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Abstract

Assume that H is a circulant Hadamard matrix of order n > 4.
We consider an appropriate stochastic matrix S of order n depending
on H. This allows us to prove that n = 4. Thus, there are only 10
circulant Hadamard matrices.

1 Introduction

A matrix of order n is a square matrix with n rows. A circulant ma-
trix A := circ(ay,...,a,) of order n is a matrix of order n, with first row
lai,...,a,], in which each row after the first is obtained by a cyclic shift
of its predecessor by one position. For example, the second row of A is
lan,a1,...,a,_1]. Three useful circulant matrices of order n are the matrix
J with all its entries equal to 1, i.e., J := circ(1,..., 1), the identity matrix
I := cire(1,0,...,0), and the zero matrix 0 := circ(0,...,0). A Hadamard
matrix H of order n is a matrix of order n with entries in {—1,1} such that
K = \% is an orthogonal matrix with rational entries. A circulant Hadamard
matrix of order n is a circulant matrix that is Hadamard of order n. The
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10 known circulant Hadamard matrices are H; := circ(1), Hy :== —Hy, Hy =
cire(1,—1,—1,-1), Hy :== —Hj, H5 := circ(—1,1,—1, 1), Hg := —Hs5, H; :=
cirec(—1,—1,1,—1), Hy := —Hy, Hy := cire(—1,—1,—1,1), Hjy := —Hy. A
stochastic matrix S of order n is a matrix of order n with non-negative en-
tries such that the sum of all entries of each row of S is equal to 1. If the
transpose of S is also stochastic, then S is a doubly stochastic matrix. We
denote by A* the conjugate transpose of the matrix A. When A has real
entries A* is simply the transpose of A.

Ryser proposed in 1963 (see [2, p. 97], [8]) the conjecture of the non-
existence of circulant Hadamard matrices of order > 4. Ryser’s conjecture
has since attracted some attention, see, e.g., [1, 3, 4, 9] and their bibliogra-
phies.

Brualdi [I], a student of Ryser, proved the conjecture for every order n
provided H is symmetric, and Turyn [9] proved the conjecture for all n’s of
the form n = 4p®>™ where p is an odd prime number and m is a positive
integer. Turyn [9, pp. 329-330] also proved the crucial fact that n = 4h?
with odd h.

The object of the present paper is to prove the conjecture. It turns
out that this follows immediately when we focus on the following doubly
stochastic matrix S (see Lemma 3]), associated to a circulant Hadamard
matrix H of order 4h2. "

S = ;J (1)

2(2h% + h)

The link with the OEIS sequence A091704 (see [7]) is the following. If
Ryser’s Conjecture holds then there is no Barker codes of length > 13 (see

0] ).

Our main result is the following.

Theorem 1. There is no circulant Hadamard matrices with more that 4
TOWS.

Section [2] contains some results useful for the proof of the theorem. The
proof of the theorem appears in section

2 Tools

The following is well known. See, e.g., [B, p. 1193], [0, p. 234], [9, pp.
329-330].



Lemma 2. Let H be a reqular Hadamard matrix of order n > 4, i.e., a
Hadamard matriz whose row and column sums are all equal. Then n = 4h?
for some positive integer h. Moreover, the row and column sums are all equal
to £2h and each row has 2h® £ h positive entries and 2h*F h negative entries.
Finally, if H is circulant then h s odd.

A simple computation follows.

Lemma 3. Let H := circ(hy,..., h,) be a circulant Hadamard matriz of

order n. Then, the matriz S := H+XL s circulant and doubly stochastic.
n+/n

Proof. By Lemmalf2ln = 4h?. Sums and scalar multiples of circulant matrices
are circulant. Thus, both H 4+ J and S are circulant. Put s the sum of all
entries in any row of S. By Lemma [2] we can assume that the sum r of all
entries in any row of H + J is equal to 2h + 4h? (if not we change H into
—H). Since n+/n = 2(2h*+ h) we obtain that s = 1. Thus S is stochastic.
Since (H + J)*=H*+ J*= H*+ J, and

H*+ J=circ(hy + 1, hy, + L, hpy+1,...,hg + 1) (2)

the sum of all entries in any row of H* + J is also equal to r. Thus S* is
stochastic. This proves that S is doubly stochastic. ]

3 Proof of Theorem [1

Assume that H is a circulant Hadamard matrix with at least 4 rows, i.e, H
has order n > 4. By Lemma [2| n = 4h? with odd h. We can assume (if not

we replace H by —H) that there are %ﬁ = 2h? + h entries equal to 1 in row
1 of H (see Lemma . By Lemma [3[ the matrix S defined in (1)) is circulant
and doubly stochastic. It follows from that

H =2h(2h+1)S — J. (3)
Computing the transpose conjugate in both sides of we get

H* =2h(2h + 1)S* — J. (4)
since J is real and symmetric. But H is Hadamard so that

nl = HH*. (5)



Using together with and ; using that I, J, H, H*, S, S* are all cir-
culant so that any product of two of them commute, and using that J? = nJ
we obtain the following equality:

4RI = 4h*(2h + 1)*SS* — 2h(2h + 1)(S + S*)J + 4h*J. (6)

But SJ = J and S§*J = J since S is doubly stochastic. Thus, dividing both
sides of @ by h we get

4hI = 4h(2h + 1)2SS* — 4(2h 4+ 1)J + 4hJ. (7)
Reducing both sides of modulo h we obtain
0=—-4J (mod h). (8)

Therefore, says that
h 4. 9)

But h is odd by Turyn’s result in Lemma . Thus, @D implies that
h=1. (10)

In other words, we have proved that n = 4. This proves the theorem.
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