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Abstract. We prove in this paper that the solution to the time-dependent Schrédinger equation can be expressed as the
solution of a global space-time quadratic minimization problem that is amenable to Galerkin time-space discretization schemes,
using an appropriate least-square formulation. The present analysis can be applied to the electronic many-body time-dependent
Schrodinger equation with an arbitrary number of electrons and interaction potentials with Coulomb singularities. We motivate
the interest of the present approach with two goals: first, the design of Galerkin space-time discretization methods; second, the
definition of dynamical low-rank approximations following a variational principle different from the classical Dirac-Frenkel principle,
and for which it is possible to prove the global-in-time existence of solutions.
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1. Introduction. The aim of this paper is to introduce a new global space-time variational formulation
of the linear evolution Schrodinger equation

(11) {(i@ —H— B (t) = f(t), tel,

u*(0) = g,

where H is a self-adjoint operator on a separable Hilbert space H with domain D(H), I = (0,T') for some T > 0
and B : I >t B(t) is a strongly continuous family of bounded self-adjoint operators on H, and f € L2(I,H).
Throughout the paper, the equation will often be studied first without the time dependent part of the operator
(i.e. with B(t) = 0) before extending the result to the case of nonzero B’s, in which case we will refer to

12 {(iat — HuO(t) = f(t), tel
' u*0(0) = uo.

which is only a particular case of (1.1).

The general setting above includes the case of the time-dependent Schrédinger equation defined on the whole
space (in arbitrary large dimension) and with interaction potential with Coulomb singularities. This includes in
particular the case of the time-dependent Schrodinger evolution equation associated to the many-body electronic
Hamiltonian for molecules. The latter concerns the following case: consider a system of N € N* electrons in a
molecule with M € N* nuclei in the Born-Oppenheimer approximation [4, 7]. Let us assume that the positions

and electric charges of the nuclei are given respectively as Ry,...,Ry € R3 and Zy,...,Zy > 0. Then,
H = L*(R3YN) (or, for fermions, H = /\fil L?(R3) the set of antisymmetric functions of L?(R3*Y)) and
M N
Z 1
1.3 H=-A— — 4 _
(3 ;;‘xiiRH 1<i<j<N |zi — ;]
=1i= <i<j<

the quantity | - | denoting the euclidean norm in R3.

The outline of this paper is as follows. In Section 2, we introduce the space of solutions (as defined in
Definition 2.1) to (1.2):

(1.4) Xg = {u™® € L*(I,H) : 3(uo, f) € H x L*(I,H) such that u*° solves (1.2)}.

We prove that a solution to (1.1) belongs to Xz, and that «* solution to (1.1) can also be characterized as
follows:

(1.5) Find «* € Xy such that «* = argmin E(u),
u€Xy
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where
(1.6) Vue Xy,  E(u) =|u(0) — uo|* + T|(i0: — H — B(t))u — fl|7a;.2) -

In Section 3, we state our main results: first, in Theorem 3.7, we will prove that when H = Hy + A with Hy a
“well known” operator and A a “perturbation”, we actually have the equality Xz = X, .

We then state in Corollary 3.8 that this result, combined with (2.9), leads to another space-time formulation
of (1.1):

(1.7) Find v* € H'(I,H) such that v* = argmin F(v),
veEHYI,H)
where
: i —i i 2
(1.8) Yo e HY(I,H), F(v)=|v(0)— uo\2 +T H(z@t —eitHo(A 4 B(t)) e #Ho)y — gitHo f|‘L2(LH) .

Since the functionals E and F' are quadratic, both (1.5) and (1.7) can be associated to a Lax-Milgram variational
problem of the form

Yu € Xy, a(u*,u)=1(u), (resp.Yve& H(I,H), b*,v)=m(v))

where a : X x Xy — C (vesp. b: HY(I,H) x H'(I,H) — C) is a continuous hermitian coercive sesquilinear
form on Xy x Xy (vesp. HY'(I,H) x HY(I,H)) and [ : Xy — C (resp. m : H'(I,H) — C) is a continuous
linear form. More precisely, we introduce an appropriate least-square formulation [12] of the latter equation,
satisfying the following wish list (under suitable assumptions on the Hamiltonian H):
(i) the coercivity and continuity constants of the bilinear form a should not decrease (respectively increase)
faster than some inverse of polynomial (respectively polynomial) with the value of the final time T}

(ii) it should yield practical Galerkin space-time numerical schemes;

(iii) it should be useful to define new dynamical low-rank approximations using a different variational
principle than the classical Dirac-Frenkel principle [1, 3, 13, 27, 28, 30]. The advantage of the proposed
formulation is that it is possible then to prove the global-in-time existence of some dynamical low-rank
approximations, without any restrictions on the data of the problem.

We would like to stress the fact that our present analysis covers the case of unbounded domains and interaction
potentials with Coulomb singularities (see Subsection 3.4), which includes the case of the many-body electronic
Schrodinger Hamiltonian introduced above. While our main motivation for the present work stems from the
design of new global-in-time dynamical low-rank approximations, which is the object of another article [11], we
present here some preliminary numerical results about global space-time Galerkin discretization schemes for the
time-dependent Schrodinger equation associated to the variational formulation presented here.

Section 4 opens some perspectives about the usefulness of the proposed formulation for the definition of
new dynamical low-rank approximations of the solution to the time-dependent Schrodinger equation, which can
be proved to be well-posed globally in time without any restrictions on the data of the problem. As mentioned
above, this line of research will be the object of a follow-up article [11].

Lastly, in Appendix A, we propose Galerkin space-time discretization methods associated with the formu-
lations proposed in Section 3 and illustrate their numerical behavior.

Similar least-square formulations exist for parabolic problems [9], the wave equation [14, 20], and the Navier-
Stokes equation [26]. Let us thus comment here about the state-of-the-art of global space-time discretization
methods for the time-dependent Schrodinger equation. In [10], a spacetime discontinuous Petrov-Galerkin
(DPG) method for the linear time-dependent Schrodinger equation is proposed. Two variational formulations
are proved to be well posed: a strong formulation (with no relaxation of the original equation) and a weak
formulation (also called the ultra-weak formulation, which transfers all derivatives onto test functions). However,
the analysis is restricted to the case of an equation posed on a bounded domain and without an interaction
potential. In [15] and [16], space-time discontinuous Galerkin methods for the linear Schrédinger equation are
proposed, where the equations are posed on a bounded domain, and with potentials that are bounded. In these
works, the focus is on setting the appropriate discontinuous Galerkin method for the Schrodinger evolution.
In [18], the authors propose an ultra-weak global space-time formulation for the time-dependent Schrédinger
operator with instationary Hamiltonian. An associated discretization scheme is proposed method as a Petrov-
Galerkin global space-time discretization method. The scope of the latter work is however restricted to the case
of bounded domains and bounded interaction potentials. Let us also mention here the works [22, 23] where
continuous and discontinuous methods for the nonlinear cubic Schrodinger equation are analyzed. We stress
here the fact that our present analysis is restricted to the case of linear time-dependent Schrédinger equations.
However, some ideas and tools used in this paper also appear in the nonlinear Schrodinger literature [5].
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2. Preliminaries. The aim of this section is twofold: (i) we introduce some notation which will be used
throughout the article, together with the appropriate notion of weak solution for the time-dependent Schrodinger
equations we consider in this work; (ii) we introduce a preliminary global time-space variational formulation of
the time-dependent Schrodinger problem in the case when the Hamiltonian does not depend on time. However,
we will see that this first variational formulation is not convenient to use in practice for numerical purposes,
which motivates the main results we establish in the next section.

2.1. Notations and Weak Solutions. Throughout this paper, we fix some final time 7" > 0, and the
interval I = (0,T). We also fix (H, (-,-)) a separable Hilbert space with the associated norm |-| = /(,-). For
a bounded operator B defined on H, we define its operator norm as

Br
(2.1) [B]l = sup [Ba],
zer\{0} |7

Unless stated otherwise, H is a self-adjoint operator on H with domain D(H) C H, and B : I >t~ B(t) is a
strongly continuous family of bounded self-adjoint operators on #.
We consider the Bochner space L?(I,H), which is a Hilbert space when equipped with the inner product

(2.2) Vu,v € LALH),  (ulv) o2 = /1 dt (u(t), v(t)).

The norm associated with the inner product (2.2) is denoted by ||| 3. See for example [21] for an intro-

duction to Bochner spaces. For any normed space E, we also denote by C¥(I, E) (resp. C¥(I, E)) the space of
k-th times continuously differentiable functions (resp. with compact support K C I) from I to E.

We use a standard notion of weak solutions to (1.1) defined as follows. Although the paper mostly focuses
on time intervals of the form (0,7, it will be useful for us to state the definition for more general time intervals:

DEFINITION 2.1. Let J C R be a (possibly unbounded) open time interval such that 0 € J. Let ug € H and
feL?(JH).
An element uw € L2 (J,H) is said to be a weak solution to (1.2) if the following two conditions are satisfied:
(C1) For any p € CO(J,D(H))NCL(J,H),

(2.3) (ul(i0r — H)@) 1o gy = (f10) 230 -

(C2) The equality u(0) = ug holds in H.
Remark 2.2. By Proposition B.2, (C1) implies that u € C° (j, ’H), hence u(0) is well defined as an element
of H, and (C2) can be understood as a pointwise equality.

Remark 2.3. A consequence of Definition 2.1 is that, for J =1 = (0,T) and u € L?(I,H), we say that u is
a weak solution to (1.1) if:
(C1) For any ¢ € CO(J,D(H)) NCL(J, H),

(2.4) (ul(i0; — H — B(t))@)LZ(I,H) = (f“P)L’A‘(I,H) .

(C2) The equality u(0) = ug holds in H.

2.2. Duhamel formula and functional space. Let us equip the space Xy defined in (1.4) with the
inner product

(2.5) Vu,v € X, (ulv)y, = (u(0),v(0)) + T ((i10; — H)ul(i0; — H)”)H(I,H) .

The associated norm is then denoted by ||ul| ., = {/(u[u) 5. The factor T"in (2.5) is introduced for homogeneity,

ensuring that the estimates for the C°(I,H) norm have constants independent of 7' (see Proposition 2.4). It is
an arbitrary choice, and removing it will result in an equivalent norm (with equivalence constants that depend
on T'), and will also influence the constants in Theorem 3.7 and Corollary 3.8.

The essential properties of the space X'y are summarized in the following result, the proof of which only
requires to carefully work with Definition 2.1 and can be found in Appendix B:

PROPOSITION 2.4. The space Xy equipped with the inner product (-|-)x,, defined in (2.5) is a Hilbert space,
and the application

(2.6) {LQ(I,H) — LI, H)

u — (I3t~ e u(t))
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defines an isomorphism between Xg and H*(I,H). In particular, Xz is continuously embedded into C°(I,H),
and we have the estimate

(2.7) Vu € X, Nulleor gy < ‘/§||U||XH .

Furthermore, for any f € L*(I,H), uo € H and B : I > t — B(t) a strongly continuous family of
bounded self-adjoint operators acting on H, there exists a unique solution u* € L*(I,H) to (1.1) in the sense of
Definition 2.1. Moreover, u* belongs to Xy and satisfies

(2.8) Vtel, w(t)=e "y, — i/o ds e (f(s) — B(s)u*(s)).

In other words, the first part of Proposition 2.4 states that the set X'y can be equivalently characterized as
follows:

(2.9) Xy={I>t—e™uit):ve H'(,H)}.

Remark 2.5. Tt is easy to check that, whenever H is bounded, we simply have Xy = H'(I,H), and the
norms |[-[| ,, and |||z 5 are equivalent. However, this equality does not hold when H is an unbounded
operator: let ¢ € H\ D(H), and define ¢ : I >t — . It is clear that ¢» € H'(I,H) \ Xy. Conversely, the
function 7 : I >t — e~  belongs to Xy \ H (I, H).

Remark 2.6. We do not include the time dependent part B(t) in the definition (1.4) because, as we will
prove in Theorem 3.7, this would yield the same space with a different norm

D=

(2.10) Vue Xy, N = () + T |0~ H— BO)ul2y15) "

which turns out to be equivalent to [|-[| ., -
Thanks to Proposition 2.4, one can reformulate the solution u*° of the evolution equation (1.2) (in the
sense of Definition 2.1) as follows: since
%012 2 . 2
(2.11) Vue Xy, |lu—u ’OHXH = [u(0) = uo|” +T'[|(i0; — H)u — fll21 34 »

the solution u*? of (1.2) is equivalently the unique solution to the minimization problem

(2.12) w0 = argmin (|u(0) — ol + T || (i8% — H)u — inzg,H)) .

uEXy

Although this problem is well-posed and seemingly simple, this formulation is unsatisfactory, since the only
explicit characterization given for Xz at this point involves the evolution group e~ (as can be seen from
equation (2.9)). In particular, finding an orthonormal basis (or a Riesz basis) of Xy is not a trivial task.
Theorem 3.7 will provide a more satisfying characterization of Xy under some assumptions.

In our analysis, we will need the following property of the space Xy . Let us define the space

(2.13) Wy = (¢ (I, D(H")).
keN

The spaces D(Hk) are defined recursively by D(Hk) = {<p € D(H’“l) cHFlp e D(H)} and endowed with
the graph norm of H*. The following density result then holds.

PROPOSITION 2.7. The space WY defined in (2.13) is a dense subspace of X, and for any u,v € Xy we
have

(2.14) /1 dt (10, — H)u(t),v(t)) = —i ((u(T),v(T)) — (u(0),v(0))) +/I dt (u, (10, — H)v).

Proof. We first prove that C* (I_ , H) is a dense subset of Xy. Subsequently, we demonstrate that W is
also a dense subset of Xg.
Let u*% € Xy, f = (i0; — H)u*° and ug = u*°(0) € H. Define for any t € R

¢
a(t) = e H g — z/ ds e "= 1,(5) f(s),
0
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where 17 is the characteristic function of the interval I. As in Corollary B.3, it can be checked that @ € L2 (R, H)
is the unique solution to the evolution problem

(i, — H)Ya=1;f, teR
’11(0) = Ug,

in the sense of Definition 2.1. In particular, the uniqueness of weak solutions implies that @ ; = u*Y. Now, for
all n > 0, let p,, : R — R be such that (p,)n>0 is a family of mollifiers (for the ¢ variable) and

WEER, un(t) = py o+ ii(t) = /R ds po(s)ii(t — 5).

The usual properties of mollifiers imply

un € C (L),
Up, ’j%’& in L2(I,H),

To check the last equality, take ¢ € CO(I, D(H)) N CL(I,H) and compute
(w301 = o) = [ ds pu(o) il = )01~ 1))

_ / ds pu(s) (f(- = 5)|0)
R

Z(Pn*f|80)~

We have thus proved that Hunlf — UHXH — 0. This proves that C*° (I_7 ’H) is a dense subspace of X .

Now let u € C* (7, 7—[) Let n > 0 and m(_,, »,)(H) be the spectral projector on (—n,n) associated with the
self-adjoint operator H. We then define v,,(t) = 7(_y, ) (H)u(t) for all t € I. We easily check that for all n > 0,

v, € WS,
v, —— u in L2(I,H),

n—oo

fu = (10 = H)vo = w1y (H)f —— f in L2(I,H),

which implies that ||v, — ul|l,, — 0, and it follows that W is a dense subspace of Xp.
To prove (2.14), we simply integrate by part for any u,v € WgP and conclude by density since both sides
are continuous with respect to [|-[| ., - 0

3. Space-time variational formulation for the Schrédinger equation. In this section, after stating
some preliminary results and definitions in Section 3.1, we state an abstract condition on operators H and Hy
which guarantees the equality X = Xg,. Section 3.3 contains the proof of this characterization. In Section 3.4,
we consider the case of the electronic many-body hamiltonian (1.3), and prove that the characterization of the
previous sections holds for Hy = —A. In Section 3.5, we also focus on the electronic Schrédinger equation to
obtain some additional time regularity for the solution under the assumption that the electronic potential is
smooth. Lastly, in Section 3.6, we make some additional comments on an alternative formulation which relies
on the use of the Duhamel formula and draw the link between the proposed formulation and previous works in
the literature.

3.1. Preliminary results from Kato smoothing theory. Our analysis requires some tools from Kato
smoothing theory. For the sake of completeness, we gather here all the definitions and results needed for the
next sections. Most of them can be found in [29] or can be directly derived from it.

Throughout this section, Hy is a self-adjoint operator on H with domain D(Hp), and A is a symmetric
closed operator on H.

LeEMMA 3.1 (Plancherel identity). Let ¢ € L'(R,H). Define for all p € R,

(3.1) Fp) = Cr) 7t [ are o)
Then
(3.2) / dt |Ap(t)[? = / dp |AG(p) 2,

where the integrals are set equal to oo if we do not have that ©(t) (resp. §(p)) is in D(A) for almost all t € R.
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Proof. See [29], Chapter XIII, Section 3, Lemma 1, p. 142. O

PROPOSITION 3.2. The two following properties are equivalent
(i) It holds that

1 . 2
c1 = sup —/ dt |Ae*“5H0 Pl < oo.
eEH, pl=1 2T Jr

(i) It holds that D(Hy) C D(A), and

_ 2
== sup |A(Ho — 1)~ | S| < o0,
T REC\R, p€eM, |p|=1

where S denotes the imaginary part of .
Moreover, when (i) and (i) hold, then c1 = cs.
Proof. See [29], Chapter XIII, Section 3, Theorem XIIL.25, p. 146. |

DEFINITION 3.3. If A satisfies the properties (i) and (ii) from Proposition 3.2, we say that A is Hy-smooth.
Additionally, the common value of \/c1 and \/c3 is denoted by || Al 5, -

From the proof of Proposition 3.2, we also extract the following lemma.

LEMMA 3.4. Let Hy be a self-adjoint operator and A a closed operator. For any € > 0 we have

1 .
sup - / dt e~ 21! |A e itHo go|2 < sup e|A(Ho — A £ i5)71<p|2 .
PEH, |pl|=1 R AER, €M, |p|=1

Proof. The following proof is just an extract of the proof of Proposition 3.2. Since it is instructive, we recall
it here for the sake of completeness.
We first notice that, for a bounded operator C' on H, we have

Vi1 € D(A"), Yo € H, (C*A™Y1[ha) = (A™1|Cha),

from which we conclude that, the following statements are equivalent :
a) RanC C D(A) and ||AC|| < o
b) It holds
sup |C* A% p] < 0.
PED(A*),|p|=1

Moreover, whenever a) and b) hold, we have the following equality:

sup  |CTATp| = [[AC][.
pED(A%) [o|=1

Therefore, taking C' = (Hp — A — ig) ™!, we obtain

Ce = sup 5|A(H0—)\—i5)_1g0’2
AER, pEH, |p|=1

= sup E|(H0 —)\—i—z’s)_lA*go‘z
AER
pED(A"), |pl=1
= sup (e(Ho — A —ie) "' (Ho — A +ie) T A%p| A%p) .
AER
PED(A™), |p|=1
The operator e(Hg — XA — i)"Y (Hy — A + i)~ = (20) "1 ((Hp — X\ —ie) ™! — (Ho — A +ig)~!) being bounded,
self-adjoint and positive, we can consider its square root K.(\), and the previous equality is equivalent to

sup |K.(NA = sup e|A(Ho — A —ie) Y| = &,
AER AER, pEH, p|=1
PED(A™), |p|=1

hence, for any A € R Ran K.(A\) C D(A) and
[AK (M) = e

‘We now observe that -
—i(Hg — X\ —ig)™' = / dt et oM o7 itHo
0



SPACE-TIME VARIATIONAL SCHRODINGER EVOLUTION 7

1

Using a similar identity for (Hy — A + i)~ and applying Lemma 3.1 and the resolvent identity, we obtain, for

all p € H,

/dt e 2t gemitHo | = (2m)” /dA |A((H07)\7i5)’17(H07A+i5)71)90f2
R

= g/ d\ |AK5()\) %)
™ JR

2 [ xRl

S /d/\ (Hy — X\ —ie)™' — (Hy — A +ie)™ <p}<p
T2

| 2

I /\

Denoting by du, the spectral measure of ¢ for H, we have

%2% i dX\ ((Ho — A —ie)™" = (Ho — A +ie) " Hg|p)
—2 [ d () =21
and the result follows. |

3.2. Global space-time formulation in H!(I,H). The following theorem states an abstract condition
on a couple of operators Hy and A on A which ensures that Xy, 44 = Xpm,. The proof is postponed to
Subsection 3.3.

More precisely, we make the following set of assumptions on the operators Hy and A.

Assumptions (A):
(A1) The operator Hy is a self-adjoint operator on H.
(A2) The operator A is a closed symmetric operator on H such that D(Hy) C D(A).
(A3) There exists some £ > 0 such that

(3.3) sup ||A(Ho — A +ie) 7| < 1.
AER

LEMMA 3.5. Let Hy and A be operators on H satisfying (A), and B : 1>t B(t) be a strongly continuous
family of bounded self-adjoint operator on H. Then, for anyt € I, H(t) = Ho + A + B(t) defined on D(H(t)) :=
D(Hy) 1is self-adjoint.

Proof. By (A3), we have a = ||A(Hy + i)' < 1. Let ¢ € D(Hy), then we have

|Ap| = |A(Ho +ie) "' (Ho +ie)p| < al(Ho +ic)p]
< alHop| +alel gl
i.e. A is Hp-bounded with relative bound striclty smaller than 1. Since, by (A2), A is symmetric, the Kato-

Rellich theorem implies that Hy + A is self-adjoint on D(Hj). Since B(t) is a bounded self-adjoint operator,
the same statement holds for H(t). 0

Remark 3.6. If Hy is such that assumption (Al) is satisfied, we can already identify two cases for which
assumptions (A2) and (A3) are satisfied:
i) the operator A is a bounded self-adjoint operator: as we have D(Hy) C H = D(A) and

sup || A(Ho — A +ie) Y| < [l A]| ||(Ho - A+ ie) 1| < 1A o,
AER

lel  leloo
ii) the operator A is closed symmetric and Hp-smooth (in the sense of Definition 3.3): as these properties

ensure that D(Hy) C D(A) (see Proposition 3.2) and

supHAHo—/\izg 1H< —)0

E le|]—o0

where c; is the constant appearing in Proposition 3.2.
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We then have the following theorem, which is one of of our key results:

THEOREM 3.7. Let Hy and A be operators on H satisfying (A). Set H = Hy + A.

(i) Time-independent operator case: It holds that Xy = Xp, and there exist constants a,C > 0
independent of T such that

«
(34) Vu € X, 7 ully, < lully, < CA+T) flullay, -

1+

(ii) Time-dependent operator case: Let B :t € I — B(t) be a strongly continuous family of bounded
self-adjoint operators on H. The map N : X, — Ry defined by

M

(3.5) Vi € Xy, N(u) = (Ju(O) + T 160, ~ H ~ BE)ull3ar30)
defines a norm on Xg,, and there exist constants a,, C > 0 independent of T' such that

(3.6) Vu € Xy, 3 lully, < N(u) < CO+T) ully, -

e
(1+17)
Proof. See Subsection 3.3.1. O

The main advantage of Theorem 3.7 is that the space X, can be characterized by the evolution group
e~ "Ho Ag a corollary, it is possible to use this property to reformulate a global space-time formulation for the
time-dependent Schrodinger operator defined on the Hilbert space H*(I,H).

COROLLARY 3.8. Let Hy and A be operators on H satisfying (A). Set H = Hy+ A. Let B:t € I — B(t)
be a strongly continuous family of bounded self-adjoint operators on H. Let ug € H and f € L*(I,H). Let
u* € Xy, be the solution to (1.1) (in the sense of Definition 2.1), and v* : t € I — e®Hoy*(t).

Then, the functional F defined in (1.8) is well-defined and quadratic. Furthermore, there exist constants
C,a > 0 independent of T such that

« * *
(3.7) Ve H'(I,H), a+7y v =0 gy S VEW@) SCA+T) [[o =0 11,34 -
with v =1 if B =0, and v = 2 otherwise.
In particular, it follows that v* € H*(I,H) is the unique solution to the minimization problem (1.7).

Proof. See Subsection 3.3.2 |

Remark 3.9. In physics, the function v* corresponds to the interaction picture or Dirac picture as opposed
to u* which is called the Schrodinger picture. In our case, the motivation behind the introduction of this v*
lies in the particular dynamics that it follows, which can be understood as the dynamics of the real solution u*
preconditionned by the “well-known” free dynamics associated with Hy, and allows us to work with H'(I,H)
instead of the space of mixed regularity Xp. Similar reasons motivate the introduction of the minimization
problem (1.7) in place of (1.5), the price to pay being that the operator H + B(t) is replaced by the “skewed”
operator e'*Ho(A + B(t)) e Ho,

The global space-time numerical scheme we propose is simply a Galerkin method which consists in computing
an approximation v*" € V,, C H'(I,H) of v* solution to

™" = argmin F (vy,).
vn€Vn

Using Céa’s lemma and Corollary 3.8, we then easily obtain that

C+T)+t
* kN < . f *
[|lv v ||H1(I,7-l) =7 4 U:Iévn [|v Un“Hl(I,H)v
which in turn implies that
C(1+T)+!
* *, . *
Ju” =, € =" =

where u*" = e~ "Hoy*" and U, = e~ ®*Ho V. For this numerical scheme to be practical, it is important to

choose V}, so that elements of the form e®H0 v, could be efficiently computed for any v, € V,,. We will give
some examples of practical choices of discretization spaces V;, in the following sections.
Some remarks are in order here.
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Remark 3.10. One can prove directly, as a consequence of estimate (B.3) in Proposition B.4, that
(3.8) voe H'(LH), o= v"lcqs ) < V2F(v).
This estimate is actually better than the “naive” estimate

(1+7)

[[v— U*HCU(I,’H) <2 v — ”*HHl(I,H) < 2F (v),

and can be used to compute a posteriori error estimates.
Remark 3.11. Given a set ¥ C ‘H, and ¢ the solution to the problem

0 € argmin F(v),
veHY(I,X)

it follows from (3.7) that v satisfies the “Céa-type” estimate

T ca+rytt
v—=v HHl(I,H) > min )||U v ||H1(I,H)-

o veHYI,®

For instance, if 3 is a low-rank subset (or any other approximation subset), then ¥ is a quasi-optimal approxi-
mation of v* in H!(I,¥), and the dependency of the quasi-optimality constants on T is polynomial. This should
be compared with the error estimates that typically arise for this kind of approximation. For instance, time-
stepping procedures on low-rank manifolds only yield results that are provably quasi-optimal, with a constant
that grows exponentially in time [2, Theorem 27], [25, Theorem 5.1].

If we make the additional assumption that A is Hp-smooth in the sense of Definition 3.3, we have the
following result which is a slight improvement of estimate (3.4).

THEOREM 3.12. Assume that Hy and A satisfy the set of assumptions (A). Let us assume in addition that A
is Ho-smooth. Then the operator H = Ho+ A on H is self-adjoint with D(H) = D(Hy) and we have Xg = Xp,.
Besides, there exist constants o, C > 0 such that

(3.9) Vu € X, < Jull, < CVIFT |Jully, -

a
1+7T ||u||)(HO
Proof. See Subsection 3.3.3. O

3.3. Proofs of theoritical results of Section 3.2. We first state a proposition that we will use in the
proofs of the results of the previous section.

PROPOSITION 3.13. Assume that Hy and A satisfy the set of assumptions (A). Then, the operator H =
A+ Hy is self-adjoint on H with domain D(H) = D(Hy), and there exists C > 0 such that

T
(3.10) VT >0, VyeH, /T dt |Ae~ o <p\2 <CA+T) e,

T
(3.11) VT >0, VoceH, /T dt |Ae*i’fH<p|2 <COA+T)|e.

Proof. Let us introduce

(3.12) e :=sup||A(Ho — ALie) || < 1,
AER

for some £ > 0 such that (A3) is satisfied.
First, let us prove that Hy + A is self-adjoint on H with domain D(Hj). Using (3.12), we obtain for all
¥ € D(Ho),
|AY| = |A(Ho — ie) ™ (Ho — ie))| < cc|(Ho —ie)y| < cc [Hot| + cee [¢] .-

This proves that A is Hp-bounded with relative bound lower than 1. Since we assumed A symmetric, the
self-adjointness of Hy + A is a consequence of the Kato-Rellich theorem.

We now need to prove the estimates. We only prove the second one, since the proof for the first one is
similar. For any A € R,

(H=X—ie)™" = (14+ A(Hy — A —ie) " ")(Hy — A —ic)) " = (Ho — A —ie) (1 + A(Hy — A —ie) "),
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hence it follows from Neumann’s inversion formula

ACH = X~ ie) ™| = |A(Ho — A — i)' (1 A(Hy — A~ ie) ™)~ < .

We can therefore apply Lemma 3.4, which shows that there exists a constant C. > 0 (which may vary along
the calculations) such that

Vo € H, / dt e It | Aot W < C.lgf.
R

Reducing the integration domain to [0, 1], we obtain

Yo € H, /E dt }Ae*“Hgaf < C.lpl?.
0

Now, taking any integer n > 1 and ¢ € H, we have

n—1 ,Et1

/; dt |Ae_”H<p|2 = Z/ Coat ‘Ae_itHcp‘z
0 k=0t

fZ/ dt ’Ae*”H —IEH )

k=0

-1
X 2
<C. Y|t = ConlP.
k=0

’ 2

Applying the same process for negative times, and writing any 7> 0as T'= 2 + 7,0 <7 < %, the estimate is
proved. 0

3.3.1. Proof of Theorem 3.7.
Proof of Theorem 8.7. Case (i): Assume that H = Hy+ A. Let u € Xy,. By Proposition 2.4, there exists
v € HY(I,H) such that u = e~ "oy and ||(i0; — Ho)ull a1, 2y = 100l 151,30 Therefore,

t
[Aull 2730y = HAQ_”H‘) (U(O) +/0 ds 5t“(5))

L21H)
T
< HAefitHo v(O)HLQ(I’H) Jr/o ds ||lsgtAe*itHo atU(S)HL?(I,H) )

Proposition 3.13 shows the existence of a constant C' > 0 such that

T
1A 12730 < CVI T T 0(0)] + CVI + T/ ds |90 (s)|
0
< COVI+T [v(0)| + CVI+TVT ||0p0]l 11 20
< OVIHT ([u(O) +T 10 — Houll s )
<OVIHT |lully,,

Thus, (i0; — H)u = (i0; — Ho)u — Au € L*(I,H), that is, u € Xy and

(3.13)

N|=

]l ,, < [u(O)] + VT (i, — Ho — A)ull a1 2,
<Mn+ﬁwﬂf%mmm+%ﬂmwwﬂ
Cl[ull ey, + VIVIFT |Jull,, )
(+HMM%

(3.14)

This proves the right inequality in (3.4).
We now turn to the left inequality in (3.4). Let u € X. Applying Proposition 3.13, we obtain the existence
of a C' > 0 such that
VoeH, [[Ae™ |5, SCVI+T gl

The rest of the proof can be carried out without change, simply by permuting Hy and H.
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Case (ii): We now turn to the case H(t) = Hyo + A + B(t).
Let u € Xp,, then

N(u)* = [u(0)* + T [[(i0; — Ho — A = B())u(t)||7x(1 30
< w(0)* + 2T ||(i0, — Ho — A)u(t)[|721 20y + 2T M [l 1 30,
The sum of the two first terms can be estimated by the first part of Theorem 3.7 as follows,
2 . 2 2
[w(0)[" +2T[|(i0 — Ho — A)u(t) Loz 300 < CA+T)? ully,,
and for the third term we write
HuHL?(I,H) < \/THUHCU(I,H) <v2r HUHXHO :
Therefore, ,
2 2
N(u)? < O+ TP ul, .

which is the right-hand estimate of (3.6).
Conversely, let v € Xy, and write ug = u(0) and f(¢t) = (i9, — Hy — A — B(t))u(t). Then it follows from
the continuity estimate in Proposition B.4 that

2 2 2 2
lullzar 20y < T llullcog 2y < 2T([(O)” + T | |7 27,20)) = 2T'N (u)?,
therefore,
2 2
lull,, < 2(N(w)?* + MPT ||ull 5 4,))
< C(1+T?)N(u)*
Using the first part of the proof, we finally obtain

lull,y, < COA+T) [lully, < CA+T)*N(u),

which concludes the proof. O

3.3.2. Proof of Corollary 3.8.
Proof of Corollary 3.8. Let v = oy € HY(I,H), then

(Zat _ eitHO Ae—itHO),U _ eitHo f — lat eitHo u— eitHo AU _ eitHO f

= ™09, — Hy)u — ™0 Ay — ™0 (j9, — H)u*

= ™0 (j9, — H)(u — u*).
It immediately follows that

*(12
Fv) = flu=v"lly,
and the result is a consequence of (3.4) and the fact that |ju — U*HXHO = [lv = vl g1 20)- 0
3.3.3. Proof of Theorem 3.12.

Proof of Theorem 3.12. To prove Theorem 3.12, notice that if A is Hp-smooth, then (3.13) in the proof
above can be replaced by
[Aull Lor 3¢ < Cllullxy, -

The result is proved by adapting (3.14). |

3.4. Application to electronic many-body Schrédinger operators. In this section, we show that the
variational formulation proposed in the previous section can also be applied to electronic many-body Schrédinger
operators of the form (1.3).

More precisely, let Hy = —A, and let A =V denote the multiplication by the electronic potential

M N

—Z 1
3.15 Vo, ... R3, V(.. = E (E (7 E, -
( ) N 7 (xl, 7:EN) k=11=1 |-1‘Z—Xk| +1<k<£<N |$k—$é|,

where the Z; > 0 denote the charges of the nuclei.

The fundamental result needed here concerns the one-body case (N = 1), and is proven in [6, 24]:
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PROPOSITION 3.14. For any ¢ € L? (R3), we have:

2
o <22 Il
L2(R, xR3) m LAR)

In other words, the multiplication operator by ﬁ is —A-smooth.

(3.16)

1 QitA
||

Using this result, we can obtain a similar one for the many-body case:

PROPOSITION 3.15. For any ¢ € L?(R3Y)

i )
(3.17) [ PP ——— \/7<NZZ;€I+ o >||s0IIL2(R3N),

where V' is defined in (3.15). In other words, the multiplication operator by V is —A-smooth in the sense of
Definition 3.3.

Proof. We first consider the case V = ‘w - Let o € L?(R3Y). Using the fact that L?(R3*Y) = L?(R?) ®

L? (R‘S( )), introducing the singular value decomposition of ¢, there exist two orthogonal sequences (vg)r>1 C
L2(R3), (wi)r>1 C L?(R3 N =D) such that for almost all z; € R® and X = (z2,...,zy) € R3V-D

$1a E vk (1) wy (X

E>1
the sum above being possibly infinite. Therefore,
) 2
itA itA,
e’ e''Be gy, .
| |<,0 = el ® (e”AX wy,)
T L2(RxR3N T
( oIkt L2RXRN)
itA 2
e gy A
() ® (e” X wk) ,
ko1 |1] L2A(RXR3N)

where we used the fact that, for each ¢, (€A% wy)y, is an orthogonal family of L?(R3V). Thus,

G ’ _ dt eitBe1 yy ’ itAx 2
|21 _Z |21 He wkHL2(R3<N71))
U llorxrsy) =7 JR 1 L2(R3)
2
<Z< \/7> Hvk||L2(]R3) ||wk||L2(Rs(N )
E>1

2
2 2
- (2\@ el ooy -

For the general case, we consider each term of the sum (3.15) separately:

e for the terms ﬁ, we perform the change of variables y, = x, — X, and replace x; by y, in the

computation above;

e for the terms TrtTy

and y, = #24, and replace z1 by yx

we use the change of variables y, = & *2‘”"‘

1
[Tk —we]?
in the computation above.
The inequality (3.17) then follows by applying the triangle inequality and combining the inequalities obtained

for each term. O

For any ug € L*(R*Y) and any f € L?(I,L*(R3Y)), we can therefore reformulate the solution to the
evolution problem

(3.18) {iat“* =(-A+V)u' + f,

u(0) = uo,

as in the previous section (Theorem 3.12):

THEOREM 3.16. Let ug € L? (]RgN) and f € L? (I,L2 (R3N)). Let u* be the solution to (3.18), and v* :=
e—itA
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Define for any v € H* (I, L? (RSN)) the functional
2 . —i i —i 2
(319) F(’U) = ”’U(O) - uO”L?(]R3N) +T H(Zat —¢ 4 Ve tA)U —¢ A f||L2(I7L2(R3N)) .

Then, there exist constants C,a > 0 such that for any v € H' (I, L? (R?’N)),

o
1+T

Remark 3.17. Let us consider the one-body case N = 1. In practice, the Coulomb potential may be
regularized for valence electrons calculations, taking into account the frozen core orbitals. This is the effective
core potential approach [19] similar to pseudopotentials in solid state physics. Schematically, at a rough level it
may be described as follows: let p € L* (R3) be a smooth and rapidly decaying function, and define Vs = ps* =

|]”

(3.20)

o = v* g, pagsnyy < VE®) < OVIFT [[o = %] pagr ooy -

where ps(x) = (5‘%(%) represents a smeared charge distribution with a regularization parameter & Here,

Vs € L™ (R3), therefore Corollary 3.8 can still be applied. However, we then have ||Vs|| o — 00 as 6 — 0,
hence the constants C, a in Corollary 3.8 will degenerate.

An alternative approach can be derived by observing that, for any ¢ € L? (R?’), one has (taking advantage of
the translation invariance of A)

Vs e ol

[, dwoso) = o)

1 1
/277 | ]RtXRg) - /277

L2(R; xR2)
</ dy 195(y)] — || —— (e o) (x)
< Y [ps(y e o) (x
R Ver ||z =y LR, xR2)
1
<[ "’“”'HH el
R3 |1'| A
<osllps el Hellze = Nollps =l Tl
> Psl |$| A Plirz = 1Pl |J3‘ A Pl -

We recall here that ||-|| 5 is a special case of Definition 3.3 with Hy = A. It follows that Vj is —A-smooth, and
the value of ||Vs]| o is bounded uniformly with respect to 6. Hence, the constants C,a in Corollary 3.8 can in
fact be taken independent of 4.

This shows that, even for bounded potentials, the machinery developed in Subsection 3.1, Subsection 3.2, and
Proposition 3.15 may provide some improvement compared to the more elementary approach used for bounded
operators. The same argument can be applied to the many-body case.

Remark 3.18. To the knowledge of the authors, the arguments developed to prove Theorem 3.7 do not
extend to the case of unbounded time dependent potentials. For instance, the important case of an ultrashort
laser pulse modeled by a time-dependent potential of the form B(t) = —x - E(t) is not covered by the results of
the present paper.

3.5. Time regularity of the solution. In this section, we study the regularity of the function v* defined
in Corollary 3.8 with respect to the time variable. We consider the case Hy = —A, A =0 and B(t) = V(¢) a
smooth potential, but assumptions could be replaced by more abstract assumptions regarding the commutators

[_Aa V(t)}v [_A7 [_Aa V(t)Hv
THEOREM 3.19. Let k € N. Assume V =V (t,z) € C*(R x R?) is real-valued and

(3.21) WE = sup sup |6§6§V(t,x)’ < 0.
0<i<k (t,z)eRxR4
0<fal<2k

Let ug € H” (Rd), and u* € X_A be the solution to

i0u* = (—A 4+ V)u*,
(3.22) {u*(o) .

in the sense of Definition 2.1 (with J = R), and define v* := e~ "2 u*. Then v* € Cl”l(R, L? (Rd)), and there
exists a constant Cy, that only depends on i such that

(3.23) Vt € R,

, X 5
’(z@t)kHv Hco(RLz(Rd)) < Ce(1 4 [t12) [luoll recray -

The proof of Theorem 3.19 is based upon the following observation: if V' satisfies (3.21), then for any given
t € R and k > 1, the form domains Q((—A + V(¢))*) and Q((—A)*) = H*(R?) coincide, and the associated
norms are equivalent, that is, there exist constants ay, My > 0 such that

1 2 2
(3.24) Vo € H*(RY), i, el tray < (A +V()*0,0) + ak @l 2za) < M @l xga -
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Moreover, the constants ay, My, only depend on sup,cga |05V (¢, z)| for |a| < k, hence can be chosen independent
of t according to (3.21).

Proof of Theorem 3.19. First assume that ug € (V5o H® (Rd), which ensures that we only manipulate
strong derivatives.
We prove the following result by induction : for any £ > 0 there exists a family of differential operators differential
operator Py(t) =3, <k ak (t,2)0% whose coefficients are smooth functions with bounded derivatives that only

depend on the 392V for j < k and |a| < 2k such that
vt € R, (i0,)* 1u(t) = e ™A Pp(t)u(t),
and there exists a constant C that only depends on k and V such that
k
Vt € R, [[u(®)]l grgay < Cr(L+[t12) luoll grgay -

o For k =0 just take Py(t) = V/(t), and use the fact that [[u(t)|| ygay is constant.
e Assume the result holds for £ — 1. Then

(i0,)* 1o = (i0,) (e 7"A Pp_y &2 v)
= e A A, Py ] e v+ e TR (10,P1) e u(t) + e TR Py 2 0
= e A A, Py u+ e (10, P_1)u+ e A P_ 1V,
and Py (t) = [A, Pr—1(t)] +i0:Pr—1(t) + Pr_1(t)V (¢) is as stated.
Now we compute

d
(A V() ,u(t), u(t))

k
=2R((—A + V(1) u(t), du(t) Z A+ V)TV () (—A + V() Fut), u(t)),

=1

=0 J
which implies

d -
VEER, (A + V() ult) u(t)) < Cullu(®)l ey < CulL+ 187 ol osa) -

Integrating with respect to the time variable between 0 and ¢, we obtain
k
vt eR, (A + V() ut), u(t))| < Cu(1+ [t") luol Fugea -
The conclusion follows from (3.24).
We extend the result to all ug € H* (Rd) by regularization: let x € C° (Rd) be such that 0 < xy <1, and
X = 1 near 0 and for all n € N, set uff = y(2)ug = F~* (X(%)ﬂa) (that is x(-) is used as a cut-off in the
Fourier domain) and u" the solution to
0™ = (—A + V(t))u",
u"(0) = ug
as well as v = e~"2 4", Then
n HY(ERY)
O _— UO,

n— oo
and
* n _ )
sup o (8) = 0" ()l ey = o = ) 70 O,

so in particular we have convergence in the weak sense.
Additionally, it follows from what we proved earlier that (i0;)
any A > 0,

Vm,n €N, ||(ig)" 1™ — (iat)kﬂvanO(

k+1ym is continuous with respect to ¢ and that for

k m n
[—A,A],LY(R4)) < Ck(]- + AQ) HUO — U HH’V(]Rd) :

Therefore, ((i0;)F1v™), is a Cauchy sequence in the complete space C°([—A, A], L?(R?)), and there exists a
w € C([—A, A], L?(R)) such that

(i0y)F o™ — W strongly in C°([—A, A], L (Rd)).
We infer, by identifying weak limits, that (i0;)*T'v* = w, and
B n K
|(i0y)F T o ()| = nl;rréo |(i0y)F o™ (8)] < Cr(1+1t]2) nhﬁrrgo 106 | zregray = Cr(1 + [£]2) [[voll ruga)

for any ¢t € [— A, A]. Since A is arbitrary, the result is proved. 0
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3.6. Dual formulation. The aim of this section is to comment on an alternative formulation and highlight
the link between our work and the approach presented in [18].

In all this section we will assume, as in Theorem 3.7, that the operators Hy and A satisfy the set of
assumptions (A), H = Hy + A, and B : t € I — B(t) is a strongly continuous family of bounded self-adjoint
operators on H.

Using some ideas from [18], a different formulation on the less regular space L?(I, ) can be obtained. Let
us first recall here the principle of the approach of [18]. The idea of this method is to consider the Hilbert space

(3.25) Yoy ={ue Xy : u(T)=0},

equipped with the inner product

(3.26) Vui,ug € Yu, (u1,u2)y, = ((10; — H)u1|(i0; — H)UQ)LZ(I,H)
and the associated norm

(3.27) Vu € Vi, ully,, = 10 — Hyull o 5

Similarly, let us consider the space Vg, defined by (3.25) with H = Hj.
We then consider the antidual space

¢ is continuous and
T . . _
(3.28) Vi = {e V= C s € Vi, YA € C, f(ur + Aua) = £un) + N(us) } :

that is, the space of continuous antilinear forms on Y. We denote by (-, -) Vi xp! the antidual pairing Vg x y}[,
H

antilinear (resp. linear) with respect to the first (resp. second) variable. In particular, the Riesz representation
theorem states that, for any [ € y},, there exists a u; € Yy such that

Yu € Yy, <u7 l>yH><y;I = <u’ul>3}H'

In [18], a variational formulation for (1.1) is proposed by means of a continuous bilinear form defined on
L?(I;H x Yg) which can be proved to satisfy classical inf-sup conditions. The conditioning of this formulation
is proved to be optimal. However, one drawback is that there is no explicit caracterization of the set Vg. Our
aim here is to provide an alternative formulation exploiting the fact that we can, in the present perturbative
setting, give an explicit characterization of YVg. We then have the following result, which is proved analogously
to Theorem 3.7, simply by taking the integrals from 7T to ¢ instead of 0 to ¢. Let us point out that this result is
an extension of Theorem 2.4 of [18], which enables us to treat unbounded potentials and Schrédinger equations
defined on unbounded domains.

PROPOSITION 3.20. Let Hy and A be operators satisfying the set of assumptions (A), and B :t € I — B(t)
be a strongly continuous family of bounded self-adjoint operators on H. Set H = Ho+A. It holds that Yy = Yu, -
Moreover, the map L : Yu, — Ry defined by
(3.29) Yu € Yu,, L(u) =0 —H — B(t))u||L2(I,H) ,

defines a norm on Yu,, and there exist constants a, C > 0 independent of T such that

«
(3.30) Yu € Vin, g Ny, < 100 < CO+T) ully,,

Now consider the operator S* : L2(I,H) — y},o defined by

(3.31) Ywe LA(I,H), Yue€Vu, (u, S*w>3’HoX3’LO = ((i0 — H — B(t))u|lw) 121 34 -

and similarly the operator Sg : L2(I,H) — yLO defined by

(3.32) Vw € L*(I,H), Yu€ Yu, <53w7u>yH0XyLO = (w[(i0r — Ho)u) 11 34 -
LEMMA 3.21. We have the following estimates :

« *
(3.33) Vw € L*(1,H), 5 1wl Lo a0y < 157 wllyy < CA+T) wl] s 3 -

(1+7T)
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Proof. Both estimates follow from (3.30) by a classical inf-sup argument which we recall here.
For all w € L*(I,H), one has with (3.29)

HS*wHyg = sup ({(i0y — H — B(t))u’w>y,{0xy;, < sup [wll gy 2 L(u)
llly g =1 0 " ully,, =1
0 0
<C(1+T) ”wHLZ(I,’H) )
which proves the second inequality in (3.33).

For the first inequality, define u,, as the unique element of Yy, such that (i0; — H — B(t))u, = w (in
particular L(uy) = [[w|| 151 4,), then by (3.30)

(w, (i0y — H — B(t)) )

. Vi xV} [w][7.» IH L(uy)
IS wllyy > i 2t = I ) g gy T
o wallym Tty Ty,
S e
= m ”wHL2(I,H) )
which yields the desired result. |
For ug € H and f € L?(I,H), we denote by id;—q ® ug + f the element of y},ﬂ defined by
(334) Yu € yHO, <'Uz, iét:() ® Ug + f>yH0 Xy;[lo = Z<U(O)7 u0> + (u|f>L2(I,H)

We have the following proposition which connects the Schrodinger evolution equation and the operators S* and
Sg-
PROPOSITION 3.22. (i) The function uw € L?(I,H) solves (1.1) in the sense of Definition 2.1 if and

only if

or equivalently
(1d -+ (S3)7 (A + BO))u = (53) (16 & uo + /).

(ii) For any ug € H and f € L*(I,H), we have
t
(3.35) ()M (ido @ ug + f)(t, ) = e oy — z/ ds e” =31 Ho (g,
0

Proof. Assume u solves (1.1). Then u € Xy and we have for any v € Vg, (using the “integration by part”
formula (2.14))

(0,5 ey, = (000~ H = B, w30 = /1 dt (i, — H — B(t))v, u)

= (0(0), 8 u(0) + (v, (i) — H — B(O))u) a1
7 7

= (v,i0t—0 ® ug + f>yH0><yL :
0

Conversely, assume S*u = id;—o ® ug + f. Then, for any w € C°(I,H) C Vu,,
(i@tw‘e“H u)LQ(I’H) = (e_“H i@tw’u)Lz(LH) = ((i0; — H) e wu) LAI,H)
= (e” My, S*u>yHOXyLU = (w(0),iug) + (e*itHw’f)

=0

LI ,H)

= (@™ ) s 30y

This means that e v € H(I,H) with i, ! u = e f hence u € Xy and (i0; — H)u = f. Therefore, for
any v € VH,,

(v(0),7u0) + (V|f) p2r 34 »
|

| o) + (o]
10y — H)v|u) ;o =
(00 = Hyvlu) oz {<v<0>,w<o>>+<v (10, — HYW) g0 = (000),iu(0)) + (011) s 20

It follows that
Yo e, (iu(0),v(0)) = (iug,v(0)),
and finally
u(0) = wo.

The second part of the proposition is just the consequence of the first with A = 0 and B(¢t) = 0 for all
tel 0
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The following corollary gives an alternative variational formulation for the solution to the time-dependent
Schrodinger equation.

COROLLARY 3.23. Let ug € H, f € L*>(I,H). The functional

2

t . . t .
(3.36) E*(u) = ||u(t) Jri/ ds e 1= Ho(4y) — <e”H° Ug — z/ ds et t=s)Ho f(s)>
0

0

LYI,H)

is a strongly convex quadratic functional defined on L*(I,H) which satisfies

a * * *
ar12 lu—u*ll o) < VE*(u) < CL+T) [Ju— ™| 1o 5

where u* is the solution to (1.1) in the sense of Definition 2.1.

Proof of Corollary 3.23. Let u* denote the solution to (1.1). It follows from Proposition 3.22 that

(3.37) Yu € LA(I,H),

t
e tHo 4 — z/ ds e 1) o £(5) = (§5) 71 (5o @ ug + f) = (S5)~1S™u,
0

and .
U+ z/ ds e "= o (Ay) = 4 — (S3) 7L Au = (S3) 1S u.
0

Therefore, since clearly S§ is an isometry between Yy, and yj%,
* *\ — * * 2 * * 2
B () = [(55)78" =) [z 3y = 157w = u) By,

and the desired estimate is a consequence of (3.33). a

4. Conclusion and perspectives . In this work, we establish a space-time variational formulation for the
Schrodinger evolution equation (1.1). This formulation encompasses the case of many-body electronic Coulomb
interaction, or more general charge densities (see Remark 3.17), with a bounded time-dependent potential.

As mentioned in the introduction, this variational formulation was mainly developed to provide a numerically
achievable way to compute low complexity approximations of the solution to (1.1). This will be the topic of a
future work. We describe the main ideas here. One key ingredient is the following proposition:

PROPOSITION 4.1. Let XX be any non empty weakly closed subset of H. Then the subset
HY(1,S)={ue H'(I,H) : u(t) €S for any t € I}

is closed in HY(I,H) for the weak topology.
Proof. Since HY(I,H) < C°(I,H), for any t € I the linear application

Tt:{ Hl”’qu . Z{(t)

is continuous.
Let (vn)n>0 C HY(I,X) be a sequence which weakly converges to some v in H*(I,H). Since any bounded linear
operator between Banach spaces is also weakly continuous, this implies that for any t € I,

—r+00

v (t) = Tio, W Tiv=v(t) inH,

and the weak closedness of ¥ implies v(t) € X. 0

One possible interesting choice for the set ¥ is some given set of functions which can be represented with
low complexity, such as tensor formats, for instance the manifold of tensor trains with at most a given rank, or
well-chosen neural network architectures. Proposition 4.1 implies that, for any value of the final time T > 0,
there exists at least one minimizer to the minimization problem

(4.1) us, € argmin F(v)
veHYI,X)

where F is defined in (1.8).
As a consequence, for instance when X is given as some low-rank tensor format, the variational principle
studied here enables to obtain the existence of a dynamical low-rank approximation of u* whatever the value of
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the final time 7". This approximation is thus obtained through the variational principle (4.1) which is different
from the classical Dirac-Frenkel one [8], for which, at least up to our knowledge, only local-in-time existence
of solutions has been proved in the general case. However, we emphasize here that, while some quantities are
preserved by the exact Schrodinger dynamics (1.1), these same quantities are not necessarily preserved for the
solution to (4.1). The comparison of both types of dynamical low-rank approximations will be the object of a
forthcoming article.

The alternative variational formulation presented in Section 3.6 also exhibits some interesting properties
for dynamical low-rank approximations. Notably, it allows discontinuous functions in time, which is useful since
the best low-rank tensor approximation of u*(¢) is not always continuous in t. However, the existence of a
global-in-time low-rank dynamical approximation of u* using this formulation is not guaranteed in general, in
contrast to the formulation presented in Section 3.2. More importantly, from a practical standpoint, it typically
results in higher computational costs due to the presence of a time integral.

Acknowledgements. This publication is part of a project that has received funding from the European
Research Council (ERC) under the European Union’s Horizon 2020 Research and Innovation Programme —
Grant Agreement n°® 101077204. We are also very thankful to Caroline Lasser, Christian Lubich and Elena
Celledoni for enlightening discussions on this work. We thank the language model Le Chat for its assistance in
refining formulations during the writing process.

Appendix A. Numerical implementation with spectral methods.

The aim of this section is to illustrate the interest of the proposed variational formulation for numerical
purposes on some simple test cases. While our main motivation stems from the design of dynamical low-rank
approximation schemes, we illustrate here the behaviour of Galerkin global-space time discretization schemes
stemming from the variational formulation presented here. The latter mainly rely on the results of Section 3,
and in particular Corollary 3.8. The code can be found at [17].

In Section 3.5, we prove a regularity result of the solutions with respect to the time variable for smooth
interaction time-dependent potentials, which motivates the use of spectral methods in this simple case. We take
advantage of this additional smoothness, coupled with the global space-time formulation obtained in Corollary
3.8, to apply spectral methods to the time variable.

In Section A.1, we begin with an elementary ordinary differential equation. Although simple, this first
example is an opportunity to present the basic principles of the spectral discretization for the time variable in
detail. We also give an example of a simple but efficient preconditioner which will also be useful for the next
example.

In Section A.2; we present the numerical behaviour of the scheme applied to the simulation of the evolution
of a 2D Schrédinger equation with periodic boundary conditions.

A.1. A first basic example. Consider the ordinary differential equation (a,w € R)

t) = a(coswt)u*(t),

a
Al
( ) 1o € C.

—_—
SIS
*

Ag*
e —
I =

sin wt

The solution admits the explicit expression u*(t) = zge™ "%

We will compute an approximation of this solution on the time interval (—1,1). We claim that the results
established in the paper for (0,7) extend straightforwardly to (=7, T), due to the unitary nature of e~*# when
H is a self-adjoint operator. Corollary 3.8 (with Hy = A = 0, and B(¢) = a(coswt)) leads to the following
problem:

1
(A.2) min (|u(0) —nol® + / ) dt |iu'(t) — a(coswt)u(t)z) .

ueH(—1,1)

However, in order to make the numerical computations easier, we will consider instead the minimization problem

1

(A.3) min B, (u), with Ey(u) := |[u(0) —no|* + / ) dtw(t) |iv(t) — a(cos wt)u(t)\z,

weHL (=1,1) _
where w(t) = /1 —1t2, and v € H}(—1,1) means that fil dtw(t)(Ju(t)]* + |u/(t)]*) < oo. For convenience,
we extended the problem to the whole time interval (—1, 1), since it is the natural domain for the Chebyshev
polynomials. The alternative would be to rescale the problem posed on (0,1) to obtain a new problem posed
on (—1,1). In this case, the error estimate

llu— U*||c0((_1,1)) < V2Ey(u)
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does not hold on (—1,1), but it can be replaced in this case by the similar estimate

obtained as follows : for any u € H.(—1,1), and any 0 < ¢ < 1,

lu(®)]* = |u(0)|* + 2 /Ot ds<y ((w’(s) - a(cosws)u(s))u(s))

< |u(0)® + 2/0 ds |iu'(s) — a(cosws)u(s)] |u(s)]

< () +2( sup futs)) [ ds) (] dswtor ) —atcosspucs )

0<s<t 'lU

)( / dsuls)fiu'(5) ~ aeoswsu(s)* )

<) + 5 s (o) +2 ([

0<s<t

us
2

Since a similar estimate can be obtained for —1 < ¢ < 0, the result follows.
We introduce (T%)x>0 and (Ug)r>o the Chebyshev polynomials of the first and second kind respectively.
We recall in particular the orthogonality relation:

(A.5) vk, 1, / dtw(t)Uk(t)Uz(t):(Skgg

-1

Fix some K > 0 and consider the discrete space
K-1
XK = {u(t) = wTi(t) : wi= (ur)f,' C c} c HL(-1,1).
k=0

For any u € X¥ and associated coordinates u = (uk)ngol € CX | we wish to compute u(0) and an approximation
of i/ (t) — a(cos wt)u(t) of the form g(t) = Zf;ol 9eUs(t) for some L > K and coefficients (wy)r—5 € CL.
e For u(0), we can simply write

K-1
urTy(0
k=0
which motivates the introduction of the vector
(A.6) TH = (To(0) T1(0) ... Tk-1(0)) € RM*EK,
so that u(0) = JXu.
e Define
(A7) PpLE _ ( Ik )
O(L-K)xK

the extension operator where I is the K x K identity matrix, and O(;_g)xx the (L — K) x K null
matrix.

e The term 7u'(t) is easy to compute because of the identity Vk, T}, = (k + 1)Ux. We define the
corresponding matrix

0 i 0 0
0 0 2 0

(A.8) DR =|: - :
00 0 ... (K-1)i
00 0 0

e To approximate the term a(coswt)u(t), we rely on the following method : let w% : CF s C% be the
“collocation operator with L points”, that is,

L-1

(wlu), = Z upTh(xe),

k=0
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where (x¢){-, are the Gauss-Chebyshev nodes. We know that there exist positive weights (1)~ such

that the quadrature formula

bodt
| PO~ X nePa)

is exact whenever P is a polynomial with degree < 2L — 1.
Let also AL be the operator CX — CZ such that

Vz = (20)5,  (AYz)e = a(coswzy)z

The last operation required is the transformation from the first-kind series to the second-kind series,
which can be expressed in coordinates as follows thanks to the identities Vk > 2, T}, = %,

Tl = %, and TO = Uoi

1 0 -3 0

0 3 0 0

00 4% 0
(A.9) ct = :

00 0 oo -1

00 0 0

00 0 z

The matrix of the quadratic part of (A.3) can therefore be written

O = g(sz,K,DK -~ CL(ﬂ_L)—lALﬂ,LfPK,L)* (,PL,K,DK -~ CL(ﬂ_L)—lALﬂ_LPK,L)
+ (T TH

The only non explicit part of the above formula is the adjoint of (WL)’lAL 7, which we compute as follows

: Let C = diag(3,1...,1) € RE*E. Fix u = (ue)f=y and v = (v¢)f=;. Then

= - o [ dt [ . L-1
((wl)=-t A mwlu) vy = ﬂ/u](t)<2((7rL)—1.A nLu)m(t)> (Z(cv)m(t)>
=0 =0 =0
L-1 L-1
= % > ne(Arlu)(nt Cv), = % > mea(coswae) (wlu)y(w"Co),
-
== Z pe(mlu) (Amt CvTy,),
=0
9 gt /L-1\ /L-1
= 7r/w(t)<z ueTz(t)> (Z((WL)_lALﬂ'LCv)ng(t)>
=0 =0
L—-1

= w(CH(x) L Arl Cv)y,

~
Il
o

and the desired transpose is therefore C~*(7w%)~' Ax C. We therefore see that the minimization problem
(A.3) is equivalent to the linear system

(A.11)

*

Qx.pui., =no(JT") .

One may observe that computing Qg ru using (A.10) only requires O(Llog L) operations, it is therefore
tempting to try to solve (A.11) with an iterative method such as the conjugate gradient. However, it turns
out that the matrix Qg 1, is in fact ill-conditioned, and the amount of iterations required to converge increases
drastically with the size of K. This problem can be solved by introducing the matrix

(A.12)

Qi = 5 (PX) P+ (7% 7"
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which is simply the matrix associated with the “free” quadratic form

u(0)|? +/ dtw(t) [idul* .

-1
It turns out that the inverse of Qg can be easily computed as follows : let F' € RX, then Qqu = F is equivalent

to finding u = Zszo ug Ty such that

K 1 K

Vo= vTh, / dt w(t)(i0p) (i0pu) + v(0)u(0) = (v, g1 = »_ T F.

k=0 -1 k=0

Taking v = T yields u(0) = Fp, and then we obtain

K K K K
™
Vo = E kv T, 5 E VU = E U Fy, — (E Uka(O)> Fy,
k=1 k=0 k=0

k=0

so we need to take

2
VIS]{SK, Uk;:i(Fk—Tk(O)FO).
k2
We then find ug thanks to the following equality :
K
Fo=u(0) = T(0)u
k=0

Figure la shows HU}L — u*”co((0 1)’ computed by sampling at 1000 uniformly distributed points as a
function of K for different choices of L. Since taking . > K does not seem to significatively improve the
convergence, in what follows we always take L = K and write uj 1= uj x-

On Figure 1b, we display the difference with the exact solution computed at 1000 uniformly distributed
points on the interval [0, 1], and compare it with an order 2 Crank-Nicolson scheme as a function of K. For
the the Crank-Nicolson scheme, K stands for the number of steps. As expected, the global in time Chebyshev
approach exhibits spectral convergence, while the error evolves as K2 (convergence of order 2) for the Crank-
Nicolson scheme. A Crank-Nicolson scheme with K steps is cheaper than the procedure described above with
K functions, therefore, a higher value of K does not necessarily mean that the computation is more expensive.
The evolution of the computation time will be explored in the next example.

10° & & & & 10° »i/*“*\
+ & + L=K —%— Chebyshev
+ I L= 2K e +-- Crank-Nicolson
L~ 4K b

”( (0.1
(0,1)
-

*

lugp—u
»

lug —u’|
e

10*10 L

10* 10° 10° 10° 10*
K K
(a) Hu}L —u” Hcﬂ((—1,1)) for different choices of L with a = (b) Hu}}L —u* ”cﬂ((—1,1)) for a Crank-Nicolson scheme and
5 and w = 20 the global in time Chebyshev approach
Fig. 1

A.2. Periodic Schriédinger equation. We consider the Schrodinger equation on the two-dimensional
torus T? = (R/Z)?, and on the time interval (—7,7) :

(A13) {M = (~Auy + V(D)

u*(0) = ug,
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where for all t € R and (z,y) € T2, V(¢,2,y) = cos((2m(z — ¢1t)) + cos(2m(y — cat)) + cos(2n(z — y)).
A simple rescaling of the time variable shows that we can instead solve the following equation on (—1,1)

(A.14) 2 (0) — ue

{iatu* =7(—A+ V.(tr))u*
where V. (t,z,y) = V(tr, z,y).

The operator —A has a well-known diagonal structure with respect to the orthonormal system of Fourier
modes e = e?mkz o2imly hence we will apply Theorem 3.7 and Corollary 3.8 with Hy = —A.

Define the discrete set

(A15) I'y = Span{ekyl}_N/2§k<N/2 C L? (T2) ,
—N/2<I<N/2

and the orthogonal projector mn on I'y. Since our goal here is to focus on the errors that arise from the
time discretization, and not on the errors due to the truncation of the Fourier series, we will solve instead the
“discrete” version of (A.13) that is well-posed in T'y,

10y = T(—A 4+ oy Vemn)uby,
(A.16) { i =7( wVem Uy

uy(0) =nug € Ty

Estimating the difference between the real solution u* to (A.13) and the solution uj to (A.16) is another
problem that can be studied independently, but we do not consider it here.
We know from Corollary 3.8 that we can, instead of (A.16), solve the equivalent evolution equation

(A7) {i@tvj‘v =Te

itTA vk

N>

—itTA (7TN V‘r 7TN) e

v (0) = Tnug € Ty,

which is associated with the variational formulation

1
(A.18) UEH}U(I(IE{I,I),FN) <|v(0) — mnuol’ +/ dtw(t) |idyw — e A (my Vo) 78 v|2> .

We define the discrete subspace

K-1
(A.19) YN = {Z vpUk(t) : (vp)isy C FN} C HY((-1,1), L*(T?)),
k=0

and the discrete solution vy  as the unique solution to the restricted minimization problem

1
(A.20) Vi y = argmin <v(0) — ) +/ dtw(t) |idpw — Te WA (nnVomy) A v‘2> .

vEX K N -1

We employ a similar time discretization to that of Section A.1, and the matrix associated with the quadratic
form is built similarly, except that it involves block entries instead of scalar entries. The difference between the
computed solution vy y and u} is displayed in Figure 2a for several values of 7 and N = 64. We compare it
with an order 2 Crank-Nicolson scheme, and an order 4 Runge-Kutta scheme. As in the previous example, we
observe a very fast convergence once K reaches a certain threshold. Although the global space-time Chebyshev
approach does not necessarily outperform classical time stepping scheme, it seems more efficient to reach very
high precision when enough regularity is available, which is an expected behavior for a spectral method. On
Figure 2b, we display the computation time for several values of K. We observe that the computational cost of
the Chebyshev for a given value of K has the same order of magnitude as the time-stepping schemes. The fact
that it increases with 7 is a consequence of the loss of quality of the preconditioner which leads to more iterations
of the conjugate gradient algorithm used to solve the problem. Indeed, a smaller 7 means that the equation is
closer to the free dynamics that we use as a preconditioner. Finally, Figure 2c displays the errors of the different
methods with respect to the computation cost. Since the computational cost of the different methods are very
close, Figure 2c looks very much like Figure 1b with some corrections, and the same observations can be made.

Appendix B. Weak solutions to the Schrédinger equation.

In this section we recall essential properties of weak solutions as defined in Definition 2.1. While the rest of
the paper only mentioned the case of a time interval I = (0,T'), we consider here a general (possibly unbounded,
unless stated otherwise) open time interval J C R and we assume that 0 € J. We recall the definition of weak
solutions in this context (see also Definition 2.1):
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i Fon w0 A
- * e —v— Chebyshev, 1=0.01 Xk
—F— Crank-Nicolson, T=0.01
Runge-Kutta 4, 1=0.01
Chebyshev, 1=0.05
5 +--- Crank-Nicolson, T=0.05
» ry Runge-Kutta 4, 7=0.05
o = - : - Chebyshev, 1=0.1
et Q - Crank-Nicolson, T=0.1
= £ A~ Runge-Kutta 4, =0.1
= = 10’ b
5 c
= ]
‘ 10 E
= 1
g 10 —k— Chebyshev, t=0.01 g.
= —+— Crank-Nicolson, T=0.01 £
= + Runge-Kutta 4, T=0.01 S
--¥¢-- Chebyshev, 1=0.05 (W)
-—i-— Crank-Nicolson, t=0.05
,,‘,, Runge-Kutta 4, T=0.05 10 F
-~ Chebyshev, T=0.1
—15 --==- Crank-Nicalson, T=0.1
1007 I |-A-- Runge-Kutta 4, T=0.1
10" 10° 10' 10°
K e

) ||11}}7N — U7V||CO((71 ) for a Crank-Nicolson scheme, an (b) Computation time for a Crank-Nicolson scheme, an or-
order 4 Runge-Kutta scheme, and the global in time Cheby- der 4 Runge-Kutta scheme, and the global in time Cheby-
shev approach, for N = 64 shev approach, for N = 64

—#k— Chebyshev, 1=0.01
—+— Crank-Nicolson, t=0.01
+ Runge-Kutta 4, 7=0.01
—¥c-- Chebyshev, t=0.05
-—+-- Crank-Nicolson, t=0.05

. «
v n— vy "(‘..ml“

-—d-- Runge-Kutta 4, 7=0.05
—%— Chebyshev, t=0.1
15 -+ Crank-Nicolson, T=0.1
1077 |- Runge-Kutta 4, T=0.1 .
! L *
107! 10° 10t

Computation time (s)

) Hv},N — UJ*VHC()((_l ) with respect to computation time
for a Crank-Nicolson scheme, an order 4 Runge-Kutta
scheme, and the global in time Chebyshev approach, for
N =64

Fig. 2

DEFINITION B.1. Let u, f € L2(J,H). We say that (i0; — H — B(t))u = f holds weakly if and only if
(B.1) Vi € CO(J, D(H)) NCe(JH) . (ul(@d — H)p) pa90) = (Fl9) agsa0 -

where D(H) is equipped with the graph norm of H.
We first deal with the case B(t) = 0.

PROPOSITION B.2. Let u € L*(J,H), and v = e u. The following are equivalent :
1. (i0; — H)u € L3(J,H).
2. ’ia{l) S L2(J, H)
In particular, if 1. and 2. hold, u and v both belong to C°(J,H). Moreover, in this case, i0v = e (i0; — H)u,
and

t
(B.2) vt e, u(t)=e "y (0) fi/ ds e = H (19, — H)u(s).
0
Proof. Assume (i0; — H)u = f € L*(J, M), then, for any ¢ € C°(J, D(H?)),

(01i020) 12530 = (ule —itH zc’)t@)Lz U = (u|(i0, — H)e " zatcp)Lz 0 = (fle " w)p(J,H)'

By density, this identity extends to all ¢ € C1(J, 1), and we conclude that v € H'(J,H) with i0v = e®*H f.
Conversely, assume i0;v = g € L?(J,H). Then for any ¢ € C° (J, D(Hz)),

(ul(i0r — H)@) pa( g0y = (v|eitH (i0, — H)p) LAIH) = (v|i8t et )LQ(JH) (g|e’tH )LQMH) .
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By density, the identity extends to all ¢ € CO(J, D(H))NC(J,H), so (i0,— H)u = e~ *H g € L?(J, H). Moreover,
we then have for all t € J

u(t) = et y(t) = e HH( — z/ dsg(s

— eIty (0) — Z/ ds e {9 (35, — Hu(s). O
0

COROLLARY B.3. For any f € L?(J,H) and ug € H, there exists exactly one u* € L?*(J,H) such that
(10 — H)u* = f and u*(0) = uo.

Proof. Existence: Let f € L?(.J,H). Define

v*(t) = ug —i/t ds e™H f(5s),
0

and u* = e~ ¢*, Then, by Proposition B.2, (i0; — H)u* = e~ ¢ j9,v* = f and u*(0) = ug.
Uniqueness: Assume (id; — H)uj = (i0,— H)us = f € L*(J,H) and u}(0) = u3(0) = ug. Define v = e" 4

(j = 1,2), we then have d;v] = dyv3. Since v;(0) = v3(0) = ug, uniqueness follows. 0
We now add a time-dependent part B(t), assumed to be a strongly continuous family of uniformly bounded

self-adjoint operators (that is, for any ¢ € J, B(t) is a bounded self-adjoint operator, and sup,¢; [|B(t)|| < c0).

PROPOSITION B.4. Assume J is bounded. For any f € L*(J,H) and uy € H there exist a unique u* €
L2(J,H) such that (i0; — H — B(t))u* = f and u(0) = ug. Furthermore, the following continuity estimate holds:

1

* 2 2 2
(B.3) lllenrzey < V2 (luol” + T 117 2100

Proof. The result is proved by a standard fixed-point argument for ODEs. For simplicity, we assume here
J =(0,T) for some T > 0. The extension to negative times is straightforward. Set

M = sup || B(s)| -
teJ

We also define, for u > 0,

[N

T
Vu € LQ(J7H)7 ||’U’HILQ(I,H) = </0 dt e_ut |U<t)|2> )

which is a norm on L*(J, H) equivalent to [|-[| ;5 2)-
For any u € L*(J,H) and t € J, set

Blu)(t) = e o — i /O ds e (f(s) = B(s)u(s)).

Clearly ®(u) € L*(J,H), and for any u,v € L*(J,H),
2

/ ds e "= H B(s)(u(s) — u(s))

0

< MQT/T dt e 1 /T ds |u(s) — v(s)[?

< M?T / ds u(s) —v( |/ dt e M

T
2 _
10(0) = D) 2030 = / dt ¢t

M T
< 7 s e uts) (o)
K Jo
Choosmg p such that 2T < 1. this proves that ® is contractive for ||-|) 123> hence admits a unique fixed

point u* which satisfies {Sr allte H

(B.4) uw (t) = e M yy —i /O ds e "= H (£(5) — B(s)u*(s)),
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which, by Proposition B.2, is equivalent to (i0; — H — B(t))u = f and u(0) = uo.
To prove the continuity estimate, we first assume f € C°(J, H), and write for any ¢t € J

2

i ()] = |up — i / ds e (f(s) — B(s)u*(s))] .

from which we deduce

0 OF =200 —i [ ds () = Bl (9). =i (7(6) = Bl (1)

This yields

d
vt € J, ‘dt [u* (8)7] < 2w (@) 1£(2)] -

Let € > 0 and w:(t) = & + |uo| + fot ds |f(s)]. Let K. = {w. > |u*|} C J, which is closed (by continuity of w
and v*) and contains 0. Now assume to := inf J \ K. < T. By continuity, it holds |u*(ty)| = w(ty) > > 0, and
there exists a § > 0 such that [to,to + 0] C J and |u*(t)| for every t € [to, to + J]. Therefore,

d

d
VtE fto—dito+0], 2[u(B) o [ ()] = - [ (6)]* < 2|f ()] [u* (D)),

which yields

Vi€ ltosto 4], (0] < IF(0)]

It follows by integration that
t
Yt € [to,to + 0], |u*(t)] < |Ju*(to)] +/ ds |f(s)] = w(t),
to

which contradicts the definition of ¢ty. Therefore,

[N

vied, |u(0)] < wet) < e+ fuol + VT I fllparan < €+ V2 (luol + T 1f 1200

Since this holds for any € > 0, we obtain the desired inequality.
For general f € L?(J,H), we take a sequence (f,)n>0 such that ||f, — fllr2g ) — 0, and define uj, the

unique element of L?(.J,H) such that
t
(B.5) wh(t) = e yy — z/ ds e "= H (1 (s) — B(s)u’(s)).
0

As earlier, we compare v, and u* in term of H-||/LQ(JH), and obtain with (B.4) and (B.5)

* * 2 2 M2T * * 2
l[u, —u ||IL2(J,H) <Clfu— f||L2(J,7-L) + T”Un —u H/LZ(J,H) J

yielding
* * 1/
[y, — w ||L2(J7H) <SCfa— f||L2(J7H) )
for some constant C' > 0. This proves that u}, — w* in L?(.J,H), and using (B.4) and (B.5) again we deduce
that u’ — u* in C%(J,H). The result appears by taking n — oo in

[N

* 2 2
>0, o < V2 (ol + T 1) 0
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