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Mean-field limit of particle systems with absorption

Gaoyue Guo* Milica Tomagevié!

October 18, 2023

Abstract

We consider a particle system of singular interaction where particles are removed from the
system once they hit some barrier. We show the wellposedness of the particle system and its
mean-field limit and prove the propagation of chaos.
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1 Introduction

We consider interacting particle systems in 1-d whose components are absorbed as soon as they hit
some barrier, saying zero without loss of generality. Denote by X™V:1, ... XV the N particles whose

dynamics are given as follows: for i =1,..., N,

. . t 1 N . . . t . .
XNt = N +/ L(XéV’Z)NZb(s,XéV’Z,XéV’J) L(X;N’J)ds—i-/ V2uXNHawd, vt >0, (1)
0 » 0
7=1
where 1(z) := 1y,~0) denotes the indicator function, b: R, x R? — R is a measurable drift and

o (Z N1 ZNN ) is a family of exchangeable real valued random variables;
o W' ..., W are independent Brownian motions that are independent of (Z™V:1, ... ZNN),
Provided that () is well posed, every process X N:i is absorbed as soon as it hits zero, i.e.

xNt = xNi o we>o,

TiN/\t’

where 7V := inf{t > 0 : Xiv’i < 0} stands for the first hitting time of XV at zero. An equivalent

formulation to () is

N
. 1 , , .
X = 1ney N S <t7 xMi, thw) Livspdt+ V2dW/ |, vt > 0.
i=1
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We aim to show the propagation of chaos, as N — 0o, of the particle system (II) towards the following

mean-field (non-linear) stochastic differential equation (SDE):

Xt:z+/0 J(X,) </(0700) b(s,Xt,y),ut(dy)) ds+/0 (X )WBAW,, V>0, )

where p; := L£(X;) stands for the law of Xj.

It is sometimes mathematically more convenient to study the mean-field limit of an interacting
system to avoid, for example, the curse of dimensionality. This is also usually done in mean-field
games literature. However, justifying rigorously the propagation of chaos is central to this reasoning.
Therefore, the goal of this paper is to show the wellposedness of () and (2), and more importantly
to establish the propagation of chaos while N — oo under suitable hypothesis on the coefficient b
(essentially continuity and boundedness).

The difficulty when dealing with () and (2]) is that the diffusion coefficient is not uniformly elliptic
due to the presence of the hitting time. In addition, we do not have a priori any regularity on the
law of the hitting time(s). This in some sens means that the cross-interaction of () is singular, and
the strength of this interaction is highly related to the number of active particles. Hence, we are not
in the classical framework of [24], but we will see that under boundedness and continuity assumption
on b we can obtain a tightness-consistency result when N — oo. Enforcing more regularity on b, and
working on the mean-field limit, we will obtain the strong well-posedness of (2) that will ensure the
propagation of chaos result.

In general, interacting particle systems are studied in many different contexts of applications,
including the dynamics of granular media [0} [7], mathematical biology [15] [b], economics and social
networks [19, [I7], and deep neural networks [2I], [20]. A more detailed exposition can be found, for
example, in [2] 3] [4 [5].

The motivations for studying (I]) comes from systemic risk arising in banking systems. Particle
systems of the form () that interact through hitting times are largely used to model the evolution of
complex banking networks with mutual exposures, see [I8]. Under this framework, a bank defaults
when its capital level drops below zero, and its default causes instantaneous variation of the other
active banks’ drift. In contrast to [I§], an alternative modelling framework is that defaults do not
change capital values but affect their dynamic coefficients, see e.g. [16] for the study of the mean-field
limit model with mutual holding. Our model enters this second framework.

We mention here other models of interacting systems and their mean field limits involving hitting
times. In the context of neurosciences and integrate and fire models see [I0L [I1]. In finance, besides
already mentionned [16] [I8], see [I] and the references therein.

We finish this section with a future perspective for studying systems of type (Il) in ecological or
biophysical context. In such setting, consider individuals (population in a habitat/group of cells in
a domain) that move in their environment interacting with each other, but when an individual exits
the habitat/domain it never comes back and it no longer influences the mutual interaction. Contrary

to the current setting, this would be more relevant in R? and with more singularity on the interaction



b. One example of a limit model would be in the vein of Keller-Segel systems (see e.g. [14]), but
with homogeneous boundary conditions. There, a population of cells interacts in an attractive way
by following a chemical gradient that it generates and the homogeneous Dirichlet boundary condition

is seen as the disappearance of cells and chemicals near the boundary.

Plan of the paper. The rest of the paper is structured as follows. In Section 2] we give our main
hypothesis and results and we discuss the proof strategies. In Section [3we deal with the existence and

convergence of the particle system (). Finally, strong well-posedness for (2] is obtained in Section [l

Notations For a generic Polish space E, denote by C(FE) (resp. P(E)) the set of continuous
functions (resp. probability measures) on E. Set Q := C(R4) and Qp := C([0,T]) for every T' > 0.
Note that Q7 can be identified as a subset of {2 since every f € Qp can be seen as an element f € Q
by setting f(t) := f(t AT). Therefore, we say simply Qp C Q without any danger of confusion. Let
F be the coordinate process on 2, i.e. Fi(f) := f(t) for all f € Q and ¢t > 0. Define further the

canonical filtration F = (F; := o(Fs,s <1))i>0. In what follows, we need the empirical measures

N N
1 1
,uN = N E dxni and ,uiv = N E 5XtN,i, vVt >0, (3)
i1 i=1

that take values respectively in P(€2) and P(R.).

2 Main results

Let us start with the following set of assumptions. In every statement, it will be made precise which

of the assumptions below is necessary.

Assumption 1. (i) The measurable function b: Ry x R? — R is bounded.

(i) For every t > 0, b(t,) is continuous almost everywhere on R?, and for every x > 0 the limits
limy_0 b(s, z,y), lim,_0 b(s,y, ) ezist.

(iii) b, Ozb are bounded and Hélder continuous.
Now, we give the definition of strong and weak solution to the non linear process (2)).

Definition 2. (i) A process X is said to be a (strong) solution to [2)) if it is adapted with respect to
the filtration generated by W and () holds for all t > 0 almost surely.

(ii) Q € P(Q) is called a weak solution to @) if, with Q; := Qo F; !
1. Qo= P

2. For every o € C2(R), the process M¥ defined by
t
M7 = p(F;) — o(Fp) —/ L(Fy) <<,0’(FS) </( )b(s,Fs,y)Qs(dy)> + @"(Fs)) ds, Vt>0
0 0,00

3



is an F-martingale under Q.
3. Q¢[Ry] =1, forallt > 0.
Our first main result is the well-posedness of the limit SDE.

Theorem 3. Let p € P(Ry). Under Assumption [I+(iii), the mean-field SDE @) admits a unique

(strong) solution.

For the N-particle system (I), we first prove that there exists a unique weak solution. Then, we
prove tightness for the empirical measure in ([B]) and that any limit point of the empirical measures
must be a weak solution to (2). This yields the desired propagation of chaos by the uniqueness in
law of the solution to (2I).

Theorem 4. 1) Let Assumption [I+(i) hold. Then, for each N > 1, there exists a unique weak
solution (X1, ... XNN) to the particle system ().

2) Suppose in addition that Assumption [-(ii) holds and that p = + Zz]\;1 dzN,i converges in
probability to some deterministic measure p € P(Ry). Then, any (possibly random) limit point

woof (WN)n>2 a.s. solves in the weak sense () with initial law p.

3) Suppose in addition that Assumption (i) holds. Then, u¥ converges in probability to the law
of X.

Strategy of the proof. For Theorem [ the proof of the existence for the McKean-Vlasov SDE
relies on Schauder’s fixed-point theorem. One delicate point here is that the measure that solves
it accumulates dynamically mass in zero, hence the functional on the space of flows of probability
measures for which we would naturally exhibit a fixed point contains an indicator function. This is
not continuous for Wasserstein distance for probability measures, so the space on which we exhibit a
fixed point is enlarged to take into account this dynamical accumulation of mass in zero. It becomes

the product space of flows of probability measures and Q7.

As for the uniqueness, we study the marginal distributions of any solution X to (2)). For ¢ > 0,
we first show that the law of X is of the form p(¢,z)dx + (1 — [ p(¢,z)dx)do(dz), where p(t,-) is a
sub-probability density satisfying a parametric Fokker-Planck equation whose coefficients depend on
p itself. We show the one-to-one relation between X and such parametric equation, and the unique-
ness of X is equivalent to that of p satisfying this PDE. Due to the non-linearity, we consider PDEs
of parametric coefficients and estimate the explicit dependency of their solutions on the parameters.
By introducing a suitably defined operator, we prove that the operator is a contraction and thus the

uniqueness result follows.



For Theorem @] the existence follows through an application of a Girsanov-Cameron-Martin trans-
form. The boundedness of the coefficient b easily gives the tightness of the sequence of the empirical
measures. The identification of the limit is done through the martingale approach and is more delicate
due to the singularity the stopping time introduces in the drift. We will thus regularize ¢(-) and show
that regularized and non-regularized problems are close. In the latter, it will be crucial to use the
fact that individual particles behave like stopped Brownian motions modulo a change of measure. To
make such a change uniform in N, we adopt the strategy of [22] and introduce the Partial Girsanov
transforms (see the discussion after Lemma [G]).

We finish this part with a following remark. We believe that the first two parts of Theorem [
could be adapted to the so called LY — LP assumption on b with more involved computations as in

[22]. We leave possible generalizations of assumptions on b for a future work.

3 Proof of Theorem [

We split this section into three parts. In the first part we show Theorem [1). Then, in the second
part we show the tightness of the empirical measures. Finally, in the last part, we show Theorem
[@2). The last claim in Theorem Ml simply follows from uniqueness of solutions to (2)) that is, under

more regularity on b, guaranteed by Theorem [l

3.1 Wellposedness of (I

We fix an arbitrary N > 1 and show the wellposedness of () under only Assumption [}(i). It suffices

to prove that the particle system (Il) has a weak solution on any interval [0,7]. Pick some filtered

N 1 —N,N

probability space (E,E,G = (Gt)i>0, W) that supports random variables Z ..., 7 and inde-
SN,N

pendent Brownian motions Wl, . ,WN such that ﬁ(?N’l, L) = ﬁ(ZN1 o, ZNNY . Define
processes Y V' and XV by

vV =7V V2w, and X, =Y

N/\tu

Vi >0,
where O'ZN =inf{s >0: YN < 0}. Then a straightforward verification yields
. . t . .
XN =7M 4 / V2XYHaw, ve>o. (4)
0

Set Yﬁv = (Yﬁv’l,...,Yiv’N) and W, := (Wi,...,WN). For z = (1,...,zy) € RY, denote

Nz 1 al
b, = NZ (t, i, xj) oxj).

and BN(z) = (b (x),... .00 (). As sup;<7 |Bi |sc < VN|bll7,0c < 00, We introduce the
probability measure QY € P(Qr) via the Radon-Nikodym derivative

@T::e){p(/o BY (X)) - dW, ——/ By

5

du> = ZN.




Applying the Cameron-Martin-Girsanov theorem, see e.g. [13, Thm 4.1 p. 191] or 23] Thm. 6.4.2 p.
154], we deduce that

<vt = Wt—/ BN (X, )ds>
0 0<t<T

is a vector consisting of N independent Brownian motions under Q. In addition, we have in view
of [13, Thm 4.1 p. 191]

N,i 5N, LR gl —N,i =N,j\ ~N,j t —N,i ;
XM=z +/ L(X?j’)_zb(s,xf’ ,Xﬁ“) L(Xiv’J)ds+/ V2uXNhavi, vt e 0,1,
0 szl 0
which implies that Q := QY o (YN)_1 € P(Qr) is a weak solution to (). The uniqueness in law
follows by [13, Thm 4.2 p. 194]. This concludes the first part of Theorem [

3.2 Tightness of {y"}y>; and Partial Girsanov transforms

Let us first show the tightness of {u™¥ }n>1.

Lemma 5. Suppose that jl) = % Ziil Oy~ converges in probability to some deterministic measure
p € P(Ry). In addition, let Assumption[-(i) hold. Then, the sequence of random measures {u¥ }n>1
is tight in P(Qr) under QV.

Proof. By [24) Prop. 2.2-ii], its tightness results from the tightness of the intensity measure
{Egn 1™ (-)}n>1. By symmetry, it suffices to check the tightness of {L(XM:0<t<T)}n>1. The

boundedness of b yields the existence of some constant C' > 0 such that

4

t
Egn[| X" — XNUY < Ot — s)* + CEgwn / UXNHYAw | <O —s)t + Ot — s)?,

which fulfills the proof. O

We notice here that the fact that b is bounded does not only play an important role when showing
tightness, but it will also be crucial for the identification of the limit as it enables us to use the
Girsanov transform. The fact that particles behave as stopped Brownian motions (up to a Girsanov
transform) will be used in what follows. However, passing from the interacting system to the system
of independent stopped Brownian motions has a cost that was not uniform in N (see the existence
section) and as such a full Girsanov transform is not useful when we pass to the limit as N — oo.
Nevertheless we can use that the individual behaviours are the ones of stopped Brownian motions by
introducing Partial transforms related to ().

For a fixed » < N that corresponds to r particles that are transformed to independent stopped
Brownian motions and whose influence is removed from the other N — r particles. The cost of such
transforms will be uniform in N. Although for the identification of the limit we will only use the case

r =1, we give them below for an arbitrary r < N.



Let us choose, for simplicity, the first r particles to be transformed, and consider the following
reference system defined on the probability space (E,&,G = (gt)tzo,W(T’N )):

. . t ~ . A .
XtN”:ZN’“r/ UXNDAWE, i <rt<T
0

: ) t
XtN’Z:ZN”+/ XN AW + (XN = Z/b (5, XN XNI) (XNIYds, r+1<i<N,t<T.
0
]7’-1—1

Obviously, it is well-posed as it can be obtained, as in the previous section, from X. We now study

the change of measure between X and X. The corresponding drift vector is

50G) = (BN ), 6 (@), S ), SO ).
i=1 i=1

In the sequel we will need uniform w.r.t N bounds for moments of

T N 1 [T N
78 = exp {/0 BI(X,) - dW, — 5/0 |5§”(Xt)|2dt}. (5)

Proposition 6. For any T >0, v > 0 and r > 1 there exists C(T,~,r) s.t

T
YN >1, Eyoon exp {7/ |5§”(Xt)|2dt} < (T, ,7).
0

Proof. Observe that

Nz 2 z - G+ iy iy ) 2 (N =r)r® o
187( Z @R+ Y (Db atuah) < bl + bl
j=r+1 =1
This yields the desired result with C(T',~,r) = e Trilbl%, O

3.3 Identification of the limit

Now we are ready to identify the limit. Having showed that {u™} N>1 is tight, we may extract a
convergent subsequence, which is still denoted by {1~} y>1, of limit z. Since p — p in law in P(£2),
we have that u¥ x v — u x p.

It remains to prove that u is a weak solution to ([@). For any ¢ € C2(R), the process (M );>o,
defined in the martingale problem, should be a p martingale. To this end, it suffices to show that
for all ¢ > s > 0, all continuous bounded function ® € C(Qs), we have () = 0 a.s., where for

Qe P(Q),
¥(@) = B @(F e (o) — o7 = [ (F) [ () + #(F) [ bl Fupi()@u(d)]de) |
We observe that for any Q € P(€), it holds that ¥(Q) = ©(Q ® Q), where we define for IT € P(Q?)

011 = [((ar)ecto) (#(o1) = o) = [ o) [#0) + 9 ()b 0l ) 1 ).

QQ



We separate the rest of the proof in several steps.
Step 2.1. Here we show that for some constant A, for all N > 2,

Eflo( < "] < £ (6)

Applying It6’s formula on gp(XtN ’) and summing in N we have that

t N
 [eea™) = etz - R 02 = () 3 s, X X s
j=1

1y
N 4

1 107-

t
/ S(X N (XN AW
0

2|~

=1

We recognise in the left hand side of the above expression parts of ©(u" x u'V). Hence

T[¢' 113119113

Step 2.2. for any n € (0,1], we define a regularised version of the function ¢ by f,, e.g.

3 2 2\ T 30
—min (1,0, (2 + 2 -2 ith
T mm(’c”<3+5 2> s With Gy = e e

It is straightforward to check that f, is twice continuously differentiable on R and takes values in
[0,1]. Accordingly, we define ©,. We have

E[[W(u)|] <E[|O(p @ p) — Oy(n @ p)|] + lim;up IE[[0,(1 x )] = E[|Oy (1™ @ u™)|]]
+hnﬁupEH@ﬂﬂNfﬁuN)—(XuNfauNNk+hHﬁHPEH@Of“®MNHL

By Step 2.1. the last term converges to zero as N — oco. The second term converges to zero by weak

convergence and the fact that ©,, is continuous and bounded (this is where the continuity in space of

b plays a role). In the next step we will prove that the remaining terms are uniformly small w.r.t. 7.
Step 2.3. Let us start with

I, := lim]\?upEH@n(/‘N @ u") — 0N @ pM).
Observe that
10,1 @ p™) = 0" @ pN)| < dootpl / D G = £y (X ldu

t . . . .
+ chHooHsO’HopoHoo/ WZ!L(XL]LV”)L(X&V’]) — (X2 £ (X3 du

Z‘?j

tq N . .
<A [ SO — X du
s i=1



for some A > 0 that may change from line to line. This leads by exchangabilty to
t t
B0, @ 1)~ O © i) < 4 [ BREH) - FC i< 4 [ Qo < X < oldu

Now, we use the partial transformation to transform XV to a stopped Brownian motion. This leads

to

t
E[|0,(u" @ u") — 0™ @ uM)|] < A/ Egum 271 x 010 )0

Now, using Proposition [0l for » = 1, we get
t
B0, © 1)~ O © )] < 4 [ B0 < Won, < 0! 2du
S

This leads us to the control of P[W,r, € (0,n)]. The latter converges, for every fixed u > 0, to zero
as n — 0. By dominated convergence we can conclude the desired result.

For the term that remains, we use Fatou’s lemma and the above computation.
t
ElOp(p@p) —0(aup)l] < C/ /Q2 Lipye(o.mydup @ p(df, dy)

t
< Clizrvn/ﬂ/ L p(wye(omydup™ (df)

Repeat the above Partial Girsanov transform argument to conclude the proof of 3.

Finally, note that the subset {f € Q : f(t) > 0,Vt € R, } is closed. Applying the Portmanteau
theorem, we may conclude Q[{f € Q: f(¢) > 0,Vt € Ry }] > limsupy_, QV[{f € Q: f(t) > 0,Vt €
R, }] =1 and thus Q[F; > 0, Vt > 0] = 1.

Next, we show in Section [ that the mean-filed SDE (2]) admits a unique strong solution which is
clearly a weak solution. Combined with Theorem [42), this yields the propagation of chaos and thus
proves Theorem B}3).

4 Proof of Theorem

We consider in Section [ the wellposedness of ([2). It is worth noting that, thanks to Section B.3]
there exists at least a weak solution to (2) under the hypothesis of Theorem [4}2). Nevertheless, to
obtain the uniqueness result for ([2)), we need more subtle properties for its solution, which requires
more conditions on the coefficient b. This yields, as a by-product, the existence of a (strong) solution
to ([2). Therefore, we combine in the first part of Section [] the derivation of the desired properties
and the existence of solutions to (2]) using a fixed-point argument. The second part is devoted to the
uniqueness. In the last subsections we give profs of some technical lemmas.

Throughout this section we fix an arbitrary time horizon T" > 0.



4.1 Proof of the existence

We first deal with the existence. Let P C P(R.) be the set of probability measures on R, of finite

first order moment. Define the set of probability flows

Pr = {p = ()o<t<r : 1t € P}

and recall Q7 is the space of continuous functions on [0, 7]. We endow P with the metric Wp(u, v) :=
supg<i<7 W(pt, v¢) and endow Qr with the uniform norm || - ||7. Let dr be the distance on Pr x Qr
defined by dr((u, f), (v, 9)) :== Wr(u,v) + || f — g|lr. Rewriting ([2)) in differential form, one has

dXt = L(Xt) [(/( ) b(t, Xt, y),ut(dy)> dt + \/§th] = ]l{'r>t} [B(t, Xt, ot ,ut(Rj_))dt + \/§th] s
0,00

where p; := L(Xy), 7:=inf{t > 0: X; <0}, R% :=(0,00) and B: Ry x R x P x [0,1] = R is given
as
B(t,a:,)\,a) = / b(thvy))‘(dy) - b(t,ﬂj‘,())(l - CL).
Ry

Let us introduce the operator I' on Pr x Cr defined by

C(p, f) = ((ﬁ(y;/ifmf))ogtgp O‘”’f),

where atf (t) := Plrf > t], 70 = inf{t > 0: Y/ <0} and

t

Yt”’f = Z+/ B(s, Y g, f(s5))ds +V2W;, Wt € [0,T7. (7)
0

For any (u, f) € Pr x Cr, the SDE (] has a unique solution and thus I" is well defined. Next we
point out that any fixed point of ' allows us to construct a solution to ([2). Namely, let (u, f) be
a fixed point of I, i.e. 5(1?/‘\’7]_;” = puy and oS (t) = P/ > t] = f(t). Then a straightforward
verification yields

V1L = Appersy [BOY e, f(0)dt + V3w,
L(Y;;{M) ( /(000) b(t,}/;’ifmf,y)ut(dy)> dt+\/§th], vt € [0,7],

which implies that (Yj\fu s )o<t<t solves [2)) up to time 7. Therefore, the proposition below ensures
a fixed point of I and thus a solution to (2] on [0,7]. For each L > 0, set

PEk = {vePr: sup </ 22, (dx) + M’fi}) <L
0<s<t<T \JR, |t — s/

0F = {fEQT: sup MgL}.

o<s<i<T |t — s[1/6

Then we have the following proposition.

10



Proposition 7. Under suitable conditions, I' has a fized point in Pp x Qp.

Proof. The proof of Proposition [7is a combination of the lemmas below. More precisely, Lemma
shows that T'(Pk x QL) c T(Pr x Qr) € Pk x QL for some L > 0 large enough. As PE x QL is
compact and I is continuous with respect to dr in view of Lemmas B and [I0, Schauder’s fixed-point
theorem allows to show the existence of (i, f) € Pk x QL such that ['(u, f) = (1, f). O

Let @ : R — [0, 1] the cumulative distribution function of a standard normal distribution, i.e.

O(x) = / \/%6_92/2@/, Vzr € R.

Lemma 8. 77% X Q% 18 dp—compact for every L > 0.

Proof. The compactness of Q% is straightforward by Arzela-Ascoli’s theorem. It remains to
treat P%. Pick an arbitrary sequence (v"),>1 C Pk and let us show that it has a convergent
subsequence of limit belonging to 73% . For each t € [0,T], note that there exists a weakly convergent
subsequence of (1"),>1 as it is uniformly integrable. Using the diagonal arguments, one may extract
some subsequence, still denoted by (v™),>1 for the sake of simplicity, such that (v]'),>1 converges
weakly for each ¢t € [0,7] N Q. Combined with the fact

/ 2?v(dx) < L, Vte[0,T], n>1,
R+

the above weak convergence is indeed the convergence under W, i.e. limy, 00 W(¥{", ") = 0 for
all t € [0,7] N Q. Next, for each ¢ € [0,T7], take a sequence (t;)r>1 C [0,7] N Q converging to t. For
every € > (0, one has

lim W™ vp) < lim (WP u™) + Wi vl ) + Wi, vf)) < 2LJt — ¢S,

m,n— 00 m,n— 00
which shows that (v/'),>1 is a Cauchy sequence and thus converges under WW. Denote v = (1 =
limy, o0 V)o<t<T € Pr. One deduces thus W(vy,vs) < L|t — s|'/6 for all t,s € [0,T] and further
limy, 00 Wr(v™,v) = 0. Finally, by Fatou’s lemma, one has for every ¢ € [0, 7]

/ 2%y, (dz) < liminf 22 (dz) < L,
Ry

which fulfills the proof. O
Lemma 9. There exists some constant L > 0 such that T'(Pr x Qr) C P& x QL.

Proof. Take an arbitrary (v, f) € Pp x Qp. For simplicity we drop the superscript (v, f) without
any danger of confusion, i.e. Y = Y%/, 7= 7%/ etc. Denote further B; = B(t,Y;, v, f(t)). For any
0<t<t+ At <T,let us estimate respectively W(L(Yrne), L(Yoa(t4ar))) and a(t) — aft + At). By

definition, one has

TA(L+AL)
/ B,ds + V2dW,

A\

WL(Yrnt), LY earan)) < ElYoagran — Yonell = E [

]gcm.

11



Hereafter, C' > 0 is used to denote generic constants that may change from line to line, but depends

only on the designated variables. Applying Girsanov’s theorem with

t 1 [t B,
@‘ = exp —/ )\SdWS——/ A2ds), where A = —2,
dP It 0 2 0 \/5

(WtQ = Wi + fot Asds)o<t<r is a Brownian motion under Q and one has

a(t) —alt+At) = Plr>t]—Plr >t+ At

- 50 [(5),. e [ o) (Lo o)

T T r |
< exp (g/o Agds> <@ [oi<nrf<t(z+/0 V2dW2) >0] —@[ inf (Z+/0 V24 2) >0]

0<r<t+At
: C(/R (® (%N%)“I’(fc/Jm))ﬂ(ow))l/2 < OAtYS,

where the first inequality follows from Holder inequality. Finally, we see the fact that

T T
‘/ |Bslds| | +E [/ 2ds}) <C,
0 0

which allows to conclude the proof. O

E[[Y,nl?] <3 <EHZ!2] +E

Lemma 10. I' : Pp x Qp — Prp X Qp is dp— continuous.
Proof. Let (v", f") — (v, f). Again, we denote for simplicity

yr=y" " y=y»l

n n
=" =t

Btn = B(tvyvtnvytnvfn(t)) Bt = B(t,Yt,Vt’f(t)), ete.

We estimate first E[supg<,<p [Y;" — Y;|?] following the classic arguments. For each t € [0, 7], one has

t
Y;fn Y= /0 (B(uv Yunv VZ? fn(u)) - B(U’Yu’ Vu, f(u))) du.

By the Lipschitz continuity of B and the inequality max (W (v}, vu), | f"(w)—f(u)]) < dr((W™, f7), (v, f)),
there exists C' > 0 large enough such that

B sup (V7 = Vi < C (ar(0 £, (01) + [ B sup 47 - YiPla) . vee f0.7]

0<s<t 0<s<u

This, combined with Gronwall’s inequality, yields limy, o E[supg<icr [V* — Y;|?] = 0. In particular,
supg<i<r |Y{" — Yi| converges to zero in probability. Let ¢ > 0 be arbitrary. The continuity of Y’

implies

{r>ty=J 4= J{Ve 2 1/k VO < s <t}
keN keN
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Hence, we have that for some ky € N that P[Ay,] > P[7 > t] — /2. Since Y — Y uniformly in
probability, there exists N such that

P[sup [YI' — Y| > 1/ko] <
s€[0,t]

| ™

holds for all n > N. We obtain thus

P[r, > t] > P[Ay, U{ sup |Y' = Yi| > 1/ko}¥] > P[r > 1] —e.
s€(0,t]

The reverse inequality can be argued similarly, where we note that P[7 < ¢] = Plinfo<s<; Ys < 0] =

Plinfo<s<¢ Ys < 0] as Y is a drifted Brownian motion, and we can rewrite
. _ . < _ '
il Yo <0 = UL, v < -1k

Thus with a similar calculation, we obtain lim,,_,~ P[7, < t] > P[r < t] — ¢ and thus lim,_,~ o™ (t) =
lim,, o0 P[7, > t] = P[7 > t] = a(t). Next, we compute W(L(Y! r;), L(Yrn¢)). By definition, one has
W(L(Y ni) LYrpe)) S E[|Y] \p — Yrae|]. Further,

BV 5 — Yondl = E[Y" = Yill(r,1,m50] + BN L (r51,r<0] + EIVilLir, <irog)]
< E[Y) - Yil] + E[¥?P]V?Plr, > t,7 < 02 + B[V Vr, < t,7 > 1172,

Repeating the above reasoning, one may show lim,, oo P[7, > t,7 < t] = 0 = lim, 00 P[ry, < £, 7 > ¢],
which yields limy, oo W(L(Y r;), £L(Y7n¢)) = 0. Having shown

lim W(L(Y p), L(Y7rae)) =0 and  lim o"(t) = a(t), Vte[0,T],

n—oo n—o0

the uniform continuity in Lemma [ finally shows lim,_,o dr(I'(v™, f),I'(v, f)) = 0. O

4.2 Proof of the uniqueness

This section is reserved for showing the uniqueness of solution to (2)) on [0,7]. We fix an arbitrary
solution X to (2)). We first show the one-to-one relation between X and the parametric nonlinear

Fokker-Planck equation below.

Proposition 11. The uniqueness of X is eauivglent to the uniqueness of u : ]Ri — R satisfying

Owu(t,x) = 92, (u(t,x)) — 0. (B**(t,x)u(t,x)), Vt,z>0

u(0,2) = p(xz), wu(t,0)=0, Vt,x>0

B(t) = /000 u(t,y)dy, Vt>0 (8)
vi(da) = (1= B(t))do(dz) + u(t,z)dz, Vt>0

B”’ﬁ(t,aj) = B(t,x,v, B(t)), Vt,z>0.

13



Proposition [[T]is the basis to adopt the fixed-point argument, and we need the following auxiliary
result to prove it. Denote (put)i>0 := (L(X¢))t>0, 7 := inf{t > 0 : X; < 0} and «(t) := P[r > t]. For
(v, f) € Pr x Qr, define the function B*/ : R, x R — R by B/ (t,z) := B(t,z,v;, f(t)). Then we

have the following proposition.

Proposition 12. Under the hypothesis of Theorem [3 and writting B = B*®, we have the following

results.

1. For each t > 0, there exists a sub-probability density p(t,-) supported on (0,00) such that
pe(dz) = (1 — a(t))do(dz) + p(t,z)dz  and «aft) = /Ooop(t,x)dx.
2. The family (p)i>0 is the unique weak solution to the following Fokker-Planck equation, i.e.
G [ r@man = [ Be0r@ @) ), e 0] o)

holds for all smooth functions f : R — R of compact support.
3. The function p is a solution to [{), with o, u and B*“ defined above.

Proof. By definition, one may rewrite

pe(dz) = (1 — at))do(dz) + o(x)P[X; € da].
(i) Define the SDE for Y by

t
Y, = z+/ B(s, Y,)ds + V2aW,, V> 0.
0

Note that X; = Y; on the event {7 > t}. So, for any Borel set A C (0,00), we have

PX: € A =PY; € A,7 > t] <P[Y; € 4],

which implies that the distribution of X; restricted on (0,00) is absolutely continuous with respect
to the distribution of Y;. The latter admits a probability density as B is bounded.
(ii) One has by definition
B(t7 .Z') = / b(ta €T, y):u't(dy) - b(t7 z, O)(l - Oé(t)) = E[b(t7 &, Xt)] - b(ta z, 0)(1 - a(t))7
Ry

which implies, by Lemma[d that ¢ — B*%(t, ) is Holder continuous and 9, B*#®, 92, B*“ are bounded
and Lipschitz in z. For the SDE

Zy =7+ /t (Zs)B(s, Zs)ds + /t W(Z)V2dW,, Yt €[0,T] (10)
0 0
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X is its solution by definition, where we use the fact that (I0) has a unique solution if and only if the

same holds for the corresponding SDE without absorption
dZ; = B(t, Zy)dt + V2dW;, vt € [0,T].

This is ensured as B*“ is Lipschitz in x. Therefore, X is the unique solution of (I0) and the family
(ut)t>0, by Lemma 2.3 of [§], is the unique weak solution to the Fokker-Planck equation

d / 2 o]
G [ = [ Bease s @), e eor®.

(iii) To conclude, we apply Lemma 1.10 and Theorem 2.2 of Chapter VI in [I2]. Namely, the following
(linear) Fokker-Planck equation on the half space

dpu(t, ) = 9%, (u(t,z)) — 0. (B(t, x)u(t,x)), Vt,z >0

’ (12)
u(0,z) = p(z), wu(t,0)=0, Vt,z>0
has a unique classical solution u satisfying for some C' > 0
C [>® )2
it )l + .t o) + ot < S [Tew (<L pan, om0y
0
By integration by parts, one deduces that
v (dx) = <1 — / u(t,a:)da:) do(dz) + u(t,z)dz, Vte[0,T] (14)
0

is also a weak solution to ([IJ), and further by uniqueness v = u and u = p. Hence the equation (&])

holds for p by noting B = B*“. O
We are now ready to prove Proposition [I11

Proof. [of Proposition[II] It is clear that for the given solution X, p defined in the proof of Proposition

is a solution to (§]). On the other hand, for any solution u to (§]), define Z to be the solution of

dZ; = B(t, Zy, vy, B(t))dt + V2dW;, VYt € [0,T).

Then a straightforward verification yields (Z;(Z¢))i>0 is a solution to (2). O

It remains to prove the uniqueness of solutions to (8). Introduce the SDE
dY, = B*(t,Y;)dt + V2dW,;, VYt >0,

and denote by (Yst’x)szt the solution satisfying Yf’m = x. Let g(t,z,s,-) be the density function of
YT for s > t, ie. P[YP" € dy] = g(t, x,s,y)dy. It is known that, for any fixed s > 0 and y € R, ¢

satisfies the backward Kolmogorov equation

8t.g(t7 Z, Say) - — :%:vg(t,$737 y) - B'u'7a(t7$)axg(t,$,s, y), V(t7$) e [0, S) X R’
9(5,%371/) :5y($), Vo € R.

Then « admits the following representation.
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Lemma 13. Under the conditions of Theorem[3, one has for all s > 0

@ = /0 " p(@)dz /0 " 90,2, 5, y)dy — /0 " 9(0,0,5,y)dy /0 a(t)dt /0 " Og(t,0,5,p)dy.  (15)

Proof. Integrating the Fokker-Planck equation of (®) over z € (0,00), one obtains

/ Op(t, x)dx —/ d2,p(t, x)dx —/ 0y (BM(t, )p(t, z))dz,
0

which yields by Fubini’s theorem and integration by parts

o (t) = %/000 p(t,x)dx = /000 Op(t,x)da = /000 [02,p(t, ) — O (B*(t,2)p(t, x))] dz = —0,p(t,0), Vt > 0.

Further, compute for all (¢,z) € (0,s) x (0, 00)
0¢(pg) + 02 (B"pg) — 0z (0spg — pdzg) = (Opp — Ozpp + 02(B"p)) g + p (0pg + 7,9 + B ,g9) = 0,
which yields by integrating over (0, s) x (0, 00)

/ / 9 (pg) dtda:+/ / (B (t x)pg)dtda:—/ / Oz (0rpg — pOzg) dtdz = 0.

Again, applying Fubini’s theorem combined with the initial and boundary conditions, one has
0 = /0 (p(s,2)dy(x) — p(2)g(0, 7, 5, y)) da + /0 Oap(t,0)g(t,0, 5,y)dt
= psn) = [ p@o0zsm)dr = [ a0g(t.0.5.)dt Y(sm) € 0.00) x (0.50)

Integrating y over (0, 00) for both sides and using integration by parts, one has

a(s) = /OOO p(x)dz /000 9(0, 2, s,y)dy + /OS o (t)dt /000 g(t,0,s,y)dy

o0 o0 t o0 S o0
= /0 p(év)div/o 9(0,$,s,y)dy+§—/o Q(O,O,S,y)dy—/o a(t)dt/o dig(t,0,s,y)dy

which fulfils the proof. O

We are now ready to prove the uniqueness of solution to ([2). We argue by contradiction and
assume that there are two distinct solutions X, X’ to @) on [0,7]. Denote p; := L(X), vy := L(X])
and a(t) := P[X; > 0],8(t) := P[X] > 0] for all ¢ € [0,T]. Define further by p(t,-),q(t,-) the

corresponding sub-probability densities of p,v;. Write

Amm:A Wm®WwM1de@@:A b(t, 2, y)q(t, y)dy
and the SDEs

Y=o+ / Alu, YiYdu +V2(Ws = W,) and ZJ* ==z +/ B(u, ZL4)du 4+ V2(W, — W), Vs>t
t t
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Let f(t,x,s,-),9(t,z,s,-) be the densities of Y5, Z5" . Hence, one has by Lemma I3
a(s) = 2/00 p(z)dx /00 f(0,z,s,y)dy — 2/00 £(0,0,s,y)dy — 2/8 a(t)dt /OO O f(t,0,s,y)dy
_ @[27,4](3) 0 0 0 0
(
(

Bls) = 2/ »p

w)dw/ g(O,w,s,y)dy—2/ 9(0,0,s,y)dy—2/ ﬂ(t)dt/ dvg(t,0,s,y)dy
0 0 0 0 0
B, Bl(s)

and similarly

A(s,z) = /OOO p(x)dz /OOO b(s,z,v)f(0,z,s,vy)dy + b(s,z,izo)a(s) — /Ooo b(s,z,v)f(0,0,s,y)dy
- /8 a(t)dt /OO b(s,z,y)0cf(t,0,s,y)dy =: Ala, A](s, z)
0 0

B(s,z) = /OO d:E/ bszy)(0$sy)dy+b(s+ /bszy)(OOsy)d
/ﬁ dt/ b(s,z,y)0g(t,0,s,y)dy =: A, B](s,z2).

Proposition 14. [®) has a unique solution and thus the uniqueness of solutions to ([2)) holds.
Proof. The proof relies essentially on the estimation of |©[a, A](s) — ©[8, B](s)| and |Ala, A](s) —
A[B, Bl(s)| == sup,cr, |Ala, Al(s, 2) — Ala, A](s, z)|. Write further A := Ag + Aj, where

Mol Als) = [ ptadde [ bz sy = [T b, 0)1(0.0,5.0)d

_ /8 a(t)dt /Oo b(S,Z,y)atf(t70737y)dy
0 0

b(s, z,0)a(s)
2

and Ag[S, B], A1[3, B] are defined similarly.
Step 1. Recall || f]|; := supg<,<; |f(u)| for f € Q7,. We claim that there exists C' > 0 such that
1©]a, A] = O[3, Bl||s + [[Ao[e, A] — Ao[B, Bllls < CVs(|le = Blls +[|A = Blls), Vse[0,T]. (16)

Let us show that the desired uniqueness follows from the inequality (I€). Namely, combining with
a = 0O[a,A4],8=0[8, B], A = Ala, A], B = A, B], (16) yields

Ao, Al(s,z) =

la=Bls+ 1A= Bls = [©a, A] - O[8, Bl|ls + | Ala, A] — A[8, B]| 5
< [[®[a, Al = O[B, Bl||s + [|Aolev, A] — Ao[B, Bls + [[A1[a, A] — A1 [B, B[l
< CVs(lla = Blls + |4 = Blls) + | Aifa, A] = A1[8, B]||s
< OVs([la—Blls + 1A= Blls) + [[blllla = Blls
= CVs(la=Blls+ 1A= Blls) + [Iblll1©[, A] — OB, B]|ls
< O+ [b)Vs(lla—Blls + A - Bls)
< OVs([la—=Blls + 1A= Bls), Vsel0,T]
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This implies that ||o — |5 + ||A — Bl|s = 0 whenever s < min(1/62,T) =: AT > 0. Repeating the
above reasoning on the interval [AT,T] with an alternative initial condition, one may deduce, after
dividing a finite number of the interval [0,T7], ||o — B||r = ||[A — B||z = 0. Hence the uniqueness is

derived.

IALe] = Al 1Aole] = Ao[¢]ll: + I Axle] = Aa[cT]le

1Aole] = AoleTlle + 1A [e] = AT [lle + [1AT [e] — AT [Tl
= [[AT[e] = AT [Tl + AT [e] = AT [T

b
< OVE= 8 lle— e+ 2 lleo — ol
b
= OVE= TV lle— e+ 5ol — Aol
b
¢ (1+3) VE= T el

which yields a contraction when ¢ is close enough to t*.

IN

IN

Step 2. It remains to prove ([I). Set Ag := ||a—f]||s + ||A — B||s. In what follows, R,r > 0 always

denote the constants that may vary from line to line. By assumption, it holds
Al + | Bllr + 19-Allr + [|0:Bllr < R. (17)

Let us recall the parametrix expressions of f and g by Aronson as follows:

ftw,s,y) =gtz s,9)+ > q@ FP(ta,s,y) and g(t,x,s,y) =qt,z,5,9)+ Y g2 G (tz,sy),
o P

where q(t,z,5,y) = ¢(2(s — 1),y — x), ¢(r,2) 1= e = /2 /\2mr, F(t,x,5,y) = Alt,)0xq(t,,5,Y),
G(t,x,s,y) := B(t,z)0.q(t,x,s,y) and ® denotes the time-space convolution, i.e.

q@ F(t,x,s,y) = /du/ q(t,x,u, 2)F(u, z,s,y)dz
t —00
1@ FO(La,sy) = (@0 F¥ )@ Fta,s,y)(ta,s,y), forall k> 2.

Hence, one obtains by a straightforward computation

| rons

0

/ p(z)Jy(z)dx
0

510l Al(s) ~ 08, Bl(s)] <

1L 0)] + A, /0 L)+ /0 L,

|Aola, A](s, z) — Ao[B, B](s,2)| <

+Lh®N+A§/<b@M#+/‘h@ML
0 0
where

Li(z) = /000 (f(O,x,s,y) — g(O,x,s,y))dy and Ji(x) := /000 b(s,z,y) (f(0,z,s,y) —g(0,2,s,v)) dy

Ir(t) :==

/ atf(t70737y)dy‘ and JQ(t) =
0

/ b(s,z,y)atf(t,O,s,y)dy‘
0

Ig(t) =

/OOO (atf(t,O,s,y)—atg(t,O,S,y))dy‘ and  J3(t) :=

/OOO b(87 z,y) (8tf(t7 07 Svy) - 8t.g(t707 s,y)) dy .
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In view of Lemmas [I6] and [I7] below, there exists R > 0 such that
|©[a, A](s) — O[B, B(s)| + |Aoler, Al(s, 2) — Ao[B, B(s, 2)| < Rs'/2A

which completes the proof. O
To establish Lemmas and [I7 we need the following preliminary result whose proof adopts

almost the same reasoning of Lemma 3 in [25].

Lemma 15. With the above notation, there exists R, > 0 such that

RFT(1/2)k—1

‘F(k)(tvxvsvyﬂ + |G(k)(tax737y)| S ng(r( t)vy_x)(t_s)k/2_1 (18)
k k-1
|IF®(t,2,5,y) — GB(t,2,5,9)] < k‘As%qﬁ(r(s —t),y —z)(t— )21 (19)

hold for all0 <t <s<T, z,y € R and k > 1, where I' : R} — R is the Gamma function defined by
o0
I(z) := / a*"te a.
0

4.3 Estimation of [;/J;
Lemma 16. There exists R > 0 such that

/oopo(w)fl(w)dx + /Oopo(x)Jl(a:)da:
0 0

Proof. First, we make use of the following estimation for k£ > 1

L)+ [A(0)] < R(s—)/2A,

k2 R0 (1/2)

T i) Oy~ )

‘ﬁ ® G(k)(O,x, $,Y) —q® H(k)(O,x, s,y)‘ < (k+1)s
which yields

‘/ po(x) [ (z)dx Z/ po(z)da

As for Jp, carrying out the similar reasoning for the terms with £ > 1, one has

/ " po(a) 1 (z)de
0

/ 550 GM(0,2,5,y)dy - / G ® H®(0,2,5,y)dy| < RyEA,.
0 0

+[J1(0)] < RVsA,.

4.4 Estimation of I,/J, and I3/ J3

Lemma 17. There exists R > 0 such that
(1) + |Jo(t)] < R(s — )2 and |Is(t)| + | J3(t)] < R(s — t)/2A,.
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Proof. As the estimation of Is/Js can be seen as a particular case of that of I3/J3, we only deal
with I3/Js. We start by estimating Is.

M (t,0,5,y) — (g HF)(t,0, s,y))dy' :
k=
Next,

/ 3 (h© GM)(t,0,s,y)dy = / O <// ﬁ(t,0,u,Z)G(k)(u,z,s,y)dsz>dy
0 0 t —00
= —/ G(k)(t,O,s,y)der/ // Op(t,0,u, 2)G® (u, 2, 5,y)dzdudy
0 0 t —00

and similarly

/ O3 HM)(£,0,5,)dy = — / H®(t,0,5,y)dy + / / / Bri(t, 0,u, 2) H® (u, 2, 5, y)d=dudy.
0 0 t —00

0
Hence,

/ 0 (p© GM)) (¢,0,5,y)dy — / o (qg® H®)(t,0,s, y)dy‘
0 0

IN

/0 (G®(t,0,5,y) — H(’f)(t,O,s,y))dy‘

+ / / / (81‘/13(75707“7 Z) - at(j(tv())u) Z))H(k)(uv 0787y)dszdy‘
0 t J—oo

+ / / / (81‘]3(75707“7 Z) _at(j(tv())u) Z)) (H(k)(uvzvs7y) - H(k)(uv O,S,y))dzdudy
0 t —00

] a0 (Y ) - 69 s,y>>dzdudy'
0 t —00
=: I31 4 I39 + I33 + I34.
For I31, one has by Lemma [I3]

er(l/z)k—l B 00
I < kAsW(S — )b/t /0 o(r(s —t),y)dy < kA,

For I35, one has

I3 = / // (8tﬁ(t,0,u,z)—8tcj(t,O,U,Z))H(k)(u,o,s,y)dzdudy‘
0 t —o0

RFT(1/2)k1

Mo 0 0

IN

= / / H(k)(u,O,s,y)dydu/ (8t]3(t,0,u, z) — 0q(t, O,U,Z))dz
0 t —00
/ / !H(k)(u, O,S,y)‘dydu / (E?tﬁ(t, 0,u,2) — 0q(t,0,u, z))dz
RA, / 1/2du/ ‘H(k)(u,O,s,yﬂdy

k+1
RA/ (u—1) 1/2R(1£%§; (s —u)* 'du

— ¢)k=1)/2, (21)

IN

IN

Rk+2r 1/2)k 1
S ((E T
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For I33, we start with £ = 1. Then it follows that

|H(t,x,s,y) — H(t,0,s,y)| =

/ 0. H(t,z,s,y)dz
0

x M 2|02 . 2. O’(t,z)2 _J(t7y)283 o ] N
[( (1+B(1))2 + B(t, )) 2ed(t,2,8,y) + 201 50)° S et 2,5, Y)

< /qb (s —t), —z))< it+(iy_;)§‘/2>dz.

Hence,

T <[ 1 ly — 2| Rlx|
< < .
/0 [H (t,2,5,y) — H(t,0,s,y)|dy < R/O /0 ¢(r(s —t),y — 2)) (3 ri s t)3/2> dzdy < p—

Fix any v € (0,1), e.g. v =1/2. We distinguish two cases. If |z| < /s — ¢, then

R\x! R!w\”(s—t)(l_”)/z_ Rla|”

/0 ‘H(taxasﬂy) _H(t 0 § y)’dy < s—t N (S—t)(l+7)/2.

If || > +/s —t, then

|H(t,x,s,y) — H(t,0,s,9)| < [H(t,2,s,9)|+[H(t0,s,y)|] %
o(r(s—t),y —x) + o(r(s —t),y) |z
< R s e

and thus

SH CH0,5,y)dy < — 22
; 2,8,y) = H(t,0,5,y)|dy < (s =2

We compute for all k> 1

/ |H(k)(t,gj,87y) —H(k)(t,O,s,y)|dy
0

:/“’

H(t,x,u,z) — H{(t, O,u,z))H(k_l)(u, z,8,y)dzdu| dy

< / du/ H(t,z,u,z) H(t,O,u,z)‘dz/oo|H(k_1)(u,z,s,y)|dy
0
U T, U, 2) u, z)|dz ® RT(/2)0 (s — ).y — 2)(s — u)F-D/2-1
< [au [t - B0 [T B ot — = 2)(s - 0y

2|7 RFT(1/2)%2 -
/t (u—t) N2 T((k—1)/2) (s —u) U

RFHIT(1/2)F 22| /o
S (7 17 R A
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Hence,

I33 = (atij(ta 07 U, Z) - atd(u 07 u, Z)) (H(k) (U, 258, y) - H(k) (U, 07 S, y))dZdUdy

IN

/ / 10,5(£,0,u, 2) — B (t,0, u, 2)|dzdu / [HO) (u, 2, 5, ) — H®) (1,0, 5,9)|dy
t —00 0

k+1 k—2 s 0o
< RF((k:F(—lﬁzm (s — t)(k_V)m_lAs/t (s — u)(k_“*)ﬂ_ldu /_OO |z\7\8tﬁ(t,0,u, z) — 0q(t, 0,u,z)|dz

ROLA/2" 2 i, [P au [ B b= g, 2z
S (el AT B = UL

- Rk+2r(1/2)k—2
- T((k-1)/2)

Finally, let us turn to I34 whose estimation is almost the same of that of Is4. Write
] aao.us 1@y - 6V s,y>)dzdudy'
0 t —00

/ Ded(t, 0,u, 2) (HY — GW) (u, 2,5,y) = (H® — GW)(w,0,5,y))dzdudy

(s —t)F/271A,. (22)

I3, =

IN

/ 0¢q(t, 0, u, z)(H(k) - G(k))(u, 0, S,y)dzdudy' .

Repeating the above reasoning by replacing H*) by H®) — G*) one obtains
Rk+1r(1/2)k—2|x|-y

|10 = 69 bz, — (12O~ 69 (1,05, )ldy < (s — F/2 A,
0

I((k—=1)/2)
Therefore,
Iy < 3;2(2;(_1{3;2 (s — )72 1A, + s /00 D4t 0,1, 2)(H® — GO (u, O,S,y)dzdudy‘
= RF’“:(?(}{?;I;T( —F2IA 4 dy ) (u,0, s,y du/ 0:q(t,0,u, z)dz
< Rpk:]j(_lﬁ;;z (s — t)F/271A, +/ dy/ H®) — G®)|(u,0,s,y)du /_ B,i(t, 0, u, 2)dz

IN

RF27(1/2)k—2 / RFT(1/2)k—1 o1 R
oy 0 [ [ et — w0

_ Rk+2r(1/2)k—2 Rk+lr(1/2)k 1

- T(k-1)/2) I'((k+1)/2)
Summing up @), @I), @2) and @3), one obtains I3(t) < RA(s — t)'/2. Adopting the above
reasoning we obtain similarly J3(t) < RA(s — t)!/2. O

(s =) A+ k (s —t)*=D/2A . (23)
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