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Abstract

We consider stochastic optimization problems where the objective depends on some parameter, as
commonly found in hyperparameter optimization for instance. We investigate the behavior of the deriva-
tives of the iterates of Stochastic Gradient Descent (SGD) with respect to that parameter and show
that they are driven by an inexact SGD recursion on a different objective function, perturbed by the
convergence of the original SGD. This enables us to establish that the derivatives of SGD converge to the
derivative of the solution mapping in terms of mean squared error whenever the objective is strongly con-
vex. Specifically, we demonstrate that with constant step-sizes, these derivatives stabilize within a noise
ball centered at the solution derivative, and that with vanishing step-sizes they exhibit O(log(k)?/k)
convergence rates. Additionally, we prove exponential convergence in the interpolation regime. Our
theoretical findings are illustrated by numerical experiments on synthetic tasks.

1 Introduction

The differentiation of iterative algorithms has been a subject of research since the 1990s (Gilbert, 1992;
Christianson, 1994; Beck, 1994), and was succinctly described as “piggyback differentiation” by Griewank
and Faure (2003). This idea has gained renewed interest within the machine learning community, particularly
for applications such as hyperparameter optimization (Maclaurin et al., 2015; Franceschi et al., 2017), meta-
learning (Finn et al., 2017; Rajeswaran et al., 2019), and learning discretization of total variation (Chambolle
and Pock, 2021; Bogensperger et al., 2022). When applied to an optimization problem, an important theo-
retical concern is the convergence of the derivatives of iterates to the derivatives of the solution. Traditional
guarantees focus on asymptotic convergence to the solution derivative, as described by the implicit function
theorem (Gilbert, 1992; Christianson, 1994; Beck, 1994). This issue has inspired recent works for smooth
optimization algorithms (Mehmood and Ochs, 2020, 2022), generic nonsmooth iterations (Bolte et al., 2022),
and second-order methods (Bolte et al., 2023).

Convergence analysis of iterative processes have predominantly focused on deterministic algorithms such
as the gradient descent. In this work, we extend these results in the context of strongly convex parametric
optimization by studying the iterative differentiation of the Stochastic Gradient Descent (SGD) algorithm.
Since the seminal work of Robbins and Monro (1951), SGD has been a workhorse of stochastic optimization
and is extensively employed in training various machine learning models (Bottou et al., 2018; Gower et al.,
2019). A critical aspect of our work is based on the fact that the sequence of iterative derivatives in this
stochastic setting is itself a stochastic gradient sequence.

The goal of this work is to answer the following question:

What is the dynamics of the derivatives of the iterates of stochastic gradient descent in the context
of minimization of parametric strongly convex functions?



Our motivation for studying this question is twofold. First, while iterative differentiation through SGD
sequences is possibly not the most efficient way to differentiate solutions of convex programs, it is a very
natural in the context of differentiable programming and has already been explored by practitioners. Sec-
ond, existing attempts to provide stochastic approximation based solutions to differentiate through convex
programming solutions require more intricate algorithmic schemes than the conceptually simple iterative
differentiation of SGD. Despite its conceptual simplicity, the answer to this question is not direct in the first
place due to the joint effect of noise on the iterate sequence and its derivatives.

Contributions. The strongly convex setting ensures that the solution mapping is single valued and differ-
entiable under appropriate smoothness assumptions. In this setting, we prove in Theorem 2.2 the conver-
gence of the derivatives of the SGD recursion toward the derivative of the solution mapping,
in the sense of mean squared errors:

e We first provide a general result for non-increasing step-sizes converging to some 1 > 0 (covering constant
step-sizes schedules), for which we prove that the derivatives of SGD eventually fluctuate in a ball centered
at the solution derivative, of size proportional to /7.

e With vanishing steps, this result implies that the derivatives of SGD converge toward the solution deriva-
tives, and we obtain O(log(k)?/k) convergence rates for O(1/k) step-size decay schedules.

e We also study the interpolation regime, for which we show that the derivatives converge exponentially fast
toward the derivative of the solution mapping.

All these results suggest that derivatives of SGD sequences behave qualitatively similarly as the original SGD
sequence under typical step size regimes.

The key insight in proving these results is to interpret the recursion describing the derivatives of SGD
as a perturbed SGD sequence, or SGD with errors, related to a quadratic parametric optimization
problem involving the second order derivatives at the solution of the original problem. We perform a general
abstract analysis of inexact SGD recursions, that is, SGD with an additional error term which is not required
to have zero mean. This constitutes a result of independent interest, which we apply to the sequence of SGD
derivatives in order to prove their convergence toward the derivative of the solution mapping. The developed
theory is illustrated with numerical experiments on synthetic tasks. We believe our work paves the way to a
better understanding of stochastic hyperparameter optimization, and more generally stochastic meta-learning
strategies.

Related works. Differentiating through algorithms is closely associated with the broader concept of auto-
matic differentiation (Griewank, 1989). In practice, it is implemented using either the forward mode (Wengert,
1964), or the more common reverse mode (Rumelhart et al., 1986) known as backpropagation. For detailed
surveys, see (Griewank et al., 1993) or (Griewank and Walther, 2008; Baydin et al., 2018). Modern machine
learning is intrinsically linked to this idea through the use of Python frameworks like Tensorflow (Abadi et al.,
2015), PyTorch (Paszke et al., 2019), and JAX (Bradbury et al., 2018; Blondel et al., 2022). When using
the reverse mode, a limitation of this method is the need to retain every iteration of the inner optimization
process in memory, although this challenge can be mitigated by employing checkpointing, invertible opti-
mization algorithms (Maclaurin et al., 2015), by utilizing truncated backpropagation (Shaban et al., 2019),
Jacobian-free backpropagation (Fung et al., 2022) or one-step differentiation (Bolte et al., 2023).

Along with iterative differentiation (ITD), (approximate) implicit differentiation (AID) plays an increas-
ing important role, sometimes under the name implicit deep learning. El Ghaoui et al. (2021) highlights the
utility of fixed-point equations in defining hidden features, and (Bai et al., 2019) proposes equilibrium points
for sequence models, reducing memory consumption significantly. Further, (Bertrand et al., 2020; Agrawal
et al., 2019) expands implicit differentiation’s applications to high-dimensional, non-smooth problems and
convex programs. Ablin et al. (2020) emphasizes the computational benefits of automatic differentiation,
particularly in min-min optimization. In particular, OptNet (Amos and Kolter, 2017) and Deep Equilibrium
Models (DEQ) (Bai et al., 2019) are examples of relevant applications.

Hypergradient estimation through iterative differentiation or implicit differentiation has a long story in
machine learning (Pedregosa, 2016; Lorraine et al., 2020). In the context of imaging, iterative differentiation



was used to perform hyperparameter selection through the Stein’s unbiased risk estimator (Deledalle et al.,
2014), and also for refitting procedure (Deledalle et al., 2017). Model-agnostic Meta-learning (MAML) was
introduced by Finn et al. (2017) as a methodology to train neural architectures that adapt to new tasks
through iterative differentiation (meta-learning). It was later adapted to implicit differentiation (Rajeswaran
et al., 2019). These developments motivated further studies of the bilevel programming problem in a machine
learning context (Franceschi et al., 2018; Grazzi et al., 2020).

The literature on the stochastic iterative and implicit differentiation is more limited. In the stochastic
setting, Grazzi et al. (2021, 2023, 2024) considered implicit differentiation, mostly as a stochastic approxima-
tion to solve the implicit differentiation linear equation or use independent copies for the derivative part. In
general stochastic approaches for bilevel optimization sample different batches for the iterate and derivative
recursions. Here we jointly analyze both recursion with the same samples.

Closely related to the general issue of differentiating parametric optimization problems is solving bilevel
optimization, where the Jacobian of the inner problem is crucial to analyze. Chen et al. (2021) introduces
a method, demonstrating improved convergence rates for stochastic nested problems through a unified SGD
approach. In the same vein, Arbel and Mairal (2021) leverages inexact implicit differentiation and warm-
start strategies to match the computational efficiency of oracle methods, proving effective in hyperparameter
optimization. Additionally, the work (Ji et al., 2021) provides a thorough convergence analysis for AID and
ITD-based methods, proposing the novel stocBiO algorithm for enhanced sample complexity. Furthermore,
(Dagréou et al., 2022; Dagréou et al., 2024) introduce a novel framework allowing unbiased gradient estimates
and variance reduction methods for stochastic bilevel optimization.

Although this is not the initial focus of this work, the technical bulk of our arguments requires analyzing
perturbed, or inexact, SGD sequences, in other words, the robustness of the stochastic gradient algorithm
with non-centered noise, or non-vanishing deterministic errors. Such questioning around robustness to errors
have existed for decades in the stochastic approximation literature, see for example (Ermoliev, 1983; Chen
et al., 1987) and reference therein. Many existing results presented in the literature are qualitative and relate
to nonconvex optimization (Solodov and Zavriev, 1998; Borkar, 2009; Doucet and Tadic, 2017; Ramaswamy
and Bhatnagar, 2017; Dieuleveut et al., 2023). Let us also mention the smooth convex setting for which
inexact oracles have been studied by (Nedi¢ and Bertsekas, 2010; Devolder et al., 2014). As a by-product of
our analysis, we provide a contribution to this literature, in the smooth, strongly convex setting, we provide
a general mean squared error analysis for a diversity of step size regimes.

2 The derivative of SGD is inexact SGD

2.1 Intuitive overview

We consider a parametric stochastic optimization problem of the form
z*(0) = argmin,cga F(z,0) = E¢op[f(2,0; )] (Opt)

where F': R? x © — R is smooth and strongly convex in z for a fixed #. The stochastic gradient descent
algorithm, stochastic gradient descent (SGD), is defined by an initialization xo(6), and for k € N

Tpt1(0) = 2k (0) — Vo f(21(0), 0; Eit1) (SGD)

where (7x)ren 1s a sequence of positive step-sizes and (£x)ren is a sequence of independent random variables
with common distribution P. Precise assumptions on the problem and the algorithm will be given in
Section 2.2 to ensure convergence. We highlight here that both the objective f(z,0,£) and the initialization
of the algorithm z((f) depend on some parameter § € © C R™, and so do the iterates and optimal solution.

For any # € © and any k > 0, under appropriate assumptions, the Jacobian of x;(f) w.r.t. 6, denoted
by Gpx(0) € RYX™  is well defined and obeys the following recursion from the chain rule of differentiation:

Bptr41(0) = Opark(0) — Vg f(@k(0), 0: €ks1)Dpxr (0) — MV 3o f(2k(0), 0: Err). (SGD’)



The natural limit candidate for this recursion is the Jacobian of the solution, dpz*(6), which, from the
implicit function theorem, is the unique solution to the following linear system

ViaF (27(0),0)D + V3, F(2*(0),0) = Eenp [V3, S (27(0), 0;€)D + V3, f (2*(0), 0:§)] =

As noted in (Arbel and Mairal, 2021, Proposition 1), this is equivalently characterized as a solution to the
following stochastic minimization problem

00 (6) = argmin peoer Beor | (5710690 + T2/ 0).6:9.0)|  (0pt)

where we use the standard Frobenius inner product over matrices. Our key insight is to formally understand
the recursion in (SGD’) as an inexact SGD sequence applied to problem (Opt’).

Intuition from the quadratic case. Consider two maps ¢ — Q(£) € R¥*? and & — B(£) € R¥™*™. Let
f(@,0;€) = 32" Q(&)z + " B(£)0, then the recursion in (SGD’) becomes

Dox1+1(0) = Oprr(0) — e (Q(Ekr1) 0ok (6) + B(Ekr1))-

which is exactly a stochastic gradient descent sequence for problem (Opt’). Hence, choosing appropriate
step sizes ensures convergence. Beyond the quadratic setting, one needs to take into consideration the fact
that the second order derivatives of f are not constant, leading to our interpretation as perturbed stochastic
gradient iterates for the derivatives, as detailed below.

The general case. We rewrite the recursion (SGD’) as follows

Opr+1(0) = Opy(0) — kaixf(x*(9)79;§k+1)59$k(9) — Vg f(z*(6), 0; k1) (1)
1k (Vauf (2*(0),0; Erp1) — Vi, f(2k(0), 05 Eri1)) Qo (8)
+ i (Vg f(@*(0), 05 €r1) — 9f($k(9)79;§k+1)) :
Assuming that the second derivative of f is Lipschitz-continuous, the error term is of order |z (6) —
2*(O)(1 + ||Ogzx(0)]]). Our main contribution is a careful analysis of a specific version of inexact SGD
which covers the above recursion. Under typical stochastic approximation assumptions, the convergence of
x(0) toward x*(0) essentially entails the convergence of dgxy,(6) toward 9pa*(#). This allows us to carry

out a joint convergence analysis of both sequences in (SGD) and (SGD’). We now describe the assumptions
required to make this intuition rigorous.

2.2 Main assumptions

We start with the stochastic objective, f in (Opt) and then specify assumptions on the underlying random
variable £.

Assumption 1. Let © be an open Euclidean subset of R”™ and = be a measure space. The function
f:R% x © x E — R satisfies the following conditions:

(a) Differentiability: f(-,-; &) is C?, with M-Lipschitz Hessian (in Frobenius norm), for all £ € Z.
(b) Smoothness: V. f(-,-;€) is L-Lipschitz continuous jointly in (z, ).
(¢) Strong convexity: f(-,0,€) is p-strongly convex for all 6 € © and £ € E.

Assumption 1(b) entails that V2, f and V2, f are uniformly bounded in operator norm. Assumption 1(c)
implies that F'(-,6) has a unique minimizer that we will denote by x*(#); it also implies that V2 _f is positive
definite.

As a consequence of Assumption 1, the derivative sequence in (SGD’) is almost surely bounded®. This is
proved in Appendix B.

1This does not depend on the randomness structure detailed in Assumption 2.



Lemma 2.1. Under Assumption 1, setting k = %, assuming that m, < £ for all k, we have almost surely

1062k(0)]| < max{||Opo(6)[], 2v/m(k + 1)%}.

We now specify the structure of the random variables (§x)ren appearing in the recursions (SGD) and
(SGD’). In particular, we follow the classical approach of (Bottou et al., 2018; Gower et al., 2019) among a
rich literature for our variance condition.

Assumption 2. The observed noise sequence (£ )ien is independent identically distributed with common
distribution P on =. Furthermore,

(a) Variance control: there is o > 0 such that for all § € ©,

E[|Vaf(@*(0),0;6)I1°] <o, E[[|VZ,f(a*(6),0;€)0p2™(0) + Vipf(2*(0),0:6)]] < 0.

b) Integrability: f(x,0;-) and V f(z,0;-) are integrable w.r.t. P for a certain fixed pair € R%, § € O©.
( g y g

Note that we control the second moment only at the solution, which means that the case o2 = 0 cor-
responds to the interpolation scenario but does not mean that the algorithm is noiseless. Furthermore, we
also control the second moment of the second derivative (in Frobenius norm). This is not typical in the
SGD literature but is required here to analyze the sequence of derivatives (this is illustrated in the simple
interpolation case of Fig. 1). Assumption 1(a) and (b) together with Assumption 2 imply that one can
permute expectation and derivative up to order 2, as detailed in Appendix A.

In this setting, we use the natural filtration (F)gen where for all k, Fj. is defined as the o-algebra gener-
ated by &o, . ..,&k. Note that {11 and thus V, f(xk(0),0;£k+1) is not Fr-measurable but Fj.1-measurable.

2.3 Main result on the convergence of the derivatives of SGD
The following is the main result of this paper. Its proof is postponed to Section 3.2.

Theorem 2.2 (Convergence of the derivatives of SGD). Let © C R™ be open, E be a measure space and
f:RIx O xZ — R be as in Assumption 1. Set k = L/u, the condition number. Let (&,)ren be a sequence of
independent variables on Z, as in Assumption 2. Let (ng)ken be a positive, non-increasing, non-summable
sequence with Ny < 35 = %ﬁ and (2x(0))ren be defined as in (SGD) with Opxo(0) = 0. Then:

o General estimates: setting n = limg_, o Nk, we have

40 3M(1+2 1)2)\?
limsupy_,o E[||Opzr(0) — dpz*(0)]°] < 0777 <1+ (1+ \Zﬁ("i‘f‘ ) )) .
e Sublinear rate: if for all k, n = 57,”2852 , then
log(k + 8k2)?
* 271
El1Pu(6) = Q0 O =0 (W

where the constants in the big O are polynomials in k, ||z0(0) — 2*(0)|?, |Gsxo(0) — Bex*(9)|?, 02, L, M

W’
and \/m.

o Interpolation regime: if o = 0 and ny = 7= for all k € N, then

k
1
E[004(6) — 25" (0)|] = O (k (1- =) > .

The first part of the result provides a general estimate which allows covering virtually all small step-size
cases. This includes: i) vanishing step-sizes, for which our result implies convergence of derivatives; and ii)
constant step-sizes 7, for which we provide a bound on the distance to the true derivative that is proportional
to 7. For the second part, using step-sizes decreasing as 1/k, which is a typical setup for the convergence



of SGD on strongly convex objectives, our result shows that the derivatives converge as well, with a rate
that is asymptotically of the same order, up to log factors. Finally, the last part of the result relates to
the interpolation regime which has drawn a lot of attention in recent years because it captures some of
the features of deep neural network training. Note that the condition ¢ = 0 in Assumption 2 entails that
interpolation occurs for both problems (Opt) and (Opt’), and in this case we obtain exponential convergence
of both the iterates and their derivatives, with a constant stepsize, as in the deterministic setting (Mehmood
and Ochs, 2020).

Remark 2.3. The specific stepsize used to obtain the sublinear rate actually applies to any stepsize of the
form ny = ¢/(k +u) with ¢ > 2/p and u > 8x%. One obtain the same result with p, k, L respectively replaced
in the expressions by u' = 2/c < p, k' = \J/u/8 > k,L' == p/x’ > L. This corresponds to using a lower
estimate for the strong convexity constant and a higher estimate for the smoothness constant, which remain
valid. A similar remark holds for the interpolation regime where any stepsize n smaller than p/(4L%) will
bring the same result with k replaced by k' == 1/(4Ln) in the statement.

3 Proof of the main result

Our result relies on the interpretation of the recursion (SGD’) as an inexact SGD sequence for the problem
(Opt’). We start with a detailed analysis of inexact SGD under appropriate assumptions. This is an abstract
result which we formulate using an abstract function g different from the objective in problems (Opt) and
(Opt’) in order to avoid any possible confusion. In particular g is static (does not depend on external
parameters) and the obtained convergence result will be then applied to both sequences (SGD) and (SGD’).

3.1 Detour through an auxiliary result: convergence of inexact SGD

We provide here our template results for the convergence of inexact SGD. As template, we consider a
function GG: R? — R defined as

G(x) = Eenplg(a:6)].-
Our generic assumptions stand as follows.

Assumption 3. P is a probability distribution on the measure space Z, and the function ¢g: R x & — R
satisfies the following conditions:

(a) Smoothness: g(-;€) is C' with L-Lipschitz gradient, i.e., there is L > 0 such that
[Vag(2;8) — Vaeg(a; )| < Lz — 2|
for all z, 2’ € RY, and all £ € =.

(b) Strong convezity: there is z* € R? and p > 0 such that (x — 2*, E[V,g(z;&)]) > pljz — 2*||? for all
x € RY.

(¢) Variance control: there is 0 < o < +o00 such that E[||V,g(a*;€)[?] < o2

We remark that under Assumptions 1 and 2, Assumption 3 is satisfied for both problems (Opt) and
(Opt’). We will consider an inexact SGD recursion of the form

Ti+1 = Tk — Mk (Vag(Tr; Eet1) + exy1) (2)
where we will need the following assumption on noise and errors.

Assumption 4. The observed noise sequence (£ )gen is independent and identically distributed with com-
mon distribution P on =. Denote by (Fg)ren the natural filtration (i.e., for all k, Fj is the o-algebra
generated by &o, ..., &k), the errors (ex)ren form a sequence of (Fy)ren-adapted random variables such that
E[||ex+1]|?] < B} where (Bg)ken is a deterministic non-increasing sequence.



The following reduces the analysis of inexact SGD sequences to the study of a deterministic recursion,
its proof is given in Appendix B.

Proposition 3.1 (Convergence of inexact SGD). Let Assumption 3 and Assumption 4 hold. Consider the
iterates in (2) where (N )ren is a positive, non-increasing, non-summable sequence with ny < 4. Setting
Dy, = /E|[||zr — 2*||?], we have for all k € N:

Di .y < (1= pme) D} + 207(BR + 207) + 21 By Dy (3)

Studying the deterministic recursion (3) leads to the following results by relying on different helper
lemmas laid out in Appendix C:

Lemma Stepsizes Errors Noise Result
Lemma C.1 | nx—n>0 By — B x /1 02 >0 || limsup,_,o, D o</
Lemma C.2 | n, = % B =0 0% >0 D=0 (bgk(iigsgg)
Lemma C.3 | 7 = % B =0 (bgjc(ii;ffr“)) 02 >0 D=0 (%)
Lemma O | e =n < | Bi=0((1-%)) | =0 Di=0 (k15"

These results will be used to prove Theorem 2.2 in the coming section. They are of independent interest
regarding the convergence analysis of inexact SGD sequences. The first lemma allows to prove the first point
in Theorem 2.2, the second and third lemmas allow to treat the second point, and the last lemma allows to
treat the interpolation regime in the third point. See Appendix C for detailed statements.

3.2 Proof of the main result

We first show that Proposition 3.1 can be applied to the recursion (SGD’) in relation to (Opt’) and then
explicit its consequences using the lemmas of Appendix C.

Proof of Theorem 2.2. Following (1), we have that (Jpzx(0))ken is an inexact SGD sequence for problem
(Opt’) as in (2), with an error term of the form

eryr = (Vi f(@(0),0;11) — Vi, f(2r(0),0;E41)) Dpi(6)
+ (V3 S (27(0),0; k1) — Vig f(2x(0), 05 € y1)) -

Under Assumption 1 and Assumption 2, Problem (Opt’) satisfies Assumption 3, and we have the same values
for L, u and o for both problems (Opt) and (Opt’). Furthermore, the error term ey satisfies Assumption 4,
and, thanks to Lemma 2.1 and Assumption 1 on Lipschitz continuity of the Hessian of f, we have almost
surely

lersill < Mlex(8) — < (O)(1 + 2v/m(x + 1)?). (4)

The various bounds are obtained by considering different regimes. We first estimate a bound on E |||z (6) — z*(6)?]
using Proposition 3.1 with By, = 0 for all k. This allows to obtain an estimate on E[||ex11]?] using (4). We
conclude for the derivative sequence by applying Proposition 3.1 with its different corollaries. We treat all
these results separately.

General estimate. From Proposition 3.1 with By = 0, we obtain, by considering g(z,&) = f(z, ;&)
and Lemma C.1 that limsup,_, . E[||lzx(6) — 2*(0)]]?] < #. For the derivative sequence, combining this

first estimate with (4), we can consider a decreasing sequence of mean squared upper bounds (By)ren, such
that

lim By = B == 2a\ﬁM(1 +2vm(k+1)?).
n

k—o0
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Figure 1: Numerical behavior of SGD iterates and their derivatives (Jacobians) in a linear regression problem
solved by ordinary least squares. The plots depict the convergence of the suboptimality f(zx(0)) — f(z*(0)) and the
Frobenius norm of the derivative error ||Ogxk(0) — doz™ ()| F across different experimental settings: constant step-size
(first column), decreasing step-size (second column), double interpolation (third column), and simple interpolation
(fourth column). The experiments utilize varying step-size strategies to illustrate general estimates, sublinear rates,
and the impacts of interpolation regimes, validating theoretical predictions of Theorem 2.2.

The upper bound given by Proposition 3.1 and Lemma C.1 is of the form

2 2 2 3B2 + 4uno? + B
VB 2B 4207 + B\ §20W+w,
1 T

I

which corresponds to the claimed bound.
Convergence rate. From Proposition 3.1 with By, = 0, we obtain, by considering g(x, &) = f(x,0;¢) and

Lemma C.2 that E[||zx(6) — 2*(0)||?] = O (%) as given in Lemma C.2. As a consequence, combining

this first estimate with (4), we may set By, = O (w) and the result follows from Lemma C.3.

k+8kK2
Interpolation regime. Setting p =1— £ =1 — 8%7 for 02 = 0 and By = 0 for all k € N, it is clear
from (3) that E[[|zx () — 2*(0)]1?] < |z0(0) —x*(0)||?p" for all k € N. Using (4), we may choose By, = O(p").
Plugging this estimate in (3), the result is then given by Lemma C.4. O

4 Numerical illustration

In this section, we illustrate the results of Theorem 2.2 by examining the numerical behavior of the iterates
and their derivatives under various settings. Specifically, we provide insights into the behavior of classical
regularized methods, such as Ridge regression, logistic regression, Huber regression. Furthermore, we explore
potential extensions to the nonsmooth case by also considering the Hinge loss. All the experiments are
performed for the empirical risk minimization structure, i.e., the randomness £ is drawn from the uniform
distribution over {1,...,m}. All the experiments were performed in jax (Bradbury et al., 2018) on a
MacBook Pro M3 Max.

Ordinary least squares. We consider a simple linear regression problem solved by ordinary least-
squares as:

x*(0) = argmingege F(x,0) = %HA:L‘ —b(0)]?

The data X € R™*? here is a unitary random matrix with d < m. We consider three generative models for
0 — b(0):
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Figure 2: Numerical behavior of the objective function and its derivatives with respect to 6 for ridge regression,
logistic regression, Huber regression, and Support Vector Machines (SVM) regression using a constant learning rate.
We report the suboptimality f(zx(0)) — f(x*(0)) for the SGD iterates, along (bottom) with the norm of derivatives
errors ||Ogxk(0) — Opx™(0)||F for different constant step-size. Each line corresponds to a different step-size.

3.
Note

. Standard setting: 6 ~ N (0, I,,) is drawn from a normal distribution on R™ and b(6) = 6.

. Simple interpolation setting: ¢ ~ N(0,1;) is drawn from a normal distribution from R? and b(f) = 6

where 6 = A(.
Double interpolation setting: 0 ~ N(0, ;) is drawn from a normal distribution from R? and b(0) = Af.

the the difference between setting 2. and 3. are that we are not differentiating through the linear

map A in setting 2. Figure 1 illustrates the behavior of (SGD) and (SGD’). More precisely, we monitor
the convergence of the suboptimality f(zx(0)) — f(2*(0)) and of the derivatives error measured in Frobenius
norm ||Opxy () — dpz*(6)||F. The experiments are run for constant step sizes for settings 1., 2. and 3., and
also with decreasing step sizes for setting 1. We set 19 = -&5 for all experiments. This allow us to clearly
identify the three regimes of Theorem 2.2:

4L2

Constant stepsize: in setting 1., employing a constant step-size, we observe convergence of both the
iterates (consistent with classical SGD theory) and their derivatives toward a noise ball.

Decreasing stepsize: in setting 1., employing a step-size proportional to %7 we observe a sublinear decay
of both the iterates and their derivatives. The convergence is difficult to observe since the decay leads
to very small updates.

Double Interpolation regime: in setting 3., employing a constant step-size, we observe both iterates
and derivatives linear decays.

Simple Interpolation regime: in setting 2., Assumption 2(a) is satisfied only for the iterates, but not
for the derivatives, we observe linear convergence of the iterates, but the derivatives converge towards
a noise ball.

Ridge, Logistic, Huber and SVM regression. In addition to the previous illustration of Theorem 2.2,
we provide numerical experiments for constant learning rate for four different models: ridge regression, logistic
regression, Huber regression and Support Vector Machines (SVM) regression. All of them are written as

m

* . 1
©*(0) = argmingega F(x,0) == — > f(,0:€) + pllll3,
¢=1



where f(z,0;¢) = %(ag—w —0¢)? for ridge regression, f(z,0;&) = log(1 —l—exp(—@gagx)) for logistic regression,

Fo.0:6) = (6 — agx)2 if |0 —.ag—x\ <
5 (10c —alx|— 36) otherwise,

for Huber regression for some § > 0 (here § = 0.1), and f(x,6;£) = max(0,1 — 05agx) for SVM regression
(hinge loss). All experiences are performed with m,d = 100,10 and px = 0.05. In Figure 2, we show
the convergence of the objective function and the derivatives with respect to 6 for the four models with a
constant learning rate. Note that the SVM loss is not differentiable. We refer to (Bolte et al., 2022) for a
formal treatment of nonsmooth iterative differentiation, but one could expect similar results for conservative
Jacobians.

5 Conclusion

In conclusion, our study of stochastic optimization problems where the objective depends on a parameter
reveals insights into the behavior of SGD derivatives. We demonstrated that these derivatives follow an
inexact SGD recursion, converging to the solution mapping’s derivative under strong convexity, with constant
step-sizes leading to stabilization and vanishing step-sizes achieving O(log(k)?/k) rates. Future research
could refine the analysis by comparing stochastic implicit and iterative differentiation, develop a minibatch
version, and explore outcomes in non-strongly convex or nonsmooth settings. Additionally, the feasibility of
stochastic iterative differentiation warrants further investigation, given its potential benefits and challenges
in such scenarios.
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A Justification of the permutation of integrals and derivatives

We may assume without loss of generality that both f(0,0;&) and V(,4)f(0,0;&) are integrable thanks to
Assumption 2(b). Concatenate the variables x and 6, such that z = (x,0) and consider the function

e f(%8)
g: (2:6) = W

Since the gradient of f is L-Lipschitz in z by Assumption 1(b), we have using the descent lemma (Nesterov,
2013, Lemma 1.2.3)

L
1£(2:€) = 10: ) < V£ 0 )lll=ll + 5 1121

so that ¢ is upper bounded by an integrable function uniformly in z as

901 < LFO:8)| + V- FO: )] + 5)
We also have
o) — . L 2f=8) . L 29(=9)
Veg(58) =Vl EOERTT ~ e - VY G OEETT T TRE Ll
L F(0:6) (Vo f () — VL F(0:6))— 29(z;)

12112 + 1 E+1 el +1

Using again Lipschitz continuity of the gradient of f, V,g(z;&) is upper bounded by an integrable function,
uniformly in z, as
IV29(z Ol < [IV2f(0; )11+ L + 29(2;€) (6)
<3[IVLF(0; ) + 2L 4 2[£(0; €.

Hence, we have that i) V,g(z;€) exists for all z (as f is C!) and ii) both & — g(z; &) and & — V,g(z;€)
are bounded by functions in L!(P) uniformly in 2 thanks to (5) and (6) since | f(0;€)| and ||V, f(0;&)]| belong
to L*(P). Hence, we have the appropriate domination assumptions to differentiate under the integral for the
function g so that for all z, the function G : z — E[g(z; £)] is differentiable and V,G(z) = E[V.g(z;&)] (see
e.g., (Folland, 1999, Th. 2.27)).

Now, turning back to f, since for all z, f(2;€) = g(z;&)(||z]|> + 1), F(z) = G(2)(||2|> + 1) and thus
V.F(2) = V.G(2)(||z]|*> + 1) + 22G(z). Also, for all z

Vaf(2€) = Vag(z:€)(||2]% +1) + 229(2:€)
whose right hand side is integrable as shown above. This enables us to conclude that for all z,

E[V. f(26)] = E[V.g(2 ))(||2]? + 1) + 22E[g(2; €)]
=V.G) (|2 +1) +22G(2) = V.F(z).

As for the second derivative, V., f(z;€) is C! with uniformly bounded derivatives so that we may apply
differentiation under the integral once again to obtain that the Hessian of the expectation is the expectation
of the Hessian.

B Proofs from the main text

B.1 Proof of Lemma 2.1

Proof of Lemma 2.1. We set for all k € N, D, € R@+™)Xm guch that the first d rows correspond to
Opxi(0) and the remaining m rows correspond to the identity matrix of size m x m. We also set for
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each k € N, J;, € R(@+m)x(d+m) the square matrix whose first d rows correspond to the Jacobian matrix of
Vo f(xx(0),0;&11) (itself made of two blocks, the first one being V2, f(x4(),0;x+1) and the second one
being V2, f(zx(0),0; Ek+1)), the remaining coefficients being null. In block format, the recursion (SGD’) can
be written as follows

<99$k1+1(9)) _ <305€}c(9)> - <vng(xk(9)79;§k+1) Viaf(xk(g)»e;ﬁkﬂ)) (3956;(9))

o

Or in other words, Dy11 = Dy — N Jip Dp.

Endowing the space of real (d + m) x m matrices with the Frobenius inner product and associated norm,
we have the identity |D + A||? — ||D||* = 2(D, A) + ||A||?>. We will repeatedly use the inequality ||AB]|| <
lAllop || B]| for matrices (where || - ||op is the operator norm induced by the Euclidean norm in suitable spaces,
which corresponds to the spectral norm). We have that ||.J,. Dy||? < L?||Dg||?, because the operator norm of
Ji is at most L by Assumption 1(b), and

| Digall® = |1 Di]? = —277k (Dg, Ji D) + i || Je Die||?
Mk (D, Ju D) + i L?|| Dy ||
—2% (Dy, JuDi) + nip|| Dy ||? (7)

IN \/\

where we used our condition on the step-sizes (mx < £%).
Furthermore, we may use the fact that V2 f(x ( ),0;&k+1) = pul (from the strong convexity, Assump-

tion 1(c)) and HV o.f (@ (0),0; E1)|| < \FHV of (@k(0),0;&k+1)]lop < v/mL to obtain
(Di, JuDi) = (Opar(0), Vi, f(2k(0), 0; Ex11) 061 (0)) + (Do (0), Vg f(2x(0), 0; Exr1))
> | @pxr (0) | — Lv/ml|Op1 (0)]]

= u([Dx* = m) — VmL\/[ Di[* = m

I N Y A oA
— Myl +(|Dk|| om 1o
2 2 " Bi

2v/mL|| D

> P 1Dgl? + 2 (1Du)? — 2m — 2 PEIDLY (8)
2 2 W

Setting k = %, the largest root of D + D? — 2\/mxD — 2m is

vme+vme2+2m < Vm((k+ 1)+ VK2 +26+1) =2¢m(k+ 1) =

So we have that if Dy > 6, the right hand side in (8) is greater than 4| Dy||* and combining with (7)
1Dk |2 < 1 Del.

Let us show by induction that | Dy||? < max{||Dyl||?,6%(1 + x)?}. This is obviously true at iteration
k = 0. Assume that the hypothesis holds true at iteration k. If |[Dy| > 6, then ||Dpi1]|?> < || Dkl <
max{||Do||?,5%(1 + x)}. Otherwise,

[1Drsall < [[1Dxll + el Je Di |l < [[Dx[| (1 + Lgi) < 6(1 + &),

and the induction runs through. The result follows because || Dyl||? = ||0gzx(0)]|* + m. O

B.2 Proof of Proposition 3.1

Proof of Proposition 3.1. First, we recall that the expected norm of a stochastic gradient can be controlled
for any k£ € N as

E[[IVag(@r; &) 2 Fr] < 2E[[[Vag(a™; &k 1P Fr] + 2B [ Vag (@i €b1) — Vag(z*s Eera) | Fi]
<202 + 2172y — o*||? (9)
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where we used Assumption 3(a) and (¢) in the second inequality.
By definition of (2), we have for all k € N

12 = ok — 2% + 07| Vag(zr; Eerr) + exsrll® — 2melar — 2%, Vaeg(@r; Epy1) + exr1)
<o — 211 + 208 (IVag(@r: Eer)1? + llex+1l?) — 20k (ar — 2%, Vg (T Ept1))
+ 20k l|lzk — 2| [lext1ll-

|2ps1 —

Taking the expectation conditioned on Fj, we get with our assumption on the errors that

Ellzks1 — 2" 1P| Fe] < lloe — 21 + ng (4L2|lze — 2*|1% + 40 + 2E[|lex1 (1?1 Fx] )
=2k — 2%, E[Vog(@k; Sp1) [ Fk])
+ 20k ||z — 2| E[|| st [[|F]
< (1= 2mep + 40 L?) |z — ¥ + 0 (40° + 2E [[lext[*|Fx])
+ 20k llzk — 2| E[||ex-1 ||| Fk] (10)

where we used successively Eq. (9) and Assumption 3(b). Now using Jensen’s inequality and the Cauchy-
Schwartz inequality: E[XY] < /E[X?]E[Y?] for square integrable random variables, we have the following
bound on the full expectation of the last product,

Elllzr — 2" [|E[llex+1ll|Fx]] < \/E[ka - x*||2}E{E[||€k+1H|fk}2
< VE[[zr — 2* |2 VEE[|| 112 Fr]]
= VE[[zr, — 2* 2] VE[| ex41]%]

Now, our condition on the stepsize parameters implies that —2n,u + 4n2L? < —ngu. By taking full
expectation on both sides of (10), we obtain that

Ellzrsr = 2*[1°] < (1= nep) Bz — 2*(1°] + 0 (40® + 2B5) + 2V El||lzy, — 2*?] By

We set Dy, = \/E[||zr — 2*]|?] so that we have the following deterministic recursion:

Dy < (1 — pmy) DR + 20 (B} + 20°) + 21, B, Dy,

C Technical Lemmas

Lemma C.1. Let (n;)ren and (Bg)ren be non-negative and non-increasing. Assume that (N )ken 8 non-
summable and that 0 < mi < l% for all k. Let (Dg)ren be a non-negative sequence satisfying for all k

Diyy < (1= pmw) DR + 203 (Bj + 20°) + 20 B Dy, . (11)

Consider the quantity

_ VAR B+ 8umi(BE +20%) + 2Bk _ / B} + 2pui(Bj + 202) + By

)
: 2y, 1%

Then, (0r)ren is positive, non-increasing, and for any 6 > limg_ o0 Ik

limsup,_, ., Di <4
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Proof. Set for each k € N, Fi: Ry — Ry, with Fj(t) = (1 — pni) t + 2nx BeV/t + 202 (B2 + 202). We have
that Fj is increasing, concave, and F(07) = §2. By assumption, for all k sufficiently large, we have d < §
so that Fy(0%) < 62 as t — Fy(t?) — 2 is negative for t > §j.

Plugging this into (11), we obtain

Diyq — 6% < (1= pmi) Di + 20 Bi Dy, + 20 (BE + 20%) — F(6°)
= (1 — pw) (DR — 6%) + 2mi Be (D — 6) .

Using the fact that png < 1, we deduce that if Dy < §, then Dy4; < § for all i € N and the result follows.
We continue assuming that Dy > J for all k € N.
Using the concavity of the square root, we have Dy —§ =

< 2\}6—2(D£ —6%). We deduce that

B
Diyy — 0% < <1 — KNk + 77k5 k) (Dj; — &%)

We notice that for all &, % < §}, so that for k large enough, % <4, and @ < #J& and we obtain
DYy -0t < (1-ER) (D} - %),

So there is an index kg such that for all k& > kg, we have D7 —§% < Hf:ko (1— &) (Dj, —¢6?%) and the right
hand side decreases to 0 as k — oo because 7 is non-summable. This concludes the proof. O

Lemma C.2. Let n = % for all k € N and (Dy)ren be a non-negative sequence satisfying, for all k,

Di.y < (1 — pmy) DR + 4nio®

Then we have, for all k € N,
1 9 o? 1602 k
Dk+1—7k 52 <8/§ D0+ Iz + — log(l—i—&#)).

Proof. From the recursion, we obtain

202 16p20?
2 2
D’““S(l_;ﬂk +8L2) 2k + 8122

2k + 8L2)?
16u202
2 2 2 2 2 2 2
k+8L°)D < k+8L*—2 D ———r
(1’k +8L*)Djy < (0K + 1) k+(ugk+8L2)
16p20?
< (p*(k —1)+8L?) D
< (k= 1)+ 8L7) ¥ a2k + 802
from which we deduce that
16p202
2 2
(w*k +8L*) Dy < (8L — ) Dj + E m

k
1
<8I’D2+166%2y ————
’ Z (i + 55)

< 8L*D? + 1602 " +log |1+ ku?
= 0 8L2 8L2
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where the last inequality is by integral series comparison. All in all, we obtain

8L2D? 1602 12 ku?
D2 < 0 Rl 1 1 il
LS 3L 8L2 T uPk 4 8L <8L2 * °g< * 8L2>>

2
8H2Dg 20.2 N 160’2 1og (1 + %)
8k2+k  L2(k+ 8k2) w2 (k + 8K2)

202 1602 k
212
<8I€ D0+L2+N210g(1+8ﬂ2>).

k + 8k2
O

Lemma C.3. Let n =

foradlk eN, k= %, and (Dg)ren be a non-negative sequence satisfying,
for all k,

2p
,u2 k+8L2 ’

Diyy < (1= i) Dip + 203 (B + 20°) + 204 By, Dy,
where there are constants A, B > 0 such that, for oll k € N,

A+ Blog (k + 8k?)

B2 <
k= k + 8k2

Then, we have

8k2D} L1 (5(B + A) + 85?) log(k + 8k?%)?
L= 4 8k2 T 2 k + 8k2

Proof. We first rework the recursion, we use the fact that

V2B ] 2B2 2n;, B2
20, B Dy, = 2y, b LDJC < [ =R+ HD,% = ZZk nkHD;% .
VI V2 w2 I 2

The new recursion becomes

Mk

2ny B
D}, < (1 - 7) D? 4+ 202(B2 + 202) + 2k

- (12)

From this recursion, we obtain by expanding all terms
2 2 2
I 9 81 9 A+Blog(/€+4f<a)
DI < (1-—"——= D+ —" |2
1 ( u2k+8L2> i 2k sLe)e ( ot k+ 4r?

24 2(A + Blog (k + 8k?))
(u2k + 8L?) p(k + 8k2)

+

(4°k + 8L*)Di

IN

8 (A+ Blog (k + 8x?))
Qk L2* 2 D2 2 2
(ks + 8L% = 41%) k+(k+8m2)<a R ey

4(A + Blog (k + 8k?%))
(k + 8K2)

log (k + 8x?)
k + 8k2

IN

(1*(k — 1)+ 8L%) D} + (5(B + A) + 160?)
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where we use the fact that £k > 0 and x > 1 so that log (k + 8/12) > log (8) > 1. We deduce that

k .
log(i + 8k?%)
9 2\ N2 2 2\ 12 2
(1’k+8L*)Dj, < (8L —H)D0+(5(B+A)+160)ZW

1=0
<8L?D§ + (5(B + A) + 160?) log(k + 8x7)*

where the last inequality is by integral series comparison, using the fact that ¢ — log(t)/t is decreasing for
t > exp(1), we have

i log(i + 8k?%) 10g(8/€2)

2\2 2\2 2\2
(180 = 82 + log(k + 8x°)° — log(8x~)* < log(k + 8k~)~.

1=

O

Lemma C.4. Let g, =1 < i forallk eN, k = %, and (Dy)ken be a non-negative sequence satisfying for
all k

D1y < (1= pw) Dit + 20 B + 20 Bi Dy,
where, there is a constant A > 0, with p =1 — &L such that, for all k € N,

BiﬁA,ok-

kA
s (o522 o112

Proof. We proceed similarly as in (12) and obtain

Then, we have

2, B?
Dig < (1 - %) D} + 203 B} + % < pDj + Ap* (2772 + QZ) :
We rewrite and use an induction to obtain

Dz D A kA
ST <2n2 + 2") <D} + = (2n2 + 2”)
p ) 0 p I

which is the desired result. O
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