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Supplementary material for: Sketched
over-parametrized projected gradient descent for

sparse spike estimation
Pierre-Jean Bénard1,*, Yann Traonmilin1, Jean-François Aujol1

I. SUPPLEMENTARY MATERIAL

A. Proof of Lemma 1

Proof. Let θ∗ ∈ argminθ∈Θ gSd
(θ). We have, for any θ ∈ Θ√

gS(θ∗) = ∥SAidϕ(θ∗)− SAidϕ(θ0)∥2 (1)

= ∥SAidϕ(θ∗)− SdAϕ(θ0)

+ SdAϕ(θ0)− SAidϕ(θ0)∥2
(2)

With the triangle inequality, we obtain√
gS(θ∗) ≤ ∥SAidϕ(θ∗)− SdAϕ(θ0)∥2

+ ∥SdAϕ(θ0)− SAidϕ(θ0)∥2
(3)

=
√
gSd

(θ∗) + ∥(S − SdTΓ)A
idϕ(θ0)∥2 (4)

≤
√
gSd

(θ∗) + ∥S − SdTΓ∥A
id,Σ

op ∥y∥2 (5)

Let θ̃ ∈ argminθ∈Θ gS(θ), we have, similarly√
gSd

(θ∗) ≤
√
gSd

(θ̃) (6)

= ∥SAidϕ(θ̃)− SdAϕ(θ0)∥2 (7)

≤ ∥SAidϕ(θ̃)− SAidϕ(θ0)∥2
+ ∥SAidϕ(θ0)− SdAϕ(θ0)∥2

(8)

≤
√
gS(θ̃) + ∥S − SdTΓ∥A

id,Σ
op ∥y∥2 (9)

We deduce from the two inequalities (5) and (9) that√
gS(θ∗) ≤

√
gS(θ̃) + 2∥S − SdTΓ∥A

id,Σ
op ∥y∥2 (10)

B. Proof of Lemma 2

Proof. Let

αi,k(t) =
fk(z)

2πσxσy
× e

−
(

(xi−x)2

2σ2
x

+
(yi−y)2

2σ2
y

)
(11)

the linear operator defined in our paper. Let us take the Fourier
transform of (11),

[F(Aid
k δt)](wl) =

∫
R2

αi,k(t)e
−j⟨ωl,si⟩dsi (12)
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with t = (x, y, z) ∈ R3, ωl = (ωl,x, ωl,y) ∈ R2 and si =
(xi, yi) ∈ R2.

[F(Aid
k δt)](wl) =

∫ +∞

−∞

∫ +∞

−∞

fk(z)

2πσxσy

e
−
(

(xi−x)2

2σ2
x

+
(yi−y)2

2σ2
y

)
e−j⟨ωl,si⟩dsi

(13)

[F(Aid
k δt)](wl) =

fk(z)

2πσxσy

(∫ +∞

−∞
e
− (xi−x)2

2σ2
x e−jωl,xxidxi

)
(∫ +∞

−∞
e
− (yi−y)2

2σ2
y e−jωl,yyidyi

)
(14)

Let I be the first integral,

I :=

∫ +∞

−∞
e
− (xi−x)2

2σ2
x e−jωl,xxidxi =∫ +∞

−∞
e
−

(xi−x)2+2jωl,xxiσ
2
x

2σ2
x dxi (15)

We isolate xi from the rest of the terms in the exponent,

(xi − x)2 + 2jωl,xxiσ
2
x = x2

i + 2xi(jωl,xσ
2
x − x) + x2

(16)

= (xi + jωl,xσ
2
x − x)2 − (jωl,xσ

2
x − x)2 + x2

(17)

We inject this result in our integral to get

I =

∫ +∞

−∞
e
−

(xi+jωl,xσ2
x−x)2−(jωl,xσ2

x−x)2+x2

2σ2
x dxi (18)

= e
(jωl,xσ2

x−x)2−x2

2σ2
x

∫ +∞

−∞
e
−

(xi+jωl,xσ2
x−x)2

2σ2
x dxi (19)

(20)

By proceeding by substitution in this integral and using
x′
i :=

xi+jωl,xσ
2
x−x√

2σx
, we get that dx′

i = 1√
2σx

dxi ↔ dxi =√
2σxdx

′
i. We then obtain

I =
√
2σxe

(jωl,xσ2
x−x)2−x2

2σ2
x

∫ +∞

−∞
e−(x′

i)
2

dx′
i (21)

We recognize the integral of a one dimensional Gaussian
which is equal to

√
π,

I =
√
2πσxe

(jωl,xσ2
x−x)2−x2

2σ2
x (22)

=
√
2πσxe

−
ω2
l,xσ2

x
2 −jωl,xx (23)
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We note that we obtain a similar result with the other integral
in (14). By injecting our new result (23), we obtain,

[F(Aid
k δt)](wl) =

fk(z)

2πσxσy

(√
2πσxe

−
ω2
l,xσ2

x
2 −jωl,xx

)
(√

2πσye
−

ω2
l,yσ2

y
2 −jωl,yy

) (24)

By simplifying, we get

[F(Aid
k δt)](wl) = fk(z)e

−
ω2
l,xσ2

x
2 −jωl,xxe−

ω2
l,yσ2

y
2 −jωl,yy

(25)

= fk(z)e
− ⟨ω2

l ,σ2⟩
2 −j⟨ωl,(x,y)⟩. (26)

C. Gradients

We provide the gradients needed to perform OP-COMP with
PGD from sketched measurements.

∂

∂x
[F(Aid

k δt)](wl) = −jωx[F(Aid
k δt)](wl) (27)

∂

∂y
[F(Aid

k δt)](wl) = −jωy[F(Aid
k δt)](wl) (28)

∂

∂z
[F(Aid

k δt)](wl) = f ′
k(z)e

− ⟨ω2
l ,σ2⟩
2 −j⟨ωl,(x,y)⟩. (29)
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