply connected—suggests that the
corresponding device is closer to a Corbino disk than a Hall bar.’

Note that due to our hypothesis of the invariance along x, we
do not treat the case of a unique wire that joints the two edges of the
Hall bar, which would form two “punctual” contacts on both edges
[see Fig. 1(b)]. Indeed, such a contact would break the translation
invariance symmetry along x and would distort the current lines in a
specific manner that depends on the details of the contact geometry
and resistivity. Such a contact-specific effect is not related to the
generic problem studied here. Incidentally, it is well-known that the
main advantage of the Corbino disk with respect to the Hall-bar
device is precisely that it is much easier to design two quasi-perfect
concentric equipotentials (circular symmetry) instead of two quasi-
perfect longitudinal equipotentials (translational symmetry).

Using Eq. (5), the difference of chemical potential can be
expressed as a function of the current,

+4 +0

] +0H]x
= dyou = J dy =L —% 16
aa J,g 7O LY g+ 63) (16

so that

Sia + Ouls

P = LA (J ay? HJ) . 17)
(@n(1 + 6%)° ¢ n

As in Sec. 111, we define the reduced power P = q"(He” ) P. The total

power dissipated is then

P = i)] +Plat

R 1o Jy + Ok
I A

where we have introduced the dimensionless control parameter a,

20g

T g1+ 6%) {9)

Note that the control parameter « is the ratio o = };—’I’ of the “Hall
. » . —Vu_ _ 2
resistance” per surface unit Ry = ]0 15 6%)

= é of the load.

Accordingly, the minimization of the corresponding func-

over the resistivity

tional P now reads

P
—=0<= 20A0y + 2], =niy, (20)
o],
where we have defined for convenience the constant
= fz M“f”’" dy. Furthermore,
57
—P:0<:)aA+]y=0 21)
dJ,

ARTICLE scitation.org/journalljap

and
&P
—— =0 20A+ >+ ]} = A, 1. 22
) aA+J; + ]y n (22)
Equations (20) and (22) define the Lagrange multipliers A; and

An and will not be used in the following. From Eq. (21), we can
immediately deduce that

+ J, does not depend on y.

o In the absence of a magnetic field, Oy =0; we have
;‘—%a Ty fd—ny—i— J, =0, and J, = 0 is the unique solution (since o
and n are positive).

o If the load resistance goes to infinity R; — oo (or g — 0), the
power dissipated by the current leakage is negligible, and we are
back to the case discussed in Sec. III: the stationary state is
defined by J,(y) = ]2%') and J, = 0.

o In the case of a short-circuit by the edges (ie., the case of a
Corbino disk), Rj — 0 (or g — ), we have A = f@dy —0
which leads to the solution, at the limit: J, = —6pJ,. This is
indeed the well-known stationary state for the Corbino disk, which
corresponds to the maximum current J,.”

V. BETWEEN THE CORBINO DISK AND THE HALL BAR

Introducing the constant current inside the integral of Eq. (21)

with J, = f; IVZ% and dividing by% (for J, # 0), we obtain

+Zd 1o
= Hi)) = o 23
[ofirai(1+72)) @)

As pointed out above, the two limiting cases are the solution of
Eq. (23). At the limit of the perfect Hall bar (defined by an infinite
load resistance and a = 0), a vanishing transverse current Jy —0is
recovered, while at the limit of the perfect Corbino disk (defined by
Ry =0 or o= ), the Corbino current ], = —6yJ, is recovered.
Without loss of generality, the solution J,(c) can be expressed with
introducing an arbitrary function f(a) such that J, = —f(a) OnJ0.
The function f(e) can be determined by using the sufficient condition

1+a—(1+9 ]—")zo. (24)
n Iy
We then obtain J,(y) = ]Of(a)<1 + ;“ﬁﬁ')) Applying the two
global constraints [Eq. (7)] leads to the expression f(@) = €
[0, 1] and thus to

= Oul?, (25)

a+1

which interpolates the two limiting regimes for arbitrary ratio
a = Ry /Ry. From Eq. (24), we deduce

_ K n(y)
J(y) = o (a +n—0)- (26)
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The lateral current ], is homogeneous (it does not depend on y),
while the corresponding longitudinal current J.(y) is non-
uniform and follows the profile of the charge accumulation n(y).
The relation V -] = 0 is still verified, but the chemical potential

Loy
a+1 qnno(1+63;)

still constant [decreased by a factor 1/(a + 1)], while du(y) now
depends on y. The typical profiles of the longitudinal and trans-
verse currents [Eqs. (25) and (26)] are plotted in Fig. 2 in unit of
the injected current J.

The Hall voltage with lateral load resistance can be derived
easily. Inserting the solution [Eqgs. (25) and (26)] instead of
Eq. (12) into Eq. (15), only the expression of the parameter Cy is
modified by the factor 1/(1 + a),

is no longer harmonic. The derivative dyu = is

€ 1

Col@) = ——— ——.
o@ ¢non 1+«

@7)

Assuming Cg = 0, the charges accumulation 6n/ng at the edges is
reduced by the same factor

onl@) C
no - 1+a

, (28)

where C = i—;’(a = 0) is the charge accumulation without lateral
circuit, as calculated in Ref. 7.
_ 6u)lC 1 sh(y/ip)

= (1462 Ao h(/@Ap))
Ap — 0, the charge accumulation reduces to Dirac distributions at

the edges of the Hall bar,”

For a vanishing screening length

qn(y) = o° (6(y — ) = 8(y + 1), (29)

- a -
~o6{/| a =01
0.4
AD [
0.2 o = 10
CrTToToooooooooooooom a=1
poELoomoommommm o =
210 —05 0.0 0.5 1o @ =01

FIG. 2. Typical profiles for the longitudinal current Jy(y) (plain lines) and the
homogeneous transversal current J, (dotted horizontal lines) across the Hall bar
for various values of the parameter & = {0.1, 1, 10} and in units of the injected
current J2. The Debye length Ay is indicated by the vertical lines.

ARTICLE scitation.org/journalljap

where o° is the surface charge,

HH £ 1
1+ 6% qnonl +a’

) =" (30)

which does not depend on J,. Assuming the usual low magnetic
field limit, we have 6y ~ nH, and the Hall voltage is deduced,

oL JPHL 1
\Y% =—=x 31
u(@) £ qny 1 +a (1)

The voltage [Eq. (31)] divided by the Hall voltage VY of the ideal
Hall bar is simply given by % = H;RH’ where we have replaced the
H R
parameter ¢ by its value @ = Ry /R;.
Note that the ratio of the transverse current over longitudinal
current,

, (32)

is small for usual values of the angle 6. This ratio divided by 6y
is plotted in Fig. 3 at the edge y = £ as a function of @ = Ry/R;.
The quantitative study of the result [Eq. (32)] shows that the power
injected into the lateral circuit is mainly carried by the longitudinal
current J,(y) instead of the transverse current J,. Indeed, as shown
by Egs. (29) and (30), the system can be interpreted as a capacitor

1
HH J:I:
C=0
C=1
_ B
a—Rl
0 . =
0 1 2 3

FIG. 3. The ratio of the transverse current over longitudinal current divided by
O Jy(@)/ (6H Jx()) at the edge (y = ¢) is plotted as a function of the param-
eter a=Ry/R; for different values of the initial charge accumulation
C = én/ng(e = 0) (varying from 0 to 1 with step 0.1).
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that is recharged permanently by the longitudinal current J, only,
in order to keep the charge accumulation &7 at the stationary state.
In other terms, the electric charges that are injected into the exter-
nal circuit are mainly due to the discharge of the lateral edges,
resupplied permanently by the longitudinal current J,. This rather
counter-intuitive picture invalidates that of a Hall current J, com-
posed of charge carriers flowing transversally from one edge to the
other through the Hall bar.

However, if the parameter « is large enough, the contribu-
tion of the transverse current J, to the total current becomes
sizable for small values of the load resistance R; < Ry in nearly
intrinsic semiconductors. Typically, the value of 6y ~ 0.14 is
obtained in a field of 1T in silicon with an impurity density of
about 10" cm™>. The transverse current J, injected into the
lateral circuit can then reach the amplitude of the longitudinal
current J, for a magnetic field of the order of 1 T if the coefficient
a is of the order of 100. The load circuit is then close to a short-
circuit between the two edges of the Hall bar, and the corre-
sponding device is like a Corbino disk, i.e., a device in which the
charge accumulation is not allowed.

VI. POWER INJECTED

The total power p= 13] + f’lat—given in Eq. (18)—is the sum
of the Joule heating P; dissipated inside the Hall device and the
power Py, dissipated into the lateral passive circuit. Inserting the
stationary state [Eqs. (25) and (26)] and using the first global con-
dition in Eq. (7), we obtain

1,008 Hot(@) o =01 (a)
P(0)

1.006

1.004 1

1.002-

0y = 0.025
1.000 1 O =0
0 1 2 3 4 5
a = Ryg/Re

ARTICLE scitation.org/journalljap

+d 20 20
(a2(1+9§,)J —y+(2a+1)—+—“9§,). (33)
¢ hn no no

N
P =i

Assuming that 6n < nj, we have fj; % >~ 2{/ny, and the total
dissipated power reads

2010 X1+ 62) + a2+ 6%) + 1
qnno (a+ 1)

(I

a

P(0) (1 + 6% —) (34)

a+1

where P(0) is the power dissipated by the ideal Hall bar without
lateral contact.
On the other hand, the power injected into the lateral circuit is

Pi() = P(0) (9%, ﬁ) : (35)

The total power dissipated in the lateral circuit [Eq. (34)] normalized
by P(0) is plotted in Fig. 4(a), and the power injected into the lateral
circuit [Eq. (35)] normalized by P(0) is plotted in Fig. 4(b) as a func-
tion of @ = Ry/R;. The different profiles correspond to different
values of 8y from 0 to 0.1. Due to the small values of the Hall angle
6y, the power injected into the lateral circuit is a small fraction of
the total power dissipated by the device. The ratio Py, /Piyr—i.e., the
efficiency of the injection—is indeed proportional to 6%

0.0030

F’lat(a) (b)

P(0)

0.0025 +

0.0020 -

0.0015 1

0.0010 1

0.0005 1

(0.0000 +

o = RH/Re

FIG. 4. Amplification of the power as a function of & = Ry /R; for different values of the Hall angle 6 (i.e., of the static magnetic field H) from 0 to 0.1. (a) Total power
Pt dissipated in the device normalized by the power without lateral circuit P(0). (b) Power Py injected in the lateral circuit normalized by the power without lateral circuit

P(0). The maximum coincides with the resistance matching R, = Ry.
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Note that in Fig. 4(b), the power injected into the lateral
circuit reaches a maximum at @ = 1, i.e., for Ry = Ry, indepen-
dently of the magnetic field. Indeed, the situation is analogous to
a voltage source with internal resistance Ry, loaded with R,. The
expression Py (Ry) is then an illustration of the so-called maximum
power transfer theorem, where the maximal injected power is
achieved at the impedance matching condition Ry = Ry. This obser-
vation gives an intuitive meaning of the Hall resistance Ry as the
internal resistance of a voltage source when the Hall bar is used as
the power supply for a lateral circuit.

VII. CONCLUSION

We have performed a quantitative analysis of the stationary state
of a Hall bar connected to a load circuit at the lateral edges. This con-
figuration corresponds to the so-called current mode of Hall devices.
This analysis is based on a variational approach developed in previous
works. The model assumes a planar device, a perfect symmetry of the
two lateral edges, and a translational invariance along the longitudinal
direction x (the deformation of the current lines due to the contacts
is not taken into account). The expression of the non-uniform longi-
tudinal current J,(y) is calculated. This current allows the charge
accumulation to be maintained at a stationary state. When a lateral
circuit is connected to the lateral edges of the Hall bar, it is shown
that the current J,(y) is amplified and a Hall current is generated:
J, # 0. The power injected from the Hall bar to the lateral circuit
can be controlled by the magnetic field and by the load resistance R;.
It is shown that the physical significance of the Hall resistance Ry is
that of the usual internal resistance of a voltage source when the Hall
bar is used as the power supply for the lateral circuit.

Beyond, the surprising result of this study is that, for usual
values of the Hall angle, the main contribution of the power injected
into the lateral circuit is due to the longitudinal current J, instead of
the transverse current J,. This means that the device can be inter-
preted as a capacitor that is recharged permanently by the longitudi-
nal current J, only in order to keep the charge accumulation 87 at a
stationary state. In other terms, the electric charges that are injected
into the external circuit are mainly due to the discharge of the lateral
edges, resupplied permanently by the longitudinal current .. This
rather counter-intuitive picture invalidates that of a Hall current J,
composed of charge carriers flowing transversally from one edge to
the other through the Hall bar. However, this more intuitive
Hall-current regime with sizable J, is able to take place for nearly
intrinsic semiconductors (for which 6y & 0.15 or above) for small
enough load resistance R,y < (Rpy/100): the device is then close to a
Corbino disk. The two different regimes are then able to take place
in the same device depending on the values of the load resistance Ry.
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