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Abstract

We study the existence, regularity and uniqueness for a general class
of triangular reaction-cross-diffusion systems coming from the study of
starvation driven behavior for two species in competition. This study
involves an equivalent system in non-divergence form, for which existence
can be obtained thanks to Schauder’s fixed point theorem.
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1 Introduction

This paper is devoted to the analysis of a class of triangular cross-diffusion systems
with unknowns u = w(t,z) > 0 and v = v(¢,z) > 0, representing the densities of
two populations. We assume that the species represented by v diffuses with a given
constant rate, while the species represented by w diffuses with a rate B(u,v), which
depends on both u and v. In other terms, the equation satisfied by u involves a
cross-diffusion term. The system is said to be triangular as no cross-diffusion term
appears in the equation satisfied by v. Moreover, we include reaction terms modeling
the competition between the two species.

We consider the evolution on a smooth (C°°) bounded domain Q Cc RY, N > 1,
over a time 7. Denoting Q7 = (0,7") x €, the system writes as

{atu = A(uB(u,v)) +uf(uv),  inQr, (1.1)

O = duAv + vg(u, v), in Qr.
It is endowed with zero flux (homogeneous Neumann) boundary conditions
V(uB(u,v)) -0 =Vv-0=0, on (0,T) x 09, (1.2)
and with nonnegative initial data
u(0,2) = uin(x) > 0, v(0,z) = vin(z) > 0, xz e Q. (1.3)

In the sequel, we will consider a diffusion coefficient d, and functions B, f, g which
satisfy the following assumptions.



Assumption A. The diffusion rate associated to the species v is strictly positive, i.e.
dy > 0.

The functions f, g are C*(R4+ x Ry ) and satisfy conditions which are typical of Lotka-
Volterra type reaction terms for competing species, i.e. there exist constants C, 0}7
Cy, Cy > 0 such that for all u,v > 0 (and denoting by 91,02 the derivatives with
respect to the first and second variable)

—Cy(1+u+0) < f(u,v) < Oy,
~Cy(1 4 u+0) < glu,v) < Gy,

) (R1)
|81f(u7 1))|7 |82f(u7 1))| < Cf7
|819(u7v)|7 |82g(u7 v)' < C;‘
We denote
A(u,v) = u B(u,v), (1.4)
and assume that
BeC'Ry xR, Ry). (D1)
We also suppose that there exist ao, a1,as > 0 such that for all u,v > 0,
0 < ao < B(u,v) < a1, (1.5)
and
|02 B(u,v)| < as. (1.6)
We assume moreover that there exists a2 > 0 such that for all u,v > 0,
0<ao<hA(u,v) <aq and |02 A(u,v)| < as. (D2)

The motivation for studying such systems comes from the modeling of the effect of
starvation on the movement of individuals belonging to species in competition. They
are sometimes called starvation driven cross-diffusion systems. In [3, Chapter 3], a
whole class of starvation driven cross-diffusion systems is obtained from a microscopic
description of the interaction between individuals. The obtained systems are

Ou — A(dauZ(m ’U) + dbu; (u7 1))) = fa(u:;(u7 ’U)7 uZ (u7 U)7 U) + fb(uz (u7 U)7 ult (u7 U)7 U)7
0w — dyAv = fU(uZ(u7 1})7 u;:(u7 1})7 1})7
over (0, +00) x , with diffusion coefficients da, dp, d» > 0, dq # dp, and reaction terms

fa, fo, fo of Lotka-Volterra type (for competing species), where (u};(u,v), u; (u,v)) are
defined as the unique solution to the nonlinear system

u = UZ(% U) + U;(U, U)v
o (bug (u,v) + dv) ug (u, v) — Y(au; (u,v) + cv) ug(u,v) = 0,

where ¢ and 9 are suitable conversion rates, and a, b, ¢,d > 0 are parameters, see [3,
Chapter 3] for more details. Those systems belong to the class of systems studied in
this paper by setting

A(u,v) = douy (u, v) + dyug (u, ), vg(u,v) = folug(u,v),us (u,v),v),

w () o= fa(ul(u, 0), 1 (,0),0) + Fo (o, ), 5 (), 0).



Our main theorem shows the existence of strong solutions to system (1.1)—(1.3)
under Assumption A.

Theorem 1.1. Consider a smooth bounded domain Q C RY for N > 1 and suppose
that dv, B, f,g satisfy Assumption A. Consider also nonnegative initial data w, €
(L N HY)(Q), vin € (L N W>P(Q) N H?)(Q) for all p € [1,+00), compatible with
the Neumann boundary condition (1.2).

Then, there exists a strong nonnegative global solution (u,v) to system (1.1)—(1.3),
in the sense that

1) each term in the two equations of (1.1) is locally integrable and the equations
are satisfied a.e. in Qr,
it) the boundary and initial conditions (1.2), (1.3) hold in the sense of traces.
Moreover, for all T > 0 and fori,j=1,...,N, it holds for all p € [1,+00)
i) uw € L>([0,T]; LP()), 0z,u € L™= ([0,T]; L*()), 8tu78§isz(u7v) € L*(Qr),
i) v € L=(Qr), 9v,0% 5, v € LP(Qr), 9, 0y 2,0 € L2 (Qr).
Finally, if N <3, it holds fori,7=1,...,N,

u € L= (Qr), dr,u € L (Qr), O, 03,50 € L*([0,T); L=(Q)),
and if N =1 and um € WHP(Q) for all p € [1,+00), it holds
Ozu € LP(QT).

Theorem 1.1 is proved in Section 2. The main difficulty in constructing strong
solutions to system (1.1)—(1.3) is the presence of the nonlinear cross-diffusion term
in the equation satisfied by u. A key estimate is formally obtained by using suitable
multiplicators when considering the evolution of w in (1.1). It leads to the estimates:
Oz,u € L°°([O, T];L2(Q)), (%u,BiixjA(u,v) € L*(Qr), for i,5 =1,...,N. We present
in this paper an original way of finding a suitable regularization preserving these estim-
ates (see Subsection 2.1). This is achieved by first proving the existence of solutions to
a regularized system in a non-divergence form, using a convenient change of variable
(see Subsections 2.2, 2.3). Then, we show uniform (with respect to the regularization
parameter) a priori bounds, which allow to pass to the limit when the regularization
parameter tends to 0 (see Subsection 2.4).

We conclude this introduction with the statement of two stability /uniqueness res-
ults. If the space dimension is N < 2, the regularity of the strong solutions obtained in
Theorem 1.1, is sufficient to prove stability in a strong norm (see Theorem 1.2) under
the following slightly stricter assumption.

Assumption B. The diffusivity function A is such that
8%-14 is bounded for ,j = 1, 2.

This regularity is also sufficient to ensure stability in a weak norm if N < 3,
without the extra Assumption B. More precisely, we prove in Theorem 1.3 a stability
result in (H')’(Q), denoted as the dual space of H'(2), with the norm

[wlltary ) = ()5 + IVSlIZ2),  we L*(Q), (L.7)



where (w)q is the average value of w in Q and ¢ is the unique solution of the Neumann
problem

~A¢p=w— (w)g, nQ, Vé-o=0 ond, (¢)a = 0.

Theorem 1.2. Let N < 2 and Q be a smooth bounded open set of RY. We suppose
that Assumptions A and B hold, and we take two solutions (ui,v;), ¢ = 1,2 of sys-
tem (1.1), (1.2), given by Theorem 1.1, corresponding to the nonnegative initial data
(ui, in, Vs, m)7 i =1,2 with Ui, in € (Loo n Hl)(Q), Vi, in € HB(Q)
Then, there ezists a constant Csiar, > 0, depending on Q, T, ag, a1, a2, a3, dv, Cy,
C}; Cy, Cy, Haisz”CXM and on [[uz||Lee (@r), [VuzllLa@eys 1v2llzee @), VU220, 770 (9))
such that

2 2
llur = w2llzoe o,73;22(0)) n L2 (10,771 (2)) + 101 = 2llLos 0,722 (0)) 1 L2 (0, 71; 1. (02))

< Cita (|[ur,mn — uz,mll72(0) + [01,m — v2,mll72(g))-  (1.8)
Finally, if u1,in = u2,in and vi,m = v, for a.e. x© € §, then
ui(t, x) = ua(t, ) and v1(t,x) = v2(t, ), a.e (t,z)€ Qr,
so that uniqueness holds for system (1.1), (1.2).

Theorem 1.3. Let N < 3 and Q be a smooth bounded open set of RY . We suppose that
Assumption A holds, and we take two solutions (ui,vi), i = 1,2 of system (1.1), (1.2),
given by Theorem 1.1, corresponding to the nonnegative initial data (Ui, in, Vi, in), © =
1,2 with wim € (L™ N H")(Q), viim € (WP N H?) (Q) for all p € [1, +00).

Then, there exists a constant Cl,,, > 0, depending on Q, T, ao, a1, a2, as, dy, Cy,
C%, Cg, Cy, and on ||ui|lLo(ar), l[uzllre @), [villzee @y, lv2llLoe (@), such that

2 2
lur — quLoo([o,T];(Hl)/(Q)) + [lor — U2||L°°([0,T];(H1)’(Q))

< Cémb(HUl,m - UZJ””%Hl)'(Q) + [lv1,im — UZ,m”%Hl)/(Q))- (1.9)
Finally, if ui,in = u2,in and vi,m = v2,in for a.e. x € §2, then
ui(t, z) = ua(t, z) and vi(t,z) = v2(t,x), a.e (t,x) € Qr,
so that uniqueness holds for system (1.1), (1.2).

Remark 1. The stability results only depend on the dimension through the assump-
tions on the solutions (as obtained in Theorem 1.1) and can be rephrased as conditional
stability results in all dimensions.

For the weak stability result, the stability constant depends on both solutions but
the dependency on the first solution (u1,v1) can be measured in a weaker norm, see
the remark at the end of the proof of Theorem 1.3.

For the modeling of biological populations in starvation driven situations, we refer
to [4], [14] and [3]. We refer to [18] for one of the first models in population dynamics
involving cross-diffusion terms. Existence, uniqueness and regularity results for trian-
gular cross-diffusion systems can be found in [16], [19], [5], [6], [7] (note here that by
triangular, we mean that cross-diffusion terms appear only in one of the equations of



the system). Finally, for results on the stability of equilibria for cross-diffusion models,
we refer to [13], [10], [11], [12], [2], [8], and the references therein.

The rest of the paper is organised as follows: Section 2 aims to prove the existence
result, stated in Theorem 1.1. More precisely, in Subsection 2.1, we introduce a regu-
larized system in non-divergence form and in Subsection 2.2, we prove the existence of
a strong solution to this regularized system. Then, we explain in Subsection 2.3 how it
enables to obtain existence for an equivalent regularized system in divergence form. In
Subsection 2./, we conclude the proof of Theorem 1.1 by removing the regularization.
The stability statements are then proven in Section 3. A classical result for parabolic
equations is finally recalled in Appendiz A.

2 Proof of the main Theorem 1.1
2.1 Introduction of a regularized system in non-divergence
form

We first introduce a parabolic system which is formally equivalent to (1.1)—(1.3). For
this, we consider the equation satisfied by a := A(u,v).

By assumption (D2), we can define the reciprocal U of A with respect to the first
variable, that is, for a given v > 0,

a = A(u,v) = u=U(a,v). (2.1)

Using this change of variable, we can rewrite (1.1)—(1.3) as follows:

Ora = p(a,v)Aa + a s(a,v, Owv), in Qr,
O = dyAv +vg(U(a,v),v), in Qr,
Va-c=Vv-0=0, on (0,T) x 09,

with a(0, ) = ain = A(Uin, Vin), v(0,-) = vin,
u(a,v) = AU, v),v), (2.2)
and for all a > 0

s(a,v,0pv) == U(Z’ v) [f(U(a,v),v)01A(U(a,v),v) + 92B(U(a,v),v) 0] .

By (D1), (D2) we observe that from (2.2), u € C(R4+ x Ry) and
for all a,v >0, 0 < ao < pa,v) <ai, (2.3)
and thanks to estimate (1.5), we get for all @ > 0 and v > 0
1 < U(a,v) < i
al a ao

0<

(2.4)

Moreover by (D1), (D2), the implicit function theorem guarantees the C* character of
U and, for all a,v > 0, the estimates

1 -1 1 1

~ < 8U(a,v) = (81A(U(a,v),v)) = <, (2.5)

ai wla,v) ~ a

o



using (2.2), (2.3), and thanks to (D2),

A
_& S@zU(a,’U):—M S%- (2.6)
ao pla,v) ao

We now introduce the following truncated-regularized system in non-divergence form
for any e, M > 0,

Orac, vt = p(ae,nr, Ve, nr ) Aae v + ae, mSn(Ge,nr, Ve, i, Orve,nr),  in Qp,

Orve, i = doAve v + Ve, M Ge,m (U(Ge, 1, Ve, M), Ve M), in Qr,
Vae v -0 =Voem-0=0, on (0,T) x 09,
(2.7
with
Ul(a,v) .
sm(a,v,0v) == [f(min{U(a,v), M},v)01A(U(a,v),v) + 2B (U(a,v),v)dw] ,
(2.8)
and where we define, for a.e. (t,z) € R¥*! and for all ¢ > 0,
Je, M (u7 v) = g(min{u7 M}, min{v, M}) ¥tz Qe (2.9)

Note that, slightly abusing notations, v and v in (2.9) are identified to their respective
extension defined on RN, by continuity in time outside (0,7) and by zero in space
outside 2. Finally, *; , stands for the convolution operation in time and space variables
and (¢e)e>o0 is a family of standard mollifiers on RN+,

Moreover, the system (2.7)—(2.9) is endowed with the initial data

as,]\l(07 :C) = ain,s(x) =A ((uin kg 1/)6) (x)7 (Uin * d)e)(x)) 5 HAS Q7

Ve, (0, %) = Vin,e (T) = (Vin *a V<) (), ceq, (2.10)

where again, uin, vin are extended by zero outside €, and (¢¢)<>0 is a family of standard
mollifiers on RY.

It is worth noticing that the regularization and truncation only affect the reaction
part in (2.7) and the initial conditions (2.10). Note also that we truncate the function
f only with respect to u, while no truncation with respect to v is needed.

2.2 Existence for the regularized system in non-divergence
form

In this subsection, we prove existence to system (2.7)—(2.10). We first state the fol-
lowing existence result.

Proposition 2.1. Let N > 1 and Q be a smooth bounded open subset of RY. We
suppose that the parameters dy, B, f, g satisfy Assumption A. We consider nonnegative
initial data (ain, vin) € (L°° N HY)(Q) x L=(Q).

Then, for any fired e, M > 0, there exists a nonnegative strong (in the same
sense as in Theorem 1.1) solution (ac nr,venr) to (2.7)—(2.10), such that for all i,5 =
1,...,N,

i) ac,u € L(Qr), Oiaenr, 03,5 00,0 € L2 (Qr), 00,00, € L (Qr),

1) Ve, M, Oz;Ve, M, Orve,m € L™ (Q1), eﬁizjvg,M € LP(Qr) for allp € [1,00).



‘We now prove Proposition 2.1.

Proof. We want to use a fixed point argument. In order to be able to use Schauder’s
theorem, we need first to introduce yet another regularization.

Let €, M > 0 be fixed. We introduce the approximating system below for all § > 0
(we only indicate the dependence of the unknowns a,v with respect to § since € and
M are fixed),

Oras = (u(as,vs) *z Ys) Aas + assa(as, vs, Orvs), in Qr,
0rvs = dvAvs + s ge,m (U(as, vs),vs), in Qr, (2.11)
Vas -0 =Vuvs- o =0, on (0,T) x 09,

where, once again slightly abusing notations, p(as,vs) is identified to its extension
by zero defined on [0,7] x RY, while (15)s is a standard mollifier on RY. Finally,
W, M, ge,m are defined as in (2.2), (2.8), (2.9) respectively, and the nonnegative initial
data are defined as in (2.10), i.e.

as(0,2) := ain,e(z) >0, v5(0,z) := vin,e(z) > 0. (2.12)

The existence to system (2.11), (2.12) is obtained by applying Schauder’s fixed
point theorem [9] on the Banach space

E = L>([0,T]; L*(%)),

and with the map

[OF I (a(;,'l)(;) S E2 — (6,5,175), (2.13)
where vs satisfies
s = dyAvs + Vs5ge,m (U(as, vs), vs), in Qr,
Vs -0 =0, on (0,T) x 09, (2.14)
05(0,T) = Vin,e, on €,

and as solves

Oras = (p(as, Us) *a ¥s) Aas + assn(as, s, 0¢0s5), in Qr,
Vas -0 =0, on (0,T) x 09, (2.15)

a5(0, ) = Gin,e, on 2.

Note that (2.14) and (2.15) are linear parabolic problems for which the existence of
a unique nonnegative strong solution is classical (see Proposition A.1 of the Appendix).
Then, we show that the map (2.13) satisfies the assumptions of Schauder’s fixed point
theorem.

Indeed, thanks to the maximum principle for the heat equation, we first see that
since
ger (Ul(as,vs),v5) < Cy,
we get the estimate
19511 oe () < €7 [[vine| oo () - (2.16)

Then, we take the derivative in time of (2.14):

(0r — duA)(0105) = 0:0s g(min{U (as,vs), M}, min{vs, M}) ¢z pe



+ s g(min{U(a(;7 vs), M }, min{vs, M}) k¢ 5 Oppe.
Observing that
g (min{U(as,vs), M}, min{vs, M}) %0 ¢l Loo (o)

+ llg(min{U (as,vs), M}, min{vs, M}) #¢ 0 Orpe || oo (@) < Cle, M, T),

where C(e, M,T) is a generic constant depending on ¢, M,T but not , and using
estimate (2.16), we can now use the maximum principle for the heat equation, and get

10695 || Loo () < Cle, M, T, Isas(as, Us, 0t0s)|| Loo () < Cle, M, T),  (2.17)

with sas is defined in (2.8) and using (D2), (R1), (1.6), (2.4). Moreover, the maximal
regularity implies
||392cixj176||LP(QT) < C(e,M,T), (2.18)

foralli,j=1,...,N, p € [1,+00). Then as satisfies, thanks to Proposition A.1 (and
an interpolation between L°°(Qr) and L2([0,T]; H*(Q))) for all 4,5 = 1,..., N,

sl oo () + |0sis]l L2y + 1020, G5l L2 2y + 10,5l La gy < Cle, M, T). (2.19)

Thanks to estimates (2.16)—(2.19), the map ® : E*> — E? is compact, using the
Rellich-Kondrakov theorem [1]. Moreover, it satisfies the inclusion

®(Bg X Bg) C Bg x Bg,
with Bg = B0 (0,Q)+ :=={w € Es.t. 0 <w < Q} and
Q == max (" Jvin,cll7 (@), Cle, M, T)) > 0.

Finally, it is possible to show that ® : E? — E? is continuous (see [3, Subsection 3.2.3]
for details).

Therefore, using Schauder’s fixed point theorem, there exists at least one strong
solution (as > 0,vs > 0) to (2.11), (2.12), satisfying estimates (2.16)—(2.19) (with
(as,vs) replacing (as, Us))-

Using the second equation of (2.11) and the properties of the heat equation, we
also observe that

|02, 0s || Loe (o) < Cle, M, T), fori=1,..,N. (2.20)

We now use this solution (as,vs) and let § — 0. Estimates (2.16)—(2.19) ensure
that we can extract subsequences (still denoted by (as, vs)) such that for some a,v €
L= (QT)7

as — a, vs — v a.e. in Qr and strongly in L?(Qr), for all p € [1,00),  (2.21)

Ocas — Ora, Aas — Aa, Vas — Va, weakly in L2 (Qr), (2.22)

and
Ows — O, Avs — Av, Vus — Vv, weakly in LP(Qr), for all p € [1,00). (2.23)
Recalling estimate (2.3), we end up with
(1(as, vs) %z ¥5) Aas — p(a,v)Aa, weakly in L'(Qr), asd — 0. (2.24)



We now take the weak limit in the r.h.s. of the first equation in (2.11). The conver-
gences (2.21), (2.23) and the d —uniform bounds (2.16)—(2.20) ensure that sas(as, vs, O¢vs)
converges to sar(a, v, 0:v), weakly in LP(Qr) for all p € [1,00), so that (a,v) satisfy
the first equation of system (2.11).

The convergence in the second equation in system (2.11) is obtained in a similar
way. We also pass to the limit in the boundary condition of (2.11), using (2.21)—(2.23)
and the continuity of the trace operator.

Finally, using the weak lower semi-continuity property of the LP(27) norm for
p € (1,+00] and estimates (2.16)—(2.20), we conclude that (ac,nr,ve,nr) is a strong
solution to the system (2.7)—(2.10), satisfying the bounds i) and ii) announced in
Proposition 2.1. O

2.3 Existence for the regularized system in divergence
form

Hereafter, we restore the ¢, M —dependency in the notation, so that we refer to the
a.e. limit of as,vs as ae,nr, ve, M, respectively.

In this subsection, we deduce from Proposition 2.1 the existence to the following
regularized system in divergence form, satisfied by the unknowns (ue,ar, ve,nr)

Ovte it = A(A(te,nr,ve,nr)) + e, nr o (te, a5 ve,ar), on Qr,
O01ve, i = doAve,nr + Ve, M Ge, M (Ue, M, Ve, M1 ), on Qr, (2.25)
V (A(ue,rr,vem)) -0 =Voear -0 =0, on (0,T) x 09,

with far(u,v) = f(min{u, M}, v) (and, as previously, ge m (u,v) = g(min{u, M}, min{v, M})x .
©e). We complete the system with the initial conditions

e, 11 (0,2) = Uin e () := (Uin *2 Ve ) (2), Ve Q,

Ve, 11 (0,2) = Vin e (@) := (vin *2 e ) (), VzeQ. (2.26)

The existence result is stated in the following corollary.

Corollary 2.2. Let N > 1 and Q be a smooth bounded open subset of RN. We
suppose that the parameters dy, B, f, g satisfy Assumption A. We consider the initial
data win € (L°° N HY)(Q), vin € L®(Q) compatible with Neumann boundary condition.

Then, for any fixed e, M > 0 there exists a nonnegative strong (in the sense of
Theorem 1.1) solution (ue nr,ve,nr) to system (2.25), (2.26), such that for all i,j =
1,...,N,

i) et € L(Qr), Osie,nr, 02,0, A(ue,n, ve,nr) € L2 (Qr), 0o, ue,mr € L (Qr),

i) Ve,M, Osve M, O, Ve, € L (Q1), eﬁizjvg,M € LP(Qr) for all p € [1,00).

Proof. For any ¢, M fixed, let (ae,ar,ve,m) be a solution to (2.7)—(2.10), given by
Proposition 2.1. Then, by a density argument and recalling the C* character of U in
(2.1), we can prove that ue m = U(ae,nr,ve,m) admits a weak time derivative, given
by

Orte, it = O1U (@e, 0, Ve, M )Ovae, nr + 02U (ae,mr, Ve, M )OsVe, M4 (2.27)

belonging to L?(Q27), and a weak space derivative

8zqu,M = 81U(aE,M,qu,M)8zia5,M =+ azU(aE,M, vE,M)&civE,M, Vi = 1, . N, (2.28)



belonging to L4(QT). Note also that 8§isz(ug,M7vg,M) = aﬁi,jaE,M. Then, using
(2.27) and the identity 01U (a,v)01A(U(a,v),v) = 1, we see that uc s satisfies the
first equation of (2.25) (a.e. in Q7). Moreover, the trace of Vac as on [0,T] x 9 is the
trace of V(A(ug,M7 vE,M))7 so that the first Neumann boundary condition in (2.25) is
satisfied. The same holds for the initial conditions. Finally, the equation, boundary
condition and initial condition related to wve ar are identical in the system satisfied
by (ae,nm,ve,nm) and in the system satisfied by (ue,ar,ve,nr) (When U(ac,ar, ve,nr) is
replaced by ue ar in the equations). Therefore, (ue ar,ve,nr) is a nonnegative strong
solution to system (2.25), (2.26). The bounds satisfied by ue, ar, ve,nr in Corollary 2.2

are a direct consequence of the bounds satisfied by ac ar, ve,ar in Proposition 2.1.
|

2.4 Concluding the existence result

By the previous subsections, we now have at our disposal solutions to an approximated
problem. Most of the bounds obtained for those solutions are however depending on
the truncation-regularization parameters ¢ and M. Before letting ¢ tend to 0 and
M tend to oo, we need to establish bounds (still for the solutions to the considered
approximated problem) which do not depend on ¢ and M. This is the object of the
lemma below.

Lemma 2.3. We consider the solution (ue,ar,ve,m) to system (2.25), (2.26), given by
Corollary 2.2, and we assume that wi, € (L NH")(Q) and vin € (L°NW>PNH?)(Q)
for all p € [1,+00).

Then, (ue,nm, Ve, ) Satisfies the following €, M —uniform a priori estimates, for all
p € [1,+00)

lve,m | Loo (2p) < C(T), [we, a1 oo (o, 1527 (2)) < C(T), (2.29)
and for alli,j=1,...,N
10sve,n | Lo @) + 02,2, 0201 | Lo @7y < C(T), (2.30)
and
0eue, nell L2 27y + 10, e n || oo (0, 17:22 (02))
+ 1102 2, (A(te, 0, ve,m0)) [ 2200y < C(T). (2.31)
Moreover, for alli,j =1,...N and for anyn >0
Hafzizjvs,MHN(QT) + (|07 ve nr | L2 (g + ||3t2zivs,MHL4fn(QT) < O(T). (2.32)
Finally, if N < 3,
||3t’Us,M||L2([0,T];L°°(Q)) + HaiixjUs,M||L2([o,T];L°°(Q))
+ llue, oo (op) + 10z, ue, 0] Lapy < C(T), (2.33)
and if N =1 and wi, € WHP(Q) for all p € [1, 00),
[0ztie, || e (27) < C(T). (2.34)

In the estimates above, we denote as C(T) > 0 constants which may depend on
T,Q, on the parameters appearing in Assumption A (that are d., Cy, C}, Cq, Cy, ao,
a1, az, asz), and on the bounds of the initial data, but not on e, M.
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Remark 2. We observe that the hypothesis on the initial datum wi, € LP(Q), for any
p € [1,400), is sufficient to prove the reqularity of ue am the second inequality stated in
(2.29), and estimate (2.31). Indeed, the assumption ui, € L () is only used to obtain
the L (Qr) boundedness of ue,m if N < 3 (see (2.33)). It is also worth noticing that
the hypothesis vy, € H3(2) is only used to get estimate (2.32).

Proof. The first estimate in (2.29) follows from Proposition A.1 (or estimate (2.16),
under the assumption vin, € L*(2)).

We then show the L?(Qr) boundedness of Vv, as, uniformly in e, M, by multiplying
by ve,ar the second equation of (2.25) and integrating on € (for any ¢ € [0,77]). Thus,
we get

1

—/ v?yM(t)d:c—FdU/ Ve ar|*dads < 1/ viM(O)dx—t-C’g/ vZ prdrds < O(T),
2 /o o 2 Ja Q

thanks to the assumption on the initial data and estimate (2.29). Hence we end up
with
Vve Lz o < C(T). (2.35)
We now show the second inequality of (2.29) and inequality (2.30), by proving the
following estimate for any ¢ € N— {0} and ¢, =1,..., N,

2
llwe, a1 | oo (o,77:229 (02)) T+ 10¢ve,m [ p29 (27 ) + 10,2, Ve, 0| 129 (o)
+ ||aziv5»MHL2q+1 Q1) < C(T)7 (236)

using an induction on q. More precisely, we will get the boundedness of the first term
of the L.h.s. of (2.36) by multiplying the first equation of (2.25) by ugz\}l. Then, the
boundedness of the remaining terms in (2.36) will be obtained by maximal regularity
and interpolation inequalities.

We prove (2.36) with ¢ = 1. Denoting (for any fixed e, M > 0)

Aenvr = Aue, v, ve,m), v = faa(ue, v, ve,nr)y g, = ge, i (Ue s, Ve, M),

we have by Young’s inequality

1d

2
- = d
2dt |, oMY

—/01A5,M|VUE,M|2dw—/aer,MVus,Af-Vvs,A4d$+/ ul ar frrda
Q Q Q

1 1 02 A m|?
S——/@lAE,M|Vu5,M|2dac+— M|VUE,M|2dx+Cf/ugdem
2 Jo 2 Jq O01Acm Q
2
< ﬂ/ |VvE,M|2dx+cf/ uZ o d,
2a0 Jq Q

by (R1), (D2). Then Gronwall’s lemma and estimate (2.35) yield

2
2 20T 2 az 2c.T 2
HUE,MHLOO([O,T];L%Q)) <e™d ||“6,M(0)||L2(Q) + (2)6 ! HV%,M”H(QT) < C(T).

a
(2.37)
Moreover, the first inequality in (2.29) and the obtained estimate (2.37) imply the
boundedness of ge,ar in L?(Q7) uniformly in €, M, so that the reaction term of the
equation of ve ar in (2.25) is bounded in L?(927). Remembering that by assumption
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Voin € L2 (©2), maximal regularity and an interpolation inequality ensure that for all
,j=1,...N,

10cve, mll L2 2y + Haiixj”s,MHN(QT) + 10, ve,m L (apy < C(T), (2.38)

thus (2.36) is proved for ¢ = 1.

We now prove (2.36) for ¢ € N — {0, 1}, assuming that it holds for ¢ — 1. In other
words, we assume that for all 3,5 =1,..., N

2
HUE,MHLOO([O)T];LQG*1(Q)) + |‘8tv6,MHL2‘1*1(QT) + Hazizjvva”qufl(QT)
+ |0 Ve, ]| 24 @ < C(T). (2.39)

By multiplying the first equation of (2.25) by uiq]\}l and integrating on 2, we get

Li ug?de = —/ V(As,M)V(uiqA}l)dx + / ug?MfMd:c
q 202 24
< —(2 - 1)/ Uz ap (81A5,MVUE,M + azAg,Mva,M) - Vue mdx + Cf/ uE’de
Q Q
< q 20_2 2 (27-1) 20 _2 2
< =@ =1 [ OAe (g n) Ve mde + ——— | S1Ae.r(ug ar )| Ve m|"dz
Q Q

n (2q—1)/ |02Ac p]? ga_s
Q

|VUE,M|2dx + Cy / ui?de
Q

2 DA oM
1
< Cq/ u'yrdr + / Ve, mr|* de, (2.40)
Q 2071 Jq
where we used assumption (D2) and Hélder’s inequality with coefficients 2;—32, %
Then, Gronwall’s lemma, the assumption on ui, and estimate (2.39) yield
llue,arll oo (0,79 2% (2)) < C(T), (2.41)

giving the boundedness of the first term in (2.36). Moreover, the first inequality in
(2.29) and the obtained estimate (2.41) imply the boundedness of ge,ar in L?* (Qr)
uniformly in e, M, so that the right hand side of (2.25) is bounded in L** (Qr). Thus,
maximal regularity (which holds thanks to the assumption on vin) and an interpolation
inequality give (2.36). This concludes the proof of the second inequality in (2.29) and
inequality (2.30).

We now prove estimate (2.31). First, multiplying by —Aw.,as the equation satisfied
by ve,ar, we get

1d
5%/ |VU€,M|2dx+dU/ |AUE,A{|2d1}:/A’U6,M Ve, M gs,]%dx
Q Q Q

dy 2 ||vs,MHioo(Q) 2
< 5 |Ave,n |“dx + g gz, mdx,
Q v Q

so that integrating w.r.t time and using the uniform L?(Q7) boundedness of g. s, and
the assumption vi, € Hl(Q)7 we end up with

Ve, arl Los (0,77 22 (0)) < C(T). (2.42)
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Alternatively, one could use the properties of the heat equation to directly obtain that
[IVve || Loe (2p) < Cr, but we will not use this extra information in the sequel. system
(2.7). Inequality (2.4) and the second estimate in (2.29) (with p = 4) imply

lac,al Loo (0,77, 24 (02)) < C(T)- (2.43)
Moreover, thanks to estimates (2.29), (2.30) (with p = 4) we find from Definition (2.8):
IsarllLa (o < C(T). (2.44)

Multiplying the first equation of (2.7) by —Aa.,» and integrating on Qr, we see that
under the assumption ain € H'(Q) (equivalent to uin € H'(Q)),

||3tas,MH2L2(QT) + HVGE,M||%<>O([0,T];L2(Q)) + HAGE,MH%%QT)
2 2 2
< C(Mllacar smlz2 0,y < C(Mlae,mllzaaypy lIsallza,y < C(T), (2.45)
thanks to estimates (2.43) and (2.44). Using identity (2.1), we see that
alAs,Matus,M = 8tas,M - 82As,Matvs,M7

so that using (D2), estimates (2.30) with p = 2 and (2.45), we end up with
2 2 2 az\? 2
90ue ne B2y < 3 lacarlBear) +2( 52 ) 10enrlliae,) < OT). (246)
0

Similarly,
V(A(U&My UE,M)) - 8114E,MV7-L5,M + 82A5,MV'UE,M, (247)
so that using (D2) again, (2.42) and (2.45), we get
”VUS»MHiOO([O,T];L?(Q)) < O(T), (2.48)
Finally, estimates (2.45)—(2.48) are collected in (2.31).

In order to prove estimate (2.32), we take the time derivative in the second equation
of (2.25). Then, using (2.29)—(2.31) we have

[0¢(Orve,m) — dv A(Orve,m) || L2 ()
= ||(Osve, 1) ge, vt + Ve, M O19e, M OsUe, M+ Ve, i O2Ge, M Orve, M || L2 ()
< HatUe,MHM(QT) ||96,MHL4(QT)
+ llve,n | oo (@) [101ge, 01 | oo (@) [|Ortie, n | L2 (2
+ [|ve [ Loe (@) 10292 0 || oo () 100 ve a1 [ L2 (2

< O(T). (2.49)

Therefore, we apply the maximal regularity, using the assumption vin € H3(Q) (and
Uin, Vin € L*°(Q)) and an interpolation inequality, using estimate (2.30), to get for all
i,j=1,..,N and for n > 0

||3tzt1’s,M||L2(QT) + ||3t3xiacj Ve, M2 F ||at2xiv€7M||L4*"(QT) <o), (2.50)

that is estimate (2.32).
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‘We now consider the case when N < 3, so that we can use the continuous injection
H?(Q) < L>=(Q). We see that thanks to estimates (2.45) and (2.50),

A (ue, a5 Ve, n0) | L2 j0,7); Loo (@) F [10tVe, M L2([0,77; Loo () < C(T), (2.51)
which implies, thanks to Definition 2.8,
T
/ sup |sa(t, )| dt < C(T).
0 z€EQ

Thanks to estimate (A.4) in Proposition A.1 applied to the first equation of system
(2.7), and the assumption ain € (L N H')(Q) (equivalent to uin € (L= N H')(Q)),
we get

llae,n | Lo o7y < C(T), (2.52)

and finally
[e,p || Loo () < C(T). (2.53)

Using Gagliardo-Nirenberg’s inequality (with the constant in the inequality denoted
by Can), we see that for all i = 1,..., N, (when N < 3)

Haacl-‘ls,MHiHQ) < Can . sup ”éﬁkwlaE»MHi?(Q)HaE»M”%“’(Q) + CGNHae,MHiOO(Q)'

JA=1,...

Then, by integrating in time over (0,7"), and using estimate (2.31), we obtain
100, 3c.0tll 1 gy < C(T). (2.54)

Using now (D2), (2.30) with p = 4, (2.47) and the above inequality, we end up for
alli=1,...,N (and N < 3), with

102, ue.ml L2 py < C(T) (102, 0 pll gy + 102,02l L2 (0r)) < C(T).
Finally, we observe that (still when N < 3)
lge, a1 (e, a1, Ve, ma) | oo () < Cylll + te,mr 4 Ve, a1 || oo () < C(T),
thanks to (2.53). Then, using (2.51), we see that for all 4,5 =1,..., N,
||35ixjUa,MHL?([o,T];Loo(Q)) < O(T). (2.55)

Collecting estimates (2.51)—(2.55), we obtain (2.33).

We finally consider the case when N = 1. Denoting for simplicity pen =
w(ae,nr,ve,mr) and Se,pr = Sym(@e,nr, Ve, M, OtVe, a1 ), We take p > 1 and compute (re-
membering that ae,a satisfies Neumann’s boundary condition)

d _
T / |8acag,M|2pdx = 2p/ |8’”a€,1&4|2p 19, (ugyMé)zzagyM + ag,Msg,M)dx
Q Q

= —2p/ Oq (|8xae,M|2p71) (ME,]Wazzae,M + e, Se,M)dx
Q

—2p(2p—1) / |aza€,M|2p72892cacas,M (,“s,Maazcacas,M + afyMSE,M)dx-
Q
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As a consequence, it holds by (2.3)

d _
yr / |8xa5,M|2pdac +2p(2p — 1)ao / |8ma5,M|2p 2|8§ZQE,M|2dac
Q Q

< 2p(2p — 1)/ 10,01 |2 |Oswae, 11 |ac, 1r | 5e, 00|z
Q
Thus, by Young’s inequality, we end up with
2
/ 1Oy aeng [Pz < PP =D / 100 ae s |72 |ac.r|? |5e.n |2 de. (2.56)

Recalling the uniform bound (see estimates (2.3), (2.4)), definition (2.8) and Assump-
tion A)

1
[sa1(ae, a1, Ve, nr, Orve, )| < — (a1 Cp (1 + |U(@e, Ve, )| + ve,m) + a3|0cve,ml)
ao

we use the estimates (2.29) and (2.53) to get
|sas(ae, a1, ve ar, Orve ar) > < C(T) (1 + [0rv 1),
Therefore using (2.52), the right-hand side of (2.56) is estimated as

d _
& [ 1000 do < p @2 = 1) C@ el [ 10raen 2 (14 10r0e ) do
Q Q

2p
2p—2° 2

Finally, using Hélder’s inequality with coefficients ( ) for any p > 1, we get

2 2 2p—2
||5xae w1750 0y 42 < Cp(T)lac nrl|Loe ) (1 + 18rve,0 1720 (@) llae, a1l (-

Thus7 we obtain estimate (2.34) by Duhamel’s formula, recalling that we assumed that

win € WHP(Q) for all p € [1,00), and using estimates (2.30). a

We now conclude the proof of Theorem 1.1.

By the ¢, M —uniform estimates shown in Lemma 2.3, we can extract subsequences
from wue ar, ve,p (still denoted by ue,nr, ve,nr) such that for some u € L ([0, T]; LP(Q2)),
for all p € [1,+00), and v € L>(£),

Ue, M —> U, Ve, M — U, ae. inQr ase—0, M — +oo, (2.57)
and for all p € [1,00)

Ortte,m — Oru, weakly in L*(Qr),

Orve,m — Orv, Aveyr — Av, Ve — Vo, weakly in LP(Qr). (2.58)
Moreover, by Assumption A and estimates (2.29), (2.31), the convergence (2.57) en-
sures that

AA(te,nr,ve,mr) = AA(u,v), weakly in L (Qr). (2.59)

Now, we take the D’(Qr) limit as ¢ — 0, M — 400, in (2.25), (2.26). and observe
that wue,ar far (ue,nr,ve,nr) and ve arge, v (Ue, s, Ve,pr) converge towards w f(u,v) and
v g(u,v) strongly in L*(97), thanks to assumption (R1) and the estimates (2.29).

Then, using the convergences obtained above, all the terms in the first two equa-
tions of (2.25) converge in D’(Qr). We conclude by taking the limit in the boundary
conditions of (2.25), using the continuity of the trace operator and the weak con-
vergence of Ave ar, AA(ue,m,ve,mr) in (2.58), (2.59). Finally, using the lower semi-
continuity property of the L?(Qr) norm for p € (1, +00], we conclude that u, v satisfy
the estimates stated in lines i) and ii) of Theorem 1.1.
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3 Stability and uniqueness

In this section, we present the proof of the two stability results (Theorem 1.2 and
Theorem 1.3).
For a better readability, we first introduce for ¢ = 1,2 the notations

Ai = A, vi), fi = fus,v:), gi = g(us,vi),
81Ai = 81A(ui7 ’Ui)7 82142 = 8214(’1“7 ’Ui)
and

N = sup ||823A||oo

i,j=
Hereafter, all constants C' are strictly positive and may change from line to line.
Moreover, if foreseen, the dependency of parameter to be chosen thereafter is denoted
as index of the constant.

Proof of Theorem 1.2. We compute the equations satisfied by w1 —u2 and v1 —v2 and
we multiply by u1 — u2 and A(vi — v2), respectively, where the parameter A > 0 will
be chosen later. Then, we integrate over 2 and we add the obtained formulations to

get
1d (/ 2 2
—— |ur — uz|“dz + X | |v1 — v dm)
2dt\ J, o

= —/ (81A1VU1 + 82A1Vv1) -V(ur — u2)dx
Q
+/ (31A2Vuz + 82A2Vv2) -V(ur — u2)dz — dv)\/ |V (1 — v2)Pdz
Q Q

+/ (urf1 — uafa)(ur — ug)dx + )\/ (vig1 — v2g2) (v1 — v2)dw
Q Q
= Iqiss + Irea- (3.1)

The reaction part is then estimated as below
Irea = /Qf1|u1 — uz|2dx + /Q uz2(fi — f2)(ur — u2)dzx
+ )\/ gilvr — v2|’dx + )\/ v2(g1 — g2)(v1 — v2)dx
< max(Cy, C /|u1—u2| dm+)\/|v1—v2| d:c
+ Cf fluz|| Lo~ /Q {|u1 —uo|® + |ur —uz| o1 — vgq dx
+ X0y [|va]| Lo /Q [Ivl — va|® + ur — uz| v — vzq dz, (3.2)

thanks to (R1). Using Young’s inequality, we get from (3.2)

Irea < Ca(1+ [luz|lzoe + [Jvzllzee) (lur — uzllZ20y + Mo — v2ll72ie)) - (3:3)
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Concerning the diffusion part, it holds by Young’s inequality and (D2),
Idiff = —/ 81A1|V(u1 — U2)|2d:13 — du)\/ |V(v1 — v2)|2dx
Q Q
— / 81(A1 — AQ)VUQ . V(Ul — Uz)d:l? —/ 82A1V(1)1 — vz) . V(Ul — UQ)d:E
Q Q

- / 02(A1 — A2) Vg - V(u1 — ug)dz

<——/|Vu1—uz)| dzx — dv)\—— /|Vv1—v2|d:c
|VUQ| 2 /|V’U2| 2
01(A1 — Az)|°d O2(A1 — A2)|"dx. 3.4
+/981A1|1(1 2)] $+081A1|2(1 2)|"da (3.4)

We now focus on the last two integrals in (3.4). The second one is estimated as follows

|Vwa |
q 0141

S —NH HV'UQH%OO(Q)/ (|u1 — 'LL2|2 + |'L}1 — 1}2|2)d517
ao Q

|8 A1 A2)|2d:c

< OA|Vo2 2 / (jur = w2 + Afor — val?) (3.5)
Q
In order to estimate the first integral, we use (D2) and get

v
/'8111‘:1 |01 (A1 — Ao)|2da

a_o HVU2||L4(Q) [101(Ar — A2)|‘2L4(Q)

IN

A

2 2 2 2 2
< ZNEVusllia (o — uzliEam + o = w2l ). (3.6)

Then, Gagliardo-Nirenberg’s inequality in dimension 2 [17] allows us to estimate the
L* norm of (u; — u2) (resp. (vi — v2)) in terms of the L? norm of (u1 — ua) (resp.
(v1 —v2)) and V(u1 — u2) (respectively V(vi — v2)), as follows

2 2
HVU2||L4(Q)||U1 - u2||L4(Q)

2 2
< CGNHVU2||L4(Q)(||V(U1 - U2)HL2(Q)||U1 - u2HL2(Q) + flur — u2||L2(Q))

CGN |

< 0Cen||V(ur — UZ)HL?(Q) + — |V“2HL4(Q)HU1 - “2HL2(Q)

+ CGNHVUZ”[A(Q) HUl - quLQ(Q)

< 6Can||V (w1 — uz)l\iz(g) + Cs5(1 4 || Vual[34)||u1 — qusz(Q)7

where we denote by Can the constant involved in the Gagliardo-Nirenberg inequality,
0 > 0 a parameter to be chosen later, (and Cs a constant depending on ¢§). Similarly,
for the second term in (3.6) it holds

2 2 2 4 2
||VU2HL4(Q)HUI - U2HL4(Q) <0Cen|IV(v1 — U2)HL2(Q) + Cs(1+ [|[Vuz|[pa)llvr — v2”L2(Q)7
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so that (3.6) is estimated as

Vual® 5 4y = ) e < 2ot (19 2 v 2
[ 01— A2 Pde < 2 Con N (IV 0 — w2)l2 o) + IV (01 =) 2o

+ Co (1 + [[Vuzl7a) (Jlur — uzlliz o) + Mlvr — vallT2(q))-
(3.7)

Therefore, gathering (3.5) and (3.7) into (3.4), the term I4¢s is estimated as,
renaming the constants,

a 26
Lisss < = (5 = 2 ConVh) IV (w1 = w) [F2(o
2
as 20 2 2
— (dr = 2 = ZConNG) IV (01 - w3200

+ Cs (14 [|Vuzl|za + Vo ||Ze) (lur — uzllF2(q) + Allor — v2ll72(0). (38)

Finally, plugging (3.3), (3.8) into (3.1), we end up with

1d

5% <||u1 - 7.L2||i2(g) + )\H’Ul - 1)2”%2(9))
ao 20 2 2

< (G~ 2 Cani ) IV (1 —w2) 3o

2
ai 26 ) ) (3.9)
(42 = 2 = 2 Can NG ) IV (01 = 2)lE20)

+ G (14 [|Vuz|| s + Vo270 + [luzllzee + [lv2]Z=)

2 2
(||u1 - 7.L2||L2(Q) + )\H’Ul - 1)2”[/2(9)).

2 2
Now, we pick § € (0, sc:#) and )\ € (GZZ + 2, 00), and obtain, for some ¢ > 0,
Z N "

d
G s = wlfa + Mo = vl a) + ¢ (190 = wa)lEagoy + 1901 = v2)Eaco )
< C (Jlur — uall7z) + Allor — v2ll72(q)),

where C' depends on ||uz||ze @z), [[VuzllLee jo,71;240)), [[v2]lLoe (15 [VV2lLo0 (01)-
Finally, we get (1.9) thanks to Gronwall’s lemma.

We now present the proof of stability stated in Theorem 1.3 by looking at the
evolution in time of the (H')'(€2) norm.

Proof of Theorem 1.3. Let consider ¢ = ¢(t, x) as the unique solution to the Neumann
problem, for all t € (0,T),

—A¢ = (u1 —u2) — (u1 —u2)o inQ, V¢-o0=0 ondf, (#)a =0. (3.10)
and ¥ = (¢, x) as the unique solution to the Neumann problem, for all ¢t € (0,7,

—A¢ = (v1 —v2) — (v1 —v2)o In€, Vi -0 =0 onodf, (¥)a=0. (3.11)
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‘We compute

1d 2
-4 do —
53 [ 1ol

1d

d
o /Q (—A¢+ (u1 —u2))dr = Saq . d(ur — u2)dz

N = N =

d 1 d
o Ed)(_AQH— (u1 — uz2)a)dzr + 3 /Q czﬁa(ul — uz)dx

d d d
= —%/ﬂ <AE¢> Pdx + %/ﬂg{)a(ul —u2)dx = /Qqﬁa(ul — ug)dx
= / ¢A(A1 — Az)dm +/ qb(ulfl — UQfg)dx = Idiff + Lrea. (3.12)
Q Q

Using the first equation in (3.10), the assumption (D2) and Young’s inequality, we
estimate

Taags = [ (A1) = Afus,00) (~(ar = w2) + (11 = o)) d
+ / (A(uz,v1) — A(uz,v2)) (—(u1 — u2) + (u1 — u2)a) dx
Q
< —ao /Q(ul —ug)?dz 4 a1|Q)(u1 — u2)
+ a2 /Q lur — uzl|lvr — v2|dz + %IQI (w1 — u2)dy + (v1 — v2)3)

1
< —ao <1 — §> /(u1 — uz)zdx + (a1 + a2)|Q(u1 — uz)?)
Q

902
2z (v1 — v2)%dz + a2|Q(v1 — v2)3, (3.13)
ao Q

and by (R1), we estimate for any M > 0 to be determined later
Irea = / ¢ f1(ur — ug)dx +/ pua(f(ur,v1) — flur,v2) + f(u1,v2) — f(uz2,v2))dw
Q Q

a 4
< go (w1 = u2)*dz + —CF (1 + [lurl[ oo (@) + [[v1 |20 (2)) / ¢ da
Q ao Q

+Chlluzlzzecay [ 161 (fur —ua] +1on — vn) o
Q
do, M

< % / (w1 — u2)’dx + /(v1 —wo)’dx + C’1/ P*dz, (3.14)
4 Jo Q Q

with C1 depending on ao, dv, M, |Q|, Cy, C%, ||ui|lpes (o), |villLoe ), © = 1,2. Then,
we put (3.13) and (3.14) into (3.12) to get

1d 2 5(1() 2 d'uM 2(1% / 2
- Vol“de < ——— — d -z — d
5 i / | | < S (U1 uz) x + ( 3 + ) (v1 1)2) T

+ C4 / ¢2d:c + (a1 + a2)|9|(u1 — uz)% + a2|Q|(v1 — 1)2)527. (3.15)
Q
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Similarly as in (3.12), using the first equation in (3.11), we have for any M > 0

M d )

=d, M/ v — v2) (—(v1 — v2) + (v1 —v2)a d:c+/ML/) vig1 — v2g2)dx
= IIdlff +IIrea7

with
Iaipp < —doM (1 — %) /(vl — vz)zd:c + 2d, M|Q|(v1 — vg)?z,
Q

and
d

”TM/(vl—vg)zdx—FC’z/i/)zd:c,
Q Q

with Co depending on ao, dv, M, |Q|, Cy, Cy, |[ui|lLoe @), [|villLo= (), ¢ = 1,2. There-
fore, we end up with

2dt/|V1/J|d <——de/ (v1 — v2) dx+—/ ul—ug

+&/¢m+MMmm—mﬁ (3.16)
Q

II'rea S % / (ul - U2)2dx+
Q

By gathering (3.15), (3.16), we obtain

1d
gt ), (VoI + My do
2
<=2 [ wr —wr)ae (d;” - 2—) [0 —wrdo+ €+ [ (& 0t
Q ao Q Q

+ (a1 + a2)|Q|(u1 — 'U/Q)?) + (az + de)|Q|(v1 — ’Uz)?z. (3.17)

Now, we analyse the evolution in time of (u1 — u2)o and (vi — v2)q, respectively.
1d 1
G —wh = /(u )d:c/ (usfs — wafo)da
1
|Q|2 dac f1 u1 — U2
1
=+ reIe / (u1 — uz)dm/ ug(f1 — fz)dm = J1 + Ja, (3.18)
1212 Jq Q
thus using (R1), we compute by Young’s inequality and Holder’s inequality

J@%(/(ul—u) ) a0|Q|3 </f1 >2

< Lfur — w22 + O — w2, (3.19)

and similarly

J2 = —/Q(Ul —Uz)dJU/Quz (f(u1,v1) — flu1,v2) + flur,v2) — f(u2,v2)) de

M
g v — val|72 0y + C" (1 — u2)d. (3.20)
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By putting (3.19), (3.20) into (3.18), we obtain

1d a dy M
§E(u1 - uQ)?z < IOHU1 — u2H2Lz(Q) + UTHM — U2H2LQ(Q) + Cs(u1 — uz)?z7 (3.21)

where the constant Cs depends on ao, dv, Tu, v, M, Q and on ||uil| Lo (), [|VillLoe ()
i = 1,2. Similarly, it holds

ld
2 dt

do M
4
where the constant Cy depends on ao, dv, Tu, 7w, M, Q and on ||uil| Lo (), [|VillLee (@)

i=1,2.
Adding estimates (3.17), (3.21), (3.22), using Poincaré’s inequality (remember that
Jo@dx = [,% dx = 0) and renaming the constants, we get

a
(Ul - 'U2)?2 < §O|‘U1 — U2H2Lz(g) + ||’U1 — U2H2L2(Q) + 04(’01 — ’Uz)?h (3.22)

1d
s [ (VO + MIVY* + (ur — u2)d + (01 — 02)8) dz
24t J
ao doM  2a3
< - = wliae — (% - 22) o - vl

+ CM/ (|ch$|2 + M|VY|? + (w1 — u2)g + (v1 — vg)é) dz.
Q

Thus, taking M > 0 large enough, this finishes the proof by Gronwall’s lemma.

Finally, we remark how the dependency on the first solution can be weakened
and explain it on the first term of Ireq. With p satisfying 1/p > 1/2 — 1/N and the
conjugate index p*, we can estimate the term as

/Q 6 f1(ur — u2)ds < Bl 112 (1 — u2)lpe

<|1ollp [f1llr [lur = uz]l2,

where 1/r = 1/p* —1/2. Then the stability constant only depends on ||u1]|» as by the
choice of 1/p > 1/2 —1/N we can estimate for o € (0, 1)

Iglls < NSVl + llgl2

so that the Gronwall estimate can be closed. O

A Some classical results for linear parabolic equa-
tion

We state here the following existence result for a linear parabolic equation in non-

divergence form, together with some standard estimates.

Proposition A.1. We consider the following linear parabolic problem defined on a
smooth bounded domain Q of RY :

0tb — ~(t,x)Ab=r(t,z)b, in Qr,
Vb-o =0, on (0,T) x 09, (A1)
b(0,x) = bin(x) >0, on Q,

where
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i)y : Qr — Ry, v lies in L°°([0,T); Wh*°(Q)) and there exist two constants
Yo,71 > 0 such that

0<v <~(t,z) <7, ae inQr, (A.2)

ii) r: Qr — R, r lies in L*(Q7) and L' ([0, T); L=(Q)),

i11) bin : Q@ — Ry satisfies
bin € (L= N H")(Q). (A.3)

Then, there ezists a nonnegative strong (in the sense of Theorem 1.1) solution b to
(A.1) such that

i) for allt € (0,T), b satisfies

f() sup r(t,z)dt
16l zoo (@p) < MbinllLoc@e ™ #€2 ; (A4)

11) there exists a constant C' > 0 depending on bin, 0,71, such that

||8tb||2L2(QT) + ||VbH2L°°([O,T];L2(Q)) + ||AbH2L2(QT) <C(1+ HrbH2L2(QT)) . (A5)

We briefly explain the strategy of proof of Proposition A.1:

We first consider a regularized version of (A.1), which admits a unique classical
solution, thanks to classical results of parabolic PDEs theory [15].

Then, we can prove uniform (with respect to the regularizing parameter) a priori
estimates corresponding to (A.4), (A.5) and pass to the limit when that parameter
tends to 0.

For (A.4), this is done by looking at the equation satisfied by b(t, z) exp(— fo s,x)ds)
and by applying the maximum principle. For (A.5), the estimate is obtained thanks
to the use of the multiplier Ab.
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