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LONG-TIME BEHAVIOR OF AN ANISOTROPIC RIGID BODY
INTERACTING WITH A POISEUILLE FLOW
IN AN UNBOUNDED 2D CHANNEL

DENIS BONHEURE, MATTHIEU HILLAIRET, CLARA PATRIARCA,
AND GIANMARCO SPERONE

ABSTRACT. We study the long-time behavior of an elliptic rigid body which is allowed to
vertically translate and rotate in a 2D unbounded channel under the action of a Poiseuille
flow at large distances. The motion of the fluid is modelled by the incompressible Navier-
Stokes equations, while the motion of the solid is described through Newton’s laws. In
addition to the solid inertia and the hydrodynamic forces, we assume the dynamics of the
solid is driven by internal elastic restoring forces but without any structural damping.
Through a precise description of the motion of the elliptic body whenever it comes close
to the channel boundaries, we prove global-in-time existence of weak solutions. Our
second main contribution is a proof of return to equilibrium in case the amplitude of the
Poiseuille flow is small. To our knowledge, this represents the first long-time analysis of
fluid-solid interaction problems with a given non-trivial final state.

AMS subject classification: 74F10, 35Q30, 76D03, 35B40.
Keywords: fluid-solid interactions, Navier-Stokes equations, collisions, long-time be-

havior.
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1. INTRODUCTION

1.1. Context. Because of its relevance to applications, describing the motion of particles
in a channel is one of the crucial problems in the field of fluid-solid interactions [32,
Section 7-3]. From the analytical standpoint, this is a simple system to state that contains
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a wide variety of intriguing phenomena. Consider for instance the fall of a particle inside
a vertical channel. If the particle is sufficiently small and close to the centerline of the
channel, interactions with the boundaries are neglectable and the equations of motion are
fully integrable (for simple particle shape). This leads for instance to (by now classical)
Jeffery’s orbits [46] in case of elliptical particles. The situation becomes more involved
when the particle moves close to the channel boundaries. One must then take into account
the influence of the walls to compute the hydrodynamic forces exerted on the particle.
When fluid inertia is neglected, several studies provide either exact formulas with suitable
transformations [53], @, [10, [I5] or approximations when the distance between the obstacle
and the wall is small with respect to its dimensions [12]. However, such descriptions lead to
paradoxical results. For instance, assuming the particle is spherical prevents from a lateral
migration of the particle relative to the wall. This is in contradiction with the observed
Segré-Silberberg effect that predicts particles falling in a cylindrical channel have privileged
orbits [59]. One common explanation of this paradox is to reintroduce fluid convection
[44]: relying on matched aysmptotic methods, approximate solutions enable to recover
the privileged orbits of Segré and Silberberg (see the introduction of [50] for a review of
known results). However, to our knowledge, handling the full nonlinear problem is still
an open issue since it makes the mathematical analysis more subtle with no explicit exact
analytical formulas for solutions.

One ambition of our study is to contribute to the mathematical analysis of solid/wall
interactions in this fluid /solid context. We aim in particular to provide a sharp description
of particle trajectories without relying on exact or approximate formulas. To this end, we
start from another standpoint on particle motion in channels. Following some related
models used in the engineering literature [I1], 18], 20} [52], we consider a spring-mounted,
undamped, rigid elliptic body which is immersed in an incompressible viscous flow mod-
elled by Navier-Stokes equations and which is free to move in the direction orthogonal to
an incoming Poiseuille flow (see the precise definition below). This toy model serves
as a paradigm for many problems in physics and engineering sciences such as the wind
blowing on a bridge or the oscillations of a submarine communication cable (see [64] for
more examples). In this apparatus, the elliptic body is at rest if it lays on the channel
centerline with its axis parallel and orthogonal to the channel axis. In case the body shifts
or rotates from this rest position, the created asymmetry interacts with the Poiseuille
flow and makes the body to move. In the absence of restoring forces, the particle would
leave the channel centerline possibly to reach a Segré-Silberberg orbit. There is then a
competition between the fluid forces and the restoring forces. Numerical evidence [55]
shows that, in this regard, if the intensity of the inflow is sufficiently small, in the long
time the streamlines of the fluid are characterized by an upstream-downstream symmetry.
In particular, it is possible to observe the presence of two symmetrical eddies in a closed
re-circulation zone in the wake of the obstacle and, thus, the flow can be considered steady.
As soon as the inflow’s intensity is above a critical threshold value, the flow pattern makes
a transition from an ze-symmetrical steady configuration to an unsteady periodical one,
where it exhibits a vortex shedding phenomenon [4]. While this issue has been extensively
studied from the numerical and experimental point of view, a mathematical approach is
still lacking. In this paper, we propose a mathematical approach of the first regime of
small inflow in the 2D setting.

1.2. Model. To describe precisely the model, we set

2 2
Beq:{(xl Z'Q)ERQ .%'1+a?2<1}
9y d2 52 —
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which describes an elliptic rigid body B, of mass M > 0 and moment of inertia J > 0.
To fix the ideas, we assume that § < d below so that d is the large axis of B.,. We recall
that, in this 2D setting the body the moment of inertia is a time-independent scalar. We
assume that the body is immersed in a two-dimensional channel A of width 2£. Up to a
good choice of coordinates we fix A =R x (=L, £). The upper and lower boundaries of the
channel are therefore given by I' = R x {—L} UR x {L£}. We restrict to the case £ > 2d
so that — with the assumption that the large axis of B, has length 2d — the body cannot
touch simultaneously the upper and lower part of I'. We will comment on this restriction
further on. What remains of the channel is filled with a homogeneous incompressible
viscous fluid.

The rigid body is free to rotate and move vertically but it does not translate horizontally
inside the channel. We respectively denote by h and 6 the vertical displacement of the
barycenter of the rigid body and its anticlockwise rotation from the central line x5 = 0.
Thus,

cos@ —sin6

B(h,0) = Q(0)Beq + hex = [sin@ cos 6

] Bug+hey,  V(h0) € Ags,

tracks the position of the body after the vertical translation of height h and the rotation of
angle 6. Here, A;; denotes the set of admissible values for (h,#) that imposes Be, € A :

Aqs = {(h,0) € B ‘ bl + v/(dsin0)2 + (3cos O < L} .

FIGURE 1. Summary of the notations.

We consider the displacement of the elliptical particle on a timespan (0, 7). Due to the
motion of the rigid body inside A, the domain occupied by the fluid is variable in time
and is given at time ¢ by Q(t) = A\ B(t), where

B(t) = {(z1,72) € R* | Q(0(1))" (w1, 22 — h(t)) € Beg}-

For simplicity, in the sequel we will sometimes omit emphasizing the dependence on ¢ €
(0,7) and, with an abuse of notation, we will denote through the Cartesian product
Q(t) x (0,7) the space-time domain defined by

{(z,t) eR* xRy |z € Q(t), t € (0,T)}.

We will do the same abuse while writing dB(t) x (0, T) instead of U;e (o 70 B(t) x {t}. All
notations are summarized in Figure

In the fluid domain (¢), we introduce U : Q(t) x (0,7) — R? and P : Q(¢t)x (0,7) — R
that denote respectively the velocity field and the pressure of the fluid. We denote by u > 0
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and p > 0 the viscosity and the density of the fluid. We recall that Newtonian laws state
that the stress tensor of the fluid reads
VU + (VU)T
2, (U, P) = =PI+ 2uD(U) with D(U) = +2()

where I is the 2 x 2-identity matrix, and that we have the algebraic relation
V-2, P)=puAU - VP

for any divergence free vector field U. In the absence of a body in the channel A, the fluid
flow would be driven by a (prescribed) pressure drop per unit length Py > 0. We would
have then (U, P) = (vp, ) where the so-called stationary Poiseuille flow v, associated
with the pressure m, solves

—pAv, + p(vp - V)vp + Vi, =0, V.ov,=0 in A, (1.1)

with no-slip boundary conditions, i.e. v, = 0 on I'. With this boundary condition, the
equation (|1.1)) has a unique unidirectional solution whose expression is explicit, namely

~ Py L2 2\
vp(x1, x2) = vo(x2)E1 = 0 (1 — 2) el Vg € [-L, L],

2u (1.2)

mp(z1, 22) = —Poxy .

In particular, the pressure drop per unit length Py is directly related to the flow rate
2PoL3/(311). In the presence of a solid body inside A, the couple velocity-pressure (U, P)
is a solution to the Navier-Stokes equations on €(¢) x (0,7) forced by the Poiseuille flow
vy, at spatial infinity, the body velocity-field on 0B(t) and no-slip boundary conditions on
.

As for the elliptical body, its motion follows Newton’s laws of solid dynamics taking into
account the action of the fluid and restoring forces only. Assuming continuity of normal
stress at the fluid/solid interface, the hydrodynamics forces produced by the fluid on the
rigid body B are given by

—/ X,.(U, P)ndo,
aB(1)

where the minus sign is due to the fact that we choose 7 to be the outward normal to
08(t), thus directed towards the interior of B. The lift force that enters in Newton’s
equation along €, reads then

e / 5, (U, P)ido .
dB(t)
The torque produced by the fluid on the rigid body B is given by
—/ (x — hes)L - 5, (U, P)ado,
dB(t)

and contributes to the the angular part of Newton’s equations. We recall that we assume
that B cannot move horizontally (this can be achieved by applying an active drag force
on B). In Newton’s equations for linear and angular momentum we also add respectively
Fy,, Fp : R? — R that represent smooth elastic restoring forces, the model case being purely
linear forces given by Hooke’s law. These forces are obtained as partial derivatives of a
smooth potential F : R? — R, namely

. OF . OF
Fh(hv 6) = %(}%9)7 F9(h7 9) = %(}% 9)

We take F'(0,0) = 0 and we further assume that
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e for any 6, > 0, there exist wys, 73 > 0 such that
howF (h, 0) + 005 F(h,0) > wirF(h,0),  F(h,6) > %M(hQ +62), (1.3)
for all (h,0) € A with |6] < Ou;
e there exists an increasing function © : Rt — R™ : £+ 6(¢) such that
((h,0) € Ags : F(h,0) < £} CR x (~0(0),6(F)). (1.4)

Such assumptions are in particular satisfied when the restoring force satisfies linear Hooke’s
law. They are also compatible with more realistic nonlinear restoring forces saturating at
some values of h and 6.

In a nutshell, the fluid-solid interaction evolution problem gives rise to the coupled
System

(p(OU + (U-V)U)=V-S,(U,P), V-U=0in (] Qt)x{t},

te(0,7T)

| 1i|m U(x1,x2,t) = vp(x2) in [-L, L] x (0,7),

T1|—00

U=0on I'x(0,7), U=Hh& +6(x—hey)" on U 0B(t) x {t}, (1.5)
te(0,7T) '

MR+ Fy(h, 0) = —2 - /aB 5, (U, PYado in (0,T),

0" + Fy(h, 0) = —/ (x — hea)" - 5, (U, PYado in (0, 7).
0B

We complement the system with initial conditions
(hy h)(0) = (ho, ),
(6,6)(0) = (6o, 60), (1.6)

Ul(z,0) = Up(z) in Q(0) = A\ B(0),

for some initial position (ho,0y) € Aas, velocities (hf),0)) € R? and Uy : Qo — R?, where,
here and in the sequel, Qy = Q(0) = A\ By with By = B(0) = B(ho, ). Compatibility
conditions on the initial conditions will be imposed in .

In order to restrict the number of physical parameters, it is customary to work with a
dimensionless form of the system . The choice is usually motivated by the physics of
the problem and the phenomena to be highlighted. We emphasize that our choice here
is purely mathematically intended as it serves to normalize concomitantly the Stokes and
Reynolds numbers. We take 1u/pd as our reference speed, pd?/u as characteristic time
and d as characteristic length. As a consequence, the physical parameters in the fluid
equation then appear only in the inflow/outflow condition at spatial infinity. In the new
variables, the channel’s width is L = £/d, the axes of the ellipse are respectively of lengths
1 and e = §/d, whereas the velocity at infinity is now given by the dimensionless Poiseuille
velocity field

- L? 2\ . -
Up(Z2) = p02 < — L2> €1 Vio € [-L, L],
with

. 730 pd3

bo
112
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In the new variables, the dimensionless system reads, with obvious notations,
U+ (U-V)U=V-%4(U,P), V-U=0in [J Q@) x{},
t€(0,T)
lim U(Zy,%o,1) = Up(Z2) in [-L, L] x (0,T),

|Z1| =00

U=0on I'x(0,T), U=he+0(i—héy)" on U dB(1) x {i},
te(0,7)

(1.7)

S LG 0) = e | (0 Pyads n (0.7),
0B

0"+ LG5, 6) = - /8 (=@ 5y (0. P)ids in (0.7).

where G(-,+) = F(d-,-) and T = (u/pd®)T. For the initial conditions, we have
(5 5 1 d?
- E(h07 P

(9~7 él)(o) = (bo,

d - S
’iu Uo(d.I) Uo in Qo =A \ Bo.

= h)= (ho, hy),
pdz%) (G0, 1), (18)

U(,0) =

\
In the fluid equation, we remark that both the fictive density and viscosity are now set to
1 as desired while pg contains all physical dependencies. The quantltles that now appear
in the Newton equations have a clear physical meaning: /dVIQ and ; d4 are density ratios

whereas /TPQG is a dimensionless potential.
To end the introduction of our model, we remark that, in the absence of a Poiseuille

flow (say po = 0) we have a formal a priori estimate by multiplying the fluid equation in
(1.7) with U. Integrating by parts, this entails:

LM T s [ o s Baia i
W7 deIh(t)l +pd4|9 @)% + Q(£)|U(t,x)\ dx+M2G(h(t),e(t))
+[ 2|D(U)(t,%)|*didt = 0. (1.9)
)

The system ((1.7)) can then be interpreted as a partially dissipative (only fluid viscosity
involves dissipation) system forced by the Poiseuille flow. Observe also that the energy
scales uniformly with the factor u—pz in the adimensionalization, namely

Bedim () = L prhusp), (1.10)
0
where
o LM -, N ST N2 9 P i AF
Eodim )y = 2 h’t2+9’t2+/ U(t, )2 di + 2-5G(h(1),0(1)) | ,
(t) 2<pd2 )l pd4\ ()] Q@! (t, )| 2 (h(1),0(t))

EPhs () — % <M|h/(t)\2 T TR+ /Q(t)

All dimensionless Variables and rescaled sets have been surmounted by a “tilda” to high-
light the changes in - ) but we will return to the original notations in the sequel

U (t, z)|*dx + 2F(h(t),«9(t))> .
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to lighten the presentation. On the contrary, we will keep for clarity the new notations of
the adimensional constants L, e, pg, T. We refer to (2.1]) for further simplifications of the
notations. From now on, we also set ¥ = X4.

1.3. Previous related references. In this paper we aim to construct a global-in-time
solution to and analyze its long-time behavior. The Cauchy theory for fluid/solid
problem has been thoroughly studied around the beginning of the 21st century. Mostly
two standpoints are proposed. The first one is a pseudolagrangian formulation in which
characteristics associated with the solid motion are constructed in order to fix the fluid
domain. This enables to transform the Navier-Stokes system into a quasilinear system
that is coupled with the Newton laws. Classical solutions can then be constructed via
a perturbative method. Various results are obtained, with possible restrictions on the
physical parameters depending on the way the linearized problem is handled [8 13} 14,
25), 30, [62), 63]. The second approach relies on a fully eulerian formulation of the coupled
problem and energy estimate . This formulation is obtained by remarking that the
fluid/solid system can be seen as a plain fluid with constrained velocity-field on the solid
domain. The constraint can then be mollified to construct approximate solutions that
lead to solutions to the target system via a compactness method. This yields naturally
weak solution to the coupled problem (with an appropriate notion of weak solution as
we shall see below) [16, [17, BT, 42, 43]. Eventually, these methods yield existence and
uniqueness of classical solutions until possible collision between the bodies or between one
body and the container boundaries (under smallness assumption on the initial data in the
3D case) while weak solutions are proven to exist globally regardless collisions [21 [58].
In the 2D case, the picture is complete since weak solutions are known to be unique and
coincide with the classical one before collision [29]. All these results are obtained either in
a bounded domain or in the whole space. Semi-bounded containers containing one solid
body are considered in [38, 54] extending the existence of weak solutions. In all these
previous references, rotations of the body were either neglected or did not influence the
fluid domain.

Collision in fluid/solid problems is a delicate issue. It should be noted here that, in
systems like where we assume no-slip of fluid on solid boundaries, collision implies
a crossing of the characteristics associated with the fluid velocity-field. This prevents
from keeping a smooth fluid velocity-field through a collision. Thus, first computations
discuss which norms of classical solutions should blowup in case of collision [61]. These
computations are then complemented in [60] showing that a finite-time collision (under
the action of sufficiently singular forces) would lead to the existence of several (weak)
solutions after collision. Evidence that no collision in finite time is possible (whether with
weak or strong solutions) are provided in [35, 36, 37, B8, 57] except for very peculiar
3D geometries [39]. The result was recently extended to the motion of spheres in R3
[37]. These rigorous results extend previous heuristic computations relying on lubrication
approximation [12, B32]. Explanations for the discrepancy between a no-collision result
and what is observed in real-life experiments are also discussed in following references:
influence of solid geometry or boundary conditions [26] 27, 28, [40], influence of viscosity
[411, 45, [51], influence of incompressibility assumption [47].

The above analysis of Cauchy theory yields that weak solutions exist globally in time
(regardless collision) and that, at least in simple configurations, these solutions have a
reasonable sense since no collision occurs in finite time. There are fewer references re-
garding the large-time behavior of these solutions. This might be due to the fact that, in
case the container is bounded and there are no forcing term, a simple energy/dissipation
estimate yields that the kinetic energy of the system decays exponentially fast so that the
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solution converges to a trivial rest state. Without forcing term, the situation of the all
space is more complex. An algebraic decay of solutions is computed in [2], 19, 56] but
no asymptotic profile of the solution is known to date. The case of a spherical particle
moving in a compressible fluid under the action of gravity is analyzed in [22]. Regarding
fluid/solid systems forced by an inflow, a first issue to analyze the large time behavior is
the existence of stationary states. This issue is discussed in [6]. We point out that for
symmetry reasons, we have trivially a stationary solution to our coupled problem when
the solid is in the position Be,.

1.4. Main contributions. In this paper, our first contribution is to develop a weak
solution framework for ([1.7)). We start with existence of a solution until the first collision
between B(t) and 0A when the initial data matches the compatibility conditions, that is

V- U(] =0 in QO )
lim Uo(xl,ajg) = Up(:L'Q) Va9 € [—L, L] ,
#2700 (1.11)
U() ey = 0 on F,
Up -1 = (hfyes +0(x — ho)t) -7 on 9By.

We also obtain that these weak solutions are time-continuous and satisfy a suitable energy
estimate (see Theorem [3.I). We complement then the study of the Cauchy problem
with a careful analysis of the collision issue. For this we obtain non-trivial extensions of
computations from the above-cited references in two directions. First, in comparison to
our model, an important simplification shared by all the references mentioned above is that
the geometry of the gap (understood as the thin contact region between the body and the
walls of the container) depends only on a distance parameter ® = 9(h). This was possible
since either the motion of the body is confined to a vertical translation or the bodies are
assumed to be spherically symmetric. In the case at consideration, where an elliptic body
is allowed to rotate, the geometry of the gap depends both on h and 6. Hence, we need
to generalize previous computations to non-symmetric configurations in which we must
capture the time-evolution of the gap geometry. Secondly, previous computations only
care for finite time-horizon of solutions. Herein, we obtain a global-in-time bound from
below on the distance between the elliptic body B(t) and I'. This is a crucial step toward
the analysis of the long-time behavior of the body. Indeed, with our dissipative system of
equations, we expect that after a transition time, during which the excess of kinetic energy
of the full system is dissipated, the body returns to its rest state with the fluid unknowns
converging to the stationary solution outside this domain. However, this is possible only if
the particle does not remain stuck in a viscous layer close to one part of I'. Such a scenario
is impossible for small Poiseuille flow when fluid inertia is neglected, that is setting p = 0
in . In this regime, hydrodynamic forces applied to the body split into the sum of
a contribution proportional to the body velocities (A’ and #') and a contribution of the
Poiseuille flow proportional to py. When the elliptic body slows down due to fluid viscosity,
it remains to compare the amplitude of Poiseuille flow contribution (whose proportionality
coefficient of py turns out to be bounded independent of the position of the body in the
channel) and the restoring forces. If pg is sufficiently small, the restoring force dominates
and the body goes back to rest state. When one reintroduces fluid inertia, i.e. the full
Navier-Stokes equations are considered, the situation is more involved. We cannot rule out
a priori that fluid convection combines with the Poiseuille flow to retain the body close
to one boundary. Hence, we provide a fine comparison between the effects of convection
combined with Poiseuille flow and restoring forces to yield the following theorem.
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Theorem 1.1. For any initial data ((ho,0o), U, (h,0})) € A1e x {L*(Q0) + vp} x R?
satisfying (L.11)), there exists p&l) > 0 such that, if py < pil), then
(i) the weak solutions (U, h,0) to (L.7)-(1.8) are global-in-time ;

(ii) there exists a constant 0. >0, such that

dist(B(t), 0A) > oY vt >0.

(1)

The smallness assumption pg < py ' is required only to deduce the uniform lower bound
in assertion (ii). Without this condition, weak solutions are still global-in-time but we
cannot rule out collisions in infinite time.

Theorem naturally allows to address the large-time behavior of solutions to (|1.7)
for small pg. To this respect, our second main result shows that any weak solution of (1.7
converges, as time goes to infinity and provided pg is small enough, to the equilibrium
configuration (Ueq, Peq, 0,0), where (Ueq, Peq) is the unique steady state in Qg = A\ Beg,
ie.

— AUcq + (Ueq * V)Ueq + VPeq =0, V- Uqg = 0 in Qg
Ueg =000 0B UT, lim Ueg(x1,x2) = vp(x2), Yag € [-L,L].

|z1|—00
The configuration (Ueq, Peq,0,0) is indeed an equilibrium of (1.7]) since, for symmetry
reasons,

€2~/ E(Ueq,Peq)ﬁda:/ 2t - B (Upq, Pog)ido = 0.
OBeq OBeq

The second main result then reads as follows.

Theorem 1.2. For any initial data ((ho,0o), Uo, (h,0})) € A1e x {L*(Q0) + vp} x R2
satisfying (1.11)), there exists pg) € (O,pgﬁl)] such that, if pg < pg) and (U, h,0) is a weak
solution to (L.7)-(1.8), then (U, h,0) converges to the equilibrium (Ueq,0,0) ast — oo in
the following sense:

T [U(0) = Ugl3aay = Tim (RO +100)2) = T (@ +10'0)) = 0.

lim
t—+o00

We point out that in this statement, we compare the fluid velocity fields U(t) and Ueq on
the full channel up to extending them by their solid counterparts on the associated solid
domains. The precise dependence of the threshold values pil),pg) and of the minimal
distance D?nm on the relevant parameters of the problem (the initial data and the relevant
physical parameters) will be clearly given in Theorem and Theorem We point out
that Theorem is much stronger than a local asymptotic stability result (in particular
Theorem would be much easier to prove for small data) because any initial data in
a bounded region of the phase space is covered by the statement, i.e. whatever » > 0,
there exist thresholds pgkl)(r), pg) (r) that apply to any initial datum whose energy norm
is less than r. Theorem also shows that, in the absence of an external forcing, i.e.
when pg = 0, any possible trajectory of the system will go to rest, which proves the
presence of an intrinsic damping mechanism of the fluid.

Theorem and Theorem are written for the dimensionless Problem . If we go
back to the system written in the physical variables, i.e. to Problem , one naturally
wonders the influence of the physical parameters on the thresholds pgﬁl) and pg). It is
in fact interesting to notice that two mechanisms enter the game. The pressure drop Py
needs to be small compared to the ratio y?/p in order to get a control of the energy. But
this is not enough, Py needs also to be small compared to the stiffness of the elastic force

F}y, in order to get a control of the distance to the walls of the channel. This means that
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Theorem should be seen as a stability result for small pressure drop rather than for
small Reynolds number or high viscosity (compared to the density). We point out that it
is by no means our intention to study the asymptotic regimes of small or large viscosity
but some comments are given in Remark and Remark [6.3

The proofs of Theorem and Theorem contain severe difficulties associated with
both fluid and solid parts of system . Concerning the solid part, we emphasize that,
with the elastic restoring forces that are included here, Newton’s laws can be seen as
dispersive equations with an additional implicit fluid damping. This further dispersive
structure prevents from a simple application of energy/dissipation methods to tackle the
long-time behavior. Using viscosity dissipation combined with trace theorems, one can
(classically) show that the kinetic energies of the solid and the fluid are damped. Ob-
taining damping terms for the potential energy of the solid to control the amplitude of
its oscillations is much more delicate. To this aim, we import an idea that we learned
from [33] [34], originally devised for the wave equation (and by now commonly used for
other dissipative models), to our setting: we introduce a perturbed energy functional that
improves the dissipative estimate for the energy of the system.

As for the fluid part, a critical difficulty is that the fluid problem is set on an unknown
moving domain with non-homogeneous boundary conditions. In particular, to prove the
convergence to the equilibrium configuration, it is natural to compare the solutions of
two partial differential equations that are set on different domains: the (unknown) time-
moving domain and the stationary configuration h = # = 0. The proof of Theorem
therefore requires different ingredients to overcome these difficulties.

The main idea behind the proof of Theorem lies in the introduction of a potential
energy of contact that we extract by analyzing the asymptotics of the Stokes problem in
thin domains. As already mentioned, our asymptotic analysis is built on previous results,
[26] for instance. The main challenge in our situation consists in dealing with general solid
motions and gap geometries. A tentative in that direction has been done in [49] but the
obtained formulas are not tractable for our purposes. In our analysis, we use a genuine
variational point of view in the spirit of [4I]. The new crucial step is then to identify the
influence of an optimized constant (see the quantity ¢, appearing in Section that is
vanishing when considering simple motions and symmetric geometries. We then compute
a time-evolution equation for this potential energy of contact by using suitable multipliers
for the Navier-Stokes equations.

Our proof of Theorem is made in two steps. We first use improved dissipative
estimate to conclude that the position of the ellipse is close to its expected asymptotic
value for large times. This enables us to proceed with an asymptotic stability analysis
starting from small initial data. To this aim, we define an ad-hoc change of variables
to bring the equilibrium position B, to the position of the solid at time ¢. Namely, we
locally transform B, into B(t) by using the isometry « +— h(t)ea + Q(6(t))x in a compact
neighbourhood of B, that we connect to the identity outside a compact neighbourhood
of B(t). Using this change of variables to rewrite the steady solution U, in the time-
depending fluid domain Q(t), say Vg4(t,-), we then workout a stability estimate on the
equation satisfied by U — V4. In this argument, the space-regularity of U, and the time-
regularity of (h,6) are the key ingredients to control the difference U — V¢, far from the
solid whereas the Galilean invariance of the Navier-Stokes equations are used to deal with
the estimates of the forces and of the fluid velocity close to 0B(t).

We emphasize that, even if the symmetry simplifies drastically the analysis, Theorem
and Theorem are new also in the case of a disk. Any asymptotic stability result is
a challenge for the Navier-Stokes equations and it becomes even more challenging in the
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context of a fluid-solid interaction models. Nevertheless, one of the originality and novelty
of our work is to deal with a non-spherical body. The choice of an elliptic body is justified
by the aim of breaking the full symmetry of a disk without making computations impossible
(as it would be for a body of arbitrary shape). We believe that our analysis should
apply to any regular strictly convex shape at the cost of some analytical technicalities but
without further conceptual difficulties. Our methodology is however limited to sufficiently
small convex body. Indeed, when the body is large (keeping the elliptical assumption for
simplicity) B(t) can touch simultaneously the top and the bottom of the channel. If B,
is not strictly convex, the geometry of gaps in close-to-contact configurations can also be
complicated. For these reasons, the collision issue would require another approach when
relaxing this assumption. Another limitation of our approach is that the translation of
B,, is chosen to be vertical only. In this respect, this study can be seen as a first simplified
step towards the understanding of the full complex dynamics. Such extension would be
relevant to other applications, like the motion of red blood cells flowing in the circulatory
system. In that case, there is no spring-type forces applying on each cell but cell-cell and
cell-vessel interactions. We do not expect that the collision issue would be affected by such
a generalization but the existence and stability of rest states could be different. Finally, in
this paper we do not deal with uniqueness of solutions to : the understanding of this
issue strongly relies on the characterization of the behavior of the semigroup associated
to the fluid-structure system, which is clear for 2D bounded domains [29], but still not
understood in partially bounded domains.

1.5. Organization of the paper and notations. Section [2| provides some preliminary
notions: we describe the functional setting and we construct a solenoidal extension for the
Poiseuille flow, which enables us to introduce an equivalent formulation of , given by
problem — , where the velocity field vanishes at infinity.

In Section give a global-in-time (up to collision) existence result of weak solu-
tions to problem — and we derive bounds for the kinetic energy of the system
independent of the distance between B(t) and 0A.

Sections [4] and [f] are devoted to the proof of Theorem [5.1 which yields the existence
of a uniform lower bound for the distance between the obstacle and the boundary of the
channel for all times and implies Theorem [I.I] In Section [d] we give a detailed description
of the geometry of the gap between B and 0A at small distances and we construct some
suitable test functions required to compute the repulsive force exerted by the boundary
A on B through the fluid. In Section 5] we proceed to the actual proof of Theorem [5.],
which consists in providing an upper bound for the potential energy of contact. In order
to focus on the main ideas of the argument, technical details required for the proof of
Theorem [5.1] are contained in Sections [A] [B] and [C] of the Appendix.

Finally, Section [6] contains Theorem where we prove convergence to the equilibrium
state as time goes to infinity when pg is sufficiently small and therefore deduce Theorem

Our problem contains a large list of parameters. In the forthcoming computations, some
are of primary interest, namely the initial energy and the pressure drop, while others are
less critical as for instance L,e,m,J (see for the definitions of m and J). In our
computation, we consider the less critical parameters as fixed and we will be cautious with
the dependencies of constants in terms of the one of primary interest. To this aim, we
will reserve two notations for the constants appearing in the estimates: Cy,, will denote
a “dynamical constant” that depends possibly on L,e,m,J and F; Cye, will denote a
“geometric constant” that allows dependencies in L and e only.
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Other notations will be used for universal constants and whenever critical, we explicit
the dependencies. All constants denoted with a symbol C' may vary from one line to
another.

2. WEAK FORMULATION OF THE FLUID-SOLID SYSTEM

In this section we give a notion of weak solution to (|1.7)) following [3] [6l [54]. From now
on, we shorten some notations as follows:

M J poL?  PopL? p p
=——,J=— A=—7= dH( )= —=5G(,+)=—=F(d,"). (21
m de’ ,Od4’ 0 2 2/L2d arn (’) MQ (7) ,U2 ( a) ( )

We emphasize that H, up to adimensionalization, satisfies both bounds in (1.3) with
om = (p/p?) min(d?, 1)ry; and some %5y, > 0 depending on 6y, > 0:

H(h, ) > %M(h? +6%), 16] < 6. (2.2)

We start by recalling how to treat the non-constant behavior at infinity. We then introduce
the associated function spaces and weak formulation of .

To explain our construction, we assume in the whole section that T" > 0 and that
(U, P, h,0) is a smooth solution to on (0,7) such that (h(t),6(t)) € Ay, for all
t € (0,7). We point out that, since the larger axis of Bey is 1 and L > 2 we have:

dist(B(t), {ws = L}) > % when h(t) < %
dist(B(t),{ze = —L}) > % when h(t) > —=,
| min(dist(B(1), {r2 = ~L}). dist(B(t). {a2 = L})) > % when h(t) € { - % ;} .

Below, we fix g = i.

2.1. Reformulation of the fluid equation. The fluid equation in Problem is set in
a two-dimensional unbounded channel with a prescribed non-zero velocity field at infinity,
namely the Poiseuille flow in . To construct a finite-energy setting, we begin by
capturing the flow for large values of |x1|. We construct an ad hoc truncation around the
rigid body of the Poiseuille velocity profile by adapting (by now classical) Ladyzhenskaya’s
procedure [48] (see also [I] and [23, Chapter VI]) to our time-dependent problem. For this,
we divide the channel A into three parts, i.e. we set

where

Ap=AN([-3,3] xR), A =AN((—00,~3) xR), As=AnN((3,00) xR),

and then prove the following lemma.

Lemma 2.1. There exists a smooth divergence-free vector-field s : (0,T) x A — R? :
(t,x) — s(t,z) such that

s(t,-) = (0,0) in a neighborhood of B(t) and on A,
s(t,-) =vp in AU As,
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Furthermore, there exists Cyeo > 0, depending only on L, such that
(@) [Is(t; ) lwzoo(ay < Cgeoos for all t € (0,T),
(i) 10e5(t, |12y < CaeodolW (D), for all t € (0,T),

(i) the mapping h — f[h] = 0;s is continuous from W1>°(0,T) into L*((0,T) x A),

(iv) f[h] = W FIh] where supp(flh,6]) C A and the mapping h — f(h) is Lipschitz
from W12°(0,T) into L>°((0,T) x A) with
)Hf[ ]HL‘X’ C'geo>\07 Vhe Wl’oo(O,T) s

b)[IF[R] — f[ﬁ]HLoo((o,T)xA) < Cyeoollh = hll ooy, V(R h) € WH(0,T)]?,

(v) if g(s)=—(s- V) s — Vm, + As € C(A), then supp(g) C Ay and

H/g\HLQ(A) < Cgeo)\O (1 + Ao) .

Proof. Let b: [—L, L] — R the function defined by
1 23
b(l‘g) = —)\oL |:£L‘2 - 1‘2:| Vl’Q S [—L,L] s

so that b/'(x2) = wp(z2) - € for all 9 € (—L,L). We take smooth cutoff functions
1,45, ¢y » x such that

Lo <G < Tisg, I ) Sx <1,
Lo i—e0) <60 < Looimzo/2 s Lmrteoo0) < G0 < Lo nheq/2,00) -

Then for any (x1,x2) € A, we write

Z (@1, w9) = 1= Ci(21)  (22), Z7 (w1,22) = 1= Gi(21) G (w2),
and
Z[h)(x1,2) = x(h) Z (21, 22) + (1 = x(h)) Z™ (21, 22).
Finally, we define

suwhm>i(—égwuﬂzwmmxﬂ%;;wmﬂmmubm»),

for (t,x1,x2) € (0,T) x A. Since g9 = % and recalling (12.3)), standard computations show
that s verifies all the stated properties. O

We emphasize that the vector field s constructed in Lemma[2.1]depends on time through
the function h but it is only space-dependent on time interval along which the solid is
far away from the centerline of the channel. Indeed, by construction we observe that
s(t,-) = s~ (-) (with obvious notations) is time-independent so that f[h]=0;s = 0 when
—1 < h(t) < . The assertion (iv) is important to treat the term f in the Cauchy theory,
see Section Bl
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We now look for solutions to problem (1.7)) in the form U = u + s and P = p + m,.

~

Then, (u,p, h, ) solves the following problem with source term g — f[h]

Ou—V-E(u,p) + (u-VYu+ (u-V)s+(s-V)u =g — f[h] N 0T
ot in (1) x (0,7).
. (2.4)
‘ h‘m u(xy,x9,t) =0, Vog € [-L, L], t € (0,T),
1 |—00
lu=0o0nT x (0,7), u=h'e+ 0 (z — héx)* on dB(t) x (0,T),
mh + Hy(h, ) :—’e‘g./ Y(u,p)ndo in (0,T),
OB(t) (2.5)
JO" + Hy(h,0) = —/ (z — hés)t - B(u, p)ido in (0,T),
dB(t)

\

with initial conditions

(h, 1')(0) = (ho, ho),
(0,0')(0) = (60, ), (2.6)
uo(z) = Up(z) — s(0,2z) in Qp .

To write down this set of equations, we used the fact that the Poiseuille flow does not
produce lift and torque on B, i.e.

% - / (v, 7))t = / (z — hes) - S(vy, m)7 = 0.
aB(t) dB(t)
Assuming (u,p, h,0) is a smooth solution to Problem (2.4))-(2.5)-(2.6) and taking ¢ €
C([0,T) x A) such that ¢(t, z) = £(t)es+a(t)(z —h(t)é) T for some (£,a) € [C([0,T))]

for x € B(t), we multiply (2.4); by ¢ and integrate by parts over space and time. Using
(2.5) to compute boundary terms, we get

T
_// - b+ (u- V) é-u—2D(u) : D(¢)] dudt
o Jo
T - o~
- /Q(t)[<u.v>s-¢+<s-V>u-¢+<f[h]—g>-¢]dxdt—A\Bouo-¢<0> 2.7

T
= mhyg £(0) + JOy a(0) + / (mh'¢ — Hy(h,0) L+ J0'o/ — Hy(h,0) o) dt.
0

Furthermore, multiplying (2.4) by w, integrating by parts in space and using (2.5)) again,
we formally infer the energy identity

d 2dr = G—fIh—(u-V)s)-u
P2 [ p@Pdr= [ G- T 9w e
where
Brr(t) = 5 (Ju(t) By + It () + 7180 + H(h(1), 6(1)

is the total energy. Since the right-hand side of this identity is bounded for u € L?(€(t))
we observe that a weak formulation can be based on the velocity-field only that satisfies
the classical L°L2 N LZH] regularity.
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For any initial data ((ho,00),Us = ug + s(0,2), (h,04)) € Are x {L*(Q) + v,} x R?
satisfying ((1.11]), we associate the initial total energy Ey defined by

. 1
By = Eiiu(0) + H(ho, o) = 5 (Ilwollagaey, + mllol” + J166/%) + H(ho. o).

We recall that the energy scales like p/u? in the adimensionalisation, as emphasized in

(LI0), ie. Eo= B (0) = (p/u?)EP"¥*(0).

2.2. Definition of weak solutions to (1.7). In order to define the notion of a weak
solution to problem ([1.7]), we introduce the spaces

H(B) ={(v,{,a) ELQ(A) XRxR|V-v=0in A, v-n=0on dA,
v=1_{& + (), r2 —h) in B},

V(B) ={(v,{,a) € HH(A) x RxR|V-v=0in A,
v =1L+ a(r1,xs — h)* in B},

endowed, in view of Poincaré inequality, with the scalar products

<Zl, ZQ>’H(B) :/ Ul - U2 dx + m€1€2 + JOélOCQ,

@ (2.9)
(21, 22)v(B) :/ Vuy : Vugdz + 2|Blajag ,

Q

where z; = (u;, 4;, a;), @ € {1,2}. We denote the norms induced by the scalar products in
2.9) by [ - ll2¢(Bys | - l[v(B)- Observe that the right-hand side in (2.9)), can be replaced by
an integral on A, i.e.

<zl,22)v(3) = /AVul : Vug dzx

since Vuy : Vug = 219 inside B. Recalling that D(-) denotes the symmetric part of the
gradient, we have Korn identity

2/ D(uy) : D(ug) dx = / Vuy : Vugdz .
A A

for all (u1,us) € (HE(A))? satisfying V - u3 = V - ug = 0. Such a formula is in particular
valid for all ((u1, f1, 1), (us2, l2,az)) € V(B)2.

We also recall that the Poincaré inequality on A directly gives a trace inequality on 0B,
with a constant that does not depend on the position of B. Indeed,

412
/|v|2dx§ 2/ |Vo|? d,
A ™ JA

for every v € V(B), so that we infer a trace inequality for functions in V(B):

4L?
,u1|€|2—|—,u2|a|2:/ |v|2da:§/ |v|2dx§2/ |Vo|? d, (2.10)
B A ™ JA

with p1 = |Beg| = me and po = fBeq |z[*dz = ZE(e? + 1). The important feature of this
trace inequality is that it yields a universal constant that depends only on the geometry
of the solid B and the channel’s height but not on the precise position of B. In particular,
the crucial point that we will use later on is that the inequality can be used when B is
arbitrarily close to one of the boundaries of A.



16 DENIS BONHEURE, MATTHIEU HILLAIRET, CLARA PATRIARCA, AND GIANMARCO SPERONE

Finally, if h,0 : (0,7)) — R are functions of time such that (h(t),0(t)) € A; . for every
t € (0,T), we define the spaces

LP(0, T; V(B(t))) = {f (0,7) = V(B ‘/ LFEIE 5y A < +oo}

for 1 < p < o0, and

L°(0, Ts H(B(1))) = {f (0.T) = H(B(1))

esssup | ) g < 400}
7€(0,T)

The norms are defined respectively by
T 1/p
£l ze 0,0 (B1))) = (/0 1F (D) dT>

1 £l oo (0,218 (2))) = esssup | £(T)lu())-
7€(0,T)

for 1 <p < oo and

We are now ready to give a definition of weak solution to ([1.7)).

Definition 2.2. Let T' > 0. Given (ho,6p) € A1 and(uo, hg, 0)) € H(By) we say that a
triplet (u, h,6) is a weak solution to problem (2.4)-(2.5)-(2.6) on (0,T) if
(i) (h,0) € Whe°(0,T;R?*) N C([0,T]; A1), with R(0) = hy and 6(0) = 6
(i) (u, ', 0) € L2(0, T3 V(B(£))) 1 L™(0, T; H(B(1))),
(iii) for every (¢,f,a) € CY([0,T); V(B(t))) such that ¢(-,T) = {(T) = a(T) = 0,
(u, h,0) satisfies (2.7).

Some comments are in order. We recall that we denote By = B(hg, 0y) and Qg = A\ By.
The compatibility conditions for initial data are encoded in this definition by the
statement (uo, h{), 6) € H(Bp). We point out that our definition of solution depends on
the construction of s and in particular on the choice of £y so that the various possible
choices could give rise to a priori different weak solutions to . We do not intend to

prove uniqueness in the present work. Since (h,6) € W°°(0,T'), we can also extend the
weak formulation to any (¢,¢,a) € WH2((0,T) x A) x H'((0,T)) such that

o(t,x) = L(t) + a(t)(z — h(t)ex):  in B(t),
»=0 on 0A.

We infer in particular for such test functions that for any 0 <t <ty < T,

/:/ D(u )d:cdt—/: </Q(t)[u-8t<;5—|—(u~V)¢~u]dx> dt

* /t1 /Q(t) {(u V)s ¢+ (s-V)u-o+f[h]- <75} dx dt + /Q(tQ) u(ts) - p(t2)dx
2 (2.11)
- /(  ulin) - olt)d —/ ('€ — Hy(h,0) £+ J0'o/ — Hy(h,0) o) dt

t1

m (W (t2)0(t2) — W (t1)0(t1)) + J (0 (t2)e(tz) — 6’ (t1)a(tr))

1)
/ / g-¢dxdt.
t1
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3. CAUCHY THEORY FOR WEAK SOLUTIONS

The purpose of this section is to analyse weak solutions (up to collision) to the Cauchy
Problem ——, in the sense of Definition Our first result in this section is
the existence of at least one solution and a control of the growth of the total energy. As
previously said, we do not tackle the uniqueness issue.

Theorem 3.1. There exists A(()O) > 0, depending on L and e, such that if Ay < )\80) and
(h0,00> S Al,e, (U,o, /0,96) S H(Bo), then
(i) there exist T > 0 and at least one weak solution (u, h,0) to problem (2.4)-(2.5))-(2.6)
on (0,7).
Furthermore, for any T > 0, there exists a constant Cye, such that for any weak solution
(u,h,8) on (0,T), we have:
(i) u € C([0,T]; L*(A)) and for all0 < t; <ty < T,

I
Etor(t2) — Eror(t1) + 4/ V() [ 724y d7 < CgeoXi(tz — t1); (3.1)

t1
Finally, we have the following blow-up alternative:
(iii) either T =00 or T < 0o and tlirr%(h(t),H(t)) ¢ A
_>

Proof. Let (ho,6p) € A1 and (ug, hy),0y) € H(Byp). Since the implicit term f[h] is Lips-
chitz, the existence of at least one weak solution (u, h, ) of -—, i.e. Assertion
(i), on some timespan (0,7) — depending decreasingly on the initial total energy Ejy and
increasingly on the distance between By and A — can be proved following the standard
methods in fluid-solid interaction problems, see e.g. [8 16, 31, 58]. Concerning Assertion
(ii), the continuity in time of the weak solutions with values in L?(A) and the energy
estimate (3.1)) can be proved following [7, Theorem 2.1]. We only provide here a for-
mal computation of the energy estimate to motivate the assumption that Ag should be
sufficiently small. Indeed the formal identity yields that, for all 0 <t <to <T

1 b2
5 (Etot(tg) — Etot(tl)) +/ / ‘DU|2dl'dT
t1 A

- ;/;2/9(7) (ﬁ— (u-V)s— f[h]) cudrdr. (3.2)

This identity, based on multipying (2.4]) by wu, can be justified by adapting the regular-
ization arguments of [7, Theorem 2.1]. Then, on the left-hand side, we have, by Korn
identity,

2/ |Du(7’,37)]2dx:/ ]Vu(v',x)|2da:.
A A

To estimate the right-hand side of (3.2]), we use Poincaré inequality, Lemma and trace
inequality (2.10)) to obtain successively

to 1 [tz to
/ / g-udzrdr| < / /\Vu]zdxdT—i—Cgeo/ /|§|2dxdr
11 Q(T) 4 t1 A t1 A

1 ("
g/{/wﬁwm+qm%u+&f@_m,
4 t1 A
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/ / (u-V)s-udzxdr
t

t2
< Cyeollsllwr.oa / /|Vu\2d:cd7'
11 A

to
gcgeoxo/ /]Vu|2d:vd7',
< Cgeo)\(]/ W (7) </ |Vl d:v) dr

t2
< Cgeo)\O/ /|Vu|2d1‘d7'.
t1 A

Using these inequalities and choosing A\g small enough with respect to Cye, , we obtain
that the right-hand side of (3.2)) is bounded by

3 [P
8/ / IVul2dzdr + Cyeo A3 (14 Xo)? (t2 — 1)
t1 A

yielding the estimate ([3.1)).

The blow-up alternative is standard and follows from a concatenation method based on
the remark that the L?-norm of (u(t),h'(t),6’'(t)) may not blow-up in finite time. O
Remark 3.2. We remark that, in the above proof, the smallness condition Ay < /\(()0) means
770

to R
/ / f[h] - wdxdr
t1 Q(T)

< /\(0) i.e. the original pressure drop Py should be small compared

physically that

to the ratio u?/ (deQ). This smallness condition has for only purpose to ensure source
terms can be bounded by dissipation in the energy estimate to yield . The method
that we sketched above yields existence until contact for any intensity of the Poiseuille
flow. However, with no restriction on A\g one must expect that Ej,; grows exponentially
with time.

From now on, we assume tacitly that \g < )\(()0). We complement our analysis with a

further energy estimate for weak solutions. Indeed, in absence of a potential energy term,
the estimate (3.1 predicts that the kinetic energy of the system, namely

1
Erin(t) = 5 (Iu(®) 32 00 +mIb O + 710 @)

as well as its dissipation, grow at most linearly in time. However, Poincaré inequality
implies the dissipation is morally larger than the time integral of the kinetic energy. So,
we may expect that as long as the potential energy is under control, the kinetic energy
remains bounded with time while the dissipation grows linearly. This is the motivation of
the next proposition.

Proposition 3.3. Let the assumption of Theorem |3.1| be in force and assume Ny < /\(0).
There emists a constant Cgyy, depending on e, L, m, cmd J such that, for allt € (0,T),

Erin(t) < Egin(0) 4+ Cayn <>\0 + Iél(%x |VH(h(s), (5))|2> . (3.3)

Proof. We start by rewriting the energy inequality (3.1]) in the following way:
I
Ein(t2) — Erin(t1) + 4/ HVU(T)H%%A)dT

t1

+ [ B 0) -+ () Ha(hir). 7)) dr < Coradi(ta —t0),

1
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where 0 < t; <ty <T. By inequality (2.10]), we deduce that for all 0 < t; <ty < T,

1"
Buan(t) = Buinltr) + 5 | 190(7)
1

t2
<0, (M=t + [ 1VH ) o) Pr).
t1
The inequality (2.10]) again together with Poincaré inequality imply that there exists a
constant Cgy,, depending on e, L, m and J so that
Cayn Brin(t) < [IVu(®)|Z2(4), Yt € (0,T).
Eventually, we infer, for 0 < ¢; <ty < T, that
Cdyn ¢
16 Jy,
t2
< Cyeo <A3(t2 —t1) + / |VH(h(T),¢9(T))|2dT> :
t1
Since, by Theorem Ey;n, € C([0,T]), we may apply Gronwall lemma to deduce that

2
Elin(t2) — Erin(t1) + Elin/(T)dT

t
Biin(t) < Bin(0)e™ /1% 4 Cye <A3+ m(gx)WH(h(s),e(s))?) / e~ Cam (=104,
s€(0,t 0

and the bound (3.3|) follows. O

Observe that, as well known, without any force, the kinetic energy remains bounded
along any trajectory. In presence of the elastic restoring forces H; and Hy, this remains
true if A(t) is uniformly bounded in time, but false in general. The restoring force Hj
plays a less critical role in this analysis since h is a priori bounded due to the presence
of the walls of the channel. A closer inspection of the behaviour of Ey;, shows that on
intervals (t1,t2) where |6| increases, Ey;y,(t2) — Exin(t1) is a priori bounded but an increase
of kinetic energy is expected on intervals where |6| decreases.

In order to bound the kinetic energy over time, we will restrict our attention to trajec-
tories up to collision, either with a wall, or with a fictive chosen bound on the angular
displacement. Showing that collisions do not occur will be our main objective from Sec-
tion 4] and Section |5, The choice of the fictitious bound for 6 is based on the coercivity
assumption on the potential H. This assumption implies that there exists og € RT
such that,

H(h,0) <3Ey+ oy = 0] < ag, (3.4)
whatever (h,6) € A; .. We then introduce 6y = o + 1. This precise choice is motivated
by the forthcoming Theorem [5.10] where we shall prove that when )¢ is small enough,
actually H(h(t),0(t)) < 3Eo+ 0y, on any time interval (0,7") where (h(t),0(t)) € A1 and
10()] < O

With this chosen 0y, since initially H (hg,0y) < Ey, we infer that |6y| < o and we can
define

Ty =sup{t > 0: (h(t),0(t)) € A1 and |0(t)] < Op} € (0, +00] . (3.5)

It then directly follows from Proposition [3.3] that
Erin(t) < Egin(0) + Cayn (M2 + Sar) . 3.6
ter(%f%{)k()—k() dyn (A5 + Sur) (3.6)

where

Syr = max{|VH(h,0)|* : (h,0) € Ay and |0] < O} .
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The assumption (|1.4)) implies Sj; is monotone increasing with respect to Ey. In the sequel,
we will often refer to

that is the maximal possible kinetic energy on (0,T)s). Observe that 0, is fixed by now
on and depends only (increasingly) on the initial energy Fy. Finally, observe that E,i\fn
is bounded by an increasing function of the initial total energy and Ag. We will drop the
subscript M when using the constants ¢;; and @, in the sequel.

Remark 3.4. Since the dimensionless potential H, the initial total energy Ey and o,
are all proportional to p/u?, we observe that, if we take initial conditions in the physical
variables of the form given in (1.6]), then #y; does not depend on p and p2.

4. DISTANCE ESTIMATE — PRELIMINARY RESULTS

Estimating the distance between B(t) and 0A requires to compute the repulsion force
exerted by the boundary A on B(t) through the fluid. To this aim, it is by now well
documented, see [36, B38|, that one method is to use as a dual problem the stationary
Stokes system in A\ B with a suitable boundary condition on dB. In this section, we do
the preliminary work, namely we derive fine properties of these stationary Stokes solutions
whatever the orientation of B when it is close to the lower part of 9A. These are based first
on a precise description of the gap between B and dA. We complement this section with
several ingredients that will be required for computing distance estimates in the following
section.

4.1. Description of the gap. Firstly, we recall properties of 9B that result from the
fact that B is convex with a smooth, strictly convex and compact boundary. We remark
that we can parametrize the boundary of B around any point X € 9B by a smooth graph
vx on some length 4).. Namely, denoting by (7x,nx) € S' x S! the local Frenet basis in
X € 0B, we can fix a constant r > 0 such that for every point X € 0B, we have

(x1,22) € 0BNBr2(X,r) < (21,22) = X+trx+yx(t)nx for some t € (=24, 2)\,).

Since dB is compact, we emphasize that we can choose a similar radius r and length A,
for all points X € dB. Since dB is smooth both mappings 0B — S! x S' : X ~ (7x,nx)
and 0B +— C™([—2\s, 2\]) : X — vx (whatever m € N*) are smooth.

B
6
Gt 201, 0)
a L _a
Xp= —L xi=A  x+A

FIGURE 2. Representation of the gap Gy between B and A, when h < 0.
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Let (h,0) € Aj.. We denote by X[0] the point on 0B, such that hes + Q(0)X|[0]
achieves the (minimal) distance between 0B and the lower part of 0A, i.e. the wall
zg = —L . We note that X 6] is uniquely defined since B is strictly convex and we denote
(x1[0], x2[0]) = Q(0) X[0]. We set also v[0)] = vx[g) and we have the local expansion:

YI0)(7T) = x2[0] + r2[0]7% + K3[0]7> + Kalf]7t + [6](7)|7|* Ve [-2M,2\], (4.1)
where 0 +— (x2[0], k2[0], k3[0], k4[0]) € R?* is smooth and
lel0](T)| < e(r), VO e€[0,2m) where 71_1_I)I%)’8(T)| =0.

In particular, we have:
Doy[0](1) = Dpxa[6] + Dpra[O)T% + Bgrs[0]72 + 1 [0)(7)|T)> V7€ [=2\,2\], (4.2)

with similar considerations for ¢;[f] as for ¢[f]. Furthermore, there exist four constants
(652))1§¢§4 such that:

A7 <Alfl(r) — xalf] < &7

V7€ [=2A, 2\ ]. (4.3)
c§2)7'2 < Ogy[0](T) — Opx2[0] < 0512)72 ,

Finally, since B is open and 9B is strictly convex, we observe that xs[f], k2[f] belong to
a bounded interval of (—o0,0) and (0, 00) respectively whatever 6. Since B is compact,
there exist 0 < dmin < dmaz and 0 < KJ < £T9% g0 that xo(R) = [~dmaz, —dmin]
and k2(R) = [k7"" k5'9%] We refer to the Appendix [A| for an explicit description of ~[¢]

exploiting that B is an ellipse and providing explicit values for dpin, dmaz, k5", k5.

From now on, we drop the #-dependencies on all these notations for legibility. However,
it is important to keep in mind that these quantities are related to the orientation of B
through the angle 6 that changes with time. We introduce also the splitting of the fluid
domain 2 = A\ B. For \ € (0, \,) we set

gki{($1,$2)€A|’x1—X1|</\, —L<:1:2<h+'y(x1—x1)}.

This domain represents the gap between B and 0A below B, see Figure 2l We note that,
when h < 0, there exists a strictly positive distance dyp[\] depending only on A such that

dist(OB \ Gy, 0A) > do[)].
In particular, we set d. = do[A] .

For later purpose, we need to find relations between xo and ko and between (Jgka, Jgx2)
and k3. We state the required properties in the following lemma. Its proof exploits that
B is an ellipse and is postponed to the Appendix

Lemma 4.1. The following statements hold true:

min ,.mazx

(i) there ezists a diffeomorphism Xa : [k5"", k5] = [—dmag, —dmin] with inverse Ko

such that:
Ko = ICQ(XQ) and x9 = XQ(FJQ) VoeR. (4.4)
(ii) for all @ € R, we have
R3 = —H2X289 [@] . (4.5)
X2

(iii) there exists a Cl-mapping K3 : [5", k5'%*] — R such that

k3[0] = 0pKC3(k2ld]).
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4.2. Construction of test functions. Inspired by the computations in [36, [41], our next
goal is to expand Stokes solutions when the distance between B(t) and 0A is small. It will
turn out that since the shape of the gap G, changes with time (because of the distance
and also of the curvature of 9B(t)), we will need to have at hand an expansion of the
solution of the Stokes problem for a whole family of boundary conditions. Consequently,
we proceed with computing a profile for solutions to

( —Av+Vg=0 inQ,
V-v=0 inQ,
v=0 ondA, (4.6)

v=uv, ondB,
lim v(xi,22) =0 Vae€[-L,L],

L |z1|—00

for a specific class of boundary conditions v, and in the asymptotic regime dist(B,0A) =
0(h,0) << 1. We observe that when h < 0 the distance is achieved below the ellipse and
0(h,0) = h + x9 + L, see Figure In the subsequent computations, we will apply our
construction to the following three boundary conditions :

vi(z) =é, ol (x) =ey, v (x) = (z — (x + heg))*t Vr € 0B, (4.7)

mimicking translation, respectively parallel and orthogonal to 9 A, and rotation of B (com-
puted with respect to the point hes +x). We remark that, in these three cases, there exists
a stream function 1, € C>°(A) such that v, = Vi, = (—0ats, 019 ), namely

; 1 1
v (z) = 21 —x1, ¥ (2) = x0+h — 29, and YO (z) = 5 (@1 =)+ (@2 —xa )% (48)

We have chosen streamfunctions that are zero at the central point of the gap G,,, that is
where (x1,z2) = (x1,x2 + h). We therefore present the general method under this further
assumption and then its applications to the three specific cases.

Under the assumption that v, = V11,, we recall first that there is a unique solution
(up to a constant, regarding the pressure) to (4.6)) whose velocity field (extended by V11,
on B) is the vector field achieving

min {/ IVo|?
UEH&(A) Q

Let w € H}(A) be a competitor for this minimization problem. Since A is simply con-
nected, we can find ¢ € H%(A) such that w = V4 in A. Since w prescribes no flux on
vertical lines in A, we may also normalize i by assuming that ¢» = 0 on 0A. Doing so,
solving amounts to solving the problem

min {/ V2|2
YpeHF(A) LJa

We propose to compute an approximate minimum by minimizing the vertical derivatives
in the gap with the same boundary conditions:

. a 2
i { [, 1o

It turns out that the minimum in (4.10) can be explicitly computed. Before giving the
explicit form of the minimizer, we introduce the function 7 € (=24, 2\,) — d+7[0](7) —x2,
which measures the vertical distance between A and 0B as a function of the horizontal

V-sz,v:Viw*onB}. (4.9)

Vi = Vi, on B} .

Vi =Vip, on 0B, P =0 =0 on 8A} . (4.10)
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distance 7 from (x1,x2), and the vertical-distance ratio, defined for every x in the gap G,
by:

. Tro + L
rlen,e) = 0+ (w1 —x1) — X2
Following [27], we observe that the minimization problem (4.10), under the change of
variables

(.T1,:I?2) — (T(.’L‘l,xg),T‘(xl,xQ)) V(:L’l,:tg) S g)\* s (4.11)

amounts to find, for every 7 € (—2\,, 2\,), the minimizer of the functional

! " 2 1
L) 1OR G

This is a one-dimensional minimization problem, whose associated Euler-Lagrange equa-
tion yields ¢ = 0.
Applying that ¢ = d21p = 0 on 0A, the minimizer in (4.10|) can then be written as

Yopt(2) = Y1(z1 —x1) PP (r(w1, 22)) + vo(z1 — x1) P3P (r(21,22)), Vo € Gy, (4.12)

where P/, Py?" are the polynomia defined for s € [0,1] by

PP (s) =35> — 253 and PyP'(s) = s%(s — 1),
11,19 are chosen so that Vi = Vi, on 0B, namely:

¢1<T) = w*(xl +7,h+ 7[9}(7)) — Cx,
Y2(7) = Oathu(x1 + 7, h + 7[0](7)) (0 + Y[0](T) — x2) -

With respect to computations restricted to simpler motions and fully symmetric geome-
tries, as for instance in [36], we emphasize the appearance of a “new” constant ¢, € R.
Optimizing (4.10) with respect to this constant c, fixes its value through the optimality
condition

X1+ Ak
/ 0222V opt (71, —L) dx1 = 0.
X1 —Ax

Now, we propose the following construction of an approximate solution ¥ to problem
(4.6). We fix ¢ € C*°(R) such that 1j_; 1) < { < 1_9 9], and we set, for all x € A,

() vt

+ <1 e <($1)\:X1)>> ¢ <dlStEi’B)> (Yu(x) — i) Vo € Gay, ,

h > (e(x) — c4) Vz € Q\ Gay, ,

Yu(T) — C Ve e B.

) (4.13)
Standard computations show that @ = V1) is such that
veHY}A), V-o=0 ind, ©=V'y, onB.

We postpone a sharper description of this construction to Appendix [B] For the three
different boundary conditions given in (4.7)), we deduce from (4.8 and (4.12)) the following
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expressions, for z = (x1,x2) € Ga),, of the stream functions 1/13;375, z/)ﬂpt,q/)gm of the respective
optimizer in (4.10)):

Yopy (21, 72) = (961 — X1 = ¢, ) PP (r(1,22))

wopt(xlﬂ r2) = —(y(x1 —x1) — X2 + cu) Plopt (r(zy,x2))
— (@ +7(x1 —x1) —x2) P (r(z1,22)) , (4.14)

I,Z)gpt(l‘l, 1}2) = (;(:171 — X1)2 + %(’Y(:El — Xl) — X2)2 — CES) Plopt (T‘(:L’l,l'g))

— (Y(a1 = x1) = x2)(® + v(w1 — x1) — x2) PSP (r(w1,22)) .

We refer to Lemma in Appendix I for an asymptotic expansion of the values C*L, c!,
¢ when ? << 1. The streamfunctlons 1/1L w”,wo are then computed using with
the respective expression of 1, as in . The associated approximate Stokes solutions
will be denoted by o+, 3l and o°.
For further references, we compute, using the change of variables in and the above
construction of ¢k

Leg o [ (- o
/gx* D22t | e = /_A* O(t) +[0](1) — x2)? dT/O |0, PP (2)2dz
— A (1t — Ci—)Q
- //\* () +v[0®)](T) — x2[0(¢)])? dr, (4.15)

and we observe that the approximations are singular in the limit 9 << 1 only at the H'!
level and that the singularity is concentrated in the gap. Namely, there exists a constant
Cgeo > 0 (therefore depending only on the geometry of B) independent of d and 6 such
that
{ 151 224y + 18122y + 1571 224y < Ceo (4.16)
||@L||cg(ﬂ\gx*) + ||17H||cg(9\gk*) + HU Hcg(e\gk*) < Cyeo

where CZ(2\ G».) denotes the space of all bounded continuous functions on Q \ Gy, .

4.3. A refined trace inequality when B is close to 0A. In our computations, we shall
use a suitable test function to prove a minimal distance estimate. A first possible way to
tackle this issue could be to relate the velocities of the ellipse to the fluid dissipation —
i.e. the H'-norm of the velocity of the fluid — and conclude by a Grénwall argument. We
recall here standard trace results for this purpose. They will however be insufficient for
our purpose but we will need them to estimate remainder terms.

To state these results, we fix h < 0 and 6 € R such that (h,0) € A; .. Given v € V(B),
we recall that v matches a rigid motion in B. In the following lemma, we compute this
rigid motion with respect to x + hés, namely the point realizing the minimum distance
between B and 0A (and thus betwen B and zy = —L since h < 0). We set

U(ml, 332) =/{1e1 + loen + Ot(l’ — (X + hé\Q))J_ , V(:cl, CCQ) €B. (4.17)

We emphasize that ¢; might not vanish since this is the velocity of the point x + hey and
not the center of the ellipse. With this convention, we have the following statement

Lemma 4.2. There exists a constant Cge, > 0, depending only on e and L such that, for
every v € V(B) satisfying (4.17)) in B,



ANISOTROPIC RIGID BODY INTERACTING WITH A POISEUILLE FLOW 25

(1) 12| < Cyeod(h, )|V 0| 2
(ii) [61] < Cgeo 0(h, )1/4HVUHL2(A);
(iii) || < Cyeo 0(h, 0)/4[| V0| 2(a)

Proof. We prove our result in case d(h,6) < A2 (), being a minimum length on which we
have a local parametrization of 9B) otherwise this is a consequence to Poincaré inequality
(2.10)).

We start with the second inequality. We simply integrate dovy in the gap Gy to get

X1+
/ vi(r1, h+vy(x1 —x1)) day| =
X1—A

32’[)1 d.l‘l d.i?g

I

< VAR, 0) + PN [Voll 2y

for all small A > 0. However, for A > 0 small, we have

X1+
/ vi(z1, h+y(z1 —x1)) drr — 201 | < Cgeo Naf.
X1— )\

We note at this point that, by (2.10), we have || < Cyeol| V0| 12(4). Eventually, we obtain

o(h, 0
|€1‘ < Cgeo ( ()\ ) +Cé2))‘ + )‘2> HVUHLZ(A)

To optimize the asymptotic estimate for 9(h,6) << 1, we now take \ = D(h,@)% (that is
a possible choice since 9(h,6) < A2) to conclude that

161 < Cyeo (30100 +0(5.0)) V01|24 < Cyeo 20 0) [T 2
We now turn back to assertion (i). Going inside the proof of [60, Theorem 3.1 - eq.
(12)], one realizes that
[0(x1, x2) - Fi(x1, x2)| < Cgeod (h, 6)* 4 V0]l 24

for some Cgye, > 0 that can be controlled once we know the curvature of 9B is bounded
from above and from below by positive constants. This actually leads to (i). However, to
have a better view on the dependance of Cye,, we propose a rewriting of the argument

which will be used anyway to prove assertion (iii). We integrate dve = —0jv1 on Gy to
obtain
X1+
200y = / UQ(IEl,h+’y($1 *Xl))dl‘l = O1v1 dxy dxs .
Xl—)\ g)\

Estimating the right-hand side like in the proof of (ii) is not enough. We compute instead

ht~y(=N) hty(X)
O1v1dri dzy = / U1 (X1 — A, ZEQ) dry — / Ul(Xl + A, 132) dxo
Gx —L —L

and we deduce that

2

81 V1 d.%'l d.%'g

; < 20k, 0) + 73 (10101 = A ) Zaaag) + 10101+ A ) i) )
A

for all small A > 0. Using Hardy inequality, we then infer

2 3
< C (a(h,0) + &722) " (119201 (1 = A,y

81’1)1 d.?Ul dxg

‘ Gx
+ [|9201(x1 + A, ')H%?(dm)) :
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Integrating over (0, \) gives
403 3 x1+A rhty(§—x)
Sl < 0 (a(h0) + £202) (/ / 0001 (€, 29) 2 darade
X1—A —L

and therefore

2(h, 0 o\ /2
6 < 0 (252 &) 19,
so that (i) is proved by choosing A = d(h, 0)%

We finally focus on assertion (iii). We integrate igain Oqvg = —0O1v1 but this time we
select on a non-symmetric subregion, for instance Gy = {Gx | A > 0} \ {Gy/2 | A > 0}, of
the gap G, to obtain

2 2

My | 3\a
2 8

X1+A
/ vo(z1, h + vy(z1 —x1)) day
X1+)\/2

= ' 81’01 dSUl dCCQ
2%

As above, we compute

h+~y(N) h+v(\/2)
| Oividxydzy = / v1(x1 + A\, x2) drg — / v1(x1 + /2, 22) dxo
N —L _L

and we deduce that
2

781 V1 d.%'l d.%'g
N

< 2(200,0) + 72 (Jlon(x1 4+ A gy + o100+ 2/2, ) B2y )

for all small A > 0. Using Hardy inequality, we deduce that
2

[ Ovv1 dxy dxa
(9N

3
< (201,0) + e57X2) (11000101 + A, M) + 19201051 + 22, ) [F2(agy) -

It then follows

/A Ely 3%
0

2

E

3 x1+A  phty(§—x1)
ds <2 (2(h,0) + %) ( [ (& m)l? duade
X1 —

x1+A/2  phty(€—x1) )
+2/ / |0av1 (€, 2)|” daod€
X1 —L

and therefore, using (i), we get the estimate

o(h, 6 3 d(h,0)3/2
\aﬁscgwA(( ( )+c§>) +”> I90)22 4,

A2 A3
so that (iii) is proved by choosing A = d(h, 0)% O

Applied to solutions of (2.4)-([2.5)-(2.6)), Lemma 4.2 gives a finer control on the velocities
(0", 1) close to the walls. The distance estimate (4.18)) is already contained in [60, Theorem
3.1]. The velocity bound (4.19) will be crucial in our analysis in Section
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Corollary 4.3. Let \g < )\(()0) and (ug, hy, 0) € H(Bo). Let (u, h,0) be a weak solution to

problem (2.4)-(2.5)-(2.6) whose existence follows from Theorem on its lifespan (0,T).
We have

D OP < Cheod )2Vl 22 (4.18)
and
12 4+ 1817 < Cyeo VDIVl 3y - (4.19)

where Cyeo depends on e.

Proof. Since, expressing the rotation with respect to the point of contact x = (x1,x2), we
have

w="h e + 0 (x—héy)t = —0'x261 + ('x1 + W& + 0'(x — (x + héz))L on OB(t),
we deduce from Lemma [1.2] that
02 < Couo AWDIVul 2200y, 101 + K2 < Couo 212 VulZa

Recalling that d(t) = h(t) + x2[0(t)] + L, the conclusion follows since dpxa[f] = x1[#]. This
latter identity can be observed by 6-differentiating (A.4) for instance. O

5. DISTANCE ESTIMATE — IDENTIFYING A POTENTIAL ENERGY OF CONTACT

In this section we fix an initial configuration and we assume that \g < )\(()0) so that
Theorem holds true. We focus on a weak solution (u, h,6) to (2.4)-(2.5)-(2.6) on the
time interval (0,7hs), where we recall that the definition of Th; (given in (3.5))) implies
that no contact arises and || < @37 on (0,77). To fix the ideas, we focus on a distance
estimate with the lower boundary xo = —L of A. By symmetry, similar arguments would
enable to control the distance to the top boundary of A. We assume that, on some time
interval (T_,T) C [0,Ta] we have h(t) < 0 and d(t) = o(h(t),0(t)) < mo with np > 0
small to be fixed later on. Up to taking 79 smaller in case T = 0, we may assume
o(T_) = no without loss of generality.

For further reference, we recall that implies that given g € (0, L — 1), there exists
a constant kg > 0 such that

@wo(L —1—mno)
2

The section is dedicated to the proof of the following assertions that obviously imply
Theorem since pg = 2o/ L>.

Hp(h(t),0(t)) < —ko = — <0 aslong as 0(t) < no. (5.1)

Theorem 5.1. There exist a decreasing function wy (Eo) of the initial energy, that also
depends on the parameters m, J,e, L,%,0, a constant o € (0, 1) that depends on @, Cyeo >

0, and a threshold )\81) > 0 depending on m, J,e, L,@, such that, if
2 <A N < AVko and Cheodd < 0wy o, (5.2)
then

(i) there exists a global weak solution (u,h,8) to (2.4)-(2.5)-(2.6));

(ii) there exists 90, > 0 for which
dist(B(t),0A) >0 Yt >0; (5.3)

min

(iii) there exists Sy > 0, that depends decreasingly on Ey, such that

Cyeo?
Eior(t) < 3Ege Pt 4 96700 (5.4)
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The proof, which basically requires to show that Tj; = +o0o, will be done in several
steps. First, we deduce a local-in-time version of Assertion (ii), namely we prove the
existence of a lower bound for the distance on the time interval (0,7%s), see Proposition
@ This implies that either Th; = 400 or 8(Tys) = Ops. In the second case, in Theorem
[5.10] by exploiting a continuation argument, built on a local-in-time version of Assertion
(iii), we show an absurd, so that actually Thy = 4+00. Assertion (i) is then a consequence
of the alternative in Item (iii) of Thereom (3.1} and the statements (ii)-(iii) eventually hold
for all t > 0.

With the study of the long time behavior in mind, the crucial novelty of this theorem
is that the bound is global in time. This generality requires the smallness condition
imposed on the Poiseuille flow and motivates a novel approach. The interested reader
may note that integrating below without imposing that the coefficient multiplying
(t—T-) is negative (namely, for an arbitrary Poiseuille flow) yields only a distance estimate
in finite-time. In fact, our approach is flexible enough to extend the no-collision result in
finite time known for a disk to the case of the ellipse, even in the absence of a restoring
force. As already mentioned, when the solid is a disk, the symmetries play a fundamental
role to rule out collisions. Since our analysis includes the case of an ellipse, we will have
to consider a non-symmetric gap and take into account that the curvature varies in time.

Remark 5.2. The explicit forms of 20, wy and By will be given respectively in Propo-

sition and Theorem We also comment on the physical meaning of the smallness
assumption ([5.2)) of Theorem in Remark

5.1. Further remarks on the energy estimate and weak formulation. Our reason-
ing will be based on two main ingredients: the energy estimates and the weak formulation

of .

Concerning the energy estimate, we can use a finer version of on (T-,T4). Indeed,
taking advantage of the assumption that d(t) < ng on (7T-,T;), we extract that the po-
tential energy of the ellipse is almost constant so that the dissipation essentially decreases
the kinetic energy. More precisely, under this assumption, we may replace by its
refined version from Corollary that is

W2+ 10'* < Coeov/moll VuullZ2(a)

where we have bounded d(t) by 19 and Cye, is a constant that depends only on e and L.
We then obtain the refined bound

1
W H(R(0),6(0) + ' Ha(h(®).6(0))| < § [ 1Vul? + Cpro/ T ma [VH(h(s). )
A s )
and arguing as in the proof of Proposition we infer that

1 [
Eyin(t2) — Ekin(t1)+8/ ||VU(T)||%2(A)dT < Cyeo ()\(23 + VnoSur) (t2 — t1),

t1
for all T_ < t; < to < T,. Writing this estimate between t; = T_ and t = t5 < Ty, we

infer

t
/T IVu(r)|1Z2(4)dr < 8Ej, + Cyeo (N5 + viI0Sur) (¢ = T-), (5.5)

where we recall, from (3.7) and the definition of Sy, that

Ep = Erin(0) + Cayn (A + Su) < Eo + Cayn (\§ + Sur) - (5.6)
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In particular, we infer that

t
/T IVa(T)|[72(aydm < 8Eo + Cayn(A§ + Sur) + Cyeo (A + v/0Su) (¢ =T-).  (5.7)

As for the weak formulation, we recall that u € C([0,7]; L?(A)) satisfies for
arbitrary compatible (¢,¢,a) € H*((T_,Ty) x A) x [H'((T_,T))]?. We point out that,
for t € [T_,T,], we have h < 1/2 since we may assume without loss of generality that
no < 1/2. Hence, the term ﬂh] in (2.7 vanishes on [7_,7TY] and the weak formulation in
the form of reduces to:

/%) u(ts) - w(ty)dz — /mm u(ty) - w(ty)da
+m (W (t2)l(t2) — W' (t1)€(t1)) + J (0'(t2)ax(t2) — 0 (t1)eu(tr))

to
/ (/ (u~8tw+(u-V)w-u)dx+mh'€’Hh(h,G)erJH'a’Hg(h,Q)a) dr

12 12
+2/ / D(u):D(w)dde—l—/ / (u-V)s+(s-V)u) - wdzdr
t1 Q(T) t1 Q(T)
to
:/ / g - wdxdr
t1 Q(T)

for all T_ < t; < to < T4. Below, we will use this weak formulation with compatible
triplets (w, ¢, ) that satisfy further

(w, £, 0) € WH((T_, Ty) x A)x (Wh((T_, T})))*,

The above weak formulation implies then in particular that

Iwitr—>/ w-wdz+mh'l+ J0a € HY([T_,Ty]), (5.8)
Q
with
I{U(t):/ (u- 0w+ (u-VYw-u)dr +mh' € — Hy,(h,0) L+ J0 o/ — Hy(h,0) a
(5.9)
—2/D dm—/ ((u-V)s+(s~V)u)-wdl‘+/ g-wdx,
Q(t) Q(t)

for a.e. t € [T_,T4].

5.2. Definition of a potential energy of contact. As emphasized in [26] among others,
controlling the distance between B(t) and dA should be based on exploiting the term

/D

that enables to approximate the repulsive force Fj., exherted on B(t) by the one induced
by the Stokes problem. In case of a simple vertical translation, equivalent computations
to the ones in [27, Section 3.1] (see in particular formula (3.7)) in the 2D case show that,
this repulsive force is approximated by:

A — G
Fyep ~ —0' / Iazzwipﬁdx?m'ﬂ (0+7([ 0l(r) - & HOIEAE

*
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If the rotation is frozen, this quantity is related to the time-derivative of

0 - A (T — C*L)Q T
Po(t) = 6/_/\* ((t) +v[0)](T) — x2[0(¢)])2 !

and we may expect to control the distance d through P? (remember that it scales like
7 1/2 when o << 1). This will stand for our potential energy of contact. However, when

rotation is allowed we get:
Ax (7_ _ CL)Q

OV (4 — _ / .
(P2) (1) = —120(t) //\* ) +~[0®)](T) — x2[0(1)])3

A (0 (1) Oactt + 0/ (8)Opch ) (T — )
12 /M (06) +11B(0)](7) — %202 "
LY (= €200 (2) — Bxal6])
~1260) /_M ) 1 1W)() —xalb(B)? 7T

where the terms on the second and third lines are comparable to P? when ? << 1. In
order to avoid the use of a Gronwall argument that would induce a loss of control on the
distance for large times, we propose here to use a modulation trick. We must also take

into account the effect of fluid inertia. This motivates the following construction.

dr

Let a(t) € Wh°((T_,T,)) be a strictly positive amplitude function such that a(7_) =
1, and suppose that there are two constants 0 < a < @ such that a < a(t) < a. We then
define

R Ase (7' — C*J‘)2
P.(t) = 6alt) /_M () +100](r) —xalbO)2 T

- </ u(t, ) - a(t)ot(t, z) dx + mh’(t)a(t)) ,
Q(t)

for t € [T_,T}]. The precise definition of the amplitude function a(t) will be given later
on. We first justify the construction of P.(¢) and show that it enables to control the
distance 9(t).

Lemma 5.3. We have P. € WY°((T_,Ty)) and there is Céfo") > 0 and C’égﬁ,m) > 0,
depending only on e, such that

Coes™ P.(t) _ Clma)
—\/Cf < =2 < 22— +\/Cy,
Vo) O alt) T ) 0

for all t € [T_,Ty], where Cf = Cayn(Eo + N3 + Sar) is an increasing function of E.

Proof. Time regularity of P, is a straightforward consequence ot the time regularity of
h,0 and the smoothness of 0B. To obtain the lower and upper estimates, we bound
independently the two terms in P,(t). We start observing that

A (7_ CJ_)Q A ,7_2
/ * 5dT = / 5 dT
—x, (0) +9[0D)](7) — x2[0(2)]) —x, (0) +9[0D)](7) — x2[0(2)])

A 27’0*L
- /)\* (1) +7[0(D)](T) — x2[6(1)])? o

» (ci)?
+ | BE R =
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A combination of Lemmas in Appendix [B| thus yields that, since 9(¢) < 7o there
exists a constant Cye, depending only on e for which

1\2 T 0
‘/ ) dr - 2,2(k2[0]) < Cpoo.
“x (0() +A[0()](1) = x2[0(2)]) Vo
where the symbol I5 2(k2) stands for the integral
2
-
I = | ———dr.
wale)= [
We remark that I35 is a smooth and bounded function of k2 € [k} min , k5'%*]. Concerning

the term
/ u(t, z) - a(t)or(t, ) dz + mh/(t)a(t),
Q)

we use Cauchy—Schwarz inequality together with the energy bound (| . and (| .
for t € [T_,T4].

We proceed now with the computation of the time-derivative of P.. To this purpose we
recall some definitions of the previous section. We set fﬁ(t, x) = VH&L the approximation,
at time t € [T_,T.], of the Stokes solution v' given in (4.6) with v, = vi(z) = &.
We briefly recall the construction: the geometry of the gap and the distance 9(¢) are
determined at every time ¢ € [T, T] by the values of (h(t),6(t)), then ¢ is defined by
with ¢ (z) = 71 — xq and 1/chpt defined in 1. We have similar constructions

for the other solid motions yielding the vector-fields ¢/l and . In particular, we set, for
all t € [T_,T4] and for all z € A:

o(z,t) = o' ()0 (2, 1) — 0/ ()x2 ()0 (£) + 0/ (£)T° (. 1) . (5.10)

We observe then that © = w on B(t) for all ¢t € [T, T;]. With these notations at hand,
we have the following lemma which states the proper way to compute the time-derivative
of P..

Lemma 5.4. The derivative P, can be decomposed as
P/ (t) = Hp(h(t),0(t))a(t) + Mod(t) + a(t)Rem; (t) + Rema(t), (5.11)

where Rem (t) = Rem&a) (t) + Remgb) (t) and there is a constant Cye, (depending only on

e) for which

Rem!”(t) — [ Vit :V(u—1)da
Q(t)

<0, (0

D 6 (t)|> , (5.12)

Remgb)(t) == el(t)/ [23121/;l <3121/~1Q - X23121Z)H)
Q(t)

+ Ot (3111130 - X23111l~)”) ] dx, (5.13)
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o A (1 —cp)?
Mod(t) = 6a'(t) /_/\* (0(t) +~[0(1)](1))?

dr (5.14)

Fa()d'(t) < /Q . B (8221/30 — %o [9(75)]8221;”) da

_ A (Dg[0] () — Bgxa[B(1)]) (T — )2
N /A* @) +0(1)](1) —x2)? dT) )

Remy(t) = — /Q o [0 (a(t)o (1) + (u(t) - V) (a(t)5L(2))] - u(t) de — mhb (t)d'(t)

. S S - U ca(t)ot T — 7-a(t)ot .
" /Q 0 D)5+ (5 D) - (1) d /Q JROLECE

Observe that we have organized the terms in in such a way that Rems(¢) includes
all the other terms (not included so far) but the viscous ones in the weak formulation
with w = a(t)o+ (we point out that the rigid velocities associated with w are then
£(t) = a(t) while a(t) = 0), whereas Mod(¢) incorporates the terms that will be balanced
with the variations of a(t). As it will be clear from the proof of Lemma indeed,
Mod(t) behaves as a factor of 1/4/9, thus in order to obtain a uniform bound for P. we
need to “neutralize” its behavior with respect to the distance parameter 0 by means of
the amplitude function a.

Proof of Lemma[5.4} We first remind the time-derivative of P2 :
A _ )2 A TARY
d|:/ 6(7- C*) 2dT:|:—12/ D(T C*) 3dT
dt L5, @ +7[6](7) — x2[6]) . @ +9[6](7) = %2[6])
412 /A* (0 0hct + 0 0geh) (1 — -
A (O+A0)(7) = x2[0])

8 @n[0(r) — Bpald) (7 — eb)?
12/% ©+0(r) — )

)dT

We denote the three integrals appearing on the right-hand side by Di(t), Da(t), D3(t),
respectively. The last D3 will be incorporated in the Mod term. Thanks to the Lemmas

and estimate (B.4)) we can bound

[Da(t)] < Cyeo (‘;% + |9'<t>|) . (5.15)

We next consider D (¢). We aim to relate it to the second term in the expression of P..
To rephrase it, we remark that by (4.15)), we have

L2 A (r =)’
/A | D209y |” dx = 12 /A* O +~[0](1) — x2[0])3 i

*
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Conversely, from the notational conventions above, we infer

Di(t) = — (1) /g ot 2
A

= —0(¢) Vit Vit de+d'(t) / <2|812¢jpt|2+yan¢épt|2> dx

O (W
= (1) / Vot Vot dz +0/(t) / Vot Vit dx
() Q(t)\Gx.

200 [ (210l + o) dr

A
= — / Vit Vudz +/ Vot 0 V(u— ' (t)5r) de + Ly (t)
Q(t) Q(t)
where
Li() = o'(t) / Vil : Vit de + /(1) / (2100208l + 1011085417
Q(H)\9. Gx.

Using that the singularity of o1 is concentrated in Gy, the estimates in (4.16]), where all
but vertical second order derivatives are subcritical, and , we infer that

L1 0)] < Gl (1) ( 31@)) . (5.16)

To rewrite the second-term integral in the last expression for D1 (), we recall that v = ©
on 0B(t). Correspondingly, we use ([5.10) and we split

u— 0t =u— 0+ 0 (08 — 0.
We then decompose Dy (t) as
Di(t) = — / Vil Vude +/ Vil V(u— ) da + Li(t)
Q(t) Q1)
— 9/(t) 6221;J_ <6221;® — X2 [9]8221/1!%) dzx
Q)
—0'(t) /( : [28121/;L (8121/;0 - X2[9]8121/~)H> + onyt (anlzo - X2[9]3111/~1”> } dx.
Qt

Eventually, we introduce

Rem;” () = / Vot V(u —8) do + Li(t) + Da(t)
Q(t)

Remgb) (t) :—Hl(t)/ {23121/;L (3127/30—X2[9]312@5H) +ont (3111/30—x2[0]61115”)} dz.
Q(t)

Recalling (5.15) and (5.16[), we have the expected estimate for Remga). Applying a Korn

equality to handle the first term of D;(¢) and setting Rem; = Remga) + Remgb) we have
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then:

Dl(t)+D2()+D3 :—2/D da:+Rem1()

+O/(t) ( /Q . B (622&0 — %o [e(t)]agng”) da

_ A (Dgy[0] () — DpxalB]) (T — )2 ]
12/A* (1) +ABO)T) —lBO)° )

Recalling Mod as defined in ([5.14), we have by a simple combination:
(aPO = —Qa/ D(v u) dx + aRem; (t) + Mod(¢) .
We recognize in the first term on the right-hand side the dissipation involved in the weak-

formulation (5.9) with w = a9*. Since at*+ € H'((T_,T,) x A), with a9+ = aey on B(t)
we replace:

- Qa/ D(#t) : D(u) dx = 4 / u - avt dx +mh'a
4 dt | Jac

— </Q(t) (u . 3t(a17l) +(u-V) (af)J') U) dx +mh CL/)

+/Q(t) (095wt (s- V) u- (i) dx—/ﬂ(t)a-mai)dx.

+ Hyp(h,0)a

Gathering the terms on the second and third lines into the remainder Rems and remarking

that
P.=aP? - / u - avt dz +mhla |,
Q(t)
we obtain finally

P/(t) = Hy(h(t),0(t))a(t) + Mod(t) + a(t)Rem; (t) + Rema(t) ,

which is the expected identity. O

5.3. Lower bound on the distance. Combining Lemma with Lemma a lower
bound on 1/9(¢) then derives from two more lemmas providing estimates on each of the
pieces in the decomposition of P,.’.

Lemma 5.5. We can find two constants 0 < a < @, and another constant Cye, all three
depending only on e such that

(a) a<a(t)<a forallte|[T_,Ty],
(b) |a'(t)| < Cyeoal'(t)| for allt € (T-,T4).
Furthermore, there holds

/T|Mod )| dr < Cyeor/t — </ IVu(r)l| 724 d7'>
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Lemma 5.6. There exists a constant Cqy, that depends on m,J, L,e such that, for all
t < T4, we have:

/T (a(7)Remy (7)] + [Rema(r)])dr

1
t b t
< Cuyn (w—T_ ([ 19 Beyar)+ [ meu%zm)dr+A3<t—T_>).

The proofs of Lemma [5.5] and Lemma [5.6] are rather technical and postponed to the
very end of the section in order to keep the focus on the estimate of \/0(t). As a first step
towards the proof of the lower bound stated in Assertion (ii) of Theorem [5.1} we establish
a lower bound restricted to the (possibly bounded) time interval (0, Ty).

Proposition 5.7. Assume Ao < )\(()0). There exist )\61) > 0 depending on m, J,e, L such
that
Mo < AV kg = dist(B(t), 0A) > dmin(Eo ko) VYt € (0,Thy), (5.17)

where Dpin 1S @ monotone increasing function of ko and decreasing in Ey.

Proof. Injecting Lemma and Lemma into the integration of (5.11f) and recalling
(5.1) and (5.7)), we infer that

Po(t) < PoT-)+Cayn (Eo + A3+ Sar) "V/E—T-+Cayn (Bo + N3 + Sa) + Cp o (t=T0),
where:

1
Cd_yn - Cdy” (\/%SM + A%) 2+ Cdyn (\/%SM + 2)\3) — aky .
We now choose 19, Ag such that /79SSy and A} are small enough compared to k2 so that

_ ako
Cdyn S —7 < 0.
The previous estimate then yields that
1
Pu(t) < PT-) + Cayn (Eo + A3 + Su) <1 + k> Vte [T ,Ty]. (5.18)
0
Moreover, Lemma [5.3| implies
PA(T )<C§ZL’M)+C (Eo+ A2+ Sy)"/* (5.19)
c\l—-) > \/% dyn 0 0 M . .
Using Lemma [5.3] again and the choice of ng, we eventually conclude that
cmin) ( 11 )
a <Cayn+Cf 1+ —+ 5.20
a4 D(t) dyn 0 kO ]{7(2) ( )
as long as t € [T_, T ]. Hence, the conclusion follows. O

0o

min

Remark 5.8. It is important to emphasize that the lower bound found in does not
depend on the length of the time interval (7, T ) so that it does not depend on the exact
value of the time T};. In particular, it becomes uniform in time when T3y = 4+00. Observe
also that the elastic force Hy brings the critical contribution in Cd_yn that provides the
global control in time of the distance to the boundary. In absence of a vertical restoring
force, we still have a bound which degenerates when |7} — T_| — oo (and is henceforth
valid only in finite time).

In the sequel, given Ejy, we simply denote 0., (Eo, ko) by 0
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Remark 5.9. The threshold for )\ in Proposition [5.7 does basically depend on kg only as

seen from the expression of Cd_yn. In particular, )\(()1) depends only on the solid description

through Cgy, and is independent of p and 1%, Going back to the physical variables, this
means the threshold is a smallness condition of the pressure drop Py compared to the
stiffness of the elastic force F},. Observe that the choice 7 is also independent of p and 2
but it does depend decreasingly on Ey. It then follows from — that the estimate
of the minimal distance does not improve for large viscosity.

In order to complete the proof of Theorem and now that we have bounded ?(¢) as
long as |0| < Oy, it is enough to show that indeed 6 never approaches 63;. This is the
objective of the next subsection.

5.4. Uniform bound on |f| and conclusion of the proof of Theorem We
(1) :

assume that Ao < Ay~ ko, so that (3.6)-(5.17) apply to any solution (u, h, ) to (2.4))-(2.5)

on (0,Ths). Given an initial energy Ey, in view of (3.4), 0,/ is fixed by g and so are the

constants Sjs and D?mn. As already said, we aim to prove that Thy = 400, which then

proves Assertion (ii) of Theorem [5.1} This will be a consequence of the next theorem,

which in fact contains Assertion (iii).

Theorem 5.10. Assume Ay < min()\(()o), A(()l)k:g). Let w = wy (Ey), 0 € (0,1) and Cgeo > 0
be given by Proposition[5.13. If

2Cge0\s < oW, (5.21)
then

and there holds
Vvt > 0.

Remark 5.11. Theorem [5.10] requires three smallness condition on Ag. The first one is
used to get the basic energy estimate of Theorem see Remark As emphasized in
Remark the second one boils down to a comparison between the pressure drop and
the stiffness of the elastic force Fj. The third one, namely , is in fact of the same
type as the first two. Indeed, it will be seen that w has to satisfy two inequalities, see
. If we fix all the physical parameters but p and u, the smallness condition
means A2 should be small in front of p2. In terms of physical variables, this is again a
comparison between the pressure drop and the stiffness of the elastic force F},. Overall, in
the initial physical problem, as soon as the stiffness of the elastic force Fy, the density and
viscosity of the fluid are fixed, we can always define a threshold on the pressure drop so
that all smallness conditions are satisfied. If the pressure drop is given and is compatible
with the density and viscosity of the fluid to get Theorem the result then applies if
the stiffness of the elastic force F}, is big enough.

Our main ingredient to prove Theorem [5.10]is to adapt a strategy introduced by Haraux
for the wave equation, see [34] (see also [5l, 24] in the context of fluid-solid interaction
models). For w € (0,1) to be fixed later on, we add the term whh'+w66’ to the total energy
of the solid. However, in a fluid-solid context, this requires introducing also corresponding
terms in the energy of the fluid. To this aim, we define a solenoidal vector field w :
A x (0,Ty) — R? by

wle.t) = (= 50 G 0).

o (C(x)b(x,t))) V(z,t) € Ax (0,Tn),
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where
: i o(t) 2
b(z,t) = h(t)z1 + ?O(t) + T(h(t) — x2) V(z,t) € Ax (0,Tn),
and ¢ € C*®(A) is a cut-off function equal to one in [~2,2] x [-L +0% . L —22 ] and

equal to 0 for |za] < L — Y. /2, or |x1| > 3. By construction and the regularity of

min

t s (h(t),0(t)), we therefore have (w,h,0) € WL((0,Tys) x A) x WE°((0, Tyr))?, with
divw(t,z) = 0in Q(t), w(t,z) = h(t)éa+0(t)(x—h(t)ez) on B(t), w(t,z)=0on dA.

It is easily seen that the following estimates hold for every ¢ € (0,Ths):

lw(®)l|z2ca) + )| Lo (1) < Coeo (0%n) " (B + [6)]) .
IVw(E)z2(a) + V0B o (4) < Coeo (0%in) ~ (BE)] + 10)]) (5.22)
|00 (8)]|z2(a) < Coeo (Oin) (K@) + 10/,

for some constant Cge, > 0 depending on e, L. We note also that (w, h, ) is an admissible
multiplier in the weak formulation (5.8)-(5.9). We then define a modified energy

E,(t) = Bt (t) + w (m h(t)h'(t) + J 0(t)6'(t) + /Q( | u(t) - w(t) dac) , t€l0,Ty),

(5.23)
where w will be fixed later on. Arguing as in Theorem i.e. using again [7, Theorem
2.1], we infer that E,, € C([0,Tys]). To make precise the choice of w, we first emphasize
that E,, is controlled by the total energy and in turn controls the total energy provided w
is small enough.

Lemma 5.12. Let Cye, > 0 be as in , )\0 ,0 mm be given by Proposition and
assume that Ao < )\(() )k:o. For any zmtml energy Fo,

Eto;(t) S Ew(t) S gEtot(t)a (5'24)

O<w < WO(EO) = Cdynagnm min(1,5/2) =

for allt € [0,Tr).

Proof. Assume w < wy < % and

00
Caynwo < ’Zm min(1,9/2).

Using the distance estimate of Proposition Young inequality combined with the esti-
mates in (5.22)) yield, for all ¢ € [0, Thy),

w(m [n ] + T |08'| + /Q(t) )

1 0
< 5 (Wl + el + 7072 + 2 (0 +16P)).

Recalling the assumption (2.2), the statement ([5.24) immediately follows. O

The following proposition is a first step towards the proof of Theorem [5.10
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Proposition 5.13. Let AWD D be given by Proposztzon wo(Ep) be given by Lemma

0 Y m'm
5.12, and assume that Ay < )\(() )ko. There exist 0 < 0 < 1, Cyeo > 0 and a decreasing
function wy such that for any initial energy Ey,

to
0 <w <wy (Eo) Cwo(Eyg) = Eu(ta) — Eu(t) +ow E,(r)dr < Cgeo)\%(tz —t1),
t1
(5.25)
fO’/“ all 0 < t1 <ty <Tyy.

Proof. Assume that w < wo(Ep) as given in (5.24)) by Lemma We first observe that
(2.10)) implies there exists Cgyn > 0 such that for w € (0, Cqyy,), we have

7 [t )
2/ IVu(T) |72 4y d7
1 (5.26)

< 411/ (lqu( 2 —w (mlh’(r)|2+J|9’(T)\2+ IIU(T)”%%A))) o)

whereas we recall that (|1.3) entails
wH(h,0) < Hp(h,0)h + Hy(h,0)0.
Using w(w, h, ) as test function in the weak formulation in the form (2.11) and the energy
estimate (3.1]), we then deduce
to to

Bu(t) = Eultr) +6% | “HO), 0007 + 55 [ 190 g yde

to
<Cgeo>\0(2—t1 —w/ /Vu dede-i-w/ / g wdxdr
t1

—(.u/l:2 /Q(T) ((U'V)S+(S~V)u—|—f[h]) ~w dxdr

to
—i—w/ / (u- 0w+ (u-V)w-u)dedr
t1

for arbitrary 0 <t < t9 < T)y.
to

_ 3 ["
Bu(ty) = Eult) + o [0 + 55 [0 Gapydr

to
< Cgeo(ta — 1) + Cgeow/ (wHwaql(A) + w||Bywl| 724y + ”wHL‘”(A)HVU”%Z(A)) dr.

t1

Since we know by Proposition that the solution satisfies (5.17), we can exploit the

estimates in and . D to get

Eolts) — Eult) +wm (1 - C“’)4) CH(h(r),0(r))dr

min t1

3 w w to ) )
+ <16 — Cgeo (agnm)Q (L + 0 + (D%Lm)2>> /tl ||VU(T)||L2(A)dT < Cgeo)\o(tZ —t1).
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Therefore, using (2.10)) one more time and ([5.26)), it is easily seen, taking a smaller constant
Cyeo if necessary, that if w € (0, Cyyp) satisfies

w < Cyeomin(a7, 1) (0%)" and (L + 0ar)w < Coeo(@%in)’ (5.27)
it holds
Yovi to to
E(t2) — Ey(t1) + S v H(h(r),0(r))dr + w Erin(1)dT < Cheo)d(ta — t1).
t1 t1
Using (5.24)), this eventually leads to the estimate
to

Ey(t2) — Ey(t1) + ow E,(1)dr < CyeoNd(ta — t1)
t1

for some 0 < o < 1 whose choice is independent of Fy. It is clear that since bgm-n is a
decreasing function of Ey and the initial choice of 8, is increasing with Ej, the threshold

w, is a decreasing function of Ejy. O
We are now ready to give the proof of Theorem [5.10

Proof of Theorem[5.10 By contradiction, assume that Ths < co. Then, as 6 € C([0, Th]),
it must be that 6(Ths) = 6. We infer from (5.25) that for some 0 < o < 1

t2
Ew(tz) — Ew(tl) + ow EW(T)dT < Cgeo)\g(tg — tl) s
t1
for all 0 < t; <ty < Ty and w = wy (Ep). Since E, is continuous with time, Grénwall
Lemma implies that

Ceo?
E,(t) < By(0) e + 9970wt € (0, Tyy) .
ow
In particular, we deduce from ([5.24)) that
2CgeoNd
Eiot(t) <2E,(t) <3Ey+ ——— Vt € (0,Tn). (5.28)
ow

We now impose a new threshold on \g, namely we assume
QCgeox\% < owq (Eo)o.
This latter bound entails that
H(h,0) <3Ey+70.
Exploiting , we thus deduce the estimate
0t) <ag=0n—1  Vte (0,Tn],

which gives a contradiction, thus Ths = +00. We can now conclude that ([5.28]) holds for
all t > 0. We finally observe that

20 500 \2
Eyor(t) < 2E,(t) < 2E,(0) e 7" 4+ =20 < 3F;e 7" + 7,
ow

which concludes the proof. ]
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5.5. Proof of Lemma We construct a by solving a differential equation depending
on 0 and #'. Below we drop time-dependencies for a better legibility. In order to analyze
one by one the terms involved in the definition of Mod(t) in , we will repeatedly use
the following tools: the local Taylor expansion —, the description of the gap Gy,
in terms of the variables introduced in and the asymptotic expansions in Appendix
[Bl With these tools, we deduce that for all @ < 79 and § € R :

Yo =) Dalmlb)
/—A* el —xl? = v O (5.29)
A (09710)(7)—0pxal0]) (T — c1)? | I43(ka[6))Dprialf] '
/_A (0 4+ ~[0](7) — x2[6])? dr = /o +0(1),

where the symbols Iz 9 and I4 3 stand for the integrals
2

I4,3(f<62);/ (T4d7', IQ’Q(HQ);/ (Tidq—,

r (14 Ko72)3 1+ Kko12)?2
which are smooth and bounded function of kg € [/ﬂgmm), /ﬁémaw)}
estimates , the first and third terms can be written as

6a’'I32(k2) — 12a 6’ Ograls 3(K2)
+
Vo

To estimate the second term in (5.14)), we first observe that since the three functions ¥+
and !, are uniformly bounded outside G A, (recall ( - we have

/ o 822¢O —xz[0 ]522¢H dr = / D22y (322¢0pt — x2[0 ]322¢0pt) dz + O(1).

. Using the asymptotic

O(la[ + 10/ |al).

Inside G, we can use the explicit values recalhng that

1 1
/ |05 PP ()2 dr = 12, / Bss PP (r)ss PSP (r) dir = —
0 0

Recalling the explicit expressions (4.14)), we infer that (implicitly, boundary functions are
evaluated in (x; + 7, h + v[0](7)), we drop dependencies for legibility):

Mopt = / D220 (322¢opt — x2[0 ]822%,3,5)
A

YOO+ (L — DY (WL — ) — xof I CL‘)) i 2
/ / (0 + 7[0]( ) - X2[9D4 |853P1 (T(Xl +7, $2))| dxodT
(

N +h(y O _ oty »
/ 1 (a n fyfe]afqé] — [Z]a;w 07 220 B 47,2

A B
= [ e S (20 ) —atel ) 60—l i

Replacing boundary functions with their explicit expressions and recalling expansion of
singular integrals computed in Appendix B} we conclude that M, = Mgy + O(1), where

oo As T — C*L ¢ |
Mopt /}\* (0 + 4[0](7) — x2[6])® (6(7'2 _ c*s) + 12x5[6] (’y[@] (1) — xo[0] + C*)> dr

A ek
i G/A* @ +4[0](1) — x2[0])3 (@ +7[0](7) — x2[0]) dr .
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Applying again expansion of singular integrals, we prove infer

K,3] fig)

< Cgem

‘ opt

where I(k2) is a combination of functions depending smoothly on k2 € (0,00). We refer

to the Appendix @ for more details on the expansion of Mgr,. We now conclude

6&’]2’2(/62)—1—&!9/ (/{3](%2) — 1289/’62[4730{2))
Vo

Hence, we fix a by setting the term in factor of 1/4/9 to 0, i.e. defining a by

Mod(t) —

\ < Cpeo (| + 'llal) . (5.30)

0'a
6]22(%2)

At this point, we recall that Lemma [4.1] implies x3[0] = 9pK3(x2[0]) for some C!-function
Ks @ [k5" k7'9%] — R. We then deduce that

a’(t) = — (Iﬁg[(lﬁg) - 1289%2[473(,‘&2)) .

alt) =exp (= [ G (b el — 120100 )

)
= exp (G(k2[0(t)]) — G(K2[0(T-)])) ,

for a C'-function G depending only on B. Since ks is a periodic function of 6, we infer
that a is bounded from above and from below by strictly positive constants, showing (a)
holds. The inequality (b) for o’ follows. Hence, the first term in ([5.30) vanishes and by

inequalities (a)-(b)-(2.10) it follows that
[Mod(t)| < Cyeolt'] < Cyeol V]| 12(a)

This completes the proof. O

5.6. Proof of Lemma We start with Rem;. We recall that we splitted Rem; =

Rem(a) + Rem( ) as defined by (5.12)-(5.13)). We estimate both terms independently.

Concerning Remg ), we apply first Corollary E that entails

1

Vo ©
To estimate the other term in Remga), we remark that u — ¥ is divergence-free and H}(2).
Consequently, we can apply estimate (B.7)) to yield a constant Cge, depending only on the
construction of o for which:

/ Vit V(u—0)de
Q

where, by construction of ¢ in (5.10) and by Corollary we deduce

o’ 0
Vo] £204) < Cyeo (’01’ + ’D ’> < Cyeol Vullp2(a)
4 4

< CyeollVul 24y -

< Cyeo (IIVull 24y + IV £2())

We now focus on Remg ). Once again, as in the proof of Lemma we use the local Taylor
expansion . the description of the gap Gy, in terms of the variables introduced



42 DENIS BONHEURE, MATTHIEU HILLAIRET, CLARA PATRIARCA, AND GIANMARCO SPERONE

in (4.11) and the asymptotic expansions in Appendix [B| Then, we infer from the uniform
boundedness of ¢ outside G, (see (4.16])) and the explicit formulas inside G, that

b
e <101] [ (20000l (102051 + el
A

*

010 (1005l + bellorrl) ) i+ 0(0)

([ o) o ]
<1( [ o s (7 Gl =) + O dr + ()

< Cyeolt'|(|In(d)| + 1)
Here we apply again Corollary in order to conclude that
b
[Rem”| < Cyeoll Vul 2

(b) (a)

We have then a similar bound for Rem; "’ as for Rem;’ and we end up with

2

/t_ a(7)|Remy (1) dr < Cyeor/t — T— (/ [Vu(r ||L2(A) d7’> (5.31)

with Cye, depending again only on e, L.
We finally proceed with estimating Rems. Given ¢t > T, we have

t
/ RemQ(T)dT:—Jl—J2+J3—J4,

where
= / Ou(a(r)e") + (u- V) (a(r)i")] - udadr
T_ JQ(7)

t
Jy = mh'(7)d' (1) dr
T

t (5.32)
Jgi/ / (w-V)s+ (s-V)u) - a(r)ot dedr
T_ JQ(7)
Jy = / / Vot da .
Q(T)
The following estimate
t
31 < Can |90 agay d (533)

is established in Section of Appendix [Bl The Poincaré inequality in (2.10]) combined
with assertion (b) of Lemma yield a similar estimate for Js.
For J3 and J4, we use Lemma assertion (a) of Lemma and (4.16))-(5.5) with

Ao < )\80) one more time, we infer

t
3] < Cando / IVa(r) |24 dr
T

4l < Cayn3(t —T0).
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The result yields by combining the latter computations for Ji, Jo, J3, J4 with (5.31)).

6. CONVERGENCE TO EQUILIBRIUM

In this last section, we show that, whatever the initial data, if \g is sufficiently small,
any solution (U, P, h,0) to — converges to the equilibrium configuration. The
equilibrium state of the system is given by the stationary solution to . As explained in
the introduction, the natural strategy is to compare the solution with its expected limit, i.e.
the unique steady state associated to the stationary position h = 6 = 0. The difficulty is
that these equations are set on different domains. To overcome this difficulty, we adapt the
method of weak-strong uniqueness analysis. Namely, we transfer the stationary (smooth)
solution into the geometry associated with the time-dependent (weak) solution. We show
a Gronwall-type inequality on suitable norms of the difference between both quantities
that control in particular the solid motion, implying that it returns to the rest state for
large time.

More precisely, below, we denote the (unique) solution to the following steady boundary-
value problem by (Ueg, Peg, heqs Oeq):

— AUeq+ (Ueqg - V)Ueq+VPey =0, V:-Uy;q=0 in Qg =A\ B,

Usy =0, on 9B UL, (6.1)
‘ 1'1‘m Ueq(z1,22) = vp(x2), Vxo € [-L,L].
xT1|—00

The following result follows directly from [6] and symmetry considerations. Indeed, since
heq = 0cq = 0 and the domain B, is symmetric with respect to z2 = 0, uniqueness
induces that the vertical force and the torque applied on B, vanish, similar to Hy(0,0)
and Hp(0,0).

Theorem 6.1. There exists /\(()2) > 0 depending on L, e such that, if \g < )\82), the steady
problem (6.1)) admits a unique solution (Ueg, Peq) € H} (Qeq) X L2 (Qeq). Moreover, this
solution also satisfies:

Hp(heg,beq) = —€2 - / Y(Ueq, Peg)ido =0,
0Beq

Hp(heg, 0eq) = —/ (2 — hege2) ™ - B(Ueq, Peg)fi do = 0.
OBeq

With such notations, the main result of this section reads.

Theorem 6.2. Let (ho, 6y, h(, 0}) and uo = Uy(z)—s(0,x) be a compatible initial condition
in the sense of and (u=U — s,h,0) be a weak solution to —. There exist
wy ;0 > 0 with the same dependencies as in Theorem and Cayn > 0 such that if
holds and
QCdyn)\O < owy
then
T [U(0) = Usgl3aay = Jim (BOP +100)) = lim (@) +10'0)) = 0.

Theorem implies Theorem with pg = 2\o/L? < psz), where the threshold psz)
is deduced from the restriction imposed on Ag. In this statement, we implicitly extended
Ueq by 0 on Bey. We point out that U(t), Ueq € L2 (A) N (vp + L?(Jz1| > 2)) for all times

loc

and consequently, we have indeed U(t) — Ueq € L*(A).
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Remark 6.3. An analogous comment to Remark holds also for Theorem as the
thresholds are of the same type.

The remainder of this section is devoted to the proof of Theorem We split our
approach into three parts. Firstly, we recall properties of the solutions (Ueq, Peq). We
also introduce a change of variables that enables to transfer u., = Uey — s~ into any
moving geometry. We can then apply this construction to the geometry associated to a
weak solution (u,h,6) to (2.4)-(2.5) — once ensured that the ellipse B(t) remains close to
the stationary position B, for large times — by building a vector-field ve, that we are
allowed to compare with the velocity field u of the weak solution. Secondly, we provide a
dissipation estimate on the difference @ = v¢q, — u in the spirit of Proposition Such
estimate includes a control on (h, ) that shows a return to the equilibrium position of the
ellipse making ve, converge to ue, asymptotically and thus the exponential decay of the
difference @ provides the expected result.

6.1. Moving the stationary solution into the time-depending geometry. Assume
Ao < /\(()2) and let (Ueq, Peg) be the unique H} (Qeq) x L7, .(Qeq) solution to (6.1). Let us
introduce ueq = Ueqg — 57, Peqg = Peq — mp. With computations similar to those of Section
we observe that (ueq, peg) is a solution to

(— Ateg + (Ueq - V)teg + (Ueg - V)s™ + (57 - V)teg+ Vpeg = ¢~ in Qeq,

V.ueqzo in Qeq,
Ueg = 0, on 0B, UT,
lim ueq(xl,xg) =0, Vg € [—L, L] ,
\ |z1]|—00

,
0= —5 / 5 (ttegs peq)Fi dor
OBeq

0= —/ . Y (Ueq, Peq)T do
9Beq

where ¢~ is similarly constructed from s~ as § is derived from s in Lemma In
particular, we recall that supp(§~) C Ao. By classical elliptic regularity [23], we remark
that ueq and pey are smooth on 2., with all norms controlled by Cgye, Ao-

Our next aim is to define a change of variables that brings the steady solution ue, in
the time-dependent geometry. In the construction, we first define a mapping that brings
the equilibrium position Beg to a given position B(h, ), assuming

max(|hl, |0]) < 1o, (6.2)

with 79 small. We will then apply this construction with (h,0) = (h(t), 0(t)) associated to
a given weak solution.

For the construction, we need to set up some notations. First, we define two neighbour-
hoods O, 0" C Ay such that

e OCO,
e B, CO;
e O'Nsupp(s™) = 0.
This is possible since Bey C Ag and Beq Nsupp(s™) = 0.

Lemma 6.4. There exist ng > 0 and a Ct-mapping X : [~no,no]? — C3(A) satisfying
(i) X10,0] is the identity,
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and, for all (h,0) satisfying (6.2)),
(i) X[h, 0] is a C3-diffeomorphism of Q,
(i) X[h,0](x) = hes + Q(0)x in O, X[h,0] is the identity outside O,
(iv) X[h,0](O) C O" and X[h,0) 1 (O) D Be,.

Proof. The proof is standard and can be done by defining X[h, 8] by

XT[h,0](y) = &(y)hea + Q(E(y)0)y,

where £ is a cut-off function such that & = 1 inside O and ¢ = 0 outside ’. Fixing 19
small enough allow to show that X|h, 6] is basically a perturbation of the identity so that
assertions (ii)-(iv) hold. O

In the sequel, we set Y[h,0] = X[h,0]~!. In particular,
Y[h,0](z) = Q(0)" (x — hey),

for x € X[h,0](O) and
XTh,0](Beq) = B(h,0).

Given (h, 8) € [—n0,70]%, we now transform ue, into a divergence-free vector-field defined
on the fluid domain A\ B(h, ) by setting

ulb O (z) = VE (eg 0 Y[, 0]) (),

where 1), is the stream function associated to ue, (that we denote by (u1,u2) in the next
identity), i.e

( OYalh, 6)(2)un (Y [h, 6)(2)) — BaYa 6] (x)us(Y [, ()
i) = (e O ey ) - o

Correspondingly, we define the transformed pressure
iy (@) = peg(Y[h, 0] (2)).
With such notations, we have the following lemma

Lemma 6.5. Let g > 0 be as in Lemma . There exists Cgeo > 0 (depending only on
e, L and 170) such that given (h,0) € (—no,m0)? we have:

— Aulll 4 plhfl g (1) 7yl 4 (0 s 4 (57 - W)ulh]
g in A\B(h,9>,

Voulth=0  in A\ B(h,0),

u[e’;’g] =0, on OB(h,0)UT,
lim w2y, 20) =0,  Vap € [-L,L],

|x1|—00

= [ sl ads,
OB(h,0)

oz/ (z — hex) " - 29 plii do.
dB(h,0)

where:
) h,0
(i) 1Fiq ™ < Cyeo Mol
(ii) supp(g[h Iy c Ag and

191" — g "z (a0\B(h,8)) < Cgeoro(|R] + 10]).
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Before giving a proof of our result, we recall that ¢~ as is defined in item (v) of Lemma
is defined all over A. Assertion (ii) of the previous statement is then not ambiguous.

Proof. We will work differently inside and outside O. Let

g0 = dist(Beq, Ag \ O) > 0

and set -
Oy = {l‘ € O :dist(x, Beg) < ZO} )

Observe we can assume .
Yl 0)(x) ] < 2,

for all x € A by taking 719 small enough.

Recall that §l%% = §=. Hence, for z € A\ Ay, we remark that Y[h, 0](z) = z = Y'[0, 0](z)
which implies that §l%(z) — = (z) = §1%%(z) — §~(x) = 0.

If z € Ag \ Oy, then Y[h,0|(z) € B(z,e0/4) C A\ Beq. Since ueq is smooth in Ag \ Beg
and (h,0) — Y[h,0] is C1 : [-n9,n0]? — C3(Ap), we can estimate, with standard chain rule
arguments, all quantities involved in §l"? — §= to get

16" = 37 | 2= (40\00) < Caeo o] + 10]).

It remains to treat the case where x € Op\ B¢, and to compute the forces. For z € Op\ Beg,
y = Y[h,0](x) € O and therefore both X|h,0](y) and Y[h,68](z) are isometries. Since
s7(x) =0 and g~ (z) = Mpe1, we infer from the Galilean invariance of the Navier-Stokes
equations that ¢l (z) = M\gQ(—6)e; closing the proof of assertion (ii).

Arguing similarly, still by Galilean invariance, we observe that

/ (& — hea)* - Sl plho)i do = / 2 - S (tteq, peg)i dor = 0,
8B(h.0) 8Beq

and

FbO = Q(—0)2; - /

E(ueqypeq)ﬁda = (Q(_H)é\Q - /6\2) : / E(ueqape(J)/Tz do.
9Beq

9Beq
We then deduce assertion (i) using the regularity of (uegq, Peq)- O

6.2. Proof of Theorem stability estimate. Let (u, h,0) be a weak solution to
(2.4)-(2.5). Under the assumptions of Theorem [5.1} we infer from ([5.4]) and (2.2)) that

2
RO + 100 < 2H(0),000)) < Bu(0) < 35y e+ C22%8
0

for all t > 0, yielding the existence of ¢y > 0 and A\g(19) > 0 (depending decreasingly on
Ey and on L,e), such that

max(|h(t)], [6(t)]) < no (6.4)
for t > to whenever A € [0, A\g(n0)]. This does not yet prove the convergence to equi-
libria since the solid could still oscillate around the rest position. Since the problem is

autonomous, we will assume in the sequel that tg = 0. We can also suppose that Ag(np) is
chosen in such a way that (5.4) implies

sup lu(t)| 2wy < 4Eo, (6.5)
te(0,00)

whenever X € [0, A\g(n0)].
: [h(1),0(1)]
To prepare the proof of Theorem 6.2/ and to shorten notations, we denote ueq (x)
by veq(t, ) from now on, and we define

U(t, z) = veq(t, ) — u(t, x),
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for t > 0 and x € (t). Observe that v, is smooth in the space variables on (0,00). We
denote below:

([~ Aveg(t) + Veg(t) + (veq(t) - V)veg(t) + (57 - V)veg(t) + (veq(t) - V)s~
= geq(t), in Q(2),
V - veq(t) =0, in Q(2)

(6.6)
/6\2 : / E('Ueq(t)a Qeq(t))ﬁ do = Feq(t) )
OB(t)

| @ b)) S(veg(t) alt)do =0,
\ JOB(t)

where geq(t) = p,[!;(t)’g(t)] and geg(t) = gP®IOL F, (1) = Fe[g(t)’e(t)] for all ¢ > 0. With
obvious notations, we also have that

OVeq = h'@hu[h’e] + 9’89u[h’0] .
The function v, gains the W1 regularity of h and 6 in time. In particular, observe that
Veq € WH((0,00) x A) and dyveq = 0 outside O’ and, thanks to the regularity of Y[k, 6]

and ueq (see [23, Section VI.2] for the decay properties of u., outside Ag), there exists a
constant Cgye, for which:

19rvea (Ol a0y < CoeodoIR' O]+ 10O . [ Vreg(®)llzmia) < Cpeodo.  (67)
for all ¢t > 0.
We can then use a weak-strong argument to compare u(t) and v, for large times. To
this aim, we introduce
1

B(t) = La(0) ooy + I OF + S0P + HOW, (D) V>0

As previously, we will also use a perturbed version of F, namely

E, ()= E(t) +w (m h(t)R'(t) + J 0(t)0' (t) + /Q(t) a(t) - w(t) da;) ,

where w € (0,1) will be chosen small enough in order to derive a dissipation estimate in
the spirit of Proposition |5.13| Similarly to Lemma (5.12]), with the further remark that in
view of (6.4]) the distance between B(t) and A is now uniformly bounded from below by
1, we have

eyl

D < B < 3B, (63

under the condition w < wy with wy depending only on dynamical parameters. Theorem
will be a direct consequence of the next proposition where we show the exponential
decay of E,(t).

Proposition 6.6. There exist wy ,0 > 0 with the same dependencies as in Theorem (5.1
and Ceyn > 0 such that, assuming (5.2)) and further that
26’dyn)‘() < owy

then
limsup E,,(t) = 0.

t—o00
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Proof. Recalling the definition ([5.23) of E,,, we have:
- 1
Ey(t) = Eu(t) — / Veq(t) - u(t) + *Hveq(t)H%Q(Q(t)) - w/ Veg(t) - w(t)dz.  (6.9)
a(t) 2 (1)

We fix then ty > t1 > 0 and we use w(w, h,0) as test in (2.11) and (3.1) to get, similarly
to the previous section, that

to
Eults) — Eu(ty) + / IVa(r) 22 sy dr

t1

+ /tQ ( [Hh(h(T),G(T))h(T) + Hy(h(7),0(r)0(7) — m|k (1)> — JW(T)’QD 0

to 12 t2
/ / [ —u-Vs™ udde—l—w/ / u'atwdxdT—w/ Vu : Vwdzdr
t1 7') Q(7) t1 Q(7)

—H/J/: /Q(T (G —(u-V)s™ = (u-Vu— (s~ -V)u) - wdzdr.

(6.10)

We recall that since |h(t)| < 1o < 1/2 on (0,00), we have f[h(t)] = 0, §(t) = §~, and
s(t) =s~ fort>0.

We compute then the increment of the second term in the right-hand side of by

remarking that (veq, 0, 0) has sufficient space/time-regularity to be admissible test-function

in . ‘We obtain
/ u(te) - veq(tg)dx—/ u(ty) - veq(tl)dac—f—/ / Vu : Vueg dz dr
tg)

t2 t2
/ / U - OpVeq da dT +/ / (u-V)veq - udzdr (6.11)
t1 t1
to
+/ / [E_—(U‘V)S_—S_-V)u}-vequdT.
t1

Multiplying now (6.6)) by u(t) between ¢; and t5 and integrating in time and space, we get

to to
/ / Ve : Vudzdr = / Feo(T)W (1) dr + / / Jeq - wdxdr
t1 Q(T) t1 t1 Q(T)

_ /:/ [(Veq - V)Veq + (57 - V)veg + (veq - V)™ | - udzdr.

We also observe that

to
/ Veq - W(t2) — / Veq - w(t1) / / (Vegq - Orw + Oyveq - w) dxdr (6.13)
Q(t2) Q(t1) Q(r)

to
||veq||L2 Q(t2)) — ||Ueq||L2(Q(t1)) == / Gtveq * Vegq dx dr. (614)
t1 Q(7)

We point out that we used the fact that veq = 0 on 0B(¢) for all t > 0 in this computation
to reduce the material time-derivative to a standard time-derivative by integrating by
parts. Finally, multiplying the equation with veq on Q(7) for 7 € (t1,t2), we have

to to
/t HVUeqH%g(Q(T)) dr = / / (geq — (Veq - V)7 ) - veg dadr (6.15)
1 t1 JQ(r)

(6.12)

and
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Substracting (6.11))-(6.12])-(6.13]) from the sum of (6.10) with (6.15) and substituting
with (6.14]), we infer that

~ ~ t2
Ew(tg)—Ew(t1)+/t IVa(T)|[72 0y d7
1

+f " (to [Hu(h(r). 0 (r) + Hol0(r),6r)0(r) — it () — 9/ (r)P])

t1

- _ /tz/ ((@-V)s™ 4 Opeq + (U - V)veq) - tdx dr — /tz Fog(T)H (7) dr (6.16)
tr JQ(r)

t1
to to
—i—w/ /ﬂ-@twdaﬁdT—w/ / Vu : Vwdxdr
t1 Q t1 Q(T)

t2
+ w/ / (fq\_ B atveq —(u-V)sT —(u-V)u— (s - V)u) cwdzdr.
t1 Q(T)

We then multiply by w to deduce

to
/ / Veq : Vw dzdr
t1 Q(T)

t2 to (617)
= / Feq(T)h(T) + / / (geq — Veq* VUeqg — 8~ - VUgg — Veq - Vs_) -w dxdr.
t1 t1 Q(t)

Multiplying (6.17) by w and subtracting this identity from (6.16]), we infer that
~ - t2
Bu(ts) = Eult) + [ I19(0) g dr
1

+ / ’ (« [Hn(h(r), 0)h(r) + Ho(h(7), 0(r))0(r) — ml'(7)* = J10'(7)[°] ) dr

t1

_ —// (@~ V)s™ + Oyveg + (@ V)vey) -ada:dT—/2Feq(7')(h’(7')+wh(7'))d7
t1 Q(7)

t1
to to
—|—w/ / &-&gwdajdr—w/ / Vu : Vwdxdr
t1 Q(T) t1 Q(T)

to
+ w/ / (0 = geqg — Orveq — (@-V)s™ — (u-V)u— (@ V)veg — (s~ - V)@) - wdadr
t1 Q(T)

(6.18)
By standard Holder inequality and Poincaré inequality, we will now estimate the right-
hand side RH S of (6.18]). We start with the terms in the first line which can be estimated
by

to
Cgeo/t (s~ llwr.oo ry) + 10eveqll L2y + 1V 0eqll oo (i) V(T F2( ) dT
1
to
+/t | Feq(T)I(|W(T)] + wl|h(T)]) dr.
1

while the sum of all the remaining terms multiplied by w is smaller than
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to
(Cgeo+1)/t (0wl L2 ey + VWl L2(ary)) IVE(T) || L2y dT
1

to
+/ (197 = geqllz22r)) + 10rveqll L2 0r))) Wil L2y dr

t1
to
+(Cyeo + 1)/ (Is™ llwree iy + lull 2@y + 1 Veqll oo @) 1wl oo (a) V@l L2 4y dr
t1

Next, we exploit Lemma and estimates (5.22)), where 20 . > 1, and (2.10)-(6.5)-(6.7)

to get
to
/ IV 2 4 dr

t1

|IRHS| < [(Cgeo +1)(Ao+w) + ﬂ

+ (Cyeo + 1) [(1 4 Eo)w? + Aow + N3] /t2(‘h(7')’2 +16(7) ) dr

t1

1] [
<[ Cowt D00+ ) + 5] [ IVBDIE 0 e

t1

to -
4 Clagn [(1 + Eo)? + Aow + A2 / Bu(r)dr,

t1

where in the last 1nequahty we used again (2.2)) and (6.8]). Similarly, from (|1.3]) and (2.10) -,
provided that w < C’ , we infer that

/ ’ (w [Hhmm, O()h(r) + Ho(h(7), 0(r)0(r) — ml' () = J10'(7)[’] ) dr

t1
to ~ to _ 1 02
+ [ Begdr 2 [ (6Bl + §IVR ) dr.

t1 ty
With our assumptions on w, and Ag, we deduce that

B(ts) — Eo(t )+°"70 [ Bumydr<o.
1

We can then conclude by a Grownwall-type inequality taking into account the continuity
of £, that

. . T / / — 15 — =
Tim [h(0)] + O8] = Jim [1(2)] + 18/ (0)] = lim [lu(®) ~ veg(8) 12000 = .
and thus, by extending u(t) and veq(t) with their solid counterparts:
Tim () — veg(®) | 2(a) = 0.

However, since veq(t) is obtained by transforming u., into the geometry associated with
(h(t),0(t)) that converges to 0 the regularity of the transformation (6.3]) in L?(A) entails:

tlgIolo [[veq(t) — “eq||L2(A) = 0.
Eventually, we conclude that

tll)m |u(t) — UeqHL2(A) =0.
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APPENDIX A. FURTHER PROPERTIES OF THE ELLIPSE

This appendix contains explicit computations supporting the general description of
Section [£.1]in the case of an ellipse. We also provide a proof of Lemma [4.1] that applies in
this specific case of an ellipse.

A.1. Explicit description of v[f]. We start by providing an explicit expression for the
parametrizing function v[f] and by proving . As h has no influence here, we assume
h = 0 without loss of generality and, due to the symmetries of the ellipse, we can consider
the case 6 € (—m/2,0] only. Then, for every (z1,x2) € 0B there holds

(z1,22) € OB <= QA1) (x1,22) € 0Bey. (A.1)
Given the shape of the obstacle B, condition ((A.1)) is verified if and only if

(—z1 sin 6 + 9 cos 6)?

g(x1,m2) = (21 cos @ + xasin 6?)2 + —1=0. (A.2)

2
e
Noticing that the coordinates (x1,x2) of the point of contact X, must satisfy the relation

;i(xl, x2) =0,
we differentiate implicitly with respect to x1, thereby obtaining the identity
(1 —€?)cosfsind
2cos?0+sin?0 2
Inserting in , we obtain the coordinates X, = (x1,x2) as functions of the angle
0

(A.3)

X1 =

(- e?)cos 6 sin 0

V/sin2 0 + €2 cos?
We want to express z2 as a function of z; in some interval of the type [—A(6), A(#)], with
A(0) > 0, by parametrizing the border of the obstacle close to the point of contact. For

this reason, we rewrite the identity (A.2)) as a quadratic equation in the unknown variable
I9:

X1 =

>0 and xp = —/sin?0 + e2cos?f < 0. (A.4)

A(0)2? + B(0)z1zy + C(0)z3 — 1 =0, (A.5)
where
sin 0

2
~ 1
> > 0, B(Q):sin29(1—62>>0,

C(8) = (sin)? + <C°SQ>2 > 0.

e

A(0) = (cos0)* + (

Identity (A.5)) shows that we can express zo as a function of x; provided that

|z1| < A\(0) = VeZsin? § + cos? 6,

thus yielding

_ —
Ty(z1) = 2(21) = —2%((90))961 - 52@) CO)- = Vo €[-A0),M0)  (A6)

Notice that, by construction, we have

Tp(x1) = x2 and [(x1) = 0. (A.7)
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We notice that for all § € [—7/2,0]

2 .
T(0) = [MO) — 51| = V/e2sinZf 1 co? § 4 L )cosOsind
V/sin2 0 + €2 cos?
is uniformly bounded from below: J(0) > e. We can then take A\g = e, so that
[X1 — Ao, X1 + o] C (—A(6), A(0)) Vo € [0,7/2], (A.8)
and define v : [—Ag, \g] — R by

y(x1) = To(x1 +x1)

B(6) \/ (1 + X1)
=———"(z - Va1 € [—Xo, Aol
20(0)( 1+ 1 € [0, Ao
where Ty : [-A(6),A\(0)] — Ris asin (A.6). In view of ( -, we infer v € C*°([—Xo, AoJ; R).
From (A.7) we also deduce that 7(0) —x2 = 4/(0) = 0 and ~”(0) > 0. Then, given
T € [—Xo, Ao] we can find & € [—Xg, \o] such that |£; — 7] < |7| and

7"(0) 2, 7"(&) s

5 T T %

YOI(T) —xg =
This immediately yields the etimates

’Y” 0 A ’y” 0 A
(2() = S xoma ) 7 <A —xe < 2(>+ 517"z (=x0.0)

In fact, notice further that
. 1 1\ 32
0)>—=(1+—=
7(0) 2 ( + 62>

so that there exists A; € (0, Ag) independent of 6 and h, sufficiently small so that

7'0) Ay
O _ Ay
The proof of (4.3) is concluded by choosing A, = min{\;, A2} and defining

@ - 7"(0) A
“ _ee(lrif/z,0]< 5~ g N e a )

Lo([=A1,M1]) > 0.

(2) - <’Y”(O> Ny >

¢y’ = sup + — oo o
T e L D

(2) - inf lg Z 0) — )‘* 8 "

“ Ge(ir}r/Z,O} (2 897 ( ) 6 897 L ([=As,A4]) ’

8 "

, 19 A
7= sup (2607"(0)—6 50"

e(—m/2,0]

L“([—A*A*}))

A.2. Proof of Lemma[4.1} Let h < 0and 6 € [0, 27) be fixed and such that (h,0) € Ay .
When 6 € [0,7/2] we have, by a geometric argument, that the mappings

[0,7/2] — [—1,—¢€] : 0 — x2[0]
[0, 7/2] = [85"", £5°%] 0 1= ra[f]

are diffeomorphisms. This follows from explicit expressions : (A.4]) for x2[f] and (A.10)
below for ko. Hence, they induce, by composition, two diffeomorphisms o and Xo as
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claimed in assertion (i). The property (4.4]) extends to every § € R by symmetry and
periodicity.

To prove assertion (ii) and compute ko, we provide some more technical computations.
As before, h has no influence here and we assume h = 0 without loss of generality. We
can rewrite identity (A.2) - as

20 20 1
z? (cos 0+ sin > + 22 <sm 0+ cos > + 2z129 cos O sin 6 (1 - 2) =1.
e? e

Around x = (xj,x2) we can then plug the ansatz

T1=X1+7T To = X9 + KoT2 + K3T> + Lo.t.

Identifying powers of 7, we obtain the following sequence of equations. At order 7°, we

have
20 20 1
X2 (COS 0+ sin > + %3 <sm 0+ €0 > + 2x1x9 cos fsin f (1 — 2) =1.
e? e? e

that we rewrite as

1
X1 [xl (COS 0+ sin 9) + x9 cos@sinf <1 — 2)}
€2 e
+ X9 [xlcOSHSine <1— 12> + X9 <sm 0+ cos 9)] =1.
e e2

At order 7, we have
20 1
X1 (cos 0+ sin > + X9 cosfsin 0 <1 — 2) =0.
e

The 7 equation, taking the 79 equation into account, implies

1 20 1
X1 cos 6 sin 6 <1 - ) + X2 (sm g+ < ) = —. (A.9)
6 6 X9
At order 72, we get
20 1 29
<COS 0+ sin ) + 2K9 (x1 cos@sin 6 (1 - ) + Xo (sm 0+ cos )) =0,
e2 e2
and therefore, using (A.9)), we infer that
X2 9 sin? 0
= —— 0 . A.10
K2 5 ( + 2 ) ( )

At order 73, we see

1 29 1
K3 (x1008981n9 <1 - 2) + Xg <sm 0+ cos )> + kg cosfsinf (1— 2) =0,
e e? e

that is, due to (A.9)),

1
K3 = —cos 0 sin Oxo k9 <1 — 2> .
e
Differentiating then (A.10)) with respect to 6, we deduce that

Op(k2/x2) = cosBsinf <1 - el2> =_ "

KR92X2
Multiplying this latter identity with koxo yields (4.5)).
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Finally, concerning the third assertion, combining (i) and (ii), we see that
2y
KX (K2)
=— - =10
K3 </€2 Xa (12) o2
and we therefore define
£ €2 X5(6)
]C3K2 :/ (f—Q d§
( ) Ko x2 (5)

O
For technical purpose, we need to compute the f-derivative of x;[f], for i = 1,2 and
prove their boundedness.

Lemma A.1. The derivatives Ogx1[0], Dgx2[0] are uniformly bounded.

Proof. We recall that xq,xs is fixed by the conditions:

in? 6 in2 6 20 1
X2 (Cos20+ 81:2 ) +x3 (8122 + CO;) + 2x1x2 cos fsin ¢ (1 - 62) =1

sin? 6

1
X1 (cos20+ 3 >+x2003031n9<1—2> =0,
e e

with the condition xo < 0. We drop here and below the #-dependency in the notations for
a better legibility. Differentiating with respect to § we obtain that (Jgx1, dgx2) is solution

to the system:
X109 +xadp  x2bg +x1dp\ [Opx1\
< ap do > (39X2 = 50),

where S(0) is a periodic continuous source-term and

02 2 1
ap = <COS29+ sm2 9) , by = (sin29 + o 9) , dg =cosfsinf (1 — ) .
e

e2 e2
In particular

<x1a9 + xodg xobg + X1d9> -1 B 1 < dg —xobg — X1d9>

ag dp  xo(d2 — agbg) \—as  x1ag +xady
where:
X2
xo(d3 — agbg) = 2

is continuous and periodic, see (|A.4]). This immediately gives the statement.

APPENDIX B. ANALYSIS OF THE STOKES ASYMPTOTICS

In this section, we analyze the properties of the approximations to the solution to the
Stokes system provided in Section We start with an elementary lemma that classifies
the family of diverging integrals

A* P 2
//\* (0 +~[0](1) — x2[0])4 dr (p,q) € N7,

that are ubiquitous in the forthcoming computations:

Lemma B.1. We have the following bounds when 0 << 1 :
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e if pis even :

A o 0 (") ifp<2g-2,
/ dr =
o BB =l T ) o i 2
e if pis odd:
A P o (DPTQ_Q) if p<2q—3,
/ dr =
o B =l T ) o PR
Furthermore, there exist constants K;[f] < oo such that
A" ’7'27" Kz [(9]
— d1 = +0(1 Vi > 1. B.1
| Gramm e s HOW iz (B

In the above lemma we have introduced Landau notations O for comparing functions.
We recall that whenever real functions f, g are defined in a neighborhood of 0 (possibly
only for strictly positive variables, say 0 € (0,00)) with f > 0 we say that g = O(f) if
there exists a constant K > 0 for which:

[f()l < Kg(0) V0 € (0,0).

In our statement and also in those below, this constant will depend only on d, e. Whenever
f depends on a second variable § € R we used the same notations to denote:

|f(0,0)] < Kg(d)  Voe(0,00) VOeR.
The constant K is thus independent of 6.

Proof. Let us briefly sketch the proof of these bounds. The even case relies on (4.3]). We
can then bound:

Ax TP Ax P
TN e e ey N =i

In case p > 2¢ the integrand is uniformly bounded in 0 while if p < 2¢q — 2 we obtain the
expected result by performing the change of variable 7 = v/9s.
In the odd case, we must first use the explicit expansion (4.1)) of v[f] by remarking that

Ax Tp d
———dr =0
/_A* @+ ralf]r2)e "

since ¢ is odd. Remarking further that |y[0](7) —xa[8] — k2[0]72| < ¢3|7|? with ¢(3) uniform
in 0, we infer that

Ax P
/_A* @+ 168](r) —xale)s "

Ax 1 1

N ’/A Tp <<a AW —xelf]) (@ mew) "
_ A C(S)‘7_|p+3 p

- /—A* 0+ Dy

We conclude then like in the even case.
Concerning the asymptotic expansions we apply the same symmetry trick in order to
obtain

Ax 7'2Z Ax 7_21
/A* (@ +7[0)(7) — x2[6])"* - /,\* (0 + Kal0]72)it1 dr = 0(1),
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and we compute then the second integral by performing again the change of variable

7 = v/0s. This gives (B.I) with

00 822'
Ki(0) = /Oo (1 + rolf]s2)i1 ds.

0

We consider now a boundary data v, = V11, and address the relevance of the ap-
proximation ¥ to the solution v of the Stokes problem to as constructed in Section
We provide the arguments in the general case and mention the subsequent results
with the specific boundary conditions concerning o+, #ll, 5. Following the conventions of
Section we assume that 1, (xi,xa + h) = 0 (actually 1, is defined up to a constant
so that this does not restrict the generality). We point out that, with respect to rough
a priori computations, we might gain a factor 9*/2 in the following estimates thanks to
symmetry arguments like the ones in the previous section. This might be used without
specific notification.

B.1. Size of c.. We recall that ¢, is computed by matching the condition

X1+
/ 0222 opt (21, —L)dxy = 0.
X1 —Ax

Dropping 6 dependencies again for legibility and replacing with explicit values, we obtain

B A ¢1(7) . A ¢2(T) _
12/% @ 18)(r) —xald])?" *6/4* @ 18(r) — )" ="

and therefore

Cx = —

1 A o (x1 + 7, h + (0] (7))
/ N : . <6/ 0+ 1101() —wald)2 "
. BB )P

1 M (x +T,h+v[9](T§)dT>.

—a (@ F[01(7) = x2[6])
In the general case 1, € C°°(R?) with t,(x) = 0, we obtain readily that
lex| < CVO[Wller (anfey <24y (B.2)

where C' depends only on B. However, in the various cases at-hand here, we obtain the
finer expansion as stated in the next lemma.

Lemma B.2. When 0 << 1, the expansions
e = vrs[f]ck (k2lf]) + O(%?),
el = vl (kal0]) + O(27/%),
& = ocg, (raf]) + O(0%/?),
L

holds true, uniformly in 0. Moreover cX, coo and ¢S, are C*® on (0, 00).

Proof. We provide a proof in the case of ¢i. The other cases follow from similar compu-
tations. Replacing ;- with its explicit value, we have

L 12 A ]
G = /)\* 1 dr /A* (0 +~[0](T) — X2[9])3d7. (B.3)
x @ HAO)() = x2[0])?
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Let start with computing the denominator, i.e.

Ax 1
den = || G

Expanding v and using the control from below given by (4.3]), we infer
A 3
* 1 K3 [9]7’
den = -3 d
- 1M<®+@mﬂﬁ @+ rall)1)

A ,7_4 7.6
+0 / ©) + @) dr | .
A \Q+c ')t (0 +cey T2)P

By symmetry, the integral of the second term on the first line vanishes while we set 7 = \/0s
when computing the integral of the first term. By straightforward estimate of remainder
terms at infinity, we deduce

A 1 K3[0]T3 1 00 1
‘KM<®+me%3‘ﬂv+WMﬂv>“‘wwa[mu+%wm%““+0“)

Below, we denote the integral on the right-hand side by denso(k2[f]). We remark that
it is a smooth function of k2[f] when it ranges (0, 00) with strictly positive values when
Ko[0] € [K5¥™, k79%]. With a similar change of variable in the integral, we observe that the
remainder term on the second line of the expression of den is O(2~3/2).

Concerning the numerator, we proceed similarly, remarking that the leading term

W leads to a vanishing integral. We then obtain

> . L N N
LM®+ﬂWﬂ—MWPm_ N [m®+@wﬂvd+0<0'

We point out that the remainder term could be made O(d~'/2) by playing again on
symmetries but this will have no influence below. We denote the integral appearing in
the right-hand side of this latter identity by numea(k2[f]). We remark again that it is
a smooth function of ko[f] with strictly positive values when ra[f] € [k5", K7%%]. We
eventually obtain

oL _36&3[9]0*3/2numm(n2[«9}) +0(™h

= n3[f]es; (m2[0]) + O(°?),

o 075/2deny (Kolf]) + O(073/2)
where
i o NUM oo (K2) o
oo (k2) = 367denoo(m2) € C*((0,00)).

O

The formula (B.3)) entails that ¢~ depends on the gap geometry through both parameters
9 and 0. Considering the mapping (9,6) — ¢;- — that is smooth on (0, 00) x R by standard
parameter-integral arguments — we prove the following bounds on Ve

Lemma B.3. We have the following inequalities for 9 << 1 and 8 € R :
0pe | < Ceods  180¢y | < Ceos (B-4)

with a constant Cye, depending only on d,e.



58 DENIS BONHEURE, MATTHIEU HILLAIRET, CLARA PATRIARCA, AND GIANMARCO SPERONE

Proof. The proof follows from the following computations :

- - (@ l6)(r) — Bl
b = NG e i)

A 1
( L OB )

A 1 A T
et = | e L. armm e
* 2

</1 SR ““)

A T
5 /A* 0+ 101(r) o)1

A 1
/ 3 dr
. (O +A[01(1) — x2[0])
arguing then as in the proof of Lemma O

B.2. Quality of the approximation. In what follows we compare ¥ reconstructed from
Yopt to the exact solution (v, q) to with the corresponding boundary data v, = V1 1),.
Again, we explain the computations in the general case and write down the results in the
three cases at hand here. Given the variational characterization of 1., we have:

/ \322¢opt|2d9«“§/wv!2dw- (B.5)
A Q

*

Owing to the fact that ¥ matches the same boundary conditions as v on 92, we infer also

that:
/|V(v—@)|2dx=/\V(v—@)|2dxg/ ]V17|2da:—/wv]2da:
A Q Q Q
and, by (B.5):
/|V(v1~))|2dm§/ |V27\2dx/ |8221/)0pt|2dx.
A Q O

We remark here that our candidate ¢ is uniformly bounded in terms of (h, ) outside Gy, .
This implies that

/A|w — V|2 dx < / (IV?opt|* — [O22tbopt|?) dx + O(1).
A

*

The relevance of our approximation @ is then related to the computation of the L?-norms
of 011%opt and O121opt in terms of 1), and the geometrical descriptors 9, 6. For instance, in

the case of wj;?t, adopting the change of variables in (4.11)) and using Lemmas
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we get:

/g <|v2¢j_pt’2 - ‘822¢$7t|2> dx :/ <2|812wj—pt‘2 + |811wj_pt‘2) dx
A

G

O G s 1 o
= C/—A* <(D +[6)(r) - X2)3+(0 +7[0](T) — x2)> dr =007 +0(1). (B.6)

By similar computations for ¢,

¢9pt> we obtain the next lemma.
Lemma B.4. We have the expansions when 0 << 1 uniformly in 0:
IV =59 l2a) = 007 2), V@ = a2 + IV =59 1204y = O(1).
B.3. Pressure. We construct now a pressure ¢ so that
—-Av+Vqig=R divo = 0,

where R is bounded in a suitable sense. For this, we remark that ¢ is uniformly bounded
outside the gap G), whatever the value of 0. Hence, we focus on the construction of ¢
inside Gy, . By construction, we have

. - 0211%opt + 0222V0pt >
= VJ- o d - A - P P .
v w Pt an v <_8111w0pt - al?Zwopt

In this expression, the most diverging term should be 0222%opt (21, 22) = daz2(z1) and it
is a function of z1 only. Hence, we set, for (z1,z2) € Gy, :

1
q(x1,22) = —/ do2a(T)dT + O12¢0pt (1, 2)
X1 —Ax

X1+ A
2/ doo2(T)dT + O12%opt(T1, T2).

1

The second identity uses that the mean of deso vanishes. We can extend this pressure by 0
without generating singularities. We point out that astonishingly, this mean-free property
seems to appear incidentally while it is deeply related to the variational construction of
Yopt- In particular —Av + V¢ is uniformly bounded outside Gy, . Then, for arbitrary

(w1, w2) € [C®(Gy,)]? that vanish on the top and bottom boundaries, we have then

/ (—AD+ Vq) - (wy,ws) dx
Gxi/2
= / (20211%0prw1 — O111%0oprw2) d
Gxi/2

AN /2 ] )
= _/ / (2011%0pt O2w1 + O111Yoprwe) daidxs
X1—A«/2 J—L

where we integrated by parts the first term. For the second term we use the primitive
operator:

h+7[0](z1—x1)
Py0111¢opt (21, 22) = —/ O111Vopt (1, 2)dz,

T2
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so that:

/ (—A+Vq) - (w1, ws) dz
(W

X1+ A /2 phAy[0)(z1—x1)
T / / / (20119 opt O2w1 — Pa0111%opt Oow2) dx1dxs.
X1—A«/2 J—L

We can then estimate this latter term with Holder inequalities. In the general case we

obtain the following statement.

Lemma B.5. Under the assumption that 1.(x1,x2 + h) = 0, there exists a constant C,
depending only on B such that there exists a pressure G € L*(Q) for which

| = A%+ Vil g-1() < Cullvsllesaniz |<d)-

The proof is based on the above identity combined with and the analysis of the
operator P given below in Appendix [C]

A straightforward consequence to the previous lemma is that, if we are given an ap-
proximation v = VLwopt and two divergence-free test-functions w, @ that match the same
boundary condition on 0B and 0A, we have

/Vw:V@daz—/VzD:V@da:
Q Q

B.4. Computation of Mj;,. We split the expression in three terms : M5, = 6G1+12G2+
6(G'3, where

< G| V(w — @) 2(0)- (B.7)

dr,

P e )
@ = /A* (0 1 6](r) —wal0])?

G, = /A* xa(r — ) (116)(r) —xalf] + )
2 — 3 T,
A (0 +~[0](7) —x2[6])
A 1
Gz = / xa(r — ) 5 dT.
—x. @4+ 710](7) —x2[6])
The true challenge of these computations is to show that all these integrals can be written
as the multiplication of k3 with some integral depending on k2. To this end, we may either

exploit the fact that ¢ has this form or exploit symmetries to cancel integrals with an
odd power of 7 on the denominator. For instance, we have

Mol el 2 O ekl
G = 3 dr.
“a (@+A0)(7) — x2[0])

Exploiting symmetries, we infer

> 7 kalsa(k2)

/—A* (0 +7[0](T) — x2[0])? dr = ‘3T +0(1)
K ' gl

/_,\* (0 +4[0](T) — x2[0])? dr = =3 . +0O(1)

where here and below, we fix the notation I, 4(x2) by

P

I = ——d VO<p<2¢g—1.
paa(k2) /R(l—i-/iﬂ?)q T =P 4
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Recalling Lemma to rewrite ¢; and ¢{, we deduce that

K3

G p—
RV

< - 316,4(52) - 30;(/432)[4’4(,%2)

+ 309(%2)[4740432) + C;(HQ)Cg(lig)IQg(ﬂg)) + 0(1)

As for G, G, we first remind that, Assertion (i) in Lemma implies zo = X2(k2), and
then, arguing as previously, we eventually conclude that

X
Gg = K3 2\5,;2) ( — 3/€2[6,4(I€2) — HQC;(K)Q)IQA(HQ)

= Bell (k) I (2) — ek (ka)ell (m2) o (2) ) + O(1),

and

(—3113(k2) — & (m2)Io2(k2) ) + O(1).
This ends the proof.
B.5. Computation of J;. This section is devoted to the estimate (5.33)) of J; defined by
/ / Oe(a(t)it) + (u- V) (a@®)id)] - udwdt = J + 7 + 5,
_Ja)

where

Jl(a) = / / d ()t - udadt,
Jaw

JO = / / a(t)dyit - udwdt,
Jaw

ch) :/ a(t)/ (u- V)t - udzdt.
~ Q(t)

Regarding Jl(c), we first remark that o is, by construction, uniformly bounded outside

G, , see (4.16]). Thus there holds
) o,
h+~[0](z1—x1[6])

PQVZNJL(JJ, 132) == —/ VﬁL("Bl, Z) dz

T2

/ (u-V)ot - udx

G

4] < Cgeo/T <HUH%2(Q) +

To compute the last integral, we introduce
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so that, after integration by parts (noting that P,Vo+ vanishes on the top-boundary of
Gy, while u vanishes on the lower boundary):

*

Oou @ u : BVt da
(W

A h+~[0](7)
< / sup | PVt | / |Oau(xy + 7, 22)Pdas | dr
—Ax z2€(—L,h+~[0](T)) —L

B4 [6](7) 2
X / lu(xq + 7, 29)|?ds
-L

< Cyeo sup sup (0 +~[0)(T) — x2 [9])\P2V17L| / ]82u|2 dz,
TE(—As,Ax) T2E(—L,h+~[0](7)) G,

/ (u-Vot) - ude
G,

(ST

where we have used Poincaré inequality with optimal constant on the line 1 = x; + 7,
x9 € (—L,h + v[0](x1 + 7)) to pass from the second to the last line. With the explicit
formulas at-hand, we obtain

sup O+ 7[0](x1 + 7) — x2 [HMPQVTJJ‘\ < Cyeo
x2€(—L,h+7[0](x1+T7))

so that
175 < Cyeo / / IVu(r)|? dadr. (B.8)
T_JA

To compute Jl(a), we simply use the control on a’ obtained in Lemma combined with
Poincaré inequality. By (4.16]), this yields the desired estimate, that is

|J1(a)| < Cgeo/T ‘9,(7')|||U(7')||L2(A) dr < Cgeo/T ||Vu(7')||2d7', (B.9)

It remains to compute d;5(). By construction o+ (¢, z) = V- (t, x), where

() vtene)

(B () () mn

Gt x) =
¢ <dlSt££’B)> ((331 —x1) — cf) in Q\ Gay,,
\(xl_xl)—ci' in B

and

Yapn(ts) = (@1 = x1) = ) P (a " wffxﬁ “e [61)

We remind that this formula depends on time through xi,xe, 6 and therefore also 9. In
particular, we can split

Ot =Xt +xpu® + 0uP + [ in @\ G,
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where ¢t(i) (i =1,2,3,4) are smooth functions, while, in G,,, we have

atwl (tv ‘T) = 8t¢ct:t(t7 $) = wz;g(t7 .T) + wglgt)(ta 'CC)

where

Vot (t,2) = = (001 + [e]) P{™ <

xo+ L >
0+ (w1 —x1) —x[f] )

(xa + L)
(0 + y(x1 — x1) — x2[6])2
oL opt xo+ L
X ((3:1 1) — ¢ ) 0:P <D +y(z1 —x1) — X2[‘9]) '

Using the differentials computed in Appendix [A] the previous computations of integrals
in this Appendix [Bf and the use of the operator P, (see Appendix , we infer that

IVt (8 2)ll 26,y + IV Povbigt (8, 2) | 26,y < Cgeo (16 + 0'])

wg;?(t, .T) =— (0/ + 0 (897(:E1—X1) — 89x18x7(x1 — X1)—89X2[9]))

where
di h+vy(z1—x1) i
Pat(tn) = [ W0 2, 2)dz.
2

Eventually, we obtain

/ 0ot - udr = / 0o - udr + / VH/JZZ? ~udx — / VJ‘Pwa% - O dx
Q1) QH\Gx. (W (W

so that combining the previous computations with (2.10)), we get
b g o
1< oo [ (1014 ) IVl < Cono [ 190D Bauyr (B10)
Combining (B.8))-(B.9)-(B.10|) yields (5.32]).

APPENDIX C. PROPERTIES OF THE OPERATOR P,

In the previous computations we have used several times the operator
hAy[0)(z1—x1)

Pyf(xy,x9) = —/ f(z1,2)dz Vz € Gy.

x2
for a function f defined in the gap G). The main purpose of this construction is to gain
regularity in the xo variable. Precisely, we have the following properties for f € C*(G)).
First, observe that since we have the boundary condition

PQf(.’L‘l,h—i-’y[H](l'l —Xl)) =0 Vx1 € (X1 -\ X1 —i—)\),
we can apply a Hardy inequality on (—L,h + y[0](x1 — x1)) for any x1 € (x1 — A, x1 + A).
We therefore compute the gradient of Ps, i.e.
NP f(x1,w2) = PaOr f (w1, m2) — 0uy[0] (21 —x1) f (1, h+y[0] (21 —x1)) and OoPaf = f,
to get

ht[0)(z1—x1) ) ) hA~[0](z1—x1) )
/ (Pof (@1, 22)2das < (2-4(0) (21 —x1) —xal6]) / (w1, 22) P,
-L

~L
since 0 + y[0](x1 — x1) — x2[0] = h + y[0](x1 — x1) + L. We thus infer

; X1+ N h4+v[0](z1—x1) )
1P2fl72(gy) < / (0 +7[0](z1 —x1) — x2[0]) / | f(z1, 22)|"dz1d2o
Y —L

X1
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and

) X1+ ) h+~[0](z1—x1) )
VP Bagy < [ @+ablen —x) —xall)? | 01 1,2z
—-A

X1 —L

X1+
+ / . (0 +7[0](z1 — x1) — x2[0])|0xy[0] (21 — x2)[*|f (21, b+ 7[0](x1 — x1))|*day.
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