N
N

N

HAL

open science

Semi-Discrete Optimal Transport: Nearly Minimax
Estimation With Stochastic Gradient Descent and
Adaptive Entropic Regularization

Ferdinand Genans-Boiteux, Antoine Godichon-Baggioni, Francois-Xavier

Vialard, Olivier Wintenberger

» To cite this version:

Ferdinand Genans-Boiteux, Antoine Godichon-Baggioni, Frangois-Xavier Vialard, Olivier Winten-
berger. Semi-Discrete Optimal Transport: Nearly Minimax Estimation With Stochastic Gradient

Descent and Adaptive Entropic Regularization. 2024. hal-04584552v1

HAL Id: hal-04584552
https://hal.science/hal-04584552v1

Preprint submitted on 23 May 2024 (v1), last revised 23 May 2024 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-04584552v1
https://hal.archives-ouvertes.fr

Semi-Discrete Optimal Transport: Nearly Minimax Estimation With
Stochastic Gradient Descent and Adaptive Entropic Regularization

Ferdinand Genans-Boiteux! Antoine Godichon-Baggioni! Francois-Xavier Vialard?
and Olivier Wintenberger®

Abstract

Optimal Transport (OT) based distances are powerful tools for machine learning to compare probability
measures and manipulate them using OT maps. In this field, a setting of interest is semi-discrete OT,
where the source measure p is continuous, while the target v is discrete. Recent works have shown that the
minimax rate for the OT map is O(t~!/2) when using ¢ i.i.d. subsamples from each measure (two-sample
setting). An open question is whether a better convergence rate can be achieved when the full information
of the discrete measure v is known (one-sample setting). In this work, we answer positively to this
question by (i) proving an O(t~1) lower bound rate for the OT map, using the similarity between Laguerre
cells estimation and density support estimation, and (ii) proposing a Stochastic Gradient Descent (SGD)
algorithm with adaptive entropic regularization and averaging acceleration. To nearly achieve the desired
fast rate, characteristic of non-regular parametric problems, we design an entropic regularization scheme
decreasing with the number of samples. Another key step in our algorithm consists of using a projection
step that permits to leverage the local strong convexity of the regularized OT problem. Our convergence
analysis integrates online convex optimization and stochastic gradient techniques, complemented by the
specificities of the OT semi-dual. Moreover, while being as computationally and memory efficient as vanilla
SGD, our algorithm achieves the unusual fast rates of our theory in numerical experiments.

1 Introduction

Optimal transport (OT) is now a widely used tool to compare probability distributions in different areas of
data science such as machine learning [12] 25| [5], computational biology [45], imaging [20] 6], even economics
[22] or material sciences [§]. The computational and statistical efficiency of OT solvers is the key to facilitating
their use in practical applications. Therefore, both computational methods and the statistical bottleneck in
optimal transport (OT), often referred to as the curse of dimensionality, have received significant attention
over the past decade [39, [64]. Regularization such as Entropic OT (EOT) [14] is a popular method to
alleviate these two issues. It consists of adding an entropic regularization term to the objective function.
Annealing schemes on the regularization parameter to approximate the true solution of OT by its entropic
approximation are efficient, as shown in [32, 146, [19]. Still largely open is the theoretical understanding of
these methods [49, [46], which can shed light on the design of the annealing scheme, also called e-scaling.

OT and its entropic regularization apply to different contexts of interest. The most general context is
when the two distributions are accessed via samples and one wants to estimate the OT distance and the
correspondence plan or map. Another context of interest in some applications is the case of semi-discrete
OT, as in [30], in which one of the two distributions is discrete and the other continuous. This setting is
slightly simpler than the general case since (i) the OT problem reduces to the estimation of Laguerre cells
and (ii) the curse of dimensionality is alleviated [42].

Related works. In many applications of OT, one or both of the measures are accessed via i.i.d. samples.
The goal then becomes to construct estimators of the OT map and/or cost. It is known that without any
assumptions on the measures, the estimation of OT quantities suffers from the curse of dimensionality. For
instance, estimating the Wasserstein distance from ¢ samples achieves a rate of O(t_%) for d > 3. Despite
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the curse of dimensionality, estimating OT quantities attracts a lot of interest. Relevant works include
[211 (54, 10}, 43] for the OT cost, and [16} 28, 51} [42] for the OT map.

We study here the estimation of OT quantities in the semi-discrete setting, where the continuous
distribution is accessed through sampling, similarly to [34] [42], but we assume full access to the discrete target
measure, as in [24, 4]. This setting is of interest since, as recently shown in [42], the OT map estimation
escapes the curse of dimensionality, even without assuming the map to be smooth or continuous. Indeed,
they showed that a rate of O(tfé) is achievable in the ”one-sample” and ”two-sample” settings (sampling
only from the source measure or from both measures). To do so, their work uses the EOT map estimator
[48, 4] with a regularization € =< t_%, as well as results on the convergence rate of the entropic optimal
potential to the Kantorovich potential in the semi-discrete setting proved in [I} [I7]. Moreover, they showed
that the rate O(f%) is minimax for the estimation of the OT map in the two-sample setting.

Beyond the statistical challenges, building efficient solvers for semi-discrete OT is also a considerable
challenge. Many solvers of (E)OT in this setting are based on optimizing the semi-dual, which is a finite-
dimensional convex optimization problem. In particular, efficient Newton and quasi-Newton methods
[35, B3, B0] are proposed for low dimensions, employing meshes when the source density is known. For
arbitrary dimensions, or when the source measure is only accessible via samples, [24] propose using semi-dual
EOT and Stochastic Gradient Descent (SGD) based solvers as proxies for OT. The study of SGD and
Averaged SGD (ASGD) for EOT was further investigated by [4], which notably demonstrated that the
objective function is self-concordant and benefits from enhanced strong convexity near an optimum. Using
these facts, [4] showed that a convergence rate of O(t!) can be achieved for the squared Euclidean distance
estimation of the discrete entropic optimal potential. However, terms in e~ were considered negligible in
their study, thus excluding small regularization.

Contributions. Our main contribution is twofold. First, we introduce an SGD-based algorithm to solve
the semi-dual formulation of OT. This algorithm incorporates a projection step and an entropic regularization
scheme that decreases with the number of samples. While being as computationally and memory efficient as
vanilla SGD, our algorithm achieves enhanced convergence rates, thanks to the decreasing regularization.
Specifically, given ¢ i.i.d. samples of the source measure, it achieves a convergence rate of O(t~2*) with
b € (1/2,1) for both the discrete Kantorovich potential and OT cost estimation. We then construct an OT
map estimator based on our discrete potential estimator and the closed form of the gradient of Fenchel
transforms. By studying the difference between the Laguerre cells formed by the Kantorovich potential and
our estimator, we retrieve a O(t~?) convergence rate for the OT map, for b € (1/2,1).

Second, building upon the parallel between measure support estimation and Laguerre cell estimations, we
derive two new minimax lower bounds, characteristic of the fast rates of non-regular models: a O(t2) rate
for the Kantorovich potential and a O(t~!) rate for the OT map (compared to O(t~'/2) in the two-sample
setting [42]). These lower bounds are nearly achieved by our estimators since b < 1. Finally, we numerically
showcase the convergence rates of our algorithm for the OT potential, map, and cost estimators.

Notations. We note || - || the euclidean norm, and for C C R D¢ := sup{||x — y|| : 2,y € C} denote its
diameter. For a,b € R, a Vb := max{a,b} and a A b := min{a,b}. For v € R?, vy, = ming<;<qv;j. 14 and
04 denote the vectors (1,...,1) and (0,...,0) in R%. \ga is the Lebesgue measure in R?. P(R?) is the set of
probabilities in RY, and for p € P(R?), Supp(p) is its support. O(-) and o(-) are the usual approximation
orders. We use f < g if there exists a constant C' > 0 such that f(-) < Cg(-). We write a < b if both a < b
and b < a.

2 Behind stochastic approximation for Optimal Transport

2.1 Background on (Entropic) Optimal Transport

Given a source and target probability measures i, € P(R?), a cost function ¢ : R x R — R* and a
regularization parameter € > 0, the Entropic Optimal Transport (EOT) problem is

i
T: = i 1 1
Ot = min [ ctoistea)ve [ (@) dnto) )

where TI(u, v) is the set of joints probability measures on R% x R? with marginals y and v. Mild conditions on
i, v and the cost can be made so that this problem is well-posed, see [52]. When € = 0, Problem recovers




the Kantorovich formulation of OT. In this article, we focus on the quadratic cost c(z,y) = %[z — y||?,
although some of our results can be extended to more general costs. Our analysis relies on the semi-dual
formulation of the convex problem given by

OT:(n.r) = max, | r@)dua) + [ £<w)aniy). @

where for all y € RY,

[ )=

£

mianRd 6(1:7 y) - f(.’E) if e= 07
—elog (fRd exp <M> du(:z:)) if e>0.

Under mild conditions on the cost or densities, a positive € makes the semi-dual formulation e~ !-smooth [I5].
The key property of this semi-dual formulation of (E)OT is to retain more convexity than the standard dual
of (see [28, [50]).

Optimal maps and Brenier’s theorem. We consider the quadratic cost, ¢ = 0 and u, v having
second-order moments. Under the additional assumption that the measure p is absolutely continuous, the
optimal potential f*, called Kantorovich potential, is (locally) Lipschitz and the map

Tpola) = v — Vf*(2) (3)

pushes forward p onto v (see [7]). In addition, 7, , is the gradient of a convex function. This optimal map
has more importance than the OT cost in subfields of machine learning such as generative modeling [29] or
domain adaptation [13].

2.2 Semi-discrete OT

Semi-discrete (E)OT is when the source measure p is absolutely continuous and the target measure v =
ijvil w;dy, is a finite sum of M > 1 Dirac masses with weights w; > 0. In this case, the semi-dual formulation
reduces to a finite-dimensional convex optimization problem on RM

M
. def.
min H, = — “E(z)dp(x) — W, 4
min () &~ [ g @)duta) Yo ()
where for all € RY, g&¢(z) is a (vectorial) (c, ¢)-transform with respect to a vector g = (g1, ..., gn) € RM,

defined by

e (z) = minjeqi g (512 - gill* - 9] if =0,
") =9 |, <Zj]‘ile><p <Lﬂz“+gﬂ> wj) e
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The vector g corresponds to the value of the potential function at the points ;. For notational convenience,
we write H.(g) = [pa he(z, g)dp(z) with he(z,g) = —g“(z) — Z]]Vil gjw;. For all g € RM and given X ~ p,
an unbiased estimator of the gradient is given by

Vgh5<X7g)j:—wj+X§(X,g>, 1§j§M7
where for z € R%, g € RM | we have

1 2
oxp (CHlenln

1 2
—=||lx— +
Zkleexp( 5l gk” gk)w

Fore =0, xj(z,8) = H‘]Lj(g)(a:) is an indicator function and we have a partition R% = U]]Vil L;(g), where for
all j € [1, M],

X5(w,8) =

c 1
Lite) = {0 € Ry e) = Lol — g5}

The convex sets L;(g) are called power or Laguerre cells and p(IL;j(g) NL;(g)) = 0 when ¢ # j. By the
first-order optimality condition, solving semi-discrete OT amounts to finding g such that for all j € [1, M],
p(L;(g)) = wj. Semi-discrete OT is a case of application of Brenier’s theorem. Given the optimal potential
g*, the optimal map reads V(g*)°(x) = « — y; if « is in the interior of L;(g*).



2.3 Solving semi-discrete (E)OT with the semi-dual formulation

Exploiting its finite-dimensional nature, optimizing the OT semi-dual Hy has become a popular approach.
Notably, Newton and quasi-Newton methods are highly effective in scenarios with low dimensions and known
source densities, utilizing meshes to approximate the source density [35) 33 [30]. In scenarios involving
arbitrary dimensions or when only sample-based access to the source measure is available, EOT emerges
as a favored strategy. Notably, to avoid working with a discretized version of the source measure, such as
with the Sinkhorn Algorithm, [24] recommend employing stochastic optimization to solve . Indeed, the
semi-dual EOT problem has a convex objective of the form

H.(g) = Exu[he(X,8)],

with X as a random variable under u. As noted in [24], the main advantage of stochastic optimization
algorithms is that they are suited for really large-scale problems, keeping in memory only the discrete measure
v. Moreover, not relying on discretization permits an unbiased approach to solving the semi-discrete EOT
problem.

For a given fixed regularization parameter ¢ > 0, stochastic first-order methods are predominantly
employed to solve . Starting with an initial value gy € RM, these algorithms consider at each iteration
one or many samples X; ~ u and rely on an update of the form

gt =81 — 1t Vghe(Xi, 81-1)-

At time ¢, the Averaged Stochastic Gradient Descent (ASGD) returns the averaged estimate g, = 154%1 Z};:O gk,
while Stochastic Gradient Descent (SGD) returns g;. ASGD, as an acceleration of SGD, has been widely
studied in the literature (see [40} 38| [3], and [4] for the specific case of EOT).

Choosing the regularization parameter ¢ for EOT. Approximating the EOT problem rather than
the OT one benefits from an enhanced convergence rate, especially in the discrete setting. The introduction
of the Sinkhorn Algorithm for solving the EOT problem, as highlighted by [14], has led to a resurgence of
interest in OT within the Machine Learning community.

The choice of the regularization parameter € then becomes a practical and/or statistical problem:

1. In the discrete case, selecting the regularization parameter is a practical issue that aims to strike an
optimal balance between convergence speed and accuracy [I4) [I8]. To address this trade-off, some
heuristics, such as e-scaling [47], which involves a decreasing regularization scheme, are employed,
although they lack strong theoretical guarantees.

2. In the semi-discrete and continuous settings, the initial statistical problem is to determine the number
of samples needed to accurately approximate the OT quantities. In this line of work, the use of
EOT to construct estimators has also been proven to be satisfactory. In this case, studies show that
regularization must decrease as the number of samples increases [41], 42]. However, discrete solvers do
not adjust to the number of drawn points, as the solver is initiated once the points to approximate the
measures have been sampled.

3 DRAG: Decreasing Regularization Averaged Gradient

3.1 Setting.

We focus here on the one-sample setting of semi-discrete OT. Specifically, we sample from the source measure
p and leverage the full information of the discrete measure v. Furthermore, fixing R > 0 and « € (0, 1], we
make the following mild assumption, already present in [17, [42].

Assumption 1. Let p € P(R?), such that Supp(u) C B(0,R) and its density du is a-Hélderian with,
0 < dp < oo on its support. We note Po(B(0, R)) the set of these measures.
The target measure v is discrete, of the form v = Z]J‘/il wjdy,, with w = (w1, ..., wy) its probability

weights and (yi,...,yn) € B(0, R)YM its support.



3.2 DRAG: A gradient-based algorithm adaptive to both the samples size and regular-
ization parameter

Having a regularization parameter € that decreases as the number of drawn samples increases is crucial to
approximate the true OT cost and the Brenier map. However, no algorithm in the OT literature adapts to
both entropic regularization and sample size simultaneously. In the discrete setting, the concept of decreasing
regularization, known as e-annealing [47], is recognized for accelerating the convergence of the Sinkhorn
algorithm in practice. However, the sample size remains fixed. In contrast, SGD algorithms are inherently
adaptive to the number of samples. Thus, we propose a decreasing sequence (g;); and suggest replacing the
usual gradient step in ASGD with the following projected step with adaptive regularization

g: = Proje (gt—l - %Vghstq(Xta gt—l)) )

where for U € RM convex, we define the projector as Proj;;(g) := argmin{||g — g'||,g’ € U}. This method
can be interpreted as a decreasing bias SGD scheme. For such a method, employing a projection step can
be highly effective in ensuring convergence [I1], 23]. In the context of EOT, it is well established that the
(¢, e)-transform enables the localization of a minimum of the semi-dual problem when the cost is bounded [37].
Specifically, since sup{c(z,y;);x € Supp(u),j € [1, M]} < 2R? by Assumption |1} a preliminary projection
set can be expressed as Co := [0, 2R2]M . Nonetheless, leveraging the regularity of the cost function, we can
have a projection set with a unique optimizer, as described in the following Lemma.

Lemma 1. (Proof in Appendix Under Assumptz’on for all € > 0, there exists a unique solution gk to
in Cy = {g € RM ;91 = 0 and |g;| < Rlly1 — y;ll,7 € [1, M]}.

Note that the choice g1 = 0 is arbitrary. In Algorithm 1 DRAG
what follows, we refer to C = Cy, or C = C,, as our Parameters: (71,a,b,C)
projection set. Note that for both set, the projection Initialize g € C, 8 = go, €0 = 1.
is nearly cost-free, as it involves merely clipping each for k — 1 to ¢t do

coordinate of our vector. B
Finally, in order to accelerate the convergence, we X) o~
consider the Decreasing Regularization projected Av- ke
=Proj 1 —%Vgh Xk, i
eraged stochastic Gradient descent (DRAG) defined Bk - EC (gf ij #Vehe, (X &k 1))
gk F+18k T rx18k—1

by e =k7¢

_ 1 t end for

& =y 18 + 181 return g,

with g, = go. The pseudo-code of our algorithm is given in Algorithm [I A main advantage of DRAG is
that it has a O(dtM) computational complexity and O(dM) spatial complexity.

3.3 Convergence rate before averaging

As a key step to the convergence rate of DRAG, we will provide the convergence rate of the non averaged
estimate g to g, , solving with regularization €;. Note that, up to a transformation of the form gZ, +alyy,
where a € R*, the minimizer of the semi-dual is unique. Consequently, no matter the set C chosen, we focus
our analysis on the orthogonal complement of the subspace spanned by 1,7, denoted as Vect(1 M)l. For
simplicity, for g, g’ € RM, we denote for p € [1, o0]

Hg - g/HP = ”g - g/Hp Vect(1p)+ s <g7g/> = <g7 g/>\/ect(1M)L )

Our analysis is greatly influenced by the findings in Corollary 2.2 from [I7], which states that for 0 <&’ < ¢,
under Assumption [I| with u € P, (B(0, R)), for any o/ € (0, ), there exists a constant Ky, notably depending
on the caracterstics of v (see [17]), such that

gt — g% || < Koe®' (e — &) (5)

In addition, the convergence rates of our algorithm take advantage of the two following properties of the
entropic semi-dual. For any € > 0, noting wmin := min;ei a] wy,



e H. is locally strongly convex on Vect(1p;)" and the smallest eigenvalue of its Hessian at gZ on

Vect(17)* is greater than wyine ! ([4], Lemma A.1).
e H. is l-self concordant ([4], Lemma A.2).

Let us emphasize that, surprisingly, the first point reveals that the strong convexity at the optimum increases
as we decrease the parameter €. By combining these two points and benefiting from our projection step, we
derive the following lemma.

Lemma 2. (Proof in Appendm@) For all regularization € > 0 and for all g € C, we have
* * 4 *
IV H-(g) - V*He (22) (8 — &) < ~lle — &Zl1%. (6)

Moreover, defining Ky = 2w_+ max{2R? 1} and Age i =1— e_%[l/\”g_g;m, we have

* A , *
(VH.(g),g — &%) > %Hg—ggHQ- (7)

While technical, this lemma is a key step for our convergence guarantees and thus warrants further
discussion. Note that Ag./Ky can be interpreted as a form of local strong convexity coefficient of H..
However, if ||g — gf||/¢ is small, the term Ag . tends to 0, and we would not be able to exploit more local
strong convexity. This situation is unavoidable with any fixed regularization e, if convergence to g is desired.
The use of a decreasing regularization scheme helps to avoid this problem. Indeed, if the term Ag, ., remains
small for any ¢t and &; tends to 0, then |lg; — g || also tends to 0. However, if at time ¢, Ag, ., is close
to 1, we can exploit strong convexity. Thus, a decreasing regularization scheme ensures good convergence
behavior, regardless of Ag, .,. Building on these essential properties, we obtain the convergence rate for the
non-averaged iterates of DRAG.

Theorem 1. (Proof in Appendiz[B.1]) Under Assumption [l with € Po(B(0, R)), taking the parameters
(71,a,b) of DRAG such that v1 >0, 1+a+ aa > 2b, a > % and b € (%, 1), we have
1
_o*12P] <
E[llg: — g2, 1I7] < o t2Lpe {1,2}.

Remarkably, we achieve a convergence rate without any undesirable dependence on regularization. Our
projection step and the improvements in Lemma [2, compared to Lemma A.1 in [4], were crucial for this
achievement. In contrast, [4] derived a convergence rate of the form O(e~¢¢~%) for a fixed regularization, with
c at least equal to 1. Note that having no adverse dependence on the regularization parameter is essential for
our algorithm, as it (i) employs a decreasing regularization scheme and (ii) aims to leverage the increased
strong convexity at the optimum as ¢; decreases. This last point will be further discussed in the next section.

3.4 Acceleration and quadratic convergence rate for DRAG

In convex stochastic optimization, it is known that averaging SGD iterations can lead to acceleration. More
precisely, ASGD can adapt to the possibly unknown local strong convexity of the objective function at the
optimizer [2]. As we saw previously, the strong convexity of H. increases as the regularization parameter e
decreases. Despite the fact that our objective function changes at each time ¢, Theorem [2| (Proof in Appendix
shows that DRAG fully exploits the increase in local strong convexity.

Theorem 2. (Proof in Appendix Under the same assumptions as in Theorem taking a > b,

Ellg &' S o 121
Note that as b tends to 1, we achieve a quadratic convergence rate. We emphasize that this convergence
rate is surprising, since for a general strongly convex function, the expected convergence rate would typically
be linear. This difference comes from the fact that we face a Laguerre cells support problem. In parametric
statistics, support problems are known to often be non regular and can yield an enhanced quadratic
convergence rate (see, for instance, [53], Chapter 15). In the next theorem, we show that our convergence

rate to g* is nearly minimax.



Theorem 3. (Proof in Appendiz[B.5) Let v € P(R) be a fized discrete measure of M points. Then,

) . M
inf sup E [Ilg(“ ~g IIQ} >,
g™ uePo (B(0,R)) 13

where g* is the discrete optimal vector, solving the non regqularized semi-dual in . The infimum is taken
over all vectors g¥) € RM constructed using t € N* i.i.d samples of pu.

Remark: While the dependence on wy,;, (or M) may seem minor in our context since it is a constant, we
have included it in our analysis. This is pertinent, especially when applying DRAG to a discretized version
of a continuous measure, which could result in a large M. We highlight that such results, demonstrating
explicit dependence on the weights or number of points, are novel in the semi-discrete optimal transport
(OT) literature. Additionally, when the weights of the discrete measure are uniform, our analysis achieves a
convergence rate closer to O(M?t~2%) (refer to the proof of Theorem [2| for further details). We believe that a
theoretical convergence rate of O(w;?nt_%) is achievable for DRAG. Indeed, a quadratic dependence on the

strong-convexity coefficient is commonly observed in ASGD [2]. This dependence is illustrated in Figure

4 Optimal Transport cost and Brenier map estimation rate with DRAG
4.1 OT and EOT cost estimation
In this part, we derive convergence rates of the (E)OT costs using DRAG.

Corollary 1. (Proof in Appendix Taking the same assumptions as Theorem @ with 0 < e <1 and
0 < o <1, we have the following convergence rate for the approzimation of the (E)OT costs

1
2
+ —2b (8)

E Ho(g") ~ Ho(&)| S - )

E|H.(g2) — He(8) S €** (e — 1)

Once again, we achieve a superior rate compared to the typical O(t~1) observed in strongly convex and/or
smooth scenarios, highlighting that semi-discrete OT deviates from conventional problems. Interestingly,
while H,,(g,;) could approximate the OT cost, this estimator worsens in convergence rate as ¢; decreases.
Here, the regularization parameter € introduces a trade-off, necessitating a balance between convergence rate
and precision. Conversely, for OT, we exploit the consistent smoothness of Hy (as noted in Theorem 4.1,
[31]), which allows us to derive our asymptotic result without such a trade-off.

4.2 Brenier map estimation

When employing entropic regularization, a popular choice involves using the estimator of the entropic Brenier
map

T (ge) (@) = 2 — V(g)™. (10)

Indeed, for g € RM T 5.v(8)(z) could serve as an estimator. The objective is then to find an accurate
estimator, g, close to g7, and to analyze its performance based on the bias-variance decomposition

1T = T @720 S 1700 (8) = T5 (8D 172 +

using the fact that ||7),, — Tﬁyy(g:)H%g(M) S ¢ (H2], Theorem 3.4). However, the mapping g — T}; ,(g) is

e~ 1-Lipschitz, complicating the bias-variance trade-off given that e, = t~°. Instead, we rely on the gradient
computed thanks to the c-transform of the estimator g, of DRAG. In fact, for any = € R?, if there exists
J € [1, M] such that z is in the interior of L;(g*) NL;(g;), we have

T/J,,I/(x) =T — v(gt)c(qj)



Indeed, no matter g, as soon as z € R? is in the interior of L;(g), the gradient of g° is given by

V(g)(z) = argm}gx{;nxymgj} —y (11)

By analyzing the differences of Laguerre cells partitions between L(g,) and L(g*), we derive the following
theorem.

Theorem 4. (Proof in Appendz'x Under the same assumptions as Theorem |1}, defining for all z € RY
and time t > 0 T'(g,;)(xz) = x — Vg{, we have for all 1 < p < oo the convergence rate

_ 1
E T = Tus @] S -

Minimax estimation. In the two-sample setting, where we subsample from both p and v, [42] shows
that a convergence rate of O(t~/?) is minimax for the squared L? error of the Brenier map estimation. As
we see in Theorem [4] this rate can be improved to O(t~!) in the one-sample setting, as b tends to 1. In the
following theorem, we prove that this rate is minimax.

Theorem 5. (Proof in Appendiz[B.6) Under the assumptions of Theorem[3, for any p € [1, 00|,

1
inf su E{T,,—T(t)p }>7,
b uePa(BIzU,R)) | , HLP(H) ~

where the infimum is taken over all maps T constructed using t € N* iid samples of p.

5 Numerical experiments

In this section, we numerically verify our convergence rate guarantees through various examples. For each
example, we know the theoretical OT map, cost, and discrete potential. The first two examples are similar
to those in [42]. In all figures, we fixed the parameters of DRAG to (v1 = /Wmin,a = b = 0.75). While
increasing b leads asymptotically to a better convergence rate, it decreases the step size of our gradient
descent. Therefore, we need to wait longer to observe the acceleration from averaging. Our numerical
investigation found that our parameter selection achieves a good compromise between convergence rate and
the time before acceleration and is robust without further hypertu -

Examples settings: (1) u ~ U([0,1]'°), Supp(v) = {y; =
(552, 50 5).d € [1,100]}, w = gigLuoo. (2) p~U([0,1]"0),
M = 30 and y1,...,yn randomly generated in [0,1]'0 . We
then also randomly generate g* € R3? and approximate w

Error

with Monte Carlo (MC) , such that ¢g* is the discrete optimum 1] — ot : ‘* N
potential. This setting led to wmyin = 0.00103. (3) pu ~ U([6,1+ . ;Ij(’;)f o
d]), 6 = 0.5, Supp(v) = {%,k e, M}, w = 451p, M = ] V@) — )l 2 N
1000. While in dimension 1, this example is interesting since ne Vi)~ Folg) 8

it appears in the proofs of Theorem [3] and " o o

OT cost, map and potential convergence.

In Figures [1] and [2, we show the convergence rates of the
OT cost, map, and discrete potential. As we can see, we match
our theoretical rates perfectly, except for the OT cost, where
the rates are slightly slower. This discrepancy could be due to
(i) our results for the OT cost estimations being asymptotic and (ii) our OT cost estimation already being
extremely precise, with 107 MC samples proving insufficient to achieve precision around 5 - 1074,

Figure 1: Cost error evolution through iter-
ations, approximated with 107 Monte Carlo
samples, for Examples 1,2 and 3.
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Figure 2: Convergence rate of our discrete potential and map estimators for Examples 1,2 and 3.

Visualisation of the OT map estimators with DRAG.

We visualize our OT map estimator 7'(g;) = = — V(g;)¢ on
a concrete example of Monge-Kantorovich (MK) quantiles [9].
In this context, having a target measure v to investigate, the
source measure is set to be the uniform measure on the unit
Euclidean ball p ~ U(B(0,1)). The goal is then to visualize
the destinations through the OT map of points in regions
B(0, (k+1)/10) \ B(0,k/10) for k € [0,9], which define MK  (a) Target measure  (b) OT map approx.
quantile regions. We used M = 10° points to approximate v,
a discrete version of a boomerang-shaped measure. Finally, we - i )
launched DRAG with ¢ iterations. In Figure [3| we present the imation with DRAG.
estimated MK quantiles regions of v, where each color represents a region, starting from B(0,0.1) in the
center. In this example, taking ¢t = 107 samples was sufficient and produced a similar result to when more
samples were used.

Dependence of our convergence rate as M grows.

As discussed in Section [3.4], our theoretical analysis indicates
a dependence on wﬁﬁn. In examples 1 and 3, where similar
problems arise with increased point counts, we run our algorithm
with progressively larger M and M? iterations. Our theory o 104

Figure 3: MK Regions and OT map approx-

predicts that the error of the estimator g; should decrease & » - )
linearly, yet if the dependence of DRAG is indeed on w?. | o Hi::” 1 R A\:
the error would increase quadratically, or remain constant if ke g g 3 e

the actual dependence is w2, . As illustrated in Figure |4} our T e o
theoretical bound accurately matches the behavior of ||g; — o N b

g*||?. Moreover, the behavior of ||g, — g*||? suggests that our

theoretical bound may not be sharp, as discussed after Theorem )
Bl Figure 4: Error evolution of DRAG for g;

Further experiments. In the appendix, we present addi- and g; as M grows, for Examples 1 and 3,

tional experiments that, while not altering our theoretical ﬁndingsé 53%2 Btéeﬂ?g?fﬁysbeneﬁcial for practitioners.
Specifically, we provide evidence that mini-batching with GPU computation and weighted averaging of the
iterates g; can significantly accelerate the algorithm. We also briefly discuss the choice of the parameters a
and b and compare DRAG with SGD and ASGD.

6 Conclusion

In EOT, a decreasing regularization parameter naturally appeals to practitioners who aim to speed up
Sinkhorn-like algorithms with an annealing scheme. Similarly, in the statistical community, a regularization
that decreases with the number of points is favored to more accurately approximate true OT quantities. With
our algorithm, DRAG, we demonstrate that these two motivations for decreasing regularization can coexist



successfully. Moreover, we derive two new minimax lower bound theorems to approximate OT quantities in
the one-sample setting of semi-discrete OT and show that DRAG nearly achieves these bounds.

Our algorithm nearly achieves the minimax rate when b is close to 1. However, the closer b is to 1, the
higher the constants in the rates. In practice, the choice a = b ~ 0.75 gives robust practical results, as shown
in Figure [7]in the appendix. An open direction is to design an improvement of our DRAG algorithm that
achieves the minimax lower bound, while not suffering from large multiplicative constants, and remaining as
computationally and memory efficient as our algorithm.

Our results can also motivate further investigation into different lines of work: (i) Studying the convergence
of the discrete potential in semi-discrete OT for different costs. Indeed, the main challenge in extending the
convergence proof of our algorithm to other costs is obtaining results similar to those in ([I7], Corollary 2.2)
for alternative cost functions. (ii) Developing decreasing regularization algorithms in the continuous case to
efficiently approximate OT distances and maps. (iii) Adapting our approach to demonstrate or improve the
acceleration of entropic annealing schemes for EOT solvers in the discrete case.
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A Additional experiments

Weighted Averaging: Maintaining a better trade-off between averaged and non-averaged
iterations. Since the dependence of DRAG iterates g, on the number of points M is at least quadratic,
whereas for the non-averaged iterates g; it is only linear, when the total number of iterations ¢ is insufficient
(i.e., t < M?), g; can outperform g, as an estimator. One strategy to try to consistently achieve the best
estimator regardless of the time ¢ is through weighted averaging [36].

Namely, we replace the averaged estimator g, = H% 22:0 g:, by

t

7(“1) 1 w

g~ = log(k + 1)“gy;,
¢ ZZ:O log(k + 1)« kZ:O

with a parameter w > 0. The parameter w balances the weights assigned to the estimators gi. As w increases,
greater importance is given to the more recent estimates, while we retrieve g, when w goes to 0. As for
the usual averaged estimators, we can perform the weighted average online, without having to store all the
iterates, with the recursion

g =

wgt+1~

( In(t 4+ 1)« ) _(w) In(t 4+ 1)~
== 8 T

> k—oIn(k + 1)« > k—on(k +1)
It is important to note that ggw) will have the same asymptotic convergence guarantees as g;.

In the following experiments, we operate under conditions where the number of iterations ¢ is insufficient
for the estimator g, to outperform g;. We set M = 1000 in Examples 1 and 3, select w = 2 for the weighted
average parameter, and fix ¢ at 10°.

Example 1 Example 3
10% 10?

Error

100 1000 10000 100 1000 10000
Iterations ) o Iterations

; X2 5 2
— L T Rt 1

gt — &I

Figure 5: Comparison between g;, g, and gﬁw) on Examples 1 and 3, fixing M = 1000 and w = 2.

As illustrated in Figure [} the estimator g; begins to converge after approximately M iterations and

remains superior to g, throughout the figure, since we are still within the regime where t < M?. However,

we see that the weighted average estimator gﬁ“) consistently outperforms g, and already surpasses g; in

performance after 10° iterations in Example 1.

Mini-batch DRAG. As for Vanilla SGD, we can take advantage of GPU parallelization and replace the
gradient estimator using one sample X ~ p

Vghe(X,g)

by a mini-batch estimator, using np > 1 i.i.d samples X7, ..., X;,, samples of the source measure at once
1 &
— 3 Veh(Xig). (12)
™ =0

Of course, no matter the choice ny, defines an unbiased estimator of VH.(g).
Using a mini-batch of size ng, we suggest multiplying v by /np, as is usual with mini-batch SGD. The
following figure shows the acceleration due to mini-batching in Example 2, while maintaining the same
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computational time when using a GPU. Indeed, each mini-batch estimator has an error an order of magnitude
lower than the non-batched ones, even with a small mini-batch size of n; = 16.

10[)

—— Iz — gl
107! —o— |l& eI

(w %2
—— g — g

Error

e |lgr—g*||?>  (Mini-batch)
0 g —g*|> (Mini-batch)
e 185 = g*|1? (Mini-batch)

1073

100 1000 10000
Iterations

Figure 6: Comparison of the non mini-batched and mini-batched estimators on Example 2, nj, = 16.

Influence of the parameter ¢ and b. In Figure (7] we illustrate the behavior of DRAG when changing
the parameters a and b, on Example 2.

Q-
10° —+— DRAG, a =06 ] T~ —+— DRAG, b = 0.6
©— DRG, a=06 o~ DRG b =06
5 —+— DRAG,a =075 —+— DRAG, b =075
& 107! —e— DRG,a=075 w107 —e— DRG b =0.75
—+— DRAG, a = 0.9 —+— DRAG, b =09
—e— DRG,a =09 . —e— DRGb=09
1072 B
100 1000 10000 100 1000 10000
Iterations Iterations
(a) Error between the estimators g; and g, and the op- (b) Error between the estimators g; and g, and the op-
timal potential g* on Example 2, a € {0,6,0.75,0.9} timal potential g* on Example 2, b € {0,6,0.75,0.9}
and 1 = \/Wmin, b = 0.75. and v1 = \/Wmin,a = 0.75.

Figure 7: Evolution of the errors, when changing one of the parameters a or b.

As we can see, the choice a = b = 0.75 seems to be a good compromise on this experiments. We also see
on Figure [7D] that the non-averaged estimates with the best convergence rate is when b = 0.9. This behabiour
is concordant with our theory. However, as we can see, the parameter b = 0.9 does not yet benefits from the
acceleration thanks to averaging.

DRAG compared with SGD and ASGD. We compare here the performance of our algorithm DRAG
compared to the vanilla SGD and ASGD, introduced in [24] for EOT, on Example 2. For our comparison,
since we fixed the parameters of DRAG to (v/M,3/4,3/4) and ran the algorithm for t = 10° iterations, we
have &; = 1071%/4 ~ 10~%. We thus set € = &; to run SGD and ASGD. As we can see in Figure 8, DRAG
clearly outperforms SGD and ASGD. We note that the poor convergence of SGD and ASGD is not surprising
with a small regularization parameter, as already observed, for instance, in [48].
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Figure 8: Comparison of DRAG with SGD and ASGD with a fixed regularization of &, = 107'5/4, on Example
2.

B Proofs of the main paper

Additionnal notations for the proofs.
For any ¢ > 0 we define the function ¢ — W.(t) such that

T 1+In(T+1) ife=1,
I S (T) =1 2 ife>1, (13)
=1 1+ (T+D° ife<l.

For a sequence (u;)een, if % ¢ N, u: must be understood as u(ﬂ
2 2

B.1 Proof of Theorem [I} Convergence rate of the non averaged iterates.

In all the sequel, we note

Ay = lge — gk 1%

Remark that the dependence in ¢ is both in the estimator g; and the optimizer gZ,. We also recall that

we note D¢ := sup ||g—g'|| < oo .
g,8'eC
We will divide the proof into two parts.

B.1.1 Part 1: proof for p = 1.
Proof. By definition of the gradient step at time ¢ + 1 and since g7, | € C, we have

App = ”gt+1 - g:t+1||2

= ||[Projc(gt — Ve+1Vghe, (81, Xi+1)) — &2,
< llgt = vi+1Vghe, (8, Xi41) — g;H H2

I

Then, incorporating the change of optimum between time ¢ and ¢ + 1, we get

Ay < ||ge — %+1Vghst (g1, Xi41) — g;‘t + g;‘t - g:tH H2
< llgt — e+1Vghe, (g Xe1) — &2, |17 + 2 <gt — Y41 Vghe, (8, Xt41) — 82,. 8L, — g:t+1>
+ gz, — gt I

Using Corollary 2.2 in [17], see (), there exists Ko > 0 such that for any o/ €]0, o]
gz, — i, < Kosf‘/ (et —et1) < Kot~ (= (t+1)7) < al ot~ (Irataa’) (14)

For clarity, we define r; := aKot~(110+99) and R, := (2D¢ + 2vei1 + 7474
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Using that for all ¢, g; € C, and that for all z € R% g € RM, ||Vghe, (g, z)|| < 2, we obtain
Arr1 < g — Y1 Vghe, (81, Xip1) — g5 1P + (2Dc + 2ve41) gk, — &2, || + Ik, — g2, 117
< llgt — 141 Vghe,(gt, Xey1) — g2, |2 + Ry
<l — g5 11* — 2741 (Vghe, (8, Xe41), 8 — 85,) + Vi1l Vehe, (8, Xei1)||* + Ry
<Ay — 2941 (Vghe, (8, Xi1), 8 — 82, ) + 4771 + Ry

Note that, since we have 14 a+aa > 2b, we can also take o’ €]0, a such that 14+ a+aa’ > 2b. Therefore,
the sequence R;/ %2 is decreasing and tends to 0. For conciseness, we note

too = min{t >1: R < 'th} (15)

For any t > t,,, we then obtain the following upper bound of A;;1 in terms of A; and the gradient
direction:

App1 < Ay — 2741 (Vghe, (8 Xit1), 8 — &5,) + 591 (16)

Noting F; the filtration generated by the samples X1, ..., X; g u, that is F; = o (X1,..., X;) and taking
the conditional expectation, we have

E[Ap1|F] < A¢ — 2941 (VH., (8), 8t — 85,) + 577 (17)

2 gt
Using Lemma [2| and denoting Ag, ., =1 —e =t [17 e get”], one has for all ¢

* A *
(VH: (g0). 80— 87) > 2 llg — il = M. (18)
W
Then, it comes
E[A | ] < (1= 2Xve41) Ar + 57241 (19)

We note

_ Wmin(1—€e7?)

S A S — 20
2max{2R? 1}’ (20)
and note that Ay > X if ||g; — g7, [|oc > €. Therefore, we have
E [At—i-l | ft] < (1 - 2)\'yt+1) At + |:2()\ - )‘t)HéHgt*g;tHooSEt} 'Yt—i—lAt + 5’}/152+1.
Moreover, ||g: — g2, [|co < &¢ implies that A; < Me?. Therefore,
E[Ap1 | F] < (1 =2 1) A + [2(/\ - At)“éHgt_g;tHOOSEt] Y1 Me} + 5.
Using that (A — )‘t)“éllgt—g;tlloo < A and taking the expectation, we obtain
E[Ar1] < (1 —2Mye101) E[Ay] 4+ 2AM ey, + 57,52“.
Noting ¢, := min {t,2\y;11 < 1} and tp := max{tqa,ty} , we use Proposition |I| to obtain
t t 5
E[A;] < exp (-mi ;1%) D¢ + kz; 57 | + V-1t Mazéfl. (21)
=to =to

Applying Corollary [2] the exponential product converges exponentially to 0. Therefore, using the value of
A defined in , an asymptotic comparison gives
5[2R? V 1]

E[At] < wmin(l — 6_2)

’Y%fl + M&éil + 0(7252) .

In the usual case where the discrete measure v has uniform weights equal to ﬁ, we deduce from the relation
2a > b, by the assumption of the theorem, that

E[A] = O (M) .
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B.1.2 Part 2: proof for p = 2.

Proof. Building on the proof of the case p = 1, we start by squaring equation . For t > t4 o, where t, o
is defined in , we have

. 2
A7y < (A= 2941 (Vghe, (81 Xi1). 8 — &2, ) + 57i41)
w2
< A? + 497, (Vehe, (86 Xi1) 8 — 85,) + 2571,
— 2041 (Vghe, (8, Xe41), 8 — 82, ) #5871 — 10071 (Vghe, (81, Xi41), 8 — &2, -
:;A :ZB

Taking the conditional expectation, recalling that A; is defined in we obtain thanks to Lemma
E[A|FA] = 2A?>\t%+1-
We also use the simple bound
E[B|F]>0

These two inequalities lead to

*\2
E[A} | Fi] < A7(1 = 20ye41) + 497 E [<Vh6t (g6, Xe1) 8 — &2,)" | ]:t] + 2574 + AN (22)
Using that the gradient norm is bounded by two, we use Cauchy-Schwarz inequality to obtain

* 2 *
i1 (Vehe, (8 Xev1), 8 — 8L,)" < 1677 [lge — &2, 1° < 16407,
Recalling the value of A defined in :
B Wmin(1 — 6_2)
~ 2max{2R?,1}’

we use Holder’s inequality to obtain

21A7, < <At\ﬁ\ﬁ21%+1) Vi1
< Y AFA + 1157?+1-
Summing up these inequalities, we obtain
5 217 5 4
E[AY | Fi] < (1= 2X\ves1 + A1) A7 + D e T 257
Similarly to the case p = 1, we have

212
E[A7, 1 | Fi] < (1= 2 yeq1 4+ Ayig) A7 + [Q(A = A gz, lloo <ot A7y + ﬂ%iq + 2574,
212
< (1= M) A7 + 22AM 2y + ﬁ%&rl + 259}, 1.
Taking the expectation, we obtain
212
E[A7, 1] < (1 — M) E[AF] 4+ 2AM %efyi41 + K’Y?H + 2597, 1.

Proceeding as for the case p = 1, that is, applying Proposition [I] and Corollary [2] concludes the proof.
O
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B.2 Proof of Theorem [2} Convergence rate of DRPASGD

Proof. We start by a decomposition of the gradient step, already present in [26]. By abuse of notation, we
note

V2= VzHgk (g;k)
and define the following differences:

Pk = Projc (8k — Vet1Vghe, (8k, Xit1)) — (8 — Yr+1Vehe, (8 Xir1)),
$ey1 = VH, (8r) — Vghe, (8k, Xit1),
0 := VHe, (gr) — Vi (g — 1)
The term p; represents the difference between the projected and non-projected steps. Remark that pp =0
if g1 — Yk+1Vghe, (8%, Xk+1) € C. The difference of martingale £, represents the difference between the
gradient and its unbiased version. Finally, d; represents the difference between the gradient at g with the

linearized Hessian at the optimum.
Noting Ips the identity matrix of M;(R), observe that for any k£ € N

gktr1 — 8, = Proje (gk — Yr+1Vghe, (8 Xit1)) — 82,
= 8k — Vi1 Vghe, (8 Xkt11) — &2, — Pk
= 8k — Vit1VHe, (8 Xiv1) — 82, + Ver18k+1 — Dk
= (Inr — 7k+1vz) (8k — 85) — Ve+10k + Ve+1&k+1 + Pk
Thus, we have that

* 8k — 8k+1 Pk
Vil(gr—gl) =" — 0+ &py1 + —.
a ‘) Vi1 AR

Observe that there is an orthogonal matrix Uy, such that V2 = Uy, diag (Me1s-- s Akv—1,0) U,;r. Therefore,
in the following, we denote

(V)™ = U diag (A,;j, . ,)\,;}\471,0) Ul

the inverse of V2 in the space Vect(137)1. Note that we have ([4], Lemma A.1, equation (A.4))

. Wi
min Mg > o k>0.
je[1,M—1] Ek

Taking all the equalities in Vect(137)*, that is, considering all our vectors in the subspace Vect(1)",
we have

_ . 1 < 18— & 1 < -1
(gt - gst) = m Z (Vz) : - _t +1 Z (Vi) Ok

=0 Tk+1 P
::Ll,t 3:L2,t
1 < 1 1 < 1 p 1 <
- v2 - - v? - 7k - * ok )
+t+1k2( k) §k+1+t+12( k) ’Yk+1+t+1z(gk g:)
=0 k=0 k=0
=M 3:L3,t =Dy

Remark that the term tJ%lDt comes from the difference between tJ%l ZII;:O g, and g7,

We will now bound the convergence rate for each of the sums in our decomposition. Note that the terms
Ly, Loy and L3 will be, surprisingly, the limiting terms. Indeed, in stochastic optimization, M; is usually
the main term. Nevertheless, the presence of the inverse of the Hessian (V%)fl, whose largest eigenvalues is

of order ¢y, decreasing with k > 1, makes it negligible.
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e Convergence rate for L;;. By the definition of our gradient step, we have

t
1 - Veh , T
th_ (v2) 1 Yi+1Vghe, (8 k+1).
t+ t+1 P Vk+1

Then, using that the gradient norm is bounded by 2, we obtain

A B[ < 2w

D=

2wk

< Zominyg (3,
T t+1 a(t)

e Convergence rate for Ly;. Using Lemma [2| for all £ > 0, we have
* * 4 *
|16kl = ||V H, (&) — V?He, (g2,) (8 —&2,) ]| < g\lgk — g5 l%

In addition, thanks to Theorem I, g =0O(w ;mﬂk-) That is, there is a positive constant Co such that
for all £ > 1, we have E [A2] < Cow,, k 26 Therefore,

(e <

[NIES

mmw e ez,
J;“ZW

w;?nx/*z
S v W

= O(uwy2t™).

IIllIl

| N

Remark: When the weights are uniform, i.e., wpi, = 1/M, the bound can be of the order of M smaller
since ||.||oo <[] £ VM —1]|.]|cc- Therefore, the bound can be closer to

Hll (E [HLZ,tHﬂ)é = O(Mt™).

To emphasis this, we can fix 8 € [0, 1] such that, when w = ﬁl M, we have

t+11 (E {HL%HQD; — O(MBYy,

e Convergence rate for L3;. In the same way as for L;;, we have that for any %
[Pl < 29

such that

t

1 1

m ( ”L3t” 2 Z vk 1” < 27“Urmn\ll (t).
k=0

However, we can retrieve a better convergence rate for this term.
e Convergence rate for M;. Observe that

E[MIP] = E [ M) +2 (797 T M1, &) + (V)7 Pl
with

E [<(v§)—”Mt,1,§t>} —0
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Moreover, we have ||| < 4, such that

1 2 4
- (E[|’MtH2D1/2 m1n / a wmm

t+1 t+1 2 —1t+1"

e Convergence rate for D;. Thanks to (5)), one as for all 0 < o/ < a,

1
D, < € —€
t+1 t_t+1zk &~ <)
t
KO 1+a/
— €
t+1

k=0
Ko
m\PaJrao/ (t)a

IN

IN

and this term is negligible since a + o/ > b.
e Conclusion. Taking a > b as in the Theorem’s assumption and summing up the inequalities, we
obtain

1
E [llg: — &2 I7]* < O(wmint ™) + ot™").
When w = ﬁlM, we obtain
1
E [llg, — % II”]> < O(M™P¢7%) +o(t™").
Using , for any o/ < a we have
lgf, — &7l < Koe ™ < Kot = o(t™").
Finally, we have
1
E [llg: — g"[I”]* < O(wiut™") +o(t™),
and when w = ﬁlM,
1
E[|[g - &*lI”]* < OM"™7t7%) +o(t™).

Remark: The main theorem considers a > b to have the best convergence rate. However, note that from
the proof, we can read the result when b/2 < a < b. In this case, the limiting terms are only L;; and Ls ;.
O

B.3 Proof of Corollary [1I; OT cost estimation

Proof. EOT cost estimation.
For any ¢ > 0, the function H. is %—smooth. Therefore, for any g € RM, we have

1
H.(g) — Ho(g2) < o_llgZ - gll>.

Using our estimator gy and , we obtain

— * 1 * * — *
H.(g,) - H-(g2) <  (leZ — &/I” + Iz — &)
, 1
2a’—1 2
ST e—a) g

Remark. Using the triangular inequality and Theorem 2.3 in [I7], we also have

* — o — ]-
|Ho(g") — H-(8)| S e®+* e —er)? +W
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OT cost estimation. For any vector g € RM, we recall the definition of L(g) = U]M: 1 Li(g) :

. 1
for all j € [1, M], L;(g) := {fﬁ € R% gf(a) = §||93 — 53 —gj}-

Note that LL(g) defines a partition, i.e. p(L;(g) NL;(g)) = 0 when ¢ # j, and the convex sets LL;(g) are
called power or Laguerre cells. We define the set

Ko :={g:RM - R|Vie[1,M],u(Li(g)) >4}

Using Theorem 4.1 in [31], under Assumption , Hy is uniformly C%® on K°. That is, there exists a
constant L such that Hy is L-smooth on K°. Note that the constant L depends on pimin, 8, R. We refer to
[31], Remark 4.1 for more details.

By the first order condition, as soon as § < Wmin, we have g* € K. Indeed, at the optimum, we have for
all 7 € [1, M],L;(g") = w;. We fix here 6 = Tl()wmin.

Thanks to the L-smoothness, for any g € K°, we have

* L *
|[Ho(g) — Ho(g")| < 5 llg — &II*.

Note that, for any g € RM and i € [1, M], the difference of measure of the Laguerre cells L;(g) and
L;(g*) is at most linear with respect to ||g — g"||oc. We refer to Theorem {4 or Section 6.4.2 in [44] for more
details.

Therefore, there exists a constant Cp, such that, as soon as ||g — g*||?> < Cr, we have that g € K°. This
constant depends on 4, fmayx, R and d as in Theorem |4l Using Theorem [2, E[||g, — g*||?] = O(t=?*). Then

E (| Ho(g,) — Ho(g")l] = E || Ho(g,) — Ho(g")Wg,cxs] + E [|Ho(8) — Holg")Wg,exs |
L. \
< SEllE — &'l + max|Ho(g) — Ho(g") [l g,¢s]
Lo « *
= SElls: — ¢ 17 + max |Ho(g) — Ho(g")[EW g, —g-|2>c:.]
_ O(t—Qb) ’
where the Markov inequality of order 1 was used on Ef|g, _g+|2>c, |- O

B.4 Proof of Theorem [4 OT map estimation

Proof. We will show here that a rate of convergence of g, to g; gives a convergence rate for the map
estimation. The Brenier map is equal to T}, , () = v — V(g§)“(x); see for instance [44], Theorem 1.17. We
will thus focus on the convergence of Vg{ to V(gg)°.

For all j € [1, M], if = is the interior of LL;(g), we have

Ve'(z) = o — (23)
Therefore, given g, g’ € RM, if there exists a j € [1, M] such that z is the interior of L;(g) NL;(g’) we have
Vg'(z) = V(g ().

We will now follow arguments from [44], Section 6.4.2. Fix j,j" € [1, M] such that j # j’ and x is in the
interior of L;(g) N1L;/(g’). By definition of the c-transform, we can see that L;(g) is defined by M — 1 linear
inequalities of the form

.. 1 1
(x,y; —yj) < ag(d, i) :==9; — g5 + 5”%"”3 - 5”?/3’”3-

Similarly, interchanging the role of g, g’ and j, 5/ we have

- 1 1
(z,y; —yy) < ag(§',4) == gy — gj + §HyjH§ - §Hyj'|!3~
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We obtain that
Li(g) NLj(g') C {z € RT: —ag(5',j) < {2y — ;) < ag(j,5)} -
Moreover, noting h = (hy,...,hy) = g — g, we see that
|ag (7', 7) + ag(5,5")| < |hjr — hyl . (24)

We have

<. Au(]L (g) NLj(g")
<Z <{x€R —ag(5',j) < (= yjf—yj><ag(w)})

Under Assumption |1 4 is a measure such that Supp(u) C B(0, R) and it admits a density du bounded by
dptmax- Thus

(A) < dpmax Y dga({z € B0, R) : —ag (5, ) < {@.yy — ;) < ag(4,5)})

J<j’
i’ g g o
S d,umax Z )\Rd <{$ S B(O, R) . —M < <.CU, yj yJ > S a'g(jajA) })
J<g’ 1y = yjll2 v = yjll2 lyi — yjll2
T .o
< o ({repom s <o 0T
i<j’ v = jll2 Ny — yjll2

by isotropy of the Lebesgue measure. Combining this remark with yields

Ihj — by
p(A) < dpmax R vl y‘JH2 .
J J

J<y’

Similarly

1 (V&) = V@O, B < S / .

(Ve() = V(g)()|, du()

j<j’ /(g)
<y = ysllgr (L (g) N Ly (g)
i<j'
B yir — yillo|hi — h;
< Qi B Y lyjr — yjllglhy — hyl
o Y — yjll2

< dptmax M P~ D+/2a R0 b)) .

So, in particular, there exists Ca > 0 independent of the location of the points y; but growing at least
linearly in M such that

1 (Vge(-) Oll, e < Callg — &'l < CavM|ig - &'l

Plugging the convergence rate of g, to g* concludes the proof. O
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B.5 Proof of Theorem [3} Minimax estimation of the discrete OT potential

Proof. Let © C {9 = (04,...,00) €RM: 0, = 0} and v be a fixed discrete measure. For each 6 € O, consider
po € Po(B(0, R)) such that 6 is the only vector in © for which the couple (0°, 0) is solution of the dual of
OT(pg,v).

In our class of probabilities, the minimax estimation of the optimal transport potential 6, given ¢t > 0
i.i.d samples of the source measure, can be written as

R, = infsupE,, [Hé@ - 9|y2] ,

o) 9O

where 0 is constructed with the ¢ iid samples from the source measure . Note that

R, <inf  sup B, [lg" - g]. (25)
8" uePa(B(0,R))

where the infimum is taken over all vectors g*) constructed with the ¢ iid samples of b

Let M > 2 and take vj; the uniform measure on the points {%, ke 1, M]]}

For § > 0, we note pg, ~ U([d,0 + 1]). Note that since d = 1, the optimal transport map is monotone
non-decreasing (see, for instance, Chapter 2 in [44]). Thus, for all k € [1, M], we must have the identity

Ty (@) = k/M, @ €[5+ (k—1)/M;8+k/M).

Using the above information, the vector 65 € © is optimal for the semi-dual problem if and only if it satisfies
the following inequalities for all k € [1, M — 1]

1 (2k+ 1)
Va €[5+ (k= D1/M,5+k/M]:  Bsppr— 050 < -2+ (2M2)
L, Gh+ 17

Vo €[5+ k/M,6+ (k+1)/M]: O —Opp = =370+ o

For all k € [1, M — 1], we thus obtain that

1 1

Osk+1 — Os = o 5M'

In particular, for any § > 0, we have

M-—1 1 2
i 2: -
oo =3 = 3= (k057 )

k=1
2
= ' MM 1)(2M 1)
> ééQ(M —-1).

Taking P,Q € P(R?) with densities pp and pQ, we recall that the Hellinger distance is defined by

1
2

dit(P,Q) == (/Rd (m_ M)Zd)\w(x)> . (26)

In particular, we have du(pg,, po;) = V20. Applying Le Cam’s Lemma (see, for instance [53], Chapter
15) with 6 = & gives

1 (M —1)
[S) 2
RSy > 1 (1= Vidi (o0, p0,) ) 100 = 0513 > -
Using the inequality (25]) concludes the the proof. O
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B.6 Proof of Theorem [5} Minimax estimation of the transport map

Proof. We fix the source measure v = 341 + 8. For p € [1,00[, we define

Quui=inf sup B, [|IT0 - 17,,]|

p
T® Py (B(0,R)) LP(U([O,l}))} ’

where T® is constructed with ¢ i.i.d samples from the source measure 1. Note that we have

inf sup E 7O T SE > Qo 27
T yuePa(BO.R) {”H ' H”LP(“)] ! 0

We define the family of source measures ps = U([0, 1 + J]). Since the Brenier map is monotone increasing
on the support of the source measure, we have

1
1%@21,V$€P2+ﬂ,

Ts(x) =2, Vze B—i—(S,l—F(S].

Fixing § > 0, we see that

o0 = Too, wllzo@ico,17)) = &

Using Le Cam’s Lemma with ¢ = é, as in the proof of Theorem |3 we obtain
1

> —.
Qo 2 5y
Using concludes the proof. d

B.7 Proof of Lemma [1; Projection step

Proof. Following [37], we know that an optimal couple of functions (fc, g-) optimizing the dual formulation
of EOT with regularization € > 0 satisfies the Schrodinger equations. That is, we can take for all y € R,
9=(y) = f°(y). Moreover, ||z — y||? is R-Lipschitz on B(0, R). Therefore, since by Assumption [1} we have
Supp(p) € B(0, R) and Supp(v) C B(0, R), we can exploit the Lipschitz property of our cost function on

B(0, R). Following the same proof as Lemma 3.1 in [37], we get, for all y,y’ € R%:

[f£5(y) = £ < Rlly =/l

That is, coming back to the function g, we have for all j,j" € {1,..., M} :

19-(y;) — 9=(yj)| < R||yj — vy

By writing back our dual potential as a vector, that is g* = (g7, ..., g};), where for all j € [1, M], 95 = ge (Y5)s
we have

l9; — 951 < Rlly; — yyll.

Moreover, if g* optimizes the semi-dual H., then for any 5 € R, the vector g* + 51, optimizes H..
In particular, g* — g.(y1)1as, which we rename g*, optimizes the semi-dual, with gf = 0. Hence, for all
jel, .. M

Gy — g;jl = ‘g;j’ < Rlly1 — ;-
That is, there exists an optimizer in the desired closed convex set. O

Remark: Note that for other costs such as ¢(z,y) = ||« — y|| which defines the 1-Wasserstein distance,
this projection set can be more relevant. Indeed, in this case, the cost is 1-Lipschitz and the projection
set depends only on the target measure v and no assumption of bounded cost is needed. In this case, the
practitioner could choose the index k£ such that g = 0, minimizing for instance the Euclidean diameter of
the corresponding set.
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B.8 Proof of Lemma [2

Proof. Since this proof heavily relies on Lemma A.2 in [4], we will begin by rewriting the essential elements
of their proof, using our notations, to derive our lemma. Note that in their proof, they study the concave
problem —H, (which they refer to as H.).

Fix ¢ > 0 and g € RM. Note g € Vect(1,/)" such that mingcpm Ho(g) = H:(g?). For any s € [0,1],
denote g5 = gf + s(g — gZ) and define the function

p:s€[0,1] — Ho(gs).

Following equation (A.21, [4]), we have

1 *
" (5)] < 2" () max |g; — g%y —m (8] (28)

where for all z € R? and any s € [0, 1], we define m(z, gs) by

M
m(z,8s) == Y X5(7,8:)(8s — 87)-
j=1
Instead of using Cauchy-Schwarz inequality as in [4], we use Holder’s inequality with the Holder conjugates
p=1,q = 400 to obtain

max. [g; = 625 —m (@,8:)] < 2~ gl (29)

Plugging (29)) in (28)) gives
2 *
" (s)l < Z¢"(5)llg — &2lloo- (30)

Then, following from equation (A.23, [4]) to (A.27, [4]) with our new inequality leads to

|95 (&) - V2 H. (&) (&~ )] < ° llg ~ &2 (1) — 0(0)).

where ¢(0) = H.(g}) and ¢(1) = H-(g). Remark that for all ¢ > 0, H, is 2-Lipschitz for the ||| norm.
That is, we have

©(1) —(0) = He(g) — H:(g7) < 2[lg — &2/

Therefore, we have the desired first bound in @
For the second bound in our proof, we still follow Lemma A.2 in [4] starting from line (A.28), with our
new value

2 *
§= g\lg — 82 loos

such that using , we have

n
'(s)
Integrating between 0 and ¢ gives
¢"(t) = exp(—ds)"(0). (31)

Using that ¢”(s) = (g — g*)" V2H, (g,) (g — g*) and that the smallest eigenvalue of V2H, (g*) is greater
than Wi/ (Lemma A.1,[4]) implies that

w i ES
'(0) > =g - g l*
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Then, using that ¢'(s) = (VH.(gs),g — g*) and integrating |31| between 0 and 1 gives

* wmm *
(VH.(g),g — gF) > (1 —exp(—9)) lg — g2

Using a disjunction of cases, we obtain

Wmin 3

(VH:(g),g —g) > { :

Then, using the projection step, no matter if C = C, or C = C,, we have

sup {[|z — ylloo} < 2R
z,yeC

We thus have ||g — gZ||, < 2R?, which leads to

. Wmin € Wmin € Wmin 1
min = L -
e 2 |lg—gtlloe2 2R?V1]2

Finally, noticing that

3

—

4 —2llg—gll.. 2 .
main g [1 = exp () g — gzl i g gl <1,
— %12 : *
Te—gille 2 [1 — exp (72)} lg — gl if  |g—glll, =1

o (—2[||g—gEHOO/\1]) _ { exp (L) it lg—gille <1,

exp (%)

we obtain the desired bound.

C Additional and technical results

C.1 OT cost estimation with the c-transform

fllg—gille =1,

We can also derive a convergence rate without evaluating the regularized semi-dual nor using the unknowned

fixed smoothness of Hyp, noticing that the vectorial c-transform is non-expansive.
g1,82 € RY, we have [[gf — g5l < ll&1 — &2lzoe()-

Theorem 6. Under the same assumptions as Theorem[3, we have

. 1
Blf - g% S o

which leads to

2
1

E <

M
OTu(pv) - [ gidv— > wig
=1

Proof. By definition of the c-transform, for all z,y € R? and all function g : R — R

1
g°(x) +9; < 5lx — il

That is, for any f € RM, we have

1 2
C — ; - v — f.| > o€ 1 . f.
00 = nt Slx-wilP - 5] 2+ nt - 5],

such that we obtain

g°(x) —f(y) < [lg = flloo-
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Therefore, changing the role of f and g in , we get for all f, g € RM,

sup [£9(x) — g°(x)| < [If — gl|o-
xeR4

Since E|g, — g*||% t2b’ we have

By developing the cost difference, we have

2
E‘OTC(M, v) —/gfdu—/gtdv

tb

C.2 Technical results

—&| [ ()~ )+ [ (&~ m)av
<2E/|gt “ye? du+2E/|gt— 92 dv

2

Proposition 1. Let (v)i>0 and (v4)i>0 be some positive and decreasing sequences and let (0¢)i>0, satisfying

the following:
e The sequence ; follows the recursive relation:
641 < (1 — wyit1) 0t + vi1ve41,
with 6g > 0 and w > 0.
e Let vy converge to 0.
o Letto=inf{t >1 :wy41 <1}.
Then, for all t > ty, we have the upper bound:

t t
1
0 < exp (—w Z %-) Z ViVk + 0t | + ~V[E]-1

i=tg+1 k=to

Proof. For all t > tg, one has

n t t
o< [ G=wwdn+ > ] (0 —ww) ww

i=to+1 k=to+1i=k+1

~
=:U1 =:Us ¢

As in [27], one can consider two cases: [t/2] —1 <ty and [t/2] — 1 > tp.
Case where [t/2] —1 <ty <t: Since vy is decreasing,

t t
Ust <wvigrn > [ (1—wv)m

k=to+1i=k+1

SRR SR | RIS | (e

k=to+1i=k+1 i=k
1 t
= o+l <1 - I a- w%’))
i=to+1
1
< =Vt
w
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Since vy, is decreasing, it comes Us; < %V[t /2]
Case where [t/2] —1>tg: Asin [2], for all m =ty +1,...,t, one has

t m
1
Uy < exp <—w > %) > VkVk + —Vm

k=m-+1 k=to+1

Then, taking m = [t/2] — 1, it comes

t [t/2]-1
Usr <exp | —w Z Vi Z WV + —V[t/2]-1
k=[t/2] k=to+1

O

Corollary 2. Let (y¢)t>0 and (v¢)i>0 be some positive and decreasing sequences and let (0¢)i>0, satisfying
the following:

o The sequence o; follows the recursive relation:
Ot41 < (1 — wyeg1) O + Vi1 Va1, (34)
with g > 0 and w > 0.
o Let v = cyt™* with o € (0,1).
o Letto=inf{t > 1 :wy41 <1}.

Then, for all t € N, we have the upper bound:

t
1 1 _ 1
0y < exp (—2wcyt1_a> exp <2wcw (to+1)* a) E VeVk + 0ty | + oVion
k=to

Proof. With the help of an integral test for convergence, one can now bound Uy ,, as

we _
< exp (—77 ((t + D) — (o + 1) a)) VioVto-

Ui < exp <—w1 cva ((t + )Y — (4 + 1)1a)> Yo Vto

In a same way, since

one finally has

1 1 _
0 < exp (—chytl_a> exp <2wcw (to + 1)1 O‘) Z ViV + 0t | +
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