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Fuzzy s
e
t inclusion, defined by, 

(2) 

is in agreemen t with th e fact that th e large r A, th e less restrictive the 
propos i tion p = 'X is A' (short for "th e true valu e of X is in A") is for 
the possible values of X .  

Yage r [5) , [6 ] introduced a so-called measur e of spe cific it y 
which estimates how precise is the information ' X is A' rather that its 
fuzziness (measured by the so-called entrop y of the fuzz y set A, see [1)). 
A spec i ficity measure Spis such that, A and B bein g normalize d fuzzy

sets <i.e. 3 s
1
, s2, µ

A
cs

1
> = 1, µ

8
<s

2
>
= 

1) 

V A!:_ S, Sp(A) E [0,1) 
Sp{A ) 

= 1 = A is a singleton of 
S

V Ac 8 � Sp(A ) � Sp{B) 

(3
) 

When Sis finite, Yager has propose d the followin g ex pression for
definin g the specificity 

0 

SpCA) = 
J 

0
(4) 

where êï = me x µ A(s ), Ao = {s Es, µ
A

(s) � o} and I
l 

denotes the cardinalit y.
It can be easil y checke d that the expression defined by (4

) 
satisfie

s the 
requirements (3). 

A 
crisp set can be less specific (i. e . precise )than a

fuzzy set for restricting the possible values of a variable ;  the maximum of 
specificity corresponds to a precise assessment of the value of the variabl e. 

A measure of specificity must not be confused with a measu re of 
fuzziness which estimates to what extent a subset has an il l -define

d 
boun­

dar y. A measure of fuzziness is zero for crisp subsetsand is maximum for 
1 the fuzzy se

t 
A define

d 
by, Vs ES, µ

A
( s) = 2

. 
See [1]. 
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ln Du
bois Prad e  (2) ,  a o ne- to-on e  co rrespond en ce bet

ween a pro-
ba bility 

di
str

ibut i
on Px and a poss1· b1"l"

t d' "b · 1 
Y 

1str1 ut1o n  n 
is int roduced on fini t e doma ins ; th i

s t 
f • X 

ties ra
ns 

o
r m at

,
o n  

P
reserv

e s 
t
he fo llow

i
n
g in eq

ua li-

(5) 

w he

r
e Px, rr

x and N
X 

are t he p b b" l • ro a 1, 1
t

y, poss ibil
i ty and n ecess it y  meas

uresbase d on P
x a nd 

"
x res pec t

i
ve ly (i.e. P

XC F
) = 

E P
x

<s> ; 
rr s E F x

<

F >  
= max "x<s> ; N

X
{F )  min <1 - "

<
s>>. T he inequalities 

(5) are ,·ns E F s f F X 
a gr eeme

n t w i
th the mo tt o  : what i

s p
robable must b e po ssib

le a nd what 
isnecess ar y  (i.e. ineluct able) mus t  be 

pr oba
ble. 

The 
tran sfor mat

i
on i

s def
i
ned 

b
y

\ . l m,n< p
x< s'), P

x<s>>
s' Es

(6) 

n 
and convers el y 

V
1, n ,  Px<s

1
.) = \ 

1 (w (s) w ( ))l i · "x i - "x 5
j
+1 

(
7
) 

w
here the n e lements o

f Sare s uppos ed t o  be ordered accordin
g t o  t

h
e de

cre a
­

sing va lue s  of "x and "
x
<s

n+l
> = O by convention. 

Not e  that 

V 
(8) 

i.e. the trans formation 
pr eserves the orderin

g amon
g 

the e
lements of 

s. 

. 
Thu s, a poss ibili st i

c inte r
pretatio n  can be provid

ed for 
f
reque ncy histogra ms c oncu

rr ent ly with th� us ual probab
ilisti c  in terpretatio n. 

The s
pec ifi

c
it

y 
of à normalized fuzzy set 

A
, defined by (4 )  on afin ite doma in S, is 

S
t il

l eq
ual to 

n 
S
p

{A
) = [ 

= 1
(9)
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where the n elements of Sare ordered according to the decreasing values 
of µA and µA(s

0
+
1

) = 0; thus, Sp(A) can be viewed as the probability of

the etement which has the greatest membership degree, in the sense of the 
transformation defined by (6) and (7) ; in other words, Sp(A) is the pro­
bability, computed from nx using (7), of the most possible value of X when 
we interpret µA as nx. 

A possibility measure [7J based on a possibility distribution 
nx = µA from S to [0,1] is a particular case of plausibility functions

(see Shafer [4J), A plausibility function Pl is a set function which can 

be defined from a so-called basic probability assignment m, such that 

Then, 

Bel(G) 

i) m (0) 0 i;) \ m( F) (10) 

F C s 

't;f G � S, Pl CG) Z.: m(F). (11) 

G n F t- 0 

By duality the belief function based on mis defined by 
1 - Pl(G) where Gis the o pposite event of G. 

When the subsets F of S which are such that m(F) >D (and which 

are called "focal elements") are nested1 the plausibility function is a 
possibility measure and then we have the following relation between the 

underlying possibility distribution and baSic probability assignment (see 

[2]) 

fmA < }s,, ··:, s;1> = µA(s;> - µA(si+1),; =

lmACF) = D if F '1- fs1, ••• , s;� 

1,n 
(12) 

where the n elements of Sare supposed to be ordered according to the 
decreasing values of µA µA<sn+1) = D by convention. 

Note that formula (7) can be extended to provide a probabilistic 

approximation of any belief or plausibility function1under the form (see 
[2]) 

'tj S; E s, Px<s;) [

S; E F 

m(F) 
-

1
,-1 (13) 
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The specificity of A defined by (4) is stilt equal to 

Sp(A) (14) 

F � S

Thus, (14) still makes sense for general l P ausibility functions and not only 
for possibility measures. 

Recently, Higashi and Klir [3J have introduced a possibilistic 

measure of uncertainty ·u defined by 

U(A) 
r 

1

J 
log2 (jA I lda

O 
a• 

(15) 

where A is a normalized fuzzy set of s. When s is finite, using (12), (15) 
can be rewritten as 

U(A) = (16) 

The expression (16) shows that U(A) can be viewed as an Hartley 

measure of informatlon weighted by the basic probability assignment "A' 
since log2 < 1FJ) is the Hartley entropy of the crisp set F, see [3J. This 

is coherent with the interpretation (provided by (12)} of a fuzzy set as 

a weighted collection of nested crisp sets. 

It is ctear that (16) can be readily extended to a general 
bility function defined by its b · b b'l' as,c Pro a 1 1ty assignment m, as 

U(m) = l m(F) • log2(JFIJ
F C S 

(17) 

plausi-

Probability measures are particular cases of plausibility functions 
whose focal elements reduce to singletons, see C4J. Thus U(m) is always zero 

in case of a probability measure since m(F) > D � )f/ = 1. This remark and 
the interpretation of U(m) as a weighted Hartley entropy, indicate that U(m) 

estimates the imprecision of the focal elements and not at alt to what extent 
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these focal etements are conflicting; the case of a probability·measure 
corresponds to the maximum of precision of the focal elements and to the 

maximum of conflict between them, since the focal elements are singletons 
which do not overlap by nature; in case of a possibility measure there 

is no conflict since the focal elements are nested and onty the impreci­
sion remains. Thus (16) or (17) clearly depart from Shannon entropy which, 

in some sense, asses ses the amount of conÙ ict of the avai table evidence 

regarding the values which some variable may take. 

Indeed, it can be shown that U(A), defined by (16) satisfy the 

following requirements 

i) U(A) E [0, + =)

ii) U(A) = 0,:::;, A is singleton of S 

iii) A c 8 ::) U(A) � U(B) <see [3)) 

Thus, f(U(A)) where is a strictly decreasing one-to-one mapping form [O, +cc) 
to C0,1J, can be used as a specificity measure concurrently with Sp(A) defi­

ned by (4). 

Lastly, we may think of computing the Shannon entropy of the proba­

bility distribution issued by (7) from a possibility distribution. However, the 
measure of uncertainty which is thus attached to a possibility distribution 
is not monotonie with respect to the possibility distribution (i.e. fuzzy 

set) inclusion defined by (2), as it can be checked on counter-examples. Thus 
this approach cannot give birth to a measure of specificity in the sense of 

(3). 
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