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SHARP ANALYSIS ON THE JOINT DISTRIBUTION OF THE
NUMBER OF DESCENTS AND INVERSE DESCENTS IN A
RANDOM PERMUTATION

BERNARD BERCU, MICHEL BONNEFONT, LUIS FREDES, AND ADRIEN RICHOU

ABSTRACT. Chatteerjee and Diaconis have recently shown the asymptotic nor-
mality for the joint distribution of the number of descents and inverse descents in
a random permutation. A noteworthy point of their results is that the asymptotic
variance of the normal distribution is diagonal, which means that the number of
descents and inverse descents are asymptotically uncorrelated. The goal of this
paper is to go further in this analysis by proving a large deviation principle for the
joint distribution. We shall show that the rate function of the joint distribution
is the sum of the rate functions of the marginal distributions, which also means
that the number of descents and inverse descents are asymptotically independent
at the large deviation level. However, we are going to prove that they are finely
dependent at the sharp large deviation level.

1. INTRODUCTION

Let S, be the symmetric group of permutations on the set of integers {1,...,n}
where n > 1. A permutation 7, € S,, has a descent at position k € {1,...,n— 1} if
(k) > m,(k + 1). Let D,, = D, (m,) be the random variable counting the number
of descents of a permutation m, chosen uniformly at random from §,, and denote by
D! = D,(m, ') the number of descents of the inverse 7, ' of m,. We clearly have for
all n > 2,

n—1 n—1
(1.1) D= Tmo(y>mnlhr1)} and Dy = Tt ggsms (b41))-
k=1 k=1

A wide range of literature is available on the asymptotic behavior of the marginal
distribution (D,,). It is well-known [12], [13], [19] that

(1.2) lim — = — a.s.
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2 DESCENTS AND INVERSE DESCENTS IN A RANDOM PERMUTATION

and

13 vi(5e-g) 2N o)

Moreover, Bryc, Minda and Sethuraman [4] have shown that (D,,/n) satisfies a large
deviation principle (LDP) with good rate function given, for all z € R, by

(1.4) I(x) = stlellg{:ct — L(t)}
where
(1.5) L(t) = log <

Surprisingly, to the best of our knowledge, very few result are available on the as-
ymptotic behavior of the joint distribution (D, D)), except the recent contribution
of Chatteerjee and Diaconis [7]. By using a normal approximation method due to
Chatterjee [6], it is shown in [7] that

(16) V(22523

where I' stands for the diagonal matrix

1 /10
F_E(O 1)'

It clearly means that D,, and D! are asymptotically uncorrelated. One can observe
that the almost sure convergence of the couple (D, /n, D! /n) to (1/2,1/2) can be
obtained from Remark 3.2 in [3]. As suggested in Section 3 of [7], it is possible to go
deeper into the analysis of the joint distribution (D,,, D)) by proving that the couple
(Dy/n, Dl /n) satisfies an LDP with good rate function I defined, for all z,y € R,
by

(1.7) I(x,y) =1(x)+ I(y).

It also implies that, at the large deviation level, D,, and D! are asymptotically
independent. Moreever, it was recently proven in [3] that the sequence (D,,) satisfies
a sharp large deviation principle (SLDP). We are going to improve this result by
showing that the couple (D, D!) satisfies a SLDP which will highlight the very fine
dependence between D,, and D), at the sharp large deviation level.

exp(t) — 1) |

t

The paper is organized as follows. Section 2 deals with an explicit construction of the
probability space on which we will be working. Section 3 is devoted to our martingale
approach which allows us to find again a direct proof of the asymptotic normality
(1.6) and to propose new standard results for the joint distribution (D,,, D!) such
as a functional central limit theorem. The main results of the paper are given in
Section 4 where we establish the large deviation properties of the couple (D, D.,). A
short conclusion is given in Section 5. All technical proofs are postponed to Sections
6 to 8.
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2. THE PROBABILITY SPACE

Before investigating the joint distribution of (D, D)), it is necessary to provide
an explicit construction of the probability space on which we will be working. For
that purpose, we are going to study how a permutation 7w, of size n + 1 adds
descents when it is created from a permutation m, of size n. We will do this by
means of a graphical representation as explained below. We start by presenting a
permutation 7, as the set of all points GR(m,) inside [0, 1]* where

=

One can observe that the image of this transformation has the property of having
exactly one point in each line and column of type i/(n+1) for ¢ € {1,...,n} and to
send all the points inside [0, 1]2. We call GR,, the set of all points with this property.
It is easy to see that the sets S,, and GR,, are in bijection since the points in each
element of GR,, defines the map of a bijective function. We define the cell C, (i, j)
to be the region inside [0, 1]? defined, for all (i,j) € {1,...,n+ 1}? by

S

Cdn+Un+1
For a point u € [0, 1], we construct m,,; as a function of v and 7, as described
in Figure 1 below,

J
n+1 n+1

(i) = J ) € GR(m,).

i j—1

Cn(i, g ;
(2‘7) n+1' n+1

(7,(1) if ueCy(k,0),i<kand m,(i) </
(1) + 1 ifueCy(k,0), i <kand m,(i) >/
Tnt1(1) = < (i — 1) if ueC,(k,0), i >kand m,(i) </
m(t—1)+1 ifueC,(k,{), i>kand m,(i) >/
L/ ifueC,(kl),i=k

s | _______ _______ . _______ 5/6) ....... ...... ..... . .....

3/5 ....... ...... ‘ ....... E ....... 4/6 ...... ...... . ...... E .............

_— 3/6)----- . ...... FETRCR

205 | . """""""" """""""" 2/6 |- ............. . ..... :. ............

1/5 ._.._.._..;._.._.._..;._.._.._..i._.._....i._.._.._.. el ooioo i i___+' ______

Ca(114) :

15 2/5 35 45 0 1/6 2/6 3/6 4/6 5/6

FIGURE 1. Graphical representation of m; = (2314) to the left. We
colored in light blue the cell C4(1,4). We represent to the right-side the
resulting permutation 75 = (34215) when u € C4(1,4). We present the
point v and vertical and horizontal lines crossing it in green in order
to visually see the transformation.
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It is clear that our construction of m,,; only depends on 7, and on the choice
of the indexes (k,?) of the cell where the point u lands. One can think of this
transformation as the result of adding, in the graphic representation of m,, new
horizontal and vertical lines crossing the point u and after rescaling these lines in
order to keep the relative order of points with spacing 1/(n + 2), we obtain the
graphical representation of 7, 1.

Up to now, 7,1 is built in a deterministic way. In what follows, what will play
the role of u is a random variable U, uniformly chosen in [0, 1]? and independent
of the permutation m,. Since the boundary lines of cells have Lebesgue measure 0,
we suppose without loss of generality that U,,; does not belong to the boundary
of any cell. It is simple to prove that if m, is chosen uniformly at random from S,
then 7,1 is a uniform permutation over S, ;. From this construction, we can built
the sequence (D, D) on a unique probability space only depending on the whole
sequence (Up,).

First of all, we start at the origin (Dy, D}) = (0,0). Then, for all n > 1, we denote by
AD, 1, and AD;, ; the increments AD,, 1 = D41 — D,y and AD,, ., =D, , — D,.
Thanks to our representation, we can study the number of cells C, (k, £) that generate
prescribed increments AD,, 11 = a and AD,_, = b, a,b € {0, 1} for the permutation

7, and its inverse 7, ' when u € C,(k, /). For a,b € {0,1}, let
Noa(a,b,m,) = Card{(k, 0) € {1,...,n+1}2/AD, 1y = a, AD,,,, = b,u € Co(k, ) }.
Our first result shows that N,1(a,b, 7,) depends only on D,, and D/, as follows.

Theorem 2.1. For every permutation m,1 chosen uniformly at random from S, 1,
we have

(n=Dy)(n—Dy)+n if (ab)=(1,1),
Nos(obmy = DI = (a8 = (,0)
(Dn+1)(n—=D,)—n if (a,b)=(0,1),
(Dp+1)(D),+1)4+n if (a,b)=(0,0).
Proof. The proof is given in Section 7. U

3. OUR MARTINGALE APPROACH

Let V,, be the two-dimensional random vector V,, = (D,,, D}). Denote by F,, the
o-algebra F,, = o(Ds,...,D,, D},...,D,). It follows from Theorem 2.1 that for all
n>1,

(31) Vn+1 = Vn + §n+1
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where

P(&ns1 = (a,0)|Fn) =

( (n—=Dyn)(n—=D;)+n

if
(n+1)2
(n—D,) (D, +1)—n £
(n+1)?
(D, +1)(n—D.)—n £
(n+1)?
(Dt DD+ )40
\ (n+ 12 1

(a,0) = (1,1),
(a,b) = (1,0),
(a,b) = (0,1),
(a,b) = (0,0).

It implies that the conditional distribution of the marginals of £,,,1 given F,, are the
correlated Bernoulli B(p,,) and B(p/,) distributions where

n—D n—D
3.2 = “ d = L.
(3:2) P n+1 a Pn n+1
Moreover, we also have
PPl + Tn

E[§n+1£g+l|]:n] = ( pn

where

PPy, + T P,

Consequently, we obtain from (3.1) that

(3.3)

Let (M,,) be the sequence defined for all n > 1 by

(3.4)

Mn:n<Vn—

m;1%>

D,, + p,
D, +p

)

)

where vT' = (1,1). It follows from (3.3) that (M,) is a locally square integrable
martingale. One can easily see that its predictable quadratic variation reduces to

an, = Y
(3.5) _y

k=1

Z ((k: — D) (D + 1) k

ZE[(M’“H — M) (M — My)"|F,

k (k— D) (D), + 1)) '

Our martingale decomposition (3.4) allows us to propose a straightforward proof
of the asymptotic normality (1.6) previously established via a more sophisticated

approach by Chatteerjee and Diaconis [7].

We can also establish new asymptotic

results such as a functional central limit theorem and a law of iterated logarithm as

follows.
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Proposition 3.1. Let D([0,00]) be the Skorokhod space of right-continuous func-
tions with left-hand limits. We have the distributional convergence in D(]0, +00]),

D/
(3.6) (ﬁ(i}bﬁ - % UL;]J - %) t> 0) — (W, t>0)

where (Wy) is a continuous two-dimensional centered Gaussian process starting from
the origin with covariance matriz given, for 0 < s <t, by

s (10

In particular, we find again the asymptotic normality (1.6).
Proposition 3.2. We have the quadratic strong law

1o Be 1N D _NT g
3.7 I e (52 2L s
on e (A2)(80]) —ub ) e

k=1

In particular,

, 1 /D, 1\2 /D, 1\2 1
9 mpn X G) w
(3.8) nliilobgnz Fo2) T\% T2 T

Moreover, we also have the law of iterated logarithm

, n D, 1\2 (D, 1\?\ 1
(3:9) hflfj.fp 2loglogn ((7 a 5) * <7 a 5) ) G o5

Proof. The proofs are postponed to Section 8 O

4. MAIN RESULTS

Our first result is the LDP for the couple (D,,/n, D) /n) which extends the LDP
for (D, /n) previously established by Bryc, Minda and Sethuraman [4].

Theorem 4.1. The couple (D,,/n, D) /n) satisfies an LDP with good rate function
I given by (1.7).

Our second result is the SLDP for the sequence (D,,, D!,) which nicely improves
the SLDP recently established for (D,) in Theorem 3.1 of [3]. For any positive
real number z and n € N*| denote {x,} = nx — [(n — 1)z]|. Let us remark that
{z,} € [x — 1,z] for any n € N*. Instead of dividing (D,, D.)) by n, it is more
natural to divide them by n — 1 for the following reason. Let A,, be the number of
ascents of 7, € §,. Then, it is clear that D, + A, = n — 1. Moreover, D,, and A,
share the same distribution. Consequently, D,,/(n — 1) is symmetric with respect to
1/2. The same applies for D! .

Theorem 4.2. For any x and y in |1/2, 1], we have

D, D! exp(—nl(z,y) + on(z,y))
41 IP( >, 20> ) _ ’ Y 4001
(1) n—17 o n—17" y 2oyt oty [ + ol )}
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where the value t, is the unique solution of L'(t,) = x, 02 = L"(t,) and

(4:2) ou(,0) = {wada + lunbty + Sty

In the same spirit, we have for any x and y in ]1/2,1],

Dn D/ —nl ) n\%»
n—1 n— 2TNo t, 0ty
Moreover, we also have for any x and y in |1/2,1],
Dn D/ —nl ) n\%»
(4.4) 1@( <l-—g,—2 > y> _ exp(—nl(z,y) + ¢u(z,y)) [1+0(1)],
n—1 n—1 2TNo 0ty
and
Dy, D; exp(=nl(z,y) + ¢n(z,y))
45 P( > ”<1—): ! Y11 4+ o1
(4:5) n—1 =" n—17 Y 2mnot, oty [ +of >]
where
1
(46) gbn(x) y) = {xn}tx + {yn}ty - §twty-

By using a direct modification in the proof of Theorem 3.1 in [3], we obtain that for
any z in |1/2,1],
/

(2 2e) =r( 2 =) = S o)

Moreover, we have by symmetry that

IP’( Dn 21:)2]?( Dn gl—:c).
n—1 n—1

Therefore, an immediately consequence of Theorem 4.2 is as follows.

Corollary 4.1. For all z,y €]|1/2,1], we have

D D’ D D’
p( 2z on 2 zy) =P( 2y 2 0)P( 2y 2 )
n—l_xn—l_y n—l_x n—l_y exp [
D, D! D, D! t,t
]P( <l—a —" §1—y>:[P’< < )IP( T <1—y ex Y
n—1 n—1 n—1 n—1 2
D, D! D, D’
IP’( <1—2x — Zy)zl[”( Sl—a:)IP’( - Zy exp
n—1 n—1 n—1 n—1
D, D’ D, D’
]P’( > x, —= §1—y>:IP’< 2:1:)]?( n gl—y exp
n—1 n—1 n—1 n—1

Remark 4.1. Corollary 4.1 highlights the very fine dependence between D,, and D),
at the sharp large deviation level.

Chatteerjee and Diaconis found challenging to study the asymptotic behavior of

T, =D, + D,
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They proved in Theorem 1.1 of [7] that
T, 1
(4.7) Jn <— _ 1> £, N(o, —).
n n—+o00 6
We immediately deduce from Theorem 4.1 together with the contraction principle
[8] that (7,,/n) satisfies an LDP as follows.

Corollary 4.2. The sequence (T, /n) satisfies an LDP with good rate function J
defined, for ally € R, by

(4.8) J(y) = inf{[(x) Y Iy —z), z € R}.

5. CONCLUSION

Our strategy of proof may be extended to some of other well-known statistics on
random permutations. More precisely, if we are interested in the major index [16],
a central limit theorem for the joint distribution of the major index and the major
index of the inverse has been obtained in [1, 23]. However, the LDP is available only
for the marginal distribution [17]. The LDP for the joint distribution, or even for
the quadruplet distribution adding the couple (D,,, D!) is still an open problem and
may be tackled using some old results concerning their Laplace transform [14, 21],
see also the link with inversions in [11]. These questions are left for future work.

6. PROOFS OF THE LARGE DEVIATION RESULTS

6.1. Some preliminary results. Denote by m,, the Laplace transform of the cou-
ple (D, D)) defined, for all t,s € R, by

my(t,s) = Elexp(tD, + sD,)].

One can notice that m,(t,s) is always finite for all ¢,s € R since D,, and D/, are
bounded by n. We shall make use of the unsigned Stirling numbers of the first
kind, which are defined algebraically as the coefficients of the rising factorial via the
identity given for all x € R and n € N,

(6.1) @)™ =a(@+1)-(z+n—1)=Y m””'“

k=0

Lemma 6.1. For all t,s € R*, we have

(S0 (452 (5 (5 e

where for a € {0,1},

se(t9) = 3 L (Y st ana ) (04 )

n!
k=0

2%l —(n+1)
rn(t)zz<l+ z;r ) :

and
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Let us remark that the notation SY is not useful for the moment but it will be used
in the proof of Theorem 4.2.

Proof. 1t follows from Section 7 in [5], see also Theorem 2 in [20] or more recently
Section 3 in [7], that for all p,q € (—1,1),

(6.3) E[pPrq"n] = =p™ (=g > (M e 1)1[)’“(12.

|
pgn! o0 n

Let us start by assuming that ¢ < 0 and s < 0. By using (6.3) with p = ¢’ < 1 and
q = e® < 1, we obtain that

(L)1 — e g (kf - 1)
k>0

etesn! n

my(t,s) =

(Gt _ 1)n+1(es _ 1)n+1 . s
- eles(nl)? > (kO)Wetet
) k£>0

where the rising factorial (k)™ was previously defined in (6.1). Hence, we obtain
from (6.1) that for all n > 1,

(e" = 1) (e — 1) — [n J otk j st
mn(t,s) = I Z L} Zk e Zl [

j=1 k>0 >0

It follows from the series representation of the polylogarithm function given e.g. by
formula (13.1) in [15, 24] that for all n > 1,

(et = D) es — 1) En 0] ()2 1 !
malt, 8) = ZL—] ()71 2 W)j“z<1+2%“>j“

j=1 keZ (1 +5 LeZ

(=) e — ) [ n ] ((n — j)!

etes(st)ntl n—j n!

2
) (st)! R,_j(t,s)
j=0
where

Rnfj(t, S) = (1 -+ T,n*j (t)) (1 + Tn,j (S)),
which is exactly what we wanted to prove. From now on, we can remark that m,,
is clearly an holomorphic function with respect to t, resp. s, on C. Moreover, the

right hand-side of (6.2) is also an analytical function with respect to ¢, resp. s, at
least on C \ 2inZ, which means that (6.2) holds true on (R*)%. O

Remark 6.1. One can observe that for all t € R*,

mn(t,0) = my (0,1) = (et - 1)n (1 _te_t> 3 (1 + ZZTM) R

Lel

This formula can be used to simplify several computations done in [3].

We have seen in the proof of Lemma 6.1 that for all n > 1, r, is an analytical
function on C\ (2i7Z). Then, S, is defined on C*\ (2iwZ)?, which implies that m,,
is defined on C2.
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The next lemma recalls some useful known properties of unsigned Stirling numbers.

Lemma 6.2. We have for all k < n,

L () <

’ n (n—k)N> 1
oo |n — k n! ~ okl

Proof. For the first property, we use Definition 26.8.3 in [18] of the unsigned Stirling
numbers of first kind. The inequality follows by bounding the factors inside the sum
by the maximum element (n — 1)!/(n — k — 1)! and by noticing that there are (", ')
elements in the sum. The second property follows from formula 26.8.43 in [18] and
the Stirling approximation. 0

Moreover,

The last lemma gives an upper-bound for the functions r,,.

Lemma 6.3. For alln > 1 and for all t € R", there exists a constants C; such that
for any v € [—m, 7],

t+ w et
L+ )| < C y < Cy.
rn(t + )] < 1t7f—|—z(27r—|v|) =
Proof. We have for any v € [—7, 7],
1
ot ir = ) M £2 4 (21 — |o))? |
|rn(t 4 iv)| T < 5 5
v St + (v+ 270)

Hereafter, assuming that v € [—m, 0], we have

il
Z t +(27T—|’U| 1—|—Z t2+(27'('—|’0|)2 2 —|—Z t2 (27T—|’U|)
= t2 4 (v 4 27l)? = 2+(v+27r€)2 o + (v + 27l)?
+
t* + m? £ +m? |2
<14 |arame Ty
= 12 + 472 (0 — 1)2 e<1t+4”€
2 + 7 &
=1+2) 2raee ST
N~

since we have assumed that n + 1 > 2. By symmetry the previous upper-bound
stays true for v € [0, 7|, which gives us the announced result. O

6.2. Proof of Theorem 4.1. For all ¢, s € R, denote by L, the normalized cumu-
lant generating function

1
L,(t,s) = —logm,(t,s).
n
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It follows from Lemma 6.1 that for all ¢,s € R,

(6.4) lim L,(t,s) = L(t,s) = log ((exp(t) - 1) (exp(i) - 1)) = L(t) + L(s)

n—o0 t

L(t) = log (%) .

t
The function L is finite and differentiable on all the real line. Then, we deduce

from the Gértner-Ellis theorem, see e.g. Theorem 2.3.6 in [8], that the couple
(D, /n, D! /n) satisfies an LDP Wlth good rate function I given by (1.7). O

where

6.3. Proof of Theorem 4.2. Our goal is to establish, for all x and y in |1/2,1], a
sharp asymptotic expansion of the probability

(6.5) P(nlznl > 1, nlz’lll zy) - Z Z P(D, = k, D', = k).

k=[(n—1)z] K'=[(n—1)y]

For all t,v,s,w € R, we have

n—1 n—1
my,(t + v, s + iw) Z Z eltFWkHsHOR DD — | D= |,
k=0 k'=0
Therefore, for all 0 < k, k' <n — 1 and in fact for all k, k" € Z, we obtain that
| o
P(D, =k,D! = k) = e th=sF —/ M (t + v, s + iw)e” "~ Y dydw.
(27‘1’)2 [—m,m]2

As D, and D!, are smaller than n, we clearly have |m,,(t + iv, s + iw)| < eltnFlsin,
Hence, it follows from (6.5) together with Fubini’s theorem that for all ¢, s > 0,

/

(6.6) IP( Dn .,

1
S ’n——nl > y) = e [ ma, (t+iv, s+iw) 3, (t+iv, s+iw)dvdw

—m,7)2

where

St + v, s +iw) = Z Z g k(tHi) =k (stiw)

k=[(n—1)a] k'=[(n—1)y]

o [(n=Dz](t+i) | , o [(n—1)y](s+iw)
( 1 — e~ (t+iv) > ( 1 — e~ (stiw) )
In the following, we choose ¢t = ¢, and s = t,. One can observe that ¢, and ¢, are

both positive since z,y > 1/2. Consequently, we deduce from Lemma 6.1 and (6.6),
together with the fact that I(x) = zt, — L(t,) and {x,} = nx — [(n — 1)z], that

D, D —nl(x)—tz{xn} —nl(y)—ty{yn}
67 P( gz ze)=(f ) (- )1

n—1 "n—17" 21 2T

where

I, = / e*mpz(v)*mpy(w)fi (v, w)dvdw,
[=m,7]?
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with
0z (v) = =(L(ty +iv) — L(t,) — ixv)

and, for a € {0,1},

ei{azn}v > ( ei{yn}w

: — | S2(t, + v, t, + 1w).
t, +iv ty—l—zw) nl y i)

(6.8) faw.w) = (

By using Lemmas 6.2 and 6.3, we easily obtain that

elaty

taty

(6.9) | fi(v,w)| < (1+aCy,)(1 + aCy,).

Hereafter, we split the integral I,, into two parts, I,, = J,, + K,, where
J, = / 6—n<pz(v)—n<py(w)fi (v, w)dvdw,
[=m/2,m/2]2
K, = / e~mee ()=o) £1 0, ) dudu.
[=m 2\ [-7/2,m/2]2

It follows from the last part of Lemma 5.1 in [3] that for all v € R such that |[v| < 7,

2
(6.10) R, (0)) = RAL(E, +0) - L{t) < A0
where
t202
Tz = t—i T 2
Then, by symmetry, we obtain from (6.9) and (6.10) that
ptaty
Kl < Shasayn+a, | e 8000
taty U eml\ a2 20
4etaty
6.1) < ——(1+C)(1+C,) (K + K2+ K3)
aly

where, via standard Gaussian calculations, K}, K2 and K? are such that

i nAv? i nA,w? 4 nm?
e a2 o i k(00
n /ﬂﬂexp 5 v W/Qexp 9 w < n27r2)\x)\y exp 3 ( + y) ,

2

71'/2 2 s 2
Kz = / exp(—nAwU )dv/ exp(—n)\yw )dw < Lexp(—ﬂ)\y)
0 2 ﬂ./2 2 n)\y \/ nﬂ-)\$ 8

™ )\x 2 w/2 A 2
ng/ exp(—n Y )dv/ exp(—n v
w/2 2 0 2

2

\/_
>dw < Wim_)\y exp(—%)\x).
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Consequently, we clearly deduce from (6.11) that K, goes exponentially fast to zero.
It only remains to study the integral J,, through the following three quantities,

;- / e )R ) (£ 1) — f0(v, w))dvdw
[—7/2,m/2]
+/ efmpz( V) —npy (w (fo(’u w) f,g(oa O>>dvdw
[—7/2,m/2]2

[=m/2,m/2]?
On the one hand, we have from (6.3) that

1 < n (n—k)N>
£2(0,0) = T Za”:’“ where An g = {n—k] (T) (tuty)F.

Y k=0
We obtain from Lemma 6.2 that
tktk k1k
z'y
nl_l)gloo Q) = SN and 0<anr < o

Therefore, we can apply the dominated convergence theorem to get that

toty
e 2

lim £2(0,0) =

n——+oo oty

On the other hand, recalling (6.10) and using a slight extension of the usual Laplace
method given by Lemma 5.2 in [3], we obtain that

2
/ e ) =m0y (W) gy — =1 (1+0(1)),
Cn/ans No.0y

which ensures that

taty

2 e 2

(6.12) J =

n

no,oy tity, (1 +0(1))

Furthermore, one can observe that SY(t,+iv, t,+iw) is a bounded Lipschitz function
n [—7/2,m/2]?, uniformly in n. Indeed, by using Lemma 6.2, we have

-1
1 T U
n(tx+iv,ty+zw‘ th + Jo])* (¢ —l—\w\)kSexp((tx+§)(ty+§>),
k=0

and

n

Ck(t, + o)) T (ty + w))"
- k! ’

v 3)en((e+ ) 3)

Since S2(t, +1iv, t, +iw) = S2(t, +iw, t, +iv), it implies that there exists a positive
constant C' which does not depend on n, such that

[ fa (v, w) = £(0,0)] < C(Jv] + |wl).

IN

)052(152 + v, t, + iw) ‘
ov

>
Il

INA
—
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Applying this bound, inequality (6.10) and the usual Laplace method, we obtain

(6.13) 2 <C / &R0 +03@) (|| 1 o) dvdun.
[—7/2,7/2]2

Hence, as for K,, J? goes exponentially fast to zero. Hereafter, we just have to
study the last term J! in order to conclude. By using Lemma 6.3, we have, for all
v € [—7/2,7/2] and for all n > 1,
2+ (7/2)> \ 2
- n+1 _ T
’Tn(tx + ZU)’ S Ctz (qx) where qz = (m
One can observe that 0 < ¢, < 1, which means that r, (¢, + iv) goes exponentially
fast to zero. Then, by using once again Lemma 6.2, we obtain from (6.3) that for
all (v,w) € [-m/2,7/2]?,
n—1

t t
{frla(vaw) fOUw St Z + [0ty + )" ‘Rnkt +,t, + tw)
xyko

LT 55 S )

Yy

Ct, G, (qogy)" ™ 1 m @
: tt5)(t+3)):
+ oty exp(qqu ( + 2 vt 2

Consequently, we deduce from inequality (6.10) that J! goes exponentially fast to
zero. Finally, the only contribution for the integral I, is given by (6.12) and (6.7)
clearly leads to (4.1). From now on, we shall carry out the proof of (4.3). Equation
(6.6) becomes, for all t,s < 0,

/

D, D ) ) . .
]P’(n — <1l-—z, - _n1 < 1—y> = W [_W%Z(H—w,s+zw)2n(t+zv,s+zw)dvdw
where
[(n=1)(1~z)] [(n—1)(1~y)] ' ‘
Zn(t + v, § + Zw) _ Z Z e—k(t—i-w)—k (s+iw)
k=—00 k'=—oc0
e (ln=D)(1=2) [+1)(t+iv) /o= (L(n—1)(1—y)|+1)(s+iw)
- ( e—(t+iv) _ 1 ) ( e—(st+iw) _ 1 )

In the following, we choose t = t;_, and s = ¢;_,. In contrast with the previous

case, we have t1_, = —t, <0, t;_, = —t, <0and I[(1 —z) =I(x), [(1—y) = I(y).

Moreover, a simple computation shows that for any z € R,
n(l—z)—|[(n—=1)(1-2)] —1=—(nz—[(n—1)z]).

Then, via the same arguments as in the proof of (6.7), we find that

D D eI (1—a)—ti_a{zn}\ ,o—nl(1=y)—t1—y{yn}
IP’( LIPS R <1—)=( )( )In,
n—17— v n—17— y 2 21

(enf(w)ﬂz{:vn} > (enl(y)thy{yn} > /
- o 2T "
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where

n

I, = / e_”‘p“”(v)_”‘pl*y(w)fl(v, w)dvdw,
[771'777]2

with
01-2(v) = —(L(—t, +iv) — L(—t,) —i(1l — z)v)
and, for a € {0, 1},

e—i{mn}v ) <e—i{yn}w

faw,w) = ( )Sa(—ta + v, ~t, + iw).

ty — 1w/ \t, — 1w

Therefore, we just have to make use of the same calculations as previously done to

show (4.3). Finally, we establish (4.4) and (4.5) using the same lines, which com-
pletes the proof of Theorem 4.2. O

7. PROOF OF THE CONSTRUCTION OF THE PROBABILITY SPACE

Recall the construction made in Section 2. We call fiber and we denote by F,, ()
the set of cells {C,(k,0)/k € {1,2,....,n+1}} for £ € {1,2,...,n+ 1}.

0 15 2/5 3/5 4/5

FIGURE 2. Graphical representation of m; = (2314) to the left. We
colored in light blue the cell C4(1,4) and in light red the cells belonging
to the fiber Fy(4).

The following lemma states that the number of cells in each fiber with AD,,,; = +1
depends only on the number of descent of 7, and has a closed formula.

Lemma 7.1. For each ¢ € {1,2,...,n+ 1}, the fiber F,({) in the graphical repre-
sentation has n— D,, cells with increment +1 and D,, + 1 with increment 0. In other
words, Card{k/ADnH(k,ﬁ) = 1} =n—D,, Card{k/ADnH(k,E) = O} =D, +1.

Proof. For each point p = (k/(n+1),¢/(n+1)) in GR(m,), we color in red the cells
that are adjacent to the left of the line k/(n + 1) x [0, 1] and that are bigger than p
and we color in blue the cells adjacent to the right of the line k/(n + 1) x [0, 1] and
that are smaller than the point p.

Let R, (k,¢) = 1if the cell C,,(k, ¢) is colored red and 0 otherwise, and let B, (k,¢) = 1

if the cell C,(k, ) is colored blue and 0 otherwise. With our representation, note
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Ficure 3. Coloring of the graphical representation associated to
s = (2314).

that every point induce exactly one cell colored in each fiber, that is for all (k,¢) in
{1,...,n+ 1}

(7.1) Ru(k,0) + Bo(k+1,0) = 1.

This property can be easily checked in Figure 4 A). Let ¢ € {1,2,...,n+ 1} be the
fiber under study. A deeper analysis shows that there are four cases for each cell.

L) The cell belongs to the left boundary, i.e. C,(1,¢) . In this case, it cannot be
colored blue and it has an increment +1 if the cell is colored red, otherwise
the increment is 0, see Figure 4 B). The function R, (1,/) is equal to the
indicator function of the cell having increment +1.

R) The cell belongs to the right boundary, i.e. C,(n + 1,¢). In ths case, it
cannot be colored red and it has an increment +1 if the cell is colored blue,
otherwise the increment is 0, see Figure 4 B). The function B,(n + 1,¢) is
equal to the indicator function of the cell having increment +1.

I) The cell belongs to the inner columns, i.e. C,(k,¢) for k € {2,3,...,n}. In
this case, it depends on whether or not there is a descent at k — 1 for m,,.

10) If m,(k — 1) < m,(k), then the cell adds an increment +1 if it is colored only
red or only blue, and in this case it cannot be simultaneously colored blue
and red, see Figure 4 B). The indicator function of the cell having increment
+1 can be written as R, (k, ) + B, (k,?).

1) If m,(k — 1) > m,(k), then the cell adds an increment +1 if it is colored red
and blue, otherwise the increment is 0. Notice that when D, (k —1) =1, all
the cells in {C,(k,0) /¢ € {1,2,...,n+ 1}} are colored by at least one color,
see Figure 4 B). It can easily be checked that the indicator function of the
cell having increment +1 can be written as R, (k, () + B, (k,¢) — 1.

For each ¢ € {1,2,...,n+ 1} and for the fiber F, (¢), we obtain that the sum of cells
with increment +1 is given by X} + X2 + 2 where X)), = R,(1,0) + B,(n + 1,¢),

n2 = > (Ra(k,0) + Bu(k,0)),
ke{2,..., n}
Tn(k—1)<mn (k)
o= Y (Ralk0) + Balk,0) - 1).

ke{2,...,n}
7 (k—1)>my (k)
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1
1
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1

1
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it it Rttt Dty il

I

I

I

1

1

1
—mmAa- - ®---a---a---1

1

1

1
Sy _ _ ____J

(A) (B)

FIGURE 4. Figure A): In each fiber, there is exactly one red or blue
cell induced by each point of the permutation, as stated by (7.1).
Figure B): From left to right, we show the cases in R), L), 10) and 11),
respectively.

Finally, we deduce from (1.1) and (7.1) that

Sh A+ X245 = (Ra(k,0) + Bu(k +1,0) = D, =n — D,

k=1

Moreover, as the cells can have either increments +1 or 0, we find that the sum of
cells with increment 0 is given by n+1—-n+ D, = D,, + 1. O

Corollary 7.1. For every permutation w, € S,, out of the (n + 1)* cells in our
graphical representation, there are exactly (n+ 1)(n — D,,) cells with increment +1.

We are now in the position to prove Theorem 2.1.

Proof of Theorem 2.1. We claim that it is enough to show that

As a matter of fact, for a permutation 7, € S,,, denote 7,, = n—m,. The permutation
T is a bijective involution, which exchanges the descents (resp. ascents) of m, into
ascents (resp. descents) of 7,, and it does the same for 7! and 7, !. Since in total
the ascents and descents sum up to n — 1, we have that the descents for 7, are equal
to D, + 1 and the descents for 7! are equal to D!, + 1. Therefore, we have

Npy1(0,0,7m,) = Nyya (1,1, 7,) = (D, + 1)(D), + 1) + n.
Moreover, for N,.1(1,0,m,), it follows from to Corollary 7.1 that
Npt1(1,0,7,) + Npya (1,1, m,) = (n+ 1)(n — Dy),
which clearly leads via (7.2) to
Nny1(1,0,m,) = (n+1)(n—D,)— (n—D,)(n—D,)—n,
(n— D,) (D), +1) —n.
Consequently, as

Nn+1(17 17 ﬂ-n) + Nn+1(17 07 7TTL) + Nn+1(07 L Wn) + Nn+1(0, Oaﬂ-n) = (’I’L + 1)27
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we find that

Npt1(0,1,7,) = (D + 1) (n — D’;l) —n.
Hereafter, we focus our attention on the proof of (7.2) by induction on the size of
the permutation.

The base case n = 1 is easy to check since there is only one possible permutation,
the identity for 1 element, which is equal to its inverse. Consequently, we have
Ng(l, 1,7T1) =2= (1 — D1>(1 - Dll) +1 where D1 = Di =0.

For the induction step, suppose that (7.2) holds true for n > 1 and let 7,1 be
a permutation of size S, ;. We define 7, as the permutation induced by m,11
when one takes out m,41(n + 1), see Figure 5 below. More precisely, we see m,, as
the permutation (m,41(k)/k € {1,...,n}) with respect to the relative order of the
images present in this vector from left to right.

FIGURE 5. Permutation 75 = (213) (to the right) induced from 7, =
(2143) (to the left) when taking out m4(4) = 3. We keep track of the
increment behavior of the red cell during the induction.

We denote by C* the cell in 7, where the point u belongs to create the whole
permutation 7,,1. It is important to note that if the cell C* = C,(n + 1,¢) where
¢ e€{l,...,n+ 1}, then the increment behavior of this cell fixes the relative order
of m,(n) and the values of the inverse for ¢ and ¢ — 1, that is 7, *(¢) and 7, ' (¢ — 1),
this are the three points we plot in each case of what follows. It is also important to
observe that the increment behavior of the gray cells in Figure 5 remain invariant
by this transformation. There are four possible cases depending on u € C*.

1) AD,4y =1 and AD),_, = 1. In this case, the relative order of m,(n), m,*(¢)
and 7, 1(¢ — 1) is given in Figure 6.
In this case, as D41 = D, +1 and D, , = D) + 1, we have from (7.2) that

Nn+2(17 177Tn+1) = Nn+1(17 1>7TTL) -1+ 27
=(n—-D,)(n—D,)+n+1
=n+1—Dyn)(n+1-D; ) +n+1,

where the first equality follows since the only cell which is simultaneously
red and blue becomes two cells that are simultaneously red and blue.
2) AD,y1 =1 and AD],, = 0. In this case, the relative order of m,(n), 7, (¢)

and 7, 1(¢ — 1) is given in Figure 7.
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FIGURE 6. Relative order of 7,(n), 7, *(¢) and 7, ' (¢ — 1) in case 1).
The blue cells are cells with AD,,;; = 1 and the red cells are cells
with AD] , = 1.

FIGURE 7. Relative order of 7,(n), 7, *(¢) and 7, ' (¢ — 1) in case 2).
The blue cells are cells with AD,,,; = 1 and the red cells are cells

What remains is to count the number of cells in the delimited green box in
the right of Figure 7 that are also colored in blue. We do this bijectively
from the left. The quantity of cells in the delimited green box to the right
having AD,, ;o = 1 are in bijection with the ones having AD,, .1 = 1 in the
green box to the left. One has from Lemma 7.1 applied to 7, that there
are n — D, — 1 cells in the delimited green part, the —1 coming from the
cell C*, which is colored blue, meaning that AD, ;; = 1. Consequently, as
D, =D,1+1and D), = D;H, we have from (7.2) that

Npio(1, 1, m041) = Npn (1, 1, m,) +n— D,y — 142
=(mn—D,)(n—D,)+n+1+(n—D,)

=m—Dy)(n+1-D))+n+1
=Mm+1=Dyi)(n+1-Dpy) +n+1

3) ADpy1 =0 and AD;, = 1. It follows from a similar argument as in case

2) using Lemma 7.1 applied to "
4) ADpy1 =0and AD;,, =0. It follows by joining the argument in cases 2)

and 3) using once again Lemma 7.1 applied to 7, and 7, ! simultaneously.

4
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8. PROOF OF THE MARTINGALE RESULTS

Finally, we shall proceed with the proof of the martingale results concerning the
couple(D,,, D!)) such as the functional central limit theorem, the quadratic strong
law and the law of iterated logarithm.

Proof of Proposition 3.1. We already saw from (3.5) that the predictable quadratic
variation (M), of the locally square integrable martingale (M,,) is given by

<~ ((k = Dy)(Dy +1 i
<M>n:Z(( )k( ) (k—D}c)(D;nLl))'

k=1

It follows from the almost sure convergences

D, 1 D! 1
(8.1) lim — = - and lim — = =
n—oo N 2 n—oo M 2
together with the classical Toeplitz lemma that
1 1 /10
(8.2) nh_)IIolO $<M>n =15 (O 1> a.s.
Consequently, we immediately obtain from (8.2) that for all ¢ > 0,
.1 t* (10
(8.3) nhig ﬁ<M> e = 15 (O 1) a.s.

It is not hard to see that (M,,) satisfies Lindeberg’s condition since for all n > 1, the
increments |[AM,|| < 2n. Therefore, we deduce from the functional central limit
theorem for martingales given e.g. in Theorem 2.5 of [10] that

1
_— > >
(8.4) (mMLntJ,t > O) — (Bt,t > 0)
where (Bt, t> O) is a continuous two-dimensional centered Gaussian process starting
from the origin with covariance matrix given, for all 0 < s < 't, by

310
E[BSB;—F]ZE(O 1).

Finally, (3.4) and (8.4) lead to (3.6) where W; = B;/t?, which completes the proof
of Proposition 3.1. 0

Proof of Proposition 3.2. We shall make use of the quadratic strong law for scalar
martingales given e.g. by Theorem 3 in [2]. For any vector u of R?, denote M, (u) =
(u, M,). It follows from (3.4) that

(8.5) M,(u) =n <(u, yy - > Y, v>) .

We obtain from (3.1) and (8.5) that M, (u) can be rewritten in the additive form

(8.6) M, (u) = keg(u)
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where ,41(u) = (u, &, 41 — m,) and 7, is the vector of R? given by m, = (p,, 1))’
One can observe that (M, (u)) is a locally square integrable scalar martingale. Since
for any vector u of R2,

E[(M,41(u) — My(u)?|F] = wTE[(Myyy — M) (Mysy — M,)T|F]u,
= u' ((M)ny1 — (M)n)u,
we deduce from (3.5) and (8.6) that

1 7 ((n—D,)(D,+1) n
E[eh 1 (w)|Fa] = CESEe ( n (n—D.)(D, +1)) "
Consequently, we obtain from (8.1) that
1
(8.7) hm E[ ex 1 (u)|F] = ZHUW a.s.

Moreover, we already saw that for all n > 1, the increments ||AM,|| < 2n which
implies that |e,(u)| < 2||u||, leading to

supIE[ Ensr (W) Fy] < o0 a.s.

Therefore, it follows from the quadratic strong law for scalar martingales that

MEw)\ 1,
(88) Jm log Sn gf ( ) B ZHUH s

where

fn= n and Sy = Zk‘Q.
k=1

We clearly have that nf, converges to 3 which immediately implies that f, goes to
zero. Consequently, the quadratic strong law (8.8) reduces to

1 MZ(u ) _
(8.9) lim > = \| I& a.s.
k=1

n—oo logn

Therefore, we deduce from (8.5) and (8.9) that for any vector u of R?
T

Dy _ 1 Dy 1 1
10 g (570 (A1) e e
2 2

k

By virtue of the second part of Proposition 4.2.8 in [9], we obtain from (8.10) that
T

Lt By B 1

s mpeS (8 (A7) cuhy) e
Furthermore, we obviously obtain (3.8) by taking the trace on both sides of (8.11).
It only remains to prove the law of iterated logarithm (3.9). We clearly have

o
fob < 00.
n=1
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Hence, it follows from the law of iterated logarithm for martingales due to Stout
[22], see also Corollary 6.4.25 in [9], that for any vector u of R?,

(8.12) =

li —1 1/2]\4 lim inf —1 1/2]\4
1?%S£p<2n3loglogn> n(w) = - P (2n310g10gn> n(1)

a.s.

Ll
—|U
V12

Therefore, we obtain from (8.12) that for any vector u of R?,

1 1
lim sup ————(u, M,))* = —||ul|? a.s.
nooo 203 loglogn 12
which leads to
1
813 I M= s.
( ) lflsolip 2n3 log logn” ] 6 s

Finally, we deduce (3.9) from (8.13), which achieves the proof of Propostion 3.2. [

1]
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