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STACKELBERG-NASH EXACT CONTROLLABILITY FOR THE BENNEY-LIN
TYPE EQUATION WITH MIXED BOUNDARY CONDITIONS

MANISH KUMAR f, AND SUBRATA MAJUMDAR#

ABSTRACT. This paper deals with a bi-objective control problem for a strongly dissipative fifth-order
Korteweg-de Vries (KdV) equation with Dirichlet-periodic mixed boundary conditions by means of
distributed controls. More precisely, we address a Stackelberg-Nash control problem, where our first
priority is to achieve the “controllability” type objective with a secondary objective of “optimal control”
type. The control is assumed to be localized in three mutually disjoint subsets of the spatial domain and
the control restricted to each region has different objectives to acomplish. One of the localized controls
is responsible for local controllability to a free trajectory of the concerned nonlinear model, while the
other two controls have to act as a Nash equilibrium for a pair of given functionals.

To study such a problem, we give a hierarchy to the localized controls. More precisely, assuming the
existence of the localized control (called leader) responsible for the “controllability” type objective, we
establish the existence of the other two controls (called followers), which depend on the choice of leader
and whose goal is to keep the state close to two given trajectories on two different regions of the domain.
In order to find the leader control, a controllability result is first established for a linearized forward-
backward coupled system by deriving a weighted observability estimate for the associated adjoint system.
The local inversion mapping theorem is then employed to guarantee the existence of the leader control for
the nonlinear problem. To obtain the desired weighted observability estimate, a new Carleman estimate
is derived.

1. INTRODUCTION AND MAIN RESULTS

Let T, L > 0, and set @ := (0,7") x (0, L). In this paper, we address a bi-objective control problem for
the following Benney-Lin type equation

Opu + 03u + po02u + 05u 4+ ud,u = 0, on Q, (1.1)

with pg > 0, by means of localized interior control, where the primary goal is of “controllability” type
and the secondary goal of “optimization” type. This equation describes the evolution of one-dimensional
small but finite amplitude long waves in various physical systems in fluid dynamics (see [Ben66], [Lin74],
[TDK18]), where u(t, ) denotes height of the wave at time instant ¢ and point x. The coefficient o > 0
adds nonconservative dissipative effects in the dispersive Kawahara equation ((1.1) with o = 0), and so it
is sometimes referred as strongly dissipative Kawahara equation (see [Zho19]) or fifth-order Korteweg-de
Vries equation (see [ZZF18]) or generalized Kawahara equation (see [CDLW22]). Concerning the well-
posedness results for this equation on the real line R, we cite the works [BL97], [CLO08], [ZC09], [CdR22]
and for the bounded interval see the works [ZZF18], [ZWB23].

For the controllability perspective on this higher order dispersive equation, let us mention the works
[Chel9, CFG21], both inspired by the work [CFPR15] for the Korteweg-de Vries equation. More precisely,
the authors in [Chel9] investigated the local null controllability of the Kawahara equation ((1.1) with

o = 0)

Opu + O3u + O3u + udu = fxo, (t,z) € Q,
u(t,0) = u(t,L) = 0u(t,0) = dyu(t, L) = 0?u(t,0) =0, te (0,T), (1.2)
u((),x) = uO(x)v VS (OaL)a

by means of distributed control, while the work [CFG21] deals with the well-posedness and exact control-
lability of the same equation in some weighted Sobolev spaces. The authors in [CFG21] also introduced
the regional controllability of the aforementioned equation in the space L2. Concerning the boundary
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2 M. KUMAR AND S. MAJUMDAR

controllability for this equation, let us first cite the work [GG09], where the authors used two boundary
control on the right side of the boundary to establish the local controllability to the trajectories. In
the case of the control problem for Kawahara equation with periodic boundary, we refer to the works
[2715]), [2Z12], [PV23]. Moreover, in a most recent work [KM24], the authors discussed the existence of
an insensitizing control for the Kawahara equation.

It is worth noting that the authors in [CMZ20] investigated the local exact controllability to the
trajectories of the Korteweg-de Vries-Burgers equation under mixed boundary conditions

Opu + O2u — p(t)0%u + udpu = fXu, (t,z) € Q,
u(t,0) =wu(t,L) =0, dyu(t,0) = d,u(t, L), te (0,T), (1.3)
u(0, ) = ugp(x), x € (0,L).

To the best of the authors’ knowledge, no prior research has addressed controllability issues for the
Benney-Lin type equation (1.1) with the following mixed boundary conditions

u(t,0) = u(t, L) = dyu(t,0) = dyu(t, L) = 0,0%u(t,0) = %u(t, L).

Our work not just fills this gap concerning the controllability result, but also answers a more general
question of Stackelberg-Nash exact controllability.

1.1. Problem formulation and main results. Let Oy, O, and O3 be mutually disjoint open subsets
of (0, L), and assume them to be sufficiently small. Consider the control system

Oru + OFu + podyu + Ogu + udpt = X0, f* + Xo, 1 + X0 2 (t,2) € Q,
u(t,0) = u(t,L) = d,u(t,0) = Opu(t,L) = 0, B?u(t, L) = d2u(t,0), te (0,T), (1.4)
U(O,J)) = UO(J:)7 S (O7 L),

where g is the given initial data, and the function f := xo, f° + xo, f* + X0, f? is the interior control,
localized on the subsets Oy, O1, Os.

Let @ be a free trajectory associated to the system (1.4), i.e., for a given @y € L?(0, L), let @ solves
the system

Opti + 031 + p(t)0tu + 03u + udyu = 0, (t,x) € Q,
ﬂ(t, 0) = ﬂ(tv L) = azﬂ(tvo) = 8rﬂ(ta L) =0, agﬂ(t»L) = a:%ﬂ(tvo)v te (OaT)a (15)
(0, z) = @o(x), z € (0,L).

Further, for given open subsets 01 4, O 4 of (0, L), and given functions u; 4, ug4 € L?(0, L), consider
the functional

war =5 ff u—waP 5 [ IfR torie 1,2), (16)
2 JJo,.xor) 2 JJo,x,1)

The main problem addressed in this article is to achieve the following two objectives in the specified
order of priority.

1. Find f° € L?((0,T) x Op) such that
w(T,) = (T, ). (L.7)
This is referred to as the problem of exact controllability to the free trajectory, which is the

primary objective of this article. The function f° is known as primary control, and the region
Oy as primary control region.

2. The second objective is to find the controls f* € L2((0,T) x O;) s.t.
J1 (fo; fla fz) = minfleLZ((O,T)x(’)l) J1 fo; flv f2 )
and Jy (f0§f17f2) :mianGLZ((O,T)X(’b) Ja fo;flv.]/&

The controls f!, f? are termed as secondary controls and the regions O, O, as secondary control
regions. Such pair of controls (f!, f2) satisfying (1.8) is referred as Nash equilibrium for the cost
functionals Jy, Js.

(1.8)

Such hierarchical control problem is well-known in the literature by the name of Stackelberg-Nash exact
controllability problem. To solve such hierarchical control problem, we first find the controls f!, f2 which
acts as a Nash equilibrium for the functionals J;, Jo, treating the control f© as a known function. Next,
we establish the existence of the control f°, responsible for the controllability goal (1.10). Note that the
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way this problem is dealt, the controls f!, f2 depends on the choice of control f°. This is why the control
fO is referred as the leader, while the controls f!, f? as followers.

The first problem concerning controllability to trajectory can be reformulated as a null controllability
problem. More precisely, if we introduce the new variables

v=u—1u, and v; g = u; g — 4, for i € {1,2},

then the controllability problem of finding f° € L2((0,T) x Op) so that the solution u of (1.4) satisfies
(1.7) reduces to find f° € L2((0,T) x Op) such that the solution v of system

0w + d3v + ,uoﬁiv + 320 + 00,0 + 0. (W) = xoo f + Xo, L+ X0, f2, (t,z) € Q,

v(t,0) = v(t,L) = 9,v(t,0) = d,v(t, L) = 0, &2v(t, L) = d%v(t,0), te(0,7), (1.9)
v(0,2) = vo(z) = uo(x) — Go(x), xz € (0,L).
satisfies
v(T,-) =0 on (0,L), (1.10)

which is a question of null controllability for the system (1.9). Moreover, the functionals J; can be
rewritten in terms of new state variables as

Ji(f% 17 = %// |v—vi,d|2+%// |f4|?, forie {1,2}. (1.11)
0;,ax(0,T) O;x(0,T)

Thus, our aim now reduces to find the controls f¢ € L?((0,7) x O;) such that
(1) the solution v of (1.9) satisfies v(T,-) = 0, and
(ii) the control pair (f!, f?) satisfies (1.8), where the functionals J1, J; are given by (1.11).

To accomplish the Nash equilibrium objective, we assume that the leader control f° € L2((0,T) x Op)
is known, and characterize the followers f', f? as mentioned in the theorem below.

Theorem 1.1 (Characterization of Nash equilibrium). For given f° € L?((0,T) x Oy), the pair (f1, f?)
18 a Nash equilibrium for the functionals Ji, Jo iff

. 1 .
fl = —;SfXOi fOT’L' € {172}5 (112)

where (v, *, p?) solves the optimality system

Oyv + O3v + p0dv + O3v + 00y + 9. (W) = fOxo0, — 9" Xo, — ¥ X0, (L) €Q,
—0pp" — D3Pt + g Okpt — B20" — (v + )0t = X0, 4 Vi(v = viq), (t,z) € Q,
v(t,0) = v(t,L) = 0,v(t,0) = d,v(t, L) = 0, 02v(t, L) = 02v(t,0), te (0,7), (1.13)
@'(t,0) = '(t, L) = 9,¢'(1,0) = 8u*(t, L) = 0, 5" (t, L) = 93'(1,0), t € (0,7),
v(0,7) = vo(z), (T, z) = 0, z € (0,L).

Remark 1.2. Note that the followers f! and f? given by (1.12) depend on the choice of f° due to the
coupling of v in the equation of p! and 2.

The above proposition establishes the existence of the followers f! and f2, under the assumption that
the system (1.13) is well posed, which is indeed true (see Proposition 2.10). Thus, our problem now
reduces to a single objective control problem of “null controllability” type. More precisely, the problem
boils down to find the leader fO € L2((0,T) x Op) such that the v component of the solution of the
extended system (1.13) satisfies (1.10). Corresponding to this null controllability problem we obtained
the following answer, which is the main result of this paper.

Theorem 1.3. For sufficiently large real number fi > 0, assume that j1, o > i, and suppose
0iaNOy #0, forie {1,2}. (1.14)
Further, assume that the subsets O; 4 satisfy one of the following conditions:
01,0 =024 (1.15)
or

014N O # 034N Og. (1.16)
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For any given free trajectory i € X% which solves (1.5), there exist a 6 > 0 and a positive function p(t)
blowing up at t =T such that if the functions vy and v; 4 satisfy the smallness condition

2 .7
loollzzo.y + 3 / / (1) vraf? < 6,
i=1 0 Oi,d

then there exist a control fO € L2((0,T) x Og) such that the v component of the associated solution of
the optimality system (1.13) satisfies (1.10).

1.2. Methodology adopted to prove Theorem 1.3. We establish the partial null controllability result
for the optimality system (1.13) as stated above, by investigating a similar partial null controllability
problem for the following linear system, obtained by linearizing the system (1.13) about v = 0:

v + O30 + 10030 + Ojv + 9z (W) = [Ox0, — Xisy -¢'x0, + 9%, (t,7) € Q,
—0ypt — D3P + g 02t — B30t — 0L = Vv X0, t+ g, (t,z) € Q,
v(t,0) = v(t,L) = 0,v(t,0) = d,v(t, L) =0, O%v(t, L) = 92v(t,0), te (0,7), (1.17)
@' (t,0) = @' (t, L) = 0" (t,0) = 00" (t, L) = 0, 03¢ (t, L) = 079" (,0), t € (0,T),

v(0,2) = vo(x), " (T, ) = 0, xz € (0, L),

)
)

and then using the well-known local inversion mapping theorem to conclude the main result stated in
Theorem 1.3.

To establish the null controllability of the component v of solution of the linear system (1.17), we
follow the duality approach where we prove an observability estimate for the following associated adjoint
system:

—0yn — 05 + podin — 30 — ane = Y7, v Xo, , + B, (t,z) € Q,
A" + O + o Og* + O3 + O (W) = —-nxo, + B, (t,7) € Q,
n(t,0) = n(t, L) = dn(t,0) = dun(t, L) = 0, d3n(t, L) = d2n(t,0), te(0,7), (1.18)
P(t,0) = ' (t, L) = 09" (t,0) = 0,0 (t, L) = 0, 934 (t, L) = 92¢°(t,0), t € (0,T),

(T, x) = nr(z), ¢ (0,x) = 0, z € (0,L).

To prove the preferred observability estimate for the system (1.18), we first derive a Carleman estimate
for the following adjoint system

—Opw — O3w + ppOtw — 3w — W, w = g, (t,x) € Q,
w(t,0) = w(t, L) = d,w(t,0) = d,w(t, L) = 0, d2w(t, L) = d*w(t,0), t e (0,7T), (1.19)
w(T,z) = wr, z € (0,L),

and then use it to obtain a suitable Carleman estimate for main adjoint system (1.18). Finally, using the
standard technique we deduce the desired observability inequality for (1.18) from this Carleman estimate.
Thanks to the observability inequality for the adjoint, we prove the desired partial null controllability for
the linearized system (1.17) with some suitable weighted source term. Finally, we use the local inversion
theorem to conclude the main result.

1.3. Literature survey on the Stackelberg strategy. In practical situations, it is common to en-
counter such control problems where different objectives have to be achieved simultaneously. Due to its
practical significance, such a control problem has been studied extensively in recent times for different
dynamical systems modelled by PDEs. To start with, let us mention the works [Lio86] and [Lio94],
where the hierarchical control problem for evolutionary PDE was first introduced to deal with multiple
objectives. The work [Lio86] studies the Pareto optimal control notion for parabolic and hyperbolic
type PDEs, whereas in [Lio94], the authors studied the notion of Stackelberg’s optimal control for the
parabolic type system.

Concerning the multi-objective control problems based on Stackelberg-Nash notion, let us cite the
initial works [DOZ, DL04] where the primary objective is to find a leader control responsible for approx-
imate controllability of the system, while the secondary one is to find a tuple of N followers which act
as a Nash equilibrium for given N functionals. Motivated by these works, several such Stackelberg-Nash
control problems for various linear and non-linear PDE systems have been addressed in the literature, for
instance, see [RGP02a] for heat equation, [RGP02b] for Burgers equation, [GGMLRM13] for Stokes equa-
tion, [AdMRM14] for linearized micropolar fluid equation. Later on, many other Stackelberg-Nash control
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problems have been studied with same secondary objective but with primary objective of exact controlla-
bility type, instead of approximate controllability. Such problem was first investigated for linear and semi-
linear heat equations in the work [AFCS15], whose result was later improved in [AFCGS17]. After this,
numerous works have explored such problem for different PDEs, for instance, see [AFCdS18, AFCdS23]
(for hyperbolic eq.), [AFCdS20] (for semi-linear heat eq. with followers as boundary controls), [NH22] (for
quasi-linear parabolic eq.), [AAFC18] (for linear and semi-linear degenerate parabolic eq.), [AFCdS24]
(for Burgers eq.), [CnS19, CnS23] (for Kuramoto-Sivashinsky eq.), [AAS23] (for KdV eq.), [dCdJdSN22]
(for Wave equation in a domain with moving boundary).

Control problem with Stackelberg-Nash strategy has also been explored for coupled PDE systems,
see [HSATP16, HSAT18, DKDZ23, TATWZ23]. More precisely, in the paper [HSdTP16], the authors
dealt with a Stackelberg Nash strategy for a cascade system of parabolic equations acting only in the
first equation, along with a suitable weight on the follower control. The paper [HSAT18| addressed
Stackelberg-Nash strategies to control a system of two coupled parabolic equations employing only one
leader control. A more general multi-objective control problem for coupled 2 x 2 system of parabolic
equations has been explored in a recent article [AS24]. Concerning to the hierarchic control for nonlinear
coupled degenerate parabolic equations, we refer to the work [DKDZ23]. Lastly, let us mention the
most recent work [TdTWZ23], where Stackelberg exact controllability for the Boussinesq system in two
dimensions has been investigated.

It is worth mentioning that robust Stackelberg control problem (controllability with Stackelberg strat-
egy in the presence of some worst disturbance signal) has been investigated in the works [MdT18] for
incompressible Navier-Stokes equation, [HSP20] for semilinear heat equation and [BM22] for Kuramoto-
Sivashinsky equation.

1.4. Outline. Throughout the paper we will use positive generic constant C' > 0 which may change line
to line. The rest of the paper is organized as follows:

— Section 2 contains all the well-posedness results relevant for this paper.

— In Section 3, we prove Theorem 1.1 dealing with the characterization of Nash equilibrium.

— Section 4 is devoted to derive a new Carleman estimate for the linear system (1.19).

— In Section 5, we demonstrate the derivation of a suitable Carleman estimate for the coupled
adjoint system (1.18) using the Carleman estimate derived in the last section.

— In Section 6, the desired observability inequality has been deduced, using which we conclude the
partial null controllability result for the linearized system (1.17).

— Finally, we devote Section 7 to conclude the main result of this paper as stated in Theorem 1.3 us-
ing the null controllability result obtained in the previous section and the local inversion mapping
theorem.

2. WELL-POSEDNESS RESULTS

The main goal of this section is to establish the well-posedness of the optimality system (1.13), so that
we can make the characterization of the Nash equilibrium f!, f2 as stated in Theorem 1.1 sensible. Let
us start with the linear Kawahara equation.

2.1. Well-posedness of the linearized model. In this subsection, we establish the well-posedness of
the linearized system (1.17).

2.1.1. Linear equation. Let us first consider the linear system
Opu + O3u + podiu+ du = f
u(t,0) = u(t, L) = 0yu(t,0) = 0yu(t,L) =0
02u(t,0) = d%u(t, L)
u(0, ) = uo(),

(2.1)

where pg > 0. Corresponding to this system, we have the following well-posedness result.

Proposition 2.1. For f € L'(0,T;L?(0, L)) and ug € L?(0, L), system (2.1) has a unique mild solution
u € C([0,T]; L?(0, L)) N L2((0,T); H?(0, L)) satisfying the continuity estimate

lulleqo.riz2.0)) + 1wl 20m):820.L)) < C (loll20.L) + I llLr©.r:200.Ly)) - (2:2)
Moreover, wd,u € L(0,T; L?(0, L)) and satisfies the estimate

ludsullLro,220,0)) < Clullizor.mo.0))-
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Proof. The above system (2.1) can be written in an abstract infinite dimensional ODE set up as
u'(t) = Au(t) + f(t), u(0) = up, (2.3)
where the unbounded operator A is given by
A= —9Pu — ppdiu — u

with domain
D(A) = {u € H5(0,L) N HZ(0, L) : 9>u(t,0) = %u(t,L)}.
Let u € D(A). Then using integration by parts and the boundary conditions, we have

L
<Au,u>L2:—%/O 8Z(8£u)2—u0/ |02u|* + /8 (8,u)?

L
= 4o / |02ul* <0,
0

which shows that the operator A is dissipative. Similarly, one can show that the adjoint operator of A
given by

= 05u — podtu + d3u
with domain

D(A*) =D(A)

is also dissipative. Hence, by Lumer-Phillips theorem, the operator A generates a contraction semigroup
{8(t)}+>0 in L*(0,L). Thus, by classical semigroup theory result, for any f € L'(0,7;L?*(0,L)) and
up € L*(0, L) the system (2.1) has a unique mild solution u € C([0,T]; L?(0, L) given by

u(t) t)ug + / St —s)f(s)ds.
Using this expression and contraction property of semigroup {S(t)}, we get

llulleqo,r;02(0,2)) < llwollL2o,0) + 1 fllL10,7522(0,1)) -

Next, we multiply (2.1) by 2u and use integration by parts to get

d L
o [ e [Cotue =2 [,
0
< 2|1, )HL2(0,L)||U( s )z20,n)

On integrating the above identity w.r.t ¢ over (0,7"), we obtain

L L T L T
/0 (T, )2 — / o ()P + 2410 / / 2l <2 / 17t M 220l 20,0

< 2[|ulle(o,r1;20,L) 1 f | L1 (0,722 0, 1)
<2 (lwollz2o,0) + 1 fllr 0.1 0200,0)) 1 F 1L 0.7302(0,1)) -

Thanks to the Poincaré inequality, we have
CllullZz 0. m20,0y) < luollZ20.0) + 2 (lwollz20,0) + 121 0,722 (0.00)) 111 L2 0.7522(0.))

2
<2 (luollz2 o,y + 1 f Izt 0,152 (0,L))) 5
which gives
lull L20,r:120,)) < C (lluoll2(0,) + 1f L2 0,522 (0,L))) -
Combining this inequality with (2.2), we get the desired inequality.
Now, using the fact that H'(0,L) < L>(0,L) (i.e., |ullr~ < Cllul|g1(0,1)), we obtain

T
ludeull 2 0,522 0.09) < / it W e 0.1 Bt ) | 20,1
0

T
<c / et ) 2 o.p

This completes the proof. O

Let us now introduce a weak formulation for the solution of the system (2.1) when the source term f
lies in the weaker space L%(0,T; H=2(0, L)).
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Definition 2.2. Let ug € L?(0,L) and f € L?(0,T; H=2(0,L)). A function u € C([0,T]; L*(0,L)) is
called a weak solution of (2.1) if it satisfies the following identity

T
/ /Q wgrHT) e}y = [ (b g 0 9O oy Y or9) € L0, )L 0.7 120, 1)),

(2.4)
where ¢ is the solution of the following equation
—0rp — 03¢ — oy — 030 = g, (t,7) € Q,
0(t,0) = (¢, L) = 9, p(t,0) = Opp(t, L) =0, t€(0,T), (2.5)
07(t,0) = 07(t, L), t€(0,7), '
o(T,z) = pr (), z€(0,L).

Remark 2.3. For any @7 € L?(0,L) and g € L'(0,T; L?(0, L)), similar argument as Proposition 2.1 en-
sures that the equation (2.5) possesses unique solution in the space C([0, T]; L?(0, L))NL?(0,T; H*(0, L)).

Notation. For T'> 0 and s € R, let us introduce the space
X7 = C([0,T]; H*(0, L)) N L*(0, T; H**%(0, L)).

To prove the regularity result for the system (2.1) when ug € H*(0,L) and f € L?(0,T; H*~%(0, L)),
one needs to define compatible condition on the initial data ug. We say the initial data ug € H*(0, L)
is compatible if it satisfies the underlying boundary conditions of the system when the associated trace
makes sense, more precisely,

up(0) = up(1) = 0, if1<s<3
uo(0) = ug(1) = ug(0) = up(1) =0, if2<s<3 (2.6)
uo(0) = up(1) = uf(0) = u(1) = 0,uf(0) =uy(1) if 53 <s<5

Proposition 2.4. Let s € [0,5]. Then for any f € L*(0,T; H3 2(0,L)) and uo € H*(0,L) satisfying
the compatibility condition (2.6), the system (2.1) exhibits a unique solution uw € X3 in the sense of
Definition 2.2, which satisfies

ullxs < C (lluollso.0) + IflL20,1505-2(0,L))) -

Proof. s =0: Let us first assume f € L?(0,7;L?(0,L)) C L'(0,T;L?*(0,L)). Then, due to Proposi-
tion 2.1, system (2.1) admits a unique solution u € C([0,T]; L?(0, L))NL2(0,T; H%(0, L)). On multiplying
the equation (2.1) with 2u, and performing integration by parts, we get
L L L
G [z [P =2 [ ) do <20 s g,
0 0 0

which on integrating w.r.t ¢, and using Poincaré inequality and Young’s inequality gives
lulleo,m;z20,0)) + llull20,m582(0,0)) < C(”“O“LQ(OL) + Hf||L2(o,T;H—2(o,L))>-

Finally, we use density of L2(0,T; L?(0,L)) in L?(0,T; H2(0, L)), to conclude the result for s = 0.

s = 5 : For this case, let us denote @ = Au. Note that @ satisfies (2.1) for initial data g = Aug € L?(0, L)
and non-homogeneous term f = Af € L?(0,T; H=2(0,L)). Then by the case s = 0, we have:

lalleqo,ry;22(0,L)) + N0l 2(0,75m20,1)) < C(||ﬁo||L2(o,L> + Hf||L2<o7T;H—2<o7L>>>v
which gives
lwlleqo.:a5(0,0)) + llullL20,7:m70,)) < C(||U0||H5(0,L) + Hf||L2(O,T;H3(O,L)))~

This proves the case s = 5.

For the case s € (0,5), one can obtain the result using the standard interpolation arguments as done in
[GGOS]. O
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2.1.2. Linearized equation. Concerning the well-posedness result for the linearized system

Opu + O3u + po0tu + O5u + 9, (wu) = f, (t,z) € (0,T) x (0, L),

u(t,0) =u(t, L) = 0,u(t,0) = 0,u(t,L) =0, te(0,T), (27)
O2u(t, L) = 2u(t,0), te(0,7), ’
u(0, z) = ug(x), x € (0,L),

we obtain the following result.

Proposition 2.5. Let T > 0 and s € [0,5]. Assume @ € X3. Then for any ug € X3 satisfying the
compatibility condition (2.6) and for any f € L*(0,T; HS_Z(O,L)), the linearized system (2.7) admits a
unique solution u € X7 satisfying

llullxs < C(HUOHHS(O,L) + HfHL?(O,T;HS*?))- (2.8)

Proof. We prove the above theorem for s = 0, using fixed point argument. One can similarly handle the
other cases.
Let 7 € (0,T] be any real number. Consider the map I' : X? — X given by

F(ﬂ) = u,

where u solves

Opu + O3u + po0ru + 05u = -0, () + f, (t,z) € (0,7) x (0, L),
u(t,0) = u(t, L) = 0yu(t,0) = 0yu(t,L) =0, te(0,7),
O2u(t, L) = 02u(t,0), te(0,7),
u(0, ) = ug(x), x € (0,L).

For the non-homogeneous term 0, (ﬂ ﬂ), we have

2 T ~p2
‘ O (uu)‘ L2(0,7;H—1(0,L)) = C/O HUUJHLQ(O,L)

<c / 2 0.0 120, < C / 2o, Il o, 122 0.0)
< Cllalleormie2 .o NllE 0,122 (0,y) VIl 20,7551 0,2

12 ~112
< OV [l o [l o

which proves d,(tu) € L?(0,7; H~1(0,L)) C L%*(0,7; H 2(0,L)). This guarantees the existence of a
unique u € X2 which solves the above system due to Proposition 2.4. Moreover, the solution u satisfies

I0@) g = o < C(Nuollaro.0y + V7 [l [l o + Il 20.2m-2020)) - (29)

This proves that the map I" is well defined.
Next, we show the map I to be a contraction. Note that for uy,us € X2, the corresponding solution
uy,uy € X0 satisfy

() = T (@2)llxe = llur = uzllxe < OV [[al| g [ — 2|,
Next we choose 7 = 7* > 0 small enough so that

o
and N7*=T, forsomeN €N.

g <1,

Such choice of 7* proves that the map I is a contraction, and hence it has a fixed point u € X?. which
solves the linearized system (2.7) in time interval [0, 7%].

Observe that the proof showing the map I' to be contraction is independent on the choice of initial
data, and so we can mimic the above argument in the time intervals [n7*,(n+ 1)7*] for 1 <n < N — 1.
This essentially proves the existence and uniqueness of solution u € X2 for the system (2.7). (]



STACKELBERG-NASH CONTROLLABILITY FOR THE BENNEY-LIN TYPE EQUATION 9

Using arguments similar to the one used in proving Proposition 2.5, we can prove the well-posedness
result for the following linear system as well.

Opu + O2u + podiu + O2u + udyu = f, (t,z) € (0,7) x (0,L),

w(t,0) = u(t, L) = 0,u(t,0) = dyu(t,L) =0, ¢€(0,T), (2.10)
O2u(t, L) = 02u(t,0), te(0,7T),

w(0,2) = up(x), z € (0,L).

More precisely, we obtain the following existence-uniqueness result.

Proposition 2.6. Let T > 0 and s € [0,5]. Assume & € X5. Then for any vy € X5 and f €
L? (O,T; Hg_Q(O, L)), the linear system (2.10) admits a unique solution u € X35 satisfying

lullscs. < C(lwolleqoy + 1z e ). (2.11)

2.1.3. Linearized coupled system. Now, we can finally prove the following well-posedness result for
the linearized coupled system (1.17).

Proposition 2.7. Let vg € H*(0,L) be any compatible initial data, see (2.6). Suppose u € X3, f €
L?(0,T;L2(0,L)), and (¢° g%, ¢%) € L*(0,T; H72(0,L)) are given. Then for sufficiently large py and

Uz, the system (1.17) admits a unique solution (v, t, p?) € [X%]g satisfying the estimate

2
||(Ua 9017 @Q)H[X%]s < C(HUO“H‘S(O,L) + ||fOHL2 (O,T;LQ(O,L)) + Z ||gZ||L2(0,T;H52(O,L))>a (212)
1=0

where C' > 0 is a constant independent of 1 and ps.

Proof. Let us define a map I : X5 x X5 — X5 x X3 given by f(¢1,¢2) = (¢, ¢?). where the pairs
(@1, 9?), (@, p?) are co-related through the following systems
0y + 020 + podto + %0 + 0, (d) = Ox0, — Yy = ¢'X0, +¢%  (t2) € (0,T) x (0, L),
0(t,0) = 0(t, L) = 9,0(t,0) = 0,0(t, L) = 0, 0%0(¢, L) = 926(t,0), te€ (0,T), (2.13)
(0, ) = vo(x) xz € (0,L),
and

_8t¢i - 82¢2 + Mo a;l P — 83‘)51 - ﬂax()bz = Vir&XOi,d + giv (t,l‘) € (Oa T) X (O7L)7

' (t,0) = @'(t, L) = 0:4'(t,0) = 02" (t, L) = 0, te(0,7), (2.14)
93¢'(t, L) = 03¢'(t,0), te(0,7),
@Z(T7 .'I}) = 07 T € (O7L)
Thanks to Proposition 2.5, we get the existence of a unique solution © € X7 which satisfies
2
. Lo 0
9] xs. < C(”UOHHS(O,L) + Ifllz2 0,522 (0,L)) + Z ;H% HXT +llg ”LQ(O,T;HS*Q(O,L))), (2.15)
i=1""

where C' > 0 is a constant independent of ;.
Next, using Proposition 2.6 and the above estimate (2.15), we can show that the system (2.14) admits
a unique solution ¢ € X3 for i € {1,2}, which satisfies the following estimate

@i

¢i

}X%<C

2
1
>~ ||U0||HS(O7L) + ||f||L2 (O,T;LQ(O,L)) + ; E X3

+119° 20,1505 20.)) + ||gi||L2(o,T;H52<07L))] ’

where C' > 0 is a constant independent of pu; and po. This ensures that the map T is well-defined.
Due to the last estimate and linearity of the system, we have

2
T2l » T2l » 1 N ~d
[F@h @2 ~Teh )] < € - ek~ Gl
i=1""
1

min{; }

~1 ~1

<c |28, 82) = (25, 23)|lg xcsr ¥ (95 92), (93, 93) € X7 x X5,
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where C' > 0 is independent of p; and po. Hence, for sufficiently large w1 and ps, the map [is a
contraction and hence possesses a unique fixed point (<p1, @2) € [X%f.
Let v € X4 be the solution of (2.13) with this fixed point (¢!, p?), instead of (¢!, $?). Then the tuple

(v, 01, ¢%) € [X%]g solves the coupled system (1.17), for sufficiently large p1 and ps, and satisfies the
continuity estimate (2.12). This completes the proof. O

2.2. Well-posedness of the nonlinear model. The main goal of this subsection is to establish the
well-posedness of the main non-linear optimality system (1.13).

2.2.1. Nonlinear scalar equation. We will begin by proving the global well-posedness of the following
non-linear system:

Opu + O3u + po0tu + O3u + udyu = f, (t,z) € (0,T) x (0, L),

w(t,0) =u(t, L) = 0,u(t,0) = dyu(t,L) =0, ¢€(0,T), (2.16)
O2u(t, L) = 02u(t,0), te(0,7),

w(0,z) = up(z), z € (0,L).

In fact, we will establish the following result.

Proposition 2.8. Let T > 0 be given. Then for ug € L?(0,L), and f € L?(0,T;L?(0, L)), the system
(2.16) admits a unique solution u € X3 satisfying

lullxg < (lollzs) + 1000 ) (2.17)
To prove this global result, we first establish the local well-posedness of the nonlinear problem (2.16)
in time, as stated below.
Proposition 2.9. Let T > 0 and f € L? (O,T; L2(O,L)) be given. Then for ug € L?(0,L), there exists
T* >0, depending on ||uo||z2(0,ry such that the system (2.16) admits a unique solution in X0..
Proof. Let 7 € (0,T). Let us define a map I on
B;(0,R) :={u € X : |Jul|xo < R} C X2,

given by
['(a) =wu, forue B,(0,R)C XY,

where u solves the linear system

Opu + O3u + podiu + O3u = —ud,u + f, (t,z) € (0,7) x (0, L),

u(t,0) = u(t, L) = dyu(t,0) = dyu(t,L) =0, te(0,T), (2.18)
Q2u(t, L) = 0%uf(t,0), te(0,7),

u(0,x) = up(x), xz € (0,L).

Note that using Hélder’s inequality, Young’s inequality and the inclusion H(0,L) < L>(0, L), we have
@0l oraromy < [ 10~ 00 @l
0

< Jlleqorzz.0) / 102211 0.0

< VT l[dlleqo,71:L2 0.0 18l 20,7512 0,1))
< VT )%

Thus, the non-homogeneous term u d,u + f € L'(0,7; L?(0, L)), and so the Proposition 2.4 guarantees
the existence of a unique solution u € X? of (2.18) satisfying

||U||X9 < C(||U0HL2(0,L) + \EHQHE(Q + Hf||L2(0,T;L2(0,L)))'

Set R := 26’(||uo|| + ||f||L2(0,T;L2(07L))), and choose 7 = T such that R C/T* < 1. This choice of T and
R proves
I: BT* (O, R) — BT* (0, R)

is well defined map.
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Next, for u1,us € By-(0, R), we have:
T (@) — f(ﬂz)ng* < Clur9xy — g x| L1 (0,712 (0,L))
< COllur0x(uy — u2) + Oz tia(ur — Uz)| L1 (0,7+:L2(0,L))
< O\/ﬁ(”al”C([O,T*];L?(O,L))Hal — Ual|L2(0,7+512(0,L))
+ [lay - a2||c<[o,T*];L2(o,L))||52||L2(0,T*;H2(0,L))>

< CVT* (Jlinllxg. + 72l xp, ) i Tl xg.
1. -~
< gllan = llxg. -

This shows that T is a contraction, and hence it has a fixed point u € Br-(0, R), which is the solution of
the non-linear system (2.16) for ¢ € [0, 77]. O

Proof of Proposition 2.8. Since, we have already proved the local well-posedness result in time, it is
sufficient to prove an a priori estimate as mentioned in the Proposition 2.8 to get the global well-posedness
of (2.16). On multiplying the equation (2.16) by u, we obtain

(3 / |u|2)+uo/ 02’ /fu /L|f|2+;/OL|u|2.

Next, multiply the above equation by e~ and then integrate it w.r.t ¢ over [0, 7] C [0,T] to get

/|<>|2dt—/ o2 + 240 € //|a2u\2<e // 112

Now, taking supremum over 7 € [0,T] gives
llulle(o,ryz2(0,0)) + lullLzo,mm2(0,)) < C(||“0HL2<0,L> + ||f\|L2<o,T;L2<o,L>>)’
and hence completes the proof Proposition 2.8. ]

2.2.2. Nonlinear coupled system. Let us finally give the well-posedness result for the main non-linear
optimality system (1.13).

Proposition 2.10. Let ¢y > 0 be sufficiently small and u; be sufficiently large for i € {1,2}. Then for
vo € L2(0,L), f € L?(0,T; L?(0,L)), and g* € L?(0,T; H=2(0, L) such that
2
lvoll 220,y + ILf1l ., (o.m200.1)) ; 9" |20, 7;5-2(0,1)) < €0, (2.19)

the system (1.13) admits a unique solution (v,p', ¢?) € [X%}g satisfying

2
o, 2" &) g1 < C<||UO|L2<0,L> + 1 flle2ripz 00 + ||91||L2(0,T;H—2(0,L>>>'
T i=0

Lemma 2.11. For u,v € X% = C([0,T]; L?>(0,L)) N L*(0,T; H?(0, L)), we have
2
00220711+ 0.1y < Culluli, ol - (2.20)
Proof. Using the definition of H~' norm, we obtain
[u02v| -1 1o,0) = ¢ ||UHL<>0(0 L) HUHHl(o L)-

And for u € H1(0, 1), we have
1/2
el e 0,0 < (Nl oo,z + lall ko, o) N0l oo 1) )
Using these two estimates and Young’s inequality, we get
T T
2 2
Ol o.2,-1) < / el e 0,1 101 0,0 < € / (Il 20,2y + Nl 20, Nl 0,00 ) 101300 o,

< C||U||g([o,T];L2(o,L))||”||2L2(0,T;H1(0,L)) + ||U||C([0,T];L2(0,L))||”||2L4(0,T;H1(0,L))HU||L2(0,T;H1(0,L))

(2.21)
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Note that using the interpolation estimate

lult, M s 0,0y < C Nt Mg o,y It stz
and the Young’s inequality, we have

||u||L4 0,T;H'(0,L)) <cC HU”c( [0,T);L2(0,L)) HUHLZ(() T;H2(0,L)) * (222)

Substituting this estimate in (2.21), we obtain the desired estimate (2.20). O

Proof of Proposition 2.10. For any R > 0, let us define B(0, R) := {z € X} : 2] x0 < R}. We define
amap I : X3 — X9 given by L'(0) = v, where (v, 1, ¢2) solves the following system

Do + 020 + podiv + B2v + 10,7 + Dy(W) = [Ox0, — Y2, Eeivo, +4° (ta) €Q,
—0ip" — " + po g’ — ' — (V+ )00’ = X0, . vi(v —vig) +¢',  (tz) €Q,
v(t,0) = v(t,L) = ,v(t,0) = d,v(t, L) = 0, 02v(t, L) = 02v(t,0), (0,7)

¢'(t,0) = ' (t, L) = 9, (t,0) = 0o (t, L) = 0, 03'(t, L) = 03¢'(t,0), (0,7),
v(0,2) = vo(x), " (T, x) = 0, z € (0,L).

Thanks to the Lemma 2.11, we have the following estimate for the source term of the above equation

(2.23)

||55x5||%2(0,T;H—2) < C|\53:65||2L2(0,T;H n = ClHUHc( [0,T);L2(0,L)) ||”||L2(o T;H(0,L))"

So due to Proposition 2.7, the above system admits a unique solution (v, ¢*, ¢?) € [X:ﬂ satisfying

2
(v, 0", )| [x2]° < 0(01”5%@ + llvollz2o,) + £l 2. msz202)) + Y ||gi||L2(O,T;H2(O,L)))- (2.24)
T

i=0
Set
2 .
R:= 2C’<||U0||L2(0,L) + ez + ) |gl||L2(O,T;H2(O,L))> < 2C¢. (2.25)
i=0
Choosing ¢, sufficiently small, we can get a R satsifying
1
COIR < 5. (2.26)
Then, from the inequality (2.24), we have
R R
H(U,<P1;<P ) ||[X0]3 <3 +7 R.

2
This proves that the map ' : B(0, R) — B(0, R) is well deﬁned.

Next, let us take 04,0, € B(0, R), and let (vq, L, ¢2) and (v, ¢}, ¢7) be the associated solutions of
(2.23). Then, the tuple (v, p!, p?) = (v, — vy, PL — Lpll), 2 — ¢?) solves the system

v + 950 + podiv + 93v + O, () = — Zf 170 L oixo, = Va0sU — 00,0, (t,2) € Q,
—0yp" — 3" + 10 03" — 30" — WD’ = X0, 4 ViV + VaOuply — Ouipy, () € Q,
v(t,0) = v(t, L) = 9,v(t,0) = d,v(t, L) = 0, d2v(t, L) = d%v(¢,0), te(0,T), (2.27)
@'(t,0) = '(t, L) = 0:'(t,0) = 0, (t, L) = 0, ¢ (t, L) = 95¢'(t,0),  t € (0,7),
v(0,2) = '(T,z) = 0, z € (0,L),

and so we have

2
Z} e = eill g + 1E(@a) = L&)l
2 . .
< c(||’ﬁaaﬁa = 002|220,y T D [[Padel - 5@%‘ o0 L))). (2.28)
=1 Y ’
Note that
a0 — 70,7 oo S Co[3a0 (T — )| prirny T C|| 04 (7 — )| -

< Co(11Tll g + 15l xg.) |7 = Bl - (2.29)
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The last estimate has been obtained by the following argument

2 T2 ~ 2
ooy <€ Tl 1 =l

T
< C/O 1l 2 1%l 112 [Ba = ol 2B = Tl 1

< Ol

50 (T — )|

HC(L2)||5G - abHc(Lz)H%Hm(m)”% - %Hm(m)'

Similarly,

Badapl, — To0usl)| < Col[Ta =B g [lall xg + Collbll g ot = Pill g

< Col[Ta =B g [lall g + CoR[[ ¢ g (2:30)

L2(0,T;H=2(0,L))

Assume R satisfies CCoR < 1. Then substituting the last two estimates in (2.28), we get

2
I6) = £y < CCa([7ullg + [l + 3 okl g ) 17 =Tl -

i=1

Further using (2.24) in the last estimate, we have

IL@a) = L@) || o < ||Ta = Bb]| o [CC2(1Ballxo, + [[Tollxo, ) + +C2C1Ca1all%0
X7 XT T T T

2
+C%Cy (Uo||L2(0,L) + ||f||L2(Q) + Z ||gi|L2(O,T;H2(O,L))>‘|
=0

< C5 = |y (2R + B2 + o).
T
Finally, we can choose R and ¢; small enough such that the map I is a contraction map. Thus, using the

Banach fixed point theorem one can conclude that the map I has a fixed point, which gives the existence
of solution (v, !, p?) of (1.13).

3. EXISTENCE OF NASH EQUILIBRIUM

In this section, we validate the characterization of Nash equilibrium mentioned in Theorem 1.1. To
prove this, we follow the idea presented in the work [AAS23].

Proof of Theorem 1.1. Let us first assume that the control pair (f1, f2) € L2((0,T)x Oy)x L2((0,T) x
03) is Nash equilibrium for the functionals Jy, Jo, i.e., (f!, f2) satisfies the property (1.8). Note that for
i € {1,2}, the functionals J; given by (1.11) are differentiable in the direction of f?, and so the property
(1.8) implies

JUf N (00 =0, Ve L2((0,T) x Oy),
(i L P00, 2) =0, V2 e L2((0,T) x Os).

" // (v — w1 g)w' + g // fift=0, Vf'eL?((0,T)x0y),
O1,a%(0,T) 01 x(0,T)

— X X (3.1)
vy (v — va,g)w?* + 2 f2fP=0, Vf2eL*(0,T)x Oy).
OQﬁdX(O,T) OZX(O,T)
where, {w'};—; 2 solves
dpw' + OPw' + po Irw' + 3w’ + 9, ((v + W)w') = xo, f, (t,x) € Q,
w'(t,0) = w'(t, L) = 0w (t,0) = dyw'(t, L) = 0, Daw'(t, L) = daw'(t,0), te(0,T), (3.2)
w'(0,z) =0, x € (0,L).
Now, consider the non-homogeneous adjoint system
—0pp" — 039" + po Oz — 039" — (v + W)0up" = X0, Vi(v — via), (t,x) € Q,
@'(t,0) = ¢'(t, L) = 0x¢p"(t,0) = 0, (t, L) = 0, D3¢"(t, L) = 07¢'(t,0), t € (0,T), (3.3)

o (T, xz) =0, xz e (0,L).



14 M. KUMAR AND S. MAJUMDAR
Then, using the systems (3.2) and (3.3) in the identity (3.1), we have

// (J?ZQOZ +u1f2fz> =0, Vfie L*((0,T) x 0;), for i€ {1,2},
OiX(O,T)

, 1 .
= f'=——¢'x0, foriec{l,2}.
Hi

Substituting this expression of f! and f? in the control system gives the optimality system (1.13), which
is well-posed due to Proposition 2.10, under the assumption that the constants {u;}?_, are sufficiently
large, and the initial data vy € L%(0, L) with a sufficiently small norm. This proves the forward part.
Conversely, we prove the pair of functions (f', f?) given by (1.12) is indeed a Nash equilibrium for the
functionals {J;}2_;. To establish it, we shall use the following lemma.
Lemma 3.1. (a) For each f? € L*(0,T; L?(O3)), the functional Jy(-,v?) attains its infimum at some
point f1 € L?(0,T; L?(Oy)).
(b) For each f! € L?(0,T;L*(0y)), the functional Ja(v',-) attains its infimum at some point f? €
L2(07 T? L2(02))
Proof. To prove (a), it is enough to show that the map J; (-, v?) is sequentially lower semi-continuous (see
Theorem 2.D of [Zei95]). For f € L?(0,T; L*(O1)), let us consider a sequence f,, € L?(0,T; L?(0;)) such
that
fo = fin L*(0,T; L*(0y)).
Let u™ € X2 be the solution of (1.4) corresponding to the f! = f,,, which is guaranteed by the Propo-
sition 2.8. From the equation, we conclude u, € L?(0,T; H=3(0,L)) and so by Aubin-Lion’s lemma,
there exists a subsequence {u,, } in L?(Q) such that u,, — u strongly in L?(Q). Also due to uniform
boundedness of |[un, || £2(0,7:12(0,1)), Un — u weakly in L?(0,T; H(0, L)) up to a subsequence, and hence
Un,, Optin, — udyu weakly in L2(Q), up to a subsequence. This proves that the limit function u is a
solution of (1.4) with f? = f, and so we have

J(f, £2) < liminf Jy (fo,, f2)-

Finally, to get the lower semi-continuity, we just need to choose a subsequence {fy, } of {f.} such that
lim inf Jy (fn,, f?) = liminf J; (f,, £2). This completes the proof of the lemma.

Let us first observe that the functionals .J; (~, —iﬁx@,“), Jg( — icplx(gl, ) are well defined due

to the global well posedness result Proposition 2.8. Now, the above lemma guarantees the existence of
f* € L?(0,T;01), f** € L*(0,T; Oy) such that

Ji (fl*, —;12@2><02> = infp Jy (fl, —,712<P2X02>7
B Eetxo,, f27) =infp B (= Lelxo,, f2),
which implies
T (17 =60, ) (1,0) = 0, ¥ 1 € L2(0,T; L*(01),
(= Eetxon /2, ) (0. F) = 0, ¥ f2 € L0, T L(02).

Proceeding with this condition, we have seen that

= —;(szOi, for i € {1, 2},
(2

where (v, p!, ¢?) is the unique solution of (1.13), and hence (f!, f?) given by (1.12) is the unique Nash
equilibrium point for the functionals {J;}7_;. |

4. CARLEMAN ESTIMATE FOR LINEARIZED KAWAHARA EQUATION

This section is devoted to the derivation of Carleman estimate for the following adjoint system

—0yw — 3w + pediw — 3w — ud,w = g, (t,z) € Q,
w(ta 0) = w(tvL) - azw(tao) = 8mw(ta L) =0, agw(tvL) = a%w(t,()), te (OvT)a (41)
w(T, z) = wr, x € (0,L).

Such estimate would play a very important role in deriving the controllability results for the linearized
system (1.17). In order to describe the Carleman inequality, we first need to introduce the relevant weight
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function which serves as a crucial component in the inequality. The weight function considered here is
motivated from the one introduced in [ACMS16].

Weight function. Let w C (0, L) be any nonempty open subset. Consider an open interval @ such that
@ = (a,b) CC w, and set ag = @. Then for Ky, K2 > 0 (to be specified later), consider the smooth
functions

o(r) =1+ K; (1 - e_K2(’”_“°)2) , Yxel0,L], (4.2)
1
t) = ———— t T 4.
€)= gy VI OLT) (43)
and define the function a as
alt,z) = €tp(x),  ¥(t.z) € (0,T) x [0, L], (1.4)
We further introduce
a(t) == ng(i)flm at,x), &(t):= zrerl[gi]a(t,x), vite (0,T). (4.5)

We now make suitable choices for the constants K7, Ko so that the functions defined above have some
desired properties, which are crucial for the Carleman inequality.

e Note that & > 0 in (0,7 x [0, L], for any K, Ks > 0.
e The derivative of ¢ is given by

' (r) = 2K1 Ko (x — ao)e_KZ(“_a‘))z, z € (0,L),

and so we have

¢'(0) <0, ¢'(L)>0
3 some ¢ > 0 such that [¢/| > ¢ >0 in [0,L]\@

e The second order derivative of ¢ is given by
@' (z) = 2K, K> (1 —2Ks(x — a0)2)6_K2(’3_a0)2.
We set Ky = ﬁ, so that
¢’ <0in [0,L]\ @.
e Using the sign of ¢/, one can easily conclude that
@:= min p(z) = ¢(ap) =1, and

z€[0,L]

¢ := max ¢(r) =m ©(0), (L)},
Further, note that

10 — 9¢ = 1 — 9K, max { (1 - e*Kwﬁ), (1 - e*KﬂL%o)z) }

-1
and so we choose K; = {18 max { (1 — e_KQ’lg), (1 — e‘KQ(L_aU)z) H to get 10¢ — 9p = %

Finally, we get the following relation between & and &
1
10sa(t) — 9sé(t) = §S€(t) (4.6)
Let us now proceed to the obtain a suitable Carlemen estimate as mentioned in the theorem below.

Theorem 4.1 (Carleman inequality). Let «,& be the weight functions defined above. Then, for any
nonempty open w C (0, L), there exist constants C,so > 0 such that for any wr € H*(0,L), u € X%, and
g € L?(0,T; L?(0,L)), the solution w of (4.1) satisfies the estimate

// (59§g\w|2 + 5757\8xw|2 + 5555\3§w|2 + 5353\3§’w|2 + 5§|8ﬁw\2) g5
Q

S C(ﬂ 672Sa|g‘2 + // (89§9|’LU|2 + S7§7|8xw‘2 + 55§5|8§w‘2 + 83§3|8§w‘2 + S£|a§u)|2) era)
Q Qu
(4.7)

for every s > sg.
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Proof. The proof of this theorem has been divided into several steps for the ease of reading. Let us first
introduce the operator K defined as

K := 0 — po02 4 2. (4.8)
Step 1: Change of variable. Let ¢ = e **w. On expanding the term e **Kw = e **K(e**q), we get
G =Kiq+ Kaq+ Rq, (4.9)

where,

Gg=e*Kw=e*" (—8210 — WO, w — g) .
K1q = 8iq + 92q + 105%(8,0)°02q + 255%(8,0)(020)D2q + 55" (9r)*Dugq + 205 (920)* (820)q

6 .
= ZICﬁq.
i=1
K2q = 550, 82q + 10s 920 83q + 1053(8104)382q + 3083(8161)28304 O2q — 5508 Ozq + 5° (Bzoz)Sq
6
= ZICéq.
=1
Rqg= (105 8o+ 5s%0, 8304) 2q + <1582(8za)2 + 20520, 93 + 10s 8:a> Oxq
+ (s (8,504 + aia) + 52 (10 2adla+50,a aia) + (15 Oz (83(1)2 + 10(8ro¢)26§a) —10s* (axa)Saza)q
— 1o <ng +450,a 03¢ + (68 o+ 652(8za)2)8§q + (45 Ba+12s*9,ada + 483(6za)3>8zq
+ (s e+ 52 (3(920)° + 40, 920) + 65° (9,0)° Drax + 54(81a)4)q).
Using the identity (4.9) and the property of inner product in L?(Q), we obtain

To obtain the Carleman estimate (4.15), we need to find suitable lower bound for the inner product
<IC1q, IC2q>L2(Q), and upper bound for the left-hand side term ||Q — RqHLQ(Q).

Step 2: Lower bound on <IC1q,IC2q> 20)" This step is the most technical one, where the afore-
L

mentioned properties of weight functions are used. Note that the inner product <IC1q, IC2q> 2(0) can be
L2(@

expanded as

<IC1q, IC2q> =— §s// (8304)\83@2 — 2553 // (8za)28ia\83q|2 + // — §38t81a +10s8%a
L2(Q) 2 Q Q Q 2

- %5”33 ((0:0)%02a) + 505" (0za)? Opax — 12550, (Bpcx (D2x)?) — 1255° 0, (0ncx (92c)?)

—1255°0, (5‘104(83&)2) - @35

(azafaia] 92q?

+ // [— gs(aiata) — gsaga + 155 (0za)? (020, c) + 15520 ((8;604)2 830()
Q

150
2

125

3 2 o4 3.2 204 542 442
+5s 0z (Bra 700, c) — 255°0; ((02x)0zx) s°0; ((B-a)*0zax)

—755°8, ((83304)3 (8504)2) — 255" (8,0)* Brcr — 29557 (,x)® 8201} |02q?

+ // [— gss(ﬁxa)4(8t8wa) +50s°92 ((83604)4 8504) +505°0, ((89605)3 a 8;104)
Q

225

—100s°82 ((89004)3 (8204)2) + 5 5702 ((axa)ﬁaia)

— 3005”8, (((%a)saia) — gsg(axa)g dza ||q]* + B, (4.11)



STACKELBERG-NASH CONTROLLABILITY FOR THE BENNEY-LIN TYPE EQUATION

where B denotes the boundary terms given as

T T
B:%/ Dz |95 |§:0+s/ [1oaiaa;’qa§q—582a|a§q|2]j:0
0 0

T
+ / [1053 (0:0)%02q 03q — 55°(0.a) 102> — 305°(0,a)° 2 2q D2q + 1550, ((0zr)? aia)|8§q|2]§
0

T T
_ 3053/ [(axa)Q(‘?ia 2qd3q — 0, ((axa)Q(‘?ioe) |8§q|2]jzo + 55/ [8;%05 82q83q— 01 \6§q\2}i:0
0 0

1 T T T
55" [ @) iotal 15y + 255" [ (@)oo + 505" [ (0,0)7108al" g
0 0 0

125,
2

19542 Ta 8202 19242 IE 25 5 [T 5142 (2|0
+ 1255 ba (0z)" 10zq] |0 — > (0x)” 024" |5=0
0 0

T

T
/ (8:0)?02)a] 02| 2o + 1255° / ((0:0)%020)02¢0%q] o
0 0

The proof of this expansion can be found in Appendix A.

17

Estimates of the boundary terms: Using smoothness of the weight function « along with Holder’s

and Young’s inequality, one can easily estimate the boundary terms B; to get the following:

5 T 4 12 5 T 4 12
« Bi=s | dwalolal?| | -3s [ oalolel| .
2 0 x=L 2 0 =0
T T
o By >—Cs / (193q(L)|? +1924(0)%) — C / (102a(L)* +1979(0)]*) .
0 0
T T
« By > —Cs / 02(L)? - Cs / 92(0).
0 0

1
e By > 7535/ (0z)® ’8§q|2
0

| 2

1
— 535/ (0za)® !(ﬁq
2=L o

1
_ 53/ Ozt |8§fq‘2
=0 0

T
~ 205° / (0207 022
x=L 0

=

T
o Bs + Big = 205" / (9s0)” [0%q?
0
T T
o Bs + Bs + Bis > —032/0 (|92q(L)* + |934(0)[%) — 054/0 (102q(L)[* + [924(0)[?) .
T
« B+ B+ Bis > —C5° / (102D + 1024(0)]?) -
0
T T
o Bio > —Cs/ (1024(L)[? + 192(0) ) —Cs/ (10%a(L)? + 182q(0)?) .
0 (0]
T
« By > —Cs / (102(L) +1029(0) ) .
(0]
T T
e Bio+ By + Bis = 3685/ (8za)5 |8§(I|2‘ LT 3655/ (6za)5 |82Q|2‘ o
0 = 0 =

T T
« B> Cs° / 02g(L)2 + O / 92(0)°.

1
_ 55/ Oz ’8§q’2 ‘ .
z=L 0 =0

Using the boundary conditions o/(0) < 0, o/(L) > 0 of the weight function «, the above estimates can

be summed up for sufficiently large s to get the following estimate:

T

B>c { [ (0t + 02a2) +5° [ (10tay +102a0)) +° |

(12a(L)P + ai«oﬁ)} >0,
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Estimates of the double integrals: Recall the fact that ¢” < 0 on (a,b)°. Using this property of the
weight function, the first term from (4.11) can be estimated as

25 25 (T 25 (T
B, // (2)0lq? = — 2 / / (D)ot — 2 / / (020))0q 2
2 Q 2 Jo Jiap)e 2 Jo Jap
T T
> Cys / / £10%q)® — Cos / / £ 1042
0 (a,b)e 0 (a,b)

T
— s // €10%q> — (C1 + Ca)s / / £ (020)[0q]?.
Q 0 (a,b)

Next for the leading terms (with the highest power of s) of |93¢|, |02q|, |0-¢| and |q|, we first use the fact
that |¢’| > 0 on (a, )¢, and then use the same argument as above to get the following:

T b
— 2553 // (0,)202a)|02q|* > Cs* // £3102q|* — 083/ / £3102q/?
Q Q 0 a
150 5 4092 1092 12 5 5192, (2 N Y AR
——s (0z)* O |05q|* > C's & |05q|° — Cs £ |044|
2 Q Q 0 a
T b
— 29557 // (0,0)% D2 |0,q|* > Cs” // £710,q)* — 057/ / €7 0uq?
Q Q 0 a
5 T b
=3 [[@arataipzcs [[@ur-o [ [ e
Q Q 0 a

Using the smoothness of the function a, the rest of the terms of (4.11) can also be estimated, and we
finally obtain

(raka) , o 2 € [ (€0l + 5767 Ioual +76 02" + €7 el + € o1l
T b
[ [ (€l ST 0ual? S 020 6 0P + 56 0fal). (112)
0 a
for sufficiently large positive paramter s.
Step 3: Upper bound for ||Q —RqHLQ(Q). In order to get the desired bound on the L? norm of G —Ryq,

we simply use the smoothness property of p. Indeed we obtain a positive constant C (L,T,w, Izl X0T>
such that the following estimate hold

16 - Ralltoigy < O [[ 10taP +52 [[ ioap+st [ etozap+s0 [[ 1oua+5° [[ &1aP)
Q Q Q Q Q
+// e—25a|agw‘2+// 8_2sa|8$w|2+// e—25a‘g|2. (413)
Q Q Q

Step 4: Combining all the estimates. Substituting the estimates (4.12) and (4.13) in the identity
(4.10), we get

T rb
[ [ (1P 5T fonal + 5 020 + 6 102l + ¢ 102l
0 a
<c( [[ 1ol s [[ @iotap+ st [[ etzap st [[ 1o+ [[ e1aP)
Q Q Q Q Q
+// 6_28a|8§’w|2+// e‘zm|8ww|2+// 6—28(1|g|2.
Q Q Q
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For sufficiently large s, we can further reduce the above estimate to

J[ (€010 4 57€ onal + 56 020 + 60 0%l + ¢ 1024l
Q

T b
<C [ [ (L€ 1P+ 1000 + 55 020 + 6" 0] + s 024
0 a

+// e_QSa\ai’wF—i—// e_2m|8ww|2+// 6_28("|g|2. (4.14)
Q Q Q

Step 5: Returning to the original variable w

Recall that ¢ = e™**w, and so we have:
Opwfe < O(2¢%q* + |04
D2ufPe2 < C (5% ] + 52€%10,0/* + |024]?)
DFwPe2 < O gl + 56" D] + 57102 + 103a[?)
DwfPe2 < C (5%l + 90, + 5'€"102] + 5%€2|0%41 + |0ka)
Def? < Cem (262wl? + (D,
02g? < Cem2 (' ul + €210, + |02w]?)
92q]? < Cem20 (S0l + %" D] + 2202wl + 03ul?)
93] < Cem2o0 (S¢Sl + 5968 Duf? + 5€1 02| + 5262 0%w]? + |9kw?).

Using these estimates in (4.14) along with the fact that (a,b) = & C w, we get the desired Carleman
estimate (4.7) for sufficiently large s. This completes the proof. (]

The estimate (4.7) can be further modified to obtain a simplified version as mentioned below.

Proposition 4.2 (Modified Carleman inequality). Assume @ € X3, and let w C (0,L) be any open
subset of (0,L). Let a, € be the weight functions as defined above. Then there exist constants C,sg > 0
such that for any wr € H3(0,L),g € L*(0,T; HY(0,L)) and for every s > sq, the solution w of (4.1)
satisfies the estimate

// (59§9|w|2 + 37§7|8ww|2 + 55§5|3ﬁw|2 + 53§3|8£w|2 + s§|3§w|2) e~ 25
Q

T T
—2s5« — 9254 98(5&—44 9
< C(//Qe 2 |9|2+/O e 2 £||9||§11(0,L) +39/0 ¢9e—25(56-4 )“’”L?(w)) (4.15)

Proof. To prove this theorem, we mainly need to handle the higher order observations terms appearing
in the right hand side of the Carleman estimate (4.7).
Initially, using & > & and the definition of the Sobolev norm in (4.7), we get

// (59§9w2 + 57§7|3xw|2 + 35£5|8§w|2 + 33§3|8£w}2 + s§|8§w|2> e~ 2 dxdt
¢ T
<0 [ e wlgl 40 [ e (S ooy + 5T ol + € Il
+ 56 [l + 5 0l )
T ) 4
=: C//Q e 25 g|* + 089/0 I ||wH2LQ(w) e 25t 4 C; Q; (4.16)

Next, using the Sobolev interpolation H'(w) = (H®(w), L?(w)), 4, Q1 can be estimated as
5

=

r _9s& T e 2 g
le/O 25T ) B ]| .
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Further we use Young’s inequality with p =5 and ¢ = 5/4 to get

T T
_2s& 35 17 (_5gea
Q<0 [ e ult g+ O5F [ eFe I Jute ) g,
Other Q;’s can be estimated in a similar fashion with the following Sobolev interpolation
H?(w) = (H*(w), L*(w)) 2 5 , H?(w) = (H°(w), L*(w)) 3 2 , H'(w) = (H*(w), L*(w)) s

23 32 1
575 575 5
Indeed, we have

—10

T T
0, < C/ fe_QSd [|w(t, ')”iIS(w) + Cs% / f%es( Fatia) [lw(t, .)||22(w) .
0 0
T A 2 15 T o A 2
Q<0 [ttt iy + 0¥ [ €D e )l

T T
Q<0 [ & fult iy + O [ 6 T fult g

Therefore, amalgamating these above estimates and noting the fact

es(—gd+%)’ es(%“éﬁ%&)’ S(—5a+36) < es(—1oa+8(5z)7

we conclude
T , ] 4 T ) , T A ) )
59/0 3 ||w||L2(w)e’25adt + Z Q; < O/o Eem 2 lw(t, Wers ) + C’39/0 leteaiona lwilz2 () -
i=1
Substituting this in (4.16), we deduce

// (5959\w|2 + 5757’63011}‘2 + s5§5|8§w’2 + 5353’8310‘2 + s§|8§w’2) e 28
Q

T T
<c (// e_zsa|g|z+sg/ £9—25(56—44) ||w||i2(w)+/ gem2sb llw(t,.)||i15(w)>. (4.17)
Q 0 0

In order to get the final Carleman estimate (4.15), we need to absorb the last term from the right
hand side of (4.17), which can be done by utilizing the standard bootstrap argument, generally used for
dispersive equations (see [CFPR15], [Chel9], [CMZ20]).

Let us consider p(t) = e=5¢(t)¢ %(t)7 and define w = pw. Then, @ solves the following system

— 04 — 02 + poOi — O3 — U, W = g, (t,z) € Q,
w(t,0) = w(t, L) = 0,w(t,0) = dp1w(t, L) = 0, 02w (t, L) = 8%w(t,0), te (0,7T),
w(T,x) =0, x € (0,L),

where, g = pg — Ospw.
Note that |95 < C(£2 + s£2)e™** < Cs¢2e*%, and so

T
~1|2 —2s& —2s&
00 <€ ([ elblinn+ [ e nling ).

Thanks to Proposition 2.6, the solution w € L? (0, T; H>(0, L)) satisfies

T T T
/0 6—28a5|w||%15<0,L><c< / e g3 0,0y + / e‘%“s%ﬂlw%mo,m)

Further substituting this estimate in the inequality (4.17), we get

// <59§9|w|2 + s7£7|8mw|2 + s5§5|8£w‘2 + 5353‘83w|2 + s§|8§w‘2) e 28
Q

T T
sc( [ ezt v [ eeoaiaiupt, + [ el
Q 0 0

T
+/0 6_2w82€5l|w||%11(o,m>'

Clearly, the last term of r.h.s. can be absorbed by the second term of left for sufficiently large s to finally
obtain the desired estimate (4.15). O

T
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5. CARLEMAN ESTIMATE FOR THE LINEARIZED COUPLED SYSTEM (1.18)

In this section, we derive suitable Carleman estimates for the adjoint system (1.18) under the assump-
tion (1.14), for the cases (1.15) and (1.16) separately.

Case-1.15: 01 4= 024

For this case, we introduce a new variable p given by

p =1t + ve1p?,

so that the concerned adjoint system (1.18) converts into the following system involving just two variables,
namely 7 and p.

=0 — n + podyn — 9n — e = pxo, +h°, (t,z) € Q,
Oup + O2p + 1o Otp + Bp + D, (Wp) = — X7y Lo, +h, (t,z) € Q,
n(t,0) = n(t, L) = 0un(t,0) = 0an(t, L) = 0, Oin(t, L) = 03n(t,0), t € (0,7), (5.1)
p(t,0) = p(t, L) = 0:p(t,0) = 0.p(t, L) = 0, a%p(t, L)= 89%17(75’ 0), te(0,T),
n(T,z) = nT(x)»p(va) =0, z € (0, L)7

where Og = 01,9 =024 and h = vih! + vh?.
Let us now introduce the shorthand notation

I(s,w) = / / ("€ Nwf? + 57€7|Dp[* 4+ 577 02u[* + 763 |08|” + slobuw[*) e,
Q

where the weight functions a and ¢ are given by (4.2) and (4.3), repsectively. Then we obtain the following
Carleman estimate for the system (5.1).

Proposition 5.1. Let & € X2 and assume the constants u; to be large enough. Then, there ezist
constants sg, C > 0 such that for every s > sqg, and for any (nT, ho, h) € H3(0,L) x [LQ(O,T; HY(0, L))]2,
the solution (n,p) of system (5.1) satisfies

T
I(S, 77) + I(Sap) < 0817/0 5176_28(10&_9a)||n||%2(w)

T
0t [C 00 (i + W) (52)

Proof. Since OgNOq # ), let us consider a nonempty, open and connected subset w C Og3N Oy. Further,
let @ CC w any open set. Thanks to the Carleman estimate (4.15) for the states  and p corresponding
to @, we have

Z(s,n) +Z(s,p)

<ol ff e oy 1 [ o
Q —_— Q
K1

T 2
4 / 6725026
0

Now, we use triangle inequality in the terms «; for i € {1,2,3,4 =}, so that the terms involving p and 7
can be absorbed by Z(s,p) and Z(s,n), respectively for sufficiently large s to get

Z(s,n) +Z(s,p)

T T
< C(/O 672501(”}10“%2(0,[4) + ||h||%2(O,L)) +/0 672sa£(||h0||§-[1(07[/) + Hh’”?-II(O,L))

9 2
.
=3 —nxo, +h
=1 K

(3

T
+ [ e Ioxos + 1B
0

K3

K2

T
—2s(ba—4a 2 2
+39/0 e (a—4 )(HTIHLQ(&) + ||p||L2(LD)>>'

2
|— > Zixo, +h

i=1 "

H'(0,L)

Ra

T
+ ng /O 596728(5047404) ( ||77||i2(a;) + ||p||iz(@) >> . (53)
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Our next aim is to remove the local term of p from right-hand side of (5.3). In order to do that, let us

first introduce a smooth cut off function ¢ € C°(w) with ((z) = 1 for z € @ and 0 < ¢ < 1. Further,
thanks to the first equation of (5.1) and the fact that w C OqN Op, p can be written as

p=—0m — 00 + pedin — d2n — am, —h°  in (0,T) x w
Therefore, the last term of (5.3) can be estimated as

T
89/0 596_25(5&_4d)\\P||%2(@)
<5 /OT /w e ( — i — O30 + podyn — On — U Dym) — ho)
=5 /OT / 6‘25(5&‘4&)5%(&19 + 00p + podap + 03p + 8:(1129))77
40 OT/at o~ 25(56—44) fg)UCP—S / / —25(56— 4a)§9<ph0
+ s /OT e 2e(5a—48) 9 (85419 + 03¢ 0up + 02C O2p + 02C O2p + 02 353?)?7
+ pos” /OT / e~ 2s(56—48) 9 (3;‘-419 + 03¢ 8yp + 02C 03p + 9:C 3319)77
wot [ [ e (2 + o2com + o.com)n

T 7
+ 59/ / 6723(5d74a)£9az<- ’EP?? = Z \71
0 Jw i=1

Using the smoothness of the function ¢ and Young’s inequality, one can easily estimate the terms J; as
listed below

° |j1|_

e—25(5a—46) 9€<< Z*HXO +h>

<C (/ / —25(56—48) (90|12 | / / —2s(5a—44a) 9£9h|2>
<C (/ / —25(108—94&) S22 + / / 5(106—96) 9€9|h|2>

T
° |j2| < C/ / 6_25(5a_4a)810§11|77| |p|
0 w
T A T < oA
A A A Tk
0 w 0 w
T - ~
° |.73| § C/ /6725(50474(1)5959 |h0| |p|
0 w
T T
SG/ /6_23d59§9|p|2+06/ /e—2s(10d—9@)8959’h0‘2
0 w 0 w

T
gl <c [ [ R0 (o] 4 0up] + [02] + [o%] + |0l )
0 w

T
SEI(S,p)-‘rCE/ /6—25(10d—9&)817§17|n‘2
0 w

T
o |5 < eZ(s,p) + C. / / ¢~29(106-98) (1515 12
0 w

T
o 176 < eZ(s,p) + C / / ¢~29(106-98) 1313} 12
0 w
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T - ~ .
o |7 < Clltflc / / ¢~ 2566-18) 99| |
0 w

T
SeI(S,p)-i-Ce/ /6728(10&79&)89£9|77|2
0 w

On combining these estimates, one can conclude the following estimate

T
S Al A
0

T T
<C’<eI(s,p)+/ /6_23(106‘_9‘3‘)517517|n|2+/ /6—25(10a—9a)89€9(h0|2+h|2)>. (5.4)
0 w 0 w

Also, note that

e—2sa — 6_28(10a_9a)628(100‘_90‘)6_230‘ < 6—28(10@—9(1)7

e~250 — o—25(106-94) ,25(104—94) ,—258 < ,—25(104—94)
Finally, substituting these estimate in r.h.s. of (5.3) and choosing e sufficiently small, we obtain

T
I(s,) + I(s,p) < Cs'7 / £1Te-25(106-00) 2

T
00 [ €000 (i 1+ 11 )

This completes the proof of Proposition 5.1. O

Case-1.16: Ol,d n OO 75 Og)d n OO

To deal with this case, we further split it into the following two subcases:

0i,aN Oy Z 04N O,V (i,7) € {(1,2),(2,1)}. (5.5)

3(,75) € {(1,2),(2,1)} : ©O;aNOg C O 4N Op. (5.6)

Let us now mention a lemma from [AAS23] concerning weight functions, which is crucial for clubbing the
individual Carleman estimates of the states n,9! and 2.

Lemma 5.2 (see Lemma 4.3, [AAS23]). Let wy = (a1,b1) and wy = (a2,bs) be open subset of [0, L] such
that by < as and let O be an open interval such that wy Uws C O. Then there exists two non-negative
function @1 and o in C°(R), satisfying conditions of the weight function of the Carleman for wy and
wa, respectively as mentioned in Section 4 such that 1 = @2 in [0, L]\ O and ||¢1]lc = ||¥2]lco-

Since the non-empty sets O; 4 N Op for ¢ € {1,2} satisty O1 4N Oy # O24 N Op, so we can choose
non-empty open sets w; C O; 4 N Oy for i € {1,2} such that wy Nwy = 0. In addition, depending on the
whether the sets O, 4 N Op satisfy (5.5) or (5.6), w; can be chosen to have the following properties:

e For the subcase (5.5),

wNO;a=0 V(i,5) €{(1,2),(2,1)}. (5.7)
e For the subcase (5.6),
w;NO;q=0 for (i,7) =(1,2) or (¢,5) = (2,1). (5.8)
Let Op be a nonempty open subsets of the control region Oy such that
w1 Uwy CC Oy CC Oy.

Thanks to Lemma 5.2, we consider the functions @1, s associated to the sets wi,ws and for O = Oo,
and thus define the weight functions «; as

ai(t, z) = @i(x) §(t), for i € {1,2},
where £ is given by (4.3). We denote the maximum and minimum of «; over [0, L] as

a*(t) = max «ay(t,z) = max as(t,x), and «.(t)= min «oi(t,z) = min as(t, ).
(t) Jnax 1(t, ) Jnax 2(t, ) (t) Lin 1(t, ) Lin 2(t, )

For i € {1,2}, we introduce the shorthand notation

Zi(s,w) := // (sggg\w|2 + 5757’83011)‘2 + 8555‘892:11)’2 + 8353’8§w|2 + sf‘@iwﬁ) e s (5.9)
Q
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Then, we obtain the following Carleman estimates for the system (1.18) correspodning to the subcases
(5.5) and (5.6).

Proposition 5.3. Let 4 € X3, and assume the constants u; to be large enough and O; 4N Oy # 0.
Then, there exists C,so > 0 such that for s > sq, the solution (n,11,2) of (1.18) with (nr,h°, ht, h?) €
H3(0,L) x [L2(0,T; H*(0,L))]® satisfies the following:

e For the subcase (5.5), we have
11(87 77) + I (S, 1/)1) + IQ(Sa 1212)
T T
<C 517/ / 6725(10a*79a*)£17|n‘2 + 59/ 6725(10a*790¢*)§9 (”hOH%ﬂ + ||h1||?71 + ||h2|‘§{1)
0 Op 0
(5.10)

e For the subcase (5.6), we have

Li(s,m) + Zj(s,47) + Zi(s, p)

T * T *
<C 517/ / 6725(100(*790‘ )517|n‘2 +$9/ 6725(10a*790¢ )59 (”hOH%ﬂ + ||h1||%31 + ||h2|‘§{1) ,
0o Jog 0
(5.11)

where p = v + var)?.
Proof. Subcase (5.5): Consider a function ¢ € C>([0, L]) such that

0, forz € O ,
<°<x>={ ;

1, for z € O.

Note that g = (% satisfies the following system:

770(7570) = 770(t7 L) = aﬂcnO(ta O) = aﬂcnO(ta L) = 0’ 8%7’]0(15, L) = agno(t?0)7 te (OaT)a
(T, ) = (2)nr (), z € (0,L),

where
R(n) = — (02¢°n + 03¢ 0un + 93¢°02n + 92¢° 030 + 9,¢°04m) — u0.(%n
+ pto (92¢°n + 92¢°0,m + 92¢°02n + 0,¢°0%n) — (92¢°n + 92¢°0,m + 0,¢°02n) .

For i € {1,2}, let @; CC w; be any nonempty open set. Then using the Carleman estimate (4.15) for ng
with weight function @ = a7 and w = w1, we have

T 2
11(5,770) < CSQ/ 696725(5(1*74& ) ”770”%2(511) + C//Q e*QSal (Z |C0ViXOi,d7/}Z‘2 + ‘<0h0|2 + |R(77)|2>

0 i=1

T 2
+ C/O e—2$o¢ g (Z HCOViXOi,deHip(O,L) + HCOhOHiIl(QL) + R<n)|12‘11(0,L)> .

i=1

Next, note that
T AL
Zi(s,m0) = / / (89§9|n0\2 + 77| Dmo|? + s2€5102n0)? 4 s3€3|03n0|? + s§|8§770|2) e
o Jo
T
- / / (s°Imol* + s7€710umo|? + $°€2|02m0|* + $>E%|03m0|* + sE|0mol*) e
0 Joo
T
* / / (%Il + s7€7|0am|? + $°€°1 02| + P3| 0n|* + sE|0pn|?) e 25
o Jog

T
> Ty (s,m) - / /O (Pl + STET|Danl? + S|Pl + PP + s€|Dtnl?) 2.
0 o
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Thus combining the last two inequalities, we obtain

2 .
Ti(s,m) < C//Q e~ <Z [CPvixo. W'+ ICR°? + |R(77)|2>

i=1

T 2
+c/0 e~ <Z I1¢%ix0.. ¥ o 0.0 + 1R 3 0. + IR(n)in(o,L))

i=1
T
" / / (% In? + 57€0unl? + s°E|05n|* + $°E2|03n|* + s€|ogn|?) e21. (5.12)
0 Joou
Now, following the same line of argument as used in the proof of Proposition 4.2, one can handle the

local terms involving 9% for k € {1,2,3,4} from the r.h.s. of (5.12) as sketched below:

e First we use Sobolev interpolation estimates and Young’s inequality to get

T —92s T _92sa* 35 Tgs,éamLﬁ
/0 /O ST g < C / £ 0l 0y + Cs / eF (3T ) e, o (5.13)
0
T T T
— 2 _ * 25 23 —10 4  *
/ /O S |o)® < ¢ / £ |lnl%s o) + Cs / ¥ e (S0t i) In2, o) (514)
0 o 0 0
T 3¢3,-2sa1 | g3 2 <C T —2sa* 2 C i T 6 5(7504*4»304*) 2 515
[ e o < e nll3sg0y, + CsF [ €0 lZe0,  (5:15)
0 o 0 0

T T T
— a8t 2 —_ SOC* S| — Qs Ot*
/o /o sge” > 0| SC/O te” ”’7H?¥5<Oo>+css/0 e 005 oy (5.16)
0

o Next, let j(t) = e~ (D¢ (¢), and define 7 = pn. Then, 7 solves the following system

—04i) — 0311 + podiw — 937 — ud, i = R, (t,z) € Q,
7(t,0) = q(t, L) = 0,1(t,0) = d.7(t, L) = 0, 979(t, L) = 937(t,0), te (0,T),
i(T,z) =0, z € (0,L),

where 10 = ﬁ(Zle Vit Xo, .4 + ho) — Otpn. Using |8tp~‘ < C’sﬁge_so‘*, we have
2 T 2T 2
70 —2sa* 02 —2sa™ i
|7 HL?(O,T;HI(O,L)) <C /0 € &Nz 0,1 +Z/o € € [|viv Xoi’dHHl(O,L)
i=1

T
+/ e e 52§5||77||2H1(0,L)>'
0

Thus, due to the regularity result Proposition 2.6, the solution 7 € L? (O, T; H>(0, L)) satisfies

- T 2 T
p— * - - B ’ 4 2
/0 e~ 25 €||77||§{5(0,L) < C(/O e~ 2sa §||h0||§’11(07L) —I—Z/O e~ 2sa ¢ HI/Z-XOhdwlqu(O,L)
=1

T
+/o . 52§5||77||§11(0,L)>- (5.17)

Using the definition of ¢°, we have

T
// 6725&1|C°Vi><oi,mz|2:/ / o
Q o Jog

Let € > 0 be any number. Then, since ¢° € C°([0, L]), one can choose s large enough such that

// 672sai
Q
T
0

T
//Q =R+ [N RO sy < Do)+ [ sy (5.20)

Crixo, WP, forie {1,2}. (5.18)

T
i —2sa* i|2 i ;
COViXOz‘,dw ‘2 +/ e? gHCOViXOi,dw HHl(O,L) < €Ii(3,¢ )7 for i € {1a2}7 (519)
0
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Thus, using the estimates (5.13)-(5.20) and continuity of ¢° in (5.12), we get

T T
—2sa 2 —2sa* 2 —25(5a, —4a™ 2
Il<s,n>s0(//Qe B A A Al 1 o
T
s el + T ) +ezz<s,w2>+ezl<s,n>>.

Finally, for sufficiently large s one can absorb the [|n]| 1 g 1) term from right in the left side to get

T T
Ty(s,m) < C(// e~ 25 |h0|2 +/ e~ 2sa ¢ HhOHip(o o+ 59/ £9¢25(30. ~da”)
Q 0 ? 0

+ €Ty (s,91) + e Io(s,0?) —|—eIl(s,77)>. (5.21)

2
|77HL2((90)

Next, using the Carleman estimate (4.15) for * with weight function a = o; and w = @; gives

2 T 2
. e 1 . o 1 9
Ii(sw)gC//e 2o ‘nxa + [n? +C/ e ¢ Hnm 5 e o.r)
Q Hi 0 i H1(0,L) ’

+C// e 25 g9¢%t |2, (5.22)
Qo

Note that as O; N O = 0 for i € {1,2}, so ¢1 = 2 in O1 U Oy, and hence we have

// 6_28% 1
Q K

2 2

gc// e (Inf +19,nP). for i € (1,2},
H1(0,L) Q

T !
—nxo.| + / e ¢ Hnm
i 0 Hiq

Thus for sufficiently large s, we get

1
// 6725111'
Q H

anC’i

(2

2 2

< 611(85 n)a

T . 1
+ / e HnXof,
0 Hi HY(0,L)

and hence the inequality (5.22) becomes

T
Ii(s,9") < C (// e 2| +/ =250 ¢ || pi]|2 +//
Q 0 H HH (0,L) 0

On combining the estimates (5.21) and (5.23) for sufficiently small €, we get

6725041-8959‘1#1"2 + 62(3, 77)> . (523)

@4

T 2
I(s,n) + Ti(s,¢") + In(s,¢*) < 089/ g~ 2e(5an—da") g9 <||77||2L2(00) + Z ||W||2L2(wi))

0 i=1

2 T
([
i=0 \”0

where s > sg for sufficiently large sq > 0.

Our next goal is to remove the local term of 1/, which can be done using arguments similar to the one
used while proving Proposition 5.1. So for i € {1,2}, let ¢* € C2°(w;) such that ¢'(z) =1 for z € @; and
0 < ¢* < 1. Now, using the differential equation and the property (5.7) of w;, we have

T
i + /O e—m*guhi|\j{1(w), (5.24)

—0m — 020+ podin — 93y —an, — h° = vt in (0,T) x w;, i€ {1,2}.
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Thus, using the above espression of 1%, we have

T T
89/ / 6_28(5a*_4a*)§9|wi|2 S 89/ / 6—25(5(x*—4a*)€9<—i|¢i|2
0 @; 0 Wi

1 T oo _
=t [ e gy - 02 + a0 — 0 — wn, — KO
T 0 w;

1 T - . A A . , , ,
St [ ] e Gt 02 ok + B 4 Buwd))
% 0 wi
1 r : . , 1 (T ‘ . .
n —59/ o, (6—25(505*—4(,! )59) Myt — 59—/ / o—2s(50.—4a )ﬁghow’
Vi 0 Vi Jo wi

e 2GR 4+ 030" + OO + D3OG + 0,050 )

[3

T

T
+ @59/ / 6725(501*7404*)59 (a;lcz,lpz + (fjgczam,l/}z + aﬁéwaﬁq/}z + azgzajqu) n
0 w
6—23(5a*—4a*)§9 (aigzwz + aiczam,wz + axczai,wz) n

1 T
+—59/
0 i

v; :
I . o
+ ;59 / / 6—25(5(1*—404 )gQ(azgi)a ,(/)z n
i 0 w;

=T+ T+ T +Ta+Ts+ T+ Tr

e~

Following the arguments used to estimate 7;’s in the proof of Proposition 5.1, one can estimate these 7;’s
similarly to finally deduce the following estimate for sufficiently large s

T T
/ / 6725(50‘*740[*)8959‘2[)”2 < GIi(S,T,[Ji)—i—C/ / 6725(10a*79a*)317£17‘77|2
0 @4 0 Wi
T * .
+ C/ / 6—23(1004*—90: )59§9 (|h0‘2 + |hz‘2) )
0 wi

Lastly, substituting this in the estimate (5.24), we deduce the desired Carleman estimate (5.10).

Subcase (5.6): In this case we have O; N Oy C O; N Oy, for any one ¢ € {1,2} and j # i. On adding and
subtracting v, X0, in the right-hand side of the first differential equation of the system (1.18), we get

—0m — On + podin — On — e = xo, , (it + vP7) + (X0, — X0, )V’ + b,
Set p = 119! + 1912, Then, the adjoint system (1.18) can be rewritten as

=0y — 030 + po0gn — 020 — W 0yn = pXo, 4 + V¥ (X0, — X0,.0) +h°,  (t, @)
(t,z)

ep + O5p + 1o Ofp + O3p + D, (p) = — T4y Lonxo, + Loy vih", t,x) € Q,
1(t,0) = n(t, L) = 9,n(t,0) = dun(t, L) = 0, I7n(t, L) = 971(t,0), t€(0,7), (5.25)
$I(t,0) =PI (t, L) = 0p107 (t,0) = 9o9? (¢, L) = 0, 0797 (¢, L) = 93¢ (¢,0), t € (0,T),
p(t,0) = p(t, L) = 0:p(t,0) = 0xp(t, L) =0, ag%p(tv L)= agp(t, 0), te (0,7),
n(T,z) = 77T(9C)a¢j(07$) =0,p(0,z) =0, z€(0,L).

Let € > 0 be any number, and let @, CC wy, for k& € {1,2}. Then, one can follow the same argument
as used for the subcase (5.5) to conclude the following inequality, which is analogue to (5.21):

Tis,m) < c( / /Q o230

T T
no[* +/0 3 1] [ +89/0 e 201D | T 0,

+6Ij(5,wj)+€Ii(57p)+€zi(57n)>v (526)
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for sufficiently large value of s. Next, we use the Carleman estimate (4.15) for ¢/ and p with the weight
function a; and oy, and the local domain w; and @;, respectively to obtain

2
T (5>¢j) < C// 6_23aj89£9|’t/}j|2 +C// e—250; ‘177X(’)j + ‘hj‘Q
Qa; Q Hj

T . 1 2 -
+C/ e £<H,n><oj + ||hJHH1(O,L)>, (5.27)
0 Hj

i(5,p) <C// ‘26“‘89€9|pl2+0// TRy (‘uknm
k=1

2
+C/ ey (anOk

k=1

H1(0,L)

=+ |hk|2>

2
+ 105 0.1 ) (5.28)
L)

Since O; N Oy = and @1 = @, in [0, L]\ Op D [0, L] \ O, 50 1 = g in O UOy. Thus, for sufficiently
large s, we have the following estimate:
T
+ / e
0

// 6—25(1] 1
127

2 2

and // —2€a7 / —2sa™

Due to these estimates, the inequalities (5.27) and (5.28) can be summed together to finally get

2
%@wﬂ+z@msc<// ety [[ ey [[ e
Qs Qa, k=1""@Q

2 T
+Z/() e—2sa*£ ||hk|‘21(0,L) +6L»(3,77)>, (5.29)
k=1

2 2

S EIi(Sa 77)
H(0,L)

1
—MnXo, e

2

S 61—7;(57 TI)
H'(0,L)

k

nE|?

for sufficiently large s.
Upon adding the inequalities (5.26) and (5.29), and choosing € sufficiently small, we deduce

T
j —2s(bay —4a™ P12
L@m+@@ww+zam§c§/iée2“ ) (200 + 197152y, + 10320 )

0
k|2 T s k|2
h¥| +/0 e ¢ | HHl(O,L))' (5.30)

e z (ff e

In order to remove the local terms of ¥/ and p, we will use the equation of 7 along with the conditions (5.8)
and (5.8). More precisely, note that restricting the differential equation of 1 from (5.25) over (0,7) x w;
and (0,T) x wj, we get

—0n — o + podan — Oon —um, =p+ h°,  (t,x) € (0,T) x w;,
—0m — O5m + podin — 03 — am, = v + 10, (t,x) € (0,T) x w;.

Using these equations, the local terms of 1/ and p can be removed from right hand side of (5.30) as
demonstrated in the proof for the subcase (5.5), and hence for sufficiently large s we obtain the desired
estimate (5.11). This finishes the proof. O

6. NULL CONTROLLABILITY OF THE LINEARIZED SYSTEM WITH SOURCE TERM

This section is dedicated for proving the partial null controllability of the linearized system (1.17) with
source terms {g’}?_, in some suitable weighted space, which decay exponentially to zero as t goes to 7.
This controllability result would be useful in the next section to conclude the main result, i.e., to obtain
the partial null controllability result for the main non-linear system (1.13).
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6.1. Observability inequality. In this subsection, we derive a suitable observability ineqaulity which
will be used to deduce the desired null controllability result for non-homogeneous linearized system (1.17).
Let us first derive a new Carleman estimate with slightly tweaked weight functions. Consider the

function [ € C* ([0, 7)) given by
il
l(t):{4’ te 03],

(T —t), telL,T],

o
Nl

and define
a(t,z) = e(@)B(t), ai(t,z) = pi(z)B(t),
where §(t) = ) and ¢, {¢;},_, o are the weight functions used in the derivation of the Carleman esti-

mates mentloned in Proposition 5 1, Proposition 5.3, respectively. Denote the minimum and maximum
of these functions as

a(t) == maxa(t,z), &(t) :=mina(t,z), Vite (0,T),

[0,L] [0,L]
ot (t) = 1[1822)]( aq(t,z) = I[g%(ag(t ,x), Yte(0,T), (6.1)
a,(t) == f&g}al(t’z):f&iﬁaﬂt’x)’ Vte (0,7).

With this slightly modified weight functions, we obtain the following Carleman estimates.

Lemma 6.1. Let u € X, and assume the constants p; to be large enough and O; 4N Oy # 0. Then,
there exists a constant C > 0 such that the solution (n,11,2) of (1.18) with (nr,h° k', h?) € L*(0,L) x
[L2(0,T; H(0,L))]? satisfies the following for fized s > s¢:

e For the case (1.15), we have

/OL |77(0»:v)|2+//Q 20 (Inf? + [aw + vav?|”) +//Q 2 G7 ([0 + 11,0 + v20,0%)

T T
< C/ 5176—28(1064—9&) ‘77|2 + C/ 596—28(1064—9&) (HVlhl + V2h2||%11(0’L) + ”hOH%{l(O,L))'
o 0
’ (6.2)
e For the case (1.16)-(5.5), we have

L 2
/ |7](07a':)|2 —l—//Q e—2s0 (59|77‘2 +67‘8z77|2) _1_2//(2 o250 (59|,¢)z|2 +57|8z’(/)z|2>
’ i=1
T * 2 T * .
< C</0 \/O e—25(100. —9ax )517|77|2 + Z[) e—25(10c. —9ax )59||h2|§{1>, (6.3)
’ i=0

e For the case (1.16)-(5.6), we have

L
2 —2s01 9 2 7 2 728053- 9 712 7 7|12
/0 n(0, )| +//Q (B°nl? + B710un] )+//Qe (812 + 710,07 ?)

+f /Q e (8t + v 4 BT (110, + 120,027

<C</ / —2s( 1Oa*—9a*)/817‘77|2+2/ —25(10a*—9a 69|hl”[—11> (64)
Oop

Proof. The proof of all the above estimates are similar, and can be easily deduced from the Carleman

estimates (5.2), (5.10) and (5.11), using the properties of new weight functions. The proof is done by

first assuming 7 and @ to be sufficiently smooth, and then using standard density argument one can

conclude the desired result for ny € L?(0,L) and @ € X$. Here, we demonstrate the proof of (6.2).
Recall p = 19! +109? and h = v1h! + 15h% As B = { in [Z,T], we have

T L
—2s5a¢ —2sa —2sa 2 —2sa 2
/ / e £9|77|2+/ / e? 57\axn|2+/ / ere P [T joy)
Z Jo Z Jo T Jo T Jo
T L T L T L ) T L )
— [ [ememp e [ [ eegmomp oy [ [ ety [ e o,
r 0 xr 0 r 0 r 0
2 2 2 2

(6.5)
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Thanks to the estimate (5.2), we have:

T L T L
| e (@me o)« [ e (0 + 70l
3 Jo 3 J0
T —25(106—94) ¢17[,,2 g —25(10&—94) ¢9 02 2
_C</0 /(Qoe f |77‘ +/0 € 5 (Hh HH1(07L)+|h||H1(O,L))>' (66)

Since § = ¢ in [ ,T] and
C oA T
6725(10017904)616 > (Cin {0, 2} , for k>0,

the r.h.s. of (6.6) can be further estimated to get

T L T I
Jy [ (me e sToait) + [ [ et (8 + 10wk
1 Jo v s
T } X T v ) ) 2
< C(/ / e—25(10a—9a)ﬁ17|n‘2 +/ e—QS(IOa—Qa)ﬁ9<HhOHHl(O,L) + ||h||H1(0,L)>>. (6.7)
0o Jog 0

Next, let us introduce a function ¢ € C2[0, T] such that

~. J1, telo, L]
C“)‘{o, te [3.7].

If (n,p) is a solution of (5.1), then (7,p) = (Zn,fp) solves the following system

—01) — 990 + podyl — 037 — Ny = Pxo, + Zh —an, (t,z) € Q,
0P + 03P + no 02D + 3P+ 0, (WP) = — Yoiy Liixo, + Ch +0iCp,  (tw) € Q,
it 0) = (t, L) = 0.7(t,0) = 9,j(t, L) = 0, &ij(t, L) = 077(t,0), ¢t € (0,T), (6.8)
P(t,0) = p(t, L) = 0,p(t,0) = 0up(t, L) = 0, 03p(t, L) = 93p(t,0),  t € (0,T),
AT, z) = 0,p(0,2) =0, z € (0,L),

Using the energy estimates for the above system (analogue to (2.12)), we obtain

g + 1Bllxg < € (|07, ) + 1168 g * |
g + 181y < ([0 . o, * 0] *

0] gy * |
Cn £2(Q)

at&\p‘

LZ(Q)) '

||77(t)HL2(0,L) + ”77”[,2(0 Z:L2(0,L)) + HarnHLZ(o Z:12(0,L)) + ”pHL2(0,%;L2(O,L)) + ”8117”132(0’%;[,2(0,@)

Now, we use the definition of Z in the above estimate to deduce

0
<C (Hh HL2 0,Z:L2(0,L)) + ||h||L2(O T:L2(0,L)) + ||77||L2(% 3T,102(0,L)) + ||p||L2(§ 312 (o,L))) ; (6.9)

for t € [0,7/2].
Next, using the estimate (6.9) and the properties of weight functions, we readily have

T L T L
o+ [ [ e (@ ToaR) + [7 [ e (bR + 57100
0 0 0 0

T (L L L T
< C / / |h0|2 + |h|2 +\/ / ﬂ96725a|?72‘ +/ / 59672sa‘p|2 ,Vt c |:O, :|
o Jo z 0 z 0 2

Thanks to estimate (6.7) and the fact that e=25(10&=9&) gm > ¢ i [0,7/2], the above identity becomes

T L T L
O ony+ [ [ e (8l + 8T 0) + [T [ e (10 + 570.0P)
0 0 0 0

T T
—2s a—9& —2s a—9& 2
§C</o /o e e )517'"'2+/0 e )59(||hOHH1<o,L>+hnzl(o,m)) (6.10)
8]

Finally, the estimates (6.7) and (6.10) together imply the desired Carleman inequality (6.2). O

Using the estimates obtained in Lemma 6.1, we derive a suitable observability ineqaulity which is
applicable for all the cases mentioned above. More precisely, we have the following result.
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Proposition 6.2 (Observability inequality). Let @ € X2, and assume the constants ui; to be large enough

and O;.4 N Oy # 0. Then, there exists a constant C > 0 such that the solution (1,v1,12) of (1.18) with
(nr, K%, ht k%) € L?(0, L) x [L2(0,T; H'(0,L))]? satisfies the following estimate

L 2
* * .92 .2
O.P + ([ e (i + 57 0un) + 3 [ e (0 + fow
/ [ o)+ 3 [ (o)
T * 2 T * .
<C </0 /0 L7 25(10a~9a") |12 +Z/O 39— 25(10a. —9ax )||h’12ql(o,L)> . (6.11)
0 i=0

Proof. e For the Case (1.15):
To deal with this case, we first replace the the function o by a1 in (6.2) to get

L
/ [n(0,)1* + / / o287 (Inf? + ot +vau?|”) + / / e BT (10an + 110" + 120007
0 Q Q

T 2 T
<C <‘/O ; 5176725(10a*79a*)|n|2 + Z/O ﬁ96725(10a*79a*) hi”%ﬂ(o,L)) )
0 =0

Now, we ignore the terms associated to 111! + 191? from the Lh.s. and use the estimate a* > a; in the
above estimate to obtain

L
| mop+ [[ e b [[ e gmonr
0 Q QR
T 2 T
<C </ / 6176—23(10a*—9a*)|n|2 + Z/ 596—23(10a*—9a*)”hi3{1(07L)> ) (612)
0 Jo, oo

To add the terms of ¥ on the left, let us introduce 1;1 = e7%* 9!, Note that zzi satisfies the differential
equation

—sa*

O+ 2+ po O + 02" + 0, (') =~ —xo, + T H — st

T

On multiplying the equation with 2¢° and integrating it w.r.t. = over (0, L), we get
2 L 2 L ~\ ~ L g=sa” ~. L L~
+ 2:“’0/ = _/ a:v (’U/wz> W - / 77X(9ﬂ/)z +/ e ¢ hzwz
0 0 0 i

0
L ~.
o S/ ata*efsa ‘wz
0

Note that dra* > 0, and so we can ignore the last term of the right side. Further, perfomring integration
by parts and using the Holder’s inequality and Young’s inequality, we have

2 L 12 L . 9 L . L ) -
+ 2,”0/ ‘aiwt S C / 6—2801 "L/)T’ + / 6_2sa |77|2 + / 6—2801 ‘h1’
0 0 0 0

L
+€/ 672501*
0
for any € > 0.

Now, using Poincaré inequality in the second term of left hand side and choosing e sufficiently small, one
can absorb the last term of the right side of the above inequality in left. Next, we use the Gronwall’s
inequality and the fact that ¥*(0,-) = 0 on (0, L) to obtain

L 2 T pL ~.12 T L o L w12
e—CT / ‘wz(,r’ )‘ + 2,“40 / / e—Ct ‘ax,(W < C/ e—Ct / e—2sa |77| + / 6—2504 |hz’
0 0 Jo 0 0 0

for any 7 € (0,T). Using the bound e=¢" < e~¢* < 1, and then taking supremum with respect to 7 over

(0,T), we get
2 T L . T L R
< C’/ / e~ 259 |p|? +C’/ / e 2 |hf|7, for T € (0,T).
o Jo o Jo

/OL ’Ji(T’ )’2 n /OT /OL

d Y~ ~
=l o2
0

2

L~,
il 17

2,07,

R
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Integrating w.r.t. 7 over (0,7") and using the bound

Br) =

for 7 € (0,T) and e~25%" < = 2s(10a-—9a7)

T2
we deduce

R R g R | e L R CT)

Summing the estimates (6.12), and (6.13) for ¢ € {1,2}, we finally get the desired estimate (6.11).

e For the Case (1.16)-(5.5):
Just using a; < a* and the bound 8 > 4/T? in the left of (6.3), we get (6.11).

e For the Case (1.16)-(5.6):
Again using the estimates o; < a*, 8 > 4/T?, and ignoring the vy' + 159? terms from the left side
of (6.4), we get

L
0,2)|? —2sa, (29],.(2 7\9,m —2sa, J12 4 10,00 2
[ e [ e @ g0 + [[ e i+ )

< C(/ / —2s( 1Oa*—9a*)/617|n|2+2/ —25(10a, —9ax™) Bth ||H1(0 L))
O

Finally, we add the 1’ term in the left of the above estimate due to (6.13) to obtain (6.11). O

6.2. Null controllability. In this subsection, we prove the global null-controllability result for the v-
component of the extended linearized system (1.17) with source terms g* in proper weighted space for

i €{0,1,2}.

Let us introduce the operator £ and its formal adjoint £* as
Lv = 0w + 920 + pediv + 03v + 9, (aw),
L= =0 — v + po 02v — v — wd,v.

Next, we consider the Banach space

&= {(v.g" % ) | 0079378 (0,1, o?) € [L2(0, T3 H71(0, 1)),
65(10a*79a*)ﬂ77f c L2( )’

es (100 =90%) g= 5 () 51, ¢2>e[ ([0, T]; L*(0, L)) N L*(0,T; H2(0, L))]°, 61

. 1 .
e’ gt (Ev — [*xo, + Z Ms@%oi) € L*(0,T; H1(0, L)),
i=1 1

e (E*goi — v XOi,d> € L*(0,T; H (0, L))}
We now prove the following null-controllability result for the linearized system (1.17).

Proposition 6.3. For vy € L?(0,L), and eg(loo‘*_ga*)ﬂ_*(g g%, g ) € [LQ(O,T; H‘l(O,L))]B, there
exist a control f € L?(0,T; L?(0y)) such that the associated solution tuple (v, o', %, f) of (1.17) belongs
to the space &, in particular v(T) = 0. Moreover, the control f satisfies the following estimate

2
1 leorzeon < 0(|vo||Lz<o,L> 'y g’||L2<o,T;H-1(o,L»)
1=0

Proof. Consider the space

Ho = {(77’ ¢17¢2) € [06(Q)]3 | n(t7 0) = n(tv L) = 9:n(t,0) = 9.n(t, L) =0, 69%77(t70) = ain(t,L);
Wi(t,0) = (¢, L) = 0:9"(t,0) = 0:9"(t, L) = 0, 979" (£, 0) = 979"(t, L),
5*(77)(157 0) = 5*(77)(75’ L) =0, E("/}i)(tvo) = E(W)(ﬂ L) =0
$1(0,2) = 0, for i € {1,2}}.
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We now define a bilinear form B : Hy x Ho — R given by

2 2
B((7,4",4?), (n, 4", 9?)) = / / e~ 2s(10e. =027 g9 (E*ﬁ = iy x@i,d) (c*n =Y wyt m,d)
Q i=1 x i=1 z

1

2
. o1 .
+Z// e~ 28(10e—0a7) g9 <£w’+n><o,:> <E¢ +f77><o,v,)
i=1 Q Hi = 1% x

T
+/ \/6723(100(*790( )5177777
0 (@]

Note that the map B is continuous. Now using the observability estimate (6.11), we have

B((n,v",¥?), (0.4, 9%))

2
_ // ¢~ 25(10a.—9a") g9 (ﬁ*n— Z%‘ W’ XQ,d)
o i=1 *

2 2 T
+ // 6723(10a*79a*)/89 +/ / 6725(10a*79a*)ﬁ17|n|2
; Q 0o Joo
2 .
>O( [[e=empay [[ e W) ¥ (0,61, €%) € Hy. (6.15)
Q i=1 Q

This shows that the bilinear map B is positive definite and coercive on Hy. Moreover, the map (1, ¢!, 9?)
B((n, v, ¥?), (n, v, ?)) /2 defines a norm, denoted by ||-||#, on the space Ho due to the estimate (6.15).
Let H be the completion of the space Hy with this norm. Then B is a well-defined, positive definite,
continuous, and coercive bilinear map on H.

Next, for es®” (go,gl,gQ) € [LQ(O,T;H_l(O,L))]3 and vy € L?(0,L), we consider the linear map
F :Ho — R given by

2

<£¢i + inx@i)x

T 2 T L
it ?) = [ QUINIEDS | @Y+ [ w0

Using the observability inequality (6.11), the map F can be estimated as
2
‘}'(77,1/)1,1#2)‘ < (Hesa 6_7/290HL2(O,T;H*1(O,L)) + Z e ngLQ(O,T;Hfl(O,L)) + ||”0|L2(07L)>
i=1

2
(e 87 1l sy + 0 Wy + 10O z200 )
=1

This proves that the linear map F is continuous on Hp, and hence it can be extended as a continuous
linear functional on H due to Hahn-Banach theorem.

Because of the properties of the maps B and F mentioned above, we can apply the Lax-Milgram
theorem. More precisely, for given any vy € L?(0,L) and any {g'}?_, such that e>® (¢°, 9", %) €

[L2(07 T; H1(0, L))]S, there exists a unique tuple (7, o, 1/32) € H satisfying
B((0, 01, 4%), (mw', %) = F(n, ' 0%), V(0,0 0%) € K. (6.16)
Now, we define
ﬁ = —6_2(‘;(10a*_9a*)ﬁ9 ag <£*f} - Zle Vi ?7;1 XOud) in Q)

"= —em 210097 39 52 (ﬁ P+ ,Llifzxa) in Q,
= —e 2100 —9%) 1Ty in (0,T) x Op.

(6.17)

~
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Performing integration by parts w.r.t x, the identity (6.16) can be rewritten as

T 2 _ 2 T ) ) 1 T . L
/ <@,£*772Vz'WX0i,d> JrZ/ <<ﬁla£¢z+n><oi> */ / fﬁ*/ vo7(0)
0 i=1 H-'H} Hi H-1HE  Jo Jog 0
=/ (o° nH1H1+Z/ Yy Y000 € H
0

Using the adjoint equation (1.18), the above identity can be rewritten as

/<Uh>H1H1+Z/ H1H1 //OOJ”7 /UW7

z 3
:/ - +Z/ Yy YRR R?) € [L2(0.T: HY (0, 1)
0
(6.18)
where (n,!,1?) is the solution of (1.18) corresponding to (h°, ht, h?).

Note that for (vo,g° g',¢%) € L*(0,L) x [L*(0,T; H‘l(O,L))}3 and f = f e L2(0,T;L*Op)) the
system (1.17) admits a unique solution, say (v, ¢, $?) € L*(Q) in the sense of transposition, i.e, (0, 3!, $?)
satisfies

//Jh%i//@@ihi—/OT/OOfn—/OLvOn(o)

T 2 T
[yt X[ ) gy VOO € (0.7 0. )
=1
(6.19)

where (1,1, 1?) is the solution of (1.18) correspondlng to this (h°, k! h2) and 7 = 0. Comparing the
identities (6.18) and (6.19), we get (v, 9, $2) = (0, ¢, ?). Thus, (9, $*, ¢?) € L?(Q) solves the system
(1.18).

Now, to finally end the proof, we just need to show that (7, !, 32, f) ef.
e Let us first start with L2(0,7; H~1(0, L)) estimate associated to ¥ and @i for i € {1,2}.

T 2 2
5(10a, —9a™ 9/2 o —25(10ax—9a™) 29| 92 * A 3
e ] P /O e 8107 <'C e Z;Viw Xo“d) H-1(0.5)
T 2 N 2
< C/ 6—23(1004*—904 )69 O (ﬁ*ﬁ - Z Vi wz Xoi’d> :
0 i=1 L2(0,L)

Similarly, we have

He (10, —9a* )G~ 9/2@1‘ ?

(ﬁ 0t 1ﬁ><oi>

i

2 e~ 25(10a.—9a”™) g9
L2(0,T;H~ 1(0L))*C/ G

L2(07L)'

Next, we look for the estimates on the control f . Note that

¢ L2(0) _ //(;) 6_25(10a*_9a*)617|ﬁ|2-

Summing the last three estimates, and using the expression (6.15), we obtain

s(lOa*—Qa*)ﬁ—

le

2

2
$(100c, —90c*) 5—9/2 -
He wTB L2(0,T;H-1(0,L))

2 _ * _ g
YllL2(0, 151 (0,1)) +Z [[es(100- =900 =972 5

i=1

+ [|esM0x 0D BT EY L o) < CB((0, 91, 47), (0,9, 47)) < oo.
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e In order to derive X9 estimate assoaciated to (9,1, $?), let us define
7
z

vF (10a*79a*)6 ! 0,

(PZ* = es(lOa* —9a* )B—— X

g0* 1= es(100.—09) g3 > (xoof +9°),
gi* = es(lO\IJ Q\P)B—— i

Note that these functions solves the following system

Lo = g0 — 25:1 ;% o, (es(wa*—ga*)ﬁ_g)@i X0, (t,z) € Q,
LYo = g* + 8, (65(100‘**90‘*)57%){%@@, (t,z) € Q,
v*(t,0) = v*(t, L) = 8,0*(t,0) = 8,v* (¢, L) = 0, d2v*(t, L) = 82v*(¢,0), te(0,T), (6.20)
P (t,0) = @™ (t, L) = 02" (£,0) = Qugp™ (t, L) = 0, 039" (t, L) = 05" (t,0), t € (0, 7),
v*(0, ) = (10 —9a") g— ‘t:o vo(z), ¢™*(T,r) =0, z € (0,L).

For the right hand side term, we have

)6 ( s(100x, —9a* )ﬁ——)‘ < 0 es0a.—9a") g- %

<C // er(lOa*—Qa*)B—13|¢‘2
Q) Q@

<C // 625(10(1*—911*)6—9|¢|2 < 0.
Q

and so

Hat (es(loa*—m*)ﬁ—%)@i ?

Also, ¢%* satisfies the following estimate

<CH 10a*79a*)5 iz f

S C He (10 —9c

+ || s(lOa*fE)a*)ﬂ

||9 *HL2(07T;H 1(o, L2(Q) O||L2(0TH 1(0,L))

@t ||€Sa*f8 90||L2(0TH 1(0,0)) <

_ 17

2

Similarly, one can show that
g + 0, (es(loa*—%*)ﬁ_%)f}x@m c L2(O’T;H—1(0,L)).
Thus, the system (6.20) admits a unique solution (v*, p'* ¢©**) € C([0,T; L?(0,L)]) N L?(0,T

due to the well posedness result Proposition 2.7. This completes the proof of the fact that (17 ot €
&, and thus ends the proof of controllability result Proposition 6.3. O

7. NULL CONTROLLABILITY OF THE NON-LINEAR SYSTEM

The proof of the controllability result for the non-linear case relies on the local inversion mapping
theorem as mentioned below.

Theorem 7.1 (Local Inversion Theorem). Consider any two Banach spaces By, Ba, and let A : By — Bay
be a C! map. Suppose A(b;) = bs for some b} € By1,by € Ba, and assume that the derivative map
A'(b3) : By — By is subjective. Then, there exists § > 0 such that for any by € Bs satisfying ||b5—ba||g, < &
there exists by € By satisfying A(b1) = ba.

Proposition 7.2 (Local controllability). Let T > 0 and assume @ € X3 solves the control free system
(1.5). Then there exists a constant § > 0 such that for any vo € L*(0, L) with ||vo||2(0,1) < 0, there exists
a control f € L*(0,T; L?(0y)) such that the solution (v, ', ©?) of (1.13) satisfies v(T,-) = 0.

Proof. To apply the local inversion theorem, we set

. 3
By =€ and By := [LQ (esﬂoa**% >5*%7(0,T);H*1(0,L))] x L2(0, L),

and define the map A as

2
1 .
-A : Bl — BQ : A(UNP17<P27f> :(‘C’U + ’anU + Z ;SDZXOL - fOXOov E*Lﬂl - anwl — UXOl,d7
i=1 "

L0* — 00,07 — 1y VX044, (0, ))
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Since the derivative of the linear term is identity which is continuous as well, so one has to only focus on
the non-linear term while calculating the derivative. In fact the derivative map A’ : By — Bs is given by

2
~ 1 .
A/(67¢1a§527f)(v,30179027f) = <£U +Uaz1~) +@a:c'l~)+ E f‘pZXOi - fa ‘C*SO1 - f)am(pl - vam(ﬁl - VleOLd?
i=1 """

LQ* — 00,08 —v0,pt — 1o VX0, 50(0, ))

To prove the continuity of A’, note that

2
s(10 *_9 ) -5
5(100t. —9cx )5 2 0y (’1)11)2)’ L2(0,T;H-1(0,L))

T
</ 251002967 8=17| .4 5 || 120,12

—Jo
T *
< C/ 25(10c, —9cx )6_17”111HH1(0,L)||U2HL2(O,L)
0

€
T § 1/2 T .
< C(/ e25(100. —9a )5—17,01”%11(0’[1)) (/ e25(100 —9ax )'6_17||U1||%2(0,L)>
0 0

This shows that the bilinear map
_17
2
given by B(v1,v2) = 9, (v1v2) is continuous, and hence A € C'(By, Bs).
Finally to conclude the controllability result, note that .A(0,0,0,0) = (0,0,0,0), and the map

A/(0,0,0,()) By — B

1/2

2

B - [LQ (es(IOa*79a*)ﬂ (O,T);HQ(O,L)))}2 N [LQ (es(loa**f""*)B*%(O,T);H*l(o,L))}

given by
=N
A,(Oa Oa Oa 0)(1}7 5017 @27 f) = <£U + Z ;QO’LX(’% - f7 [’*Qal — v XOLda E*<P2 — 2 UXOz,d 7U(07 )> .
i=1""
is subjectivity due toProposition 6.3. Hence, Theorem 7.1 guarantees the existence of § > 0 such that for

(g%, g, 9%) = (0,0,0) and vy € L?(0, L) with |Jvg||z2 < 6, there exists a control f € L?(0,T; L?(Oy)) such
that the solution (v, ¢!, ©?) of (1.13) satisfies v(T,x) = 0 for z € (0, L). This completes the proof. [
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APPENDIX A. INNER PRODUCT EXPANSION

Note that the inner product </C1q, IC2q>L2(Q) can be expanded as

6

<IC1¢],/C2Q>L2(Q) = Z Zij,

i,j=1
6 . i j . —so
where {Iij}i,jzl are the cross terms given by Z;; := <IC1q,IC§q>L2(Q) . Note that using ¢ = e **w and
boundary conditions of (4.1), we have ¢(¢,0) = q(t, L) = 0,q(t,0) = d,q(t, L) = 0.

The cross product terms Z;; can be expanded as listed below:

5 5
o T +Tio+Tis = -2 // 0y 0rx |6§Q|2 -z // 536#1 |az‘I|2
2 /g 2 /g

o Ti5+ Ty = 15s° // (0,0)?0;0,x |04q?
Q

o Tig= —255 // (0,)* 0,0, |q|?
Q
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T
121_——// o2alotal + 5 [ oalota? Ly
122_55// dta \a3q|2—105/ Dl |84q|2+5/ [1082a63q84q—583 |a3q|
123:455/ (Dp)? 85&\3xq|2 / 82 (Opx) 82 )| q|2
Q
T
—|—/ [lOsg(ama)g(?iq@iq—553(8xa)3|8§q|2—3033(8xa)28§a(9§q8§’.q
0
+155°0,((D,0)° 920)| 07 |}
Toy = 15s° / 95 ((0,2)?02a) |0,q)* — 60s* / 92 ((8,)02a) |02q[* + 30s° //
T
— 3083 / {(8 @)?020002q03q — 0, ((8,0)*02x) |92 }

I25__7// 88 |80LQ|2+105// 36 \82q|2 55/ 34 \83q|2

+5s/ [a;*aagqa?’ _ a \82q|}
0

q

37

| 2

126:_73/ 9% ((8,0)*020) |g? + 25 / 8 ((850)*020) |9,]? — 25 / (9,0 020 |92 2

15 5192 |2
+3 / (0.00°120|_

I31 = 77553/ (8ma)2 8204|3§q|2+2553/ (Ox oz) |6 q\ ’
0
Tss = 10083 / (0zc) 3q?
T

T33 = 100s° // (0,0)°02q03q = —25085/ (0,0) 0% |02q)? + 5055/ (0)|02q|?

Q Q 0

11 = 15057 / / (020)" 920) 0 |9uql® — 30057 / (0,0)* 920|022

Q Q
Tys = —255° / / (0:0)%0%) 10 |,q” + 505° / ((00)2010) 024

Q Q
Ty = 3587 / / (020)° 020) g2 + 1057 / ((020)° 820)|Dag?

Q Q

Tu = %55/ ((5xa)28§a)m|8§q|2712533/ (0,0)20% |02
Q Q

125 4
2

L
Tip = —1255° // B0 (020)2), |02 + 1255 / 0.0 (920 024

T3 = 250s° // (0za)* 02 |02q?
Q

Tag = 737535/ ((&Ea)?’ (aga)z)r |3_»,3q|2

12
Tas = 125 3/ (0p0 2 020) 4| 0,q|?

Ti= 35 // ((0:0)° 920 |gl? — 2557 / (9,0)° 0% |04

T I T L
/ (@02 02a),l0ka|_ +1255° [ (00 0R0)0R0%]
0 =

L
7, = 5/ (0,0)* 020|212 5/ (0,0)402a) s |00a® — 2 /<xa>5|8§q\2 i
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Tsy = 255 // (020 0202 |0ug|? — 505 // ((9a0)* 920) |02 2
Q Q

Ts3 = —17557 // (0,0)% 0%l 0,q|?.
Q

Tos = 15057 // (0,00 820 |9,q?
Q

Tss = —255° // (8300[)4 8;10z \8$q|2
Q

45
oo =5+ // (0z0)° Dax|ql?
Q

Tg1 = 50s° // 95 ((0z)*02a) |q|* — 200s° // 92 ((0,)*020) 10,9/ 4 100s° // (0,0)*0%a |02q|?
Q Q Q
Tgy = —1005° // 0% ((0,0)(8%)?) |g| + 3005 // B, ((9:0)*(820)) |02q
Q Q

Tos == 10087 / / ((0.0)°020) s g2 — 20087 / / (020)5020 |9, q
Q Q

Tos = 30057 / / (920)° D20), g
Q

Tes = 505 // ((0:0)%0%a 9re)s gl
Q

o Tgs = 20s° // (0,0)® 0% |q|?.
Q

Clubbing these expansions together, we get the identity (4.11).
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