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WHAT CAN BE THE LIMIT IN THE CLT FOR A FIELD OF
MARTINGALE DIFFERENCES ?

DAVIDE GIRAUDO, EMMANUEL LESIGNE, DALIBOR VOLNY

ABSTRACT. The now classical convergence in distribution theorem for well normalized sums
of stationary martingale increments has been extended to multi-indexed martingale increments
(see [8] and references in there). In the present article we make progress in the identification of
the limit law.

In dimension one, as soon as the stationary martingale increments form an ergodic process,
the limit law is normal, and it is still the case for multi-indexed martingale increments when
one of the processes defined by one coordinate of the multidimensional time is ergodic. In the
general case, the limit may be non normal.

The dynamical properties of the Z-measure preserving action associated to the stationary
random field allows us to give a necessary and sufficient condition for the existence of a non-
normal limit law, in terms of entropy of some random processes. The identification of a natural

factor on which the Z%-action is of product type is a crucial step in this approach.
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We study here limit theorems of CLT (Central Limit Theorem) type for stationary multipa-

rameters martingale indexed by Z?. In order to limit the number of suspension points and make

the text easier to read, we choose d = 3, but all what is said for this particular case can be

extended to any integer d > 2. Some results are specific to the case d = 2 (and unknown for
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d > 2), in which case they will be stated (and proved) with d = 2.

We consider a Z* measure preserving action T' = (T} j 1) j.kez on a probability space (£2, A, 1),
equipped with a completely commuting invariant filtration (F; j 1), jkez that is a family of sub-
o-algebras of A satisfying for all (4,7, k) and (i, 5, k') in Z3,

(i) E7j7k - szyijyikfovovo ;

(ii) For all integrable function f, E [E f | Fijikl |-7:z",j',k'] =K [f | ]:min(i,i/),min(ml),mm(k,k/)].
Note that property implies that F; j x N Fir jr kr = Frin(i,i"),min(j,j/),min(k,k7) and in particular
Fijk C Firjrge when i <7, j <j and k < k.

We will use classical notations for the limit sub-o algebras when parameters go to oo :

fiooy.ﬁk = ﬂ .F.iyj7k and fOO,j,k = \/ E7j7k7
1€EZ €L
and so on.

A field of martingale differences is a field of random variables (X; ;1) jkez of the type
Xijk=foTk
where f € L2(Q, Fo0,0, ) satisfies
(1) E[f [ F-1,00,00] = E[f [ Foo,~1,00] = E [f | Foo,00,-1] = 0.

(We will say simply that f is a martingale difference adapted to the filtration (F; ;1))

From a previous article [8], we know that, for any such field, we have convergence in law of

n

(2) . Z DN Xk

f””1z=1j=1k=1

when min(¢,m,n) goes to infinity.

Moreover the limit is normal as soon as one of the transformations 71,0, To,1,0 or Tp,,1 is
ergodic (this was already established in [7]), but some easy examples show that the limit is
not normal in general. Indeed, following the example in [9], we can take Xijk = UiV;Wj,
where (Ui);ezs (Vj) ez and (Wy)ez are three mutually independent i.i.d. sequences of standard
normal random variables, then for each ¢, m,n, the random variable defined by (2]) has the same
distribution as the product of three independent random variables having standard normal
distribution. (Note that this example is produced by an ergodic Z3-action.)

Let us also mention the papers [2] and [3], which bring further results and examples.

In all the sequel, we suppose that the Z3-action T is ergodic on (0,4, ). Moreover, we
suppose that Fos 0,00 = A which does not cost anything since the whole process we are interested
in is Fio,00,00-measurable.

Here is the general organization of this article.

In Section @ we describe a particular factor Z on which the Z3-action is of product type. For
an action of this type, the possible limit distributions of (2)) are fully understood, as described
in Section [l



In Section [B, where we restrict to the case of Z2-actions, we study what can happen on the
orthocomplement of the factor Z. In particular we obtain the following results:

- if the transformation T} o acting on the factor of T j-invariants has zero entropy (or if the
transformation Tp ; acting on the factor of T} g-invariants has zero entropy), then for any square
integrable martingale difference the limit distribution in the CLT is normal.

- if the transformation 77 acting on the factor of Tj i-invariants and the transformation
To,1 acting on the factor of Tj g-invariants have positive entropies, then there exists a square

integrable martingale difference for which the limit distribution in the CLT is not normal.

2. A FACTOR OF PRODUCT TYPE

Let us denote by 71, Z> and Z3 the o-algebras of, respectively 11 0,0, 70,1,0 and 7p o 1 invariant
sets in A.
Let us denote by Z1, Z and T3 the o-algebras of invariant sets under, respectively, Z2-actions
(To,j.k), (Tiox) and (Tjj0). In other words, we have
i—l =7>oN15, fgleﬂIg and fgleﬂIg.

(Note that, for an action of Z¢ we would have set Z; = Zy N Z3 N --- N Zy, and that for the
particular case d = 2, we have Z; = 75.)

Finally we note Z the o-algebra generated by the union of the Z; :
I= j.l V fg V j.g .

Note that all these o-algebras are invariant under the action 7', hence they define factors of
the dynamical system (Q, A, u,T).

Proposition 1. The o-algebras 1, Iy and I3 are independent.

As a consequence of this proposition we can state that the action T" on the probability space
(2,7, ) is of product type, which means that it is isomorphic to a Z3-action defined on the
product of three probability spaces (Q, A, ut) (t = 1,2,3) by a formula of the type

T (wi, w2, w3) = (Tiwr, Tiws, Ty ws)

where each T} is an invertible measure preserving transformation of (¢, Ay, fit).

Proof of Proposition[. Let A, € Z;, t = 1,2,3. By ergodicity of the Z3-action, we have

. 1
lim —
£, m,n—00 mn

{ m n
Z Z Z(]IAI]IAQ]IAS) O Ljjk = M(A1 NAsN A3)

i=1 j=1 k=1

but, by invariance,

1 LI
Inm Z Z Z(]lAl]lAz]lAs) oldijk=

i=1 j=1 k=1

1 1 — 1 —
<Z Z Ty, 0 w,o) - Z 14,0700 <ﬁ ; 14,0 TO,O,k)



— (A1) p(A2)p(As) ,

since each of the three systems (€, Z1, 1, T1.00), (2, Z2, 1, To.1,0) and (2, Zs, p1, Tp0.1) is ergodic.
]

3. MARTINGALE PROPERTY PRESERVED BY PROJECTION

Our aim here is to show that the martingale property is preserved by projection on the factor
Z. We begin by a general abstract result, which is stated for a Z2-measure preserving action
but which can be proved similarly for any Z?!-action.

Let (X, B,v) be a probability space and U = (U; ;) a Z?-measure preserving action on this
space. We denote by J the o-algebra of U-invariant elements of the o-algebra B.

We denote by F a U-invariant sub-o-algebra of B, meaning that U; j(F) = F for all i,j € Z ;
we denote by C a sub-g-algebra of F.

Proposition 2.

(a) For all f € L2 (T VC), E[f|F] is T V C-measurable.
(b) For all f € L2(F), E[f|J VC] is F-measurable.

Corollary 1. The conditional expectations with respect to F and to J V C are commuting : for
all f € L%(B),

EE[FITVCIFI=EE[f|FITVC=E[f|FN(T V).

Proof of Corollary [ Suppose that D and D’ are two sub-c-algebras such that, for all f € L2(D),
E[f | D'] is D-measurable. By ordinary properties of projections, we have, for any f € L2(B)

E[f|DND|=E[E[E[f|D] |D]DND]
which implies
E[fIDND|=E[E[f|D]|D]
since E[E[f | D] | D'] is D N D’-measurable. O

Proof of Proposition[d Let f € L2(F) ; by the ergodic theorem, we have
l

BIf1T) = lim o3> foUi.

i=1 j=1
hence E[f | J] is F-measurable, since F is U-invariant.
For any f € L.2(B), we have

E[f|Flo Uiy =E | oUs |UM(F)] =Elf 0 Uiy | ],

hence if f is J-measurable, then E [f | F] is J-measurable.

Consider now g € L%(J) and h € L%(C). Since C C F, we have E [gh|F] = E[g|F]h, so
E [gh|F] is J VC-measurable. But the functions of the form gh with g € L°°(7) and h € L>°(C)
generate a dense subspace of IL?(7 V C), so that assertion @ is proved.

4



Consider now f € L2(F), g € L?(J) and h € L?(C). We have
(E[f| T VC],gh) = (f,gh) (because gh is J V C-measurable),

= (f,E[gh|F]) (because f is F-measurable),

= (f,hE[g| F])

= (E[f|TVC],hE[g|F]) (weknow that E[g|F] is J-measurable),

= (E[f|T VC],E[gh|F]).

By the density argument, we conclude that, for all & € L2(J Vv C),
E[fITVC]ER) =Ef|TVC]EE]F]).

This identity applied to the function k = E[f | J V C] shows that this function is F-measurable.
This is assertion @ O

(because h is F-measurable),

Another result we need is the following classical lemma and we give a short proof for the sake

of completeness.

Lemma 1. Let S be a measure preserving transformation of the probability space (X,B,v), and
Fn = ST Fy be an increasing filtration in B. Denote by K the sub-c-algebra of S invariant sets.
Then KN Foo = KN F_oo. In particular, if K C Foo then K C F_o

Proof of Lemmad Let f € L2(v). By purely Hilbert space arguments, we know that, in the
space L2(X),
lim E[f|F]=E[f|Fx] and lim B[f| 5] =E[f|Fu] .

Now suppose that f is invariant under S, that is f is K-measurable. Then
E[f|Fu] =E[foS"|S™"Fo] =E[f|Fo]o 5"

Thus |E [f | F—m] ll2 = |E[f | F»] ||2 and with n,m — oo, we obtain ||E [f | F—oo] [l2 = [|E[f | Fool l|2-
Since F_oo C Foo, this implies E [f | F_oo] = E[f | Fo]- In particular, if f is F-measurable,
then it is F_.-measurable, which is what we had to prove. ]

We now come back to the situation described in the preceding section where the factor Z is

defined, and here is the result we were looking for.

Theorem 1. Let f be a martingale difference adapted to the filtration (F; ;). Then its pro-
jection E[f |Z] is a martingale difference adapted to the filtration (F; k), as well adapted to
the filtration (I N F; ). Moreover f —E[f|Z] is also a martingale difference adapted to the
filtration (F; j1)-

Proof. We want to apply Proposition @ to the Z?-action Ujr = Ty, on the space (2,4, ). So
we have J = Z;. We consider also C = Is VZ3 and F = Fi 00,00, for a given i. We know that F
is U-invariant and, thanks to Lemma [Il we have Z; C F, hence C C F since C C Z;.

Note that 7VC =7, VIyVIz=21L.

Now Corollary [ tells us that the conditional expectation with respect to Z commutes with

the conditional expectations with respect to F; o 0. Of course, we can exchange the roles of 1,
5



7 and k and we find as well that the conditional expectation with respect to Z commutes with
the conditional expectations with respect to Fu j o and with the conditional expectations with
respect t0 Fog oo k-

By the complete commuting property of the filtration, we have
E[- | Fijrl = E[E[E[| Fiooco] [ Foojool | Fooookl

and we conclude that the conditional expectation with respect to Z commutes with the condi-
tional expectations with respect to JF; 5 : for all f € L2(A), for all 4,j,k € Z U {0},

3) EE[f| Fijrl | T) =EREf[Z) | Fijrl = E[f | FijrNT].

The first thing we want to see now is that (Z N ;) is a completely commuting invariant
filtration. The first point is

T_i—j—k(Z N Foo0) =LZNFijk

which is true thanks to (i) and the fact that Z is invariant. The second point is that, for all

integrable function f,

E[Ef|IZNFijkl 1T0Fijw] =E[f1Z0 FuinGir)ming,j),mintk k)]

which, thanks to (@], can be written

E[E[E[f|Fijrl | Fijow] | Z) =E[E[f | Fingii)minG,j),minter)] 1Z]

and is true thanks to (ii).

The second thing to verify is that if f satisfies the martingale condition (II) then E[f|Z]
satisfies it. The facts that conditional expectations with respect to Z and Fy 00 commute and
that f is JFy0-measurable imply that E[f|Z] is Z N Fg0-measurable. Moreover we have,
thanks to @) and ()

E[E[f|Z] | Fo1oo00] = E[E[f|F 10000 |Z] =0

and similarly
E[E[f]Z) |2 F 1m0 =0.
We conclude that E[f|Z] is a martingale difference (for any of the two filtrations), and
f—E[f]|Z] is also a martingale difference adapted to the filtration (F; ), just as difference of

two martingale differences. O

4. LIMIT LAW IN THE CASE OF A PRODUCT TYPE ACTION

In this section, we deal with the case where (2, A, u) has the form Q = O x Q9 x Qs,
A=A ® Ay ® A3 and p = py ® g ® pg, where A; (respectively As, As) is a o-algebra on 2
(respectively o, Q3) and 1, u2, p3 are probability measures. We consider an action 1" of Z3
on €2 given by

Tk (w1, w2, w3) = <T1iw1,T2jw2,T§w3> , i,J,k €Z.
We assume that the action of T} on € is ergodic, as well as that of T5 on €2 and 75 on (3.

For ¢ € {1,2,3}, consider a sub-c-algebra ]_.éz) of Ay such that Tg]:éé) C ]_.éz). Define the
6



sub-o-algebra F; ; 1, of A by
Fign= (7R o (7R ) @ (177 .

Proposition 3. The filtration (F; ;i) 7 18 a completely commuting invariant filtration.

i7j7k€
Proof. Invariance follows by construction. Let us show commutativity property, Replacing
fby g=E[f|Fjukl it suffices to show that for each integrable and F; ; ;-measurable function

g,
(4) E (g | Fijw] =E[g | Fniniir)min(,j")min(k,k") -

Since the set of linear combinations of products of indicator functions of the form (wy, wa, ws) —
T4, (w1)1a, (wo) 1, (ws) with 47 € Tl_if(l), Ay € TQ_]}"O(Q) and Az € Tg_kfo(g) is dense in
L' (F; k), it suffices to prove @) when g is of this form. We use the following notation for
ff € L2 (957“457”5)7 le {17 273}7

J1® f2® f3(wi,wa,w3) = f1 (wi) fo (w2) f3 (w3) -
One can check that if By, ¢ € {1,2,3}, are sub-o-algebras of A, then
(5) Elfi® f2® f3| B1 @By @ B3] = Eq [f1 | Bi] @ Ez [f2 | Bo] @ E3 [f3 | Bs] -
Indeed, it suffices to check (Bl) when fy is the indicator of a set Ay of Ay. For B, € By, let us
write B = By X By X Bs. Using independence, we have
E[(Ta, ® La, ® Lay) 1] =Eq [1a,15,] E2[14,1p,] E3[14;15,]
=E1 [E1[La, | Bi]1p,] - E2[Eo[1a, | Bo] 15,] - Es [Eg[1a, | Bs] 1]
=E[E) [La, | Bi] - 1p, - Ea[La, | Ba] - 1, - Ez [La, | Bs] - 1]
=E[E1[la, | Bi]-E2[1a, | Bo] - Ez[1a; | Bs] - 15]
which shows ([B). When g = 14, ® 14, ® 14, with 4; € Tfi]:él), Ay € T;jfém and A3 €
T:;kfég’), By = sz"]_—él), By = T{j/]:éQ) and B3 = Tgk/]:ég’), [B) gives exactly (). O

In order to investigate the convergence of the partial sum process given by (2l), we will need to
decompose the considered function f as a sum of functions which can be expressed as a product

of functions of a single wy.

Lemma 2. Denote by A the set of square integrable functions satisfying the martingale property
defined as in (), that is

A= {fel? [ is Fopo-measurable and E[f | F_1,00.00] = E[f | Foo—1,00) = E[f | Foo,c0,-1] = 0} .

There exist random variables vq 1, Vb2, vVe3, a,b,c > 1, such that the collection of random

variables (w1, w2, w3) — Vg1 (w1) Uy 2 (W2) Ve 3 (w3) ts a Hilbert basis of the space A.

Proof of Lemma[@. The space L2 <]:él)) o L2 (]:91) > is separable and admits a Hilbert basis
(Va,1),>;- Similarly, we denote by (vp2),-, a Hilbert basis of L? (]_.éz)> o L? (‘7:&21)) and by

(ve,3) ., a Hilbert basis of L2 <]:(§3)) ol? <]:£31))
7



We check that the collection of maps ugp . (w1, w2, w3) = Va1 (w1) V2 (W2) Ve 3 (w3) is a Hilbert
basis of the space A. Orthonormality follows from the product structure of 2. We have to show
that if g € A is such that E [g - usp ] = 0 for each a,b,c > 1, then g = 0. To this aim, we write

the previous expectation as an integral over 21 x 29 x 23 and use Fubini’s theorem to get that

/Q3 Ve,3 (w3) (/leﬂg Va,1 (w1) V2 (W1) g (w1, w2, ws3) dpg (wi) dpo (w2)> dps (w3) = 0.

Since (ve;3),., is a Hilbert basis of L2 <]:(§3)) el? (f(31)>, it follows that there exists Qf C Q3
such that p3 (€5) =1 and for each wg € Qf, the equality

/ Va1 (w1) vp2 (wW1) g (w1, w2, ws) dpy (wi) dpg (w2) =0
Ql XQQ

takes place; doing the same reasoning gives sets ] C €, Q5 C Qg such that p; () = p2 (%) =
1 and for wy € Qf, we € Q) g(wi,w2,w3) = 0 hence g = 0 p-a.s.. This ends the proof of
Lemma 21 O

Theorem 2. Let (Q, A, 1) be a dynamical system of the form Q = Q1 xQax 03, A = A1RA20.A3
and p = p1 ® pe @ pg, where Ay (respectively As, As) is a o-algebra on £y (respectively Qg, Q3)
and py, pe, pg are probability measures. For ¢ € {1,2,3}, consider a sub-o-algebra ]:0 of Ay
such that Tg]:(g) ]:(g Define the sub-c-algebra F; ;1 of A by

—i (1 —5 (2 — 3
Fuir= (17 FY) @ (1,7 FD) @ (174 FY).
Let f be function such that (f o EJ,k)z‘jkeZ is a martingale difference random field.
There exist a family of real numbers (Aap.c (f)) gy Such that 32, .y )\th (f) < oo and

: (1) (2) (3) > ;
such that if (Na >a21, (Nb >b21 and (Nc >621 are three i.i.d. and mutually independent
sequences of standard normal random variables, then

{ m n

OT,]k—> Z )‘abc )N(2) ()
=1j=1k a,b,c=1

in distribution as min {6, m,n} — oo.

It will be clear from the proof of this theorem that any square summable family (Ayp.c (f)), ) o1
can appear in the expression of the limit in distribution.

Proof. We know by Lemma 2] that we can express f as

[ (wi,wa,w3) = Z Aabe (f) Va1 (w1) ve2 (w2) ve3 (w3),
ab,c=1
where the convergence takes place in L2 (y).
Define

fr (W1, w2, w3) : Z Aabe (f) Va1 (w1) vb,2 (w2) ve,3 (ws) -

a,b,c=1
Note that ( fr oTi’j’k')ij ez 18 also a martingale difference random field. Suppose that we

proved for each K > 1 Theorem 2l with f replaced by fx. By orthogonality of increments, for
8



all £,m,n >0,

i=1 j=1 k=1 i=1 j=1 k=1
hence
1 f m n 1 £ m n
lim sup P fod;in— froTiikxl >c] =0
i, son P\ | T 2 2 2 o T = 20 2 I Ty
Moreover
o) K 2
. 2 2
i | S Ao (D NINOND = 57 dye () NONND
a,b,c=1 a,b,c=1 9
2
o0
= lm | > Tuagapeyzrrt Ape (|| =0
a,b,c=1 9

hence we would get the conclusion of Theorem [ by an application of Theorem 4.2 in [I]. We
thus have to prove that for each K,

n K

froTijr— Z Aape (f) NSUN, ( I'N®
1 k=1 a,b,c=1

l, m,n} — 00. By definition of [,

(6)

||MN
||M3

K

4 m n
1 . 1 ; 1
= > Aapelf) <— > va,1 OTf> —= w20} <— > Uc,3°T§> :
a,b,c=1 \/Z i=1 m j=1 \/ﬁ k=1

Consider the random vector Vj ,, ,, of dimension 3K, where the first K entries are ﬁ Zle Vg,1 0
Ti, 1 < a < K, the entries of index between K + 1 and 2K are \/—% Z;”ZI Up,2 © sz and the last
K are % > heq Ve © T:f. By the Cramer-Wold device, the Billingsley-Ibragimov Central Limit
Theorem for martingale differences and the fact that |[vg1ly = [Jvp2|ly = [|vesll, = 1, the vector

Vimn converges in distribution as min {¢, m,n} — oo to
V= (Nl(”,...,N}Q),Nl@),...,N}f’,Nl(?”,...,N}?)) :

where N(gl), NéQ) and Nc(g) are like in the statement of Theorem 2l Now, (@) follows from an
application of the continuous mapping theorem, that is, g (Vom.n) — ¢ (V), where g: R3 — R
is defined as

G(T1, e TR YLy e YK 21y ey 2K) = Z Aabe (f) TaypZe-
a,b,c=1

This ends the proof of Theorem O



5. LIMIT LAW IN THE GENERAL CASE, FOR 2-DIMENSIONAL FIELD

As shown in [§], for a random field of martingale differences we have a CLT with convergence
towards a mixture of normal laws (see Theorem below). In Section [ for f Z-measurable it was
precised which mixtures can appear as limit laws (for definition of the factor Z see Section [2).
Here we deal with the same question for the general case of a martingale difference f € L2. We
reduce our study to the case of (ergodic) Z2-actions. In many cases it is because we have not
succeeded to extend the proofs to d > 2.

As shown in Section B if f is a martingale difference, so is E[f|Z] and also f —E [f|Z]. Recall
that the limit laws for the random field generated by E [f|Z] have been determined in Section
[M). In Subsection Bl we give a sufficient condition guaranteeing convergence of the random
field generated by f —E[f|Z] to a normal law. We show in Subsection (3] that, under the same
condition the random field generated by f is the convolution of the preceding ones.

In Subsection we establish the result announced at the end of the Introduction.

Eventually in Subsection 5.4 we give an example of a field of martingale differences generated
by f — E|[f|Z] where the limit law is not normal. It remains an open question which mixtures
of normal laws can appear as limits in the CLT for f — E [f|Z].

In all this Section, foT; ; is a field of martingale differences adapted to a completely commuting
filtration F; ;.

5.1. Limit law for an increment orthogonal to the factor of product type. Recall that
foT; ;is a field of martingale differences and as shown in Part 1, (f —E [f|Z])oT; ; are martingale
differences as well.

Let us begin by recalling Theorem 1 in [8] which gives information on the limit law in the
CLT. It will be stated and used here for d = 2 but extends to any dimension.

Theorem. When min{m,n} — oo the random variables \/% Yoty iy fo Ty  converge in

distribution to a law with characteristic function E [exp(—n2t2/2)] where n? is a positive random

2
variable such that B [n*] = | £I%. The random variables LS <Z?:1 fo Ti,j) converge in

distribution to n>.

2
Comment on the Theorem. In fact, by the ergodic theorem, lim,,, ,~ % S % (Z;‘L:1 fo Ti,j)

exists for each n and the distribution of n? is the limit in distribution of this quantity when

n — oo. (This can be seen as well in the proof of the Theorem or as a consequence of it.)
Proposition 4. Let f € L2 ©1L2(Z) be a martingale difference. If, moreover, f € L* and
(7) lim [[E[f | Foo,—¢ V Ti][l, = 0.

£—r00

then for min{m,n} — oo, (1/y/mn)37%, >7% | f o T;; converge in distribution to a centered
normal law with variance E [ f 2].

Remark 1. We have Zy C Foo —¢ (for every £) hence Z C Fo ¢V I;. Therefore ||E[f|Z]]2 <
|E[f | Foo—e V1] ||2 and, for any f € L2, (@) implies E[f|Z] = 0.

10



Remark 2. For any f € L2, the sequence <(E [f | Foo,—t \/Zl])2> is uniformly integrable ;

indeed, denoting (Gy) a family of sub-o-algebra we have

E|ELf |97 Leisgaizc] < E[E[f2] G Lnygaze] = E [ Lpgizc] — 0

when C' — oo.
As a consequence the property () is equivalent to the convergence of (E [f | Foo,—¢ V Z1]) to zero
in probability.

Similarly, for f € L%, condition (7 implies that

(8) lim |[E[f | Foo,—¢ V][l = 0.
{—00

Remark 3. Of course, condition () implies
) E[f| Fooo VT = 0.
In Subsection we give an example where

ﬂ]:oo,—ﬁ\/zl 75]:00,700 \/Ila
¢

showing that (@) can be satisfied without (). But we do not know if (@) is sufficient in order to
obtain the conclusion of Proposition [l

Proof of Proposition [f] Define
2

1 1
(10) Vinn = — Z NG > foTy

Following the Theorem just recalled above, it is sufficient to prove that
lim lim V.., = || 5 -
n m

By the ergodic theorem
2

1 n
limV, , =E — fOTQv‘ ‘Zl
oML \/ﬁ; J

and the square terms give the expected limit; indeed, again by ergodic theorem,
1 n
. L 2 } _ 2
hTanE nzgf oTo; | Ty E[E [f*| 2] | 7]
]:

and E [E [f? | Zy] | 1] = E [f?] since the algebra Z; and Z, are independent.

Thus it remains to prove that

. 1
(11) llyIlIlE — Z f o T(],j f o TOJ{; | Il =0

n °
1<j<k<n

11



We’'ll need to work with order two moments of these sums, which are finite thanks to the
assumption that f € L2,
Let us write, for £ > 0,

1
- > foTu, foTok

1<j<k<n
1 n k—¢ 1 n k—1
= — T To.; + — T To;, =:1+11I.
anO o,kaO o,g+n2f0 ok >, foTh, +
k=+1 j=1 k=2 J=(k—t+1)V1

The sequence <f o Tox Zf;(lkful)w fo TOJ) ot is a sequence of square integrable martingale
>

differences (remember that f € L), adapted to the filtration (Fyj). Pythagore followed by
Cauchy-Schwarz gives

1 n k—1 2 1 n k—1 2
2 2
T =—> | foTor 3. FoToy| <D IfoToslil| D foTn
k=2 j=(k—t+1)V1 ) k=2 j=(k—L+1)V1 4

Burkholder’s inequality (see for example [5] gives

k—1 2 k—1

oo foTyll €3 > feTusli<3elfl]

j=(k—f+1)V1 4 j=(k—f+1)V1

hence

¢
(12) IE 11| T]lly < 1115 < V3IISI] \/;

The sequences ( foTox Zf;f fo T07j>k>é is a sequence of square integrable martingale dif-
ferences (remember that f € L), adapted to the filtration (Fy). Applying Proposition B to
the Z-action (Ty), T = 71, F = Foo and C trivial, we obtain that conditional expectations
with respect to Z; and F  commute. Moreover, since Z; C Fp o, conditional expectations
with respect to Z; and Fp o, commute. Using the commuting property of the filtration (F; ),
we affirm that conditional expectations with respect to Z; and Fj commute. As a consequence

the sequence
k—¢
E|(foToxy foTo;l|Th
=t k>
is a sequence of martingale differences, and in particular it is an orthogonal sequence in L2
Using successively Pythagore, invariance under Tj j, properties of the conditional expectation,

Cauchy-Schwarz and Burkholder, we write

2

1 n k—¢
HE[I!IlH@:; DB | foTor) foTo;| T
k=0+1 j=1 )

12



1 n —L 2
=— E|f > folv;lh
k=t+1 j=1—k )
1 n —L 2
=3 Ev\ﬁn4vﬂ]§:f0%4
k=t11 J=1—k )
2
[ |
2
< |E[f [ Foome VIl — > Tn > foTy,
k=011 j=1—k .

<B|E[f | Fooe VI L3

This estimation, associated with (I2]), gives

14
B0 3 Jety fetuln S\/§<\|E[fIfoo,—zVIl]||4||f||4+||f||i\/;>,

1<j<k<n )

hence for each /,

) 1

limsup |E |~ > foTp; foTox|Zi||| <V3IE[FIT1V Foodll, I1f]ls.

n—o00 n ‘
1<j<k<n 9

and, thanks to (&), we conclude that ([II) is true. O

5.2. Entropy condition for convergence to a normal law.

Theorem 3. There exists a martingale difference f € L2 with non normal limit in the CLT if

and only if T1 o is of positive entropy in Ly and Ty 1 is of positive entropy in L.

Proof. 1. Suppose that T ;1 is of positive entropy in Z; and 77 g is of positive entropy in Z,. For
a measure preserving and bimeasurable transformation .S, positive entropy implies existence of
a nontrivial i.i.d. sequence of the form ho S*. In the factor of product type given by Z = Z; VI,
we thus get a non trivial field of Wang-Woodroofe type.

2. Suppose that the transformation T ; is of zero entropy on Z;. Then Z; is an invariant
sub-o-algebra of the Pinsker sigma algebra for Tj; hence by Theorem 2 in [6] we have that for
any integrable and F o-measurable function g, E[g|Foo,—¢ VZI1] = E[g| Fs,—¢] for all £ > 0.
Hence, if ¢g is a square integrable martingale difference, we have

(13) E(g|Foo,—¢VZi) =0 forall £>0.

Thus, by Proposition [, we know that if f is a martingale difference with finite fourth moment,
then the CLT applies with a normal limit. For a square integrable martingale difference f we
will use a Peligrad-Volny trick (see [4]) writing f as a sum of a bounded martingale difference
and a rest small in .. We’ll conclude that the CLT applies to f with a normal limit. Here are

the details of this approximation argument.
13



Theorem 4.2 in [I] tells that for stochastic processes (You)o 515 (Ya)ps1> (Z0)cs1, and a
random variable 7, satisfying

Ycn — Zc in distribution, as n — oo, for each C,
Zc — Z in distribution, as C' — oo,

lim limsupP ({Yri - an{ > 6) =0, for all € > 0,

C—00 n—oo
we may conclude that Y, — Z in distribution.

Such a result extends readily to the case of a double-indexed process where the minimum
of the indices go to infinity, by considering sequences (my,ny) which both go to infinity. By
bounding the lim sup in the last condition by a supremum, we thus get that for (Yo mn)e 1
(Y/ )mle, (20)0217 and a random variable Z, satisfying o

m,n
Yo.mn — Zc in distribution, as min {m,n} — oo, for each C,
Zc — Z in distribution, as C' — oo,

lim sup P (|Y,§L,n — YC,m,n‘ > 6) =0, for all € > 0,

C—00m,n>1

we may conclude that Yy, , — Z in distribution as min {m,n} — oo.

We apply this in the following setting: define

fo = Mp<c —E[flip<c | Foro] —E [fljg<c | Fo-1] +E [flj<c | F-1,-1],

1 m n 1 m n
Ynlm,n = \/ﬁzz.foﬂ,ja YC’,m,n = WZZfCOE,j

i=1 j=1 i=1 j=1

By Proposition @] we know that for each C, Y, — Z¢ in distribution as min {m,n} — oo,
where Z¢ has a centered normal distribution with variance E [fZ]. Moreover, ||f — fcll, <
4 Hf]llf\>CH2 hence Zo — Z in distribution as C goes to infinity, where Z has a centered
normal distribution with variance E [ f2]. Finally, using the fact that f — fo is a martingale

difference, we get, by Tchebychev’s inequality,

sup P (|Yn’1n — Y07m7n| > €)

m,n>1
2
1 1 e 1 )
< — sup E — - oT; ; :—E{ - ],
22 m,nlz)l leljzl(f fC) i,J o2 (f fC)
which goes to 0 as C' goes to infinity. O

Notice that Theorem [ improves the result in [7] which tells that the limit distribution is
normal as soon as one of the o-algebra Z; or Z, is trivial. However, the result in [7] applies to

all d > 1 while here it applies to d = 2 only. The case of d > 2 remains open.

5.3. When the two parts are asymptotically independent. We refer here once more to

Theorem 1 in [8] which has been recalled in sub-section BE.11
14



Proposition 5. Let the characteristic functions of the limit laws for the random fields generated
by f,E[f|Z] and f —E[f | Z] be respectively

QDl(t) =K |:67%t2n%:| R QDQ(t) =K |:67%t217§:| R 903(t) =K |:€7%t2n§:| .

Ifn3 is a constant, in particular if (@) holds true, then ¢1(t) = pa(t)ps3(t), hence the limit law
for the random field generated by f is the convolution of limit laws for E[f | Z] and f—E[f | Z].

Proof. Let

1 < 1 ¢ — IR
Foo=-7=Y foTy, Hy,=-—=Y E[f|T]oT;, Hiv=—7=> (f~E[f|I)oT

J=1

From [§] it follows that when v — oo
-2
E[FI%’U |Il] —>77%’ E[HIQ,U |Il] —>77§ and E[Hl,v |Il] —>77§ s

these convergences being in distribution. By definition we have Fy , = Hi, + FLU and because
Hi , is T-measurable and E ml,v | I] =0, we have

E[HiwHiy || =E [E [HiwHi, | Z] | Th] = E [HiE [Hiw | Z] | Th] =0,

therefore
—2
E[F, | T =E[H}, | T1] +E |H], | Ti]
and if one of these three random variables converges (in distribution) toward a constant we can
affirm that
2 _ lim E [F2 T 2 : 772 _ 2 2
ny = lim [ o | 1'1] = lim E [Hl,v | 1'1] + lim E |H7Y, | Z1| =3 + n35.
V—00 V—00

V—00

5.4. Example of a non-normal limit law, in the orthocomplement of the product
factor. Here we give an example of an ergodic Z*-action and a martingale difference f which
is orthogonal to the factor Z but for which the limit distribution in the CLT is not normal.

Let us denote by (€2, B, 1, S) the Bernoulli scheme (3, 3) on the alphabet {—1,1}. This means
that Q is the space of bilateral sequences of —1 or 1, equipped with the product o-algebra, the
probability measure which makes the coordinate maps i.i.d. with law ( %, %), and the shift S.

Another dynamical system is Z = {—1, 1} equipped with the permutation U and the uniform
probability.

On the product probability space Q x Q x Z, consider the Z?-action T defined by
T, j(w, W', 2) = (Siw,Sjw',Usz) )
This space is equipped with the natural filtration (F; ;) :
Fij=0 (X, Yo, 2,k <i,0 <j)=0(Xp;k <i) @0 (Y0 < j) @ P(Z).

where of course Xy ((wn)nez) = wi et Y ((w),)mez) = wj are the two independent Bernoulli

processes.
15



The o-algebra Z; of Tj g-invariants is the o-algebra of events depending only on the second
coordinate :
7, = (trivial o-algebra of Q) ® B ® (trivial o-algebra of Z).

And symmetrically for the o-algebra 7y of Tj j-invariants. So that we have
7 = B ® B ® (trivial o-algebra of 7).

We consider now the random variable f(w,w’,z) = Xo(w)Yp(w')z.

Since the expectation of z is zero, we have E [f | Z] = 0. Associated to the Z?-action and the
natural filtration, the function f is a martingale difference.

But it is easy to calculate the limit distribution of (ﬁ Yoy Z;n:1 fo Ti,j). Indeed,

1 n.om , 1 n i 1 m | I
Tl 2 (ﬁ 2 Xi(w)) T TP |5
The limit distribution is the distribution of the product of two independent A(0,1) random

variables, which is a non-normal Bessel law.

5.5. Remark on the asymptotic condition insuring a normal law. When looking to

Proposition M the following question appears naturally. Is it true that

(14) (| (Foort VIT1) = Fooc VI 7
>0

We give here a negative answer, by the construction of an example. (Note however that, in this
example the transformation 75 is the identity so there will not exist any non zero martingale
difference.)

The space is the bidimensional torus T? = R?/Z? ~ [0, 1[?> equipped with the Borel o-algebra
and the Lebesgue measure. The transformation 7 ; is the automorphism defined by the matrix

3

2 1
Tyo(z,y) = (z+3,y).

Transformations T et 77 o are commuting :

, that is Tp1(z,y) = (3z + y,2z + y), and the transformation 7} is the translation

1
T 0To,1(z,y) =ToaT10(z,y) = (3 + 2y + > 27 + y),

so they generate a Z?-action denoted by 7.
Let us denote by P the partition {[0, %[ x [0, 1], [%, 1[ x [0, 1[} of the torus, and by (F;) the
filtration generated by the transformation Ty and this partition :

Fj=0(To—k(P), k<j) .

We know that the measure preserving dynamical system (']I‘Q, TO,I) has the Kolmogorov property,
thus the limit o-algebra F_. = NjczF;j is trivial (modulo the measure).

Note also that the partition P is invariant under the transformation 77 .

Define, for all 4,j € Z, F; j = Fj.

We have F; ; C Fyjrif j < j'.
16



We have F; ;NFy jo = F(i jjn@ir,j) and E [IE f | Fijll ]:,v,j/] =E [f | ]:(i,j)A(z'/,j/)] for all integrable
function f.
Moreover, for all 4,j € Z, F; j = T—; _; (Fo,0)-
This means that we have a completely commuting invariant filtration.
The o-algebra Foo —oo = F_oo is trivial thus Foo _oo VI1 = 7.
Finally the following lemma shows that property (I4]) is not satisfied.

Lemma 3. For all ¢ € Z, the o-algebra Fu, ¢V 17 is the whole Borel algebra.

Proof. Let us show that, for any ¢, the o-algebra generated by Z; and the partition Ty, (P) is

31n_anbn
2 1)  \ew dy

A straightforward induction shows that, for all n € Z, the number a,, is odd and the number

the whole Borel algebra.

For each integer n, consider

cy, 18 even.
Any measurable function of the two-dimensional variable (2z,y) is Z; measurable and the
map (z,y) — ]1[0 1[(@[.%’ + bey) is To,—¢ (P)-measurable. By multiplication, we obtain that the
’2
map (z,y) — ]l[o 1[(1‘) is Tp,—¢ (P) VZ;-measurable. Using the representation T = [0, 1[ we write
2

exp(2imz) = exp <21’7T%(2m modl)) 10 ((2) — exp <21’7T%(2m mod1)> 1, 4((2).

This shows that any character of the two dimensional torus is Ty ¢ (P) VZ; measurable, proving
that this o-algebra is the whole Borel algebra.
O

Remark. The idea behind the previous construction owes a great deal to an example attrib-
uted to Jean-Pierre Conze and communicated to us by Jean-Paul Thouvenot : if we denote
by B(«) the o-algebra of Borel subsets of the one-dimensional torus invariant by the transla-
tion = — x 4 a, we have that the algebra [,y B(27") and (,cy B(37") are trivial (modulo
the Lebesgue measure), but for each n the o-algebra B(27")V B(37") is the whole Borel algebra.
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