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Abstract

We derive a priori and a posteriori error estimates for the discontinuous Galerkin (dG)
approximation of the time-harmonic Maxwell’s equations. Specifically, we consider an
interior penalty dG method, and establish error estimates that are valid under minimal
regularity assumptions and involving constants that do not depend on the frequency for
sufficiently fine meshes. The key result of our a priori error analysis is that the dG solution
is asymptotically optimal in an augmented energy norm that contains the dG stabilization.
Specifically, up to a constant that tends to one as the mesh is refined, the dG solution
is as accurate as the best-approximation in the same norm. We also show that for fine
meshes, the inf-sup stability constant is as good as the continuous one up to a factor
two. Concerning the a posteriori analysis, we consider a residual-based error estimator
under the assumption of piecewise constant material properties. We derive a global upper
bound and local lower bounds on the error with constants that (i) only depend on the
shape-regularity of the mesh if it is sufficiently refined and (ii) are independent of the
stabilization bilinear form.

Keywords. Time-harmonic Maxwell’s equations, discontinuous Galerkin, Interior penalty,
Duality argument, Asymptotic optimality, A posteriori error analysis

MSC. 65N30, 78M10, 65N15

1 Introduction

Let D C R?, d = 3, be an open, bounded, Lipschitz polyhedron with boundary D and outward
unit normal np. We do not make any simplifying assumption on the topology of D. We use
boldface fonts for vectors, vector fields, and functional spaces composed of such fields. More
details on the notation are given in Section 2.

Given a positive real number w > 0 representing a frequency and a source term J : D —
R3, and focusing for simplicity on homogeneous Dirichlet boundary conditions (a.k.a. perfect
electric conductor boundary conditions), the model problem consists in finding E : D — R?
such that

~w?eE +Vx(u 'VxE)=J in D, (1.1a)
Exnp =0 ondD, (1.1b)
where € represents the electric permittivity of the materials contained in D and p their magnetic

permeability. Both material properties can vary in D and take symmetric positive-definite
values with eigenvalues uniformly bounded from above and from below away from zero. We
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assume that w is not a resonant frequency, so that (1.1) is uniquely solvable in H(curl; D) for
every J in the topological dual space H(curl; D)/. The time-harmonic Maxwell’s equations
(1.1) are one of the central models of electrodynamics. Therefore, efficient discretizations are
a cornerstone for the computational modelling of electromagnetic wave propagation [26, 36].
In this work, we focus on the discontinuous Galerkin (dG) method.

The dG method employs approximation spaces composed of nonconforming (discontinuous,
broken) polynomials on the mesh. DG schemes are attractive since they easily allow for more
flexibility in the mesh and for local variations of the polynomial degree. Besides, dG schemes
are of special interest in time-dependent wave propagation problems as they lead to block-
diagonal mass matrices [25]. Notice that time-dependent wave propagation problems are also
relevant here since (1.1) can arise for instance if a Laplace transform is (abstractly) employed
to analyze a numerical scheme for the time-dependent Maxwell’s equations as in [10, 17], or if
a controllability method is ued to solve (1.1) with a time-dependent discretization scheme as
in [13, 37].

DG methods exist in many flavors. One popular approach for the Poisson model problem
is the interior penalty dG method, which hinges on a consistency term involving the mean-
value of the normal flux at the mesh faces, possibly a symmetry term, and a stabilization term
penalizing the jumps across the mesh interfaces and the values at the mesh boundary faces (see,
e.g., [2, 20] and the references therein). The expression of the consistency term involving the
mean-value of the normal flux is convenient for efficient implementation, but for the analysis,
it is useful to consider an (equivalent) reformulation involving jump liftings. The approach was
first considered in [4] and analyzed in [6]. One important outcome is the notion of discrete
gradient obtained by adding the jump liftings to the broken (piecewise) gradient. Indeed, the
discrete gradient enjoys a compactness property that plays a central role in various nonlinear
problems [9, 7, 19]. Another attractive feature is that the discrete gradient admits a bounded
extension to H', whereas the standard consistency term can only be extended to H'** with
s > % It is also possible to define bounded extensions of the consistency term to H'** for
s > 0 arbitrarily small by proceeding as in [23].

In the context of the time-harmonic Maxwell’s equations, interior penalty dG methods
were devised and analyzed in [39, 28|, and the notion of discrete curl, obtained by adding
the liftings of the tangential jumps to the broken curl, has been considered in the method
formulation and analysis. However, the combined use of discrete curls (allowing for minimal
regularity requirements) with Schatz’s duality argument seems to be lacking in the literature,
contrary to the case of the Helmholtz equation where such a result has been recently achieved
in [11]. Our main contribution to interior penalty dG methods is to show that an asymptotically
optimal error estimate holds true with an augmented energy norm including a nonconformity
measure. Asymptotic optimality means that the ratio between the approximation error and
the best-approximation error tends to one as the mesh size h is sent to zero. Quite importantly,
we establish such asymptotically optimal result under minimal regularity assumptions on the
exact solution, thereby allowing for a general setting regarding the domain and the material
coefficients. Concerning the source term, we assume that it sits in L*(D) (rather than in the
dual space Hy(curl; D)') with no further assumption on V-J. The second salient contribution
of the paper is an a posteriori error analysis leading to global upper bounds and local lower
bounds on the error, where the constants are independent of the frequency, again in the limit
as the mesh is refined. The a posteriori error analysis is of residual-type and requires to
tighten slightly the assumption on the source term so that V-J € L?(D). Moreover, to avoid
technicalities, we assume that the material properties are piecewise constant.

Let us put our results in perspective with the literature. Concerning the a priori error
analysis, a quasi-optimal (but not asymptotically optimal) error estimate under minimal reg-
ularity is derived in [32], but for a different interior penalty dG method, where a Lagrange
multiplier related to the divergence constraint is introduced together with the corresponding
stabilization term. Moreover, asymptotically optimal error estimates for the time-harmonic
Maxwell’s equations approximated using conforming edge elements have been derived quite



recently in [34] and in [12]. The analysis in [34] considers impedance boundary conditions,
is explicit in the frequency, but requires the domain boundary to be smooth and connected.
Instead, the analysis in [12] considers Dirichlet boundary conditions and allows for general
domains, material coefficients, and right-hand side, but, for brevity, is not made explicit in the
frequency. The present analysis leverages the ideas developed in [12], but needs to address two
additional, nontrivial difficulties: (i) the lack of strong consistency under minimal regularity,
leading to the appearance of new terms in the analysis related to the consistency defect; (ii)
the nonconforming nature of the approximation, which calls for a careful handling of the stabi-
lization. In particular, we notice that we allow for a rather general stabilization bilinear form
and provide explicit design assumptions for the analysis to hold true.

Concerning the a posteriori error analysis, we leverage the ideas proposed in [14] for the
conforming edge finite element approximation of the time-harmonic Maxwell’s equations. Here,
the novelty is twofold. First, we additionally deal with the consistency defect and the presence
of stabilization in the discontinuous Galerkin setting, by extending ideas introduced in [11]
for the Helmholtz equation. Moreover, we tighten some arguments from [14] in the proof of
the error upper bound so that the involved constants only depend on the shape-regularity
parameter of the mesh, whereas in [14] some constants are frequency-dependent in the low-
frequency regime. Specifically, instead of invoking the regular decomposition results from [27,
Theorem 2.1] as in [14], we make use of Galerkin orthogonality on conforming test functions
to invoke the regular decomposition results from [41, Theorem 1].

The paper is organized as follows. In Section 2, we briefly present the continuous set-
ting, and in Section 3, we do the same for the discrete setting. In Section 4, we establish
a key estimate on the weak consistency of the dG approximation and also introduce various
(nondimensional) approximation and divergence-conformity factors to be used in the analy-
sis. In Section 5, we deal with the a priori error analysis and inf-sup stability. The main
results in this section are Theorem 5.5 and Theorem 5.8. In Section 6, we perform the a
posteriori residual-based error analysis. The main results in this section are Theorem 6.4 and
Theorem 6.5. Finally, in Section 7, we establish bounds on the approximation and divergence
conformity factors introduced in Section 4. These bounds prove that these factors tend to zero
with the mesh size.

2 Continuous setting

In this section, we briefly recall the functional setting for the time-harmonic Maxwell’s equa-
tions and formulate the model problem.

2.1 Functional spaces

We use standard notation for Lebesgue and Sobolev spaces. To alleviate the notation, the
inner product and associated norm in the spaces L?(D) and L?*(D) are denoted by (-,-) and
|||, respectively. The material properties € and v := u~! are measurable functions that take
symmetric positive-definite values in D with eigenvalues uniformly bounded from above and
from below away from zero. It is convenient to introduce the inner product and associated
norm weighted by either € or v, leading to the notation (-, )e, ||‘|le, (*,-)» and ||-||,. Whenever
no confusion can arise, we use the symbol + to denote orthogonality with respect to the inner
product (-, ). Moreover, all the projection operators denoted using the symbol IT are meant to
be orthogonal with respect to this inner product; we say that the projections are Lz—orthogonal.



We consider the Hilbert Sobolev spaces

H(curl; D) := {v € L*(D) | Vxv € L*(D)}, (2.1a)
H(curl=0;D) :={v € H(curl; D) | Vxv = 0}, (2.1b)
Hy(curl; D) := {v € H(curl; D) | v5p(v) = 0}, (2.1c)
Hy(curl = 0; D) := {v € Hy(curl; D) | Vo xv = 0}, (2.1d)

where the tangential trace operator 7§, : H(curl; D) — H ~3 (0D) is the extension by density
of the tangent trace operator such that v§,(v) = v|ap xnp for smooth fields. The subscript o
indicates the curl operator acting on fields respecting homogeneous Dirichlet conditions. Notice
that Vx and Vpx are adjoint to each other, ie., (Voxv,w) = (v, Vxw) for all (v,w) €
H(curl; D) x H(curl; D). We equip the space H(curl; D) and its subspaces defined in (2.1)
with the following (dimensionally consistent) energy norm:

[oll? == w?||v]|Z + |V x|} (2.2)
We consider the subspace
X¢ := Hy(curl; D) N Hy(curl = 0; D)J‘7 (2.3)
and we introduce the Lz—orthogonal projection
IT : L*(D) — Ho(curl = 0; D). (2.4)

Since VH}(D) C Hy(curl = 0; D), any field £ € X7 is such that V-(e£) = 0 in D. Hence,
X ¢ compactly embeds into L*(D) [42].

Remark 2.1 (Topology of D). We have Hy(curl = 0; D)* C {v € L*(D), V-(ev) = 0} with
equality if only if OD is connected (see, e.g., [1]).

2.2 Model problem

Given a positive real number w > 0 and a source term J € (H(curl; D))" (the topological
dual space of Hy(curl; D)), the model problem amounts to finding E € H(curl; D) such
that

b(E,w) = (J,w) Vw € Ho(curl; D), (2.5)

with the bilinear form defined on H(curl; D) x Hy(curl; D) such that
b(v, w) = —w?(v,w)e + (Voxv, Voxw),, (2.6)

and where the brackets on the right-hand side of (2.5) denote the duality product between
(Hy(curl; D))" and Hg(curl; D). In what follows, we assume that w? is not an eigenvalue of
the e 1V x(vVyx-) operator in D. As a result, the model problem (2.5) is well-posed. We
observe that the bilinear form b satisfies |b(v, w)| < ||v||||w|]. The following inf-sup stability
result is established in [12, Lemma 2.

Lemma 2.2 (Inf-sup stability). The following holds:

1 1

— < inf sup b(v,w)| < —, 2.7
14 28 vefmo(‘ﬁ:uxl'l;D) weHo (curl;D) ‘ ( )‘ Bst ( )

vii= flwl=1

with the (nondimensional) stability constant

Bt = sup wllvg |- (2.8)

gE€H(curl=0;D)*

llglle=1

Here, for all g € L*(D), vg € Hy(curl; D) denotes the unique solution to (2.5) with right-hand
side (g, w)e, t.e., b(vg, w) = (g, w)e for all w € Hy(curl; D).



3 Discontinuous Galerkin approximation

In this section, we introduce the discrete setting and formulate the interior penalty dG ap-
proximation of the model problem (2.5). To avoid technicalities, we assume from now on that
JeL? (D); notice though that we do not make any further assumption on V-J for the a priori
error analysis and that the sole assumption on the material properties is uniform boundedness
from above and from below away from zero.

3.1 Discrete setting

Let 75 be an affine simplicial mesh covering D exactly. A generic mesh cell is denoted K, its
diameter hx and its outward unit normal ng. We define the piecewise constant functions h
and v such that ~
hlk = hk, Ul = min v|gu - u, VK €Ty, (3.1)
ucR?
Ju|=1
We write Fy, for the set of mesh faces, F; for the subset of mesh interfaces (shared by two
distinct mesh cells, K, K,), and .7-',? for the subset of mesh boundary faces (shared by one
mesh cell, K, and the boundary, D). Every mesh interface F' € F} is oriented by the unit
normal, np, pointing from K; to K, (the orientation is arbitrary, but fixed). Every boundary
face F' € ]:,? is oriented by the unit normal ng := np|p. For all K € T, Fk is the collection
of the mesh faces composing 0K.
Let k > 1 be the polynomial degree. Let Py 4 be the space composed of d-variate polyno-
mials of total degree at most k and set Py 4 := [Py 4]¢. The dG approximation hinges on the
following broken polynomial space:

PY(T;) = {vy € L*(D) | va|k € Pya, VK € Tp}. (3.2)

Moreover, the error analysis makes use of the following subspaces:

P;(Ts) := Py(T) N H(curl; D), (3.3a)
7.0(Th) :== P}(Th) N Ho(curl; D), (3.3b)
fo(curl = 0;Ty) := PR(Ty) N Ho(curl = 0; D). (3.3¢)

The superscript ¢ in the above subspaces is meant to remind us that all these subspaces are
H (curl; D)-conforming. The LZ-orthogonal projection

f0 1 L*(D) = P§ o(curl = 0; Ty,), (3.4)
plays a key role in what follows. In particular, we introduce the subspace
X}, = PR(Ty) NP5, y(curl = 0; T,) ™, (3.5)
which is composed of fields v;, € P(T;,) such that TI5,(v;,) = 0.

3.2 Jumps and discrete curl operator

For all K € Ty, all F € Fg, and all v, € Pz (Tn), we define the local trace operators such that
Vic.r(Vr)(®) = vi|k (), V5 p(vr)(®) = vp|k (x)xnF, for a.e. z € F. Then, for all F € Fy
and x € {g, c}, we define the jump and average operators such that

[val¥% = vk, p(vn) = vk, p(vn), fon}s = %(W?{l’p(’vh) + Yk, 7 (Vn))- (3.6)

We also set [vp]% = {vn}F == vk, p(vn) forall F € F2.



For every field v, € PR(T5), Vi xvy, denotes the broken curl of v, (evaluated cellwise).
Let £ > k —1 > 0. We define the discrete curl operator C’% : PY(Tn) — P}(T5) such that,
for all vy, € PY(Th),

Clro(vn) == Vixv, + L o(vy), (3.7)

where the jump lifting operator Lfl’o(vh) € PY(T3) is defined by requiring that
(Lho(n)d) == > ([onlf: fon}5) L2 (3.8)
FeFn

for all ¢, € PE(Th). Taking the polynomial degree ¢ larger than k — 1 is useful to improve the
consistency property of the discrete curl operator; see Lemma 4.2 below.
It is convenient to introduce the infinite-dimensional space

V= Hy(curl; D) + P}(Th), (3.9)

where the error (E — Ej) lives. Although the sum in (3.9) is not direct, any field vy, €
H(curl; D) N PY(T;) satisfies [vn]S = 0 for all F € F, as well as Cﬁ:g('vh) = VoXvp.
It is therefore legitimate to extend the curl and jump operators to Vy by setting, for all
v =1+ vy, € Vy with ® € Hy(curl; D) and v, € PY(Ty),

Clo(®) = Vox® + Vixv, + Ly o(vn),  [0]% := [valf (3.10)

3.3 Discrete bilinear forms and discrete problem

We consider a stabilization bilinear form sy defined on V'y x V4 and which satisfies the following
assumptions:

(1) s4 is symmetric positive semidefinite, (3.11a)
(ii) s4(v,-) = s4(-,v) =0 VYo € Hy(curl; D). (3.11Db)
We define the bilinear forms by and by on V3 x V) such that
by(v,w) = —w* (v, w)e + (C} 74 (v), Cg (W), (3.12a)
bys(v, w) = by(v, w) + sy(v, w). (3.12b)

The bilinear form by is used to define the discrete problem and perform the a priori error
analysis; the bilinear form by is useful in the a posteriori error analysis. Owing to (3.10)
and (3.11b), we have the following (minimal) consistency property:

bys(v, w) = by (v, w) = b(v, w) Vv, w € Hy(curl; D). (3.13)

We extend the ||-[|-norm defined in (2.2) to V' by setting, for all v € Vi,
lollf := w? 9112 + 1o ()12, (3.14a)
Iollgs = ol + 102, o2 = sz(v,). (3.14b)

(The definition of |v|s is legitimate owing to (3.11a).) This leads to the following boundedness
properties on the bilinear form bys:

[bss (v, W) < JJvlls lwllys V(v,w) € Vi x Vy, (3.15a)
[bgs (v, w)| < [lofl; [lwl] V(v,w) € V; x Ho(curl; D). (3.15b)

The discrete problem reads as follows: Find E}, € P(7) such that
bys(En,wp) = (J,wp)g2py  Ywy, € PR(Th). (3.16)

Notice that we use here the assumption that J € L*(D).



3.4 Example: interior penalty discontinuous Galerkin method

The classical interior penalty dG formulation for the model problem (2.5) is based upon the
following discrete bilinear form [39]: For all vy, wy, € P};(’Y}L),

b (v, wy) == — w? (v, wh)e + (Vi Xvp, Vixwy)y + 0.8k (vn, wp)
+ Y {frVaxvn s [wili) ooey + ([als, §oVaxwn o) 2} (3.17)
FeFy,

with the stabilization bilinear form

14
sp(vn, wy) = Z hi(ﬂvhﬂ%vﬂw}L]]%)L2(F)v (3.18)
Fer, O F

and the user-dependent parameter 7, > 0 is to be taken large enough. In (3.18), hr denotes
the diameter of F' € F, and Up := maxge7, Vg with Tp:={K € T, | F € Fk}.

The discrete bilinear form b, defined in (3.17) can be extended to Vy x V) using the
bilinear form bys defined in (3.12b) provided the polynomial degree for the jump lifting satisfies
¢ >k—12>0 and provided the material property v is piecewise constant on the mesh. In this
situation, by is indeed an extension of by, i.e., bys| PY(Ti)x P2(Th) = by, provided the stabilization
bilinear form sy is defined as follows:

530, w) = sy (v,w) — (L o(v), L o(w)) ¥(v,w) € Vy x V. (3.19)

(Notice that sy is not an extension of s;.) The bilinear form sy defined in (3.19) trivially
satisfies (3.11b) and is symmetric. It is positive semidefinite, i.e., (3.11a) also holds true, if the
factor 7, is chosen large enough [38]. The minimal threshold classically depends on the mesh
shape-regularity and the polynomial degree /.

Remark 3.1 (Weighted averages). Whenever the jumps of (the eigenvalues of ) v are large
across the mesh interfaces, it can be useful to consider weighted v-dependent averages to eval-
uate the last two terms on the right-hand side of (3.17). We refer the reader, e.g., to [24] for
an example in the context of scalar diffusion problems. Such weighted averages can be handled
in our framework by modifying the definition of the lifting operator accordingly.

4 Weak consistency and approximation factors

In this section, we introduce two important notions for the analysis of the dG approximation:
a suitable consistency measure and various approximation factors.

4.1 Galerkin orthogonality on conforming test functions

Our first observation is that Galerkin orthogonality holds true whenever the discrete test
functions are required to be H(curl; D)-conforming,.

Lemma 4.1 (Galerkin orthogonality). If Ej solves (3.16), the following holds true:
bgs(E — Ep,v7) =0 vy, € Py o(Th). (4.1)

In particular, we have
ho(E — Ey) = 0. (4.2)

Proof. The property (4.1) follows from the definition of bys which implies that bys(E, v$)
b(E,vj) = (J,v}) for all vj, € Py ((Tr). Moreover, since Py o(curl = 0;7,) C Py 4(Th), (4.1
implies that (E — Ep,,wp)e = 0 for all wy, € Py, o(curl = 0;7;,), which proves (4.2).

o=



4.2 Weak consistency

We now consider the consistency error produced by the discrete curl operator when tested
against smooth fields. For all ¥ € Hy(curl; D) such that vVox® € H(curl; D) and for all
vy, € PR(Tr), we define the weak consistency error as

Suke(Vn, ) = (01, VX (Vo x ®)) — (Cy o (vh), Vox ). (4.3)

We consider the following two norms:
lonll2, == 172h wnl> + ICh G (a5 Vou € PR(Th), (4.42)
[ol2,, = [v]2-s + |7~ 2RV x|? Vv € H(curl; D). (4.4b)

(Recall that & and 7 are defined in (3.1).) We introduce the following nonconformity measure:

Vlpe 1= min vy, — VY Yo :=v+wv, € Vy. 4.5
| ‘nc viepi,o(ﬁ)m h h“lap h f ( )

Notice that the definition (4.5) is independent of the decomposition v := ¥ + vy,

Lemma 4.2 (Weak consistency). For all ¥ € Hy(curl; D) such that vVoxW¥ € H(curl; D)
and for all vy, € PE(’E), the following holds true:

Owke(Vh, O)| < |vplne min vV x W — @5 ||aps, 4.6
|Owke (Vh, ¥)| < |vp @zeP;(Th)"l 0 hllap (4.6)

with P§(Ty) :== PY(T,) N H(curl; D).

Proof. We follow the idea of [11] for the Helmholtz problem. For any field ®5 € P3(7s),
integration by parts gives Iy
(vn, VX @) = (C)o(vn), ®},)-

We infer that

Suke(Vn, ) = (03, VX (UVox T — B5)) — (Cg (), vV x T — B5,).

Let vj € Py o(Tn) and observe that C’Zé(v%) = Voxwvj,. Integration by parts using ¢ :=
vVoxW¥ — &} € H(curl; D) gives

(v5,, Vx€) = (Voxw§,, €) = (C(v5), ).
Putting everything together yields
Suke(vn, ) = (v), — V5, VX (UVx T — &) — (C(vn — v5), vV x & — &5
< llvn = villapllvVox ¥ — @5 [lap«,

where we used the Cauchy—Schwarz inequality and the definitions (4.4a) and (4.4b) of the norms
lI-llap and ||-lap«, respectively. Taking the infimum over v§, € P} 4(7s) and over @} € Py(Ty)
completes the proof. O

4.3 Approximation and divergence conformity factors

Here, we introduce three factors to be used in the error analysis. We prove in Section 7 that
these factors tend to zero (with a certain rate) as the mesh size tends to zero.

For all & € Hy(curl = 0; D)L, we consider the adjoint problem consisting of finding (g €
H(curl; D) such that

b(w,(g) = (w,0)c Yw € Hy(curl; D). (4.7



Taking any test function w € Ho(curl = 0; D) C H(curl; D) shows that
wi(w, Cg)e = b(w, Cy) = (w,0) =0, (4.8)

where the first equality follows from Vyxw = 0, the second from the definition of the adjoint
solution, and the third from the assumption 8 € H(curl = 0; D)L. Since w is arbitrary in
H(curl = 0; D), this proves that ¢y € Ho(curl = 0;D)". Thus, ¢, € X7§. We introduce the
(nondimensional) approximation factors

Yap 1= sup min _ w|[Ce — | (4.9a)
ap 0cHy(curl=0;D)* v§, €PY, o (Th) ’
lle]le=1
Yaps = sup min _ w|lrVox¢y — @} |lap«- (4.9b)
ap 0c Ho(curl=0; D)+ &6 ePS(Th) 6 hllapx
lle]le=1

Notice that 7,p uses the triple norm ||-|| related to the boundedness property (3.15b) on bys.
Moreover, we introduce the (nondimensional) divergence conformity factor

Vv = sup w|| IG5 (vp) ||e- (4.10)
thXE

=1
k£
ICh 6 (w)IZ+vnlhe

Loosely speaking, 4, measures how much discretely divergence-free fields depart from being
exactly divergence-free.
5 A priori error analysis and inf-sup stability

This section is devoted to the error analysis of the dG approximation. As usual with Schatz-
like arguments, we first establish an error estimate by assuming that the discrete solution E},
exists and then we prove that the discrete problem (3.16) is indeed well-posed.

5.1 Error decomposition and best-approximation

We define the approximation error e := E — FE}, and consider the error decomposition
e =0y + 60, (5.1)
with
6, := (I — IIS)(e) € Hoy(curl = 0; D)*, 0n :=1I5(e) € Hy(curl = 0; D). (5.2)

Let us define the bilinear forms b; and but on Vi x V such that

b (v,w) = w? (v, w)e + (Co(v), Cho(w))w, (5.3a)
b (v, w) = bf (v, w) + s4(v, w). (5.3b)

The difference with by and by lies in the sign of the zero-order term. We define the best-
approximation operator BY : Vy — P} (Ty) as follows: For all v € V', B (v) € Pp(7y,) is such
that

bii(v = BY(v),wn) =0 Ywy, € PY(Th). (5.4)

The best-approximation error is defined to be

n:=FE — BL(E). (5.5)



Lemma 5.1 (Properties of BY). The best-approzimation operator BY defined in (5.4) enjoys
the following two properties:

IBR(0)llzs < Ivllzs, Yo e Vy, (5.6a)
BE(v) € X}, Vv € Py o(curl = 0;7n)*. (5.6b)

In particular, the error e = E — E}, satisfies
BP(e) e Xb. (5.6¢)

Proof. (5.6a) follows from the fact that the bilinear form bgrs is the inner product associated
with the |-[ly-norm. To prove (5.6b), consider any v € Pj o(curl = 0;7,)*. Take any
wy, € Py, o(curl = 0;7) in (5.4) and observe that C::g(wh) =0 and sy(-,wy) = 0. Since

W (BR(v), wh)e = w?*(By(v) — v, wh)e = by (B (v) — v,wp) =0,
we infer that By (v) € P§ o(curl = 0;T;)*. Moreover, By (v) € PY(T;,) by construction. This

proves (5.6b). Finally, (5.6¢c) follows from (4.2) and (5.6b). O

5.2 Preliminary bounds

Lemma 5.2 (Bound on 8y). We have

wllBolle < vap lells + Yaps [€lne, (5.7)
with the approzimation factors Yap and Yap« defined in (4.9a) and (4.9b), respectively.

Proof. Let g € Ho(curl; D) solve the adjoint problem (4.7) with data 8 := 6. Since E,{g €
H(curl; D), we infer from (3.13) and the definition of the adjoint solution that

bﬁS(E7 CB) = b(Ea CO) = (Ea 00)5-

Moreover, recalling the definition (3.12b) of bys, the assumption (3.11b) on sy, and the defini-
tion (4.3) of the weak consistency error, we infer that

bss(En,Cg) = —w?(Ep,Cg)e + (CZ’,(‘;(E;L), Vox€o)w
= (Ep, —w?elg + Vx(vVpxCg)) — wie(En,s (o)
= (Elu 90)6 - wkc(Eha Ce)

Combining the above two identities and using (0o, O11)e = 0 gives
w[|0o |12 = w(e, Bo)e = whys(e, Cp) — wiwke(En, Co)-
Owing to Galerkin orthogonality (see (4.1)), we infer that, for all v§, € Pj, o(7),
w[|0oll2 = whys(e, Cp — v5,) — wowie(En, Co)- (5.8)

Invoking the boundedness property (3.15b) on bys, and using the definition of the approximation
factor va.p gives

wlbzs(e, Co — v3)| < llell; wii€o — vill < llell; vapll€olle-

Moreover, invoking Lemma 4.2 to bound the weak consistency error and recalling the definition
of the approximation factor ~,p. gives

W[dwke(En,Co)l < |Enlne 'Yap*HOOHE = |€|uc 'Yap*HGOHE-

Putting the above two bounds together proves (5.7). O
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Lemma 5.3 (Bound on 0y). We have

w|frlle < WITIE(0)le +av {1|Cho(BR (€D + B3 (e) 2} (5.9)
Proof. We observe that
On + 00 = e =Bj(e) + (I - By)(e) = Bi(e) + 7,
since (I — BR)(E}) = 0. This gives 81 = BP(e) + 1 — 0. Since (011, 0¢)e = 0, we infer that
161112 = (611, B}(€))e + (811, m)e
— (O, T (BY(e)))e + (O, TT5 (1)) = O + O3,

where we used that 0 = I (01) and that ITf is self-adjoint for the inner product (-,-). We
bound ©; as follows:

1] < [16ne [TI5(By ()]
< |6l vavw {ICH BRI + 1BR(e)ac}

where we used the divergence conformity factor defined in (4.10) (this is legitimate since
BP(e) € X} owing to (5.6¢)). Moreover, the Cauchy-Schwarz inequality gives

O] < [|6n < [[TIG(1)]]e-
Putting the above two bounds together proves the assertion. O
Lemma 5.4 (Bound on [|6o|ss). We have

601z < (7 = TI5) (). + 20|11l vav {IC7:0(BR(e)) 12 + IBR(e) e} *

+21BP(e)|lne  min  [[vVoXE — ® [laps + 4w?||00]|>. 5.10
1By (e)] g o Il Vo hllap €0l (5.10)

Proof. Since e = m + BR(e) as shown in the above proof, we have 8y = (I — IIf)(e) =
(I —TI5)(m) + (I — II5) (B2 (e)). This gives

bzs (80, 00) = by (8o, (I — TI5)(m)) + bys(Bo, (1 — TI5) (B} (e)))
= bys(Bo, (1 = TI5) (1)) + bzs (e, (1 = TI5)(BR(e))),

(
where the second equality follows from bys(011, (I — IIG(+))) = 0. The first term on the right-
hand side is bounded by invoking the continuity property (3.15a), giving

b3 (B0, (1 = TT5) ()] < [90llss | (1 — TT5) () 5
The second term is decomposed as bys(e, (I — II5)(BP(e))) = B1 + B2 with
Bri=by(e,By(e)), B i= —by(e TI5(Bh(e))) = w?(On, TT5(B} (€)))e.
A straightforward calculation shows that
B1 = bys(B, By (€)) — bys (B, By (€)) = bys(E, B(e)) — (J, By (e))
= (Vox B, C} (B} (e))y — (VX (Vo x B), By () = —buic (Bl (€), B).

(Notice that we need to consider here all possible test functions in Pg(ﬁ) in the discrete
problem (3.16).) Hence, invoking Lemma 4.2 gives

< |BP i VoX E — ®5 | aps-
‘ﬁ1| <| h(e)lnc <1>7LemPl;I‘1(Th) |||V 0 hmap*
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Moreover, using the Cauchy-Schwarz inequality and since B} (e) € X} (see (5.6¢)), we have

1B2] < wl|0nlle vau {IIC o (B ()2 + [Bh(e)2.} 2.

Altogether, this gives

bss(80,60) < 180llzs 11 —TI5) () llzs + wl|Brlle vav {ICR o (BR(e)Z + [BR(e) o }

+ ‘Bg(eﬂnc mln( lvVox E — (I)hmap*'
h 1’

Since [|0¢ |\|§S = bys(00, 00) + 2w?[00||2, we infer that

160l < 180llzs I1(7 — TI§) (m)llzs + wllBrlle vav {ICT 0 (BR(e))IZ + 1BR(e)ac }*

+ |BP(€)|pe  min UV X E — &5 ||aps + 202600
Bh @) o min 1¥0xE — B s + 24200 2

Dealing with the first term on the right-hand side by Young’s inequality gives (5.10). O

5.3 A priori error estimate

To derive our a priori error estimate, we make the following assumption on the stabilization
bilinear form:
dp>0 st pvlne < |vls, Vv e Vy. (5.11)

In (5.11), the positive constant p is independent of the mesh size. The value of p can depend
on the mesh shape-regularity and the polynomial degree; see Remark 5.11 below for further
insight.

Theorem 5.5 (A priori error estimate and discrete well-posedness). Assume (5.11). The
following holds:

(1= epllellfs < (1 + dvav)Imllfs + 2f71|||6|||us nglgﬂ lvVox E — @5 [lap-- (5.12)

with ¢, = 8max(y2,, p~2v2p.) + max(1, p~?)(vay + 373,). Consequently, if the mesh size is
small enough so that ¢, < 1, the discrete problem (3.16) is well-posed.

Proof. We square (5.9) and add the result to (5.10). Since
lellZs = 10ollz +w?0nllZ, Il = I — TI5) (m)[IZ + | T ()2,

we obtain

llelZ < Imll + 4wl TG (m)lle vav {ICR o (BRI + 1BR(e)ac } *

k.0
+ 3’Y§v{||ch,0 Bre)lz + |Bh(e)|nc}
2|8 (€)|, i E — ® || aps + 4w?||60]|%.
+2iBy(e)lne min llr Vo x hllaps + 4w”[|00][¢

h 2

We deal with the second term on the right-hand side by Young’s inequality. Since w||II(n)]le <
wlnlle < lInllss, this gives

k(B
lelz < (1 + 4va)lnllzs + (vav + 393, {IICy o (BR(e)IZ + 1B (e)l2. }
+ 2‘Bg(e)|ncq) min |||VVOXE ), |||ap* + 4w2H00H2
h

g( h
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We invoke (5.7) to bound the last term on the right-hand side. This yields

lellz < (1 +4yva)lnliz + (vav + 33){ICH o (BR(e)IE + 1BR () }

+2B3(€)ln - Hggl,r ) Vo x E — @} [laps + 8(vipllelf +12p.lelie).

‘We observe that

ICroBr(e)I2 + 1Bh(e)|2. < max(1,p~2){||Cyo(Br(e))Z + |Bh(e)|?}

< maX( )IHBb( e)lli < max(1, p~*)[lell%,

where the last bound follows from (5.6a). Moreover, we have

Tapllelf +ip.lelne < max(viy, p7 v ) (lellf + lef?) = max(v7,, p7* 7750 llellz.
Combining the above bounds shows that

(1= cy)llellfs < (1 + 4vav)lImlli + 2IBE(e)|nc@ H},Hl( lvVox E — @} [lap--

Since p|BY(e)lne < B (e)]s < IBR(e)lss < llels, this readily gives (5.12). O

Remark 5.6 (Assumption (5.11)). In the context of the interior penalty dG method, where
the stabilization bilinear form sy is defined in (3.19), it is possible to choose the parameter
N« > 0 large enough so that (5.11) holds true. To this purpose, one can, for instance, bound
|Vn|ne by taking v, := I,5" (vy,) defined using the Ho(curl; D)-conforming averaging operator
analyzed in [21]. Furthermore, we notice that the converse bound to (5.11) is not required in
the analysis. It is, however, reasonable to assume that the converse bound plvp|s < |Up|ne holds
for some p > 0, in order to avoid ill-conditioned linear systems.

Remark 5.7 (Error estimate (5.12)). The last term on the right-hand side of (5.12) stems
from the weak consistency of the discrete formulation and somewhat pollutes the asymptotic
optimality of the a priori error estimate. We notice that this term can be made superconvergent
already with the choice £ = k (provided vVy X E is smooth enough). The (slight) price to pay is
to choose the stabilization factor n. large enough so that sy is indeed positive semidefinite for
{=k (see (3.19)).

5.4 Inf-sup stability
Here, we establish the discrete inf-sup stability of the bilinear form by on P (Ts) x Po(Tr).

Theorem 5.8 (Inf-sup stability). Under assumption (5.11), we have

/

—c
min max  |bys(vp, wp)| > —— (5.13)

vu €PR(Th) wn €PY(Th) o ’ 1+265t’

lonllss=1 " Nlwallgs=1

with ¢, = 2(Yap + 10 Yaps + max(1, p~2)n3, ).

Proof. Let vy, € Py(T;,). We build a suitable wy, € P} (Ty) so that [Jwp|lgs < (1+28) v llss
and bys (v, wn) = (1= ¢ )loall-

(1) Set vpg := (I — I5y)(vp) € X)) and vy = Io(vs) € Pj, o(curl = 0;7), so that
v, = Vo + V1. We further decompose vpg as vpo = Py + ¢ with ¢y := (I — IIj)(vpe) and
¢ = I (vno). Let &y € Ho(curl; D) be the unique adjoint solution such that b(w, &) =
w(w, ¢y)e for all w € Hy(curl; D). We set &,y := By (&), where B, : Ho(curl; D) —

13



P, o(Th) is uniquely defined by requiring that b;r(v —B§y(v), wy) =0, for all v € Hy(curl; D)
and all wy, € Py, ((75). Finally, we set

Wy = Vpo + 2€h0 — Vp1 € PZ(E)

(2) Upper bound on [|wp,||ss. The same argument as in the proof of Lemma 5.1 shows that
€m0l < ll€oll. Moreover, since ¢, € Ho(curl = 0; D)™, we have

B l€oll < wlidolle < wllvnolle < wllvnlle < fonlly < llvnlis:
This gives

2
lwillZ = llvno + 28nollEs + @?lloanllz < (lwnollss + 20€noll)” + w?[lonm2
< (14 2B4)flonollgs + w?llvnnlle < (1+284)* loallZ.

(3) Lower bound on bys(vp, wp). We first observe that
bss (Vn: €ho) = bys(Vhos Eno) + bgs(Vats, €1o) = is(Vno; §po) = bas(vho, o) + bys(vho, Eo — &o)-
We have
bs(Vno, &) = W (Vh0, Pp)e — Owke (Vh0, &) = W[ Poll2 — Swie(vno, &p)-
Invoking Lemma 4.2 and the definition (4.9b) of the approximation factor vap. gives

bis (vho; &) = w?[|@ollZ — [VnolncYapswldole.

Using the above bound on ||¢|le together with |vpglne = |Un|ne and assumption (5.11), we
infer that
bys(vno, &) = Wl Bl — ™ Yapulvnlslonlly > w?lldollZ = 507 yapsllvnllis, (5.14)

where the last bound follows from Young’s inequality. Furthermore, using the definition (4.9a)
of the approximation factor 7., together with the boundedness property (3.15b) gives

bis(Vho, €no — €0) = —llonllisvapwl|Polle > —vapllonllis-
Combining this lower bound with (5.14), we infer that
bis(Vnos €0) = w2 (ldollZ — (Yap + 50~ aps) lvnlls- (5.15)
Furthermore, using the divergence conformity factor 4 yields
Wl = @I (wro)l12 < 73 {ICH GRS + lvnole }
< max(L, p~*)73 fwnollfs < max(L, p~)7 3 Nvn k-
Since ||vpol|2 = [|@o |2 + ||@nl|?, combining this bound with (5.15) gives
bis(vno, €no) = w?llwnollZ — 3¢, lvnl.
Finally, bys(vn, vio — van) = [Jonllf — 20 [lvno||2, we infer that
bys (vn, wi) = bys (v, Vo + 2650 — vrn) = (1 — &) [lwnllfe
This completes the proof. O

Remark 5.9 (Discrete inf-sup constant). The discrete inf-sup constant appearing on the left-
hand side of (5.13) tends to (1 + 2Bs)~" as the mesh is refined, thus approaching, by up to a
factor of two at most, the inf-sup constant from the continuous setting.
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6 A posteriori residual-based error analysis

In this section, we estimate the error e := E — E}; by means of local residual-based quantities
called error indicators. We derive both a global upper error bound (reliability) and local lower
error bounds (local efficiency). The only property required for the discrete object E}, in the
a posteriori error analysis is to satisfy the Galerkin orthogonality (4.1) on conforming test
functions, i.e., bys(E — Ep, v};) = by(E — Ep,vj) = 0 for all vj € P} (7). Lemma 4.1 shows
that the dG solution solving (3.16) satisfies this property. For simplicity, we keep the notation
E}, in this section. For the a posteriori error analysis, we assume that V-J € L?(D) and that
the material properties are piecewise constant on the mesh.

6.1 Notation

For all K € 7y, the element patch K (resp., K ) denotes the domain covered by all the cells

K’ € Ty, sharing at least one vertex (resp., one edge) with K. Similarly, the extended patch K
is the domain covered by all the cells K € T}, sharing at least one vertex with a cell K’ € K.
For a face F' € Fj, F is the domain covered by the one or two cells sharing F. Whenever no

confusion can arise, we also employ the symbols K , K , K and F for the set of cells covering
the domains. We employ the symbol k; for the shape-regularity parameter of the mesh 7y,
and C(kT;,) denotes any generic constant solely depending on x7;, and whose value can change
at each occurrence. For all 7 C T}, we introduce the notation

€max,7 ‘= IaXINax max max €(x)u - v €min,7 = Min min min €(x)u - u 6.1
KeT z€K yeR? veRr? @) ’ TeT zeK ycRr? (@) ’ (6.1)
lu[=1]v|=1 |u]=1

and define vpax,7 and Vi, 7 similarly. Then, 97 := (Vmin,T/Emax,T)% stands for the minimum
velocity in the subdomain covered by the cells in 7. Finally, we write [|v]|3- := > o ||11||2L2(K)
and employ a similar notation if v is vector-valued. We also write |[v]|% := > e 7 ||v||2L2(F) for
every subset F C Fp,.

6.2 Estimator and error measure

The a posteriori error estimator is written as the sum over the mesh cells of local error indicators
nk for all K € T;,. The local error indicator consists of three pieces. The first two respectively
measure the residuals of the divergence constraint and of Maxwell’s equations:

_ h2 w2hK
o=t L0 + B+ S Bl o0 | (6.20)
2 -1 hi J 4 W2€E CH (B ))I[2 hk CH (B YIS |12
MK curl *= Vmin 7 ﬁ” +weE, — Vx(v h,o( )& + TH[[V h,o( h)]]aKHaK\aQ )
(6.2b)

where [eEL]3x|r = [€ER]%nr and [VVXER]$ k| r := [V X E]5%xnp for all F € Fi. The
last part of the estimator controls the nonconformity of the discrete field E}, as follows:

’lﬁK(V, k)

Hone = LD NE il e b) = max s v 2K (6:20)
where [E]§x|F := [En]%xnp for all F € Fg. For shortness, we also introduce the following
notation:

2

Nk ‘= n%(,div J'_n?(,curl +n%(,nc7 773 = Z 773,1(7 ,’72 = Z ,’7%(7 (63)
KeTy KeTn
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with e € {div, curl, nc}.
For all T C 7Ty, we define the error measure

= % {<Plela 10k @k + P el . 0

KeT

and we omit the subscript 7 whenever 7 = 7;,. A crucial observation is that the last term in
the norm measuring the nonconformity can be chosen independently of the stabilization in the
dG scheme. In particular, it does not have do be large enough.

6.3 Error upper bound (reliability)

We employ the quasi-interpolation operators from [31] (see also [33]). Specifically, there exists
an operator Iy, : Hg (D) — Pp,,(Ty) N Hg (D) such that, for all ¢ € Hj(D) and all K € Ty,

k2 k _
7z lla— Tho (@)l + E\lq — Lno(@)l5x < Clsm )l lall 7 ) (6.5)
K

where ”quP = Y werlldli + 5IVal% } and €p is a global length scale (e.g., the

diameter of D) Wthh is introduced here for dimensional consistency. Similarly, there exists an
operator Z5, : Hy(D) — P, o(Th) such that, for all w € H{(D) and all K € Ty,

k2 k _
o llw = Tho(w)ll + Ell(w ~ Iho(w)xnk ik < Clan ) 1wl 7). (6:6)
K

We will also need the quasi-interpolation averaging operator Z, 5" : PX(T,) — P o(Th)
from [21] which is such that there is ¢}V > 1 so that, for all v, € Pb (Tr) and all K € Ty,

hi lvn — ZigY (vn) I + IV x (v — Zig™ (vn)) | < Clk7;,)e \/ || vnlokllorx.  (6.7)

Previous work on averaging operators for scalar-valued functions [8, 29] indicates that one could
expect, at least for d = 2, that ¢}’ is bounded uniformly in %k, but we keep here the dependency
on k as the question remains, to our knowledge, open for d = 3. Invoking a discrete trace
inequality (see, e.g., [22, Lem. 12.10]) yields

k2 c
IVxwy, = Cg(vn)llx = ILj o (vn)llx < Clrm )y E”[[’Uh]]al(”(?K' (6.8)

Combining (6.7) and (6.8) gives

_ ,av k.0 ,av
hig lon = T (vn) | + 1Co(on = Tig™ (vn)) i < Clei, e \/ || vnlorllox,  (6.9)
and

whg

2
k4
lon — Zga™ (wn)llf < Clr ) ()2 <1+max ) Viin i 12 1 on1c 3. (6.10)
Kem ki ) o R b

Remark 6.1 (Broken curl). In view of (6.8), we can freely replace the discrete curl Ci’é by
the broken curl in the definition of the estimator n and the error measure ||-||+.
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We start by controlling the PDE residual in Lemma 6.2. Lemma 6.2 is similar to [14,
Lemma 3.2|, but the result proposed here is sharper. In particular, the constant only depends
on the shape-regularity of the mesh. Notice also that we consider here only conforming test
functions so that we can work with the bilinear form by rather than bys.

Lemma 6.2 (Residual). For all v € Ho(curl; D), we have
lbs(e, v)| < C(w7 )naclvll, (6.11)

. 2 .2 2
with Nde = Mdiv + Meurl -

Proof. Here, we invoke [41, Theorem 1], which states that, given any w € H(curl; D), there
exists S,o(w) € Py, o(7Tn), such that

w — Sjo(w) = Vg + ¢, (6.12)
with ¢ € H} (D), ¢ € H}(D) such that, for all K € Ty,
hi'lldlx + IVallx < Cler)lwllz, kil +Velx < Cler)IVoxwlz.  (6.13)
We now pick an arbitrary test function v € Hg(curl; D). We have
by(e,v) = by(e,v — S5y(v)) = by(e, Vg + ¢),

where ¢ and ¢ are the components of the decomposition in (6.12). We then estimate the two
parts of the residual associated with the decomposition separately.
For the gradient part, we write

by (e, Vq) = by(e, V(g —I}y(q)))
= —w?(e(e), V(g — I ()
= Y WA(V-(e(e),q — i)k — Y w*([e(e)]F q—Ti(a)r

KeTy FeFint
= Y —(V-(J+w’eEr),q — T (@)k + > W ([€En]§ q—Ti(a)r
KeT FeFnt
< Y AIV-(J +w?eEn)|kllg — Ty (@)l x + @’ I[€En]$x loronlla — T () lox §
KeTy,
% k g k =3
<Y mkawe® =w i —lla =i @k + 1/ —llg = Zig(@)lox ¢ -
KeT, min, K hK hK

For all K € Ty, invoking (6.5) and (6.13) and since hx < £p, we have

k k _
ol = TEo (@l + 5 lla = Zio(a) o < Ol ) lal e

_1
< Clwm)lollz < Clur)e ¥ o]l

Summing over K € 7; and since the number of overlaps is uniformly controlled by k7, , we
obtain
|bs(e, V)| < C k7, )naivw]v]e- (6.14)
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For the H, é(D)—part, proceeding similarly gives
by(e, @) = by(e, ¢ — Lo ()
= (J + By, ¢ — Ii(9)) — (Cho(En). Vox (¢ — Tio(@)))w
= Y (J+wleB) — Vx(WCyy(En)), ¢ — Tio(9))x

KeTh
— > (WCyo (BN ¢ — Tio(d)r
FeFy,
i k . k .
< D kew? =6 = Tin(@)lx + /1D — Tio(@)) xm]lax
min, K ]’LK hK
KeTh
1 _
< C(KTh) Z nK,cuer2_ I?EDlHd)HHl(I?)
KeT min,
1
SC(KT;L) Z 77K,cu1fll/2, I:(HVOX’UHI:{
KeT, min,

< C(k73,) Z 77K,Curle0><'U||uf(v
KEeTs ’

so that
bs(e, @) < C(kT, )Ncun|| Voxvlly. (6.15)

Combining (6.14) and (6.15) concludes the proof. O

The next step is an Aubin—Nitsche-type duality argument to estimate the Li—norm of the
error. Here, the weak consistency estimate from Lemma 4.2 is crucial to treat the nonconfor-
mity of the dG solution.

Lemma 6.3 (L?-norm reliability estimate). We have

wllefle < Ok, )(1 + Yap + sz'yap*m- (6.16)

Proof. Recall the L2-orthogonal decomposition e = 8 + 011 with 8y € H(curl = 0; D)l and
01 € Ho(curl = 0; D) (see (5.1)).
For the first component, we have

w[[00]Z = w(e, Bo)e = why(e. Co) — wiie(En Cp)- (6.17)

Since E}, satisfies the Galerkin orthogonality for conforming test functions and invoking the
bound (6.11) established in Lemma 6.2, we have, for all vy € Py, (7h),

why(e;Cp) = why(e; Co — v},) < Clh7)nwllCe — vill < C (K7 )vapnaclBolle, (6.18)

where we used the definition (4.9a) of v,p in the last inequality (recall that v§ is arbitrary in
%.0(Tn)). Moreover, owing to the estimate (4.6) from Lemma 4.2, we have

w|0wke(En; Co)l < [EnlncYap«[|6olle-
Recalling the definition (4.5) of the |-|nc-seminorm and using (6.9), we infer that
|Enlne < 1Bh = 5" (En)llap < C(657;,)¢5 e,
where we used that viax kk? < ¢k (v, k) (see (6.2c)). This gives

W|0wke (B, Co)l < C(57;,) ¢ NncVaps[|0olle- (6.19)
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Combining (6.17), (6.18) and (6.19), we arrive at
wl[olle < C(#7,)(Yap + €7 Yap«)1- (6.20)
For the other part of the error, since Oy € Hg(curl = 0; D), we can use (6.11) to write
w?[|0n 2 = ~b:(e,0n) < C (57, )acllOnll = C k7, )acw|| O (6.21)
Combining (6.20) and (6.21) proves (6.16). O

We are now ready to establish a reliability estimate with an argument similar to the one
used in [11] for the scalar Helmholtz problem.

Theorem 6.4 (Reliability). We have

. whk
lell+ < C(a7,)er” (1 + IIPEB%L m + Yap + '7ap*> 1. (6.22)
Proof. Since [le]|? = H|e|||§ + n2., we only need to estimate |He|\|§ To this purpose, recall that

the bilinear form b;’ defined in (5.3b) is the inner product associated with the ||-||;-norm. We
introduce the conforming H(curl; D)-conforming projection B§ : Vi3 — Hy(curl; D) such
that b;’(v — B§(v),w) = for all v € V and all w € Hy(curl; D). Reasoning as in the proof
of Lemma 5.1 proves the following Pythagorean identity:

lelf = I1E — BS(Ew; + 1B, — B (En).

We estimate separately the two terms on the right-hand side.
For the first term, we observe that E — B§(E},) € Hy(curl; D), and write that

IE — BS(En)l; = bf (E — Bi(Ey), E — Bi(Ey))
= b/ (e, E — B{(Ey))
= by(e, E — BS(Ey)) + 2w (e, E — BS(Ep))e.

Since the second argument in the first term on the right-hand side is conforming, this term
can be estimated by means of the estimate (6.11) from Lemma 6.2. This gives

bs(e, E — B3 (En))| < C(a7, )nacl E — B5 (En)|-
We apply the Cauchy—Schwarz inequality to bound the second term, leading to
w’|(e, E — Bi(Ep))e| < wlel|ew||E — B§(Ey)|e < wlelle[|E — B (E)].-

This yields the following estimate:
IE = B5(En)ll; < Clh7,)nae + wllelle < Cla7 )i (14 Yap + Yaps )1,

where we employed the L2-estimate (6.16) from Lemma 6.3.
For the second term, invoking (6.10) gives

KeT, kU . »

c v av WhK
IEn — B3 (En)ll: < I1En — Zig™ (En)lls < C(r, )ci <1 + max ) e
min, K

where we used that Vminf{k‘1 < Y (v, k) (see (6.2c)). Putting everything together yields the
assertion. O
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6.4 Local error lower bound (local efficiency)

We now derive efficiency estimates. To do so, we will need bubble functions (see [35] and
[14, Section 2.7]). Specifically, for all K € Ty, there exists a function b € H}(K) with
bx < C(k;,) such that, for all vg € Py 4,

lvklx < Clar )klbkvilx, (6.23)

and .
IV(bkvr)lx < C(“E)E”I)E(UK”K- (6.24)

Similarly, for all F' € F},, there exists a function bp € H{ (F) such that, for all v € Pra—1,
1
lvrllr < Clg)klbpvr|F, (6.25)

and an extension operator &p : Py 4-1 — Hé(ﬁ) such that, for all vp € Py 4—1, Ep(vp)|r =
bF’l)F and

_1 1 1
khp? | (on) |5+ kT hE | VER(vr)l| 5 < Clag)lIbzon] - (6.26)
Theorem 6.5 (Local efficiency). For all K € Ty, we have
1.3 whg
Nk < C(kr,) KR k2 1+k:197~ IE — Enll; g +oscg ¢ (6.27)
min, K

with the data oscillation term

osck 1= el Y, min W hie 1T = Juli? +h§(’\|v (J —Jn)llz (6.28)
== ~ 1 —_— — , e+ Sl . _ , .
K w? min,KK f(JhEPklz(Th) k2192' = hllK 2 h)lK 5

re d min,

g = VUV =
and the contrast coefficient Kp := max ¢ 225 —ment 4
min,I? min, K

Proof. Fix K € Tp,. The proof contains three parts, respectively dedicated to providing upper
bounds for Nk div, MK curl a0d MK ne-

(i) The proof that nx.aiw < C(k7, )k? (w|E — Ey||_ 7z + oscg ) can be found in [14, Lemma

3.5]. This proof is established for conforming edge finite elements, but it holds verbatim in the
discontinuous Galerkin setting.

(ii) For nk cur1, we need to slightly adapt the proof from [14, Lemma 3.6]. The volumic residual
and jump term in 7x curl are estimated separately.

(iia) For the volume term, we introduce 7 := J i + w?eE}, — VX(VCZ7€(E;L))|K and vig =
bir i, with J i arbitrary in Py, 4. We observe that v vanishes on 0K, so that, letting v, be
the zero-extension of vx to D, we infer that

il = o)k = (T vi) i — bys(Bnyon) = bis(E — Eyoop) — (J — Jie, v i
For the first term, we employ (6.24) to show that
|bys (B — Ep,vp)|
< W|E = Bhllexwel o lviclic + 1CEEE = En)lloict2 o i V30 i

1 1 k ko0 1
< C(k7,) <(w€§qax,K)w|E — Epllex + Vriax,K@HChio(E - Eh)llu,K> [bE T x|l

1 k wh 1
< Clhr)Vimer | o w|E — Eplle,x + |CY5(E = En)llv.x ) b3 k-
hg \ kU
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The second term is simply estimated as follows

1 k _1 h
(J =Tk, vr)k| < | J = Ikllxllvklx < ClkT,) <Véax,KhK> Vinas, K ;HJ Tl lbir .

Combining these two bounds leads to

1

th
o + b 1T = Ticlic

1 hg
s Wkl < o) { (14255 ) 18 - B

and therefore

T Ll
VmaxK k ||TK||K7kaaxK k HbKTKHK

wh 1
< Ol { (14 555 1B = Ball + vl 10 = Tl )

Invoking the triangle inequality leads to
Vma,x K k ||J tw eEh - VX(VC];L O(Eh))HK

th

< ok { (1+ 95 ) 18 - Bl

Vb T = Tl f (629

(iib) For the jump term, we introduce rp := [[VCZ’f)(Eh)]]% and vy = Ep(rp) € HY(F).
Since vp € H{(F), we have

Ibzrel? = (revr)e
= (Vx(WCo(En)),vr) g — WCYo(Ew), VXvp) 5
= (WCLG(E — Ey,), Vxvp)p — (Vx(vCyo(E — Ey)), vr) 5. (6.30)

For the first term, we can immediately write that

1
(WCo(E = Ey),Vxvp)s| <v:  |CUG(E — By, 5l Vxvr| s

max,F

_1 1 k.0 1
< Cler)khp? vy H1CYo(E = En)ll, slbprel 5

where we employed (6.26). We infer that

_1 h 1
Ve 2\ o WO (E = Bn), Vxvp)z| < Clur k2 |Cho (B = By, gllbprrels  (6:31)

max,F’
For the second term, we first observe that
Vx(VCyo(E — Ey)) = J +w?eE — Vx(v(Cy Ey))
*e(E — Ey) +J +w’€eE), — Vx(v(Cy(En)),
and therefore,
k.0
[Vx(@Cyo(E — En)l 5

1
< we;axijE —Eull 5+ I+ w’eE), — VX(V(CZ’gEh))Hﬁ

1 k [whg 1
sV;axﬁhK(w B =Bl s+, 1T 4 w2eBy - T ((ChL BNz )
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Combining this last estimate with (6.26) and invoking the Cauchy—Schwarz inequality gives

v [
Y :|(V><( cﬁ;ﬁ(E—Eh)),vp)ﬁléC(nn)x

max,F’
whi -1 ket L3
Tk WIE = Enlle 5 +v, 2 5 k LT + w?eEBy, — Vx(u(CyoB)lg ) k2 birelr. (6.32)

We can now plug (6.31) and (6.32) in (6.30), leading to

maxp\/ Hb rrllF

1 wh 1 h
< C’(,{Th)kz (19 I]z ||E Eh”eF + v :x7ﬁ7K||J+w26Eh - VX(V(CZf)Eh))”ﬁ>

+C(k, )k | C o (B — By, &

th
<l b (14 M) \B - B, -

_1
+0(Hﬂl)k—%yma2xF - |J + w?eE), — Vx(v (CZ’f’)Eh))HI;

1 th 1
< C(k, )k? (<1+M> IE - Bl 7 +v, 2 - k Ll -~ JhF,)

owing to (6.29). It follows from (6.25) that

3 whi 1
NK curl < C(K7;,)k>2 <<1+ 19k> IE — EhmﬁK"‘ maQXK . ||J Jh||K>

(iii) For the last part of the estimator, we simply use that 73 .. < [|E — Epll§ x + n5c ne =
IE — Enl? - .

7 Bound on approximation and divergence conformity fac-
tors

In this section, we show that the factors introduced in Section 4.3 tend to zero as the mesh is
refined. For positive real numbers A and B, we abbreviate as A < B the inequality A < CB
with a generic (nondimensional) constant C' whose value can change at each occurrence as long
as it is independent of the mesh size, the frequency parameter w, and, whenever relevant, any
function involved in the bound. The constant C' can depend on the shape-regularity of the
mesh, the polynomial degree k, the (global) contrast in the coefficients (i.e. €max/€min and
Vmax/Vmin ), and the shape of the domain D (but not on its size).
For simplicity, we focus on the case where the parameters € and v are piecewise constant
on a polyhedral partition of D. Under this assumption (see [18, 30, 5]), there exists s € (0, 3)
such that, for all v € Hy(curl; D) with ev € H(div = 0; D), and for all w € H(curl; D) with
v—lw € Hy(div = 0; D), we have v,w € H*(D) with
1
[y S5 Vi [ Voxoll,, Wl e (D) S x|V X W] 1. (7.1)

min

Here again, the length scale ¢p, e.g., the diameter of D, is introduced for dimensional con-
sistency. We will also need commuting (quasi-)interpolation operators, J7 : H(curl; D) —
P{(Ty) and J& : H(div; D) — P(T) := Pp(Ty) N H(div; D) such that Vx(Jg(v)) =
J3(Vxw) for all v € H(curl; D) and

lo = T )|l S B lolaep),  llw =I5 (w)]| S [lwl, (7.2)
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for all v € H(curl; D) N H?(D) and all w € H(div; D). Since we are working on simplicial
meshes, we can invoke the operators devised in [22, Section 20] (see also [40, 3, 15, 16]) using
edge (Nédélec) and Raviart—Thomas finite elements.

Proposition 7.1 (Primal approximation factor). Let ., be defined in (4.9a). We have

wlp\' 7 [ wh \*
'Vap,S(l'f'ﬁst)(ﬁ.D) (19 ) )

where Bg is the stability constant introduced in (2.8).

Proof. See [12, Lemma 5.1]. O

Lemma 7.2 (Dual approximation factor). Let yaps be defined in (4.9b). We have

wlp = oh \*

Proof. Consider a right-hand side 8 € H(curl = 0; D)L and the associated adjoint solution
Co € Hy(curl; D) defined in (4.7). Set ¢g := 'V xg. The strong form of Maxwell’s equations
ensures that

VXpg = €0 + w?eCy,

so that ¢¢ € H(curl; D) with
IVxglle-r < [0l +w?[[Colle < (1+ Bar) 0]l (7:4)

Besides, since v~y € Hy(div = 0; D), we infer that ¢ € H*(D) with

1
|Polrr=(D) S 05 "Emax||V X Pplle-1. (7.5)
We are now ready to bound v,p«. We notice that
Vsp* < w2“|¢9 - j}f (¢0)”|§.p*
1z
= W[y — T (@o)ll5-1 + w77 2h(Vx g — T (V<)) 1%,

where we employed the commuting property satisfied by J¢ and J. We bound the two terms
on the right-hand side. For the first term, invoking (7.2) and (7.5), we have

_1 _s b°
wllpg — Ty (d6) -1 §WVmiih6|¢e|HS(D)§W€}j . IV xglle-

wl I=s 7 oh \°
- (ﬂmi1> (ﬂmin) Hvxd)(?”e*l- (7.6)

For the second term, using (7.2), we can write

WT2R(V g — T (Vo)) < whi 21V x g — Ti (VX by
wh

_1
Swh Vol S | Vxolr. (77)
Combining (7.4), (7.6) and (7.7) and observing that h < ¢p proves the assertion. O

Lemma 7.3 (Divergence conformity factor). Let yqv be defined in (4.10). We have

wlp = oh \ ¢
<
v <19min ) <'l9min > ’ (78)
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Proof. Let vy, € X? and consider an arbitrary v§ € P, o(Th). Since I}, (vy) = 0 by assump-
tion, we have

05 (vn) = I (v, — vj,) + (v},
=I5 ((I — M) (v — vj,)) + M (vj, — TL0(v},)-

Multiplying by w, and invoking the triangle inequality and the Lz—stability of the projection
operators, we infer that

w|[Ig(va)le < wllvn — vile + w[[T (v}, — T (v}))|le-

For the second term on the right-hand side, we invoke [12, Lemma 5.2] which gives

C(aC c c wlp e wh \° c c c
A0~ o)l < (52 ) (520 ) 1%k - (el

WED 1-s wh s , .
S(52) (52) UCkionll + Gk~ vh)lk),

where we used that Vo xIIj(v$,) = 0 and the triangle inequality. For the first term, we observe
that

wh  _1+_ wh
wllvn — v lle < ——1F2h ™ (vn — o) < —
19111111 191‘[1111

Combining this bound with the above two bounds and since h < £p, this gives

lon = vj llap-

1—s s
wlp wh k.0 1
AT S (52) (52) (koW + lon - vi12)"-

The bound (7.8) follows by taking the minimum over v € Py (75). O

Remark 7.4 (Other settings). It is possible to show that the above factors tend to zero under
less restrictive assumptions on the coefficients. Similarly, one can show improved convergence
rates by assuming extra regularity. We refer the reader to the discussions in [12, Section 5] for
more details.
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