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A B S T R A C T   

There are many problems associated with the methods for scaling microalgae culture systems. Mathematical 
models - predictive models in particular - are considered key, but most of them require specialist programming 
and computer science skills. Even where these skills are available, new parameters (such as radiative properties 
for determining the effect of light attenuation on photosynthetic growth) have to be determined with each 
application of the model for a new strain of microalgae, and this in itself is highly complex. Consequently, the 
methods used in the field are still mainly (semi-)empirical. A simplified method of determining maximal per-
formance and the corresponding optimal operating points (i.e. biomass concentration, harvesting rate) for a 
given culture system, strain and culture condition (including solar) is presented here. The approach involves 
engineering equations, which are smartly adapted in this study to eliminate parameters that are difficult to 
obtain, with a few conventional small-scale experiments to determine the remaining key parameters relevant to 
the strain. The method is applied with two strains: Haematococcus pluvialis (in green phase and under continuous 
light) and a Picochlorum maculatum strain isolated from the Qatar desert (in both continuous and diurnal light 
cycles). A deviation of <10 % was achieved between the predicted data and the experimental data. The proposed 
method, which eliminates several months of experiments and is relatively simple to apply, appears to be an 
appropriate tool for optimizing and accelerating the scaling-up of microalgae culture systems.   

1. Introduction 

The potential of microalgae is now recognized in many fields, 
including food, biofuel and the treatment of effluent [1–5], but scaling 
up is still a major challenge. In addition to the technical issues involved 
with the cultivation process and robustness of large-scale cultures, there 
is still a lack of simple engineering tools to scale the production facilities 
for a given strain. This is particularly the case for scaling up the pro-
duction of less-well-documented species, as the available studies are 
usually conducted at lab scale (<1 L). 

Mathematical models, in particular models for predicting microalgae 
culture systems, are considered key [6–11]. Much progress has been 
made in recent years and modeling can now provide solutions, for 
example, for determining biomass productivity and predicting the in-
fluence of operating parameters such as light supply (i.e. hemispherical 
incident photon flux density; hereafter PFD) and harvesting strategy (i.e. 

dilution rate D) [12–15]. However, theoretical tools for robust and 
reliable transfer from laboratory to industrial scale remain few, espe-
cially in the case of solar conditions, since a significant variation in solar 
radiation makes it difficult to predict the performance in a given place or 
for a full year of operation. Unlike conventional bioprocesses such as 
fermenters, therefore, where performance (productivity) in terms of 
volume is usually easy to predict, it is still challenging for microalgae 
and photosynthetic production. 

Much of the problem is due to the complex relationship between 
incident light, light attenuation in the culture volume, and resulting 
photosynthetic growth. The aim of the majority of available models is to 
predict this relationship as accurately as possible, as an essential step 
towards determining the productivity of a given culture system ac-
cording to species, light received, culture system geometry (i.e. culture 
thickness) and culture operation (dilution rate, for example). 

Cornet and Dussap [16] developed engineering equations to deter-
mine the maximum productivity of culture systems analytically. These 
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equations were derived from a whole corpus of theoretical knowledge 
developed for photobioreactor modeling [16] over the last few decades 
in the context of life-support systems studies by the European Space 
Agency (ESA). They can only calculate the maximum productivity for a 
given strain, N-source, culture system, and lighting condition, so any 
growth limitation or failure to work under optimal light attenuation 
conditions (at optimal biomass concentration, see below), will lead to a 
lower kinetic performance. Nevertheless it is essential for the engineer to 
know its maximum performance, as with any industrial system, as this 
informs the sizing of the installation and identification of any growth 
limitation that may occur, by comparing it with actual results [17,18]. 

The validity of these equations has been demonstrated in several 
works, using cyanobacteria, microalgae, photobioreactors of different 
tubular and flat geometry, and artificial light and solar conditions 
[12,16,17,19–21]. In each case, a maximum deviation of 15 % was 
achieved, compared to the results of the experiment or complete simu-
lation model, and this is largely acceptable for an engineer. 

The major drawback with the equations is the need for several pa-
rameters, the identification of which requires significant upstream study 
using special equipment and methods, although they are otherwise easy 
to measure. This is the case, for example, with identifying radiative 
properties, which involves significant experimental or theoretical work 
[22–26]. 

This article presents a simplification of the available equations and 
models in order to predict essential data such as maximal biomass 
productivity and corresponding optimal operating conditions quickly (i. 
e. optimal biomass concentration and dilution rate), without significant 
upstream development or expensive equipment. Engineering equations 
smartly adapted to eliminate parameters that are difficult to obtain are 

combined with a few conventional lab-scale experiments to determine 
the remaining key parameters relevant to the strain for a given incident 
field of radiation (spectral, angular and energy distribution). In order to 
illustrate the genericity of the method, three microalgae species culti-
vated in different conditions and photobioreactor (PBR) geometries will 
be considered. The green microalga Chlorella vulgaris will initially be 
used as a model species for the implementation of the method, all 
requested information to simulate various cases being available else-
where (see Section 3.1). Then, illustrations of applications of the method 
will be given for two cases: Haematococcus pluvialis (here cultivated in 
green phase) as a strain with already recognized industrial interest 
(Section 3.2) and Picochlorum maculatum a recently isolated strain from 
the Qatar desert with high potential for developing aquaculture in harsh 
desert conditions (Section 3.3). Those choices will allow illustrating 
applicability to the method to both artificial continuous light and 
diurnal light cycles. 

2. Theoretical considerations 

2.1. Theoretical background: General equations for determining biomass 
productivity 

The productivity of biomass is essential information with any culture 
system. With microalgae, areal productivity PS (g.m− 2.d− 1) is used in 
addition to volumetric productivity PV (g.m− 3.d− 1) due to the need for 
surface illumination. They are linked by the geometric characteristics of 
the culture system, in particular the specific illuminated surface alight 
defined by the ratio of illuminated surface Slight on the illuminated vol-
ume of culture VL (alight = Slight

/
VL

): 

Nomenclature 

A local volumetric rate of photon absorbed [μmol.s− 1.m− 3] 
A local specific rate of photon absorbed (RPA) [μmol.s− 1. 

kg− 1] 
Ac specific rate of photon absorbed at compensation point 

[μmol.s− 1.kg− 1] 
alight specific illuminated area for the photobioreactor [m− 1] 
b back-scattered fraction for radiation [dimensionless] 
Cx biomass concentration [kg.m− 3] 
D dilution rate [h− 1 or s− 1] 
Ea mass absorption coefficient [m2.kg− 1] 
Es mass scattering coefficient [m2.kg− 1] 
f forward scattered fraction for radiation [dimensionless] 
fd volume dark fraction of the photobioreactor 

[dimensionless] 
G local spherical irradiance [μmol.s− 1.m− 2] 
I intensity or luminance [μmol.s− 1.m− 2.sr− 1] 
K half saturation constant for photosynthesis [μmol.s− 1.m− 2] 
ka linear absorption coefficient [m− 1] 
kext linear extinction coefficient [m− 1] 
ks linear scattering coefficient [m− 1] 
L depth of the rectangular photobioreactor or the 

spectrophotometer cuvette [m] 
Mx C-Molar mass [kgX.molX-1] 
n degree of collimation for solar radiation [dimensionless] 
OD optical density or absorbance [dimensionless] 
pλ photon distribution function for sources [μmolhν.nm− 1] 
pA absorptivity [dimensionless] 
q hemispherical photon flux density on a given surface (PFD) 

[μmolhν.s− 1.m− 2] 
PV biomass volumetric growth rate (productivity) [kg.m− 3. 

s− 1 or kg.m− 3.h− 1] 

Rλ reflectance [dimensionless] 
SL illuminated surface of the photobioreactor [m2] 
PS areal biomass productivity [kg.m− 2.d− 1] 
Tλ transmittance [dimensionless] 
VD volume of the photobioreactor not lit by the incident PFD 

[m3] 
VL volume of the photobioreactor lit by the incident PFD [m3] 
VR = VL + VD total photobioreactor volume [m3] 
xd diffuse fraction for incident PFD at any location [− ] 
z depth of culture or length [m] 

Greek letters 
α linear scattering modulus [dimensionless] 
β inclination of the photobioreactor surface, [rad] 
γ fraction for working illuminated volume in the 

photobioreactor [dimensionless] 
δ extinction coefficient for the two-flux method [m− 1] 
θ incident angle (defined from the outward normal of the 

illuminated surface of the culture system), [rad] 
ρM maximum energy yield for photon conversion 

[dimensionless] 
ϕ’X mean mole quantum yield for the Z-scheme of 

photosynthesis [molX.μmolhν
− 1] 

Subscripts 
NH related to normal-hemispherical quantity 
opt related to optimal value for residence time 
θ related to angular polar quantity 

Abbreviations 
PAR photosynthetically active radiation 
PBR photobioreactor 
PFD photon flux density  
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Ps =
Pv VL

Slight
=

PV

alight
(1) 

Cornet and Dussap [16] developed engineering equations to estimate 
the maximum volumetric biomass productivity PV, and following that, 
the maximum biomass areal productivity PS max from characteristics 
relevant to the strain, the culture system, and the conditions of use, 
using Eq. 1. This is given by: 

PS max = (1 − fd)ρMMXϕ’
X

2α
1 + α

K
(

n+2
n+1

)ln

⎡

⎢
⎢
⎣1 +

(
n+2
n+1

)

q0

K

⎤

⎥
⎥
⎦ (2) 

The parameters for Eq. 2 can be divided into three groups: 
- Parameters related to species: these include the biomass mole quan-

tum yield for the Z-scheme of photosynthesis ϕ’
X, the C-molar mass Mx, 

the half-saturation constant for photosynthesis K, and the linear scat-
tering modulus α related to the radiative properties of the 
microorganism. 

- Parameters related to operating conditions: the total incident PFD q 
(expressed here in μmolehν.m− 2.s− 1 on the PAR - photosynthetic active 
radiation - corresponding to the 400–700 nm spectral range) and the 
degree of collimation of incident radiation n, varying between n = 0 for 
diffuse radiation and n = ∞ for collimated radiation. 

- Parameters related to culture system geometry: the dark volume frac-
tion in the design fd (fd = VD/(VL + VD)

) which represents any volume 

fraction of the culture system not lit by the incident PFD (VD) owing to 
system design, e.g. having a recirculating tank. 

As explained by the authors in their funding paper, the maximum 
primary quantum yield ρM ≅ 0.8, and the linear scattering modulus 
related to the radiative properties of the microalgae α = 0.85–0.9 have 
extremely robust values for any photosynthetic microorganism. It can 
also be observed that all these parameters for a given species (and 
therefore with fixed, species-related parameters) are linked to light. This 
concurs with the fact that maximal performance is obtained at optimal 
operating conditions, where light alone limits growth (hereafter “light- 
limited growth”), assuming all other biological needs (nutrients, dis-
solved carbon, etc.) and operating conditions (pH, temperature, etc.) are 
controlled at optimal values [10,27]. 

In addition, the maximal biomass productivity, as predicted using 
Eq. 2, was also obtained for a given biomass concentration (i.e. the 
optimal concentration) as with any bioprocess. With the culture of 
photosynthetic microorganisms, obtaining this last condition is far from 
simple as it is associated with optimal light absorption conditions, this 
being a function of incident light, biomass concentration and cell 
pigmentation (i.e. radiative properties). This has been widely discussed 
by authors in several publications [17,28,29]. 

Obtaining these optimal light attenuation conditions in practice for a 
given strain and culture system can be tricky. Even under optimal 
operating conditions (light-limited growth), a significant difference is 
obtained between the productivity observed and the maximum possible 
values. This is particularly true for microalgae, due to the influence of 
strong light attenuation (dark volume) on the amount of respiratory 
activity in light on the overall kinetic performance of the culture system 
(i.e. the growth rate). Takache et al. [14,21] provide more details on 
this. It will be discussed further in this work, and a method for esti-
mating optimal biomass concentration will be presented, as a prereq-
uisite to obtaining maximal biomass productivity in the culture system. 

Eq. 2 also reveals an interesting property: the maximum areal pro-
ductivity PS max for a strain and a given incident flux (PFD) does not 
depend on the geometry of the culture system (except for the fd value, 
which is fixed by the design of the culture system). This is also true 
without the light attenuation condition, leading to maximum produc-
tivity [15]. Therefore, when operating a culture system in continuous 
mode at a given dilution rate D (D = Q/VR with Q the liquid flow rate of 

the feed and VR the total volume of the culture system) and incident PFD, 
a constant biomass concentration will be reached (steady state), 
enabling determination of the experimental areal biomass productivity: 

Ps =
Cx.Q
Slight

=
Cx D VR

Slight
=

Cx D
alight

(3) 

If we consider, in the first instance, the usual case of a cultivation 
system with no dark fraction (fd = 0) in the design, the experimental 
areal biomass productivity thus determined will be similar for other 
culture systems with different specific illuminated surfaces (i.e. different 
culture thicknesses) but operated under the same PFD and dilution rate. 
This constant areal biomass productivity property can be combined with 
Eq. 1 on volume productivity to express the relationship between two 
culture systems with different specific illuminated surfaces alight, as 
follows: 

Ps,1 = Ps,2 =
Pv,1

alight,1
=

Pv,2

alight,2
(4)  

where PV 1 and PV 2 are the biomass volume productivities of the two 
culture systems with specific illuminated surfaces alight 1 and alight 2 

respectively. 
An initial, simple engineering equation can thus be introduced to 

determine the volumetric productivity PV of any culture system (Pv,2) 
from a measurement obtained from a given culture system (Pv,1): 

Pv,2 = Pv,1
alight,2

alight,1
(5) 

With a flat-panel PBR, for example, the specific illuminated surface is 
given by alight =

Slight
VR

= 1
L , where L is the depth of the culture system. The 

biomass volume productivity Pv,2 of a PBR (PBR#2) can then be 
determined from the experimental value Pv,1 obtained for a given PBR 
(PBR#1), and the ratio of the depths of the PBRs L1

L2
: 

Pv,2 = Pv,1
L1

L2
(6) 

It is possible, therefore, to extrapolate productivity to a larger-scale 
culture system (PBR#2) using measurements obtained from a PBR at 
laboratory scale (PBR#1). This approach was used by Pruvost et al. [18] 
to extrapolate the culture of Neochloris oleabundans from a 1-l flat-panel 
airlift PBR to a 130-l PBR, and was also demonstrated by Busnel et al. 
[15]. It has also been combined more recently with the use of LED panels 
to simulate solar cycles, in order to estimate the productivity of solar 
raceway systems from data obtained in the laboratory [30]. 

Note that the approach can easily be extended to cultivation systems 
presenting a design dark fraction (fd ∕= 0, leading therefore to Pv,2 =

Pv,1
L1
L2

fd,2
fd,1). 

2.2. Proposal for development 

2.2.1. Simple estimation of maximal biomass productivity 
Although fully predictive, Eq. 2 involves filling in several parame-

ters, some being rather difficult to obtain, especially those related to 
species. The method for determining these parameters is fully detailed in 
the literature, but obtaining them requires a set of experiments involving 
specific equipment and time-consuming measurements [13,14]. 

The objective here is to propose a simplified approach combining 
simple experiments with the theoretical basis provided by Eq. 2. The 
general principle is to carry out an experimental determination of some 
maximum areal biomass productivities obtained for different PFD 
values. One key element that differs between microalgae strains, in 
addition to the different growth rates under given light conditions, is the 
evolution of this growth rate with light. Reformulating Eq. 2 for with 
different PFD values q1 and q2 leads to: 
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Ps max1

Psmax2
≈

ln
[
1 + q1

Kʹ

]

ln
[
1 + q2

Kʹ

] (7) 

Note that with Eq. 7, the determination of parameters that can prove 
difficult is simplified; this concerns both radiative properties and bio-
logical parameters related to species. One constant only, denoted K′, is 
required, which can be estimated through experiments (as explained 
below, this constant is slightly different from the exact value of the half- 
saturation constant for photosynthesis K obtained by independent ex-
periments but may be considered as a first good approximation). 

Eq. 7 assumes that the dark fraction fd and degree of collimation for 
incident radiation are constant. This is true when extrapolating values 
from different PFDs for the same culture system, but if the aim is to apply 
the approach to different culture systems with different dark fractions fd 
or different incident light conditions, the method can simply be 
extended using the same approach: 

Ps max1

PSmax2
≈

(1 − fd 1)

(1 − fd 2)

(
n+2
n+1

)

2
ln

⎡

⎢
⎢
⎣1 +

(

n+2
n+1

)

1

q1

Kʹ

⎤

⎥
⎥
⎦

(
n+2
n+1

)

1
ln

⎡

⎢
⎢
⎣1 +

(

n+2
n+1

)

2

q2

Kʹ

⎤

⎥
⎥
⎦

(8)  

2.2.2. Limitations of the approach 
Although the equations are derived from a reliable, detailed 

modeling corpus, the general aim here is to propose simplified engi-
neering equations, and there are limitations and assumptions with the 
ones above. 

The first assumption is that the strain-related parameters are con-
stant with the incident flux, in terms of the linear scattering modulus α in 
Eq. 2 in particular. As mentioned above, Cornet and Dussap [16] suggest 
that the expression of absorption and scattering coefficients in the form 
of the linear scattering modulus α leads to an almost constant and robust 
value between strains, and a fortiori between culture conditions for a 
given strain. The term 2α

1+α, representing the part (1 – Reflectivity) of 
incident photons actually entering the liquid medium of the culture 
system can therefore generally be taken as 0.85–0.95. 

Another limitation of the approach is that it applies only to 
maximum biomass productivity (Eq. 7 and Eq. 8, as well as Eq. 2 for 
which they are derived). Calculation of the constant K′ in Eq. 7 and Eq. 8 
therefore requires determination of the experimental values for 
maximum biomass productivity of the strain with a given PFD value. As 
discussed above, this involves (i) obtaining the light-limited growth 
where only the light supply limits growth (i.e. no limitation of growth by 
nutrients, dissolved carbon, optimized pH or temperature) and (ii) 
determining the optimal biomass concentration, for example by varying 
the dilution rate in a continuous culture. 

Since it is not easy to achieve the condition of optimal biomass 
concentration, a simplified approach to estimating the values for various 
PFDs and culture systems has also been developed (see below), bearing 
in mind that Eq. 7 and Eq. 8 are only valid for determining maximal 
biomass productivity. 

2.3. Extension to the case of biomass productivity under solar conditions 

An evolution of Eq. 2 for solar conditions was proposed by Pruvost 
et al. [17]. This equation introduces the specificities of sunlight use, 
leading to: 

Ps,max = (1 − fd)ρMMXϕ’
X

2α
1 + α

xdK
2

[

ln
[

1 +
2q
K

]

+ (1 − xd)cosθKln
[
1

+
q

Kcosθ

] ]

(9) 

The location, time of year, and ability of the cultivation system to 
collect light are accounted for by (a) xd , the mean fraction of diffuse 
radiation in the total incident solar flux density (PAR), typically around 
0.1–0.5, (b) the mean cosine of the incident angle θ onto the culture 
system surface cosθ - usually within the range 0.4 to 0.7, and (c) the 
incident PFD q ( here indicates that all values are time-averaged in a 
given operating period. Note that because all values rely on only light- 
related parameters, the averaging should be done only in the daytime, 
to the exclusion of all nighttime periods - see below for example). From 
Eq. (2), the degree of collimation has been taken respectively as n = 0 for 
diffuse Lambertian radiation (leading to the term 2q) and to n→∞ for 
direct collimated incident radiation. These two assumptions represent 
the two extremes for the angular distribution of any incident PFD and 
are therefore appropriate for depicting incident solar light (see Appen-
dix A for details). 

Eq. 9 ultimately enables predictive determination of the biomass 
productivity (surface and volume, using Eq. 1) for a given period of the 
year (including the whole year) for any location, using solar information 
obtained from a meteorological database [12,17]. 

Using the same method as for Eq. 7 and Eq. 8, the following 
simplified equations are obtained for solar culture systems with engi-
neering dark fraction fd (Eq. 10a) or without it (Eq. 10b): 

PSmax1

PSmax2
≈

(1 − fd1)

[

ln
[
1 + 2 q1

Kʹ

]
+ (1 − xd1)cosθ1Kʹln

[

1 +
q1

Kʹcosθ1

] ]

(1 − fd2)

[

ln
[
1 + 2q2

Kʹ

]
+ (1 − xd2)cosθ2Kʹln

[

1 + q2

K ćosθ2

] ] (10a)  

PSmax1

PSmax2
≈

[

ln
[
1 + 2 q1

K’

]
+ (1 − xd1)cosθ1K’ln

[

1 + q1
K’cosθ1

] ]

[

ln
[
1 + 2q2

K’

]
+ (1 − xd2)cosθ2K’ln

[

1 +
q2

K’cosθ2

] ] (10b) 

As for Eq. 7, only one parameter (K′), related to the species, remains. 
This is particularly noteworthy in the context of solar production, as it 
means these equations allow the maximum productivity to be deter-
mined for a given solar cycle (i.e. fraction of diffuse radiation xd, cosines 
of incident angle θ and incident PFD q; all values averaged for a given 
daily period of operation). As illustrated below, the determination of K′ 
from lab-scale experiments (even in continuous light using Eq. 2) will 
enable extrapolation of the maximal biomass productivity for a whole 
year, but it could also be used to predict performance in other places of 
production, or with different technologies (including different sunlight 
orientation and inclination of the solar culture system). 

2.4. Determination of optimal biomass concentration 

Light-limited growth is a necessary but inadequate condition for 
achieving maximal biomass productivity in a given culture system. 
Appropriate light transfer (or light attenuation) conditions must also be 
established within the culture volume. Other publications go into more 
detail on this [16,21,31]. To summarize, the biomass concentration 
must be high enough to absorb incoming photons, while for microor-
ganisms with non-negligible respiration activity under illumination, 
such as eukaryotic microalgae, a dark volume in the culture volume, 
such as results from an over-large biomass concentration, should be 
avoided. Achieving the maximum kinetic performance (i.e. biomass 
productivity) for a given PFD value therefore requires the precise con-
dition of complete absorption of the incident light, but with no dark 
volume in the culture volume. This condition is often referred to as the 
luminostat mode. It has also been introduced as the “γ = 1” condition, 
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where γ is the ratio of the illuminated volume to the total volume of the 
culture [21,32]. Note that for microorganisms with negligible respira-
tion activity under illumination, such as prokaryotic cyanobacteria cells, 
fulfilling the condition of complete light absorption (γ ≤ 1) is sufficient 
to achieve maximum biomass productivity. 

To obtain optimal light attenuation conditions to be achieved with 
the culture system, the culture system must be operated at the optimal 
biomass concentration, here noted Cx,opt (and other optimal culture 
conditions such as pH, temperature, medium, etc.). The relationship 
between light attenuation conditions and productivity of a culture sys-
tem has been widely discussed by the authors Pottier et al. [26] and 
Dauchet et al. [23]. With a continuous culture system, this is obtained by 
adjusting the dilution rate to obtain the value for optimal biomass 
concentration in the culture system. This is illustrated in Fig. 1, where 
biomass productivity is given as a function of dilution rate (Fig. 1-a) and 
biomass concentration (Fig. 1-b). Maximum productivity thus corre-
sponds to an optimum dilution rate and an optimum biomass concen-
tration (the two being related). These values are also dependent on the 
PFD q applied onto the culture system. 

As mentioned above and illustrated in Fig. 2, the optimal light 
attenuation condition corresponds to full light attenuation with no dark 
volume. For microalgae, a dark volume corresponds to a part the culture 
volume where the light received is insufficient for positive growth. This 
is known as the compensation point of photosynthesis (noted Ac), which 
defines the minimum rate of photon absorption (RPA) necessary for net 
positive photosynthetic growth (the calculation of RPA will be detailed 
below, see Eq. 11). A specific, easy-to-use parameter called the “illu-
minated volume fraction”, denoted γ, can be introduced here 

[16,28,33,34]. Schematically, the culture mass can be divided into two 
zones - an illuminated zone and a dark zone. The illuminated volume 
fraction γ is given by the depth of the culture zc, where the local value of 
RPA (denoted A(z)) corresponds to the compensation point of photo-
synthesis (i.e. A(zc) = AC). Consequently, the optimal light attenuation 
condition corresponds to “γ = l”, indicating full light absorption with no 
dark volume (no RPA value in the culture volume below compensation 
point AC). Other light attenuation regimes are also given, for informa-
tion, in Fig. 2, as obtained with (i) a biomass concentration which is too 
large, leading to a dark volume (γ < l) and (ii) a biomass concentration 
which is too low, preventing full light attenuation (γ > l, the length zc 
appearing here rather as an extinction length, which would require a 
greater thickness L of the culture system depth to absorb all the incident 
radiation). 

As a new development, we propose here to make the condition γ = l 
(i.e. optimal light attenuation condition) reliant on determination of the 
compensation point AC - which is characteristic of a given strain - as a 
key value for estimating the optimal biomass concentration and there-
fore the corresponding dilution rate for any light condition or culture 
thickness. 

Previous works have demonstrated the importance of the two-flux 
approximation when proposing light transfer models for microalgae 
culture, taking into account both absorption and scattering phenomena 
as induced by microalgae cells. The main drawback with this approach is 
the need to determine the related radiative properties, i.e. absorption 
and scattering coefficients, as well as the backscattered fraction which 
issues from the cell phase function. These values can be obtained either 
experimentally or theoretically (for a review of these two approaches, 
see Dauchet et al. 2015), but they are not easy to determine. 

Keeping to the idea of defining a simple engineering method, we 
used the approach introduced by Cornet and Dussap [16], also used by 
Kandilian et al. [35], where the contribution of scattering was dis-
regarded in the light transfer equation, leading to a formulation for the 
radiative transfer in a purely absorbing medium. Additionally, this 
absorbing medium is considered as a grey medium with a mean mass 
absorption coefficient Ea, obtained by averaging the spectral value of 
Eaλ in the PAR from the source energy and its light spectrum ([26]; see 
also appendix B). 

For culture systems of Cartesian geometry, with light attenuation 
occurring along one direction (i.e. rectangular geometries such as flat 
panels or raceway culture systems), this simplification was able to suc-
cessfully estimate the rate of photon absorption A(z), as given by: 

A(z) = Ea.G(z) ≅ Ea.q.e− Ea.Cx.z (11) 

Note that this expression is only valid for quasi-collimated incident 
Fig. 1. Areal biomass productivity evolution as a function of the dilution rate 
(1-a) and biomass concentration (1-b) in continuous culture of Chlorella vulgaris 
for various PFD values. 

Fig. 2. Light attenuation profiles in a flat panel photobioreactor obtained for 
different biomass concentration (q = 300μmolehν.m− 2.s− 1). 
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PFDs, which is a good assumption for many practical cases. As detailed 
in Appendix A, it can be generalized (for solar diffuse radiation or 
artificial one with incident beam angles higher than 20◦) with any de-
gree of collimation of the incident radiation leading to (see appendix A 
for details): 

A(z) = Ea (n + 2)q En+2(Ea • CX • z) (Eq. A 12 in appendix) in which 
the En function is the nth order integral exponential function available in 
many languages. As explained in Appendix A, the well-known expres-
sion of the local RPA in a quasi-collimated incident PFD (Eq. 11) can be 
determined by taking the limit n→∞. Using the property of the En 
function lim

n→∞
N En(x) = e− x leads directly to the well-known Bouguer law 

in this case (often called the Lambert-Beer law), and therefore to Eq. 11. 
Note also that, as discussed in Kandilian et al. [35], the method can 

be conveniently combined with an experimental determination of the 
absorption cross-section Ea using a spectrophotometer equipped with an 
integrative sphere. This approach, based on normal hemispherical 
transmittance, enables simple, accurate determination of the absorption 
cross-section Ea (see Appendix B for details of the experimental 
method). 

By expressing Eq. 11 for the specific condition γ = l (minimum value 
of RPA equal to Ac as achieved at the back of the culture volume z = L), 
the optimal biomass concentration Cx,opt can be related to the quantity 
AC by: 

Ac ≈ A(L) = Ea.q.e− Ea.Cx,opt .L (12) 

Eq. 12 therefore enables estimation of the compensation point of 
photosynthesis Ac from measurements of Cx,opt at a given PFD value q (as 
obtained at maximal productivity, see below for an example of appli-
cation), and mass absorption coefficient Ea. Once the value of the 
compensation point of the cultivated stain is known, Eq. 12 can then be 
used to estimate the optimal biomass concentration for different PFDs or 
different culture system depths: 

Cx,opt ≈
1

Ea.L
ln
(

Ea.q
Ac

)

(13) 

Although Eq. 13 can be used directly, the concept of “areal biomass 
concentration (in g.m-2)” can be introduced here. Its significance was 
proved by Lee et al. [36] and Hoeniges et al. [37], where it was shown 
that, when expressed per unit of illuminated surface, an optimal areal 
biomass concentration value (noted Cs

x,opt) could be defined whatever the 
culture system depth when operated at a given PFD value: 

CS
x,opt = Cx,opt

VR

Slight
= Cx,opt L ≈

1
Ea

ln
(

Ea.q
Ac

)

(14) 

Note that Eq. 14 gives the relevance of light absorption in a micro-
algae culture system. Maximal kinetic performance (i.e. maximal 
biomass productivity and therefore average growth rate on the culture 
volume) at a given PFD is obtained at an optimal areal biomass con-
centration Cs

x,opt , which depends on its absorption coefficient. In other 
words, a sufficient absorption per unit of cultivated area is necessary to 
obtain maximal performance of the culture system. This way of 
reasoning in the field of microalgae cultivation is very similar to the 
reasoning in absorption optical thickness in the field of radiative transfer 
[23]. For a given absorption coefficient Ea, it is well known that the 
absorption in any photo(bio)chemical process is controlled by the ab-
sorption optical thickness τopt = EaCxL. This optical thickness τ can then 
be optimized by adjusting either the biomass concentration Cx,opt for a 
given geometry, or the culture system design (thickness Lopt) at a given 
concentration. 

3. Results and discussion 

3.1. Theoretical study 

3.1.1. Estimation of maximum biomass productivity 
To illustrate the significance of the approach, the kinetic growth 

model for Chlorella vulgaris (CCAP 211–19) developed and validated 
elsewhere was used to simulate various cases [13]. This detailed 
knowledge model is based on the same theoretical corpus used to 
establish our approach, enabling a reliable comparison between com-
plete modeling and our proposed simplified engineering equations. 

Fig. 1 gives the prediction of surface productivity evolution as a 
function of the dilution rate applied, for PFD values of between 150 and 
600μmolhν.m− 2.s− 1. The result of the double dependence maximum 
productivity on the dilution rate and PFD is clearly illustrated (Fig. 1-a). 
The maximum productivity PS max for each PFD was obtained for an 
optimal biomass concentration Cx,opt condition (Fig. 1-b), corresponding 
to optimal light attenuation in the culture volume (γ = 1, Fig. 2, given for 
q = 300μmolhν.m− 2.s− 1), as obtained for an optimal value of dilution 
rate Dopt (Fig. 1-a). This optimal attenuation condition (and therefore 
Dopt and Cx,opt) ultimately depends on the PFD applied. Increasing the 
PFD will increase both the maximal biomass productivity and the 
optimal biomass concentration to achieve it. 

Fig. 3 gives the maximum areal biomass productivity obtained for 
different PFD values. There is a nonlinear evolution of the maximum 
productivity with the PFD increase. This illustrates the expected loss of 
photosynthetic conversion efficiency with increasing light received. 
Therefore, even if the productivity continues to increase with the in-
crease of PFD, the energy dissipation is greater [10,20,29,38]. In Eq. 7, 
this evolution is represented by the logarithmic formulation and the K′ 
value (the higher the K′ value, the lower the decrease in efficiency, 
indicating greater resistance of the strain to light). 

Following Eq. 7, two values of maximal biomass productivity were 
used to determine the value of K′: Ps max1 = 8.9 g.m− 2.day− 1 and Ps max2 
= 27.8 g.m− 2.day− 1, as obtained for q1 = 100μmolhν.m− 2.s− 1 and q2 =

600μmolhν.m− 2.s− 1 respectively (Fig. 1). A value K′ = 150μmolhν.m− 2. 
s− 1 was obtained by simple regression. Once K′ was determined, it was 
possible to determine the PS max value for any PFD value using Eq. 7. 
These values were then compared to the predictions obtained by com-
plete modeling, as in Fig. 1. The values were found to be very close 
(error < 2 %), as shown in Fig. 3. 

Since the kinetic growth model of Chlorella vulgaris comes from the 
same theoretical corpus used to establish engineering equations, the 
value of K′ obtained from regression can be compared to the value of the 
half-saturation constant for photosynthesis K used in the kinetic growth 
model (K = 110μmolhν.m− 2.s− 1, see Table 1). Different values were 
obtained. This is due to the hypothesis introduced in the engineering 
equation used to estimate maximal biomass productivity (Eq. 2, as for 
Eq. 10 for solar condition). As detailed in Cornet [16], several as-
sumptions were introduced to obtain this analytical solution, producing 
an accuracy of 15 % compared to the complete resolution of the kinetic 
growth model of Chlorella vulgaris. This precision is quite acceptable for 
engineering purposes. Nevertheless, in the end, the value obtained from 
regression K′ will necessarily be different from the half-saturation con-
stant of photosynthesis K used in the kinetic growth model for the 
complete resolution of biomass concentration evolution (but generally 
remains within the range of 20 % uncertainty). In other words, using Eq. 
7 alone (or Eq. 10 for solar conditions) does not produce the exact value 
of the half-saturation constant for photosynthesis K as used in the kinetic 
growth model, but can be used to determine the evolution of PS, max (Eq. 
7 or Eq. 11 for solar condition) whatever the PFD value, which is the 
purpose of our approach here. 

Because our method is based on the regression of only two biomass 
productivity values obtained with two different of PFD values, a sensi-
tivity analysis was conducted on the prediction accuracy of K′ from the 
maximum productivity values obtained in the regression. Since the aim 

J. Pruvost et al.                                                                                                                                                                                                                                  



Algal Research 80 (2024) 103517

7

of the K′ value is to relate the nonlinear maximum productivity evolution 
with the increase of the PFD, the ratio between the two PFD values used 
in the calculation (denoted q1 and q2) are of primary relevance. 

Fig. 4-a gives a sensitivity analysis of the constant K′ determined, 
with values predicted as a function of the ratio in PFD (the lower PFD q1 
was fixed arbitrarily at 100 μmolhν.m− 2.s− 1; i.e. the same conclusion as 
when a different PFD is used for reference). The K′ determined was 
highly sensitive for q2/q1 ratios lower than 4. For greater values, the 
deviation from the predicted K′ value was <5 % of the value predicted 
for the greater simulated value (q2/q1 = 10, leading to K′ = 145 μmolhν. 
m− 2.s− 1). Fig. 4-b gives the influence on the prediction of maximal 
biomass productivities PS max. Logically, the greater the difference be-
tween the two PFD values, the greater the precision in calculating the PS 

max value, due to the greater difference between the PS max values used to 
determine the value of K′. For high accuracy in predicting PS max values, a 
minimum factor of 4 is therefore recommended between the two PFD 
values used in Eq. 7, leading to an error of <2 %. Note also that a 
negligible increase in accuracy is obtained for q2/q1 ratios larger than 7 
(error <1 %). 

3.1.2. Estimation of optimal biomass concentration 
As represented in Fig. 1-a, maximum productivity corresponds to 

optimal biomass concentration, which varies depending on the incident 
PFD. Estimating this optimal concentration for any condition from Eq. 
13 requires knowledge of both the mass absorption coefficient Ea and 
the compensation point Ac. As explained in Appendix B, a simple method 
can be used to assess the spectral mass absorption coefficient and then its 
mean average grey value Ea in the PAR. The Ac value is harder to obtain. 
Our proposal is to estimate it from the experimental measurement of the 
maximum biomass productivity obtained at a given incident flux, using 
Eq. 13. 

The sensitivity of determining it this way was first investigated. All 
the quantities (i.e. PS max, Dopt, Cx,opt, Ac) were linked, but in a non-linear 
way, and determination of the maximum productivity can be tricky in 
practice [21]: if the dilution rate is too high and greater than Dopt, the 
light attenuation in the culture volume decreases, thus increasing the 
rate of photon absorption per cell, which can then become significant 
and lead to light stress [39]. This stress causes a decrease in cell 
pigmentation, which further decreases light attenuation, thus increasing 
the light absorbed per cell and therefore light stress. This results in an 
unstable culture regime, making it difficult to obtain the exact operating 
point corresponding to maximum productivity. The sensitivity of the 
determining Ac from Eq. 12 to identify the optimum operating point of 
the PBR was therefore studied. 

Since the precise value of compensation point Ac is known from the 
Chlorella vulgaris kinetic growth model (Ac = 1500 μmole.kg− 1.s− 1, 
Table 1), the calculation error of compensation point Ac was determined 
as a function of the accuracy in determining the optimal biomass con-
centration Cx,opt using Eq. 12. The results are given in Fig. 4-c. It was 
revealed that for accurate determination of Ac (deviation of ±20 % of 
the exact value) the optimal operating point must be determined at 
approximately 8 %, which is not straightforward experimentally, but 
feasible. As shown in Fig. 1-b, biomass productivities close to the 
maximum value can be obtained in a fairly wide range of biomass 
concentrations due to the bell shape of Ps max evolution with biomass 
concentration Cx. 

Once the value of Ac is known, it is then simple to determine the 
optimal concentration for different culture conditions from Eq. 13. 
Fig. 5-a gives the evolution obtained, depending on the PFD value, for 

Fig. 3. Prediction of areal biomass productivity evolution as a function of PFD values for Chlorella vulgaris (blue dashed line: full model prediction, red solid line: 
prediction using Eq. 7 using values obtained at q = 100 and 600 μmolehν.m− 2.s− 1 and for K′ = 150 μmolehν.m− 2.s− 1 – see text for details). (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.) 

Table 1 
Growth model parameters for Chlorella vulgaris used for complete simulations 
(values given for growth on ammonia as N-Source, see text for details).  

Parameter Value Unit  

0.8  
– 

JNADH2 1.8 × 10− 3 molNADH2 kg− 1
X s− 1 

υo2 − X 1.13 
–  

ϕʹ
X 

9.73 × 10− 8  
molX.μmolhν

− 1 

MX 
0.024  kgX C-mol− 1 

υNADH2 − O2 2 – 
K 110 μmolhνm− 2 s− 1 

Kr 
0.6  μmolhνkg− 1 s− 1 

Ac 1500 μmolhνkg− 1 s− 1 

Ea 270 m2.kg− 1 

α 0.85 –  
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two PBR depths: L = 0.03 m and L = 0.06 m (using the sensitivity 
analysis for the Ac value, an envelope corresponding to the predictions 
obtained with ±20 % of the Ac determination is added). Logically, the 
higher the PFD (or the lower the culture depth), the higher the optimal 
biomass concentration to obtain maximal biomass productivity. Note 
also that the areal biomass concentration values Cs

x,opt for a given PFD 
are independent of the PBR depth when expressed per unit of illumi-
nated surface (Fig. 5-b), confirming the significance of this quantity, as 
also discussed elsewhere [36,37]. 

Finally, it was discovered to be quite simple to determine the range of 
optimal biomass concentration to target in order to obtain the maximum 

productivity for given operating conditions, and even if an uncertainty 
remains, the exact set point can be further refined through experiments. 

3.2. Illustration of the significance with artificial light - Haematococcus 
pluvialis 

3.2.1. Methodology 
The method was applied on the green microalga Haematococcus 

pluvialis (SAG 34–7) grown in optimal conditions (i.e. green phase). The 
maximum productivity was determined for different PFD values 
(75–100–130–200 and 300 μmolhν.m− 2.s− 1) by varying the dilution rate 
until maximum productivity was achieved for each value. Experiments 
were conducted in a 1 L flat-panel airlift PBR (Al-PBR, Fig. 6-a) operated 
continuously in chemostat mode (i.e. constant dilution rate) under 
different constant PFD and strict light-limited growth regimes (excess 
nutrients, optimum temperature and pH). Once a steady state was ob-
tained, the dry-weight biomass concentration Cx and mass absorption 
coefficient Ea (Eq. 13) were determined, and biomass productivity 
deduced (Eq. 3). More information on the culture system, continuous 
operation and analysis can be obtained in Busnel et al. [15]. 

3.2.2. Validation of the method for maximal areal biomass productivity 
prediction 

The maximum productivity Ps,max values obtained were used to 
determine the value of the half-saturation constant for photosynthesis K′ 

Fig. 4. Sensitivity analysis in the constant K′ determination. Influence of PFD 
ratio in predicted K′ value (4-a) and corresponding prediction error in K′ esti-
mation (4-b). Error on calculation of compensation point Ac as a function of the 
accuracy in determination of optimal biomass concentration CX opt (4-c). 

Fig. 5. Prediction of evolution of optimal concentration as a function of PFD 
value, as obtained from Eq. 13. Fig. 5-a gives values for two culture systems 
depths (red circles for L = 0.06 m; black solid line for L = 0.03 m) and Fig. 5-b 
gives the areal biomass concentration. Dashed lines give prediction with a ± 20 
% deviation in Ac determination. (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web version of this article.) 
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(Eq. 7) by simple regression. In accordance with the above recommen-
dation on PFD ratio, the PFD values of 75 and 300 μmolhν.m− 2.s− 1 were 
used here (factor 4) and a K′ value of 240 ± 10 μmolhν.m− 2.s− 1 was 
obtained. 

By determining the value of K′, the evolution of the maximal biomass 
productivity Ps,max can be calculated with different PFD values. As 
shown in Fig. 7, there is close consistency between all the experimental 
and predicted values of Ps,max, with an acceptable error (< 10 %). The 
maximum productivity for H. pluvialis (green phase) can therefore be 
determined for any PFD value, with only two Ps,max values at a given PFD 
(Eq. 7). Note that this method could save a significant amount of time; 1 
to 2 months of experimentation are usually required to obtain each Ps, 

max value. 

3.2.3. Extension to volume biomass productivity 
Once the maximal areal biomass productivities Ps,max are known, Eq. 

1 can be used to determine the maximal volume productivity Pv,max, 

where the specific illuminated surface of the culture system used is 
known. To illustrate this, H. pluvialis was cultivated in two different 
PBRs of similar geometry (flat-panel, no design dark fraction i.e. fd = 0) 
but different depths, and therefore different specific illuminated surfaces 
(Al-PBR: L = 0.03 m, alight = 33 m− 1 and EOSS2-PBR: L = 0.02 m, alight =

50 m− 1, Fig. 6-a & b). The experimental results are given in Fig. 8, as 
well as the predictions obtained from Eq. 6. 

Close agreement was observed between the experimental and pre-
dicted Pv,max values, demonstrating that once the K′ value has been 
determined, the simple equations proposed can be used to determine all 
the maximum areal and volume productivities for any incident PFD, and 
the specific illuminated surface alight. The K′ value determined here from 
lab-scale experiments in constant light is also valid for sunlight extrap-
olation, as will be shown below. 

Note that if the objective is to determine volume biomass produc-
tivity for a single incident PFD, Eq. 5 is sufficient. By simply measuring 
the areal biomass productivity for a given PBR, therefore, any volume 
productivity value can be determined from the specific illuminated 
surface of the PBR. Note that, unlike for Eq. 7 which is only valid for 
maximum productivity, Eq. 5 is valid regardless of dilution rate and 
biomass concentration. 

3.2.4. Determination of optimal biomass concentration 
The prediction of optimal biomass concentration using Eq. 13 re-

quires prior determination of the compensation point of photosynthesis 
Ac of the cultivated strain. This is obtained using Eq. 12, which requires 
experimental identification of the optimal operating conditions for 
maximal biomass productivity. An example of the evolution of biomass 
productivity with the dilution rate obtained in the Al-PBR for H. pluvialis 
at an incident PFD of 200 μmolhν.m− 2.s− 1 is reported in Fig. 9. A 
maximum biomass productivity Pv,max of 681 ± 35 g.m− 3.d− 1 was ach-
ieved for an optimal biomass concentration Cx,opt of 1.29 ± 0.07 kg.m− 3 

(γ = 1) and an optimal dilution rate Dopt of 0.022 h− 1. For higher dilution 
rates (i.e. lower biomass concentrations) there is insufficient light ab-
sorption, leading to lower biomass productivity (γ > 1) and lower 
dilution rates (i.e. higher biomass concentrations); a dark volume ap-
pears (γ < 1), promoting the contribution of respiration activity which 
also results in lower biomass productivity. 

A single optimal operating point is sufficient to determine the value 
of Ac. However, to illustrate the reliability of our approach, the analysis 
was extended to both of the PBRs used in the study and other PFD values. 
The results are summarized in Table 2 (values of Cx,opt, Dopt, Ps,max and 
Ea). Based on the experimental Cx,opt and Ea values obtained for each 

Fig. 6. Microalgae culture systems considered in the study: AL PBR (A), EOSS-2 PBR (B) ePBR (C) and outdoor raceway considered in solar simulations (D).  

Fig. 7. Experimental and predicted values of maximal areal biomass produc-
tivity Ps,max for H. pluvialis culture grown in optimal conditions in AL-PBR 
operated in chemostat mode, as a function of incident PFD. Experimental 
data shown as mean ± SD, n = 3. 
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condition, the compensation point of photosynthesis Ac was then 
calculated using Eq. 12. As expected, the value of Ac was found to be 
near constant for all conditions, as a biological property of the cultivated 
strain (considering the uncertainty intrinsic to the overall determination 
method). For H. pluvialis (green phase), a value Ac of 650 ± 50 μmolhν. 
kg− 1.s− 1 was obtained. 

Once the compensation point of photosynthesis Ac is known, the 
optimal biomass concentration Cx,opt for each PFD value can be 

determined from Eq. 13. Fig. 10-a presents the Cx,opt evolution of 
H. pluvialis obtained for different PFD values. Several experimental 
points were added. Close agreement with the predictions was observed 
for different growing conditions (error < 10 %). Using the approach, 
therefore, the optimal biomass concentration of H. pluvialis (green 
phase) can be determined from only one value of Cx,opt obtained from a 
given PFD, for any other incident PFD value. 

Eq. 14 can be used to determine the areal biomass concentrations 
Cs

x,opt from Cx,opt values where the specific illuminated surface of the 
culture system is known. The experimental Cs

x,opt results for H. pluvialis 
grown in Al-PBR and EOSS-PBR are shown in Fig. 10-b with the pre-
dictions obtained from Eq. 14. Again, close agreement was observed 
between the experimental and predicted values. This also confirms the 
relevance of the areal biomass concentration. For a given PFD value, the 
same optimal areal biomass concentration Cs

x,opt was obtained for the 
two different PBRs. Consequently, if the value is determined for a given 
PBR, it is easy to deduce the biomass concentration Cx,opt for other PBRs 
with different specific illuminated surfaces (Eq. 14). This could also save 
a significant amount of time in determining the optimal operating 
conditions. 

Finally, the determination of Cx,opt can be combined with the pre-
diction of maximum productivity to estimate the optimal dilution rate 
value as: 

Dopt =
Pv,max

Cx,opt
(15) 

Fig. 10-c compares this prediction with the experimental values. 
Close agreement was again observed (error < 10 %). 

3.3. Illustration of the significance with solar light - Picochlorum 
maculatum 

3.3.1. Methodology 
For the second case study, the microalgae strain Picochlorum 

Fig. 8. Experimental and predicted values of maximal volume biomass productivity Pv,max for H. pluvialis culture grown in optimal conditions in both AL-PBR and 
EOSS2 PBR, operated in chemostat mode, as a function of incident PFD. Experimental data are shown as mean ± SD, n = 3. 

Fig. 9. Experimental determination of maximum biomass productivity Pv,max 
and corresponding optimal biomass concentrations Cx,opt by varying dilution 
rate D in the AL-PBR, operating in chemostat mode and illuminated with a PFD 
q = 200 μmolhν.m− 2.s− 1. Data shown as mean ± SD, n = 3. 
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maculatum, isolated from Qatar, was used, owing to its natural ability to 
thrive in a desert climate with high temperatures and PFDs. Previous 
studies have also demonstrated the ability of this strain to produce 
elevated amounts of proteins and essential polyunsaturated fatty acids 
even under extreme environmental conditions, making it a valuable 
local resource for fish feed [30]. The strain was therefore used to illus-
trate the value of our approach, using laboratory experiments to esti-
mate the maximal biomass productivity achievable in large-scale 
outdoor biomass production. 

The same approach as for H.pluvialis was used. Evolutions of areal 
productivity for Picochlorum maculatum were experimentally deter-
mined, based on the varying dilution rates for different PFD values and 
in continuous light (150, 300 and 600 μmolhν.m− 2.s− 1). The experiments 
were carried out in continuous mode in a conical benchtop photo-
bioreactor (ePBR, 101 Phenometrics, USA – Fig. 6-c) using enriched F/2 
media as described by Rasheed et al. [30]. Samples were collected at 
fixed intervals throughout the experiment and biomass productivity was 
determined once steady state was achieved for a given dilution rate, by 
measuring the biomass concentration. 

To validate the ability of our approach to estimate maximal biomass 
productivity in solar conditions (Eq. 11), additional experiments were 
carried out using the same PBR but with simulated day-night cycles. The 
detailed methodology can be found in Rasheed et al. [30]. In brief, 
diurnal variations in culture temperature along with PFD were applied 
to simulate conditions encountered in raceways for winter and summer 
periods in Qatar. The PFD cycles were obtained from a meteorological 
database, and the temperature cycles from a thermal modeling of out-
door raceways [40]. As described in Rasheed et al. [30], non-optimal 
temperature regimes can be encountered even in summer (too high 
temperature) or winter (too low temperature). Values for optimal and 
non-optimal temperature regimes were considered in this study (see the 
section below). Note that all samples for estimating biomass produc-
tivity were collected at the end of the light cycle, after the cultures had 
been exposed to maximum light. 

3.3.2. Validation of method for estimating performance of culture systems 
in solar conditions 

The maximal productivity values obtained in continuous light at 
different PFDs were used to determine the K′ constant from Eq. 7. The 
results are given in Fig. 11. A K′ value of 400 ± 20 μmolhν.m− 2.s− 1 was 
obtained, demonstrating higher resistance of Picochlorum maculatum to 
high light intensity (K′ = 240 μmolhν.m− 2.s− 1 for H.pluvialis). Note that 
the ratio between minimum and maximum PFD values was set at 4, in 
accordance with the sensibility analysis given above (Fig. 4-b). 

The values obtained in simulated day-night cycles were also added to 
Fig. 11. Because the configuration applied (fixed light source with time- 
varying PFD values) was simplified, calculation was fairly straightfor-
ward using Eq. 11. Normal incidence (cos(θ) = 1) was applied over the 
time with negligible diffuse light (xd = 0). Only the PFD averaged on the 
day period was required, leading to q = 1485 μmolhν.m− 2.s− 1 and 
q=1107 μmolhν.m− 2.s− 1 for the typical summer and winter PFD cycles 
respectively. 

The theoretical determination of maximal productivity using the K′ 
constant identified from constant light experiments was consistent with 
the values achieved in day-night cycles, but only for optimal tempera-
ture regimes. For non-optimal temperature regimes, the experimental 
productivities were found to be lower than the predicted ones. This 
demonstrates another advantage of our approach: by predicting the 
maximal productivity that can be achieved in given light conditions, the 
decrease in performance in non-ideal conditions (temperature regimes 
in this case) can be estimated. With Picochlorum maculatum, for example, 
a loss of productivity of around 40–50 % would be achieved in winter 
due to the culture temperature being too low. As discussed by Raheed 
et al. [30,41], this could be attenuated by adding thermal regulation 
units. Our approach could be useful in this case: by predicting produc-
tivity with and without thermal regulation, useful information would be 
obtained to conduct a techno-economic analysis of the advantages of 
such an investment [41]. 

3.3.3. Estimating outdoor performance from a meteorological database 
In the section above, Eq. 11 was simplified because of the simulated 

day-night cycle provided by a fixed LED panel on the lab-scale PBR. Eq. 
11 can also replicate the effects of other outdoor culture phenomena in 
sunlight, such as changes in PFD, direct/diffuse light distribution (due to 
clouds, for example) and incident angle over the year. To illustrate this, 
an outdoor culture system (Fig. 6-d) located in Al-Khor in Qatar (N 
25◦69, E 51◦51) was used. The aim was to estimate the evolution of 
maximal productivity exploitation over a year achievable with Pico-
chlorum maculatum. To obtain average monthly values, for example (any 
other period could be used), input data in terms of PFD q (here in the 
PAR), cos(θ) and xd were determined by averaging a time series of 
corresponding data over a given month (as above, the average was taken 
only during daytime periods). These values were used to determine 
maximal productivity using Eq. 11 (using Ps max 1 = 7.16 g.m− 2.d− 1 

arbitrarily as the reference, as obtained in constant light for a PFD of q =
150μmolhν.m− 2.s− 1). In addition, as an example of other useful data with 
the techno-economic analysis, the photosynthetic conversion efficiency 
PE was added, using [41,42]: 

PE =
PSΔH0

C
SIPAR

(16)  

where ΔH0
C is the enthalpy of biomass combustion (22.5 J.g− 1) and SIPAR 

the daily solar irradiation (kJ.m− 2.day− 1), calculated for a horizontal 
surface and within the PAR range (400 to 700 nm, 43 % of the total 
sunlight spectrum). 

Fig. 12 and Table 3 give the biomass productivity evolution and 
resulting photosynthetic conversion efficiency over the months, with 
greater productivities in summer (an increase of around 60 %) but a 
lower photosynthetic conversion efficiency (a decrease of around 25 %) 
as the combined effect of the evolutions in both biomass productivity 
and solar irradiation. From these results, the achievable biomass pro-
duction over a year of exploitation (4.64 kg.m− 2.year− 1, around 46 t. 
ha− 1.year− 1), and the average value of photosynthetic conversion 

Table 2 
Experimental values of maximum surface biomass productivities Ps,max, corresponding optimal biomass concentrations Cx,opt and dilution rates Dopt, averaged mass 
absorption cross-sections Ea and compensation point of photosynthesis Ac obtained in both AL-PBR and EOSS2 PBR cultivating H. pluvialis at different incidents.  

PBR PFD, q 
(μmolhν.m− 2.s− 1) 

Dopt 

(h− 1) 
Cx,opt 

(kg.m− 3) 
Ps max 

(g.m− 2.d− 1) 
Ea (m2.kg− 1) Ac 

(μmolhν.kg− 1.s− 1) 

Al-PBR  75  0.02  0.62 ± 0.03  8.93 ± 0.54  155 ± 25  650  
100  0.02  0.79 ± 0.04  11.38 ± 0.58  125 ± 15  645  
130  0.021  0.95 ± 0.05  14.77 ± 1.74  100 ± 10  750  
200  0.022  1.29 ± 0.07  20.15 ± 2.06  80 ± 10  720  
300  0.025  1.68 ± 0.09  26.61 ± 2.84  65 ± 5  780 

EOSS2  
75  0.02  0.95 ± 0.04  9.12 ± 0.61  160 ± 20  570  

100  0.02  1.19 ± 0.05  11.42 ± 0.73  120 ± 10  690  
200  0.022  1.94 ± 0.08  20.21 ± 1.97  85 ± 10  650  
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efficiency (around 1.3 %) can be estimated. 
To illustrate the advantage of using Eq. 11 for meaningful repre-

sentation of sunlight conditions, the values predicted without the in-
fluence of diffuse light (xd = 0) and incident angle (cosθ = 1) were 
added. As discussed previously by Pruvost et al. [19], this leads to a 

significant over-estimation of biomass productivity (a factor of around 2 
in this case). 

4. Conclusions 

A simplified new method for determining the maximal performance 
(volumetric and areal biomass productivity) and corresponding optimal 
operating points (biomass concentration, dilution rate) for a given cul-
ture system (characterized by specific illuminated surface alight and 
design dark fraction fd), strain and culture conditions (including solar) 

Fig. 10. Experimental and predicted values of optimal biomass concentration 
Cx,opt (10-a), optimal areal biomass concentration Cs

x,opt (10-b) and optimal 
dilution rate Dopt (10-c) for H. pluvialis culture grown in optimal conditions in 
both AL-PBR and EOSS2 PBR, operated in chemostat mode, as a function of 
incident PFD. Experimental data shown as mean ± SD, n = 3. 

Fig. 11. Experimental and predicted values of maximal areal biomass pro-
ductivity Ps,max for Picochlorum maculatum culture grown in optimal conditions 
in conical benchtop PBR, operated in chemostat mode, as a function of incident 
photons flux density q. Values obtained for both constant light and simulated 
day-night cycles. 

Fig. 12. Prediction of yearly evolution of maximal biomass productivities and 
photosynthetic conversion efficiency for the strain Picochlorum maculatum 
cultivated in solar conditions at Al-Khor location in Qatar. Values given for a 
horizontal culture system. Biomass productivities, disregarding the influence of 
diffuse light (xd = 0) and incident angle (cosθ = 1), provided for information 
(see text for details). 
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has been presented and validated. The approach combines engineering 
equations smartly adapted to eliminate parameters that are difficult to 
obtain, with a few conventional small-scale experiments, to determine 
the remaining key parameters relative to the strain. 

Since the information required by experimental campaigns usually 
takes several weeks to obtain, this method represents significant savings 
in terms of time, while producing predictions within an acceptable range 
of accuracy for most engineering purposes (a deviation of below 10 % 
was found in all cases). The proposed method, which is fairly simple to 
apply, appears to be a relevant tool for understanding and analyzing PBR 
behaviors together with accelerating the scaling-up of any microalgae 
culture. 

It should be borne in mind, of course, that the approach is only valid 
for estimating maximal biomass productivity. In other words, this means 
that it only concern the productivities obtained without nutrient limi-
tation, and for temperature and pH ranges close to the optimal. In a 
sense, it can be considered optimistic, considering all the issues that 
could potentially be encountered in outdoor conditions (especially in the 
desert), but the information may still be useful for estimating the 
maximal potential of a given strain or loss of performance caused by 
non-optimal culture conditions (as illustrated here with Picochlorum 
maculatum where a loss of productivity of around 40–50 % was observed 
due to sub-optimal temperature). For more detailed representations 
(such as effect of temperature, daytime period, pigment acclimation, 
etc.), other modeling approaches should be used (as proposed by other 
authors, see [12], but they would not offer the same simplicity of use, 
which is the primary objective of the present approach. 
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Appendix A. Demonstration of general equations using any degree of collimation n for the local rate of photon absorption (RPA) A(z) 
and mean volumetric photon absorption rate (MVRPA) <A > in 1D Cartesian geometry 

This appendix is proposed to establish the equations to use for local profiling of the rate of photon absorption (RPA), and consequently the mean 
volumetric rate of photon absorption in a 1D Cartesian PBR, in general (i.e. flat panel culture system), with any angular distribution for the incident 
PFD. To the best of our knowledge, this approach has never been proposed before. 

An angular dependence for the incident luminance (or intensity) I0(θ) must first be assumed on the surface of the culture system (at the boundary z 
= 0) from a cosine modulation of nth order [16,29] in the form: 

I(θ)|z=0 = I0cosn(θ) (A1) 

The dependence of the azimuth angle ϕ is not considered here because, in most practical cases, both the radiative properties and radiative transfer 
are independent in terms of azimuth (especially when edge effects are negligible). This approach enables consideration of any general situation for the 
source of the radiative transfer problem between two extreme situations: i) the well-known quasi collimated incidence with n = ∞, then I(θ)|z=0 =

I0δ (θ − θC) where the incident radiation exists only in the θC direction, and ii) the diffuse Lambertian incidence with n = 0 and I(θ)|z=0 = I0 for any 
angle θ. All the demonstrations in this appendix assume a grey absorbing medium characterized by a mean mass absorption coefficient Ea averaged on 
the PAR (see appendix B for the determination considered). 

Table 3 
Monthly averaged values of solar irradiation conditions for horizontal culture systems operated in Al-Khor (Qatar) and corresponding predicted values of maximal 
biomass productivities and photosynthetic conversion efficiency for Picochlorum maculatum.  

Month PFD cos(θ) xd PS Solar irradiation PE (%) 

(μmolehν.m− 2.s-1) (no unit) (no unit) (g.m− 2.d− 1) (kJ.m-2.d− 1) (no unit) 

January  709  0.47  0.48  8.6  14,454  1.34 % 
February  880  0.55  0.43  11.4  17,935  1.43 % 
March  1026  0.61  0.40  13.6  22,802  1.34 % 
April  1107  0.64  0.41  14.3  26,651  1.21 % 
May  1174  0.64  0.37  15.5  28,260  1.23 % 
June  1190  0.65  0.36  16.0  28,649  1.26 % 
July  1129  0.65  0.40  14.7  27,180  1.22 % 
August  1075  0.66  0.43  13.8  25,884  1.20 % 
September  948  0.65  0.47  12.0  22,835  1.18 % 
October  975  0.56  0.39  12.9  19,872  1.46 % 
November  808  0.50  0.41  10.7  16,459  1.46 % 
December  695  0.44  0.45  8.8  14,152  1.41 %  
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A.1. Some definitions and equations between intensity (luminance), irradiance, photon flux density and photon absorption rates in 1D Cartesian radiative 
transfer 

All the radiative physical observables are defined from the intensity I(θ), which is an angular quantity depending only on the angular distribution 
of the light source (boundary) with an absorbing medium (Pruvost and Cornet, 2012). For a 1D Cartesian geometry with incidence on one side of z = 0, 
the irradiance is first given by the integral: 

G =

∫ 2π

0

∫ π/2

0
I(θ)sin(θ)dθ dϕ = 2π

∫ π/2

0
I(θ)sin(θ)dθ (A2) 

Second, the hemispherical photon flux density (a vector projection in the z direction) is also independent in terms of azimuth and given by the first 
moment of the angular intensity: 

q = 2π
∫ π/2

0
I(θ)cos(θ) sin(θ)dθ (A3) 

These definitions can be used at the boundary (input wall of the PBR with z = 0) to relate the incident intensity I0 in a general angular situation to 
the incident PFD q0. Using Eq. A1 in Eq. A3 leads to the following: 

q0 = 2π
∫ π/2

0
I0(θ)cos(θ) sin(θ)dθ = 2πI0

∫ π/2

0
cosn+1(θ) sin(θ)dθ =

2πI0

n + 2 

Thus 

I0 =
n + 2

2π q0 (A4) 

Note here that when n goes to infinity, the intensity becomes a delta Dirac function with respect to incidence angle θ and the value of I0 cannot be 
directly interpreted, when outside an integral. As a consequence, q0 does not tend towards 0 when n approaches infinity, since I0 also approaches 
infinity. 

Finally, in general terms, the irradiance G(z) defined by Eq. (A2) can be used to form many significant physical quantities related to photon 
absorption rates, which are the basis of the kinetic and energetic formulation combinations in the PBR (Pruvost and Cornet, 2012; Dauchet et al., 
2016). The specific local rate of photon absorbed A [μmolhν.kg− 1.s− 1] (referred to as the RPA in the body of the article) is simply obtained from the 
mass absorption coefficient Ea (see also appendix B and Eq. 12): 

A(z) = Ea G(z) (A5) 

This quantity is easily related to the local volumetric photon absorption rate A [μmolhν.m− 3.s− 1] by multiplying it by the biomass dry weight 
concentration CX: 

A (z) = Ea CXG(z) = ka G(z) (A6)  

where the linear absorption coefficient ka = Ea CX [m− 1] has been introduced. 
To establish energy balances in the culture system, an average of this local volumetric rate provides the mean volumetric rate of photons absorbed 

<A > (called MVRPA): 

< A >=
1
L

∫ L

0
A (z)dz =

1
L

Ea CX

∫ L

0
G(z)dz (A7) 

From an energy balance on the photon phase, it has been also demonstrated [16] that the MVRPA can alternatively be expressed as: 

< A >= (1 − fd)q0 alightpA = (1 − fd) < A >max pA (A8)  

where the design dark volume fraction of the culture system fd, and absorptivity pA corresponding to the proportion of incident photons absorbed in 
the culture volume have been introduced. 

A.2. Bouguer law and establishment of equations for irradiance G(z) and RPA A(z) profiles in a 1D Cartesian geometry 

The well-known Bouguer law (often incorrectly referred as the Lambert-Beer law) gives the attenuation of the intensity (and not for the irradiance 
or the flux density) in an absorbing medium for any direction forming an angle θ with the norm by (using Eq. A1): 

I(z) = I0cosn(θ)exp
(

−
kaz

cos(θ)

)

= I0cosn(θ)exp
(

−
Ea CXz
cos(θ)

)

(A9) 

From this profile of intensity in the direction θ, it is then easy to establish the equation for the irradiance G(z) by taking an average of all the θ 
directions, using Eq. A2: 

G(z) = 2π
∫ π/2

0
I(θ, z)sin(θ)dθ = 2π

∫ π/2

0
I0cosn(θ)exp

(

−
kaz

cos(θ)

)

sin(θ)dθ (A10) 

Using Eq. A4 to eliminate I0 and applying the variable change μ = cos (θ) leads to the following analytic solution for the irradiance profile: 

G(z) = (n+2)q0

∫ 1

0
μnexp

(

−
kaz
μ

)

dμ = (n+2)q0 En+2(kaz) (A11) 
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where the EN function is the nth order integral exponential function available in many languages, and software (Matlab®, Mathematica, Maple, etc.). 
Finally, this leads to the general expression for the local RPA (for any degree of collimation n at the source): 

A(z) = Ea (n+2)q0 En+2(kaz) (A12)  

A.3. Establishment of general equation for mean volumetric rate of photon absorption (MVRPA) <A > in a 1D Cartesian geometry 

Once the local expression for the RPA A(z) is established (Eq. A12), this rate can be spatially averaged to obtain the MVRPA as the main physical 
quantity available for energy balances in the culture system (using Eqs. A5 and A7): 

< A >=
1
L

∫ L

0
A (z)dz =

1
L

CX

∫ L

0
A(z)dz (A13) 

Substituting Eq. A12 into Eq. A13 gives: 

< A >=
(n + 2) q0

L

∫L

0

ka En+2(kaz)dz  

=
(n + 2) q0

L

[
1

n + 2
− En+3(ka L)

]

i.e.: 

< A >= q0 alight [1 − (n+2) En+3(ka L) ] (A14) 

This final form of the MVRPA can be compared to Eq. A8 and by identification (assuming no dark fraction in the culture system), a theoretical 
expression of the absorptivity is obtained: 

pA = [1 − (n+2) En+3(ka L) ] (A15)  

A.4. Behavior of general established equations with variable degree of collimation n for the two extreme cases: the quasi collimated (n = ∞) and diffuse 
Lambertian (n = 0) light incidences 

All the general equations established in this appendix for irradiance G(z), local RPA A(z) and MVRPA <A > (regarding degree of collimation n) 
necessarily lead to recognized equations for the two simple extreme values of n. 

First, with the quasi-collimated incidence for q0, n→∞ and using the properties for the nth order integral exponential function lim
n→∞

[n En(x) ] = e− x 

and lim
n→∞

[En(x) ] = 0: 

G(z) = q0 e− kaz, ka = Ea CX  

A(z) = Ea q0 e− kaz  

and 

< A >= q0alight
[
1 − e− kaL] (A15)  

in accordance with Eq. 11 in the body of the article, and with the Bouguer law as explained above. 
Second, the opposite situation where n = 0 corresponds to the diffuse Lambertian incidence for q0. In this case, the recursive properties can be used: 

2E3(x) = e− x − x E2(x)
E2(x) = e− x − x E1(x)
x E1(x) = − x Ei( − x)

where Ei(x) is the exponential integral function, to rewrite Eq. A12 and A14 with n = 0 in the form: 

A(z) = 2 Ea q0
[
e− kaz + kaz Ei( − kaz)

]

< A >= q0alight

[
1 − e− kaL(1 − kaL)+ (kaL)2 Ei( − kaL)

]
(A16) 

These two equations for diffuse incidence and grey absorbing medium are well known and have been obtained by other methods with chemical 
photoreactors [43]. 

Appendix B. Explanation for the experimental and theoretical protocol in assessing the mean grey averaged mass absorption coefficient 
Ea from spectroscopic measurements 

The purpose of this appendix is to assemble all the theoretical and experimental information in order to access the spectral mass absorption 
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coefficients Eaλ and their equivalent grey averaged value Ea, by inverting the measurement of transmittances in the single scattering condition. All 
these points have already been extensively discussed in the literature, in particular by the Laurent Pilon team (see for example [25,44] and are simply 
recalled here for convenience, to support the body of the article. 

B.1. Theoretical approach for inversion of normal-hemispherical transmittance measurements within the limit of single scattering assumption 

The single scattering assumption is theoretically verified if any illuminated microalgae suspension with an incident collimated beam of wavelength 
λ is sufficiently optically thin to observe either no interaction with a scatterer (ballistic photons leading to a transmittance Tλ,0) or only one interaction 
(a scattering event leading to a transmittance T λ,1 and a reflectance R λ,1). 

The following classical radiative properties are first introduced:  

- kaλ = EaλCX, the linear absorption coefficient  
- ksλ = EsλCX, the linear scattering coefficient  
- kextλ = kaλ + ksλ, the linear extinction coefficient  
- b, the backscattered fraction for scattering obtained from the phase function of the particle [26]  
- f, the forward scattered fraction f = 1- b 

This allows the transmittance and reflectance expressions for photons experiencing one or no scattering event (with a medium of thickness L) to be 
expressed as:  

- for ballistic photons, Tλ,0 = exp( − kextλ L) ≅ 1 − kextλ L at the optical thin limit  
- for scattered transmitted photons, Tλ,1 = ksλLf and for reflected one Rλ,1 = ksλLb 

In practical terms, a spectrophotometer equipped with an integrating sphere measures both normal-hemispherical transmittance T λ,NH and 
normal-hemispherical reflectance Rλ,NH. 

At the single scattering limit, the photons experiencing more than one scattering event can be disregarded, and one has: 

Tλ,NH = Tλ,0 +Tλ,1 (B1)  

Rλ,NH = Rλ,1 (B2) 

For the 1D Cartesian approximation generally assumed in spectrophotometry, the exiting photons transmitted or reflected are therefore given by 
the following equation: 

Tλ,NH +Rλ,NH = Tλ,0 +Tλ,1 +Rλ,1 (B3)  

which may be written from the radiative properties: 

Tλ,NH +Rλ,NH = 1 − kextλL+ ksλL (f + b) (B4) 

Because by definition (f + b) = 1, we have: 

Tλ,NH +Rλ,NH = 1 − kaλL − ksλL+ ksλL = 1 − kaλL (B5) 

Finally, because kaλ = EaλCX, the spectral mass absorption coefficient Eaλ can be obtained by omitting the reflectivity for the single scattering 
condition only from the knowledge of the normal-hemispherical transmittance Tλ,NH: 

Eaλ =
1 − Tλ,NH − Rλ,NH

CX L
≅

1 − Tλ,NH

CX L
≅

ln(10)ODλ

CX L
(B6)  

where ODλ is the absorbance or optical density given by the spectrophotometer. 
Unlike inversion of the extinction or scattering coefficients, which is debated in the literature, Eq. B6 is widely accepted as inverting a trans-

mittance measurement to obtain the mass absorption coefficient [25,44]. 

B.2. Experimental procedure at spectrophotometer 

To carry out experiments according to the single scattering approximation, it is essential to start by measuring Tλ,NH by successive dilution of a 
sample [44]. By reducing the biomass concentration CX in the sample, the single scattering approximation conditions are gradually approached. In 
doing so, however, the value of the transmittance tends towards 1, which is nearing the experimental limits of the spectrophotometer. The right 
concentration must therefore be found, representing the best compromise between dilution and accuracy and allowing inversion of the mass ab-
sorption coefficient by the approximate theoretical formula Eq. B6. In other words, when we superimpose the inverted curves of the mass absorption 
coefficient as a function of the wavelength, we will obtain spectra which overlap from a certain concentration limit [44]. If the uncertainties on the 
spectrum become too high, the results obtained with too-low biomass concentrations are not considered (in practice, a biomass concentration ranging 
from 0.02 to 0.07 kg.m− 3 is retained for microalgae). 

B.3. Mean mass absorption grey coefficient Ea 

The method described above leads to a spectrum of mass absorption coefficient, i.e. spectral values of this coefficient Eaλ in the PAR. If work with a 
grey approximation for the incident light absorption is required, a mean grey mass absorption coefficient Ea must be defined in the PAR. All that’s 
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required for this is the incident spectral photon distribution of source pλ (given by the norm AM 1.5 for solar incidence or by the supplier of any 
artificial source). The mean mass absorption coefficient is then simply obtained by: 

Ea =

∫700 nm

400 nm

Eaλpλdλ

∫700 nm

400 nm

pλdλ

(B7)  

where the term 
∫700 nm

400 nm

pλdλ = 1 if pλ is normalized as a probability density function (pdf). 
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