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Abstract
Let m > 1 be a rational integer. We give an explicit formula for the mean value

2
Yy |L(m7X)|2,
() ><(1)z(:1)m

where x ranges over the ¢(f)/2 Dirichlet characters modulo f > 2 with the same
parity as m. We then adapt our proof to obtain explicit means values for products
of the form L(mu, x1) -+ L(mpn—1, Xn—1)L(mn, X1 Xn-1)-

1 Introduction

For m > 1 and f > 2, let

mf) = o mo)l?
Mm, f) = 5 )X(_E_Umw( )|

denote the mean value of |L(m, x)|?, where x ranges over the ¢( f)/2 Dirichlet characters
modulo f such that x(—1) = (—1)"™, i.e. over the Dirichlet characters modulo f of the
same parity as m.

The first step towards the study of these M (m, f)’s was made in [Wal], where the
formula for M(1, f) was obtained, but only for prime moduli f. Secondly, in [QIMG]
and [Lou93| the formula for M(1, f) for non necessarily prime moduli f was obtained.
Thirdly, in [Lou01] a method was developed for obtaining recursively a formula for
M(m, f) for a given m. This method was applied to obtain the formulae below for
M(m, f) for m =1, 2, 3 and 4. Fourthly, in [Lin] the author developed another way for
obtaining recursively a formula for M (m, f) for a given m. S. Louboutin and X. Lin’s
methods are easy to use with any software for mathematical computation for obtaining
a formula for M(m, f) for a given m. But they did not give an explicit formula for
these M (m, f)’s. Fifthly, in [LZ] the authors gave a rather complicated but explicit
formula for M (m, f) and the mean value of the product of the values of two Dirichlet
L-functions at positive integers of the same parity.
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Here, inspired by [BY, Proof of Theorem 2.1], we obtain in Theorem 1 an explicit
formula for these M (m, f)’s. Then, we extend our method developed to obtain Theorem
1 to get in Theorem 7 an explicit formula for the mean value of more general products
of the form L(my, x1) - L(mp—1,Xn—1)L(mp, X1 Xn-1). In particular, for n = 2 we
obtain in Theorem 9 a much simpler formula than the one given in [LZ, Theorem 1.1]
for the mean value of the product of the values of two Dirichlet L-functions at positive
integers of the same parity.

Theorem 1. For m = 1 we have

2

MO0 =T (o) -3 )

2

and for m > 2 we have

lm/2]
1 (2 By Bom—ky ¢
M(m,f>=<<2m>><<¢2m<f>+<—1> ()Y () e ffi(il)v

k=1

where ¢(f) = [1,,(1 - 1/p") and the Bernoulli rational numbers By are given by

et—l_zﬂt'
k>0

In particular, M(m, f) is asymptotic to {(2m)dam(f) as f goes to infinity.

For example, in accordance with [Lou93, Theorem 2] and [Lin, Page 371] we have:

e = 5 (en+02l),
Mg = g (o - 20,
Mg = g () + 2 202,
M5, f) = 9;25 <<;510(f) - 22¢‘;fg> - 231%(8*’()) :
2 Proof of Theorem 1
Theorem 1 readily follows from the well known formula
G(om) = (- B B, 2)

and from following Lemmas 2, 3 and 4.

Lemma 2. (See [Lou01, Proposition 8 and Proof of Proposition 5]). Let m > 1 and
f > 2 be rational integers. Let cot®) denote the kth derivative of cot = cos /sin. We

have
2m

M(m, f) = - =57 u(f/d)Sm(d),
2-((m—1))2f? %
d>1
where i )
Sy (d) := (cot<m—1>(7rk/d)) (d>1).

B
Il

1
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Lemma 3. If R(X) = Zf:o rea X! € Q[X] is such that R(1) = 0, then for f > 2 we

have
k
D ou(f/DR) =Y ulf/d)R(d) =Y readn(f) -
dlf dif I=1
a>1
Proof. Notice that 3, u(f/d)d! = Sg; n(d)(F/d)! = F'u(f). =
Lemma 4. Set R1(X) = (X% —3X +2)/3 and for m > 2 set
lm/2]
_ o2m m— BQm m BQkBQ(m—k’) m 1+ (71)m B'rQn
R =2 " e 3 S )<

Then Ry, (1) =0 for m > 1 and Sy, (d) = Ry (d) form >1 and d > 2.

Proof. For d > 1, set

gm(d, 2) = d cot(dz) (cot<m—1>(z))2 - (dz cot(dz)) (2™ cot ™1 (2))2,

22m+1

a m-periodic meromorphic function of the complex variable z, with a simple pole at
each kr/d, k € Z \ dZ, of residue

Res,_ir/a(gm(d, 2) = (COt(m_l)(kﬂr/d)>2 (keZ\dzZ) (3)

and poles of order 2m + 1 at each kmw, k € Z. For R > 0, let Cr be the positively
oriented rectangle of width 7, height 2R and center of gravity at =/2 — 7/(2d).
(i). We claim that

1 —d ifm=1landd>1
i o [ gmlda)ds = 0TI )
R—+00 270 J o, 0 ifm>2andd>1.

Indeed, since g is m-periodic the integrals over the vertical sides of Cr cancel. Moreover,

since | cot(t + ib) + isign(b)| < 2/(el’l — 1) we have limy_, o cot(a + ib) = —i and
limp_, 1o cot(a — ib) = i uniformly in a € I, where I is a given closed interval. Hence
for m = 1 we have limp_10091(d,t + iR) = di and limp 4100 g1(d,t —iR) = —di,

uniformly in ¢ € [-7/(2d), ™ —7/(2d)]. The first case of claim (4) follows. Now assume
that m > 2. Then cot(™ 1) = @Q,,(cot) where the polynomials Qj(X)’s are defined
inductively by Q1(X) = X and Qp+1(X) = —(X% +1)Q},(X). Consequently, we have
lmp i00 gm(d,t + iR) = Qm(—i) = 0 and limp_ oo gm(d,t — iR) = Qum(i) = 0,
uniformly in ¢ € [-7/(2d),m — 7/(2d)]. Hence the integrals over the horizontal sides
tend to 0 as R goes to infinity for m > 2 and the second case of claim (4) follows.
(ii). Now, we claim that

Ry (d) = lim 1/ gm(d, z)dz — Res,—o(gm(d,2z)) (m>1landd>1). (5)

Cr

R—+o0 271
Indeed, if m = 1 then g1(d, z) = d cot(dz) cot? z,
Reszzo(gl(d, Z) — _(d2 + 2)/3

and the claims follow by (4) and the definition of R;(X). Now assume that m > 2.
Using the power series expansion

2k
2 cot(z) = Z(—l)k2(2kB)2!kz% (2] < ), (6)

k>0
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we have

22kB2k
ot "D () = (1) m - D Y () !

— = 7 (lz] < 7). (7)
Kom2 (2k —m)!

Using (6) and (7) to compute the coefficient of the term z2™ in the power series expan-

sion of the function (dz cot(dz))(z™ cot™ =D (2))2, we readily obtain that
Res,—0(gm(d, 2)) = =Ry (d) for m > 2 and d > 1.

Hence claim (5) follows from (4).

(iii). Finally, we use the residue theorem. For d = 1, noticing that z = 0 is the only pole
of gm (1, z) inside Cr and using (5) we obtain R,,(1) = 0 for m > 1. For d > 2, noticing
that z =0 and z = krn/d, 1 < k < d — 1, are the only poles of g,,(d, z) inside Cr and
using (5) and (3) we obtain R,,(d) = Sy,(d) for d > 2 and m > 1, as desired. O

In [EL, Corollary 6.8] the authors gave a reformulation of [BY, Corolloray 2.2]. It
would be interesting to see if their method can also be applied to a reformulation of
our Lemma 4.

3 A general explicit formula

For f > 2, n > 2 and my,---,my, > 1 such that my + --- + m,, = 2s is even, we set
= (my,---,my,) and

M(i, f) = ((bff))n_l

X Z L(mlel)'"L(mn—l)Xn—l)L(mn,Xl"'Xn_l).
x1(=D=(=1)"  xp_1(=1)=(=1)"n-1

)
Hence, (x1---Xn-1)(—1) = (=1)"". Using the formula

(_1)m—1,ﬂ.m f-1
L(m,x) = 5- 1) > x(k)cot!™ D(xk/f)  (whenever x(—1) = (=1)™).
k=1

proved in [Lou01, (1)], we have

B (_1)nﬂ.2s
M) = S T G = 17

-1 f—1 f—1 n n—1 9 -
I <Hcot(ml_1)(7rkl/f)> I1 il > xilk)xi(kn)
=1 X1

kn=1ki=1  kn_1=1 \I=1 (—1)=(-1)™

We have the following orthogonality relations for the ¢(f)/2 characters y;’s modulo
f > 2 for which x;(—1) = (—1)™:

5 1 if iy =k, (mod f) and ged(k,, f) =1,
o > xilk)xilkn) =< (=)™ if k= —k, (mod f) and ged(ky, f) =1,
xi(=1)=(=1)™ 0 otherwise.

Noticing that x;(—ky) cot™ =D (—zk, / f) = x1(kn) cot™ =D (zk,, / f) whenever x;(—1) =
(—=1)™, we obtain

f-1

I G ) T eot™-1 (
M(mvf)_ 2f2$]__[?:1(ml_1)! kngl E t ( kn/f)

ged(kn, f)=1

The following generalization of Lemma 2 follows:
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Lemma 5. For f > 2, n > 2 and my,--- ,my > 1 such that my + --- + my, = 25 s
even we have

(_1)”7723
(mq — 1)L (my, — 1)! - f28

M (7, ) = o > ulf/d)Sz(d),

dlf
d>1

where

Now, for d > 1 a rational integer, we set

n o mp aat(mi—1)
9 (d, z) = dcot(dz) Hcot(mlfl)(z) = (dz cot(d2)) Hl?;fl cot (Z),
z
=1

a m-periodic meromorphic function of the complex variable z, with a simple pole at
each kr/d, k € Z\ dZ, of residue

Res, /a9 (d, 2) = [ [ eot™ VD (kr/d) (k€ Z)\ dz) (8)
=1

and poles of order 2s + 1 at each km, k € Z. Let T3 (X) denote the coefficient of
ZMt M in the formal power series expansion

22.1<:B2I€ n 22kB2k
1)k X2k 2k _1ym-1 _ 1) _1)k 2k
k>0 =1 k>my /2
Hence, T3 (X) is a polynomial of degree 2s = my + - - - + m,,, with rational coefficients
and leading coefficient
s—n 225325 -

-1 - 1!
=1
and
Res,—0(95(d, 2)) = T (d) for d > 1. 9)
With the same proof, we have the following generalization of (4):
1 124 (if = o=m, =1
hm - gm(d, Z)dz — ( ) (1 ma . m )7 (10)
R—+00 2T J o, 0 otherwise.

(n must be even if my =--- =m, =1).

We have the following generalization of Lemma 4:

Lemma 6. Set

(—)"2X  (ifmy = =m,=1),

R=(X)=-T=(X)+
7 (X) (%) {0 otherwise.

Then R (1) =0 and Sy (d) = R (d) for d > 2.
Proof. By (9) and (10), for d > 1 we have
1
Raa(d) = g1(d, 2)dz — Res,—o(g (d, 2).

a 21 Cr

We use the residue theorem. For d = 1, noticing that z = 0 is the only pole of g5 (1, z)
inside Cg, here again we get

R (1) = 0. (11)
For d > 2, noticing that z = 0 and z = kn/d, 1 < k < d — 1, are the only poles of
g (d, z) inside C'r and using (8), we obtain R d) = Sd). O
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By Lemma 6, Lemma 3 and (2), and noticing that T5(X) is even we end up with
the following generalization of Theorem 1:

Theorem 7. Write

2233 . n s—1
Tw(X) =(-1) 2 (H m; — 1) > (XQS + er—ng72kX2k) ,
=1

k=0

Then, for f > 2 we have

M, f) = C(2s <¢2s Z 2k?§§ 2k:>

0 otherwise.
In particular, as f goes to infinity M(m, f) is asymptotic to

C(28)pas(f), where 2s =mq + -+ + my,.

4 Several explicit examples

4.1 First example.

By Lemma 6 we have Sﬁ =R i 5 ﬁ(d) By (9), we obtain
S-—s(d) = —T-—g(d) = —Res.—o(d cot(dz) cot?(z) cot’(2)) = —id4 + 1al2 _ 4
(171?2 (17172 Z:O 45 9 45‘
Therefore
_ P2(f
ML) = -1 S ) ) o (o0 -5220)).
dlf
by Lemma 5 and Lemma 3. We have recovered [Alk, Theorem 1].
4.2 Second example.
Theorem 8. Let n > 2 be even. For f > 2 set
92 n—1
win=(505) X X 0w L) T
x1(-1)=—1  xn-1(-1)=-1
Then
S Bay 6ot ) "91(f)
s
Mn(f) = C(n) X Z n,n/2— ko 2k0 2:0219 + (_l)n/2 nl_l ’
ko)l fr—2ho 2f
" ko=1
where
n! 1 Bgl “l
N = — (=22 >N > 1).
O Z (n—(61+---+eN))!Hel! ((2[)!) (nzN=1)

e1,,en=>0 =1

e1+2e2---+Neny=N
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Proof. Here

n Qan n' - sz ng
T (d) = (1) ”—m > (H l) %OO o,

ko,k1, - ,kn>0 =1
k0+k1++kn:n/2

Now, forn > N > 1 and F : Z>o — C* such that F'(0) = 1, e.g. for F'(k) = Bai/(2k)!,
we have

el

n N F
Z HF(kl): Z ( (61—|— +€N IH

K1, kn>0 I=1 e1,,en >0 I=1
ki4-+kn=N e1+2e2---+Nen=N
by letting e; denote the number of k;’s which are equal to [ and by noticing that we
have (;;) possible choices of the k;’s which are equal to 0, then (”ee‘)) possible choices

of the k;’s which are equal to 1,..., and finally by using eg + €1 +---ey =n and

n\(n—e\ n—(eo+e+--+en-1)) n!
€o e1 eN eo! x el x - xen!

U
For example,
() =7 (st —s20)),
in accordance with (1),
: 02(f) | 01l
() = 55 (sutr) - 2020 1 15210)

and \ » -

1) = g (w50« S0 520

For f = 3, there is only one odd character x modulo 3,and L(1,x) = 7 Hence,
My(3) =

My(3) = T3 and My(3) = T

Our formulae do give M>(3) = :

3‘3n/2 33 )

4.3 Third example.
We have the following generalization of Theorem 1:

Theorem 9. For m > 1, n > 1 of the same parity and (m,n) # (1,1), we have

MmN =gs Y Lm)Lm

x(=D=(=1)m=(=1)"

:C(m + n) X <¢m+n(f)

m/2
+ (_l)mfl m+n LZ/J n m B2kBm+n—2k ¢2k(f)
m m+n — 2k \2k fmtn—2k

k—1 Bm+n
n/2
+ (=1t m+n Lz/:J m n\ BokBrin—2rc G21(f)
n — m+n- 2k \ 2k Bpyn  fmtn2k |

In particular, M((m,n;, f) is asymptotic to ((m + n)Pmin(f) as f goes to infinity.
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Proof. Use Lemma 6, notice that

m-mn B
T X)) =omtny | (1 TeriJ""Xer”
(—Smﬂ ( ) (( ) mn (m;l—n)
[m/2]
m-n BokBign—2k (M ok
— (=1 X
(1) = ; m(m+n—2k)<2k>

n/2
" m LZ/:J BZkBm+n 2k n X2k
n(m+n — 2k) \ 2k
2 2 mn |

and finally use Lemma 5. O

Our explicit formula for M ((m, n;, f) is much simpler than the ones given in [LZ,
Theorem 1.1} and [OO, Theorem 1.2]. For example, the first term in the formula given
[LZ, Theorem 1.1] is

(_1)(m—n)/2 (27T)m+n
2-m!

¢m+n iiBm aBn- bw

a=0 b=0 atb+1

By (2), this first term being equal to the one ((m + n)dm+n(f) of Theorem 9 is tan-
tamount to saying that B, = (—1)”(’”:{") YooY b0 Bm—aBn—p. This is probably
correct and at least we checked it for several values of m and n.

Notice that for m > 2 we have M ((m mi, f) = M(m, f) and we recover the formula

given in Theorem 1.

4.4 Fourth example.

For m,n > 1, Theorem 7 gives a formula for

M((m,n,m—l—n;,f) =

> L(m, x1)L(n, x2)L(m + n, x1x2)
x1(=D)=(=1)™ x2(=1)=(-1)"

4
o(f)?

much simpler than the one given in [OO, Theorem 1.1].
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