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Abstract

This paper aims at developing a new numerical coupled approach to compute solutions of a compressible
immiscible three-phase flow model with stiff source terms. The targeted applications involve flows with fast
transient and shock waves. Thus, a well-posed model with respect to the initial conditions that embarks an
entropy inequality is considered. A preliminary work on the underlying relaxation process of the model is
conducted. Then the new numerical scheme is presented and numerically tested.

Introduction

This work tackles the simulation of three-phase flows with immiscible phases. More precisely, it focuses on
three-phase flows with a fast transient regime. Such flows can arise in some nuclear safety scenario studies.
In these cases, the considered flows are usually initialized with a huge disequilibrium between phases and
this disequilibrium has a significant role in the dynamics of the flow throughout time. Actually, we know
that the simulation of a three-phase flow with the assumption of instantaneous return to equilibrium between
phases, such as the one conducted in [6], is unable to compute a value of the total pressure close to the one
measured in [32]. Thus, it motivates the development of numerical methods that can compute solutions of
three-phase flow model in full disequilibrium. The methodology developed in the sequel is an extension of
the one proposed in [29] in the framework of immiscible compressible two-phase flow model belonging to the
class of [1] (we refer the readers to references [13, 2, 21, 19, 23, 18, 14] for the two-phase flow framework).

More precisely, the present work concerns some innovative numerical strategy in order to handle numerical
approximations of solutions of the immiscible three-phase flow model introduced in [25], extended to an un-
determined number of phase in [24], and partially investigated in [6]. The latter model aims at computing
velocities, temperatures, pressures and statistical fractions of an eleven-equation model. The mass, momen-
tum and energy balance equations are written for each phase, and they are complemented by two PDEs
corresponding to the governing equations of statistical fractions. Obviously, EOS must be introduced within
each phase, and closure laws must be defined in order to account for interfacial transfers between phases.
In practice, since shock patterns arise in the considered flows, the model must be such that it is well posed
as an initial value problem. In addition, jump conditions must be uniquely defined. This is not totally
obvious due to the presence of first-order non-conservative terms in the closed set of PDEs. Retaining the
latter constraints, in order to have a suitable model for the considered flows, we end up with the following
specifications for the three-phase flow model:

(i) Shock relations are well defined (C1),



(ii) An entropy inequality holds for smooth solutions of the whole model (C2),

(iii) Fast transients may be computed in a meaningful way (C3).

Actually, as recalled in section 2, the governing set of PDEs first requires a relevant definition of the interfacial
velocity ¥;, and of interfacial pressures IIj ;. We briefly recall now the modeling strategy introduced in [25],
which is grounded on the one introduced for the two-phase flow framework in [10]. First of all, the following
form of the interfacial velocity ¥; is assumed, as a convex combination of phasic velocities Uy:

V(W) = > B (W)Uy (1)
k

(where W stands for the state variable and the (i are positive functions that remains to be prescribed),

which is a priori meaningful since it is Galilean invariant when: Z Br(W) = 1. This form is also expected

k
from a phenomenological point of view. Then, the entropy inequality governing the entropy of the mixture

(C2) enables to exhibit a unique set of interfacial pressures Il ;, which only depend on the S (W) (see
appendix G in [25]). This in turn allows to propose a class of admissible source terms S(W) (depending on
the local state variable W), in order to comply with the entropy inequality (C2). The latter source terms
require physically relevant relaxation time scales, to be found in the two-phase flow literature.

Eventually, it only remains to propose a suitable form of functions 8 (W) in order to comply with condition
(C1). This is achieved in practice by enforcing the linearly degenerate structure to the field associated with
eigenvalue A = ¥#;. It turns out that, as a result, the third condition (C3) will be guaranteed, assuming a
Uy — V(W)

Cl

weak condition on the parameter .} = , that is:

|, # 1. (2)

Thus, the paper is organized as follows. The full model , including all closure laws, is first recalled in section
2, together with its main properties. Then, focus is given in section 3 on the true relaxation process associ-
ated with source terms. Afterwards, section 4 will detail the numerical approach which relies on a two-step
explicit/implicit method, where the convective part of the model is estimated first, using an explicit scheme,
while the second step takes all source terms into account in an linear-implicit way. The explicit strategy in
step 1 enables to define a time step which in some sense guarantees an optimal accuracy of fast waves. The
implicit algorithm proposed in step 2 is derived from the analysis conducted in section 3, and its properties
are given. The last section provides results of some numerical experiments, including some numerical study
of convergence with respect to the mesh size.

1 The immiscible three-phase flow model [25]

We consider an immiscible, compressible, non-equilibrium, three-phase flow model. In the application section
4, phase 1 will correspond to a liquid metal, phase 2 to liquid water and phase 3 to water vapour. First, as
the model is assumed to be immiscible, we have the structural constraint:

ar+as+az=1. (3)

where Vk € [1,3] , ax €]0, 1] denote the statistical fractions of each phase. Moreover, since the model is in
full disequilibrium, each phase k € [1, 3] is given a velocity Uy, a density pg, a partial density my = axpk, a
pressure Py and a specific entropy si. The total energies are then defined as:

Ey = pr(er(Pe, pr) + UR/2), (4)

where e (Py, pr) denotes the internal energy of each phase k. The internal energy of phase k is bind to
pressure Py, and density pg through an Equation of State (EoS). The state variable W writes as:

W = (a2, ag,my, mi Uy, a1 By, ma, maUs, g Ea, ms, maUs, asE3)T . (5)



Then, the model reads (see [25]):

% + 94 (W) - Vag = S(W) |
0
% + V- (mpUy) = SPH(W)
ompU,

m(?kt b v (MU @ Uy, + o P I) + Z I, (W)Vay = S/ (W) )

1=1,l#k

oo E : g

IV (Bt P)) — ) (W)t = SEW),

1=1,l#k

where .# is the identity matrix. Moreover, #; and Ilj; respectively stand for the interfacial velocity and the
interfacial pressures. Those interfacial terms, alongside source terms S&(W), S (W), SY (W) and SE (W),
have to be specified in order to close the model. To do so, the total entropy n(W) paired with its entropy-flux
F,(W), are introduced:

{ n = mys1(P1, p1) + masa(Pa, p2) + mass(Ps, p3) , (7)
Fy = miUis1(Pr, p1) + maUasa(Pa, p2) + maUsss(Ps, p3)

Definitions of the phasic temperature T}, the phasic Gibbs free energy i, the phasic enthalpy hy and the
phasic celerity ¢ are also recalled:

1 Op (sk(Pr pw))l,,
T 0p, (ex(Pr, pr))l,,

M = hk — TkSk (9)
P

hi = €x(Py, pr) + ?: (10)

¢t Op, (s (Pr, pr)1,, + Opi (81(Prs px))|p, = 0 (11)

The strategy for closing the model is to ensure that it respects the following mathematical properties: hy-
perbolicity of the convective part (i.e. supposing Sf = SI* = S{ = SE = 0.), uniqueness of jump relations
and compliance to an entropy inequality for the smooth solutions of the model. To do so, we first choose the
interfacial velocity 77 as:

% = Ul ) (12)
which leads to the following unique interfacial pressure definition, owing to the entropy inequality (see
Appendix G in [25]):

{ Iy = IIzy =1lo3 = P, (13)

II13 = 131 = II30 = P5.

Before closing the source terms, let us recall some properties of the convective part of the model in a one
dimensional framework.

Reminding that system (6) is invariant under frame rotation, we introduce a unit vector 7 in R® and define
xn, =x-n nfor ke[l,3]:
W = Uk n (14)
fo=Fy-n (15)

Getting rid of transverse variations and considering null source terms, we end up with the following system
in the one dimensional framework:

% + w10z, ar =0,
i
A, aw =0 5
En + Oz, (mkwk) .
0
m,fctwk + axn (mk U)]% + Oszk) + Z Hkl(W)axnal =0, (16)
¢ =11k
oo E 3 oo
S O, (awn (B + P) = Y Ta(W)—=r = 0.
1=1,1#k




Then, according to |25, 26], this sub-system has the following property:
Property 1 (Convective part of the three-phase flow model in a 1D framework) :

IfVE € [1,3], ay stay in ]0,1[ and |wy — w1| # c, then:
o System (16) is symmetrizable and its associated eigenvalues are:

A23(Won) =wp , M(W,n) =ws , As(W,n) =ws ,

17
Xe,7(W,n) =wy £e1, Ago(W,n) =wa+ca, Ao11(W,n) =ws +c3 . (17)

o Fields associated with Ay, (k = 6—11) are Genuinely Non Linear (GNL). Other fields are Linearly De-
generate (LD). Riemann invariants within each wave can be found in [25] Appendix B and Appendix
E.

o Jump relations associated with system (16) are unique (see [25] Appendix C).

e Smooth solutions of (16) satisfy:
O+ Op, frn=0 (18)

Property 1 can be extended to a three-dimensional framework, see [25] and [6].

Then, coming back to the three-dimensional framework and therefore system (6), source terms have to be
closed. The strategy for closing those terms is to select a form so that smooth solutions of system (6) comply
with the entropy inequality:

om+V-F, =0. (19)
We define V,; and Hy,; as:
U, + U,
Vit = — ;— L, (20)
Up - U

Hy = 21
kl 5 (21)
It may be checked that the following closure laws for drag effects, mass transfer, heat transfer and pressure

relaxation:

Vk e [1, 3]:
3
Sp= > KuW)(P:-P) , (22)
I=11#k
3
sp- % aun) (B 2E) 2
1=1,1#k ! k
$ : He Bk
S]g = Z dkl(W)(Ul — Uk> + Z VklAkl(W> <T — T) , (24)
l k
=11k =114k
> > > i Pk
SkE = Z le(W)<Tl —Tr) + Z Vi - (Ul — Uk)dkl(W) + Z HklAkl(W> <T - T) , (25)
l k
=114k =114k =114k

comply with inequality (19). These closures are the straightforward counterpart of two-phase closure laws.



The positive functions Ky (W), Agi(W), di(W) and g (W) are defined as:

mew=§%%%;5, (26)
Aa(W) = o ] (27)
G (W) = — 2 G (29)

(kavk + mlCUl )le;(W)

Quantities Cy, denote the specific heat capacities at constant volume. Iy is a positive reference pressure, I'g
is a positive reference fraction of Lad

For each phasic connection k — I, 7, (W), /¢ (W), 7.5(W) and 75,(W) are the symmetric strictly positive
relaxation time scales related to the return to equilibrium of the associated thermodynamic quantity between
phase k£ and [. Closure laws for the relaxation time scales can be found in the two-phase flow literature, see
among others [17, 7| for the pressure, [33] for the velocity, [43] for the temperature and [4] for mass transfer.

No assumption about these strictly positive time scales is imposed, either when studying the overall relax-
ation process, or when constructing the numerical scheme for processing the source terms.

The previous closing strategy is detailed in [25] and has been used for other multiphase flow models, see
among others [35], [21], [19], [10], [31], [28], [42] for two-phase and three-phase flow models.

We focus in the following section on the expected inner relaxation process.

2 Relaxation process in the model

This part aims at studying the expected inner relaxation process inside the model associated with the source
terms (22), (23), (24) and (25). First, as phase 1 is in this paper supposed to be a liquid metal, no phase
change with phase 2 (liquid water) and 3 (water vapour) can occur physically, which is equivalent to take:

App(W) = Ai3(W) =0. (30)
For clarity, we set:
Vke[L,3], g = 2% (31)
Ty
Then, we suppose the following:
Vk e [[1,3]} s YV e {Oék,Pk,Uk,mkUk,OékEk} y VU =0 s (32)
and we set:
V(k,1) € [1,3]% , V®r € {Uk, P, T, gi} , A®py = Bf — Py (33)

Then, owing to (32) and (30) system (6) reduces to an ODE system:

&ak = Z Kiy(W)APy ,
=114k
5mk 3
W = — Z Akl(W)Agkl s
I=1,i#k
Y 5
“kt ko Z dit(W)AUy, — 2 Vi A (W) Agp
¢ =11k =Lk
8akEk 3 3
Era >, Tu(W Z ar(W)ATw — Z Viadia (W) AU — > Hi Mt (W) Agis -
=Tk =11k =11k I=1,1%k

(34)



Considering hypothesis (30), and using the definition of Vi, of Hy;, of the sound speed ¢, and of the
Gibbs free energy uy, then, for each phase k € [1,3], equations of evolution of velocity Uy, pressure Py,
temperature T and fraction g can be derived from system (34). Therefore, governing equations of the
gaps: AUjo, AUz, AP1o, APy3, ATy, ATz, Agos can be obtained. Those equations can be rewritten as one
equation of evolution of the quantity:

A" = (AUyz, AUz, AP12, AP35, ATi2, ATz, Aga3)T € R7 . (35)
The equation of evolution associated with A" reads as:
at (Ar) _ _%rela;c(W)Ar , (36)

where the non symmetric matrix %2"°*® in .#+(R) takes the form:

relax __ RUU 0
< - ( RU t%them‘rw ’ (37)

where Ry € A#2(R), Rinermo € A5(R) and Ry € M5 2(R).
All coefficients of 27¢'% can be found in Appendix 2.

The velocity relaxation process has a peculiar role in the global relaxation process. A similar result has been
found in the framework of a two-phase flow model, see [29].

Alongside equation (36), when considering hypothesis (30) and (32), the following conservation laws can be
deduced from system (34):

04 (
O¢ (ma + mg) 0

0t (m1Uy + maUs + m3Us) =0
Ot (1B + agFEs + asE3) =0

ml)

Hence, we have four stationary constraints (38), (39), (40), (41), plus seven unsteady equations embedded in
(36).

From equation (36), effective relaxation conditions can be obtained for model (6).

Property 2 (Necessary conditions for effective relazation of the three-phase flow model):

e The wvelocity relaxation process occurs when:
t?“(RUU) >0, (42)
det(RUU) >0. (43)

e We note, for i € [1,5], \; the real or complex conjugate eigenvalues of Rinermo- If the thermodynamic
relaxzation process is effective, then we have:

X = tr(%thermo) >0, (44)

g = Z /\i/\j >0, (45)
1<j

Ss= Y AN >0, (46)
i<j<k

Si= > AN >0, (47)
i<j<k<l

s = det(%thermo) >0, (48)



Proof. The proof reads as follows:

e First item of Property 2:

i) if the velocity relaxation occurs, then the real parts of the two eigenvalues [; and ls of matrix Ryy
are strictly positive. Then, the two conditions (42) and (43) are easily verified.

i) Moreover, if conditions (42) and (43) are verified, it is trivial that both real parts of [; and [y are
positive.

Besides, if mass transfer between phase 2 and 3 is neglected, i.e. Asz = 0, conditions (42) and (43)
always stand true, since dy; > 0 and tr(Ryy) and det(Ryy) read:
1

(d13 + d23) >0

1 1
tr(Ryy) = — (di2 + di3) (d12 + das)

+ — + —
my ma ms3
1 1 1
det(RUU) = + + (d12d13 + di2das + d13d23) >0
mimeo mims moms

e If the thermodynamic relaxation process is effective, then the real part of the five eigenvalues of Zipermos
Ai, 1 € [1,5] is positive. The five coefficients X1, ¥g, X3, ¥4 and 35 write:
Yi=AMFtA+A3+ M+ A5,

Yo =AAa + A A3+ A A4+ A5 + Aodg + Aodg + Aods + AsAhs + A3 + Mg,
Y3 = A A2z + A Ao dg + A1 o5 + A1 A3 A + A AsAs + At A5 + Ao A3 Ag + Ao AsAs + Ao dgds + AsAghs
Y4 = A3 A5 + A1 A3 A5 + A1 Ao A5 + A1 A A3 A5 + A1 Aa A3y s
Y5 = A A2 A3 A5 .
As Rinermo lies in A5(R), three cases can occur:
Case 1: All of the eigenvalues of Zipermo are real. Then, if all eigenvalues of Zypnermo are positive, all

coefficients ¥.,,, n € [1,5] are trivially positive.

Case 2: One eigenvalue of Zipermo 18 real ﬂet’s call it ﬁ) and the other four are complex and form two
pairs of complex conjugate (A3 = Ay and A5 = Ag). Thus, coefficients %,,, n € [1, 5] write as:

1 = A1 4 2Re(N2) + 29%e(\y) | (49)
Yo = 20 Re(\2) + 2201 Re(\y) + 4Re(N2)Re(Ny) + | A2]® + [Maf?, (50)
B3 = A1 ([X2? + Maf?) + 40 Re(Aa)Re(Aa) + 2 X2?Re(Ma) + 2N *Re(No) | (51)
Sy =20 (Re(a)[A2]? + Re(A2)|Aa]?) + [l Na]? (52)
S5 = A1l Aa*Aal? . (53)

If all the real parts of the eigenvalues of Zipermo are strictly positive, one can easily check from
the previous notations that:
Vn e [1,5],%, >0 (54)

Case 3: Three jigenvalues of RZihermo are real: A1, Ay and A3. The remaining two are complex conjugate
A5 = Ayg. Thus, coefficients 3,,, n € [1,5] write:

Y1 = A+ A2+ Az + 2Re(\y) (55)
Yo = (Ao + M Az 4 Aadz) + 2 (A1 + Ag + A3) Re(\y) + | M\]? (56)
Y3 = Ao + 2(A1do + Az 4 Aads) Re(Ag) + (A1 + Az + A3) [Aaf?, (57)
Y = 201 0 A3Re(M\g) + (A1 da + Az + Aadz) [\, (58)
Y5 = A As|Ag)? . (59)

If all the real parts of the eigenvalues of Zypermo are strictly positive, we can once again easily
check from the previous notations that:

Vn e [1,5],%, >0 (60)
O



Remark 2:

i) Necessary conditions of effective relaxation (44), (45), (46), (47), (48) cannot be proved to always stand
true for any EoS. They have therefore to be numerically tested. The counterpart of Property 2 has
been exhibited in the framework of an immiscible two-phase flow model in [29]. In the latter reference,
a detailed analysis of relaxation conditions is added when restricting to a mixture of stiffened gases

EoS.

ii) The inner relaxation process has also been studied in [30], considering the hybrid two-phase flow model

[31].

3 Numerical scheme

This parts aims at building a numerical strategy for computing approximate solutions of system (6). The
overall strategy is close to the one detailed in [6]. However, the scheme proposed in the sequel differs in its
treatment of the source terms.

First, let’s recall the global numerical approach presented in [6] for the current model, but also used in
[27, 12], among others, for a two-phase flow framework. This strategy consists in two steps:

e Compute an approximate solution of the following subsystem associated with the convective part of

the model:

0
S W) Vay =0,
0
ﬂ-l—v (mkUk)=0,
i .
omU
Tnak k + V- (mkUk UL + Oszkf) + Z Hkl(W)Val =0, (61)
¢ I=T,0%k
oapE 3 o
gt k + V- (OékEkUk + OszkUk) — Z Hkl(W)TtZ =0,

using an explicit Riemman solver adapted for non-conservative products. This first step fully deter-
mines the time step At. Details of this step can be found in [6].

e Then, solve with a linear-implicit scheme on a time step At, the stiff system (34). It is the counterpart
of (6) without the convective terms. In [6], this step is conducted with a fractional step approach, which
decouples all relaxation effects for velocity, pressure, temperature, Gibbs free energy. The new approach
proposed here follows the same strategy as the one in [29] in the framework of an immiscible two-phase

flow model [1].

To begin with, as in [29], we take advantage of the block triangular structure of R Indeed, as the
velocity relaxation is less coupled with the other relaxation effects, we choose to treat it beforehand with the
same method as the one presented in [6] and recalled in Appendix 3.

In the sequel, in order to ease notations, the instant right after the velocity relaxation will be referred as t™.

Then, (34) becomes:

=Tk
“5 (62)
— >0 ViAu(W)Agy
=Tk
3 8al 3
- ) MW =— Y au(W)ATy, — Z Hy A (W) Agp -
=Tk =Tk =Tk



We also have the conservation law of the sum of the total energies:

3
& Y B =0 (63)
k=1
From system (62), one can obtain:
U2
my0y (2) = —Uk Z Vit = Ug) At (W) Aggr (64)
1#k
Thus, using (20), we have:
1
6t <2mkU,3) = — Z HklAkl(W)Agkl . (65)
l#k
Therefore, from (62), we get:
3 (7041 3
(mger) Z (W = Z ae(W)ATy; (66)
I=1,1#k I=1,1#k

Then, a conservation law for the sum of the internal energies €, weighted by the partial densities my can be

deduced and reads: ;
6,5 (Z mkek> =0. (67)

k=1
We also recall that the immiscible constraint (3) always stands true and can be seen as a stationary constraint:

Ot (a1 +ag +a3)=0. (68)
Next, as in the previous part, an evolution equation of the quantity:
Aihermo = (AP12, APy3, ATio, ATz, Agas)T (69)
is constructed from (62):
01 (Athermo) = —Zihermolihermo (70)

where Zinermo is the sub-matrix of 27" € _#5(R) arising in (37). We recall that coefficients of matrix
Z" are given in Appendix 2. Alongside (70) and still considering (67) and (3), the following can also
be obtained from (62):

0t (my) = (71)
0r (ma +m3) 0 (72)
Or (mUy) = (73)
0t (moUs + m3U3) =0 (74)

To summarize, we end up with eleven unknowns, six steady constraints (63), (67), (71), (72), (73), (74) and
the set of ODEs (70) Eventually, the new algorithm writes as:

Algorithm: (Coupled P-T-g algorithm)

Step 1: Estimate the evolution of Aperme through (70) by using an Euler implicit scheme with Zpermo frozen

at time ¢™:
1 -1
A?htrmo - (ﬂ + At the'rmo) ?hermo' (75)
Step 2: Setting: M, = mY + mj, compute the partial densities at time ¢"**:
it = ~
M,
1 _ n
mg = (M, —m3) ntl >0 (76)

Agys
1~+ ; exp( T At)
mgﬂ = M,, mgﬂ

Thus complying with the steady constraints (71), (72).



Step 3: Write:
pptl = prtl _ ApRtl (77)
Pgt-kl = prtt 7AP173+1 ’ (78)
Tyt =Tyt — AT (79)
Tl - ol AT (80)
(81)

and note, with help of (67):
3 3
= Z mkek Z mkek n+1. (82)

Then, find P"*' and 7{**! in the admissible range, solutions of the implicit non-linear system com-
posed of the discrete counterpart of (67):

my e (PP TP + my e (P T3 + my e (Pe L T3 = 6 (83)

and the discrete counterpart of (3):
mpt gt g
pl(Pln+1,T1n+1) p2(P2n+1,T2n+1> pB(P§L+17T§L+1)

=1. (84)

Step 4: Update local variables Pytt, pptt mptt potl o+l ot ot

Pyt = pptl AP (85)
Pyt = pptt — ApRT (86)
Tt =1pt - AT (87)
T3n+1 _ T1n+1 _ ATnJrl , (88)
n+1
n+1 m
o = L ) (89)
n+1
an+1 _ my , 90
2 ,02(P2n+1,T2n+1) ( )
n+1

O L S— (91)

: N AN Fa )

Step 5: Then, setting: T'ag = Ag3Agas, compute U2 and UZ ! solutions of:
2 3
1 Fggﬂ 1 1
(mals)" ™1 — (malUs)" = AtT(UéH +U3)
Fn+1 (92)
(maUs)" " — (mglUs)" = —At—2—(U3*! + U,
Step 6: Update the total energies as:
1
(02F2)™! = myHley(PPH T3 4 gL (U2

(93)

(043E3)n+1 _ mgz-‘rl (Pn+17T3n+1) + 7mg+l(U§z+1)2 ,

(a1 B1)" ™ = (a1 B1)" + (a2 Fa)" + (a3 E3)" — (i B2)" ! — (a3 B3)" T,

using conservation law (63).

Property 3(The Coupled P-T-g algorithm):

10



o [f the discrete relaxation process is effective over time, then the principal minors ¥; ;i € [1,5] of
Matric Linermo are positive at each instant and at every point.

e [For a mizture of three perfect gas (EoS), solutions of (83) and (84) exist and are unique inside their
definition domain. Moreover, (84) ensures that, for k € [1,3], ayx stays in ]0,1].

o

The proof is similar to the one given in [29]. We briefly recall the main guidelines:

Proof.

e The first item is the discrete counterpart of Property 2. Indeed, if the thermodynamic relaxation is
effective at time ¢", then the real parts of the eigenvalues of %Z; are positive and therefore, (75)
ensures a contraction of Aipermo.

1
hermo

e Consider a mixture of three perfect gases, k € {1, 3}:

Py, = pr(vi — Dex (94)
Cvak = €L . (95)

Thus equation (83) degenerates into:
my T Co T+ my ™, (T = AT + my ™ Coy (7 = AT = &, (96)

which can be solved directly and gives a positive Tf“.

Then, a classical function analysis of (84) shows that there exists a unique solution of P{*** which
lays inside its definition domain.

O

Remark: The first item of Property 3 can be seen as a way to numerically check if the relaxation process
is effective or not in a test case at any time and everywhere. Indeed, coefficients X;, for i € [1,5] correspond
to the coeflicients of the characteristic polynomial of Zinermo:

Ps(A) = A% = S AT 4+ 550% = 5307 + B4A - 35, (97)

and thus can be identified to the principal minors of %Zipermo. Those quantities X; i € [1, 5] can be
calculated directly from Zipermo. In practice, we use Mazima [37], a computer algebra system to compute
Y, i€ [1,5].

4 Numerical Results:

This part can be broken down into two main subsections. The first one aims at testing only the new
algorithm presented above for treating the thermodynamic part of the source terms. On the other hand,
the second part is dedicated at confronting the new algorithm, coupled with the velocity relaxation
algorithm recalled in Appendix 3, and the convective solver taken from [6], to an experimental test case of
vapour explosion called KROTOS 44 [32]. Numerical results of this test case will also be compared to [6],
where a similar numerical simulation is conducted.

4.1 The homogeneous case

In this subsection, we consider a flow, such that:

Vke[1,3],U:s =0, (98)
Vk e [[1,3]], V\I/k € {Ozk,Pk,Tk7O[kEk}, VU = 0. (99)

It corresponds to a zero-dimensional flow where only the thermodynamic relaxation process takes place.

11



Then we choose:
0 0(,.0\2 0 0 0(,0\2 0(,0\2
c c c
Py = a?aQ (Pl( 01) n 02(0[02) ) +a1 0 (Pl( 01) n P3( ) ) +aga§ <P2(ao2) n P3( g,)
1 aj

0
c3
2 (3) 2 Qs
630
Jr
o))

) (100)

Lo = |m3(y2C0, + (2 + )) + my(3Cu, + (2

CUZTO

All relaxation time scales are supposed to be constant in this sub-section. Moreover, they are taken to be

equal on each phasic link:
VUePT T =Tia=Tog=1", (101)

and
Tog =T (102)

Their values, the EoS coefficients within each phase and the initial conditions are given in Appendix 1.
Two test cases are computed. The only differences between case A and case B are the values of the
relaxation time scales.

Figures 1, 2, 3 and 4 show that the effective relaxation time scale of the global system is significantly
larger than the biggest relaxation time scale among 7, 77, 7™, which is 10~2s here. A similar behaviour
has already been pointed out for a two-phase flow model in [29] and a detailed analysis is proposed in
Appendix A of [34] for a two-phase flow model without mass transfer. Moreover, even for a coarse time
step, the method captures rather well the behaviour of the solution for both cases. Figures 1 and 3 show
the impact of the choice of the pressure relaxation time scale on the behaviour of the solution. Up to the
author, it advocates to avoid making strong assumptions on the relaxation time scales, when aiming at a
fair representation of the transient regime. We emphasize that test case A cannot be computed using the
fractional step algorithm presented in [6].
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Figure 1: Pressure evolution for case A (TP =107%, 77 = 10735 and 7™ = 10725) computed with two
different time stepping: At = 107%s and At = 10735 (dashed lines).
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Figure 2: Temperature evolution for case A (¥ = 107%s, 77 = 10735 and 7™ = 10~ ?s) computed with two
different time stepping: At = 107%s and At = 10735 (dashed lines).
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Figure 3: Pressure evolution for case B (77 = 107%s, 77 = 107%s and 7™ = 10~ 2s) computed with two
different time stepping: At = 107%s and At = 10735 (dashed lines).
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Figure 4: Temperature evolution for case B (TP =1078s, 77 =107 3s and 7™ = 10*25) computed with two
different time stepping: At = 107%s and At = 10735 (dashed lines).

Eventually, a convergence test is presented in Figure 5. As no analytical solution of system (62) can be
exhibited, the solution is compared to a refined computation, with a time step dt., = 107%s for a
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Figure 5: Convergence curve on the pressure P; in case A.

simulation of 10s. The error of a quantity k, E.(dt,t = tiransient) is thus defined as:

t = tiransient) — t = tiransi
E;-; (dt, t = ttransient) _ |’$dt( transzent) /fdtm,( transzent”’ (103)

Rdte, (t = ttransient)

with K4t (t = tiransient) the value of k at time ¢ = tyransient computed with the numerical scheme presented
in section 3 using a time step dt. Figure 5 shows that a convergence rate close to 1 is retrieved.
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4.2 Application to KROTOS 44 set up [32]

This section aims at simulating a KROTOS 44 type set up. The set up consists in a one dimension shock
tube in water where droplets of liquid corium (phase 1) interact with liquid water (phase 2) and water
vapour (phase 3), as shown in Figure 6.

0 (e (@) (e

< N ~ «

N [N} N N

Il I Il Il

8 8 8 ‘ 8

ol @l sl Y
T AT T 4
| | & % 3 % F | 1
! :;%8%}?%:&38 G ! ¢ N

=0 2.0 215 2.85 3.23 3.75
High pressure Low pressure
Figure 6: Scheme of the KROTOS-like shock tube
First, at time ¢t = 0, velocities are supposed to be null:
Va € [0.0,3.75], Vk € [1,3], Uk(z,t =0) =0 (104)

Moreover, at time t = 0, pressures are initialized in the high pressure chamber, see (6), as:

Vz €[0.0,2.0], Vk € [1,3], Pe(z,t =0) = 150 bar (105)
whereas in the low pressure chamber, they are set as:

V€ [2.0,3.75], Yk € [1,3], Pi(xz,t =0) =1 bar (106)

Introducing €, = 10_6, the initial conditions read:

Abscissa interval (m) Qo as T (K) | Tx (K) | T3 (K)
High pressure: x € [0.0,2.0] 1 — 2€im, €lim. 1000 1000 1000
Pure liquid: z €]2.0,2.15] 1 —2¢€m €lim 363 363 363
Interaction: x €]2.15,2.85] 0.884 0.09 2500 363 1000
Plug: x €]2.85,3.23] 0.835 - €1im 0.165 363 363 363
Cover gas: x €]3.23,3.75] €lim 1 — 2¢€1m 363 363 700

Besides, four numerical probes are set up:
e 57 is placed at the beginning of the pure liguid zone: © = 2.05m,
e S5 is located at the beginning of the interaction zone: x = 2.20m,
e Sj3 is situated at one third of the interaction zone: x = 2.40m,

e S, is positioned at two third of the interaction zone: x = 2.60m.
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Before going further on, as in [29], we need to introduce an evolution equation of the interfacial area <7 for

liquid corium droplets:
60(1

"Dy

where D; stands for the diameter of the corium droplets, which is initialized along the tube at time ¢ = 0
as: D1 = 15mm. Indeed, as shown physically in [20] and numerically in [9, 6, 29], taking into account
droplet atomization is crucial in order to predict well the energy transfer between phases and therefore to
have numerical solutions close to the experimental data. The equation of evolution of the interfacial area
(see Appendix 4) and its numerical treatment are taken from [5].

h (107)

We now need to specify for (k,1) € [1,3] ,1 > k the form of the relaxation time scales 7o, 7;, 7&, and 777.
On each phasic connection, their form is:

e Velocity relaxation time scales:

1 1 0.750d(m1 + mg)HUl — UQH
s D 3 (108)
T2 T2l P11
i _ i _ 0750d(m1 + mg)”Ul — Ug” ) (109)
Y p1D1 ’

1 1 0.75C’d(m2 +m3)HU2—U3H
U U T D ) (110)
Taz 32 P33

This expression of 7, is derived from the Stokes formula [33]. Cy,; = 24/Rey; is the drag coefficient.
The Reynolds number Rey; is defined as:

DU, = U
Reyy = 20110 = U (111)
K2
3D1|Uy — U:
Reys = p3D1|Us 3| (112)
2%
D3|Us - U.
R623 = —p2 3“ /L2 3“ (113)
2

Dy and Dj3 are the diameter of the corium droplets and the vapour droplets respectively. The corium
one is obtained through an interfacial area equation whereas the liquid vapour one is supposed
constant: D3 = 15mm.

e Pressure relaxation time scales:

1 1 3

= = ; 114

907’11; 32072131 471’/1,2 ' ( )
1 1 3

= = ; 115

3207'11?3 90’7'3]31 471’/1,3 ( )
1 1 3

= = . 116

:@07’2}_’3 (@07’3{32 471'/1,2 ( )

(117)

where p15 = 2.82 .107* kgm~'s™! and p3 = 1.8 .107° kgm~'s~! are the dynamic viscosity of
respectively the liquid water and liquid vapour at 1 bar and 293K. It is the limit of the closure law
proposed in [17] for small diameter droplets.
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e Temperature relaxation time scales:

1 1
T T T
Ti2 721

1 1
T T T
Ti3 731

1 1
T T T
T33 T32

where Nu; = 10, Nug =
and A\; = 230 (Wm 'K~

. 6041Nu1/\1(m10m + mQC’UQ) .

2 b
mlelmngz Dl

_ 6a1Nu1)\1(mle1 + m3CU3) )

P] )
mlel mngle

. 60[3NU3A3(TTLQCUQ + m30U3)

Hand Ay = 0.6 (Wm 'K~}

2
mo Cv2 ms C’Ug D3

and liquid vapour respectively. This form is taken from [41, 40].

o Gibbs potential relaxation time scale 733 is supposed to be constant:

(118)
(119)

(120)

(121)

10 are the Nusselt number of the corium and the water vapour respectively
) are the thermal conductivity of the corium

Ty =1" =105 . (122)
Coefficient I'g is here taken as:
To= max _ (|m(12Cu, + 22(2+ =20 )) 4 mY(15Cus + —2(2+ =20 ))|(x) ). (123)
2€]2.15,3.75[ 15 C’UQT2 T3 Cy, T
Te+07
6e+07 —
5e+07 —
~ 4e+07
<
= L .
:
A~ 3e+07
— Station 3 : 20 000 cells
2e+07 — Station 2 : 20 000 cells| ]
%:-X Station 3 : 10 000 cells | |
*%:-x Sation 2 : 10 000 cells
le+07 ---- Station 3 : 1 000 cells —
---- Station 2 : 1 000 cells |
0 0,001 0,002 0,003 0,004 0,005
Time (s)

Figure 7: Evolution of the total pressure on station 2 (red lines) and 3 (black lines) for two meshes including

respectively 1000 cells and 10 000 cells.

As we can see on Figure 7, the total pressure P, = Z ai Py, peaks at station 3 at 60,9 MPa, which is

k=1
close to the measured total pressure interval in [32] (50 MPa to 60 MPa). A similar test case has been
computed in [6] but as the relaxation is supposed to be instantaneous for both pressure and velocity, the
pressure peak was far lower than the one computed here. We note that, oscillations come up at the
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beginning of the simulation, especially at station 3. Those oscillations occur as eigenvalues of the relaxation
matrix Zipermo become complex conjugate. The coarse mesh can hardly capture the structure after the
shock. The difference on the total pressure plateau between the two refined meshes (respectively 10 000
cells and 20 000 cells) is about 2% for station 3 and 1% for station 2.

Eventually, as shown in Figure 8, the droplet break-up is active throughout the simulation.

5e+05

4e+05— —

. 3e+05 — —

We - We

2e+05 — —

le+05— —

0 TP | | |
0 0,001 0,002 0,003 0,004 0,005
Time (s)

Figure 8: Evolution of the difference We — We, at station 3 with a mesh including 10 000 cells
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5 Conclusion:

When tackling vapour explosion applications, we may conclude that the algorithms presented in this article,
in order to account for source terms, enable us to obtain convergent approximations of solutions of the
three-phase flow model [25, 24], when the mesh is refined. We recall here that the former algorithms
detailed in reference [6] lead to a failure of the computer code, in a similar framework.

Obviously, the temptation is now great to extend the relaxation schemes developed in [11] for the
convective effect of the two-phase flow model [1] (respectively for a barotropic three-phase flow in [44]), to
the immiscible three-phase flow models with energy [25]. The reader is referred to [11] for a comparison of
the capabilities of schemes introduced in [45] and [46], when focusing on the two-phase flow model [1].

Moreover, more complex/realistic EoS might be considered in the second step on the algorithm, instead of
the simple SGG EoS considered herein. In that case, it would however remain to prove that existence and
uniqueness of the discrete solution of step 2 (in the admissible state space) would hold true.

Eventually, the authors emphasize again that in this work, no strong assumption on the relaxation time
scales underlies the model (such as in [16, 36, 15] for the two-phase flow framework), or the treatment of
the source terms (as in [39, 22, 38| for the two-phase flow framework). However, beyond this, it urges the
question of the accurate modeling of those relaxation time scales, and more generally the question of the
modeling of the source terms. Actually, few closure laws for the two-phase flow framework exist in the
literature, see for example [43, 33, 4, 17, 7]. Furthermore, we know that those time scales have a key role on
the transient of the flow, see Figures 1, 3 and Appendix A in [34]. Therefore, a detailed parametric study
on those relaxation time scales could lead to a better understanding of the inner relaxation process.
Moreover, other source terms than the ones used in this paper have been proposed in the literature, and an
attempt to compare some of them in the two-phase flow framework has been conducted in Chapter 2 of [8].
An extension of this study to the three-phase flow framework still remains to be achieved.
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Appendix 1: Numerical parameters

Phase 1 Phase 2 Phase 3
C, | 1.2872948262582229¢+01 | 1.452904592629688e+03 | 4.441148752333071e+03
v | 2.2838590974110350e+01 | 1.614924811807376e+00 | 1.085507894797296e+00
IT | 1.8847923625716622¢+09 | 3.563521398523755¢+08 0.0
€o | -1.3316200000000000e+05 0.0 0.0
S0 0.0 0.0 -4.769786773517021e+-04

Table 1: EoS coefficients for all of the conducted simulations

Pi(t=0)| 1.0 bar
Py(t=10) | 1.0 bar
P3;(t=0) | 1.0 bar
Ti(t = 0) | 2500.0 K
Ty(t =0) | 363.0 K
Ts(t = 0) | 1000.0 K
ar(t=0) | 0.026
as(t=0) | 0.884
as(t=0) | 0.09

Table 2: Initial conditions for the homogeneous cases

Case A | Case B
™" | 1.0e-5s | 1.0e-8 s
77 1 1.0e-3s | 1.0e-3 s
7™ | 1.0e-2 s | 1.0e-2 s

Table 3: Numerical parameters for Case A and Case B in the homogeneous case.
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Appendix 2: Coefficients of the relaxation matrix

First, we define 27¢1%% as:

{@relam (W) _

(W) 0 0 0
Rpuy(W) Rpp(W) Rpr(W) rpy(W)

(W) Rrp(W) Rpr(W) rrg(W)
rau(W)T rgp(W)T rgp(W)T 1y (W)

(124)

Matrices RUU(W), RPU(W), Rpp, RPT(W), RTU(W), RTP(W), RTT(W) are in %Q(R), whereas ’I“pg(W),
rrg(W), (W), 74p(W), 747 are in R? and r, is a scalar. Coefficients of Ry (W)(W) write as follows:

1 1 Ao:
ruy, = —diz + — | di2 + daz — 23A923> )
mi mo 2
1 1 A
rUt,, = —diy — — (dag — —2Agas |
1 1
PUUy = —dig — — (dog + 2 Agaz |
mi ms 2
1 1 Ao-
TUUy,, = ——di3 + — | diz + da3 + ;Agzs) :
mi ms
0
Writing 0 = my Tk , and:
0Tk,
O€
Fyy = K297 ﬁ — P,K19 + (AP13 — APi3)Kos
1 Ty
Oe
Fy1 = Ki3p7 ﬁ — P3K13 — (AP — AP13)Kos
1 Ty
Fay = —(Kus + Kag)p 22
9o = — (K12 + Ka3)p5 2 + Po(Ko3 + Ki2) ,
T>
Oe
Fso = Ko3p3 (77/)2 — P2 Kos
T>
Oe
Foy = Kasp3 sz, — P3Ko3 ,
T3
Oe
Fsg = — (K3 + Ka3)p3 ﬁ + P3(Ka3 + Ki3) .
31Ty
. Oy,
Moreover, setting o, = mir ——| , and:
0P, o

Oe
Ga1 = —Ki2(p1e1)?

0Py p1
s + AP13K13 — (AP12 — APi3)Kos
0Py p1
o€y
P,
O€a
oP,|,,
5 O€3
3C3) A
Oes
0Ps
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Coefficients of the sub-matrices of 27°!%® (W) read:

o Rpp(W) =

[ ) RTP(W) =

[ ] RTT(W) =

o rpg(W) =

o Rpu(W) =

d d d
rrU,, = AUt <23 - 12) — AU,

dig +daz  di2 dos
= — =AU

292 13 »
das

L N
20, 291> 26, U120

205 20,) 20,

dig +daz  di3 do3
203 204

TTP, :—%4-% ;
TTP, =*%+% )
T'T Py :—%4‘% )

Q12 Q12 + 423
TTT11 = 5 + - 4

01 0o
q13 q23
TTTlg = 071 - E )
q23 q12
TTTy, = *E 071 )
@13 Q13 + 23
7ATT22 = 071 T .

Ass )
TTg, = By €2+ p2 opa ;
Ts

A23 663
TTgy = ——— <63 +p3 5— .
Ts

03 ops3
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(126)
(127)
(128)

(129)

(130)

(131)
(132)
(133)

(134)

(135)

(136)
(137)
(138)

(139)
(140)

(141)

(142)

(143)



dio + das

d
rpuy, = AUz ( S0y ﬁ) - TQAUIS ; (144)
doz  di3 dos3
TPy, = AU (202 - M) - EAUH ) (145)
da3  dia da3
_ _ 22 ) D E2A 146
TPy, = AUps (203 201) 504 Uiz , (146)
di3 +doz  di3 da3
= G5 75 A3 _ LB Ap, 147
rpUn = Al ( 203 201) 203 12 ( )
(148)
o Rpp(W) =
1 661 1 1 2 149
rpp, = — | (p1c1)* Ko+ (55| )7 (K23APi3 — (K12 + Ka3)AP12) | + —(p2c2)” (K12 + Kaz) , (149)
mq 6P1 o1 mo
1 0 _
TPPy = <K13(P101)2 + (aTEDll ) (K23 APy — (Kaz + K13)AP13)> — —Koz(paca)® , (150)
1 P1
1 2 661 1 ]. 2 1 1
rppy = — | (p1c1)" K2+ (55| ) (K23AP3 — (K12 + K23)AP12) | — — Kas(pscs)” (151)
mq oP, o1 ms3
1 0 1
TPPyy = — K13(p101)2 + (i )71(K23AP12 — (K23 + Klg)Aplg) + 7([(13 + Kgg)(pgcg)Q . (152)
mi 6P1 o ms
(153)
o Rpr(W) =
+q
TPT11 = %112 + a2 o9 2 ) (154)
rpm, = B3 428 (155)
g1 09
rpm, = — 28 42 (156)
g3 01
rppy, = L3 BT (157)
g1 g3
(158)
o rpg(W) =
23 P, 2 Oea >
Tpg, = €2 265 =05 ; (159)
g1 ( 5P2 .
Aas P o€z
TPgy, = ——— (63 3¢5 3Py |, . (160)
(161)
o rou(W) =
1 1 poho da3 ( 1 ,03h3>
= — — - d12 AU dos (AU — AU + — — 22| [AU2 — AU ,
TgU, 32T <02 % ) [d12AU 2 + das(AU2 13)] 5psTs \ o3 %, [AU;2 13]
(162)
das 1 paho 1 1 p3hs
= — — = A — AU — d13AU3 + dos(AU3 — AU . (163
TgUs 90T <02 o (AU12 13) + 30515 \ o5 05 [d13AU 3 + d23(AU3 12)] . (163)

(164)
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o rgp(W) =

1 (Gzz B p2h2F22> L <ng B Psh3F23>

Tgp, = — —
9P p2T5 \ o2 0215 p3T3 \ o3 0513
I 1 (G32 pzh2F32> N 1 <G33 Psh3F33>
Py, — — - — —_— .
972 pQTQ g9 GQTQ p3T3 g3 93T3

o rgr(W) =

1 1 p2h2 q23 1 p3hs
= — PR — + — _ R
"ot p21T5 <U2 0215 (G12 + g23) p3d3 \o3 03 —1T3

- q23 (1 B P2h2> n 1 <1p3h3) (g3 + g2s)
T2 paTy \oa 02T p3T3 \ o3 0373

o rg(W) =

1 h c3 Oe
— Agg[ < 2 P26 06

p2Ts oy 0y 0P,
1 <h3 p30§ 063

h 362
e (62 +p2 5—

92T2 (7p2 T2>>
)

P2

h 2
_P33<63+ €

N3 p3c3 0€3 0y 28
p3l3 \ o3 o3 OP3 0313 ops3

P3

Appendix 3: Velocity relaxation algorithm

The sub-system that characterizes this step can be written as follows:

atOék =0
6tmk =0
3
6t (mkUk) = — Z dkl(W)AUkl
1=1,1#k
3
O (aEy) = — Z Vie(W) - dig (W) AUy
1=1,1#k

From (172), one can obtain the following equation:
0,AU = —Ryy AU,

with Ryy € M5 (R) that corresponds to the matrix Ryy of (125) with Agas = 0;

(165)

(166)

(167)

(168)

(169)

(170)

(171)

(172)

(173)

The algorithm used for computing approximate solutions for the velocity relaxation step is identical to

Algorithm 3.3.1.2 presented in [6]. It consists, on each cell of the mesh, in five steps:

e Step 1: Initialize the vector of velocity differences at time ¢"~ (right after the convective step):

AU™™ = (AU]y , AUy )T and matrix Ry at time 7.

e Step 2: Compute AU™ such as:
(ﬂ + AtnRUU(W”_)> AU™ = AU,

with .# the identity matrix in Ms(R).
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e Step 3: Compute U* using the total momentum conservation:

X, (U™ + mim AU, + my T AU,

Un
! (m1 + mo + mg)n_

(175)

e Step 4: Update Uy and U3 as:

Up =U" — AU, 3 UT =UP—AUY, . (176)

e Step 5: Update the total energy by integrating the evolution equation of the total energy of system
(172):

3

(akEk)n = (akEk)nf — At Z

dkl (Wn—> (
1=1,l#k

ny\2 ny2
U - 7)) (177)
Appendix 4: Interfacial area
The definition of an interfacial area 7 for the phase 1 (corium) is needed in order to capture the behaviour

of the solution [20, 3, 9]
60&1

o = S 178
=D, (178)
Its equation of evolution is supposed to be:
09t
Ttl + V(Ur) = g(h, W); (179)
with, see [5, 41]:
_ o P .
g(h,W) = 006 (=) UL = Us| f(We); (180)
o1 P2
where the coefficient Cy = 0.245 and We the Weber number is defined as follows:
U, — Us|?D
We = PLIUL = Ua*Dy (181)
g1
with o1 = 73 .1073(N.m™!) a reference surface tension [40] . Moreover f(We) is defined as:
fWe)=1, if We>We.; f(We) =0 otherwise (182)

where We,. = 12 is called the critical Weber number.

Adding this new equation does not change the structure and properties of the global system (6) according
to [5]. Hence, it is chosen for the simulation. The numerical scheme used to simulate (179) is detailed in [5].
It consists of an explicit implicit step method, splitting the convective part and the source term part. Those
two steps will respectively be inserted inside the explicit simulation step of the convective part of system (6)
and the implicit simulation of the source terms of the same system.
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