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Dissipation of Stop-and-Go Waves in Traffic
Flows using Controlled Vehicles:
a Macroscopic Approach

Paola Goatin

Abstraci—We study the boundary stabilization of
Generic Second Order Macroscopic traffic models in La-
grangian coordinates. These consist in 2 x 2 nonlinear
hyperbolic systems of balance equations with a relaxation-
type source term. We provide the existence of weak so-
lutions of the Initial Boundary Value problem for generic
relaxation terms. In particular, we do not require the sub-
characteristic stability condition to hold, so that equilibria
are unstable and perturbations may lead to the formation
of large oscillations, modeling the appearance and persis-
tence of stop-and-go waves. Moreover, since the largest
eigenvalue of the system is null, the boundaries are charac-
teristic, and the available results on boundary controllabil-
ity do not apply. Therefore, we perform a detailed analysis
of the Wave Front Tracking approximate solutions to show
that weak solutions can be steered to the corresponding
equilibrium state by prescribing the equilibrium speed at
the right boundary. This corresponds to controlling the
speed of one vehicle to stabilize the upstream traffic flow.
The result is illustrated through a numerical example.

Index Terms— Boundary control, hyperbolic systems
with relaxation, macroscopic traffic modeling.

[. INTRODUCTION

HE foreseen introduction of connected and automated

vehicles on public roads offers new perspectives in traffic
flow management, traditionally relying on approaches such as
ramp metering, traffic light control and variable speed limits,
which refer to an Eulerian description of the traffic dynamics.
In fact, recent studies have demonstrated the possibility of
controlling and stabilizing traffic flows by using a small
number of controlled vehicles acting as actuators, both in
model based (e.g. [1]-[3]) or machine learning (e.g. [4])
theoretical settings and by real world experiments (e.g. [5],
[6]). In particular, several works such as [7]-[9], have fo-
cused on the dissipation of stop-and-go waves, which can
spontaneously arise due to traffic instabilities [10]. In this
framework, model based analytical studies have been restricted
mostly to the microscopic setting [9], [11]. Indeed, classical
first order macroscopic models [12], [13], cannot capture the
formation and persistence of oscillations, due to the intrinsic
stabilizing effect of the non-increasing total variation of their
solutions. It is therefore mandatory to consider second order
models [14]-[16], consisting in 2 x 2 hyperbolic systems of
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balance equations with relaxation source terms. Yet, to allow
the solution total variation to increase, thus modeling stop-and-
go waves, one has to drop the dissipative condition usually
assumed to ensure well-posedness and convergence results as
the relaxation parameter tends to zero [17]-[19].

Aiming to assess the possibility of dampening stop-and-go
waves by controlled vehicles in the role of endogenous actua-
tors, in this work we therefore consider a class of second order
models with unstable relaxation terms. We rewrite the system
in Lagrangian coordinates, so that the control action of a single
vehicle translates into suitable boundary conditions. Note that,
due to the change of coordinates, domain boundaries become
characteristic, since second family waves have zero speed, and
boundary conditions can act only on one system component
at the downstream (right) boundary. A similar approach is
exploited in [20] to include trajectory data information in
a scalar model with time delay accounting for traffic string
instability.

Most of the literature about controllability of hyperbolic sys-
tems deals with classical solutions of quasilinear systems [21],
[22]. Moreover, boundary stabilization is usually derived under
the assumption of non-characteristic boundaries (i.e. wave
speeds bounded away from zero) [23], see e.g. [24], [25]
for traffic flow stabilization results. Nevertheless, solutions
to nonlinear hyperbolic equations generally develop jump
discontinuities. Therefore, in particular regarding traffic flow
applications, it is natural to consider weak solutions, possibly
satisfying additional admissibility conditions to single out the
physically relevant ones. In this context, control theory is less
developed. Lyapunov boundary stabilization is demonstrated
in [26] for scalar conservation laws with strictly convex flux
functions and in [27]-[29], for systems whose eigenvalues are
bounded away from zero. Since available results do not apply
to our problem, we are led to perform a detailed analysis
of the approximate solutions constructed via the Wave Front
Tracking (WFT) algorithm [30], which allows us to prove the
asymptotic stabilization of the solutions of the Initial Boundary
Value Problem (IBVP) for any initial data of bounded variation
to the corresponding equilibrium state.

The remaining of the paper is organized as follows. In
Section II we introduce the model under study. In Section III
we provide the well-posedness of the corresponding IBVP. The
main result on asymptotic boundary stabilization is proved
in Section IV and a numerical experiment is provided in
Section V. Some supplementary material is collected in the
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Appendix.

Il. GENERIC SECOND ORDER MACROSCOPIC TRAFFIC
MODELS

We refer to the Generic Second Order Macroscopic model
(GSOM in short) [16] with relaxation. In Eulerian coordinates,
it reads

Op+ 0z (pv) =0,
Vio)—v TER, t>0. (1)
1) + D) = p L=

In (1), the average speed of vehicles v is a function of the
density p = p(t,z) and a Lagrangian vehicle property w =
w(t, ), namely v = V(p,w) for some speed function V :
Q — R satisfying [31]:

V(p,w) >0, V(0,w)=w, (2a)
2V,(p,w) + pVop(p, w) < 0 for w > 0, (2b)
Vi (p,w) >0, (2¢)
Yw>0 FJRw)>0: V(R(w),w)=0. (2d)

Moreover, we assume the equilibrium speed V' : R>¢ — R>g
is a non-increasing function (V' (p) < 0) such that V(p) =0
for p > pmaz > 0 and 7 > 0 is the relaxation parameter
taking into account the reaction time of drivers. As in [31], we
observe that (2b) implies that Q(p, w) := pV(p, w) is strictly
concave and V,(p,w) < 0 for w > 0, if V is a C? function
in p. We also remark that in (2d) we can have R(w) = R for
all w > 0.

Notice that, setting V(p,w) = w — p(p) for a suitable
“pressure” function p, system (1) corresponds to the Aw-
Rascle-Zhang (ARZ) model [14], [15]. Also, taking w = w
constant, we recover the classical Lighthill-Whitham-Richards
(LWR) model [12], [13].

Away from vacuum, system (1) can be rewritten into La-
grangian coordinates (t,n) (n = n(t,z) s.t. dn = pdx—pv dt
[32]) as follows. Denoting by s the spacing, i.e. s = %, and
using the notation

Ve =v(tw). Te=v(1),

we obtain the following equivalent hyperbolic system

Os — 0,V =0,
(s) — V 3)
o= V=V
T

whose eigenvalues are

A (s,w) = —Vi(s,w) = V,(1/s,w)/s? < 0,
Aa(s,w) = 0.

(4a)

(4b)
It is known [19] that, under the sub-characteristic condition
Vs(s,w) > V'(s) >0  forw st V(s,w)=V(s), (5)

(entropy weak) solutions to (3) converge to the (entropy weak)
solution of the corresponding LWR equation

s —0,V(s)=0, zeR, t>0, (©6)

as 7 — 04 or t — +oo, preventing the formation and
persistence of large oscillations around equilibria. Aiming at
capturing the formation of stop-and-go waves and their damp-
ing by boundary controls, in this work we drop condition (5)
and we study model (3) for a fixed 7 > 0. The corresponding
Riemann problem and invariant domains are described in the
Appendix.

[1I. THE INITIAL BOUNDARY VALUE PROBLEM

In this work, we focus on the initial-boundary value problem
(IBVP) for (3) on the bounded interval T =]0, N[ with initial

data
(S,’LU)(O,TL) = (So,’wo)(n), nel, (7
and right boundary condition
V(s,w)(t,N) = o.(t), t>0. (8)

Notice that, as usual with hyperbolic equations, boundary
conditions are intended in weak sense. Due to (4), only
the speed boundary condition can be imposed at the right
boundary n = N. The IBVP solution cannot depend on
conditions on w and at the left boundary n = 0 [33]. Note
that, in Eulerian coordinates, (8) becomes a moving internal
condition V(p,w)(t,z(t, N)—) = 0.(t), where z(t,N) is
the position at time ¢ of the vehicle that was initially at
zy = z(0,N),ie. N = n(0,zy). Clearly, this is much harder
to treat both analytically and numerically.

Definition 1: Given an invariant domain E as in (20), let
Uo = (so,wp) € LY(;E), U, = (sc,we) : [0,7] — E and
T > 0 be given. Then U = (s,w) € C° ([0, T],L*(I;E)) is
a weak solution of IBVP (3), (7), (8) if

() for all p € CL (] — o0, T[ xI;R), it holds

T N
0:/0/0 [Udip + F(U)Ony] (t,n) dndt

T N L
Jr/O/O G(U)ga(t,n)dndtJr/O Uo(n)p(0,n) dn,

where

1 0 )

T [f/(s) — f/(s,w)] '

(ii) the speed function admits a weak* trace ¥ : [0,7] —
R at the boundary n = N (i.e. V(s,w)(-,n) —=* ¥ in
L>([0,T]) as n — N—) and ¥(t) = V(s.,w.)(t) for
a.e. t € [0,T]. (See [34, Definition 2.2].)

We construct wave-front tracking (WFT) approximate so-
lutions of (3), (7), (8) following a two step process, which
iteratively solves approximately the homogenous system (17)
and the ODEs (18), as in [19], [35]. Let us consider initial
data Uy = (sp,wp) I — E such that TV(Up) :=
TV(wo) + TV(0g) < 400 (9y := f)(so,wo)) and boundary
data U, = (S¢,w.) : [0,7] — E such that TV(d.) < +oo
(v, = ]N)(sc,wc)). We consider a sequence of time-steps
AtY > 0, v € N, such that AtY — 0 as v — +o0
and we partition the interval [0, 77 in intervals of the form
ATE = [kAt”, (k + 1)At[, k € N. We denote with U” =
(s¥,w") : [0,T] x I — E, the sequence of WFT approximate
solutions of (3), (7), (8) constructed as below:

V(s, w)

F(U) = [_~0 ] G(U) =
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1) Define a sequence of piece-wise constant functions Uy =

(sg,wp) : I = E, 95 = V(sg,wy), and UY = (s, wy) :
[0,T] — E, 0% = V(s¥,wY), satisfying

V(i) < TV(5,),

197 = Billy < v,

TV(w) < TV(wp),
lwg — wollpe <77,

st —sollps < v, lwg —wollg, <v7t,

for i = 0, ¢, and, for each v € N, the piece-wise constant
function U} has a finite number of discontinuities and v;/
is constant on AT*, k=0,...,|T/At"].

2) Solve the homogeneous system (17) corresponding to the
Riemann problems arising at each discontinuity and at the
right boundary n = N for ¢ € [0, At¥[ using the classical
WFT method [36] and name U”(t,-) the corresponding
piece-wise constant function.

3) At t = AtY, we define

sV (AtY, ) =s"(At"—, ),
wV(AtUa ) = wy(AtV_v ) &)
At” {~ ~.

+ V(s"(AtY,-)) = V(U (At"—, )] .

Note that s is conserved during this second step, while w
(and ¥ = f)(s, w)) is updated according to (18).

4) Treat U”(At”,-) as a new piece-wise constant initial
condition and repeat the previous steps 2-3 to define the
solution U” (¢, -) for each ¢ € [0, 7.

Following [19], [35], [37], one can prove uniform L*° and BV
estimates that allow to apply Helly’s Theorem and infer the
convergence (up to a subsequence) of U” to a weak solution
of IBVP.

Theorem 1: Given any T > 0, let Uy : I — E with
TV(Uy) < +o0, Ue : [0,T] — E with TV(?,.) < 400 and
let (0, w) be the limit function of the sequence {o",w"}, of
WFT approximate solutions as ¥ — oo. Then U = (s, w),
with s implicitly defined by V(s,w) = 7, is a weak solution
of (3), (7), (8) in the sense of Definition 1. In particular,
TV(9(t,-)) < +oo for ae. t € [0,T] and ¥ admits a strong
trace at n = N.

IV. ASYMPTOTIC BOUNDARY STABILIZATION

Given any initial state Uy = (sg,wo) € BV([;E), the
corresponding equilibrium U* = (s*,w*) of (3) is implicitly
given by

1 /N
s* = N/o so(n) dn,

We seek for a boundary condition (8) that steers Uy to U*
under the general assumption that (5) does not hold at U*.
Therefore, oscillations are not naturally damped by the source
term and can persist in time, see e.g. [35], [38] for an analysis
of the corresponding travelling waves.
Theorem 2: Assume

sV (V = 0M)(U) > 0 for all U € E. (11)
Then, for any Uy : I — E with TV(Up) < 400 and € > 0,
there exists 7" > 0 such that, setting 0.(¢) = 0* for all ¢ €
[0,T7] in (8), the weak solution U of (3), (7), (8) obtained as
limit of WFT approximations satisfies

V(s*,w*) = V(s*) = 0. (10)

[U(T,) = U <e. (12)
Proof: At time t = 0, let us consider the rightmost
Riemann problem corresponding to Uy, = U} (N—) and Ug =
U,, for some U, = (s.,w,) such that f)(sc,wc) = 0*, whose
intermediate state is given by (s,,, wy) such that V(s,,, wy) =
v*. Iterating the argument at possible later wave interactions,
we observe that f/(U”(At”—, n)) = 0* forn > N —vpinAtY,
With Umin = mingeg Vs(U) > 0. Applying the relaxation
step (9), we get

V(U (A, n)) = o <1 - ATtV f/w>

_|_

AtV -~
VoV (s”(AtY,n)) + o AtY),
i

with V,, = V,, (U (At”—, n)). Iterating the above process at
each time step t* = kAt”, we get the (approximate) sequence
Uy .= U"(t*,n) = (s, wy) implicitly defined by

~ ~ Atl[" v g ~ %
Visswipr) = 5+ ==V (UF) (Vise) = 7).

V(Sk+1a wk+1) = 9%,

By the implicit function theorem, the above identities define
a function w such that wy41 = w(sy) and

o) = 4 (B (v 7 ey (T =) =3 e
W) =5 (5 (V¥ 4+ VsV =) = s ) (U1),

and a function ¢ such that sgy; =

V(o(sk), w(sg)) = 0* and

o(sk) satisfying

) = D) 1 - A BVl 2 )

s T VS

Thanks to (11), there exists K > 0 such that 0 < 0, [f)w(f/ —
0%)]/Vs(U) < K for all U € E. Thus, the recursive sequence
converges to the fixed point s* for At¥ < 27/K and

|5 (%, 1) = 8" < ([[¢ll )" 50(n) — 57| < /2

for k > In(e/||so — s*[|..)/ In(|l¢’|| ) and n > N —vpmin At”.
Also, limpwy = limgw(sy) = w(s*) = w*, therefore
|wg, — w*| < /2 for k large enough.

To extend the argument in the whole space domain I, let us
proceed by induction. Assume to have a sequence (s; k, W, i)
at some point n = n; € I converging to (s*,w*), so that
also ¥, = l>(sj7k,wj7k) converges to ©*. Then, for n €
Inj — vmin AtY, n;[, the WFT approximate solutions Ultik
satisfy the recursive relation

(UR)-

V(Sj41ks Wi 1k41) = Vi
AtY ~ ~ -
- Vi (Uj 11 k) (V(Sj+1,k) - vj,k) )

V(Sj+1 k415 Wit1 k+1) = Vj k1

+

Reasoning as above, these relations define a sequence s, =
©;+1(8j+1,5) such that

©iia(sjgre) ~1— = 7

( Jl'/Jrl.,k)a
whose limit must satisfy

hIIcn 9(Sj+17k,w]'+17k) = lilgnf)jyk =0" = hlgn V(Sj+11k).
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Due to the strictly negative propagation speed of first family
waves, repeating the argument at most [N/ (vpninAt”)] times
allows to cover the whole interval I, showing that there exists
k sufficiently large such that, setting T = kAt”, for any n € [
it holds |U¥(T,n) —U*| <e. [ |
Remark 1: Assumptlon (11) is equivalent to

WV s(V = 5%) + V, V'|(U) > 0, (13)

which is satisfied for U such that V(s) > o* (i.e. s > s*) if

f)w,S(U) > 0. For s < s*, (13) is equivalent to
VoV I(U) = Vi s(5° = V)(U) ~ Vi s (U)V'(5) (5™ = 5),

ie. 2V, (s,w) > Vy(s*,
not too restrictive.

w), showing that assumption (11) is

V. NUMERICAL EXPERIMENT
We consider the IBVP (3), (7), (8) with

% t,04) for0<t<t
Bu(t) = ?(S,w)( ,04) for 0<t<t, (14)
0* fort <t <T,
modeling a ring road where V(s,w)(t, N) = V(s, w)(t,0) for

€ [0,%[ and the control is activated at time ¢t = ¢. We fix
the space and time steps, respectively An = N/J for some
J € N and At satisfying the stability condition [39]

V| 2|}
+ 1/2)An for j =

At:QQmm{

and we set n;_y/5 = jAn, n; = (j
.,J, and t* = kAt for k € N.

We approximate the initial data (7) with piece-wise constant

functions {(s?,w?)}jzl and we dicretize (3) by a finite

volume upwind scheme with time-splitting: for j = 1,...,J

and k € N, we set 0¥ = V(sk, wk) and
it = by 2@ ),
T2 = P why
w;chl wf n it (V( §+1) B ﬁ;cﬂ/z) 7
G = D(hHL )

with o for 0 < kAt < 1,

v*  for kAt > t.

5§+1 = 56<tk> = {

We consider a ring road of length L = 125[m] containing
N = 50 vehicles of length £ = 1[m] (corresponding to a
maximal density R = Pmaz = 1[veh/m]) with initial spacing
and Lagrangian attribute

wo(n) =29 + 0.1sin(107n/N)[m/s],

15)
corresponding, under the coordinate transformation z(n) =
Jy so(v)dv, i.e. x = 2.5n, to the Eulerian quantities

wo(z) = 29 + 0.1sin(1072/L)[m/s].

so(n) = 2.5[m],

po(z) = 0.4[veh/m],

Initial conditions (15) represent equidistributed vehicles with
small oscillations in the drivers’ preferred speed, which, due
to the instability of the system, generate persistent stop-and-go
waves [35], [38], see Figures 1 and 2.
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Fig. 1: Spacing s(t,-) (top), speed ¥(t,-) (middle) and La-
grangian marker w(t, -) (bottom) profiles of the solution to (3),
(14), (15) at t = 20 < t.

50 T . T : I3
25
e — e — e — — — 2

e —— T —— —
e )
10 M\

0 15

0 10 20 30 40
n

Fig. 2: Evolution (heat map) of the spacing component s =
s(t,n) of the solution to (3), (14), (15). Stop-and-go waves
moving backward with respect to vehicles are clearly visible
in the time interval [10s, 40s].

The average and equilibrium speed functions are chosen

respectively as
(2-3)
=w|l-—-],
s

V(s) = Vinax (1 —exp (a (1 —))),

with Vihax = 25[m/s] the maximal speed and o = 0.8. With
these choices, we have s* = 2.5[m], w* = 29[m/s] and
v* = 17.47[m/s]. We also set 7 = 0.1]s].

The space mesh size is set to An = 0.1 and the simulation
time horizon at T' = 50[s], with control activation time at
t = 30[s]. In Fig. 2 and 3 (bottom), we observe that the small
oscillations in the w component of the initial dadum (15) in-
duce the formation of large stop-and-go waves, which stabilize
after t = 20[s]. Once the control is activated (¢ = 30[s]),
the spacing total variation TV(s(¢,-)) starts immediately to

V(s, w)
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Fig. 3: Time evolution of the L distance to equilibrium
|U(t,-) — U*||1, (top) and spacing total variation TV (s(t, -))
(bottom). The control action is activated at ¢ = 30s.

decrease, to reach 0 in less than 15[s]. The L°° distance to
equilibrium ||U (¢, -) — U*||;, starts decreasing later, since the
information about the control acting at the right boundary
n = N needs to travel upstream the whole interval ]0, N|
to affect the L™ norm, see Fig. 2.

VI. CONCLUSIONS

We have proved the asymptotic stabilization of the GSOM

traffic model by an open loop speed control acting at the
downstream boundary, for any number of vehicles and initial
conditions with bounded total variation. The result is in line
with the conclusions of the microscopic analysis provided
in [11]. The asymptotic decay of the total variation will
be investigated analytically in future studies. Also, control
actlons ensurmg the respect of the physical constraints, such
as fo s(t,n)dn < fo s(0,n) dn for all ¢ > 0 in the case of
a ring road should be demgned.
We point out that the linearized version of system (3) does
not satisfy the conditions for Lyapunov stability [40] when
the sub-characteristic condition (5) is violated. This advocates
even further for the nonlinear setting adopted in this work.

APPENDIX: THE RIEMANN PROBLEM
Let us consider (3) with initial data of the form
Uy = ,
(s, w)(0m) = 4 0~ o)
Ur = (Sr,WR)

and set U7, = f/(sL,wL), Vg = f)(sR,wR). To construct the
(approximate) solution, we iteratively solve the homogenous
system

oo
st e
if n>n,

{8,55—8”1):0, a7

8tw = O,
which belongs to the Temple class [41] and whose Riemann
invariants are z;(s,w) = V(s,w) and z2(s, w) = w, and the
ODE system

8ts = 0,
V(is) -V (18)
(9tw = 7(8) .
T
Solutions of (17), (16) consist in general of a first family wave
(rarefaction or shock) connecting Uy, to Uy = (spr,wp)

travelling with strictly negative speed (with sp; implicitly
defined by V(syr,wr,) = ©r), and a contact discontinuity with
zero speed connecting Ujys to Ug. Notice that, if wy, > Ug,
an intermediate vacuum state appears, where s = +oc0.

The solution to (18), (16) is instead given by the constant
in time component s(t ) = S(O -) and

fe, [ Mo

Let us now obsegve that, setting s = S(7, w) and differentiat-
ing the identity V(S(0, w),w) = 0, we get the identities

Sy =1/V,, Sw = —Vu/Vs.

Thus, the equilibrium curve, which is implicitly defined by
V(s) = V(S(0,6(0))) = v, satisfies

e ()i
05 (75 %)% (1 V'<s>>'

Since V,, > 0 by (2c), we get ¢'(¢) < 0 if and only if
v, > V! (s), i.e. the sub-characteristic condition (5) holds.
Let us assume there exists ey, 1esp. Wer = P(Ver) and sq, =
S(Der, Wey), such that ¢ (Te,) = 0 (i.e. V(Ser, Wer) = V' (Ser))
and ¢'(0) > 0 if 0 < Ve, ¢'(0) < 0If T > T, In this case,
the equilibrium curve intersects the congestion line v = 0 at
W implicitly defined by V(1 /R(),w) = 0. We also define
5,0 such that o = V(5,w) = V(3). See Fig. 4.

By the above analysis, we consider invariant domains for (3)
of the form

E =E[§, R(w

w(§,-))

19)

{U )ZSE [1/R(’w1\4>,§],
V(s, ) [0,9),w € [w,wn]},  (20)
with § > 8, wy; > we, and & = V(5, @) = V(§), which do

not include vacuum states. We refer to [35] for more details
on the structure of Riemann solutions and invariant domains.

w
WM f—————— ]
Wer | :‘ ————— )I
A ! |E(_§. ZI :>
w - o 1
1 1 A
L Y w=o)
1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1
1 1 1
1 1 1
wTVL 1 1 1
1 1 1 1 )
0 Ver v WM v

Fig. 4: Example of minimal invariant domain E (continuous
red line) and general invariant domain (dashed red line)
considered in this paper.
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