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GRAPHICAL ABSTRACT

Sub-grid drag modeling is needed for
large-scale simulation of fluidized beds.
A theoretical drift velocity model is de-
rived from a transport equation.
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ABSTRACT

A novel sub-grid drag force model is proposed for coarse-grid Euler-Euler simulation of gas-solid fluidized
beds. Starting from a transport equation for the drift velocity, an equilibrium condition is used as a basis to
derive a new algebraic drift velocity model. The sub-grid correlations that show up are closed by a large-
eddy PDF approach inspired from LES of turbulent reacting flows. The new analytical model only depends on
the resolved slip velocity and on a few sub-grid moments of the solid volume fraction. Then, a conditional
averaging procedure shows that the new model can be properly captured by a simple functional expression
that only requires a closure for the sub-grid variance of the solid volume fraction. A priori validation studies
show that the drift velocity is predicted with high accuracy (R?> > 0.90) for a large range of filter widths and
for both Geldart A and Geldart B particles.
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1. Introduction

Gas-solid flows are encountered in numerous environmental phe-
nomena and industrial applications, including Fluid Catalytic Cracking
(FCC), Chemical Looping Combustion (CLC) or biomass conversion.
A detailed comprehension of the hydrodynamics of these processes
proves to be crucial to optimize their performance and ensure safety
during operation. In the past decades, Computational Fluid Dynamics
has been increasingly used to gain a more fundamental understanding
of the complex flows that govern the dynamics of gas-solid fluidized
beds. Among the existing methods (see [1] for a review) the Euler—
Euler model has been successfully employed for systems implying
billions of particles [2]. In this approach, the fluid and the solid phases
are treated as interpenetrating continua. Distinct transport equations
are solved for each phase and the closures for the particulate stress
term are commonly derived from the kinetic theory of granular flows
(KTGF) [3-5].

As a result of the non-linear fluid-particle interactions and inelastic
particle—particle and particle-wall collisions, instabilities will arise in
the form of bubbles (large voids of particles) in bubbling fluidized
beds (BFB) or clusters and streamers of particles in circulating fluidized
beds (CFB) [6-8]. These mesoscale structures have been observed
experimentally [9,10] and can be properly captured with a Eulerian ap-
proach in relatively small domains and with fine computational grids.
In industrial cases, however, these structures will span over a large
range of length scales, from a few particle diameters to the size of the
vessel. This makes fully resolved (‘fine-grid’) Euler-Euler simulations
still out of reach for industrial-scale units. As coarse grids must be
used, mesoscale structures smaller than the mesh size will be filtered
out. However, a number of previous works [6,7,11-15] showed that, in
the absence of sub-grid modeling, coarse-grid Euler—Euler simulations
fail to capture even the global features of the bed, highlighting the
impact of these mesoscale structures on the macroscale hydrodynamics.
For Geldart A particles, it is now well established that omitting the
contribution of the sub-grid fluid-particle drag force term leads to a
gross overestimation of the bed height in dense bubbling fluidized beds
or of the solids circulation rate in dilute circulating fluidized beds.

Over the last decades, different methods have emerged in the lit-
erature to account for the impact of the sub-grid scale structures on
the resolved part of the flow in coarse-grid simulations. Given its
primary importance, most efforts targeted the modeling of the sub-
grid drag force term, although some authors also investigated closures
for the mesoscale particulate stresses, usually by analogy with existing
turbulence models in single phase flows [15,16]. In what follows, we
will only provide an overview of the various approaches proposed in
the literature to model the sub-grid drag force term. The interested
reader is referred to [7,17] for more extensive reviews.

Drag correlations accounting for heterogeneities at the sub-grid
scale were first proposed by O’Brien et al. [18] Later on, different
authors suggested to use a scaling factor between 0 and 1 to reduce
the effective drag force with respect to the homogeneous case [19-21].
By using ad-hoc calibration, these authors assigned a constant value
to this scaling factor over the whole bed. For bubbling fluidized beds
of Geldart B particles, Wang et al. [13] proposed a bubble-emulsion
model where all the drag force is assumed to be contained within
the dense emulsion phase. Empirical correlations are then used to
determine the solid volume fraction and the slip velocity in the dense
phase in order to compute the effective drag force. In the EMMS model
originally proposed by Li and Kwauk [22], particles are assumed to be
homogeneously distributed inside and outside the clusters. The solution
to the many unknowns of the problem (volume fraction and phase
velocities inside and outside the clusters, clustering fraction, . ..) results
from the minimization of the suspension energy. Since then, the EMMS
approach has been employed for coarse-grid Eulerian simulations of
various fluidized systems [23,24].
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In the last years, most studies focused on deriving closures for the
sub-grid drag force term by filtering very fine-grid simulation data. By
analogy with Large Eddy Simulations (LES) in single phase flows, a
low-pass filter is applied to the governing equations of the ‘microscale’
Euler-Euler model in order to identify the filtered and sub-grid terms
in coarse-grid simulations. Based on fine-grid 2-D simulations of a
riser flow, Andrews et al. [11] suggested to model the instantaneous
mesoscale drag coefficient as the sum of a deterministic and a stochas-
tic contributions. Following this study, Igci et al. [12] and Igci and
Sundaresan [16] proposed to model the drag law scaling factor as a
function of the filter size and the filtered solid volume fraction, thereby
overcoming previous attempts that considered this scaling factor as
uniform over the entire bed. Their model was later validated against
experimental data in 3-D riser flows [25]. Milioli et al. [26] suggested
that the correction factor should have an additional dependence on the
filtered slip velocity. Sarkar et al. [27] proposed new closures for the
filtered drag force and the mesoscale stresses and performed validation
tests in large-scale bubbling fluidized beds. Later, both Cloete al. [28]
and Gao et al. [29] performed comparative studies of the various
filtered Euler-Euler models proposed in the literature over a wide range
of fluidization regimes. In parallel, Parmentier et al. [14] identified
the link between the overestimation of the effective drag force term
in coarse-grid simulations and the existence of a drift velocity at the
sub-grid scale. Based on fine-grid Euler-Euler simulations of 2-D BFB,
these authors proposed a functional model for the drift velocity that
depends on the filter size, the filtered volume fraction and the resolved
slip velocity. The originality of their work also lies in the use of
Germano’s dynamic procedure [30] to adjust the model constant. Based
on refined simulations of wall-bounded CFB, Ozel et al. [15] adapted
the drift velocity model proposed in [14] to this three-dimensional
case and investigated new structural models inspired from Large Eddy
Simulations in single phase turbulence. Besides, the concept of drift
velocity has been adopted in the Reynolds-averaged theory of gas—solid
flows, where it appears as a source of the so-called ’cluster-induced’
turbulence [31-33]. More recently, Schneiderbauer [34] introduced a
new spatially-averaged two-fluid model (SA-TFM) where the filtered
drag force is closed using series expansion of the microscopic drag
coefficient. The sub-grid correlations that appear in this model are
expressed as functions of the sub-grid correlated kinetic energy of both
phases and of the sub-grid variance of the solid volume fraction. With
the same kind of approach, Rauchenzauner and Schneiderbauer [35]
proposed an anisotropic model for the drift velocity, requiring addi-
tional transport equations for the mesoscale stresses of each phase.
This model was verified a posteriori in wall-bounded fluidization of
Geldart A and Geldart B particles [36]. Ozel et al. [37] argued that
the drift velocity scaled by the resolved slip velocity might not be
sufficient to fully capture the drag correction. Therefore, they suggested
to add the sub-grid variance of the solid volume fraction as a second
marker to improve the performance of the model. They also pointed
out that the accuracy of the closures used for these sub-grid quantities
(drift velocity and scalar variance) is the most crucial factor for the
reliability of the final model. In parallel, Jiang et al. [38] derived
a transport equation for the drift velocity itself in order to inform a
neural network procedure. They came to the conclusion that using the
resolved gas phase pressure gradient in addition to the resolved slip
velocity produced better results. Their model was validated a posteriori
in coarse-grid simulations of a bubbling fluidized bed of Geldart A
particles and later extended to other physical parameters [39].

The various methods presented above have been successfully ap-
plied to different fluidized systems, but most of them present one the
these two drawbacks: (i) they rely on an ad-hoc calibration, diminishing
the reliability of their use for other types of particles or fluidization
regimes, or (ii) they require a number of additional transport equations,
increasing the computational cost and shifting the modeling difficulty
to new unclosed terms. In this work, our goal is to build a new drift
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Table 1
Physical and geometrical parameters used in fine-grid simulations of a tri-periodic
fluidized bed of Geldart A particles.

Particle diameter d, 75 pm
Particle density p, 1500 kg/m’
Average solid volume fraction {a,} 0.05
Restitution coefficient e, 0.9

Gas density p, 1.2 kg/m?
Gas dynamic viscosity u, 1.8x107° Pa s
Terminal velocity U, 0.219 m/s
Vertical dimension L, 0.1536 m
Horizontal dimension L, = L, 0.0384 m
Grid size 4 240 pm

Fr, 65.33

Fry 20.41

velocity model based on physical grounds, with a minimal number of
additional transport equations.

The structure of this article is the following. Section 2 presents the
numerical set-up used to perform fine-grid Euler-Euler simulations of a
tri-periodic fluidized bed. In Section 3, a transport equation is derived
for the drift velocity and a local equilibrium condition is identified.
Section 4 details how this equilibrium condition coupled with as large-
eddy PDF approach is used to derive a new algebraic drift velocity
model. In Section 5, a conditional averaging procedure reveals that the
new model can be very well approximated by a function of the first
two sub-grid moments of the particle volume fraction, i.e. the filtered
value and the sub-grid variance. A functional drift velocity model is
proposed and validated for Geldart A and Geldart B particles. Finally,
Section 6 summarizes the main outcomes of this work and discusses
future research directions.

2. Numerical set-up

To characterize the influence of the sub-grid scale structures on the
resolved scales of the flow in coarse-grid simulations, we performed
fine-grid (i.e. mesh independent) simulations of a tri-periodic fluidized
bed using the multi-fluid CFD software neptune_cfd (see [2] for a recent
demonstration of its capabilities). The details of the mathematical
model are provided in previous works [14,15] and recalled in Ap-
pendix A. The gravitational acceleration is given by g = —9.81e,, and
an external momentum forcing term is added in the vertical direction
to compensate for the weight of the mixture. The physical parameters
of a typical air-FCC system are summarized in Table 1, where are
also introduced the terminal settling velocity U, and the characteristic

. . u?
Froude numbers based on the particle diameter, Fr, = th’ and on
14

the grid size, Fr, = U—’z The grid is uniform in the three directions
with n, = 640 cells along the vertical dimension and the aspect ratio
between the vertical and horizontal dimensions L,/L, is 4. Statistics
are collected over 5 s once the flow has reached a statistically steady
state. The particle clusters that result from the non-linear gas-solid
interactions and from the non-elastic collisions are clearly identified
in Fig. 1, showing a snapshot of the particle volume fraction field a,,.
The resolution of the grid is 4 = 3.2d,,, which proved to be sufficient to
capture the mesoscale structures in such gas—solid flow [6,11,14].

3. Budget analyses
3.1. Filtered momentum transport equation budget analysis

As mentioned in the Introduction, performing Euler-Euler simula-
tions on a coarse computational grid only gives access to low-pass
filtered quantities. The filtered version of the Euler-Euler model is
recalled in Appendix B. Resolved and sub-grid quantities that ap-
pear in the right-hand side (RHS) of the filtered momentum equation
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Fig. 1. Instantaneous particle volume fraction field «, in a fine-grid Euler-Euler
simulation of a tri-periodic fluidized bed of Geldart A particles, 4 =3.2d,,.

(Eq. (B.6)) can be evaluated by applying an explicit filter onto the fine-
grid data. In the present work, we use a box (or top-hat) filter G in the
physical space:

_ 1/43, r| <054, i=x,y,z
G = / |71 . y S
0, otherwise,

where 4 is the filter width. The different terms in the RHS of Eq. (B.6)
have been evaluated and then averaged over the whole domain. Fig. 2
shows the evolution of the resolved and sub-grid drag and pressure
gradient terms in the vertical direction as the inverse of the Froude
number based on the filter width (Fr}1 = [gj—é) increases. All quantities

have been normalized by the average graviteritional term W = {a,} p,¢,
where the notation {.} indicates the statistical average, here computed
as a spatial average over the whole domain. The sub-grid pressure
gradient term @,% (defined by Eq. (B.7)) appears to be negligible
with respect to the drag and gravity terms, as previously reported for
wall-bounded bubbling [14,34] and circulating [15] fluidized beds.
However, other authors [40,41] claim that the sub-grid buoyancy
contribution can be significant and should be modeled as an effective
added mass contribution. On the contrary, the sub-grid drag force term
% increases significantly (in absolute value) with the size of the filter.
As observed in many earlier studies [6,7,12,14,15], Fig. 2 indicates
that the omission of the sub-grid contribution results in a drastic
overestimation of the effective drag force. Owing to the periodicity of
the three directions, the domain-averaged fluxes terms in the RHS of
Eq. (B.6) cancel out exactly, although their sub-grid contributions has
been verified to be locally negligible with respect to the gravity and
drag force terms.

Besides, it has been widely demonstrated [14,15,42] that, in mod-
erately dense gas—solid flows, the filtered drag force term (Ip) can be
approximated as

(1)~ ”— (a, (u,~u,)). @

where 7, is the resolved particle relaxation time computed from filtered
quantities. Fig. 3 further confirms that the correlation between the left-
and right-hand sides of Eq. (2) is very high in the vertical direction,
with a coefficient of determination R? = 0.984. Therefore, the sub-grid
drag force term can be written as

L= (1) -1,
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= 7 (G (0= wg)) o) 0 =)
= 7 () = o) )
£ 2 (4) v, ®)

where we introduced the drift velocity v,, defined as

o L)

<ap>
From Eq. (4), it comes that the drift velocity quantifies the difference
between the mean velocity of the gas seen by the particles at the sub-
grid scale and the resolved gas phase velocity. Hence, it is reasonable
to consider that the closure of the sub-grid drag force term boils down
to providing a model for the drift velocity.

-1, @

3.2. Drift velocity transport equation budget analysis

In order to formulate a new physically grounded model for the drift
velocity, we derive a transport equation for v,, as first suggested by
Jiang et al. [38]. Starting from the ‘microscale’ Euler—Euler model given
by Egs. (A.1) and (A.2) and using the definition of the drift velocity
(Eq. (4)), a transport equation is obtained:

«%)%Wg+ q%)%%lm)_Pw+Dm+Ww+A*HB*S(a

where the different terms in the right-hand side are defined as

()

D = <ap/’p Ig,i> _ (“p) Pp
Yghg () rg

<Ig,i>’
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It must be noted that in Eq. (5) the drift velocity is transported by the
resolved particle phase velocity &,, while in [38] the authors chose @
as the transport velocity. In addition, the contribution of the filtered
viscous stresses <2g> has been neglected in front of the other terms in
the derivation of Eq. (5). Just as for the momentum transport equation,
we examine the relative importance of the different terms appearing in
the RHS of Eq. (5) when the size of the filter is increased. In a first
approach, we focus on the vertical component of the drift velocity as it
is expected to be the most crucial component to model. Fig. 4 indicates
that the domain-averaged sub-grid terms related to the drag force,
D;*’, and to the pressure gradient, P;*°, compensate each other. Other
terms are exactly zero (owing to perlodlc conditions) or negligible.
In addition, Fig. 5 shows that this equilibrium is also verified locally,

which reads
%pPp > < >pp <aP>) sgs

I,. N @5 =0, 6)
(o)~ oy =2 (1425 o

The sub-grid pressure gradient term @,% is however unknown in

coarse-grid simulations. De Wilde [40] proposed to model this term as
a virtual added mass force, using the variance of the particle volume
fraction and the resolved pressure gradient. The contribution of this
term to the final form of the drift velocity model and the need to
provide a closure for @,% is discussed in the next section.

4. Drift velocity model derivation
4.1. Drag term linearization
In order to build a model for the drift velocity, we first need to

provide a closure for the first term in the LHS of Eq. (6). This term
reads

2 2

a, p p a
<ff%»=f<;%%f%ﬂ> @

&g & g°p
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Similar to the treatment of the filtered drag force term in the momen-
tum transport equation, it would be convenient to somehow linearize
the RHS of Eq. (7) by taking the particle relaxation time 7, out of the
filtering operator. Fig. 6 shows that the approximation

2 2
a, p p a
<_p _pIg,Z> ~—2 _p(”p,z T Uz ®
&g Pg Petp \ %

is not as well verified as Eq. (2) (compare with Fig. 3). However, the
coefficient of determination R? of this approximation is still fairly high
(R?2=0910) at Fr}' =0.486 (i.e. 4 = 104), so that we will assume it as
valid for the rest of this work.
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From Eq. (3), it comes that the filtered drag force term (I g,z) in the
LHS of Eq. (6) can be expressed as

< >_ < P>pP pz_ﬁg,z_ud,z)' (9)

Then, by 1ntroduc1ng Egs. (8) and (9) into the equilibrium condition
given by Eq. (6), an analytical expression is obtained for the drift
velocity:

(12
P
_ <0[—g(up’Z - ug,z)>> . (10)

With the sub-grid terms @;% and

2
L(u,, —u, ) ) being evaluated
g

from our fine-grid data, Fig. 7 shows that Eq. (10) provides a highly
accurate model to estimate the drift velocity in the vertical direction
(R* = 0.966). Next paragraph addresses the closure of the sub-grid

correlation between the slip velocity and the ratlo

4.2. Sub-grid correlations and large-eddy PDF approach

2 2

In order to close the terms <Z—"u > and that appear in

p
Eq. (10), we develop below a general approach to model the sub-grid
correlations (/(a,)u, ) and (h(a,)u,), where h(a,) is some function
of the local solid volume fraction. The former sub-grid correlation is
formally defined as

(h(@u, ) (x,1) = / h(a,(y, Dug(y, NGy — X) dy. an

Then, following the large-eddy PDF approach introduced by
Gao et al. [43] for LES of turbulent reacting flows, Eq. (11) can be
re-written as

(h(au, ) (x,1) = // hA)U [55(A,, Ui x, 1) dU,d A, (12)
where
frg (Ap U X, 1) = / (A, — a,(y.0)8(U, —u,(y.))G(y —x)dy a3

is the so-called large-eddy joint PDF, while A, and U, represent the
phase space of a, and u,, respectively. In Appendix C, we detail the



B. Hardy et al.

0.000 +

~0.025 - 10°

—0.050 -
—0.075 - 102
—0.100

Joint PDF

—0.125 A

(ap) vg,2 /Uy, model

10*
—0.150

—0.175 A

—0.200 T T T T
—0.20 —0.15 —0.10 —0.05 0.00

(ap) va,» /Uy, data

Fig. 7. Correlation between the drift velocity model given by Eq. (10) and the fine-grid
data (R* = 0.966), Fry' =0.486.

different assumptions and mathematical developments that allow us to
close the sub-grid correlations {/(a,)u,) and (h(a,)u,) on that basis.
To sum up, we first show that the problem comes down to providing
a model for the conditional average of the phase velocities (u, and u,)
as a function of a few filtered quantities. Second, we propose a simple

linear model for these conditional averages. Doing so, the sub-grid
2

2
correlations Z—”ug and Z—”up that were left unclosed in Eq. (10)
4 £:4

can be approximated by

a? a?
<a—pug>=<a—p>ﬁg+1"gvd a4

3 s

a? o?
<—pup>:<—p>ﬁg+1"pwd, (15)

g g

where the scalar coefficients I, and I, are given by

Fgé<Z—’§><ap>—%<<a§>—<z—§><ag>>, a6)
Fpé<z—§><ag>+%<<a§>—<z—§><ag>>. a7

and
W, = <ag“p> i
d= "7\ T
<0‘g>
is the so-called reciprocal drift velocity. This quantity is not captured
on coarse grids and an appropriate closure should be provided (see

Section 4.3). In Egs. (16) and (17), y is the scaled sub-grid variance
of the particle volume fraction (or scalar variance in short), defined as

. ()
<ap> (1= <ap>).

Obviously, <a1’,2> also requires closure, as discussed later. Fig. 8 shows

(18)

X 19)

the correlation between the definitions of I, and I » given by Egs. (16)
and (17), respectively, and their values derived from the filtering of the
fine-grid data using Egs. (14) and (15), in the vertical direction. The
model derived for I', seems to yield better results than its counterpart
for I, though the global trend is well captured in both cases.
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4.3. Model formulation and dynamic procedure

Now that a model has been proposed for the sub-grid correlations

2 2
<:—”ug> and <:—”up>, we can derive an explicit expression for v,.
4 4

Inserting the closures given by Egs. (14) and (15) into Eq. (10), the
drift velocity model in the vertical direction reads

111

(20)

Fig. 9 shows that the model given by Eq. (20) is able to capture the
vertical component of the drift velocity with very good accuracy (R* =
0.948) although we can observe a slight shift in the slope of the graph
when compared to Fig. 7. This results somehow validates the approach
proposed in Section 4.2 and further detailed in Appendix C. It also
suggests that the approximate estimation of I', from Eq. (17) has only
a limited impact on the prediction of the drift velocity.

It must be emphasized thazt, so far, the exact values of the un-

. - «
known sub-grid quantities a—” , w, and (Df,g“ have been used for
4

the a priori evaluation of the model. In Fig. 10, the three terms in
the RHS of Eq. (20) have been averaged over the whole domain for
increasing filter sizes. It comes out that the first two terms become very
rapidly dominant while the contribution of the third term (linked to
the sub-grid pressure gradient) can be safely discarded. The correlation
between the data and the model (20) when term III is set to zero is
shown in Fig. 11. Quite surprisingly, the performance of the model
is even slightly improved at this filter width, with a coefficient of
determination R? = 0.967.

Then, one still needs to provide a model for the reciprocal velocity
w,. This is not an easy task since nothing indicates that the modeling
of w, is less demanding than the present procedure developed for
v,. Nevertheless, Fig. 12 suggests that, in a first approach, we could
consider a simpler proportional model between w, and v,, of the
form

w; =—-Cv,. 21

It also comes from the comparison between Figs. 12(a) and 12(b) that
the value of the proportionality constant C changes little when the filter
width is doubled. Indeed, we found that a proportionality coefficient
C = 0.5 was appropriate for a large range of filter widths. Obviously,
the value of C has been calibrated for this specific case and a more
fundamental modeling of w, might be needed in the future.

By neglecting the sub-grid pressure gradient term (i.e. term III) and
using the simple linear model given by Eq. (21), Eq. (20) is re-written

as
< 3 > s
= g—:ay ('zp,z - f‘g,Z) :

Cr+1I,- <‘1’T

A few comments must be made regarding the form of the model
given by Eq. (22) (later referred to as the base model). First, it is inter-
esting to note that we recover the co-linearity between the drift velocity
and the resolved slip velocity, which was previously assumed in func-
tional modeling approaches. Besides, if term III was not discarded from
Eq. (20), an additional dependence on the filtered pressure gradient
would appear in the model, as suggested by Jiang et al. [38], with a
form very similar to the expression that these authors inferred from
their neural network procedure (see Eq. (22) in [38]). Furthermore, the

(22)
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model proposed by Eq. (22) does not depend explicitly on the filter size,
unlike many previous studies [12,14,15], and therefore circumvents the
issue to scale 4 with the proper characteristic length scale in such flows
(the reader is referred to [44,45] for a more detailed discussion on that
topic).

Finally, it can be considered that the drift velocity model can be
more generally written as

< G > _ (o)’
% <"g>

M (ﬁp,z - ﬁg,z)

Cly+1I,— ()

(12
2 K. f <<ap> s <all,2> s <a_z >) (ﬁp,z - ﬁg,z)v

where f is an algebraic function of a few filtered moments of «,,
and K,, is the model constant that is dynamically adjusted using
Germano’s dynamic procedure [30], the details of which are provided
in Appendix D. The performance of this dynamic model combined with
the value given to the coefficient C is discussed in more detail below.

(23)
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4.4. A priori model evaluation

The dynamic adjustment of the constant K., in Eq. (23) can be
either implemented with C = 0.5 or by setting C to zero, which
amounts to rely on the dynamic adjustment of K, to capture the full
contribution of term II. Fig. 13 shows the correlation between the drift
velocity computed from the fine-grid data and the model given by
Eq. (23) with K,, = 1, or using the dynamic adjustment, and with
C =0 or C = 0.5. It can be observed that, in the absence of dynamic
procedure, neglecting the contribution of term II (i.e. C = 0) causes
a significant shift in the slope of the correlation between the model
and the data, while using the pre-estimated constant C = 0.5 decreases
drastically the deviation from the unit slope. Besides, the dynamic
procedure proves effective in correcting the slope of the base model,
both for C =0 and C =0.5.

The coefficient of determination R? of the model given by Eq. (23)
has been evaluated for the four cases discussed above and for a wide
range of filter widths. It comes from Fig. 14 that when term II is
neglected (C = 0) and that no dynamic procedure is implemented,
the performance of the model decays very quickly as the filter size
increases. The dynamic adjustment of K, leads to a major improve-
ment in the performance of the model, although we still observe a
slight decrease of R? for large filter widths. Interestingly, using the
base model (K, = 1) with C = 0.5 yields almost identical performance.
Finally, combining the dynamic procedure with the pre-estimated value
C = 0.5 gives the best results, with a monotonic increase of R? with the
filter width.

As a second validation step, the model has been tested in the case
of Geldart B particles fluidization. The set-up is similar to that used
for Geldart A particles and the simulation parameters for this case are
summarized in Table 2. Fig. 15 indicates that neglecting term II also
leads to a quick decay of the model performance as the filter width
increases. Interestingly, using C = 0.5 in the model (23) yields very
good results (R? > 0.90 for most filter widths) even though the model
was developed and calibrated for Geldart A type particles. In this case,
the dynamic procedure performs almost as well with C =0 or C =0.5.
As a matter of fact, the former case is only outperformed by the latter
for large filter widths. This result indicates that term II can be almost
entirely accounted for through the dynamic procedure.

Finally, it must be pointed out that, so far, the exact values (i.e. com-

puted from fine-grid data) of the filtered moments (ap>, <a1/)2> and

2
<Z—”> have been used for the derivation and evaluation of the drift
g
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Table 2
Physical and geometrical parameters used in fine-grid simulations of a tri-periodic
fluidized bed of Geldart B particles.

Particle diameter d, 150 pm
Particle density p, 2500 kg/m’
Average solid volume fraction {a,} 0.05
Restitution coefficient e, 0.9
Gas density p, 1.2 kg/m’
Gas dynamic viscosity u, 1.8x 107> Pa s
Terminal velocity U, 0.988 m/s
Vertical dimension L, 0.8372 m
Horizontal dimension L, = L, 0.2093 m
Grid size 4 1308 pm
Fr, 663.01
Fry 76.04
1.0
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Fig. 15. Evolution of the coefficient of determination of the drift velocity model given
by Eq. (23) with the filter size for Geldart B particles.

velocity model. However, only the first of these three quantities is di-
rectly accessible in coarse-grid simulations. A functional closure relying
only on the prior knowledge of the sub-grid variance is investigated in
the next section.

5. Functional drift velocity model

2
As mentioned earlier, the sub-grid moment <Z—"> that shows up in
g

the algebraic drift velocity model (23) remains unknown for a practical
use in coarse-grid simulations. Still, we prospect that the function f in
Eq. (23) can be fairly well approximated by a function of the first two
filtered moments of the particle volume, i.e. the filtered value (ap> and

the sub-grid variance a;2>. If this is the case, one should be able to
find a function f* such that

f(<ap>,<a;2>,<§>),:f*<<a,,>,x> @49

where the scaled variance y is defined in Eq. (19).

Fig. 16 shows the PDFs of (a,) and y for different values of the
filter width A (the vertical axis in Fig. 16(b) has been intentionally
cropped for readability reasons). The mean value of the distribution
of <ap> remains constant and fixed by the domain-averaged particle
volume fraction {ap} = 0.05, but the shape of the PDF in Fig. 16(a)
tends towards a Dirac delta distribution as the filter size increases. On
the other hand, the mean value of the normalized variance y increases
with 4 since the level of heterogeneity at the sub-grid scale increases
when coarser grids are used. It must be noted that the vast majority



B. Hardy et al.

20.0
— Fry' =019
17.5 Fri'=0.292
15.0 Fry' =0.389
125 —— Fr;'=0486
Fri' =0.584
o 10.0 - F'r‘gl — 0778
7.5 —— Fry'=0973
5.0 \ Fri'=1.167
2.5
0.0
OTO Ofl Of2 OTS 0f4 0f5 0.6
{ap)

(a)

Powder Technology 436 (2024) 119454

40
— Fr3' =019
35 o
Fryt =0.292
50 S
301 Fri'=0.389
_— -1 _
95 Frit =0.486
-1
n Fry' =0.584
g — Fryl=0.778
—_— -1 _
15 Fry! =0.973
Fri' =1.167
10 "a
5 -
O T T T T T T T
0.00 005 010 015 020 025 030 035 0.40
X

(b)

Fig. 16. Probability density functions of (a) <ap> and (b) y for a range of filter widths.

of data are comprised in the intervals (a,) € [0,0.2] and y € [0,0.15]
whatever the filter width.

In a similar way to what has been proposed in previous studies [14,
15], the new bi-variate function f* can be evaluated by conditional
averaging over the whole domain as

{Ud,zl <0‘p>’l}

(i, — ity )| <ap> > 1} ‘

To guarantee that the function f *((ap> , ¥) exists, one should prove
that it is independent of the filter width. To do so, slices of the surface
defined by the function f*({a,). y) are taken at given values of {a,)
and y, for different filter widths A. Some of these slices are reported
in Fig. 17 as well as their average over the different filters (solid black
line). It turns out to be quite justified to assume that the function f* is
independent of the filter width, except at very low 4, i.e. close to the
fine-grid case. The case F r}l = 0.097 (4 = 24) was therefore excluded
from the averaging. Due to the scarcity of data, fluctuations about the
mean curve look more important for large values of <ap> and y. It
can also be observed that the function f* cancels out nicely when y
tends to zero. This is coherent with the absence of drag correction
when the particles are homogeneously distributed at the sub-grid scale.
Conversely, slices of f/* at given values of y do not cancel when <ap>
goes to zero. However, all data points at (ap> = 0 merge at y = 0,
by definition (see Eq. (19)). Therefore, in the absence of particles, no
erroneous drag correction is applied.

In Fig. 18, we present the contours of the function f* averaged
over the different filter widths considered in this work, the smallest one
excepted, as discussed above. It can be observed that, in the parameter
space containing the vast majority of the data (roughly identified by
(a,) €10,0.2] and y € [0,0.15]) most of the variation of f* is due to
x- This finding confirms that the drift velocity is intrinsically linked
to the level of heterogeneity at the sub-grid scale. The dependence
of the sub-grid drag force on the variance of the particle volume
fraction has already been suggested in previous studies [34,35,37]. Ozel
et al. [37] argued that the variance comes as an additional marker
alongside the drift velocity, while here we consider that the drift
velocity itself depends on the sub-grid variance. Schneiderbauer and co-
workers [34,35] also proposed a drift velocity model depending on the
sub-grid variance of @, but with an additional dependence on the sub-
grid correlated kinetic energies of the gas and solid phases, requiring
additional closures. Therefore, in the range of parameters identified by

e,y 0= T (25)

10

the red dashed box in Fig. 18, one could approximate the function f*
as a function of y only,

). 0~ £ 0.

Indeed, Fig. 19 confirms that cuts taken in the average 2-D function
f *((zxp> , ) at given values of (ap> in the range [0, 0.2] collapse fairly
well on a single curve. In addition, over the interval y € [0, 0.25], fg( x)
was found to be nicely approximated by the following expression:

£ = V7 @ + a2,

where a; =2.52 and q; =

(26)

@7
—2.87. The drift velocity is then obtained as

Va,z = fo GO, — g ;). (28)

As shown in Fig. 20, this simple functional model is able to capture
the drift velocity very accurately over a large range of filter widths
and for both Geldart A and Geldart B particles. Although the model
was calibrated for Geldart A particles, the model performance is further
improved in the case of Geldart B particles, without having to resort to
a dynamic procedure, hence saving significant computational time.
However, the value of the sub-grid variance (and therefore of y)
remains unknown at the level of the coarse-grid. The modeling of the
variance has namely been addressed by Schneiderbauer [34] who first
derived a transport equation for <o:l’7 2>. Assuming local equilibrium, the

author subsequently proposed an algebraic expression for <a;2> which

depends on the gradient of the filtered volume fraction, the gradient
of the solid (or gas) phase filtered velocity and the solid (or gas) phase
sub-grid kinetic energy. As mentioned earlier, this last sub-grid quantity
must also be closed with an algebraic or a transport equation. Future
works should therefore focus on two topics: (1) investigate new poten-
tial closures for af and (2) evaluate the a posteriori performance of
our drift velocity model when the sub-grid variance is known.

Finally, an alternative way of closing the drift velocity model pro-
posed in Eq. (23) WOlzlld be to provide an explicit closure for the

%

sub-grid correlation > This approach is investigated in Appendix E

g
for the interested reader. The proposed closure relies on a presumed
sub-grid PDF for a,, which still requires the prior knowledge of the sub-
grid variance. Though interesting from a theoretical perspective, we
expect that the user of sub-grid models for coarse-grid simulations will
be more inclined to use a functional expression of the form given by
Eq. (28).
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6. Conclusion

The objective of this article was to derive a new physically grounded
constitutive model for the sub-grid drag force term in the filtered Euler—
Euler model. This term has been previously identified as the most
crucial term to close in order to properly capture the hydrodynamics
of gas—solid fluidized beds in coarse-grid simulations.

Following the works of Parmentier et al. and Ozel et al. [14,15], we
first assert that the sub-grid drag force term can be found once the so-
called drift velocity v, is known. With this is mind, a transport equation
has been derived for the drift velocity itself. The local equilibrium
between the pressure- and drag-related terms in this transport equation
was the starting point in order to derive a new algebraic model for the
drift velocity.

Based on the large-eddy PDF approach proposed by Gao et al. [43]
for LES of turbulent reacting flows, we derived an explicit algebraic
model for the drift velocity (Eq. (20)) that still requires the knowledge
of (i) sub-grid moments of ap, (i) the reciprocal drift velocity w, and
(iii) the sub-grid pressure gradient di‘[‘,g“. Eventually, the approximate
model proposed in Eq. (23), coupled with a dynamic procedure, was
shown to perform very well in a priori validation studies for both
Geldart A and Geldart B particles (R? > 0.90). This model only involves
filtered quantities and two sub-grid moments of the solid volume

2
fraction ((a; 2> and <;i >>, avoiding explicit dependence on the filter
&

size.
Then, it was shown that the function f g( ap) , <a1’72>’ Z_I7>> that
4
I!

appears in the new theoretical model could be captured, to a good
approximation, by a uni-variate function of the form f*(y), where
is the scaled sub-grid variance of the particle volume fraction. This
function has been evaluated from our fine-grid data by conditional
averaging over the whole domain, similar to previous studies [14,15].
The explicit model described by Egs. (27) and (28) proved capable of
predicting the drift velocity with very good accuracy, for both Geldart A
and Geldart B particles and without resorting to a dynamic procedure.

Finally, it must be stressed once again that the approach developed
in this study relies on the prior knowledge of the scalar variance,
although <a1,)2> is unknown at the level of a filtered cell. Future works

should therefore investigate potential closures for <al’,2>, namely by

exploiting the scalar variance transport equation proposed by Schnei-
derbauer [34]. Once a reliable model is identified for <al’]2>, the a

posteriori performance of this new drift velocity model should be tested

12

for different types of particles and fluidization regimes. We also intend
to extend the present methodology to polydisperse flows, for which
coarse-grid Eulerian simulations are still in their infancy.
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Appendix A. Mathematical model

The numerical modeling is based on the Euler-Euler model where
both the fluid and the solid phases are treated as inter-penetrating
continua. We consider that the solid phase is made of spherical particles
with constant diameter d,.

The mass balance reads

(A1)

ot

(@pp) + E (@xpiite;) =0,
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with «, the volume fraction, p, the density and u;, the local mean
velocity of phase k (where k = g for the gas and k = p for the particles).
Additionally, the particle and gas volume fractions must satisfy a,+a, =
1. The momentum transport equation for each phase is given by

0pg

d
akpkukz)‘l'ax (@ pptty ity ;) = =0 =— ox, ox, —— it it gt F,
j J

S
ot
(A.2)
where p, is the mean gas phase pressure, X, ;; is the stress tensor,
I,; is the interface momentum transfer term, g is the gravitational
acceleration and F; is the spatially uniform forcing term added to
compensate for the weight of the mixture and computed as

F=- 2k M8 )
14
where m, is the total mass of phase k in the domain and V is the domain
volume.
The momentum exchange term I, ; is modeled by considering only
the drag force between the two phases (this assumption is fairly valid
in gas-solid flows), i.e.

(A.3)

a,p
2L gy —up ). (A.4)
Tp

The particle relaxation time 7z, is evaluated from Wen and Yu drag
law [46]:

1L (1 +0.15Re0‘685) a2, (A5)
5, o » (3
lIv,lld

with the particle Reynolds number Re, = a‘gﬂi‘—”,
4

—u, and the particle relaxation time in the Stokes

the relative (or

slip) velocity v, = u,
. d;
flow limit ¢5" = 2%,
p lSug
The gas phase stress tensor is given by

P Oug ; o Wy 6ug’j 2 Oug
0l = e\ G, T ax, 3 am, )

where yu, is the gas dynamic viscosity, while the particulate stress
tensor is defined as
ou Ou,; Oup; 9 0u,,
so=p -2 =26 —p, [ =2 + 2 "5 ). A7
L (pp ? ox,, > i = Hp < ox;  0x; 3 6x Y “.7)

The particulate pressure, the bulk and shear viscosities (respectively p,,
4, and u,) are evaluated from the kinetic theory of granular flows:

(A.6)

i

2
Py =a,p, (1 +2a,80(1 + ec)) gqi

ap =2.5¢, max
g=\(1-
ap,max

2
2"_1'

4
Ap=3 3 ,,p,, d,go(1+e.)

Hp = o, (V" 4 V5%
vkin — l’l‘ 2

»
p 3739 (1+ag0d>c)/<1+?r—c>

2
col 4 k!n 24 14
v, —g p8(l+e)|v +dpv3; s

where e, is the collision restitution coefficient (comprised between 0
and 1) and « = 0.64 is the particle volume fraction at maximum
packing.

An additional transport equation is solved for the random kinetic
energy of the particles qg,

p,max

a a d
> (apppqg) + E (%ﬂﬂg%,;) =——2 - €. —€, (A.8)

where:
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. ag% . oo s
0, =-a,, (K’“" + KC"”) aﬁ is the diffusive term,

I=-3 ()up,

Pii 3x, is the shear-induced production term,

€ = —(1 - 2) ”p" g is the dissipation term due to inelastic

colhslons,
€, = 2%:}1% is the viscous dissipation term due to interaction of
P

the particles with the gas phase.

The characteristic collision time scale ., the kinetic diffusivity K,’;"”
and the collisional diffusivity K’ are respectively defined as

dp 3r
24(1 2q

p' 5 p3q(1+apg0¢c)/<1+51 56)

Kkm=—T
2
i _ kin , 4 29
K“’ a,go(l +e.) K’"+3dp 37|

and the model coefficients are
3

¢ =301 +e))(2e, — 1)
1

¢, = 1#.O(l +e.)(49 —33e,)

o, = é(l +e.)3—¢e.)

>, = %(1 +e)(3e, — 1).
Appendix B. Filtered Euler-Euler model

Given a,(x,7), the instantaneous volume fraction of phase k at a
location x and time ¢, we can define the locally filtered volume fraction,

(ap(x,1) = /ak(y, HG(y — x, H)dy, (B.1)

where G is the filtering operator satisfying [ G(r)d fr = 1. We also
define the phase average (or Favre average) of a quantity y over a
phase k as

(%W)
(o)
Quantities resolved on the coarse LES grid will be noted with a super-

script . In particular, the phase-averaged velocities resolved on the
coarse grid are written

<apup>

W) (x,1) = I7n) / a, (v, Dy (y, NGy — X, H)dy (B.2)

ﬁp < > - < p> (B'B)
i, = % = (ug >g. (B.4)

Other quantities resolved on the coarse grid will follow the same
notation, e.g. #, = 1, ((ap>, i1, 1i,). The filtered mass and momentum
transport equatlons are obtained by applying the filtering operator to
Egs. (A.1) and (A.2):

0 (< k)ﬂk)

o (o) Pkﬁk,j) =0, (B.5)

(Pg)

0
0xj

% (g ) oy ;) + % (ag) pefiy ity ;) = — (e

J

— BHES
<Dk,i

<&w%$

0 cos
+Qﬁ”éhxmmﬁ»

+ (o) pgi + (o) i (B.6)
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sgs

The sub-grid pressure gradient term @,°’ is defined as

dap 0<p >
sgs __ g &
= <0’ka >_<ak>T
sg.s

and satisfies @)%’ = —@.%’. The resolved and sub-grid interface momen-
tum transfer terms are glven by

I =—<a’1>p”(a i,)=—1I
T

(B.7)

pi gi pl) =—1,; (B.8)
and

18 = (1,,) I, = -1’%". ®.9)
The sub-grid viscous stress tensor is given by

ligzj - <Zklj> Zkl/ (B.lO)
and a denotes the mesoscale (or ‘Reynolds-like’) stress tensor,

ka/ <uk,uk1>k—uk,ukj (B.11)

Appendix C. Derivation of the sub-grid correlations closures

We here detail the derivation of the closures proposed for the sub-
2

2
grid correlations Z—”u and . As explained in Section 4.2,

g P i3
following the approach used by Gao et al. [43] for LES of turbulent
reacting flows, Eq. (11) can be formally written as

(h(a,)u, ) (x,1) = // h(A)U [5°(A,,

For the sake of readability, we will keep in the following the notations
a, and u, instead of A, and U,, though it should be clear for the reader
that this refers to a particular evaluation of a, and u, in their respective
phase space.

First, it is assumed that the local large-eddy PDF defined by Eq. (13)
can be approximated by the global joint PDF f,,(a,,u,), additionally
conditioned by a few filtered quantities, namely;

[og @y ugi X0 ~ [ (ay, ul(e,), < >’ﬁg’vd)’

where the vertical bar |’ indicates the conditioning. In this study, the
sub-grid variance of the solid volume fraction is defined as

()2 (@) - (@),

although the identity ((a,)) = (a,) is not formally verified with
LES filters such as the box or the Gaussian filter. Then, the joint PDF
Frg(a, 0] (ap> , <a;2 .., v,) can also be expressed as the product of

the marginal PDF of the gas phase velocity further conditioned by «,
and the PDF of the solid volume fraction P(ay), ie.

e gl ) < >’ g, vg) = fg(ugla’<ap>’<a/?>’ g, vy)
X P(a,| (ap>,<ap >, U,, Vy).

In the following, we will further assume that the PDF of «, is indepen-

Ugix,1)dU,dA,. (€1

(C.2)

(C.3)

(C.4)

dent of @i, and v, when the two filtered quantities (a,) and < > are
given, i.e.

Pyl (@) () i v0) ~ Pyl (,) (@ )
Then, {h(a,)u, ) can be expressed as
<h(ap)ug>=//h(ap)ugfg(ug|a Aa,),
<a1/72>, i, Vo) P(@,] (a,) < ’2>)dugdap
=/<h(ap)P(ap|(ap),<a,’}>)/ugfg(ug|ap,<a,,),
(a2) 8, v0)du, ) da,

(C.5)

14
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=/ h(ap)P(ap| <ap>,<a1’72>){ug|(x ’<ap>’<al,12>,

ug,vd} da,, (C.6)

where {ugla ,(ap> , <a”,2> ,ug,vd} is the statistical average of the gas
phase velocity u,, conditioned by the local solid volume fraction and a
number of filtered quantities. Hence, the equality (C.6) indicates that
the sub-grid correlation (h(ap)ug> can be closed if we provide a model
for the conditional average of the gas phase velocity. This result stems
from the approximation made in Eq. (8), so that only the slip velocity
appears inside the filtering operator.

By analogy, the sub-grid correlation involving the particle phase
velocity is closed as

<h(ap)up> :/ h(a,)P(a,| <ap> , <a1')2>) {ul,lap, (al,> R <a;2> R
i, w,}da,

where {upla A, <a;2> ,ﬁp,wd} is the conditional average of the
solid phase velocity and w, is the reciprocal drift velocity, defined as

<agup> -
W=y s () = (),
The analogy between the sub-grid joint PDF of a,, and u, (or u,) and
the corresponding global PDF conditioned by locally filtered quantities
has shifted the closure problem to the modeling of the conditional
average of the gas and solid phase velocities with respect to the local
instantaneous particle volume fraction. For the gas phase, we propose
a simple linear model of the form

{u |a,<ap> < >’ Ug, V. }=Ag+Bg(ap_<ap>)’

where A, and B, are functions of locally filtered quantities. This model
must satisfy the known sub-grid moments between «, and u,, namely,

(auy) = /(1 - a,) P(a,| (a,) <0‘;12>) {“glap; (@) <0‘;2> ’ﬁg’vd} da,

(C.7)

(C.8)

(C.9)

(e ©10
and
apug> :/anp(anl <an>’<a;,: > {“ o ’<ap> < 1,; >’ g’vd} da,
= (a,) (i, +v,). (C.11)

By introducing the general form of the conditional average gas phase
velocity given by Eq. (C.9) into Egs. (C.10) and (C.11), it comes that
A, and B, are given by

Ag =1, +(a,) v, (C.12)

and

B, = 2, (C.13)
x

where y is the scaled variance of the particle volume fraction, defined

as
2
L (7
<ap> (- <ap>)
Eventually, the conditional average gas velocity model reads
- - 1
{ug|ap, <th,> s <a;2> ,ug,vd} =0,+vy <<ap> + ; (ap - <ap>)> . (C.15)

The methodology can be reproduced for the conditional average
solid phase velocity, for which the following form is proposed:

¥ (C.14)

{uplay (@) (a2 ) 0wy } = A, + By(a, = (@, )). (C.16)
By using the identities
<apup> = <ap> u, (C.17)
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and
(agu,) = (ag) @, +wy), (C.18)
it follows that A, and B, are given by
A, =1, + (o) Wy (€.19)
and
Wy
B,=——. (C.20)
X

Hence, the model for the conditional average solid phase velocity reads

{uplap () (a2 v =, w0 () = L (0, () ).
(C.21)

Introducing the expressions for the conditional averages given by
Egs. (C.15) and (C.21) into Egs. (C.6) and (C.7), respectively, and
by relying again on the equivalence between conditionally averaged
quantities and their locally filtered zcounterpart, it comes that the

a
» and ~u, that were left unclosed in
g g

Eq. (10) can be expressed as

2
. . a
sub-grid correlations ( Zu

@2 @2
—u, )=( — Yo, +T,v, (C.22)
e &g

and
% %
a—llp = a— ﬁg + prd’ (CZS)

g g

where I, and I, are given by Egs. (16) and (17), respectively.
Appendix D. Dynamic procedure

The model proposed in Eq. (23) for the vertical component of the
drift velocity reads

o2
Vi = Ko f <<ap> ’ <“;;2> ’ <a_p>) (@, — g 7)
1

where the constant K, can be automatically adjusted via the dynamic
procedure introduced by Germano [30], and more recently applied to
multiphase turbulence [14,15,35]. The dynamic procedure relies on the
hypothesis of turbulence scale similarity in the inertial range and on the
use of a test filter with a larger filtering window than the implicit LES
filter. Quantities computed at the test filter level should be accessible
in practical coarse-grid simulations. The test filter is denoted ‘* in the
following.

The sub-grid scale drift velocity term at the test filter level is given
by

(D.1)

T = apuy . = up.)) = @, )l - = 11,2). (D.2)
while the filtered sub-grid drift velocity term is

'?z = <ap> Vgz = (ap(ug,z - up,z)> - (ap> (ﬁé’.l - aP-Z)' (DS)
The difference between Egs. (D.2) and (D.3) gives

L,=T,-% ={a,)(l,, —i,,)— {a,)l, . — i), D.4)

which only involves filtered quantities available at the coarse-grid level.
Then, using Eq. (D.1) to model the sub-grid drift velocity term and
assuming that the constant K, is invariant between the scales, we have
that

L, ~K M, (D.5)

15
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where

T\ —
’ P 2 2
M, =f <ap>’ <a1’2>’ <a_g> <ap>(“p.z — g ;)

-f<<a,,>,<a;3>,<?>) (o) e 1

Finally, following Lilly [47], the spatially uniform model constant K,

(D.6)

is best evaluated by averaging over the whole domain as

_{eMm)

== = D.7
MM (D.7)

zz

The explicit filter used in the physical space to estimate coarse-grid
quantities is the top-hat filter G defined by Eq. (1), with a width 4. In

1-D, the spectrum of this filter in the wavenumber space is given by

_ sin(k4/2)
k)= ———. D.8
G(k) K2 (D.8)
When using the dynamic procedure, one generally requires that the
global filter G resulting from the successive application of the test and
LES filters has twice the size of the LES filter, i.e. A = 24. To make it
so, the spectrum of G must be given by

sin(k4)

Ak:
G(k) A

(D.9)

Since quantities evaluated at the test filter level are the result of
the application of the test filter onto the coarse-grid quantities, the
spectrum of the test filter to apply is

2o G -
G(k) = —— = cos(k4/2). (D.10)
G(k)

Therefore, the test filter in the physical space is simply the discrete

arithmetic mean filter [48]:

G(x) = % (8(x + 4/2) + 6(x — 4/2)), (D.11)

which amounts to taking the average between the two points located

at a distance A/2. The extension to the present 3-D case is

G(x,,2) =% (S(x +4/2) +6(x — 5/2)) (5(y+ A/2) + 6(y — A_/Z))

X (8(z+4/2) + 8(z— 4/2)). (D.12)
In a coarse-grid simulation, the filter size is typically considered to be

twice the grid size 4;, i.e.

A=24. (D.13)
The test filtered quantity  will thus be evaluated from the coarse-grid
quantity ¢ by taking the mean value of its 8 neighbors located on the
corners of the cube of size 4,

N 1, _ _

Vijk =3 ('l/i+1,j+1,k+1 T Wittjr1h-1 T Wirlj—1.h+1 T Wit1j-1.k-1

+ Wit ekt (D.14)

Wint jathet F Wimtjmt 1 + Wicjm1 k1) -
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Fig. E.21. Conditional probability density function P(Z|(Z), y,) for different values of (Z) and y, ( = ); presumed Beta distribution (—) function, F r:{' =0.486.

Appendix E. Presumed sub-grid probability density function

As detailed in Section 5, the function f that appears in the new drift
velocity model (Eq. (23)) can be fairly well approximated by a function
of the first two filtered moments of the particle volume fraction. In
addition, this approximate function f* can be straightforwardly eval-
uated by conditional averaging like in previous functional approaches,
without explicit dependency on the filter width.

Another strategy is to directly evaluate the model in Eq. (23) by

2
closing the sub-grid moment Z—" as a function of (a,) and <a1’;2>. To

do so, one needs to model the probability distribution of the particle
volume fraction at the sub-grid scale, i.e. to determine the PDF of
a, conditioned by its first two filtered moments. Similar techniques
have been used for some time in Large Eddy Simulations of turbulent
reacting flows [49-51], where the PDF of the sub-grid mixing fraction
is classically modeled by a Beta distribution. By analogy, we propose
to model the PDF of «, as

P(Zla,b)=CZ%'1 - z2)"71, (E.1)

where

sa % (E.2)
ap,max ’

16

is the normalized particle volume fraction, bounded between 0 and

1, a and b are the two parameters of the distribution and C is a

normalization constant defined as

C= 1 _TI'(a+b)
/;)l Ze-\(1 - Z)¥-ldz r@re)’

where I' is the Gamma function. The parameters « and b can be
evaluated from the first two moments of the distribution as

(E.3)

a=<L—1><Z> (E4

Xz

and

b=(L—1>(1—(Z)), (E.5)
Xz

where y, is the scaled variance of Z, also bounded between 0 and 1,

(z7)

2= a—(zy E6
with
()
, P
(2)=(2*) (2" = 5—. (E.7)

p.max

Fig. E.21 compares the PDF of the particle volume fraction measured
from our fine-grid data and conditioned by (Z) and y, to a presumed
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Fig. E.22. Correlation between the evaluation of the sub-grid moment <Zi> from a presumed Beta distribution and from our fine-grid data at (a) F r}' =0.389 (R? = 0.994) and
s

(b) Fr7' =0.778 (R* = 0.990).

Beta distribution whose parameters are determined from Egs. (E.4) and
(E.5), at a given filter width (Fr}1 = 0.486). The agreement between
the measured and presumed PDFs proves to be quite satisfactory, for
various values of (Z) and y,.

2
Finally, Fig. E.22 confirms that the unclosed sub-grid moment <Z—">
£

can be successfully estimated from the presumed Beta distribution for
two different filter widths (R? beyond 0.99 in both cases). Therefore,
the model given by Eq. (23) can be effectively used in coarse-grid
simulations if a closure is provided for the sub-grid variance of the

particle volume fraction, <a;2>, as discussed in Section 5.
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