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A rescaling-invariant Lipschitz bound based on path-metrics
for modern ReLLU network parameterizations

Antoine Gonon? Nicolas Brisebarre!l Elisa Riccietti* Rémi Gribonval®

Abstract

Lipschitz bounds on neural network parameterizations are important to establish generalization,
quantization or pruning guarantees, as they control the robustness of the network with respect to
parameter changes. Yet, there are few Lipschitz bounds with respect to parameters in the literature, and
existing ones only apply to simple feedforward architectures, while also failing to capture the intrinsic
rescaling-symmetries of ReLLU networks. This paper proves a new Lipschitz bound in terms of the so-called
path-metrics of the parameters. Since this bound is intrinsically invariant with respect to the rescaling
symmetries of the networks, it sharpens previously known Lipschitz bounds. It is also, to the best of our
knowledge, the first bound of its kind that is broadly applicable to modern networks such as ResNets,
VGGs, U-nets, and many more.

1 Introduction

An important challenge about neural networks is to upper bound as tightly as possible the distances between
the so-called realizations (i.e., the functions implemented by the considered network) Ry, Ry with parameters
6,0 when evaluated at an input vector z, in terms of a (pseudo-)distance d(f,6’) and a constant Cj:

|1Ro(x) — Ror(x)]l1 < Crd(6,6"). (1)

This controls the robustness of the function Ry with respect to changes in the parameters 6, which can be
crucially leveraged to derive generalization bounds [Neyshabur et al., 2018] or theoretical guarantees about
pruning or quantization algorithms [Gonon et al., 2023]. Yet, to the best of our knowledge, the literature
is very terse on such bounds, and existing ones are expressed with ¢? metrics on parameters [Berner et al.,
2020, Gonon et al., 2023, Neyshabur et al., 2018]. For example, such a bound is known [Gonon et al., 2023,
Theorem III.1 with p = co and ¢ = 1] with

d0,0") =10 — 0'|| 0, Cp = (W2l + YWL2R*H (2)

in the case of a layered fully-connected neural network Rg(x) = My ReLU(M_;...ReLU(M;z)) with L
layers, maximal width W, and with weight matrices M, having some operator norm bounded by R. Moreover,
these known bounds are not satisfying for at least two reasons:

e they are not invariant under neuron-wise rescalings of the parameters 6 that leave unchanged its
realization Ry. As we will show, this implies that numerical evaluations of such bounds can be arbitrarily
large;

e they only hold for simple fully-connected models organized in layers, but not for modern networks
that include pooling, skip connections, etc.

To circumvent these issues, this work proposes to leverage the so-called path-lifting, a tool that has recently
emerged [Bona-Pellissier et al., 2022, Gonon et al., 2024, Marcotte et al., 2023, Stock and Gribonval, 2023] in
the theoretical analysis of modern neural networks with positively homogeneous activations.
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Main contribution. This work introduces a natural (rescaling-invariant) metric based on the path-lifting,
and shows that it indeed yields a rescaling-invariant upper bound for the distance of two realizations of a
network. Specifically, denoting ®(6) the path-lifting (a finite-dimensional vector whose definition will be
recalled in Section 2) of the network parameters 6, we establish (Theorem 3.1) that for any input z, and
network parameters 6,0’ with the same coordinatewise signs:

1o (x) = Ror (z) |1 < max ([[loc, 1) |2(6) — 2(6")]]1- (3)

We call d(0,0") := ||®(0) — ®(0')||; the £}-path-metric, by analogy with the so-called ¢!-path-norm ||®(6)||:,
see e.g. Barron and Klusowski [2019], Gonon et al. [2024], Neyshabur et al. [2015]. Of course, since the
¢'-norm is the largest £9-norm (g > 1), this also implies the same inequality for any ¢9-norm on the left-hand
side. Besides being intrinsically rescaling-invariant, Inequality (3) holds for the very same general neural
network model as in Gonon et al. [2024] that encompasses pooling, skip connections and so on. This solves
the two problems mentioned above and improves on Equation (2). Finally, we show that, under conditions
that hold in practical pruning and quantization scenarios, the path-metric is easy to compute in two forward
passes, and we provide the corresponding pytorch implementation.

Our main theoretical finding, Inequality (3), together with the known properties of ® [Gonon et al., 2024]
confirms that the path-lifting ® provides an intermediate space between the parameter space and the function
space, that shares some advantages of both, see Table 1.

Table 1: The path-lifting provides an intermediate space between parameters and function spaces.

®(0) R

parameters space RIT RN
path-lifting space function space

what we end up what we should
. what we want to analyze
analyzing analyze?
dim< oo ><
invariance ><
relation to Ry locally polynomial locally linear

Plan. The theoretical model we consider builds upon the framework introduced in Gonon et al. [2024],
designed to encapsulate standard components of modern neural networks such as ReLLU activations, max-
pooling, and skip connections. A key motivation for our work is to develop Lipschitz bounds that remain
invariant under rescaling. To achieve this, we recall the concept of path-lifting and introduce the main tools
needed for our analysis (explained in Section 2).

Our main contribution is a rescaling-invariant Lipschitz bound on the distance between functions parame-
terized differently, expressed through the ¢!-path-metric. We discuss how it improves over existing bounds,
how it can be computed, and why it matters for understanding neural networks in Section 3 (Theorem 3.1,
establishing Inequality (3)).

We then look at how this bound can be applied to pruning by guiding which parameters can be safely
removed while preserving accuracy. This application underscores the practical significance of our theoretical
contribution, opening opportunities for more efficient model compression (Section 4).

2 ReLU DAGs, invariances, and path-lifting

The neural network model we consider generalizes and unifies several models from the literature, including
those from Bona-Pellissier et al. [2022], DeVore et al. [2021], Kawaguchi et al. [2017], Neyshabur et al.
[2015], Stock and Gribonval [2023], as detailed in Gonon et al. [2024, Definition 2.2]. This model allows
for any Directed Acyclic Graph (DAG) structure incorporating standard features! such as max-pooling,
average-pooling, skip connections, convolutional layers, and batch normalization layers, thus covering modern
networks like ResNets, VGGs, AlexNet, etc. The full and formal definition of the model is in Appendix A.

IWith the exception of the attention mechanism.
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Figure 1: A network with the same ingredients as a ResNet.

2.1 Rescaling symmetries.

All network parameters (weights and biases) are gathered in a parameter vector 8, and we denote Rp(z) the
output of the network when evaluated at input = (the function x — Ry(x) is the so-called realization of the
network with parameters ). Due to positive-homogeneity of the ReLU function ¢ — ReLU(¢) := max(0, ),
in the simple case of a single neuron with no bias we have Ry(x) = vmax(0, (u,z)) with § = (u,v), and
for any A > 0, the “rescaled” parameter 6 = (Au, §) implements the same function Rz = Ry. A similar
rescaling-invariance property holds for the general model of Gonon [2024], Stock and Gribonval [2023] leading
to the notion of rescaling-equivalent parameters, denoted 6 ~ 6, which still satisfy Rz = Ry.

Need for rescaling-invariant Lipschitz bounds. Consider our initial problem of finding a pseudo-
metric d(6,0’) and a constant C,, for any input x, for which (1) holds. The left hand-side of (1) is invariant
under rescaling-symmetries: if § ~ 6 then |Rs(x) — Ror(x)||1 = ||Ro(x) — Ro/(x)||1. However, when d(-, ) is
based on a standard 7 norm, the right hand-side of (1) is not invariant, and in fact supg_, [|0 — 0’|, = +oo,
so the bound can in fact be arbitrarily pessimistic:

9,0

sup = 00.
g~ 1 Rg(x) — Ry ()2

Although in general one could make a bound such as (1) invariant by considering the infimum

_inf  d(6,6"),
6~6,6" ~6"
this infimum may be difficult to compute in practice. Therefore, a “good” bound should ideally be both

invariant under rescaling symmetries and easy to compute. Invariance to rescaling symmetries is precisely
the motivation for the introduction of the path-lifting.

2.2 Path-lifting ¢ and path-activation matrix A.

For network parameters 6 and input z, this paper considers the path-lifting vector ®(6) and the path-activation
matrix A(f,x) as defined in Gonon et al. [2024, Definition A.1] for such general networks. We now give a
simple description of these objects that will be sufficient to grasp the main results of this paper. The full
definitions are recalled in Appendix A.

Figure 2: The coordinate of the path-lifting ® associated with the path p = u — v — wis ®,(0) = 077" ™.

The vector ®(f) € R” is indexed by the set P of paths of the network (hence the name path-lifting),
where a path is a sequence of connected nodes (neurons) starting at some neuron (an input neuron in the case



of networks without biases; in the presence of bias there are also paths starting from each hidden neuron)
and ending at an output neuron. For instance, in the case of a simple one-hidden-layer ReLLU network with
no bias, p = u — v — w is a path if v is an input neuron, v is a hidden neuron, and w is an output neuron.
The coordinate of ®(6) associated with a path is the product of the weights along this path, ignoring the
non-linearities. For instance, if #%? denotes the weight of the edge a — b, we have o, (0) := 676V for
the path p = u — v — w, see Figure 2.

The information about non-linearities is stored in binary form ({0,1}) in the so-called path-activation
matriz, which in the case of a network without bias is a matrix A(6,z) € {0,1}7*%» indexed by the paths p
and the input coordinates u € [1, di]: (A(6,2))p =1 if and only if all neurons along path p are activated
and p starts at the input neuron wu.

In networks with biases, the definitions are similar, but the set of paths P also includes paths starting
from hidden neurons. The matrix A is then indexed by an additional input coordinate to account for biases,
resulting in A(6,x) € {0,1}P*(dnt1),

Key properties of (¥, A). The essential properties are

e ®(0) is a vector, whose entries are monomial functions of the coordinates of ;

e A(f,x) is a binary matrix, and is a piecewise constant function of (6, x),

e both ®(0) and A(6, z) are rescaling-invariant: if 6 ~ 6 then ®(0) = ®(0) and A(#,z) = A(6, z) for every
x [Gonon, 2024, Theorem 2.4.1]

e the network output is a simple function of these two objects: for scalar-valued networks it holds

Rata) = (20). 40.9) ( ] )) 0

and a similar simple formula holds for vector-valued networks [Gonon et al., 2024, Theorem A.1].

Ezample: For a simple one-hidden-layer network without bias, with parameters 6 = (uy,. .., ug, v1,...,0)
with u; € R%n | v; € Rut and associated function Ry(z) = Zle max (0, (x,u;))v; € Réut| the path-lifting is
simply given by ®(0) = (u;v} )icqi,5y € RF4ndone. The path-activation matrix A(6,z) € RFdndoux(din+1) g
simply La, ® (1(zu,)50)ief,k] @ Loy, concatenated with Ogg,,4,,, (zeros because there are no biases here).
We denote by I, the identity matrix of size d x d and 14 (resp. 04) the column vector of size d filled with
ones (resp. zeros). On this simple example, it is easy to see that both ®(6) and A(f, z) are invariant under
the neuron-wise rescaling 6 — A ¢ 6 corresponding to (v;,u;) — ()\%vi, Aiu;) with X € (Rso)¥, that leaves
invariant the associated function: Ry = Rys¢ [Gonon et al., 2024].

Related work. The path-lifting, (together with its norm, called the path-norm), has already been used to
derive guarantees of identifiability [Bona-Pellissier et al., 2022, Stock and Gribonval, 2023], characterizations
of the training dynamics [Marcotte et al., 2023], Lipschitz bounds with respect to the input x for a given 6
Gonon et al. [2024], and generalization bounds [Gonon et al., 2024, Neyshabur et al., 2015]. Its invariance
under some rescaling symmetries of the network is nicely complemented by the ease of computation of the
path-norm [Gonon et al., 2024]. While these tools have long been limited to simple network architectures
[Bona-Pellissier et al., 2022, Kawaguchi et al., 2017, Neyshabur et al., 2015, Stock and Gribonval, 2023}, they
were recently extended [Gonon et al., 2024] to modern architectures by including most of their standard
ingredients with the exception of attention mechanisms.

3 A rescaling invariant Lipschitz bound

Our main result, Theorem 3.1, is a Lipschitz bound with respect to the parameters of the network, as
opposed to widespread Lipschitz bounds with respect to the inputs. It precisely proves that (1) holds with a
rescaling-invariant pseudo-distance (called the ¢!-path metric) defined via ® as d(6,6’) := || ®(0) — ®(0")|1
and C, = max(||z] e, 1)-

Theorem 3.1. Consider a ReLU DAG neural network, corresponding to an arbitrary DAG network with
mazx-pool etc. as in Section 2, see Figure 1 for an illustration and Definition A.2 in the appendiz for a precise
definition. Consider parameters vectors 0,0". If for every coordinate i, 0,0, > 0, then for every input x:

1Ro () — Ror (z)[l1 < max(||z]s, 1)[|P(0) — 2(6)1- (5)



Moreover, for every such neural network architecture, there are parameters 0 # 0" and an input x such that
Inequality (5) is an equality.

Since || - |lg < || - |l1 for any ¢ > 1, Inequality (5) implies the same bound with the ¢?-norm on the left
hand-side.

We sketch the proof in Section 3.4. The complete proof is in Appendix B — we actually prove something
slightly stronger, but we stick here to Inequality (5) for simplicity.

The Lipschitz bound (5) have several consequences. It can for example be used to derive so-called
generalization bounds via the classical Dudley’s integral [Bach, 2024, Shalev-Shwartz and Ben-David, 2014].
Specifically, consider the set of functions F := {Rp, |2(0)[1 < 1} = Usigns s {22, [[2(0)[l1 < 7,5gn(6) = s}.
The Rademacher complexity of F is a bound on the generalization error of any estimator taking values in
F, and Dudley’s integral is itself a bound on this Rademacher complexity. Dudley’s integral can in turn
be bounded from above by bounds on the covering number of each set { Ry, ||®(0)|1 < r,sgn(f) = s} with
prescribed signs. Inequality (5) precisely allows us to derive such covering bounds via covering numbers of
the finite-dimensional sets {®(0) : sgn(f) = s, ||®(0)]|1 < r}. The generalization bounds obtained directly in
this way are however not as tight as those obtained by Gonon et al. [2024] based on the path-norm. Other
consequences of the Lipschitz bound (5) can also be envisioned, and we will later explore its potential for
pruning, see Section 4.

In the rest of this section, we discuss the assumptions of the theorem, the practical computation of the
bound and the positioning with respect to previously established Lipschitz bounds.

3.1 Discussion on the sign assumption (6,0, > 0, Vi).

The sign assumption in Theorem 3.1 is essential and cannot be simply relaxed (see Figure 5 in Appendix B).
In practice, this sign assumption is naturally satisfied in many scenarios. Many interesting operations on 6
are sign preserving: pruning, quantization, and even taking a small enough gradient step. Moreover, locally
around any @ with no zero entry, there is a ball in which the signs are preserved. The size of this ball increases
with the magnitude of the smallest entry in 6. Even in use cases where this sign assumption does not hold,
Theorem 3.1 can serve as a building block for more general analyses. For example, as already evoked after
Theorem 3.1, to establish generalization results in the full parameter space (without sign constraints), one can
somehow “glue” together bounds established separately in each quadrant with fixed signs using Theorem 3.1.

3.2 Approximation and exact computation of /!-path-metrics

Since ®(0) is a vector of combinatorial dimension (it is indexed by paths), it would be intractable to compute
the ¢*-path metric ||®(0) — ®(0’)||; by direct computation of the vector ®() — ®(¢’). In this section we
investigate efficient and rescaling-invariant approximations of the ¢'-path-metric that turn out to yield exact
implementations in cases of practical interest.

A key fact on which the approach is built is that the ¢!-path-norm itself can be computed in one forward
pass [Gonon et al., 2024]. Since, by the lower triangle inequality, we have

[2(O)]x — [ 2(0)[I1| < [[@(0) — 2(6)]]1, (6)

the left-hand side of (6) serves as an approximation that can be computed in two forward passes of the
network?.

As we now show, this is not only completed by a rescaling-invariant upper bound (cf. Inequality (8)
below), but is also an eract evaluation of the ¢£!-path-metric under practical assumptions.

Lemma 3.2. Inequality (6) is an equality as soon as |®(8)| = |®(0')| coordinatewise: in this case we have

12(0) — 2(6) |l = [2(0)[l1 — 12(6")]]1- (7)

2For a ResNet18, we timed it to 15ms. Specifically, we timed the function get_path norm available at github.com/agonon/
pathnorm_toolkit using pytorch.utils.benchmark. The experiment was made on an NVIDIA GPU A100-40GB, with processor
AMD EPYC 7742 64-Core.
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Proof. For vectors a,b with |a;| > |b;| for every i, we have
lally = [1bllx = > lail = [bil = > lai = bi| = [la bl O
i i

An important scenario where |®(6)| > |®(¢’)| indeed holds is when || > |6’| coordinatewise. The latter
is true in at least two significant situations: when 6’ is obtained from 6 by pruning, or through
quantization provided that rounding is done either systematically towards zero or systematically away from
Zero.

Note that [0] > || is not the only situation where |®(0)| > |®(¢)|. For instance, due to the rescaling-
invariance of ®(-), if 0 is rescaling-equivalent to € the coordinatewise inequality |®(6)| > |®(0")| remains valid,
even though in general such a 6 non longer satisfies |0| > 0’| coordinatewise.

Even out of such practical scenarios, the ¢'-path-metric also satisfies an invariant upper bound.

Lemma 3.3 (Informal version of Lemma F.3). Consider a DAG ReLU network with L layers and width W .
For any parameter 0, denote by N(0) its normalized version, deduced from 6 by applying rescaling-symmetries
such that each neuron has its vector of incoming weights equal to 1, except for output neurons. It holds for all
parameters 0,6’ :

12(0) — (6"l < (W? + min([|@(0) 11, [@(0")]11) - LW)[N(O) — N(0")|ox (8)

The proof is in Appendix F. In all the cases of interest we consider, the lower bound (6) is exact as a
consequence of Lemma 3.2. We leave it to future work to compare the lower bound with the upper bound of
Lemma 3.3 in specific cases where the lower bound is inexact.

3.3 Improvement over previous Lipschitz bounds
Inequality (5) improves on the Lipschitz bound (1) specified with Equation (2), as the next result shows.

Lemma 3.4. Consider a simple layered fully-connected neural network architecture with L > 1 layers,
corresponding to functions Ryg(x) = My, ReLU(Mp_1 ...ReLU(M;z)) with each M, denoting a matriz, and
parameters 0 = (M, ..., Mp). For a matriz M, denote by ||M||1,00 the mazimum ' norm of a row of M.
Consider R > 1 and define the set © of parameters 8 = (M, ..., Mr) such that ||M|l1,00 < R for every
e [1,L]. Then, for every parameters 6,6' € ©

[®(60) — @01 < LW?REH6 — 6| (9)

Moreover the right hand-side can be arbitrarily worse that the 0 -pseudo-metric in the left hand side: over all
rescaling-equivalent parameters 6 ~ 6, it holds

I [
P — =
o [8(0) = ()]

The proof of Lemma 3.4 is in Inequality (28) in Appendix G.
The invariant Lipschitz bound (5) combined with (9) yields a (non-invariant) bound on ||Rg(z) — Re (x)]]1:

max(||z]|oo, ) LW2R" |0 — 0/]| .
In comparison the generic bound (1) specified with (2) reads
(Wlzllo + 1YWL R0 — 6/ .

As soon as ||zl = 1 the latter is a looser bound than the former.
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Figure 3: Illustration of the proof of Theorem 3.1, see Section 3.4 for an explanation.

3.4 Proof sketch of Theorem 3.1

Given an input z, the proof of Theorem 3.1 consists in defining a trajectory ¢t € [0,1] — 0(¢) € © (red curve
in Figure 3) that starts at 6, ends at 6’, and with finitely many breakpoints 0 = tg < t1 < -+ < t,, = 1
such that the path-activations A(0(t),z) are constant on the open intervals ¢ € (¢, tx+1). Each breakpoint
corresponds to a value where the activation of at least one path (hence at least one neuron) changes in the
neighborhood of (). For instance, in the left part of Figure 3, the straight green line (resp. quadratic
green curve) corresponds to a change of activation of a ReLU neuron (for a given input 2 to the network) in
the first (resp. second) layer.

With such a trajectory, given the key property (4), each quantity |Rg, (%) — Rg(s,,,) ()| can be controlled
in terms of ||®(0(tr)) — ®(0(tr+1))|1, and if the path is “nice enough”, then this control can be extended
globally from ty to tp,.

There are two obstacles: 1) proving that there are finitely many breakpoints ¢, as above (think of
t — t"T2sin(1/t) that is n-times continuously differentiable but still crosses ¢ = 0 an infinite number of
times around zero), and 2) proving that the length Y 7" | ||®(6(tx)) — ®(0(tr+1))|l1 of the broken line with
vertices ®(0(ty)) (dashed line on the right part of Figure 3) is bounded from above by || ®(6) — ®(0')]||; times
a reasonable factor. Trajectories satisfying these two properties are called “admissible” trajectories.

The first property is true as soon as the trajectory ¢ — 6(¢) is smooth enough (analytic, say). For this, we
will notably exploit that the output of a ReLU neuron in the d-th layer of a layered fully-connected network
is a piecewise polynomial function of the parameters 6 of degree at most d [Gonon et al., 2024, consequence
of Lemma A.1], [Bona-Pellissier et al., 2022, consequence of Propositions 1 and 2]. The property second is
true with factor one thanks to a monotonicity property of the chosen trajectory.

The core of the proof consists in exhibiting a trajectory with these two properties. To the best of our
knowledge, the proof of Inequality (3) is the first to practically leverage the idea of “adequately navigating”
through the different regions in @ where the network is polynomial® by respecting the geometry induced by @,
see Figure 3 for an illustration.

4 Rescaling-invariant pruning

We use Inequality (3) to derive a new pruning algorithm that is both effective and invariant under symmetries.
Instead of taking pruning decisions based on a criterion in the parameter space, e.g., based on the magnitude
of the weights, we propose to prune based on the ¢'-path-metric. We show this to match the accuracy of

3The mapping (0,z) — Rg(z) is indeed known to be piecewise polynomial in the coordinates of § [Gonon et al., 2024,
consequence of Lemma A.1][Bona-Pellissier et al., 2022, consequence of Propositions 1 and 2].



magnitude pruning when applied to ResNets trained on Imagenet in the lottery ticket context [Frankle et al.,
2020], while being rescaling-invariant.

4.1 Pruning: a quick overview

Pruning typically involves ranking weights by a chosen criterion and removing (setting to zero) those deemed
less important Han et al. [2016]. Early criteria considered either weight magnitudes Han et al. [2016], Hanson
and Pratt [1988] or the loss’s sensitivity to each weight Hassibi and Stork [1992], LeCun et al. [1989]. Building
on these foundations, more sophisticated pruning methods have emerged, often formulated as complex
optimization problems solved via advanced algorithms. For example, consider the entrywise loss’s sensitivity
criterion of [LeCun et al., 1989]. In principle, all the costs should be recomputed after each pruning decision,
since removing one weight affects the costs of the others. A whole literature focuses on turning the cost of
[LeCun et al., 1989] into an algorithm that would take into account these global dependencies Benbaki et al.
[2023], Singh and Alistarh [2020], Yu et al. [2022]. This line of work recently culminated in CHITA Benbaki
et al. [2023], a pruning approach that scales up to millions of parameters through substantial engineering
effort.

Here, we introduce a path-magnitude cost defined for each individual weight but that depends on the
global configuration of the weights. Just as sensitivity-based costs LeCun et al. [1989], these costs should in
principle be re-computed after each pruning decision. While taking these global dependencies into account is
expected to provide better performance, this is also expected to require a huge engineering effort, similar to
what has been done in Benbaki et al. [2023], Singh and Alistarh [2020], Yu et al. [2022], which is beyond the
scope of this paper. Our goal here is more modest: we aim at providing a simple proof-of-concept to show
the promises of the path-lifting for rescaling-invariant pruning.

Table 2: Comparison of pruning criteria across key properties. Being data-specific or loss-specific can be
both a strength (leveraging the training loss and data for more accurate pruning) and a limitation (requiring
access to additional information). Being rescaling-invariant ensures the pruning mask is unaffected by
neuron-wise weight rescaling.

Criterion Rescaling- Error Data- Loss- | Efficient to Versatile®
Invariant bound Specific| Specific| Compute
Magnitude No Yes — (1)-(2) No No Yes Yes
Loss-Sensitivity || Yes in theory No Yes Yes DependsP Yes
(Taylor Not in
Expansion) practice®
Path- Yes Yes — (13) No No Yes Yes
Magnitude

2 Can be used to design greedy approaches (including ¢°-based methods) and supports both structured and unstructured
pruning.

b Depends on how higher-order derivatives of the loss are taken into account. E.g., using only the diagonal of the Hessian
can be relatively quick, but computing the full Hessian is infeasible for large networks. See Table 3 for experiments.

¢ See Equation (21) in Appendix E for invariance in theory, and end of Appendix E for non-invariance in practice.

Notion of pruned parameter. Considering a neural network architecture given by a graph G, we use
the shorthand R to denote the corresponding set of parameters (see Definition A.2 for a precise definition).
By definition, a pruned version 6’ of § € RY is a "Hadamard” product 6 = s ® 6, where s € {0,1}% and |s|o
is "small”. We denote 1¢ € RE the vector filled with ones, e; € RE the i-th canonical vector, s; = 1o — e;,
and introduce the specialized notation §_; := s; ® 6 for the vector where a single entry (the weight of an edge
or the bias of a hidden or output neuron) of 6, indexed by i, is set to zero.

4.2 Proposed rescaling-invariant pruning criterion

The starting point of the proposed pruning criterion is that, given any 6, the pair 6,0’ with ' := s 0 satisfies
the assumptions of Theorem 3.1, hence for all input 2 we have |Rg(x)— Ry (z)| < [|®(0)—®(0")]|1 max(1, ||| o0)-
Specializing this observation to the case where a single entry (the weight of an edge, or the bias of hidden or



output neuron indexed by i) of 6 is pruned (i.e., 8’ = 6_;) suggests the following definition, which will serve
as a pruning criterion:

Definition 4.1. We denote
Path-Mag(d, i) := [ B(6) — B(6_,)]|1. (10)

This measures the contribution to the path-norm of all paths p containing entry ¢: when ¢ ¢ p we have
®,(0_;) = ®,(6), while otherwise ®,(0_;) = 0. Since 6 and 6_; satisfy the assumptions of Lemma 3.2 we have

Path-Nag(6,) = ()1 — |2(0-o) s (11)
=100 = D [2,(0)]
pEP pEP:igp
= Y 2,0 (12)
pEP:ED

In light of (5), to limit the impact of pruning on the perturbation of the initial function Ry, it is natural
to choose a coordinate i of 8 leading to a small value of this criterion.

Lemma 4.2. Path-Mag enjoys the following properties:

e rescaling-invariance: for each 6 € RS and index i, Path-Mag(f, i) = Path—Mag(é7 i) for every rescaling-
equivalent parameters 6 ~ 0;

e error bound: denote s :=1g —>_._; e; where I indexes entries of € RS to be pruned. We have

iel
| Ro(2) — Rsoa(2)|
< (ZPath-Mag(G,i)) max(1, ||z]/co)- (13)

icl

e computation with only two forward passes: using Equation (11) and the fact that ||®(-)|1 s
computable in one forward pass Gonon et al. [2024].

e efficient joint computation for all entries: we have
(Path-Mag(6,1)); = 0 © Vo[ (0)]: (14)
that enables computation via auto-differentiation.

The proof is given in Appendix C. We summarize these properties in Table 2.

4.3 Considered (basic) path-magnitude pruning method

Equipped with Path-Mag, a basic rescaling-invariant pruning approach is to minimize the upper-bound (13).
This is achieved via simple reverse hard thresholding:

1. compute Path-Mag(6, i) for all i (two forward passes per i via Equation (11); more efficiently a single
pass of autodifferentiation via Equation (14));

2. prune out the entries of € corresponding to the indices yielding the smallest values of this cost.

To the best of our knowledge, this is the first practical network pruning method that is both invariant under
rescaling symmetries and endowed with guarantees such as (11) on modern networks.

While Table 3 shows that path-magnitude pruning is computationally feasible, we must also verify that
when injected in usual pruning pipelines, it yields acceptable accuracies.

As a simple proof-of-concept, we train a dense ResNet-18 on ImageNet-1k with standard hyperparameters,
prune with the proposed path-magnitude pruning method a prescribed percentage p of the weights, rewind
the weights to their value after a few epochs (as in the lottery ticket literature [Frankle et al., 2020]) and



Table 3: Times (in milliseconds) to compute the pruning cost of all weights at once for standard networks.
We include the time of a forward pass for reference. The entries in the “Loss-sensitivity via Optimal Brain
Damage (OBD)” and ”Forward” columns show times for batch sizes of 1 and 128 (e.g., “13-60” means 13 ms
at batch size 1 vs. 60 ms at batch size 128). See Appendix E for details.

Network Forward || Magnitude Loss-sensitivity via OBD Path-Magnitude
[LeCun et al., 1989]

AlexNet (61M) 1.7-133 0.5 13-60 14

VGG16 (138M) 2.3-198 1.4 31-675 61

ResNet18 (12M) 3.6-142 3.2 51-155 32

then retrain the pruned network from these weights’ value. We do the same with magnitude pruning. We
find both pruning methods to yield the same* test accuracy at the end of the process when run with the
same value of p between 10% and 80%. However, path-magnitude pruning has the advantage of being robust
against arbitrary (and in particular adversary) weights rescaling that could have been applied to the original
pre-trained network. Indeed, it will select the same mask. On the contrary, we experimentally observe
magnitude pruning to select a different mask when random rescales are applied after the original training
phase, ending up in large drops of test accuracy. See Appendix D for details.

Table 3 shows the time needed to compute this pruning criterion on some widespread ReLLU networks, see
Appendix E for details.

4.4 Discussion and possible future extension

The cost Path-Mag(0, 1) is defined per weight, but its value for a given weight indexed by i also depends on the
other weights. Therefore, one could hope to achieve better pruning properties if, once a weight is pruned, the
path-magnitude costs of the remaining weights were updated. This is reminiscent of the loss-sensitivity cost
LeCun et al. [1989] that associates to each weight i (a surrogate of) the difference £(0_;) — £(6), where £ is a
given loss function. The challenge is similar in both cases: how to account for global dependencies between
the pruning costs associated to each individual weight? In this direction, a whole literature has developed
techniques attempting to globally minimize (a surrogate of) ¢(s ® @) — £(0) over the (combinatorial) choice of a
support s satisfying an £°-constraint. Such approaches have been scaled up to million of parameters in Benbaki
et al. [2023] by combining a handful of clever algorithmic designs. Similar iterative or greedy strategies could
be explored to aim at solving the (seemingly) combinatorial /°-optimization problem ||®(s ® ) — ®(0)]|1.

5 Conclusion

We introduced a new Lipschitz bound on the distance between two neural network realizations, leveraging the
path-lifting framework of Gonon et al. [2024]. By formulating this distance in terms of the ¢!-path-metric,
our result applies to a broad class of modern ReLLU networks—including ones like ResNets or AlphaGo—and
crucially overcomes the arbitrary pessimism arising in non-invariant parameter-based bounds. Beyond
providing a theoretical guarantee, we also argued that this metric can be computed efficiently in practical
scenarios such as pruning and quantization.

We then demonstrated how to apply path-lifting to pruning: the path-magnitude criterion defines a
rescaling-invariant measure of the overall contribution of a weight. In a proof-of-concept on a ResNet-18
trained on ImageNet, path-magnitude pruning yields an accuracy on par with standard magnitude pruning.
This connects the theoretical notion of path-lifting to a practical goal: making pruning decisions that cannot
be undermined by mere neuron-wise rescaling.

This work raises several directions for future research. First, a natural challenge is to establish sharper
versions of our core result (Theorem 3.1), typically with metrics still based on the path-lifting but using
¢P-norms with p > 1, or by deriving functional bounds in expectation (over a given probability distribution of
inputs).

4Note that these results were achieved without tuning effort: we used for both pruning methods the standard hyperparameters
used for magnitude pruning in such situation [Frankle et al., 2021].

10



Second, more advanced iterative algorithms, akin to second-order pruning techniques, might benefit from
path-lifting as a fundamental building block, improving upon the simple one-pass approach used in our
proof-of-concept while retaining invariance properties (see Section 4.4).

Finally, although our main theorem improves existing Lipschitz bounds and extends them to a wide
range of network architectures, the potential applications of the path-lifting perspective—and its invariance
under rescaling—are far from exhausted. Quantization and generalization, in particular, are two important
areas where the present findings might stimulate further developments on metrics that offer both theoretical
grounding and compelling practical properties.
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Appendices

A Path-lifting and path-activations

This section recalls the definitions from Gonon et al. [2024] for completeness.

01}2 —vU3

0102 — W3 ...

Nin
U1 b
Pedp| 0. 0a@z)0...0 0
Al z) = | i B
Pul? 0 a(0,2)

Figure 4: The coordinate of the path-lifting ® associated with the path p=wv; — vo — v3 is
D,(0) = 6" 7v20v27"s gince it starts from an input neuron (Definition A.5).  While the path
p' = wi — wy — ws starts from a hidden neuron (in N \ (Niy, U Nout)), so there is also the bias of w;
to take into account: @,/ (0) = b, 0" 7"20">7"3. As specified in Definition A.5, the columns of the path-
activation matrix A are indexed by Nj, U {b} and its rows are indexed by P = P; U Pp, with Pr the set of
paths in P starting from an input neuron, and Py the set of paths starting from a hidden neuron.

Definition A.1 (ReLU and k-max-pooling activation functions). The ReLU function is defined as ReLU(x) :=
xly>o for x € R. The k-max-pooling function k-pool(x) := () returns the k-th largest coordinate of x € R

Definition A.2 (ReLU neural network [Gonon et al., 2024]). Consider a Directed Acyclic Graph (DAG)
G = (N, E) with edges E, and vertices N called neurons. For a neuron v, the sets ant(v), suc(v) of antecedents
and successors of v are ant(v) := {u € N,u — v € E},suc(v) := {u € N,v - u € E}. Neurons with no
antecedents (resp. no successors) are called input (resp. output) neurons, and their set is denoted Ny, (resp.
Nout). Neurons in N \ (Ni, U Noyt) are called hidden neurons. Input and output dimensions are respectively
din = |Nin| and doyt 1= |Nout|-

e A ReLU neural network architecture is a tuple (G, (pv)ven\n;,) composed of a DAG G = (N, E)
with attributes p, € {id,ReLU} U {k-pool, k € Ny} for v € N\ (Nowt U Nin) and p, = id for v € Ngyt.
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We will again denote the tuple (G, (pu)ven\n,,) by G, and it will be clear from context whether the results
depend only on G = (N, E) or also on its attributes. Define N, := {v € N, p, = p} for an activation p, and
N poo1 := UgeNs o NVp-poor- A neuron in N, po01 is called a x-max-pooling neuron. For v € N, pe01, its kernel
size is defined as being | ant(v)|.

e Parameters associated with this architecture are vectors® 8 € RG := REUN\Nin We call bias b, := 6,
the coordinate associated with a neuron v (input neurons have no bias), and denote 6“7 the weight associated
with an edge v — v € E. We will often denote 67" := (0“7") ,cant(v) and 67 1= (0“7") uesuc(v)-

e The realization of a neural network with parameters § € R is the function RS : RVin — RNeuwt (simply
denoted Ry when G is clear from the context) defined for every input x € R as

Ro(z) := (v(0,2))veNoy, s

where we use the same symbol v to denote a neuron v € N and the associated function v(6, z), defined as
v(0, z) := x, for an input neuron v, and defined by induction otherwise

(9 ) — p”(bv + Zueant(v) u(@, ‘/I")eu_mj) if Pv = ReLU or Pv = lda
v\ ) = k-pool ((bv + u(@,x)@“_’“)ueant(v)) if p, = k-pool.

Definition A.3 (Paths and depth in a DAG [Gonon et al., 2024]). Consider a DAG G = (N, E) as in
Definition A.2. A path of G is any sequence of neurons vy, ..., vq such that each v; — v; 41 is an edge in G.
Such a path is denoted p = vy — ... — vq. This includes paths reduced to a single v € N, denoted p = v.
The length of a path is length(p) = d (the number of edges). We will denote p,; := vy the ¢-th neuron for a
general £ € {0,...,1length(p)} and use the shorthand pena = Viengtn(p) for the last neuron. The depth of the
graph G is the maximum length over all of its paths. If vgy; € suc(pena) then p — v4y1 denotes the path
Vo = ... = g — Vgy1. We denote by P& (or simply P) the set of paths ending at an output neuron of G.

Definition A.4 (Sub-graph ending at a given neuron). Given a neuron v of a DAG G, we denote G the
graph deduced from G by keeping only the largest subgraph with the same inputs as G and with v as a single
output: every neuron u with no path to reach v through the edges of G is removed, as well as all its incoming
and outcoming edges. We will use the shorthand P~ := P to denote the set of paths in G ending at v.

We now recall the definitions of the path-lifting and path-activations from Gonon et al. [2024]. An
illustration can be found in Figure 4.

Definition A.5 (Path-lifting and path-activations [Gonon et al., 2024]). Consider a ReLU neural network
architecture G as in Definition A.2 and parameters § € R® associated with G. For p € P, define

length(p)
gue=1veif pg € Nin,
L (=1
(I)p(e) T length(p)
bp, I 67" otherwise,
=1

where an empty product is equal to 1 by convention. The path-lifting ®%(6) of 6 is

PC(0) = (2,(6))perpo-

This is often denoted ® when the graph G is clear from the context. We will use the shorthand &= := ¢ °
to denote the path-lifting associated with G—? (Definition A.4).

Consider an input = of G. The activation of an edge v — v on (6, ) is defined to be ay_,(0,2) :=1
when v is an identity neuron; a,—,(6,2) := 1y(6,2)>0 When v is a ReLU neuron; and when v is a k-max-
pooling neuron, define a, (6, ) := 1 if the neuron u is the first in ant(v) in lexicographic order to satisfy
u(f, ) := k-pool ((w(b, x))weant(v)) and ay—y(0,2) := 0 otherwise. The activation of a neuron v on (6, x)
is defined to be a,(0,z) := 1 if v is an input neuron, an identity neuron, or a k-max-pooling neuron, and
ay(0, ) := Lyg,2)>0 if v is a ReLU neuron. We then define the activation of a path p € P with respect to input

5For an index set I, denote RY = {(6;)s¢c1,0: € R}.
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x and parameters 6 as: a,(0, ) := ap, (0, x) H;e:nlgth(p) Uy, —v, (0, ) (with an empty product set to one by

convention). Consider a new symbol vp;,s that is not used for denoting neurons. The path-activations matrix
A(6,x) is defined as the matrix in RP*(NinU{weies}) guch that for any path p € P and neuron u € Ni, U {Vbias }

— ap(aﬂx)]]-po:u ifue Nin,
S { ap(0, )1, ¢n,, otherwise when u = vpias.

B Proof of Theorem 3.1

We actually prove the next theorem that is stronger than Theorem 3.1. We do not state it in the main body
as it requires having in mind the definition of the path-lifting ®, recalled in Definition A.5, to understand
the following notations. For parameters 6, we will denote ®(#) (resp. ®%(6)) the sub-vector of ®(f)
corresponding to the coordinates associated with paths starting from an input (resp. hidden) neuron. Thus,
®(0) is the concatenation of ®/(0) and ® ().

Theorem B.1. Consider a ReLU neural network as in Definition A.2, with output dimension equal to one.
Consider associated parameters 0,0". If for every coordinate i, 0; and 0, have the same signs or at least one
of them is zero (0,0, > 0), we have for every input x:

|Ro(2) — Ry ()] < [llool|®7(0) — D7 (0")[|1 + |97 (8) — 27 (6")]]1. (15)

Moreover, for every meural network architecture, there are parameters 0 # 6’ and an input x such that
Inequality (5) is an equality.

Theorem B.1 is intentionally stated with scalar output in order to let the reader deduce the result
with multi-dimensional output with his favorite norm. As an example, we derive the next corollary, which
corresponds to the Theorem 3.1 given in the text body (except for the equality case, which is also an easy
consequence of the equality case of Inequality (15)).

Corollary B.2. Consider an exponent q € [1,00) and a ReLU neural network as in Definition A.2. Consider
associated parameters 6,0'. If for every coordinate i, it holds 0;0; > 0, then for every input x € R%n:

[1Ro(x) = Ror (z)llq < max(|[z]s, 1)[|@(0) — 2(6)]1-

Proof of Corollary B.2. By definition of the model, it holds:

1R (x) = Ry (2)[lg =D |o(6,2) —v(6',2)|"

V€ Noug

Recall that @77 is the path-lifting associated with the sub-graph G7? (Definition A.5). By Theorem B.1, it
holds:
[v(0,z) —v(0, 2)|* < max(||z[,, 1)[|77(0) — 7 (0)]]{-

Since ®(0) = (27(0))ven,,,, this implies:

[1Ro(x) — Ror ()| < max(||z]|%,, 1)[|@(0) — 2(6")]. H

1 1 —1 —1
@ @ @ @ @ @
Figure 5: Counter-example showing that the conclusion of Theorem 3.1 does not hold when the parameters
have opposite signs. If the hidden neurons are ReLU neurons, the left network implements Ry(z) = ReLU(xz)
(with & = (1 1)T) and the right network implements Ry (r) = —ReLU(—z) (with ¢ = (-1 — 1)T).
Inequality (5) does not hold since there is a single path and the product of the weights along this path is

equal to one in both cases, so that ®(0) = (') = 1 (cf Section 2) while these two functions are nonzero and
have disjoint supports.
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Sketch of the proof of Theorem B.1. To prove the inequality, we define the notion of admissible
trajectory, show that it is enough to find an admissible trajectory in order to conclude (Lemma B.3), and
then we construct such an admissible trajectory (Corollary B.6). A geometric illustration of the spirit of the
proof is given in Figure 3, as detailed in the figure legend. The formal proof of Theorem B.1, including the
equality case, is given at the end of the section.

Admissible trajectory: definition. Given any input vector  and two parameters 6,6’ we define
an x-admissible trajectory’® betweeen 6 and 0 as any continuous map t € [0,1] — 6(¢) such that for every
t € [0, 1], the vector 6(t) corresponds to parameters associated with the considered network architecture,
with the boundary conditions #(0) = 0 and 6(1) = ¢, and with the additional ”z-admissibility property”
corresponding to the existence of finitely many breakpoints 0 = tg < t; < --- < t;,, = 1 such that the
path-activations matrix (see Definition A.5) t € [0,1] — A(6(¢), z) is constant on each interval (tx,tx4+1) and
such that for every path p of the graph, using the shorthand 0 := 0(tj), the ”reverse triangle inequality”
holds (which is then, of course, an equality):

D 1Pp(Ok) = @p(0k—1)| < [Pp(0m) — By (60)]. (16)
k=1
Finding an admissible trajectory is enough.

Lemma B.3. Consider an input vector x and two parameters 0,60'. Ift € [0,1] — 0(t) is an z-admissible
trajectory between 6 and 0’ then

|Ro(2) — Ry ()] < [[zllocl|®7(0) — D7 (0")[|1 + || @7 (8) — 2™ (6")]]1- (17)

Proof. In this proof, we denote by convention z, := 1 for any u that is not an input neuron. Recall that pg
denotes the first neuron of a path p, and x,, is the coordinate of x for neuron py. Since for every parameters
6 and every input z, it holds [Gonon et al., 2024, Lemma A.1]

.23) = Z xpoap(evx)q)p(a)y

peEP
we deduce that for every k € {1,...,m} and every t;_1 <t <t < tg, we have:
Ry (@) = Rory () = D py (ap(0(1),2) @, (6(1)) — ap(B('), 2) @, (0(t))) .

pEP

Since both t and ¢’ belong to the same interval (t;_1,t;) and since t — 6(¢) is an admissible trajectory, the
path-activations a,(0(t), z) = a,(6(t'), ) are the same for every path p. Thus, it holds:

Ry (@) = Rogery () = D 2, 0p(8(1), ) (2,(8(2)) — D(6(1))))
peEP

Recall that the set of paths P is partitioned into the sets P; and Py of paths starting respectively from an
input and a hidden neuron. By the convention taken in this proof, for p € P, it holds z,, = 1. Thus:

Ry () = Rogery (@) = Y wpap(0(1), ) (@,(0(1) — @, (0(t))) + > ap(0(1), ) (2,(0(F)) — ®,(0(1"))) -
PEPI PEPH
Recall that a path-activation is always equal to 0 or 1 by definition, so that:

| Roey () = Roqery (2)] < D |pa | 12p(8(8) = (8 D] + D [@5(6(1)) — @ (6(1))]

PEPI pEPH
<l (0(2) — @7 (B(t) 1 + |27 (8(1)) — @7 (B(¢')) 1

6While the standard terminology for such a map t + 0(t) is rather ”path” than ”trajectory”, we chose ”trajectory” to avoid
possible confusions with the notion of ”path” of a DAG associated with a neural network.
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Considering the limits ¢ — ¢ and t' — ¢;_1 gives by continuity of both 6 — Ry(z) and 6 — ®(6):
|Ro, () = Ro,_, (2)] < [[2]lool|® (01) — @ (1)l + 27 (01) — @ (Or-1)lI1-
Since 6 = 0y and ' = 6,,,, using the triangle inequality yields:
[Ro(x) — Ror (2)] < [7]]oo Z 197 (6)) — @ (B—1) [l + Y 19 (61) — @ (6—1) 1. (18)
k=1

See Figure 3 for an illustration of what is happening here. By definition, since the trajectory is z-admissible,
we have by Inequality (16)

D197 (0k) = 21 (Br-1)llL < (197 (B1) — 27 (80) 12 = [27(8") — &7 ()]

and .
D 1197 (0r) — @7 (0x-1) 1 < (|97 (0m) — @ (B0) 11 = @7 (6') — " (0) |1
k=
With Inequality (18), this proves Inequality (17). O

—

Construction of an admissible trajectory. In the formal proof of Theorem B.1 we will see that it is
enough to establish the result when all the coordinates of 6,6’ are nonzero.

Definition B.4. Consider two parameters 6,60" with only nonzero coordinates. For every ¢ € [0, 1] and every
i, define the following trajectory” ¢ — 6(t) between 6 and 6':

(6(2)); = sgn(6:) 6:|' |67, (19)
where sgn(y) := 1,50 — 1y<0 € {—1,0,+1} for any y € R.

Observe that the trajectory in Equation (19) is well-defined since the coordinates of # and 6" are nonzero
by assumption. As proved in the next lemma, this trajectory has indeed finitely many breakpoints where the
path-activations change. This is basically because for every coordinate 7, the trajectory ¢ € [0,1] — (6(¢)); is
analytic®. As a consequence, the set of t’s where a coordinate of the path-activations matrix A(6(t),z) does
change can be realized as a set of zeroes of an analytic function on C, and since these zeroes must be isolated,
there could only be finitely of them in the compact [0, 1], except when the set of zeroes is the whole [0, 1].

Lemma B.5. Consider n € Nsg inputs X = (21,...,2,) € (R%)™. For parameters 0,0" with only nonzero
coordinates, consider the trajectory t € [0,1] — 0(t) defined in Equation (19). There exists finitely many
breakpoints 0 = tog < t1 < -+ < t, = 1 such that for every i = 1,...,n, the path-activations matriz

t€[0,1] — A(0(t), ;) is constant on each interval (ti,try1).

Proof of Lemma B.5. After showing that the result for arbitrary n follows from the result for n = 1, we
establish the latter by an induction on a topological sorting of the graph G.

Reduction to n = 1. If for every i = 1,...,n, we have a finite family of breakpoints (%), then the
union of these families gives a finite family of breakpoints that works for every 4. It is then sufficient to prove
that for a single arbitrary input x, there are finitely many breakpoints 0 = tg < t; < --- < t,,, = 1 such that
the path-activations matrix ¢ € [0,1] — A(6(¢), ) remains constant on each interval (tk, tet1)-

For the rest of the proof, consider a single input x, and define for any neuron v the property

there are finitely many breakpoints 0 =ty < t; < --- < t;;, = 1 such that for every k :
the map t € [tx, tx+1] — v(0(t), z) is analytic, (20)
and the functions t — a,(0(t), x),t — ay—,(0(t), x), for each u € ant(v), are constant on (¢, txt1)

"This trajectory is linear in log-parameterization: for every 4, the map t — In(|(8(t));|) is linear in ¢.
8A function f : C' +— R is analytic on a closed subset C' C R if there exists an open set C' C O C R such that f is the
restriction to C of a function that is analytic on O.
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Reduction to proving Property (20) for every neuron v. We will soon prove that Property (20)
holds for every neuron v. Let us see why this is enough to reach the desired conclusion. By the same argument
as in the reduction to n = 1, the union of the breakpoints associated to all neurons yields finitely many
intervals such that, on each interval, all functions t — a,(08(t),x), v € N, and a,—.,(0(t),z), v € ant(v), are
constant. By Definition A.5 this implies that ¢t — A(6(t), z) is constant on each corresponding open interval.

Proof of Property (20) for every neuron v by induction on a topological sorting [Cormen et al.,
2009, Section 22.4] of the graph. We start with input neurons v since by Definition A.2, these are the ones
without antecedents so they are the first to appear in a topological sorting.

Initialization: Property (20) for input neurons. For any input neuron v, it holds by Definition A.2
v(0,z) = x, that is constant in §. Thus ¢t € [0,1] — v(0(t), z) is trivially analytic. Since v is an input neuron,
it has no antecedent, and by Definition A.5 we have a,(6,z) := 1. This shows that Property (20) holds for
input neurons.

Induction: Now, consider a non-input neuron v and assume Property (20) to hold for every neuron
coming before v in the considered topological sorting. Since every antecedent of v must come before v in
the topological sorting, there are finitely many breakpoints 0 =ty < ¢t; < --- < t,,, = 1 such that for every
u € ant(v) and every k, the map ¢ € [tx, txr1] — u(0(f), z) is analytic. We distinguish three cases depending
on the activation function of neuron v.

e Case of an identity neuron. By Definition A.2 v(0(t),z) = by + >, cane(v) w(0(t), ©)0(t)" 7" and for
every k it is clear that it is analytic as it is the case for each ¢ € [tg, tx+1] — uw(6(¢), z) by induction, and it
is also the case for t € [tg, tr11] — 0(t)* " by definition (Equation (19)). Since v is an identity neuron by
Definition A.5 we have @y, (0(t), z) = a,(0(t),z) = 1 for every ¢. This establishes Property (20) for v.

e Case of a ReLU neuron. By Definition A.2: v(,2) = ReLU(pre, (0, z)) where we denote the
so-called pre-activation of v by pre, (0, 2) 1= by + >, cany(v) (0, 2)0“7". Reasoning as in the case of identity
neurons, the induction hypothesis implies that for every k the function ¢ € [ty, tx+1] — pre,(6(t), z) is analytic.
We distinguish two sub-cases:

— If this function is identically zero then ¢t € [tx,trt1] — v(6(¢),z) is null, so it is analytic, and by
Definition A.5 ay s, (0(t),7) = a,(0(t), ) = Ly9,2)>0 = 0 for every u € ant(v);

— Otherwise this analytic function can only vanish a finite number of times on the compact [t, tgt1]:
there are times t; = so < $1 < -+ < 8, = tg41 such that for each j, s € (s;,s;41) — pre,(6(s),x) has
constant (nonzero) sign and can be extended into an analytic function on C. For each segment (s;, s;41) where
the sign is negative, we deduce that for every s € [s;, s;+1] we have v(6(s),z) = 0, hence by Definition A.5,
ay(0(8), ) = ay—o(0(s),x) = 0 for every u € ant(v); on the other segments, we have v(0(s), x) = pre,(6(s), z)
for every s € [sj, sj4+1], and therefore a,(8(s), ) = ay—,(0(s), ) =1 for every s € (s;, s;+1) and u € ant(v).
Overall, on all the resulting (finitely many) segments, we obtain all the properties establishing that Prop-
erty (20) indeed holds for v.

e Case of a K-max-pooling neuron. Recall that by Definition A.2, the output of v is the K-th largest
component of pre, (0, ) := (u(f,2)0"7")yeant(v), With ties between antecedents decided by lexicographic
order. Since each t € [tg, tpt+1] — w(0(t), x) is analytic, and so does t — 6(t)“ ", this is also the case of each
coordinate of pre, (6(t), x).

Consider any k. We are going to prove that there are finitely many breakpoints ¢ = sg < 51 < -+- < sy =
tr+1 such that on each interval (s;, s;41), there is an antecedent u € ant(v) such that

v(0(s),z) = u(f(s), z)0(s)" ", for every s € (s;,5;41).

By the same reasoning as above this will imply that Property (20) holds for v.

For any neurons u # u' € ant(v), denote &, (8) := w(6(t), z)0(t)* " — u/'(8(t), z)8(t)* =" and let U
be the set of u € ant(v) such that: for each w' € ant(v), either ¢ — §, . (6(¢)) is not identically zero on
[tk,tk+1], or u is before u' in lexicographic order. With this definition, for each pair u # u’ € U, the function
t € [tk,tkt1] — duu (6(¢),x) is not identically zero and is analytic, so that there are only finitely many

breakpoints tx = 557" < s < oo < sy

Z7u,) = tp4+1 where it vanishes on the compact [tg,tr11]. Considering
the union over all pairs u,u’ € U of these finite families of breakpoints, we get a finite family of breakpoint
ty = S0 < §1 < --- < 8g = tp41 such that on each interval (s;, s;+1), the ordering between the coordinates of
pre,(0(s),z) in U is strict and stays the same. To conclude, it is not hard to check that, by the definition of

U and of *-max-pooling, the output of v only depends on the coordinates of pre,(6(s), z) indexed by U. This
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yields the claim and concludes the proof. O

For y € R, recall that we consider sgn(y) = L,~0 — Ly<o € {—1,0,+1} and extend it to vectors by
applying it coordinate-wise.

Corollary B.6. Consider two parameters 6,0" with nonzero coordinates and such that sgn(6) = sgn(6’).
Then the trajectory defined in Equation (19) is x-admissible for every input vector x.

Proof. First, the trajectory is well-defined since the coordinates are nonzero, and it satisfies the boundary
conditions 6(0) = 6 and (1) = 0’ since the coordinates have the same signs.

Second, Lemma B.5 proves that for every z, there are finitely many breakpoints 0 =ty <t; < --- <t,, =1
such that the path-activations matrix ¢ € [0,1] — A(0(t),z) is constant on each interval (tx_1, tx).

It now only remains to prove that Inequality (16) holds to prove that this is an z-admissible trajectory.
Consider a path p. For a coordinate i of the parameters, we write ¢ € p either if ¢ = py and pg is a hidden
neuron, or if ¢ = e is an edge along the path p. Define sgn(p) := [[,;¢, sgn(6;) and note that sgn(p) # 0 since
6 has only nonzero coordinates by assumption. Denote |0] the vector deduced from 6 by applying the absolute
value coordinate-wise. It is easy to check by definition of the path-lifting ® that for every ¢ € [0, 1]:

©,(0(t)) = sgn(p)@p(10])" ", (160'])" = sgn(p)@,(|10(to)])' ~ @, (10(tm)])".

Denote by a := ®,(]0']) = ®,(|0(tm)]) and by b = ®,(|0]) = D,(|0(¢0)|). The latter rewrites:

Q,(0(t) = sgn(p)atbl_t.

Thus, Inequality (16) holds if, and only if,
> Isgn(p)| |a b — a1t < [sgn(p)| a — b
k=1
Simplifying by sgn(p) # 0, Inequality (16) is equivalent to:
Z |at’“b17tk - at"“lblft’“‘1| < la—b|.
k=1

Let us now observe that ¢ — a'b'~? is monotonic and conclude. We only do so when a > b, the other case

being similar. Since by definition, we also have a and b positive, it holds for ¢ > ¢/
at=t > b=t that is equivalent to athl=t > atht=t',

We then have a telescopic sum:

m m
§ |atkb1—tk _ atkflbl—tkfl‘ — E atkbl—tk _ atkflbl—tk,l — atmbl—tm _ atObl—tO —a—b= |a _ b| .
k=1 k=1

This shows Inequality (16), proving that ¢ — 6(t) is an admissible trajectory, and thus the result. O

Proof of Theorem B.1. Equality case. Consider an arbitrary neural network architecture, an input neuron
vop and a path p = vg — v; — ...vg. Consider 0 (resp. 6') with only zero coordinates, except for
GUe=vert = g > 0 (resp. (0')" 7Vt =b > 0) for every ¢ € [0,d — 1]. Consider the input z to have only zero
coordinates except for ,, > 0. It is easy to check that Ry(x) = a%z,, and Ry (v) = b%z,,. Since ||2|lco = oy,
|@1(0) — ®1(0")]|1 = |a® — b?| and ||®H (H) — @ (§")||; = 0, this shows that Inequality (15) is an equality for
these parameters.

Proof of the inequality. By continuity of both handsides of (15) with respect to 6, ¢’, it is enough to
prove the result when all coordinates of 6,6 are nonzero, i.e., under the stronger assumption that 6,6, > 0
for every coordinate index 7. Under this assumption, by Corollary B.6, the trajectory ¢ — 6(t) defined in
Equation (19) is z-admissible for every input vector z. The conclusion follows by Lemma B.3. O
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C Proof of Lemma 4.2

Rescaling-invariance is a direct consequence of the known properties of the path-lifting ® Gonon et al. [2024].

In the case of a singleton I = {i}, as already evoked, (13) simply follows from (5) and the definition of
Path-Mag. When |I| > 2, consider any enumeration i;, 1 < j < || of elements in I, and s; := 1 —> }_; €;, =
1c — 1u;:1{z‘g} (as well as sg := 1¢): since the pair (,s © 0) —as well as the pairs (s;_1 © 0, s; © ) satisfies

the assumptions of Lemma 3.2, and s; ® s;_; = s; we have

12(9) = ®(s © O)llx. = 12(O)]1x = [12(s © D)

1]
=Y 112(s51 ©0)[1 — [®(s; © )]s
=1
7]
= D ®(sj-1 ©0) — ®(s; © (s;-1 © )|
j=1
7]
&) ;Path—Mag(sjq ©0,i;)
7]
< Path-Mag(0,i;).
(12) ; !

Finally, to establish (14), observe that for each path p we have [©,(0)| = ];¢,, |0;| so, for each i € p (NB:
1 can index either an edge in the path or the first neuron of p when p starts from a hidden or output neuron,
in which case 6; is the associated bias) it holds

0

51 20)] = sen(@) T 1,1

JEP,jFi
Because sgn(6;)0; = |0;| we get that, when i € p,

0
0i - 5g; 12 (O) = [25(6)].

Summing over all paths for a given index ¢ shows that

(0 Vol 2O = b 3 [8,(0)
v peEP

=0 Y w0

pePiicp

= Y 12,(0)

pEP:i€p
= Path-Mag(0,1).
5 g(0,1)

D Proof-of-concept: accuracy of path-magnitude pruning

To provide a proof-of-concept of the utility of the main Lipschitz bound in Theorem 3.1 for pruning, we
implement the following “prune and finetune” procedure:

1. train: we train a dense network,

2. rescale (optional): we apply a random rescale to the trained weights (this includes biases),
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3. prune: we prune the resulting network,

4. rewind: we rewind the weights to their value after a few initial epochs (standard in the lottery ticket
literature to enhance performance [Frankle et al., 2020]),

5. finetune: we retrain the pruned network, with the pruned weights frozen to zero and the other ones
initialized from their rewinded values.

Doing that to prune p = 40% of the weights at once of a ResNet18 trained on ImageNet-1k, we observe
that (Figure 6):
e without random rescale (plain lines), the test accuracy obtained at the end is similar for both

magnitude pruning and path-magnitude pruning;

e with random rescale (dotted lines — the one associated with path-magnitude pruning is invisible as
it coincides with the corresponding plain line), magnitude pruning suffers a large drop of top-1 test
accuracy, which is not the case of path-magnitude pruning since it makes the process invariant to
potential rescaling.

Pruning 40%

U

P Yt Xk WA N,

Test top-1 accuracy
w
o

—— Magnitude w/o Rescale
==== Magnitude w/ Rescale

—— Path-Magnitude

0 20 40 60 80
Epoch

Figure 6: Training Curves: Test Top-1 Accuracy resulting from the different variants of the “prune and
finetune” procedure, with (dashed line) or without (plain line) random rescaling of the initially trained weights.
The results for path-magnitude pruning are the same with or without rescaling, hence the corresponding
dashed line (random rescale applied beforehand) is invisible, as it perfectly overlaps with the plain line (no
rescale), unlike for magnitude pruning. Accuracy jumps around epochs 30 and 60 corresponding to change in
learning rate.

We observe similar results when pruning between p = 10% and p = 80% of the weights at once, see
Table 4.

We now give details on each stage of the procedure.

1. Train. We train a dense ResNet18 [He et al., 2016] on ImageNet-1k, using 99% of the 1,281,167
images of the training set for training, the other 1% for validation. We use SGD for 90 epochs, learning rate
0.1, weight-decay 0.0001, batch size 1024, classical ImageNet data normalization, and a multi-step scheduler
where the learning rate is divided by 10 at epochs 30, 60 and 80. The epoch out of the 90 ones with maximum
validation top-1 accuracy is considered as the final epoch. Doing 90 epochs took us about 18 hours on a
single A100-40GB GPU.
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Table 4: Top-1 accuracy after pruning, optional rescale, rewind and retrain, as a function of the pruning level.
() = results valid with as well as without rescaling, as path-magnitude pruning is invariant to rescaling.

Pruning level | none | 10% | 20% | 40% [ 60% | 80% |
Path-Magnitude (x) 68.6 | 68.8 | 68.6 | 67.9 | 66.0
Magnitude w/o Random Rescale || 67.7% | 69.0 | 69.0 | 68.8 | 68.2 | 66.5
Magnitude w/ Random Rescale 68.8 | 68.7 | 63.1 | 57.5 | 15.8

2. Random rescaling. Consider a pair of consecutive convolutional layers in the same basic block
of the ResNet18 architecture, for instance the ones of the first basic block: model.layer1[0].convl and
model .layer1[0].conv2 in PyTorch, with model being the ResNet18. Denote by C the number of output
channels of the first convolutional layer, which is also the number of input channels of the second one. For
each channel ¢ € [1,C], we choose uniformly at random a rescaling factor A € {1,128,4096} and multiply
the output channel ¢ of the first convolutional layer by A, and divide the input channel ¢ of the second
convolutional layer by A. In order to preserve the input-output relationship, we also multiply by A the
running mean and the bias of the batch normalization layer that is in between (model.layer1[0].bnl in the
previous example). Here is an illustrative Python code (that should be applied to the correct layer weights as
described above):

factors = np.array([1, 128, 4096])
out_channelsl, _, _, _ = weights_convil.shape

for out in range(out_channelsl):

factor = np.random.choice(factors)
weights_convl[out, :, :, :] *= factor
weights_conv2[:, out, :, :] /= factor

running_mean [out] *= factor
bias[out] *= factor

3. Pruning. At the end of the training phase, we globally prune (i.e. set to zero) p% of the remaining
weights in all the convolutional layers plus the final fully connected layer.

4. Rewinding. We save the mask and rewind the weights to their values after the first 5 epochs of the
dense network, and train for 85 remaining epochs. This exactly corresponds to the hyperparameters and
pruning algorithm of the lottery ticket literature [Frankle et al., 2021].

5. Finetune. This is done in the same conditions as the training phase.

E Computational cost: comparing pruning criteria

This section details how the results of Table 3 were obtained.

E.1 Hardware and software

All experiments were performed on an NVIDIA A100-PCIE-40GB GPU, with CPU Intel(R) Xeon(R)
Silver 4215R CPU @ 3.20GHz. We used PyTorch (version 2.2, with CUDA 12.1 and cuDNN 8.9 enabled) to
implement model loading, inference, and custom pruning-cost computation. All timings were taken using
the torch.utils.benchmark module, synchronizing the GPU to ensure accurate measurement of wall-clock
time.

E.2 Benchmarked code

Single-forward pass. We fed a tensor torch.randn(B, 3, 224, 224) to each model (batch size B =1 or
B =128, 224 x 224 RGB image).
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Path-magnitude scores. We followed the recipe given in (14): (Path-Mag(6,4)); = 0 ©® V|| ®(0)|l1. To do
that, we computed the path-norm ||®(8)||; using the function get_path norm we released online at github.
com/agonon/pathnorm_toolkit. And we simply added one line to auto-differentiate the computations and
multiply the result pointwise with the parameters 6. Thus, our code has the following structure:

e it starts by replacing max-pooling neurons by summation neurons, or equivalently max-pooling layers
by convolutional layers (following the recipe given in Gonon et al. [2024] to compute correctly the
path-norm),

e it replaces each weight by its absolute value,
e it does a forward pass to compute the path-norm,

e here we added auto-differentiation (backwarding the path-norm computations), and pointwise multipli-
cation with original weights,

e and it finally reverts to the original maxpool layers and the weights’ value to restore the original
network.

Table 3 reports the time to do all this.

Magnitude scores. It takes as input a torch model, and does a simple loop over all model’s parameters:
e to check if these are the parameters of a torch.nn.Linear or torch.nn.Conv2d module,

e if this is the case, it adds to a list the absolute values of these weights.

Loss-sensitivity scores LeCun et al. [1989]. In the Optimal Brain Damage (OBD) framework introduced
in LeCun et al. [1989], each weight 6; in the network is assigned a score approximating the expected increase
in loss if ; were pruned (set to zero). The score of §; is defined by:

OBD(0,i) = %h“ﬂ?,

where h;; is the diagonal entry of the Hessian matrix H = V2/ of the empirical loss
(o) = ZZ(RH(zk)ayk)
k=1

with respect to the parameters 6. As we could not locate a proof of the rescaling-invariance of OBD we give
below a short proof, before discussing its numerical computation.

Rescaling-invariance. Denote D = diag(\;) a diagonal rescaling matrix such that for each 6 the parameters
0’ := DO are rescaling-equivalent to 8. This implies that Rg(zx) = Rpe(xy) for each training sample x and
every 6, hence £(0) = £(D0) for every . Simple calculus then yields equality of the Jacobians 94(0) = 0¢(D9)D,
i.e., since D is symmetric, taking the transpose

V(9) = DVI(DY), v,
that is to say V4(-) = DV{(D-). Differentiating once more yields
H(9) = V2€(9) = 0[V{](0) = 0[DVL(D-)](68) = DO[VL(D-)|(0) = DOVL(-)|(DO)D = DH(DO)D.

Extracting the i-th diagonal entry yields h;;(0) = A\?h;; (D) (and more generally h;;(6) = X\iXjhi; (D)),
hence

OBD(D9,14) = %hii(De)((Do)i)Q = %hii(Da)(/\iai)Q = %[hii(DG)A?]H? = %hu’(a)ef =OBD(0,7). (21)
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Computation. Computing the full Hessian matrix H exactly would be prohibitive for large networks.
Instead, a well-known variant of Hutchinson’s trick Bekas et al. [2007] is that its diagonal can be computed as

diag(H) =E, [(Hv) © v]

where the expectation is over Rademacher vectors v (i.i.d. uniform v; € {—1,1}) and where ® denotes
pointwise multiplication. In practice, we approximate it as follows:

e draw a single vector v as above,

e compute the Hessian-vector product Hv using the “reverse-over-forward” higher-order autodiff in
PyTorch’s torch.func API,

e deduce the estimate diag(H) ~ (Hv) ® v =: u,
o finally estimate OBD ~ lu® 0 © 0 = $(Hv) v 0 © 0.

The performance to do all this depends on the size of the batch on which is computed the loss, as the cost
of the Hessian-vector product Hv depends on it. Table 3 reports the milliseconds required for this entire
procedure on batch sizes of 1 and 128, listing corresponding values as x — y.

This approximation is not rescaling-invariant in general. Indeed, we have

(Hv) ©v 000 0), = (Hv)i v 07 = | > hij(0)v; | vit?
J

2:1) Z)\Z)\]h”(DG)vJ 'UZQZQ = Z)\]h”(Dé)vj 1)1)\1912
J

( J

which would be the same as the estimate made for D if and only if it were equal to
Z hij(Da)Uj ’Uz)\?Q?
J

There is no reason for this to happen (and it did not happen in any of our experiments). For instance, take
v; = 0; =1 for every i, we would need >, Ajhi;(DO0) = A; >~ hij(D0), which is the same as saying that A is
an eigenvector of H(D@) with eigenvalue 1.

F Lipschitz property of ®: proof of Lemma 3.3

We first establish Lipschitz properties of 8 — ®(6). Combined with the main result of this paper, Theorem 3.1,
or with Corollary B.2, they establish a Lipschitz property of 6 — Ry(z) for each x, and of the functional map
0 — Rp(+) in the uniform norm on any bounded domain. This is complementary to the Lipschitz property of
x — Ry(x) studied elsewhere in the literature, see e.g. [Gonon et al., 2024].

Lemma F.1. Consider q € [1,00), parameters 6 and €', and a neuron v. Then, it holds:
[@77(0) — 277 (0")113

length(p) [ length(p)

" (22)
<m S [ I 1o (Ibpe—b;,zlhrW”—@’V”IIZ max & <0’>||g>

ep—v I
P =1 k=0+1 u€ant(pe)

with the convention that an empty sum and product are respectively equal to zero and one. Recall also that by
convention, biases of *-max-pooling neurons v are set to b, = 0 (Definition A.5).

Note that when all the paths in P~ have the same length L, Inequality (22) is homogeneous: multiplying
both 6 and #’ coordinate-wise by a scalar \ scales both sides of the equations by AX.
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Proof. The proof of Inequality (22) goes by induction on a topological sorting of the graph. The first neurons
of the sorting are the neurons without antecedents, i.e., the input neurons by definition. Consider an input
neuron v. There is only a single path ending at v: the path p = v. By Definition A.5, ®7V(:) = ®,(-) =1 so
the left hand-side is zero. On the right-hand side, there is only a single choice for a path ending at v: this is
the path p = v that starts and ends at v. Thus D = 0, and the maximum is zero (empty sum). This proves
Inequality (22) for input neurons.

Consider a neuron v ¢ N, and assume that this is true for every neuron before v in the considered
topological sorting. Recall that, by definition, @7 is the path-lifting of G? (see Definition A.5). The paths
in G7Y are p = v, and the paths going through antecedents of v (v has antecedents since it is not an input

5 (q)—nb X eu_w)ueant(v) . 5 .
neuron). So we have ®77(6) = b , where we again recall that ®7%(-) = 1 for input

neurons u, and b, = 0 for *-max-pooling neurons. Thus, we have:
@7 (0) — 27 (0]
= by — b/v‘q + Z Hq)—m(g) % QU (I)—m(e/) % (el)u—H}Hg

u€ant(v)

<oy =BL17+ D (I127(8) — @7 (¢)l|2le" =717 + @7 (8) 116" — (¢")“7"|1)
u€ant(v)

<o = BI7 1177 max (197 (0) = 87O+ 1670 = (070l max 127 (@5

Using the induction hypothesis (Inequality (22)) on the antecedents of v and observing that p € P7" if, and
only if there are u € ant(v),r € P~* such that p = r — v gives (we highlight in blue the important changes):
[27(0) = 8> O)]5 < b, — b1+ 107 = (@) "3 max &)
length(r) [ length(r)
Lo I DI UV N (1= 7+ 107 = @1y o 2@
= [by = by + 1077 = (6") "I Jdhax @7 (0")]l

length(p)—1 [length(p)

D DU W ) O ) N (O A R e R P L A1)
PEP (=1 k=0+1 weEant(pe)
length(p) [ length(p)
= max 67Pr||d bp, — b |94 1|07P¢ — (0")7P¢||2 max || (0 q).
EEER R e O N L Gl
This proves Inequality (22) for v and concludes the induction. O

In the sequel it will be useful to restrict the analysis to normalized parameters, defined as parameters 7

—)’U
such that H < ) H € {0,1} for every v € N \ (Nout U Nip). Thanks to the rescaling-invariance of ReLU

neural network paramgterlzations, Algorithm 1 in Gonon et al. [2024] allows to rescale any parameters 6 into
a normalized version 6 such that R; = Ry and ®(0) = ®(#) [Gonon et al., 2024, Lemma B.2]. This implies
the next simpler results for normalized parameters.

Theorem F.2. Consider q € [1,00). For every normalized parameters 0,0" obtained as the output of
Algorithm 1 in Gonon et al. [2024], it holds:

[26) —@@)g< Y o=+ 07— (6) 7
'UeNuut\N'm
length(p)—1

in (||®(6)]|4, | ®(6")]2 by, — b, |9+ 1677 — (8/)7P¢|19) . (23
i (1RO SO e 50 (b =B 1077 = @) (29
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where we recall that b, = 0 for x-maz-pooling neurons v.

Denote by N(f) the normalized version of 6, obtained as the output of Algorithm 1 in Gonon et al.
[2024]. It can be checked that if 6 = N(A) and ¢ = N(f’), and if all the paths have the same lengths L,
then multiplying both 6 and 6’ coordinate-wise by a scalar A does not change their normalized versions 6
and @', except for the biases and the incoming weights of all output neurons that are scaled by A\L. As a
consequence, Inequality (23) is homogeneous: both path-liftings on the left-hand-side and the right-hand-side
are multiplied by A", and so is the sum over v € Nyut \ Ni, in the right-hand-side, while the maximum over p
is unchanged since it only involves normalized coordinates that do not change.

For networks used in practice, it holds Nout N Ny, = 0 so that Noyt \ Nip is just Noyt, but the above
theorem also covers the somewhat pathological case of DAG architectures G where one or more input neurons
are also output neurons.

Proof of Theorem F.2. Since ®(0) = (#7%(0)),cx.,,, it holds

Ie(@) —2(@)g= D [27°(6) — 27(6)]¢-

vENout
By Definition A.5, it holds for every input neuron v: ®7%(-) = 1. Thus, the sum can be taken over
Ve Nout \ Nin:
[®0) —2@)g =D 127°(0) — > (@)]|3
VENout \ Nin

Besides, observe that many norms appearing in Inequality (22) are at most one for normalized parameters.
Indeed, for such parameters it holds for every u € N \ (Nin U Nout): [|07%[|§ < 1 [Gonon et al., 2024, Lemma
B.2]. As a consequence, for p € P and any £ € [0, length(p) — 1] we have:

length(p) length(p)—1
[T Nz = IT  ne=wend | ho=ree)ig < fo—r=i2.
k=0+1 k=0+1

<1

Moreover, for normalized parameters 6 and u ¢ Nous, it also holds [|®7*(0)[|Z < 1 [Gonon et al., 2024,
Lemma B.3]. Thus, Inequality (22) implies for any v € Noyut, and any normalized parameters 6 and 6':
|27 (0) — @7 (6)1]

length(p)—1

<oy =17+ 1167 = (0) 7N+ 107708 max Y (b, — 0,17+ 1677 = (61)7PI2)

peEP—V —
Thus, we get:
12(0) — (0]
= Y eTrO) -]
V€ Nout \ Nin
S D (AR Vs (DRl
V€ Nout \Nin

length(p)—1

> el max > (b, — 0,1 67— ()7 IE)

pEP Y

UENout\Nin (=1
< > (vl fo = @)00)
'UENout\Nin
length(p)—1
+ Z ”9—)11”3 epmasz« Z (‘b . — b;e|‘1 + ||0_>:Dz _ (9/)—>pe”g) .
UENout\Nin p ‘Pend in —1
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It remains to use that 3> n .\ n, [107[|Z < [|@(0)[|7 for normalized parameters 6 [Gonon et al., 2024,
Theorem B.1, case of equality] to conclude that:

le@) —e@)lg< S (b7 1670~ @)")2)
UeNout\Nin

length(p)—1

+ ||<I'(0)||Zpeprlga>§é]v Z (|bm — b;(|q + (|67 — (Ql)ﬁpzng) _
*Pend in Z:l

The term in blue can be replaced by min (|[®(0)]|2, ||®(6")]|2) by repeating the proof with 6 and ¢’
exchanged (everything else is invariant under this exchange). O

Lemma F.3. Consider a DAG ReLU network with L := D — 1 where the depth D is maXpq, pep |Length(p)]
and width W = max(d,ut, MaXpeuron ven | ant(v)|) where ant(v) is the set of antecedents of v in the DAG.
Denote by 6 the normalized parameters of 6 as obtained as the output of Algorithm 1 in Gonon et al. [2024]
with ¢ = 1, i.e., 0 is obtained from 0 by rescaling neurons from the input to output layer, ensuring every
neuron has a vector of incoming weights equal to one on all layers except the last one. It holds for every 6,6’
and every q € [1,00)

12(60) — @017 < (W2 + min([|®(0)]|Z, [|2(60")[|2) - LW)[|0 - 0'||%,
Lemma 3.3 corresponds to Lemma F.3 with ¢ = 1.

Proof of Lemma F.3. Lemma B.1 of Gonon et al. [2024] guarantees that ®(N(#)) = ®(0) for every 6. In
particular,

[2(6) — 2(6")] = |2 (M(0)) — 2 (E)) 1

so it is enough to prove Lemma F.3 for normalized parameters, so we may and will assume 6 = N(¢), 6’ = N(¢").
Denote 7% := (7", b,). With this notation, (23) implies (for normalized parameters 6, 6")

length(p)—1

) —2@)llg< > 1877 = (@)% +min(|@(O)17, [2(6")]I7) - max Yo e (@)

q . .
VENowe\ Nin PEP:Pena Nin =
< D0 lant()] 87 (07
VENout \ Nin
length(p)—1
+min(||®0)||2, |®(0)]|4) - max ant |07 — (67) 7P|
(RO OO e 5 ool 157 @)
length(p)—1

> lant(v)| +min(|®(O)[||2(¢)]|1) - max > ant(pe)l | | 16— 06119
€ Nowe\ Nin PEP:Pena? Nin —

N

The maximum length of a path is D = L + 1. Moreover W > dout = |Nout| and W > |ant(v)]| for every
neuron, so this yields

12(0) — 201 < (W? + min(|@O)[12, [2(O)]2) - LW)[0 — 0o

G Recovering a known bound with Theorem 3.1
It is already known in the literature that for every input = and every parameters 0,6’ (even with different

signs) of a layered fully-connected neural network with L affine layers and L + 1 layers of neurons, Ny =
Nin, ..., N = Noy, width W := maxogs<r |Ne|, and each matrix having some operator norm bounded by
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R > 1, it holds [Gonon et al., 2023, Theorem III.1 with p = ¢ = co and D = ||z||][Berner et al., 2020,
Neyshabur et al., 2018]:

IRo(x) = Ror(2)[l1 < (Wlallow + YW LPRETH0 — 6|

Can it be retrieved from Theorem 3.1?7 Next corollary almost recovers it: with W max(||z|oc, 1) instead of
W||z||oo + 1, and 2L instead of L2. This is better as soon as there are at least L > 2 layers and as soon as
the input satisfies ||zl > 1.

Corollary G.1. [Gonon et al., 2023, Theorem III.1] Consider a simple layered fully-connected neural network
architecture with L > 1 layers, corresponding to functions Rg(x) = My ReLU(Mp_1 ... ReLU(M;x)) with
each M, denoting a matriz, and parameters 6 = (My,...,My). For a matrizx M, denote by ||M|1,0 the
mazimum £* norm of a row of M. Consider R > 1 and define the set © of parameters 0 = (M, ..., M)
such that || Mq||1,00 < R for every £ € [1,L]. Then, for every parameters 6,68’ € ©, and every input x:

IRo () — Rer ()1 < max(|[z[|oc, 1)2LWZ R0 — 0| o

Proof. For every neuron v, define f(v) := ¢ such that neuron v belongs to the output neurons of matrix M,
(i.e., of layer £). By Lemma F.1 with ¢ = 1, we have for every neuron v

127(8) — @7 (6")]x

length(p) | length(p)

.
<mex > | T o™

(=1 k=0+1
SIM g pp) 100

<

b=t + @ e [0 2
u€ant(py
=0 (no biases)  <|ant(pe)||0—0"|loo <KW |0—0'|| o
length(p)
<W|0 —0'||so max Rrenet2(®) =0 oy | @H(0) 25
00l ms. L [, (25)

with the convention that an empty sum and product are respectively equal to zero and one. Consider
¢’ = 0. It holds ||®7*(8)||1 = 0 for every u ¢ Ni,, and [|27%(¢")||; = 1 for input neurons u (Definition A.5).
Therefore, we have:

max || ®7(0)l1 = Lant(pe)nNinz0 = Le=1 and poeNiy - (26)
u€ant(py)

Specializing Inequality (24) to 6/ = 0 and using Equation (26) yields

length(p) [ length(p)

OV (0)|l; € max R 07"y max ||@T%(@)];
ERCIIE"=N o U1 () IR L ]

SIMp(p,yllt,co

< =1¢=1 and ppenNy,

=  max  Rreweth(®) (27)
PEPV:po€ Nin

Since the network is layered, every neuron u € ant(py) is on the £ — 1-th layer, and every p’ € P~ is of
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length ¢ — 1, hence we deduce using Inequality (25), Equation (27) for ¢’ and w:

length(p)

O7V(0) — DY <WIo -6 max Rlength(p)fé max max Rlength(p’)
770 =@ < W10V s, Jmax max

—R¢-1
length(p)
=W[0—0]lc max Y R
EP—v
b =1

gLRL—l

S LWREHI0 - 0| .-

We get:

1e(0) —2@)lh = > [27°(0) - & (@)l

VE Nout \ Nin
< | Nous \ Nin| - LWRETYH6 — 0| oo
< LW2RETHI0 — 0| . (28)

Using Corollary B.2 with ¢ = 1, we deduce that as soon as 6,0’ satisty 6,0, > 0 for every parameter coordinate
i, then for every input x:

|Ro(x) — Ry ()11 < max(|[eloc, VLW RE |0 — 0| . (29)
Now, consider general parameters # and €’. Define #™°" to be such that for every parameter coordinate

einter _ 97{ if 910; 2 Oa
i T 1 0 otherwise.

By definition, it holds for every parameter coordinate i: §**¢*@; > 0 and ****¢/ > 0 so we can apply
Inequality (29) to the pairs (8, 6*") and (9'"*°*, 0') to get:

[1Ro(x) = Ror(2)[[1 < [[Ro(2) — Rgimer (2)[|1 + [| Rginces () — Rer () ]2

<
< max([[#]|oo, DIWZRET (/10 = 0™ [|og + [|0™ = 6] -

It remains to see that || — 6| + ||0t — ¢'|| . = 2||6 — €|« Consider a parameter coordinate i.
If 0,0 > 0 then #i"*°" = ¢/ and:

10— 00 = 16, — 057 g — ),
Otherwise, 6% = () and:

10: = 03] = 10:] + 10;]
_ |91 _ 9%ntcr| + |9;ntcr _ 9”

This implies || — 67|, = max; |6; — 0177 < max; |0; — 60| + |ginter — 9! = [0 — 0| and similarly
[lgmter — ¢ || oo < ||6 — 0'||oo- This yields the desired result:

IRo () = Ror (2)]1 < max(||z[loc, )2LWZ R0 — 0| . H
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