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OPTIMAL ERROR BOUNDS FOR THE
TWO POINT FLUX APPROXIMATION FINITE VOLUME SCHEME

R. EYMARD, T. GALLOUET, AND R. HERBIN

ABSTRACT. We consider a finite volume scheme with two-point flux approximation (TPFA) to
approximate a Laplace problem when the solution exhibits no more regularity than belonging to
H} (£2). We establish in this case some error bounds for both the solution and the approximation
of the gradient component orthogonal to the mesh faces. This estimate is optimal, in the sense
that the approximation error has the same order as that of the sum of the interpolation error
and a conformity error. A numerical example illustrates the error estimate in the context of a
solution with minimal regularity. This result is extended to evolution problems discretized via
the implicit Euler scheme in an appendix.
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Finite volume methods are standardly used for the approximation of elliptic and parabolic
problems in several physical or engineering frameworks such as fluid mechanics, reservoir sim-
ulation, heat and mass transfer, biology, biomedical research...Here we are more specifically
interested in the two-point flow approximation (TPFA) finite volume scheme for the approxima-
tion of the Laplace operator; this is a very popular scheme that has been used since the 60’s in

the various above mentioned applications, see e.g. [3],[6] to cite only a few of these.
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Important features of the TPFA scheme are L stability and monotony [18]. Thanks to these
properties, stable and convergent numerical schemes based on TPFA were designed for nonlinear
problems [5] or linear problems with singular source terms [11].

A mathematical proof of convergence of the TPFA scheme for the Laplace equation was first
given for rectangular grids in [20], and the first comprehensive mathematical analysis of this
scheme fore more general grids (the so called admissible grids) dates back to 2000 [I8]. Therein,
under suitable assumptions on the physical domain and the right hand side, it is proven that
if the exact solution of the Poisson equation posed on a open polytopal bounded subset of R?
with d = 2 or 3 is assumed to be in H?, then an error estimate of order 1 can be obtained.
Superconvergence has been observed and proven for a class of triangular meshes, see [I3] and
Remark below.

Our aim in the present paper is to give an error estimate in the case where the right-hand
side belongs to the dual space of the energy space associated to the equation, namely H~! and
without any supplementary regularity assumption on the exact solution other than the natural
regularity given by the problem, namely H}. The case of a right-hand side in H~! had already
been studied in [12], where the convergence of the scheme is proven for a non coercive elliptic
operator. In the present paper, we study the same scheme for the Laplace equation, and prove
an optimal bound on the error; more precisely we show that the discretization error is bounded
by below and by above, in each case up to a constant, by the sum of two errors, namely the
interpolation error and the conformity error, whose precise definitions are given in the sequel.
We also obtain a bound of the error between an approximate gradient of the solution and the
gradient of the exact solution. As far as we know, both results are original.

In order to introduce these results, let us first give some definitions. Consider f € L?(€2) and
Q an open polytopal bounded subset of R with d = 2 or 3; denote by @ € H{} () the solution of
the problem

Yo € HY (), /QVu(x) -Vou(x)dzr = /Qf(az)v(az)dx (1.1)

As above mentioned, if u € H?(Q2), there exists C > 0 only depending on a regularity factor of
the finite volume mesh 7 such that the solution u of the finite volume scheme satisfies
lu =l r2(0) < Chrlal g2, (1.2)

where A7 is the size of the mesh.
Now when seeking an approximate solution uy, € V} of the same Problem (|1.1)) by a conforming
finite element method, which means that

Yoy, € Vi, /QVuh(x) - Vop(x)da = /Qf(ac)vh(af)d:c, (1.3)

we get that
17— unllag () = inf 117 = vnll 0,
where:
® || 2 (q) is the energy norm associated to Problem (L.1)), that is to say ol ) =
Jo |Vo(x)|?dz,
o V}, C H}(Q) is the (finite dimensional) finite element space.

This result, which is a particular case of Céa’s lemma for the problem at hand, states that the
energy norm of the discretization error is equal to the energy norm of the interpolation error ; it
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holds without any further regularity assumption than 7 € HZ (). It is optimal in the sense that
the order of convergence is given by the order of the interpolation error inf,cy, ||z — v|| H(Q)-

Such an optimal error bound is extended in [7] to some nonconforming schemes that fall
in the framework of the Gradient Discretization Method (GDM). The GDM was invented and
analysed some time ago in order to construct a framework for a number of schemes that have
been devised in the past twenty years in order to deal with anisotropic diffusion problems and /or
distorted meshes. Let us briefly recall the basics of the method. Let X7 be a finite dimensional
vector space of the degrees of freedom generated by a mesh 7, Il7v denote a function that is
reconstructed from any v € X7 and defined a.e. in 2, and Vyv be an approximate gradient,
also reconstructed from v. Then Problem is approximated by v € X7 such that

Vv e X, /QVTU(JI) -Voru(z)de = /Qf(x)ﬂfrv(x)dx. (1.4)

Note that for non conforming schemes, Il7-(X7) ¢ Hg (), the approximate gradient Vv can-
not be defined as the continuous gradient of II7v. This difficulty is overcome by defining the
conformity error of the scheme by

(Vu, Vyu) 2 + (div(Va), o) 2

Vi) = max . 1.5
r(Ve) = e, V7ol (15)

An optimal error bound (see [7, Theorem 2.28]) may then be obtained in the spirit of second
Strang’s lemma [26]; introducing

S7(@,v)? = |[@ — Tyvl|32 + VT — V7ol (1.6)
this bound states that the error d7(@,u) committed on the solution and its gradient satisfies
1
S(Gr(va) + inf or(@v)) <or(@u) < C(¢r(Va) + inf or(mv)). (1.7)
2 veXT veXT

without requiring any more regularity than @ € H& (Q) on the exact solution. This bound is said
to be optimal in the sense that the order of the approximation error é7 (@, u) is the same as that
of the sum of the interpolation error inf,cx. 7 (@, v) and the conformity error (7(Va).

In some particular situations (rectangular or acute triangular cells), the TPFA FV scheme can
be shown to be a GDM (see [7, Lemma 13.20]), and therefore the optimal bound holds.
However, in the case of general admissible meshes of Definition below, this is no more the
case; for instance the TPFA FV scheme on Voronoi meshes [16] cannot be seen as a GDM.

The aim of the present paper is to prove an error estimate for the TPFA finite volume scheme
which

- is optimal in the sense of the bound ,

- still holds for meshes which only satisfy the assumptions of Definition [2.1]

- applies to general right-hand sides in H~!(Q) so that the exact solution belongs only to

- and is formulated through a stronger norm than the L?(€2) norm.
To this purpose, we first propose to use an approximate gradient in the right-hand side (the so-
called “inflated approximate gradient”) of the scheme in order to deal with for right-hand sides in
H~1(Q). Unfortunately this approximate gradient cannot be used for a GDM scheme, due to the
fact that it can only weakly converge. A variational formulation of the TPFA FV scheme is then
obtained by considering only the normal component of the approximate gradient. We may then
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follow the line of thought of [7, Theorem 2.28| and obtain an optimal error bound involving an
interpolation error between the approximation of the normal gradient and the normal component
of the gradient of the continuous solution. This result is, to our knowledge, original for at least
these two reasons: it does not require more regularity on the exact solution than the natural
regularity obtained from the continuous problem, and it leads to an error estimate between
a consistent reconstruction of an approximate gradient (necessarily different from the inflated
approximate gradient) and the full gradient of the continuous solution.

We then apply these two results in the case where the continuous solution is in H?, extending
the results of [I8] to the convergence of the consistent approximate gradient.

A numerical example in the case of a solution with minimal regularity illustrates in Section [4]
the optimality of the error estimate; indeed the considered solution is unbounded and does not
belong to any Wol’p(Q), for p > 2.

A short conclusion follows.

In Appendix [A] following the methods of proof provided by [2] and [8], we extend the optimal
error bound obtained for the Laplace problem to the transient heat equation, using an implicit
Euler time discretization.

2. THE FINITE VOLUME SCHEME FOR THE LAPLACE PROBLEM

Let Q € R? be an open polytopal domain (with d = 2 or d = 3), with boundary 92, and
L € H1(Q). We consider the Dirichlet problem

—Au=1L (2.1)
7 =0 on 0.

It is wellknown that there exists a unique solution to this problem, which satisfies
e HHQ)
/QVU -Voda = (L, ) g-10),m1(0) Ve € Hy().

It is also wellknown that any linear form L € H~'(Q) may be decomposed as L = f + divF
with f € L%(Q) and F € L?(Q)?. Since (divF, ) H-1(Q),HI(@Q) = — Jo F - Vedz, the above weak
formulation may be recast as

7€ HY(Q), Yo € HY(Q), (2.3)
/ Va(z) - Vep(z)dz = / (f(@)p(z) - F(z) - Vo())da. (2.4)
Q Q
Observe that
Vi + F € Hy;(Q) with —div(Vu+ F) = f a.e in . (2.5)

The remaining part of this section is dedicated to the definition of a finite volume for the
approximation of this problem.

Let 7 be an admissible mesh of € in the following sense, close to that given in [I8] Definition
3.1].
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Definition 2.1 (Admissible meshes). An admissible finite volume mesh of 2, denoted by T, is
given by a finite family of “control volumes”, which are disjoint open polytopal convex subsets of
Q, a finite family of disjoint subsets of Q contained in hyperplanes of R, denoted by € (these are
the edges (two-dimensional) or sides (three-dimensional) of the control volumes), with strictly
positive (d — 1)-dimensional measure, and a family of points of ) denoted by P satisfying the
following properties (in fact, we shall denote, somewhat incorrectly, by T the family of control
volumes):

(i) The closure of the union of all the control volumes is Q;
(ii) For any K € T, there exists a subset Ex of € such that 0K = K \ K = Uycg, 0.
Furthermore, £ = Uge7EK -
(iii) The family P = (v )ket 15 such that xx € K for all K € T.
(iv) The set & is partitioned into € = Eext U Eing- For any o € E:
- either o € Eqxt; then there exists exactly one K € T such that o € Ex, 0 C I and
the straight line Dk » going through xk and orthogonal to o is such that Dy sNo # (;
- or o € &Ent; then there exist exactly two elements of T denoted K and L such that
o€ g N&L, 0OKNOL =7 and the straight line D 1, going through xx and xy, is
orthogonal to o (Dk,;, NT = 0 is not excluded); in this case o is denoted by K|L.

Figure[1) shows an example of mesh with a few notations.

FIGURE 1. Two neighbouring control volumes of an admissible mesh.

The following notations are used

|A| the d (resp. (d — 1) )-dimensional measure of any subset A of R (resp. R4™1).
e T,: center of gravity of o € £,

o di,, > 0: orthogonal distance from xx to o, for K € T and o € €k,

|U‘dK,o

Dk o cone with vertex xrc and basis o, for K € T and o € £k, so that |Dg | = =52,

Nk unit vector, normal to o and outward to K
hy = sup{diam(K), K € T}: mesh size,
O = inf{ﬁ’(’m, K €T, o€ &k}: mesh reqularity parameter,

o X7 set of all real families u = ((UK)Ke’T, (ug)aeg> such that uy =0 if 0 € Eext.
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With a slight abuse of notation, for any u € X7, we also denote by u the element of L?() which
s a.e. equal to the value ug in any K € T.

Let us observe that this definition leads to admissible meshes in the sense of [I8, Definition
3.1], but is slightly more restrictive since, for the sake of simplicity and as in [12], we do not allow
xi €0 if 0 € E. There are ways to relax this assumption by eliminating the face unknowns in
the scheme, but this leads to additional technical difficulties.

As mentioned in the introduction, our analysis requires several discrete derivation operators
which we now precisely define.

Definition 2.2 (Discrete derivative and gradients).

e G : normal discrete derivative

Gr X7 — L*(Q)

u v Gru, with Gru(x) = Uad— K for a.e. x € Dk . (2.6)
K,o
o V7 : inflated discrete gradient
VX7 — (L)
. Ug — UK
u v+ Vyu, with Vyu(z) = dT”K,U for a.e. x € Di . (2.7)
K,o
° @T: consistent discrete gradient
Vr X7 = (L)
w s Vyu, with Vyu(z Z lo|(Z );UK forae €Dk,  (2.8)
dKﬂ

JGSK

Remark 2.3 (On the inflated and consistent gradients). The inflated discrete gradient, first
introduced in [17, Definition 2| only involves the normal discrete gradient, but with a factor d,
hence the term inflated; it also appears, but somewhat hidden, in the weak formulation (2.6)
of the FV scheme in [12]. The consistent discrete gradient §Tu was first introduced in [19,
Definition 2.3| in one of the first attempts to generalize finite volume schemes to anisotropic
diffusion problems.

Following [12], integrating (2.1)) on a cell K and (formally) integrating by parts yields the
following balance equation on each cell K:

_Z/Vu nKUds_/fd:c+ Z/F K ods.

o€k cefk



OPTIMAL ERROR BOUNDS FOR THE TPFA SCHEME 7

Introducing the discrete unknowns (ug)xe7 and (uq)seg, and following [12], we propose the
following scheme:

VKeT, - Y |o|te / fdo+ Z ol—— [ Fong, (2.92)
cE |DKU| DKO'
o€k
Yo = K|L € Eint,
_ 1 - 1
Yo — UK + F -ng,de = _Yoe T UL F-np,dz. (2.9b)
dK,a' |DK0" Dk, dL,U Do
Vo € Eext, ug = 0. (2.9¢)

Equation (2.9al) is the discretization of the local mass balance on the cell K, while (2.9b)) expresses
the conservativity of the discrete fluxes. By [12, Theorem 2.1], there exists a unique solution to
the scheme ([2.9)). Moreover, the scheme admits a weak formulation [12, Lemma 2.1].

Lemma 2.4 (Weak formulation of the scheme). The scheme (2.9)) is equivalent to the following
weak formulation:

Find uw € X7 such that , for any v = ((vg)keT, (Vo)oce) € X7,
d/ Gru(x)Grv(z)dr = / (f(x)v(x) — F(z) - Vyu(x)) de, (2.10)
Q Q
where Grv and Vv are the discrete derivative and gradient given in Definition [2.9

Proof. Owing to the definitions (2.6) and (2.7)) of G7v and Vv and noting that | Dy | = W%,
the scheme (2.10]) also reads

>y IUI 1) (v — 050) Z/f”de—Z 3 Fd“"— "% e, (2.11)

d
KGTUESK KeT KeT ocEx ? PK.o Ko

The proof that if u is a solution to (2.9)) then w satisfies (2.11)) may be found in [12, Lemma 2.1].

Conversely, letting vy = 1 and v, = 0 in (2.11)) leads to (2.9al) and letting vx = 0 and v, = 1 in
(2.11)) leads to (2.9b)). The condition (2.9¢) is ensured by the fact that u € X7 O

Note that the inflated approximate gradient is expected to weakly converge in L? toward the
gradient of the exact solution but can never converge in L? toward the gradient of the exact
solution except if the exact solution is 0 (see [I7, Lemma 2 and Remark 2]). The convergence
in L? of the consistent approximate gradient is proved in [19], in the case where F' = 0, and
using a modified finite volume scheme in order to handle anisotropic diffusion problems, under
the condition that #7 is uniformly bounded by below.

3. CONVERGENCE ANALYSIS

3.1. An optimal error estimate. A norm on X7 is defined by

!0|
lullF = dl|Grullfz@ *||VTUHL2 =) E — u)®. (3.1)
KeT o€lk Ko
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The discrete Poincaré inequality [I8, Lemma 9.1] states that for any piecewise function u equal
to ug on the cell K,

o o
e < dm@( Y TP Y ). 62
U:K|L€€int Ko L 0€ExtNEK Ko
Now consider u € X satisfying
“"d; L “"d; YL _ 0, for all 0 = K|L € Em; (3.3)
this yields (ue KUK ? + (uUszf,L) = C(;;L;f j(L )i and therefore, recalling that u, = 0 for any o € Euxt,
o o o
DL IS S PP o DA
dix o +dr o dK,o
o=K|LEEipns ’ ’ 0€ExtNEK KeTcreSK

(s ;:K) + (5 uL)2 is obtained for s = u,

Observe then that the minimal value of the function s +—
such that . holds, so that for any u € X7, whatever the values u, for any 0 = K|L € &y,

o] 2 o] o
> Y 7 ue—u)? e Y i
o0=K|LEEint dK’o t dL’U 0€ExtNEK Koo
Hence
lull (0 < diam() ull7 = diam(@)V| Grull (o Xy (3.49)

Note that (3.3) expresses the conservativity of the discrete fluxes in the case F = 0.
Next, we recall that the space Hgi, () = {@ € L?>(Q)? : divgo € L2(Q)} is a Hilbert space
when equipped with the norm

Il = lel72ia + divel 72
We introduce the conformity error: (7 : Hgiy(2) — R, defined by

(rp) = Sup{/Q(diw(:v)v(:v) +¢(z) - Vro(z))de, v € X7 with [jo];r =1} (3.5)

Let Gr : H} () — L?(), called in the following the mean normal gradient of a function
belonging to Hg(Q), defined for ¢ € H}(Q) by

1
Gro(z) = Vo(z) - nk  dx for a.e. © € Dk 4, (3.6)
|DK70" DK,o-
Observe that Definition (3.6) implies the following equality, for u € H}(2) and v € Hr,
/ Vi - Vyo(z)dz = d / () Grv(w)da (3.7)
Q Q
Next, we define a distance between any function v € X7 and ¢ € H} () in the following way:
1
or(p,v) = m”@ — V|2 + \/gHgT(P — G7v| 22 (0)- (3.8)

We may then define a (generalized) interpolation error by:

Ve € Hy(Q), Ir(p) = inf d7(p,0). (3.9)
veXT
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The following theorem yields an optimal error bound, in the sense that the distance between the
solution @ to (2.1) and the solution u to ([2.10]) is bounded by above and below by the sum of
the conformity error and the interpolation error.

Theorem 3.1 (Optimal error bound for the approximation of the elliptic problem (2.3)). Let @
be the solution to the elliptic problem (2.3). Then the solution u to the numerical scheme (2.10))
satisfies

1
5 (G (Va+ )+ Tr(@)) < or(@,u) < 3(¢r(Va+ F) + Ir(@). (3.10)
Remark 3.2 (On the definition of d7(p,v)). If we replace the definition (3.8) of o7 by

67 w(p,v) lw = vl 2(q) + VG — G712,

1
~ diam(Q)

with w € L*(Q) possibly depending on T, then Theorem still holds. Nevertheless, in order
for the bound to yield an error estimate, the interpolation error I () must tend to 0 with
the size of the mesh. This implies that w tends to @ in L*(Q) with the size of the mesh; this is
indeed the case if, for instance, w is the piecewise constant function defined by the mean value
over the cells, or, for reqular enough functions, by the value of W at point xx (for the cell K ).

Remark 3.3 (On the definition of G7). The results of Theorem remain true if we define
Gr : Hy(Q) — L*(Q) by

gru(z) = Vu(z) - nk o for a.e. * € Di g, (3.11)

that is by the value of the normal gradient instead of its mean value in Dy 5. However, this
choice leads to larger values for é7(u,u). Moreover, it leads to expressions which can be more
difficult to evaluate in the numerical implementation.

Proof of Theorem[3.1]. From the definition (3.5]) of the conformity error {7 and owing to ([2.5)),
we obtain that

| (Va4 F)@) - Vro(e) = f@pu(@) do < Gr(Va+ Flullr, Vo € X7
Since u is the solution to (2.10), we get
/Q (Va(z) - Vrole) — dGru(z)Gro(z))de < (r(Va + F)lollr, Vo € X7
Owing to (B.7)), we have
| d(@riit@) - Gru@)Grota)de = [ d(@rute) - Gru(@)Gro(e)ds < Gr(Va+ F)lolr.

This inequality, together with the triangle and the Cauchy-Schwarz inequalities yield that for
any w € X7,

/ d(Grw(z) — Gru(z))Grv(z)dx
Q
< ¢r(Vu+ F)|vll7 +dl|G7u — Grw| p2o |GTol 1200, Y0 € X7,
Choosing v = w — u and simplifying by \/ﬁHGTvHLz(Q), we get
Vd||Gru— Grw 129 < (r(VE + F) + Vd|Grt — Grw| r2q), Yw € X7 (3.12)
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Owing to the Poincaré inequality (3.4)), this latter inequality implies that

1 _ _
m”“ — w2 < r(Vau+ F) + Vd|Gru — Grw| 1200
and thanks to the triangle inequality,
e~ Tl < (VA F) 4 VG - Grullp + o [T ul
dlam(ﬂ) u u 2(Q) > 6T u TU TWw L2(Q) dlam(Q) u w L2(Q)-

Again by the triangle inequality, we get from (3.12) that
Vd|Gru — Gl 120 < (r(VT+ F) +2Vd||G7u — Grul|12q)

Adding the two previous inequalities and taking the infimum on w € X yields the inequality
on the right of (3.10)).

Let us now prove the left inequality of (3.10). Let v € X7; from (3.7) and the FV scheme
(2.10), and owing to the definitions (3.8)) of and (3.1)) of the norm, we get that,

(Va4 F)a) - Vrota) = f@)oie)de = [ d@rite) - Grua)Grofa)ds

Q
< o7 (@, u)||v|7.

Passing to the supremum on the functions v € Hy which are such that ||v||7 = 1 yields
(r(Vu+ F) < or(u,u),

and since Z7ru = inf,c x, 07 (w,v) < 07(w, u), we get the left part of (3.10).
]

Remark 3.4 (Existence and uniqueness). Note that the existence and uniqueness result of u,
solution to the numerical scheme (2.10) which was proven in [12, Theorem 2.1], may also be
seen as a consequence of (3.10). Indeed, the components of u are solution to the square linear
system given by the numerical scheme. A null right hand side to this linear system is obtained by
setting F' = 0 and f = 0, which leads to w = 0. The error estimate result yields a 0 value in the
right hand side of (3.10) and therefore §7(0,u) = 0, implying uw = 0. Hence the linear system is
invertible so that there exists a unique solution to (2.10)).
Lemma 3.5 (Error bound for the consistent approximate gradient). Let u € H(Q) and let
u € X7, then the following bound holds:
= _ d

IV7u— Vg2 g < T(||GTU — G| 2 () + O7(V7)),

with, for any @ € L*()4,

Z//KIK! (z)[Pdady. (3.13)

KeT
As a consequence, if u is the solution to (2.3)) and u is the solution of (2.10)), then

- d
V7 = Vil @y < 5 (2(1 + diam(Q)) (¢r(Va+ F) + inf 67(3,v) + @T(vm). (3.14)
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Proof. We define Vg ,u = m fDKU Vu(z)dz. Note that G7u is a.e. equal to n - Vi U in
Dk . Owing to [19, Lemme 2.4],

1

K| Z |0](To — zx )M, = Ida,

o€fK

where Idg is the d x d identity matrix. This is true for any choice of z, however in the sequel
we use it for the choice of xx satisfying the definition of admissible meshes. Let Vg4 be
defined a.e. on € by:

_ _ 1 _
Vz € K, V7u(z)Vgu = & Z 0|(To — 2K )NEK o VEoU,
o€k

dK,d
0

By definition of the mesh regularity parameter 6,,esh, we have [T, — x| <

)

_ 1 o 2
||V7‘ﬂ — VEH%Q(Q)d = Z / (m Z |0'|(ja - xK)nK,cr : (VK,O'E — Vﬂ(m)) dzx
KeT K o€y

d? 1 _ - )
< 2 G 3 ol o)

d? 1 B )
<2 /K K| > Drol|Viot — Va(x)) da.

o€k
On the one hand, by the Cauchy-Schwarz inequality,

1

Vi(y) — Va(z)|?dy,
iyl Va(y) (z)|"dy

Vol — W(x)f =| /D (V) - Vﬂ(m))dy‘g <

|DK,0'| DK,o‘

so that
V7 = Vg < 55 > m\vu(y) — Vau(z)|2dzdy = ?@T(vu) .
T KeT oelk DK"’ K T

On the other hand,
V= Vs = 3 7 o — UK Vicot)|
Vru— Tu||L2(Q)d = Z m‘ Z lo|(Zs — $K)(d7 — MK Kvgu)‘

Nea

KeT c€EK
1 . Uy — UK — N2
< Z 7( Z |0'on_xKHJi_nK,J'VK,JU)D
KeT ’K| oc€lk dK’U
d2 1 ’LLO. — UK — . 2
< oz Z m( Z |DK,J||W —NKg- VK,UU)D
TKGT oc€lk ’
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Applying the Cauchy-Schwarz inequality, we obtain

”V’]‘u—ﬁTﬂH%Q(Q)d < 92 Z Z |DKO" nK,G'ﬁK,aﬂ)Q
TKETO’EgK

5 Z S Dkl (F5—E —n o - Vi o)
TKGTUESK

2
= (EHGTU - gTﬂHL?(Q)) :
O

3.2. Convergence of the interpolation and conformity errors. Owing to Theorem
the convergence of the scheme (3.16|) relies on the convergence of the conformity error and the
interpolation error.

Lemma 3.6 (Convergence of the conformity error). Let (7,)nen be a sequence of admissible
meshes such that hy, = maxge7, diam(K) tends to 0 as n — oo. For any ¢ € Hgiy (),

lim {7, () =0.

n—oo

Proof. We first consider the case where ¢ € C1(Q)?. Let us momentarily drop the index n for
simplicity, and let v € X7 with ||v||7 = 1. Owing to the definition (|1.5)) of {7,

(r ()= sup 27 (g, v) where z7(p,v) = / (divep(@)u(a) + p(z) - Vro(a))de.
ety :

Let pr o = ﬁ fDK p(x)dzr and @, = ‘71| [, ¢(x)ds; by the definition of V7, we have

21 (p,v Z VK Z oo - MK o + Z Z |Dio| (Vo — vE)PKo - K o

KeT o€€K KeT o€k
d
Observing that |Dg ,| = loldxo and that Z Z lo|vepK,o - MK, =0, we get that
KeT oeli
a7l 0) = D D Jol(vs — vi) (¢ MK — Po o)
KeT oelk

1/2

<Jolr (32 loldxolers — o),

KeT o€k

owing to the Cauchy-Schwarz inequality. Hence
Cr() < Cphr(d |Q)'2.

We now consider the general case ¢ € Hgi, (). Let v € C1(Q)? be given. Again dropping the
subscript n, we have for v € X7 with |jv]|;r =1

/Q(divcp(az)v(ﬂz) + ¢(z) - Vyou(z))dr = /Q(divtﬂ(:z:)v(x) +(x) - Vyu(z))de + 6
< Cyhr(d Q)2+,
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where thanks to (3.4 and to the Cauchy-Schwarz inequality,

0] < llp = Pllr2@)e Vol 2@ + 1divie = P)ll2 @) vz
< (d+ diam(2)*) 2 — || 1,5, -
Hence
Cr(9) < Cphr(d |2)Y2 + (d + diam(2)*) [l — ]| r1y, 0
We conclude thanks to [27, Theorem 1.1] which states the density of C*(Q)¢ in Hyg;, (Q) for any
Lipschitz open set 2 of R%. O

Lemma 3.7 (Convergence of the interpolation error). Let (T,)nen be a sequence of admissible
meshes such that hr, = maxe7, diam(K) tends to 0 as n — oo. Then, for any ¢ € H} (),

Jim 77, ().
Proof. We first consider ¢ € C°(Q). Let v(™) € Hr, be defined by U%) = p(zx) and o5 be

such that
(n) ,.(n) (n) (n)

o] 22— )T L 0, for all 0 € Ex N EL,
dK,O' dL,O'
By the definition (3.8)),
n 1 n n
o7, (p, 0 ™) = Tam () e — v 20y + VallGr,e — G o™ || 120

It is clear that ||¢ — v(”)||L2(Q) — 0 as n — 4+00. Now observe that

£l
dK,cr B dK,U + dL,cr’

therefore, since ¢ € C2°(12), we have for any =z € Dk 4,
G 0(x) = Gro™(@)] < Cohr,,

and the result follows.

We now consider the case p € H(Q); let ¢ € C>°(Q) be given. By the triangle inequality,

57, (0, v) < 07, (1, v) + e = blir2 + Vd|Gr, 0 — G, ¥l 2.

diam ( )
Observing that for a.e. z € €,

197, (¢ — ) (@)| < [V(e = ¥)(2)],
we get

1
o7, (s v) < 07, (W, v) + max(m, V)|l = ¢,

and the result follows by density. ]
Lemma 3.8. Let ¢ € L2(Q)?, and let O, (p) be defined by ([3.13) for any n € N. Then

nh—>r§<> O71,(¢) =0. (3.15)
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Proof. We observe that, for a given admissible mesh 7~ and for 1 € C*(Q)?, using
[Y(y) — ¢(z)| < hrCy,

we get

07 (¥)| < h7Cy /9.
By the triangle inequality

p(y) = p(@) < lp(y) =) + [ (y) = P(@)] +[b(2) = p(2)],
we obtain
O7(p)* < 3(2[lp — ¢||%2(Q)d +0O7(4)%)
which concludes the proof by density of C*(Q)¢ in L?(Q2)%. O

We can then conclude the convergence of the finite volume scheme.

Theorem 3.9 (Convergence of the approximate solution and gradient to the solution of (2.3))).
Let uw € HE(Q) be the solution of [2.3) and let u, € Hr, be the solution of [2.10) for T = Ty.
Then the following holds:

Jim ([ — unl 72y + AG7, T — G unll72(0) =0 (3.16)
Moreover, if the sequence (07, )nen is bounded by below by 6y > 0, then
Proof. Applying Lemmas and (3.16) is a consequence of Theorem We conclude
(3.17) using Lemmas and O

3.3. Error estimate in the H?(Q) case. We now suppose that the exact solution belongs to
H?(Q).

Lemma 3.10 (Estimate of difference with average value in the H! case). Let V. C R? be a
bounded convex open set and let hy be the diameter of V. Let o € HY(V). Then

2 Cyhd
y)dy — dz < h? V/ Vo(2)2dz, 3.18
[ (i | eway—e@) ar <1 S5 [ 190(:) (319)

where Cgq > 0 is the d—dimensional measure of the unit ball of RZ.

Proof. The proof of (3.18) is inspired by that of [I8, Lemma 10.2], which is expressed in a discrete
setting and is in fact trickier than the present proof. By density of C}(RY) in H'(V), we only
have to prove ([3.18)) for ¢ € C}(RY). For z, y € V,

oly) — o) = [/ V(tz + (1 - t)y) - (z — y)di]>< B2 / V(tr + (1 - t)y)Pdt,
0 0

so that owing to the Fubini-Tonelli theorem,

// 2dmdy<h2/// |Vo(tz 4 (1 — t)y)[2dtdzdy
Sth/V/D /V\W(twr(l—t)y)y?dxdtdy.
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Applying the change of variable (with ¢ and y fixed) z = tz + (1 — t)y, noticing that z €
V N B(y,thy), and again applying the Fubini-Tonelli theorem, we thus get that

/ / () )Pdady < by /V [ /0 1( /V Up(eany) () dy) 4] [Vip(2)[2dz

<t Cat, | [Vel2) P

The proof of (3.18) is thus complete. O
Lemma 3.11 (Estimate of ©7(Vu) in the H? case). Let u € H*(Q). Then

h
07 (Va) < T/Tznﬂ”Hz' (3.19)

07
Proof. Let K € T be a given control volume, and let hx be the diameter of K. By definition of
O, for any edge or face o of K, di , > O7hg; thus, the ball with center xx and radius O7hg
has d—dimensional measure Cy x (7hg)? and is included in K. Now |K| > Cyinf,ce, d}l( o

K

and by definition of 07, infycg, di o > O7hk; therefore, h;l{ < C|’ H‘d ; applying (3.18)) to each of
the components of Vu provides (3.19). O

Lemma 3.12 (Error estimate in the H? case). Let d < 3, w € H*(Q) and F = 0. Letting
u € X7 be defined by ug = u(xg), Then there exists C, only depending on d, Q and continuously
depending on 07, such that

I =Tl L) + [V = Vall 2aye < Chrl[a] .

Proof. In this proof, we denote by C;, for ¢ € N, various real functions only depending on d, €2
and continuously depending on 6. Let us first observe that

IGI}(f dr(u,v) < Crhrl|ul ge. (3.20)

Indeed, following the computations of [I8, Theorem 9.4| (which involves the regularity factor
071), and denoting u € X defined by ux = u(zx) and %, such that

UK Uy — U
+ |o
dK,o | | dL,U

we get the existence of C such that
o7 (@, u) < Cihr |l g

Since Vi € H'(Q)? C Hy;y (), we have, for some v € X7 with |lv||7 = 1, using the Cauchy-
Schwarz inequality,

o] L —0, for all 0 € Ex N &L,

/ (divVau(x)v(x) + Vu(z) - Vyo(z))de = Z Z o|(ve — vk) (Vik,e  Nko — Ve - Nk o)
Q KeT o€€k
= = 9\1/2
<|ollr( Y. 3 loldioVar. — Vao|?) ',
KeT oelk
where
1

Vig,, = Viu(z)dz and Vi, = |1| / Vu(z)ds
g g

|DK70'| DK,O'
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Hence
¢r(Va) < Cohr || gz
Using (3.19), (3.10)), (3.20) and (3.14])), the conclusion follows. O

Remark 3.13 (Superconvergence). The superconvergence of the TPFA scheme on a class of
acute triangles in 2D was observed numerically long ago |22, 4, 21], and was proved theoretically
in [I3] more recently; the proof of 13| relies on the fact that on a large class of 2D triangular
grids, the TPFA scheme is a hybrid mized method as defined in [10].

4. NUMERICAL EXAMPLE OF A MINIMAL REGULARITY PROBLEM

We illustrate here the error estimate of Theorem [3.1] in the case where the regularity of the
solution of Problem (2.3)) is minimal. Let = (0,1)2, and let u € H{(£2) be defined by

u(x) = ( — log (max(|z1 — %\, |zo — %])))7 — ( — log(ro))v, x = (x1,22) € Q, (4.1)

with v = 1 and ro = 1/2. Then % is solution to (2.3), letting f = 0 and F(z) = —Vu(z). We
have, for any p > 1,

_ "o [T AP p(y—=1) "0 AP p(y—1)
/Q |Vu(z)|Pde = 4/0 /_x ﬁ( — log(x)> dydr = 8 = ( — 10g(:L‘)> dydz.

This integral is infinite for any p > 2, which shows that u ¢ I/VO1 P(Q) if p > 2; this was expected
since @ is discontinuous and Wol’p(Q) C C%(Q) for any p > 2 in 2D. Now if p = 2, we get, since
2y —1<0,

70 2 2y—2 8~2 2y—1
/Q \Va(z)2de = 8/0 %( - log(:v)) dr = T _727 ( — log(m)) )

which shows that Va(x) € L?(2)? with | Va2 ~ 1.0959573. Let us now compute |[@||;2. We
have

/Qu(;z:)2d:c = 4/(:0 /z (—log(m))Q’ydydx—2(—log(ro))wél /07“0 /z (—log(m))vdydaz—k(—log(r0)>27,

which gives

/Qu(g:)de = 8/07“O x(—log(:c)>27da:—2(—10g(7“0))78 /OTO a:(—log(:v))vdx—i-(%o)? (—log(ro))h.

Owing to the change of variable —log(x) = y/2, we get

ro 2y 1 00 3
/0 ac( - 10g(x)> dz = 227+1/ y e Vdy.

—2log(ro)

Introducing the upper incomplete gamma function I' defined by
—+00
I(a,z) —/ t*te~tat,
X

we get

o 2y 1
[ onte) " = e+ 1 2ot
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Again using the change of variable —log(z) = y/2, we have

o0

T0 1 _ 1
/0 x< B log(a:)) dz = 27+1 —2log(ro) yreidy = WF(V 1, ~2log(ro))

Finally we obtain
/ T(z)2de = 2272 (2y + 1, —21log(ro))
Q

v 2y
=277~ log(ro) ) T(y + 1, ~2log(ro)) + (2r0)* ( — log(ro))
leading to ||w||z2 ~ 0.1519926.

Let us then set f = 0 and F(z) = —Vu(z) in the finite volume scheme (2.10). Since Vu+F =
0, we get that the conformity error (7(Vu + F') vanishes. Hence the numerical validation of the
error estimate of Theorem follows by a comparison of the approximation error d7(u, u) and
the upper bound of the interpolation error 67 (@, wy) for the interpolation wr € X7 of the exact
solution u, defined by the set of values ((u(zx))keT, (W(Ts))see), Wwhere z, is the middle of the

edge o (it is then the intersection of the segment [xx, x| and of o when o is the common edge
between K and L).

The right-hand side [, Vau(z) - Vyo(z)dz can be computed by using the relation

Vi) nicods = [ ala)nly) - nieds(y)

DK,o- 8DK,0'

where n(y) is the outward unit vector normal to 0Dk , at the point y. This latter integral is
then a linear combination of terms under the form

1 —log(a+ (8 — a)s) Tds = — ! o) Ve tdt
, )

B—a —log(ax)

= = (PO + 1= Tog(3) ~ Ty + 1, log(a))).

Hence we can accurately compute the right-hand side for the computation of the approximate
solution, even in the case where the elements have the point (1/2,1/2) as vertex since we can
extend by continuity the value of the function g(a) = I'(a, —log(a)) to 0 by setting ¢g(0) = 0.

Note that the main part of ||V 2(q)2 is concentrated inside a small ball. Indeed, denoting
by Boo(r) = {z € Q,max(|z1 — 3|, |z2 — 5|) < r} (hence Q = Bu(ro)), we get the following
values for ||V r2(p__ ()2 and |[@l 2 (r)):

r 0.5 | exp(—10) [ exp(—1000) | exp(—1000000) | exp(—1000000000)
IVall L2y | 1096 | 0.562 0.178 0.032 0.006
[all 25 w(r» 0.152 | 2.71e6 | < 1.e200 | < 1.e-200000 | <1.e-200000000

It is clear from this table that lim,_o ||Vl r2(p. ()2 = 0; however, this convergence is so
slow that a numerical scheme based on a standard mesh cannot be expected to show a numerical
convergence of the approximation of Vi for the L? norm, even with a refined mesh at the point
(0.5,0.5) (see Remark [3.2). Nevertheless, we can numerically assess the result proven in Theorem
-by considering the famlly of benchmark meshes [21, Mesh1 k] with k: = 1 2,3,4,5,6,7, which

can be respectively characterized by the values h = l, %, %, 35 6%1, 128" 256 for the size of the



18

mesh. The following table gives the number of control volumes (cv), vertices and edges for each

1.0 +

0.8 4

0.6 1

0.4 1

0.2 4

0.0 4
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FIGURE 2. The approximate solution of Problem ({2.3) computed on Meshl 3.

mesh.

mesh h1 | # cv | # vertices | # edges
Meshl 1] 56 37 92
Meshl 2| 5 | 224 129 352
Meshl 3| iz | 896 481 1376
Meshl_4 | o5 | 3584 1857 5440
Meshl 5| & | 14336 7297 21632
Meshl 6 | 1z | 57344 | 28929 86272
Meshl_7 [ 57 | 229376 | 115201 | 344576

We show in Figure [2] a numerical solution obtained on Meshl 3.

Note that these meshes share the same regularity factor 84 but do not feature any symmetries
that might increase the order of convergence.

For each mesh, we consider the interpolation wy € X7 of u defined as specified above. Figure
[3] provides the approximation error and the interpolation error obtained on each mesh.

We observe that, as in the regular case, the error ||ty — u||z2 is much smaller than || — u|z2
(recall that superconvergence is observed on regular solutions), and that we observe an order 1
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in the convergence of ||[u—wul|y2 to 0. When accounting for the error on the gradient, we get that
the approximation error behaves similarly for the small values of hy as the interpolation error.
Nevertheless, Figure [3| does not show that the quantities d7(w,wy) and |[|Gu — Grul|2 behave
as (h7)® for some o > 0. Our conjecture is that these terms behave as (—log(h7))™ but the
range of mesh sizes that can be tested is not sufficient to assess it.

1071 | g
1072 ¢ g
1073 | ' PR
r . ‘ ]
e
1074} s i
; e oy — ullz
R =y
4 IGu — Grul| 2
s o ——  ir(u,u)
107 ¢ ——  o7(u,ur)
[ ‘ — order 1
1072 1071

FIGURE 3. Approximation and interpolation errors vs. the size of the mesh.

5. CONCLUSION AND PERSPECTIVES

In the present study, we were able to show an optimal error estimate for the discretization
of a Poisson equation with minimal regularity, namely when the solution possesses no greater
regularity than belonging to H(f2), even though the two-point flux approximation (TPFA)
cannot be placed in the framework of the gradient discretization method for which such an
estimate already exists [9]. Error bounds are derived for both the solution and the approximation
of the gradient component orthogonal to the mesh faces. Our estimates are optimal, in the sense
that the approximation error is shown to be of the same order as the sum of the interpolation
error and the conformity error. Furthermore, numerical experiments show the validity of our
error for a solution with minimal regularity. The results are extended to evolution problems
discretized via the implicit Euler scheme, as detailed in the accompanying appendix.

While our study sheds some light on error estimates for finite volume schemes on admissi-
ble meshes for irregular and regular right-hand sides, the superconvergence of the method for
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regular right-hand sides remains an open problem; indeed, even though numerical experiments
demonstrate that the two point scheme superconverges on triangular [4, 22] and Voronoi meshes
[24, 14], [15], the theoretical proof remains an open problem except for the case of a (rather large)
class of triangular meshes [13] or for a double finite volume scheme known as “DDFV” which in-
volves two TPFA schemes, one on the Delaunay triangulation and one on the associated Voronoi
mesh [25].

APPENDIX A. THE TRANSIENT CASE

This appendix is focused on the study of an optimal error bound in the transient case. For a
given T' > 0, the solution of the continuous problem is u : 2 x [0,7] — R such that

Ou —Au=1L (A1)
u(-,t) =0 on 0N for t € [0,T], (A.2)
u(0) — @u(T) = &, (A.3)

where L € L*(0,T; H Y(Q)), & € L2(Q) and @ : L%(Q) — L*(Q) is a linear contractive
mapping, i.e. such that [|®vl|;2(q) < [|v]l12(q) for all v € L*(2). Note that if ® = 0, the problem
(A.1)-(A.3)) is the standard Cauchy problem, and if ® = Id, (A.3) becomes a periodic condition.

Identifying L?(£2) with its dual space thanks to the Riesz—Fréchet representation theorem, we
have

Hg(Q) € L*(Q) = (L2(Q))' € (Hy(Q))' = HH(Q),
so that the space
W(0,T;9) = {u e L*(0,T; Hy(?)) : v’ € L*(0,T; H™'(Q))},

is well defined, with «' the weak derivative of the fonction ¢ — wu(-,¢). Recall that if u €
W(0,T;9), then u € C([0,T], L*(Q)). As in the elliptic case, we decompose L = f + divF with
f € L*0,T;L*Q)) and F € L?(0,T; L*(Q)%). A weak formulation of the problem (A.T)-(A3)

then reads
T e W(0,T;Q) s.t. Vo € L*(0,T; Hy(R2)),
(3 (6), 50) 1+ v,y + (V) + F(0), V0(0) gy = (70, 5(0)) (o for ae. € [0,7]
and u(0) — @u(T") = &,
which also reads
ue W(0,T;Q) s.t. @' — div(Vu + F) = f and u(0) — ®u(T) = &. (A.4)

Recall that —A is a linear continuous bijective operator from H{ (Q2) to H~(Q) and therefore also
from L2(0,T; HY(2)) to L2(0,T; H-1(£2)). We denote by R its inverse which is linear continuous
from L?(0,T; H-1(Q)) to L*(0,T; H}(2)). More precisely, noting that

V(u,v) € Hy(Q)?, (= Au,0) 1) ) = (Vit, Vo) L2
and that u = R <= & = —Au, the operator R is characterized by
V(&) € H Q) x Hy(Q), (VRE, Vo) 2y = (€,0) g-1(0), 11 () (A.5)
The problem is then equivalent to
find w € W(0,T;9Q) s.t. —div(VRE + Vu+ F) = f and u(0) — du(T) = &, (A.6)
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which in particular implies that VRW + Vu + F € L?(0,T; Hg;,(2)). Let us first state a known
result on the well-posedness of the problem (A.4)).

Theorem A.1 (Existence and uniqueness of @). For all f € L*(0,T; L*(Q)), F € L?(0,T; L*(Q)?)
and & € L*(Q2), Problem (A.4) has a unique solution.

The proof ot this theorem may be found in [23] in the case that ® = 0 and in [I] for any
general contractive mapping ®.

A.1. Description of the implicit Euler scheme. Let N € N\ {0} and define the time step
(taken to be uniform for simplicity of presentation) k = % For all m € [1,N], f™ e L?(Q),
F™) ¢ 12(Q)¢ are defined by

mk mk
ﬂmzl/ f(t)dt  and ﬂmzl/ F(t)dt.
(m—1)k k Jm—1)k

The implicit Euler scheme consists in seeking N + 1 elements of the space X7 given in Definition
denoted by (u(m))mzo,._,,N, such that

Initialization: (u(®) — (IDU(N),U>L2(Q) = (€0, v) 12(q) for all v € X7 (A.7a)
ul™ —ulm=h (m) (m)
Step m : () T AGTU™, Grv)r2(9) = (7, ) 120
—(F™), V7o) 2, forallme [1,N] and v e X7. (A.7b)
Note that, if & = 0, the scheme is the usual implicit scheme, and the existence and uniqueness of

a solution (u(?), (u(m))me[[L ~7) to (A7) is standard. In the general case, a linear system involving

1) must be solved, and its invertibility is proved by Theorem Let us now introduce the
discrete functional space W7, which consists of all functions w : [0,7] — X7 in the sense that
there exist N 4+ 1 elements of X7, denoted by (w(m))m:07,,,7N, such that

w(0) = w®, and

(A.B)
w(t) = w™ for all t € ((m — 1)k, mk], for all m € [1, N].

Note that such a function w € Wy is a function of time with values in a (discrete) functional
space; however, observe that there is a bijection from the space W7 to the space Xf]rV +1 through
the mapping w — (w(mk))me[o,n]> S0 that w may also be seen as a function of space and time,
defined, with an abuse of notation, by w : (z,t) € Q x [0,T] + w(z,t) = w®(z) if t = 0 and
w(z,t) = w™ () if t € ((m—1)k, mk]. Therefore, to avoid any confusion, we denote the discrete
time derivative of w by 9,w, defined as follows:

w(m) — w(m_l)

k )
and its discrete gradient Gyv : [0,T] — X7 by
)

drw(t) = for a.e. t € ((m — 1)k, mk), for all m € [1, N], (A.9)

GrwO(z) if t = 0,

G t) =
reed {GTw(m)(x) if t € ((m — 1)k, mk], for m € [1,N],

where G : X7 — L?(f) be the discrete normal gradient defined by (2.6). We also need to
define the space V7 of all functions v € L?(0,T; X7) for which there exist N elements of X,
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denoted by (v(m))meﬂl’w, such that

o(t) = '™ for a.e. t € ((m — 1)k, mk), for all m € [1, N]. (A.10)
Observe that there is now a bijection from the space Vi to Xé-v , through the mapping w
(w(mk))me[[l,N]]-

Remark A.2 (Difference between Wy and V). The functions belonging to Wy are defined
pointwise and everywhere, whereas those belonging to V- are only defined almost everywhere on
(0,7).

The scheme (A.7a))—(A.7b) can then be written under the following form (for the sake of
brevity, here and in the sequel, we omit 0,7 in the expression of some spaces of time dependent
functions: for example, we write L?(L%(Q)) instead of L%(0,T; L?(f2))):

Find v € W such that V(v, z) € Vir x X7, b(u, (v, 2)) = L((v, z)), with (A.11a)
b(u, (v, 2)) = (Oru, v) r2(12(0)) + AGTU, GTU>L2(L2( ) + (u ( ) —@u(T),2)12),  (A.11b)
L((v,2)) = (f,v)r2(22)) — (F, VTU) p2(12(0)ay + (€05 2) 12

A.2. An optimal error estimate. Let Ry : v € X7 +— Ryv € X, with Ryv defined by
AGTRTv, GTw) 2()a = (v, w)2(0)  for all w € X7 (A.12)
With this definition, the scheme (A.11)) can be recast as: for all (v, z) € Vi x X7,
AGTRTOu + Gru, GTv) 212 (0)0y + (F, VT0) £2(22(0)a)
+ (u(0) — Qu(T), 2) p2(0) = (f, V) L2(L2()) + (0: 2) L2(0)-  (A.13)
We define a distance between any functions ¢ € W(0,7;Q) and v € Wy by
8 (@, v) = d|GTR¢' — GTRT0 12120

+dl|Gre — Grovlr22(0) + m(z)uT(] () = v(®)L2(0)-

(A.14)

(Recall that G7 is the mean normal gradient defined by (3 ) The interpolation error for a
given function ¢ € W(0,T; ) is then defined by

() = inf 88 (p,0) (A.15)
veEWr
We also define the time-space conformity error Cg) : L2(0,T; Hy;y () — [0, 4+00) by

) ) (@, Vrw) p2(r2(yey + (divee, w) r2(12(q))
Ve € L7(0,T; Haiv()), ¢ () = sup
weVr\{0} IGTwll L2200

. (A.16)
Before proving the optimal error result, we need the following preliminary lemma.
Lemma A.3. For w € X7, the following inequalities hold

o lw)llr2@) < |dGTRIOwlr2z2@)) + ldGrwllrzz@) + [[w(0)lrz2@q), (A17)

1 1
(GTRTOw, dGTw) 12(12(02)) = §HW(T)||%2(Q) - 5““1(0)”%2(5)); (A.18)
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and, recalling that diam($2) is defined by (3.4)),
diam(£2)?
T

Proof. Let w € X7 thanks to the equality (a—b)a = 2a®+ 3(a —b)? — $b%, the definition (A12)
of Ry yields, for 0 <m <n <N,

|d G R0swl| 7220y + (1 + ) ld Grwl|Fa(2(y) = [w(T)]720)- (A.19)

nk nk
/k (GTR70w(t), dGTw(t)>L2(Q)dt = / . <5tw(t),w(t)>Lz(Q)dt
n-l (P+1) _ 4P
w
Z k —aw(p+1)>L2(Q)
b=
1

1
Hw( )||L2(Q) +5 Z I (w®+ — (p))H%z’(Q) - §||w(m)||%2(9)- (A.20)

Applying the Cauchy—Schwarz inequality to the left-hand side, we get
L L (m
§H’w( 720y < I1dGT RO 12(12(0)0) |d Grwl r2r2aye) + §Hw( N2

1 1 1o
< §HdGTRT5th%2(L2(Q)d) + §HdGTwH%2(L2(Q)d) + 5”“’( 1720, (A.21)

where the second line follows from the Young inequality. Setting m = 0 allows us to take any
n =0,...,N. Taking the square root of the above inequality and using (a4 b? +02)1/2 <a+b+c
then concludes the proof of (A.17)).

The inequality (A.18) is obtained letting m = 0 and n = N in (A.20). To prove (A.19), we
A.2]]

come back to (A.21]) and set n = N to get, after multiplication by 2k, for all m =0,..., N,
k”w(T)H%?(Q) < kHdGTRTathm(m(Q)d) + kHdGT@UH%%m(Q)d) + kHw(m) H%?(Q)'
Summing over m € [1, N yields
Tllw(T)|72() < Tlld GrRTOmw| a2y + TNdGTwl L2121y + [0l72(12(0y)
< THdGTRTathi?(L?(Q)d) +(T+ diam(Q)Q)||d,G7—wH%2(L2(Q)d),
which proves (A.19)). O
We now turn to the error estimate result.

Theorem A.4. There exists one and only one solution u to (A.7). Moreover, letting w be the
solution to (A.4) and v be defined by

v:=VRu +Vu+ F € L*(0,T; Hy,(Q)), (A.22)
there exists Cor > 0, depending only on Q0 and T', such that:

%[g@(v) + zﬁ,ﬂ(a,v)} < WM@u < CQ,T[g(T”(v) + I(P(m)] (A.23)

Remark A.5 (Optimality of the error estimate (A.23). As in the steady case, the second
inequality in (A.23)) gives an error estimate for the scheme, while the first inequality shows its
optimality.
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Proof of Theorem[A.]] Let v € Vi and z € X7 be given. Definition (A.16) of C(TT)(v) gives

T
| (000, Fro) agye + @ive®). o)) < o (0)VaIGrolaqeao,

This yields, using (A.6|) (which reads divo = —f), and (A.13)),

T
/0 d(<gTRa/(t) + Gru(t) — (GrRyOu(t) + Gru(t)), GTU(t»LQ(Q))dt

+ (& — (u(0) = @u(T)), D)z < G (WVAIGroll 2 raq)-
Using u(0) — ®u(T') = &, we get

T
/0 d((gTRU’(t) + Gru(t) — (GrRyOu(t) + Gru(t)), GTv(t)>L2(Q))dt
+ (u(0) — 2u(T) — (u(0) — @u(T)), z) r2(q)
< (P W)Vl Groll 2oy (A-24)

We then take an arbitrary element v € Wy and notice that, by definition (A.14]) of (5? ) (u,v)
and since ® is a contraction,

/0 ' d([GT R0 — GrRu|(t), GTu(t)) 12(q) + ([GTV — G7a](t), GTo(t)) 12 () dt
+ (0(0) = u(0) — ©(v(T) = u(T)), 2)r2(q)
< 8@, 0)||Grvll 2y + 207 (@, 0)||2 ] 2(c)-
Adding this inequality to yields

T
/0 AGTRIOE — u)(t) + Gr(B(t) — u(t)), Gro(t) 2oy dt
(5(0) — u(0)) — BE(T) — u(T)), =) 20
< (67 @) + ¢ @)IIGroll e + 207 @) 2llz). (A25)

Let us now introduce the notations used in Lemma [A.6] and prove that the hypotheses of
the lemma hold. We denote by V = L?(0,T; L*(92)) the Hilbert space endowed with the inner
product d(,-)r2(r2(q)), and by L = L?()). Let Z and Y be the Hilbert spaces defined by

Z=VxVxLxLandY =V x L. We define the bilinear form b : Z x Y — R by
b((21, 22, 23, 24), (Y1, 42)) = d{z1 + Aza, y1)v + (23 — g, 421, (A.26)
where A = Id. We then define the subspace X C Z by
X = GT(VT) X GT(VT) X XT x X7

The operator A = Id satisfies (A.30) with « = M = 1. Condition (A.32)) is satisfied since
X1 = Xo = G7(Vy). Let us prove that we can find ¢ > 0 and § > 0 such that (A.33]) holds.
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Applying Lemma EL we add (A.18) to (1 + M) x (A.19). This shows that the
hypothesis (A.33]) is satisfied with

T — and 1/:5

diam(2)2\ ' 1 1
12

1
= = — 1
(=p 2+<+

. -1
We note that u — v||®|? > pu—v = il—l—W) L=

We can therefore apply Lemma [A.6, which yields the existence of 3 > 0 depending only on
diam(Q2) and T such that

~

sup b((21, 22, 23, 24), (Y1, y2)) = Bll(21, 22, 23, 24) || z
(y1,y2) €X2x X3, (y1,y2) [y =1

V(z1, 22,23, 24) € X. (A.27)
We now remark that Inequality (A.25)) can be expressed by

b((21, 22, 23, 24), (y1,2)) < Cullyallv + Gyl 20, (A.28)
with
21 = GT ROV — u), =G7r(v—u),
z3 = (0(0) — u(0)), zg = (0(T) — (1)),
= G, Y2 = 2,

a =@ +Pw), @&=2"@0).

Taking in the right-hand-side of (A.28) the maximum over all (y1,y2) € G7(Vr) x X7 with
norm in V x L?(Q) equal to 1 and using (A.27), we deduce that

BIGTRIOE — ) 312y + G T = w200
- _ 1/2
115 = w)(0) 320y + 165 = 0) (D)3 )
< (5<T>—~ @) N2 L s =]
< (@) + V@) + 46 @)

<8P @m) + P (w) + 200 (@,7), (A29)

where we use (a? + b?)"? < a + b for positive a and b in the last inequality. Plugging this into

(A.29) and using (A.17)) in Lemma together with a + b+ ¢ < v/3(a? 4+ b? + )72, we infer
B(IGT RO — Wl 2y + 16T — )z + max 1@ - 00 2)
T/ ~ T
<3 (35; )@, 7) + ¢! )(v)> .
Using the triangle inequality in the definition (A.14]) of 5£rT ), we infer
B (@, u) < V3 (35$ )(@,7) + C(TT)(U)> + B (@, ).
Since v is arbitrary in Wy, this concludes the proof of the second inequality in (A.23)).
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Let us now turn to the first inequality in (A.23)); first note that

inf 6Dz o) < 50w w).
vé%[/T(ST (@, v) <677 (T,u)

To bound C(TT) (v) we recall that v = VR@ 4+ Vu + F satisfies —divo = f (see (A.6))), and use
the scheme (A.13) (with z = 0) to write, for any v € V\{0},

(v, G7'U>L2(Q)d + (divw, U>L2(Q)
- / ' (¢vra ) + va(t)
0
— (GrRyOwu(t) + Gru(t)), Gro(®) 2oy ) dt

< (VR = GrRrow)l| gy + (98 = Gru)ll s
X |GToll 212 ())-

Dividing by [|G7v| 12(12(q)¢) and taking the supremum over v € V7\{0} shows that C7(—T) (v) <

5§-T ) (@, u), which concludes the proof.

Finally, as in the steady case, we notice that (u(®), (U(m))me[[l,N]]) is solution to a square linear
system. Therefore the error estimate Theorem proves that, for a null right-hand-side, the
solution is null, which shows that the system is invertible.

U
The following lemma is proven in [9].

Lemma A.6 ([9, Lemma 4.7|). Let V' and L be Hilbert spaces. Let Z and Y be the Hilbert
spaces defined by Z =V XV X Lx L andY =V x L. Let A:V — V be an M -continuous and
a-coercive linear operator (with M > 1 and o > 0), which means that

|Av||y < M|jv|lv  and (Av,v)v > a|v||} VYo € V. (A.30)
Let ® : L — L be a linear operator such that || ®|| < 1, and letb : ZxY — R be defined by
b((21, 22, 23, 24), (y1,52)) = (21 + Aza, 1)y + (23 — D24, yo)1, (A.31)

for all (z1, 22, 23, 24) € Z and for all (y1,y2) €Y.
Let X C Z be a subspace of Z. We define the Hilbert spaces X1 C V, Xo CV, X3 C L and
Xy CLby: fori=1,...,4,

X; =A{z;: x € X}, where x; is the i-th component of x € Z.

Assume that

X1 C Xo, (A.32)
and that there exist ¢ > 0 and 6 > 0 such that, for all x € X,
2
o
1,220y + (el + loal) 2 wleal} = vlasl?, (4.33)

for some p € (0,¢] and v € [0, ] with p — v||®||> > 5. Then, there exists B> 0, only depending
ona, M, ¢ and § (and not on u, v and ||®||) such that

sup B({L‘,y) > BHIL‘HZ Vo e X. (A.34)
yEX2x X3, [lylly=1
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