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Abstract
We establish limiting absorption principles for contractions on a Hilbert
space. Our sufficient conditions are based on positive commutator estimates.
We discuss the dynamical implications of this principle to the correspon-
ding discrete-time semigroup and provide several applications. Notably to
Toeplitz operators and contractive quantum walks.

1 Introduction

The limiting absorption principle states that there exists a topology in which
the resolvent can be continuously extended to parts of the essential spectrum.
It was originally developed for resolvents of selfadjoint Schrédinger operators [1]
and is widely used to establish propagation properties of the associated strongly
continuous group and perturbations thereof, see [23].

In particular it provides information on the absolutely continuous subspace and
plays an important role in the proof of asymptotic completeness of the quantum
mechanical N— body problem and in the study of the dynamics of embedded
eigenvalues.

In the present contribution we are interested in the dynamics of non-isolated
systems modeled by a discrete semigroup (V") . for a contraction V.

We consider H a separable Hilbert space, its bounded operators B(H) and a
contraction
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1 € B(H) denotes the identity operator. By a limiting absorption principle for
V' with respect to a weight W € B(H) we mean that :

{2€C;lz| <1} =Dz W( - V) 'W*

extends to a norm continuous function on a suitable subset D C D.

In particular
sup [W(1 — 2V*)7'W*|| < oo.

zeD

For ¢ € Ran W* this implies square summable decay of the correlations (¢, V")),
more precisely v is an element of

Hae(V) = {¢ €M :3Cy >0, sup Z (o, Vrap)|* < C¢},
llell=1 =0

see Proposition 3.1. H..(V) is called the absolutely continuous subspace ; for
unitary V', it is the space of vectors of absolutely continuous spectral measure.

While there exists a large body of literature concerning limiting absorption
principles, let us just briefly mention some work which concerns the non selfadjoint
case :

The absolutely continuous subspace for the generator of a continuous con-
traction semigroup was introduced by Davies [9], see also [14], and used in his
non-unitary scattering theory, [10] see [11] for a recent development.

Limiting absorption principles in a non-selfadjoint settings has been developed
by Royer [20,21], see also [8] for interesting information.

Limiting absorption principles for unitary operators and the related prop-
agation properties for the corresponding discrete group have been established
in [2], [22], [3], see also Kato [15].

The theory of characteristic functions can be used to obtain complementary
spectral information in the case of trace class perturbations of unitary operators,
see [16].

1.1 Main results

We now state our conditions on the contraction V' and our results. For the proofs
we use the positive commutator method pioneered by Mourre [17], see also [6],
which makes use of an escape observable i.e.: an unbounded selfadjoint operator
which we consistently call A in the sequel.



Definition 1.1. Let A be a selfadjoint operator. For a bounded operator B denote
Ad,-iai(B) := e Bt (t € R). We say:

1. B € CF(A) for k € N if Ad,-ia(B) is strongly C*;
2. B e CH(A) if

1
/ |Ad,-iai(B) + Adiae(B) — 2B ﬁ% <o .
0 T

3. For B € CY(A), define the commutator [A, B] := ada(B) := i0;Ad,—iat(B)|s—o.

Remarks 1.2. 1. One has C*(A) C CYY(A) € CYA) and CY(A) is a *-
algebra, see [6].

2. If U € CY(A) is unitary then U*AU — A extends from the domain of A to
B(H) and U*AU — A = U*ada(U), see [3].

3. For U unitary U € CH'(A) is the minimal regularity assumption needed for
proving the limiting absorption principle to hold using Mourre methods [3, 6].

Our first result is a global limiting absorption principle under the rather strong
assumption of existence of a positive commutator. We use the notation (A) :=
( A2 4 1)1 /2.

Theorem 1.3. Let V € B(H), |V|| = 1. Assume: V € CY(A) and there exists
an ag > 0 such that R (V*adaV') > aol.

Then for s > % the map D > z — (A)~*(1 —2V*)"1(A)~* extends continuously
in the uniform topology to D; in particular

sup |[(A)*(1 — 2V*)"HA)"¥|| < oo and

z€eD
Ran(A)=% C Hae(V) N Heoe(VT).

Remark 1.4. Remark that a contraction can always be decomposed in a direct sum
of its unitary and completely non-unitary parts [19]. Theorem 1.3 and Theorem
1.9 below are known to hold for a unitary V,, whereas for a completely non-unitary
Venu it is known that Hee(Veny) N Hae(ViE,) = H, see Proposition 3.2 below. This

decomposition and information on the unitary part may be difficult to obtain in
applications, we will not make use of it in the present contribution.



For our second main result it is sufficient to assume positivity of the commu-
tator locally in the spectrum of a unitary reference operator which we always call

U.

We denote T := R/277Z and use its identification with the unit circle 0D =
exp(iT) . Denote the spectral family of U by E(©), where © belongs to the Borel
sets of T. Thus for bounded Borel functions ® on 0D, we have

d(U) = /T ®(e)dE(0).

Definition 1.5. Let U € C*(A). We say that:
U satisfies a Mourre estimate w.r.t. A on the Borel set © if there exist a > 0
and a compact operator K such that

E©)(UAU* — A)E(B) > aE(O) + K, (1)
The Mourre estimate is called strict if K = 0.

For an operator B denote |B| := v B*B. We assume
Hypotheses (H). For a selfadjoint operator A,

(H1): there exists a unitary operator U, U € C*(A) such that a Mourre estimate
(1) holds on an open subset © C T;

(H2): V = PUQ for P,Q such that 0 < P<1,0<@Q <1;
(H3): V € CH1(A);

(H4): Let a be the Mourre constant defined in (1). For W = UV* and for W =
U*V, it holds: there exists a compact selfadjoint operator Ky, such that

[iads(S(W)) — Kw| < a (2)
and there exists a > 0, such that
2R(1—W) — (14 )|l = W|* > 0. (3)
Remarks 1.6. Hypothesis (H4) is technical and used in Section 4.5.2.

1. (H4) is not a restriction if in (H2) P =1 or Q =1 c.f. Remark 2.2 below.

2. (H4) is not a restriction if in (H2) P = Q and P is an orthogonal projection
such that [U, P] is compact, c.f. Remark 2.5 below.
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Concerning eigenvalues on the unit circle, we will prove
Proposition 1.7. Assume (H1),(H2). Then
1. For p € 9D, ) € H\{0}: Vb = wp = Urp = .
2. If a strict Mourre estimate (1) holds with K = 0 in ©, then V has no

eigenvalues in e'©.

We now state our second main result, a local limiting absorption principle in
the subset © of the spectrum of U where the Mourre estimate (1) holds:
We denote by £(B) the set of eigenvalues of an operator B.

Theorem 1.8. Assume (H1 —4). Then for any s > 1/2 the map
2z (A)75(1 — 2V*)"HA)~* extends continuously from D to DU e®© \ E(U) in
the operator norm topology; in particular

sup  [[{(A)7*(1 = 2V")THA) 7| < o0

2€[0,1)-€*©0
for any closed set ©g such that ¢’®0 C ¢© \ E(U)
Our third version of the limiting absorption principle is :

Theorem 1.9. Assume (H1 —4). Then for any s > 1/2 and any closed set O
such that €' C ¢\ E(U), any ® € C(ID;R) supported on ¢

sup [[{A)*®(U) (1 — 2V*) ' ®(U)(A)*|| < oo and

zeD

Ran (U)(A)* C Hao(V) N Hae(V7).

We will illustrate our abstract results in Section 2 through various examples.
In particular, we discuss the role played by the hypotheses. The following sections
are dedicated to the proofs. In Section 3, we prove Proposition 1.7 and relate the
limiting absorption principle to the control of the absolutely continuous subspace
as stated in Theorems 1.3 and 1.9. The proof of the limiting absorption princi-
ples is developed in Section 4. We start with some auxiliary results on Mourre
inequalities in Section 4.1. The proof of our limiting absorption principle under
the C1(A) regularity condition, which is optimal on the scale of C*?(A) spaces
as developed in [6], requires the technical developments of Section 4.2. In Sec-
tion 4.3 we then proceed with some a priori estimates on a weighted version of
a suitably deformed resolvent. In Section 4.4, we establish some differential in-
equalities on this weighted deformed resolvent, which, once combined with the a
priori estimates, allows to conclude the proofs of Theorems 1.3 and 1.8. Some com-
plementary aspects related to the proof of Theorem 1.9 are developed in Section
5.



2 Applications and discussion of the hypotheses

We will use freely:
Remark 2.1. B € C'(A) if and only if the sesquilinear form

D(A) x D(A) 2 (¢,¢) = (Ap, B) — (¢, BAY)

extends continuously to H x H. In this case, the bounded operator associated to
its extension is ads(B).

2.1 Fundamental example

We illustrate Theorem 1.9 with the rather basic but instructive example of a

specific rank 1 perturbation of the shift operator.
With the normalized Lebesgue measure df, let H := L*(OD,dl), Uy(z) =

2(2), QU(2) == ¥(2) — [5ppdl, V := UQ. Remark that

w2 n#£0
VZ_{O n=0

so ker(V) = span{z’} and on ker V! the contraction decouples to the forward
shift and a unitary equivalent to the backward shift. In particular

spectrum(V) =D  and £(V) = D.

While one can see explicitly from the definition of V' that Hq.(V) N Ha(V*) = H,
our hypothesis are satisfied and we can apply our theorem. Indeed, for

A:= 20, on D(A) := {Z an2"; Z(l +n?)|a,|* < oo}

nez nez
it holds
efiAtUeiAt — efitU’ efiAthiAt — Q,

in particular U and @ are in C*(A) and (U*AU — A) = 1 so a strict Mourre
estimate (1) holds with constant a = 1 on any measurable subset ©.

Concerning hypothesis (H4), remark that V*U = @, UV* = UQU*, thus for
W e {V*U,UV*}: (W) = 0so (2) always holds with Ky = 0. Also in both cases
0 <R(W) <1, thus 0 < 1—R(W) < 1, which implies 1 — R(W) > [1 — R(W)?
and (3) holds with a = 1.

So (H1—4) are satisfied and we can apply Theorem 1.9 for & = id and conclude
that for s > 1, H, := {3,z anz™ > ez (1 + 12 |a,|* < oo}

He =H = Hae(V) N Hae(VH).
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Remark 2.2. It follows from this argument that in general if P =1, 1.e. V =UQ,
then Hypothesis (H2) implies (H4). The same is true if V' is of the form V = PU.

Remark 2.3. The unilateral forward shift Vi(z) := zi(z) on the Hardy space

H = {Zanz”;z lan|? < oo}
neN neN

1s an example for Theorem 1.3.
Indeed, with A := 20, on D(A) := {3, cx @nz"; D ez (14 n?)|a,|* < oo}, it holds
Ve C®(A) and V*ada(V) =1, so 1.3 applies.

2.2 Contractive convolution operators, quantum walks

In H = ¢? (Zd;(Cd') consider V = UP for U = CyC, , P = PyP, Py where C,, P,
are convolution operators and P, Cy matrix valued multiplication operators with
C; unitary and 0 < P; < 1.

More specifically, denote U(d") C My 4 the unitary group and Py (d') = {Q €
Mgy 250 < Q < 1}. For the symbols f € L>(T% U(d')), g € (*(Z*, U(d')), and
p € L®(T, Poy(d)), g € (=(Z%, Py (d')) consider

Crv(a) =Y flz—y(y), Cotlx) = g(x)v(z)

YEL

Pip(z) =) ple —y)v(y), Pob(x) = gla)(x).
Suppose that '

f is analytic and / sup ||g(z) — 1||dr < oc.
1

r<|z|<2r

p € C3(T%, Py (d')) and / sup () — 1]|dr < oo.
1

r<|z|<2r
Remark that contractive quantum walks with asymptotically periodic coins

and local absorption are a particular example of the above [5,13].
We argue that hypotheses (H1 — 4) are satisfied:

Denote the selfadjoint operator X¢(z) := z¢(x) defined on D(X) = {¢ €
H; > (1+42?)|¢(2)]* < oo}. Then there exists a selfadjoint propagation observable
A such that U € C'(A) and a discrete subset 74 C T such that a Mourre estimate
(1) holds on every open © such that © C T \ 7;.

Furthermore A is relatively bounded, A*(X)™* € B(H),s € {1,2} and P €
CH1(A), we again refer to [5, section 3| for proofs.

Also 0 < P < 1; Hypotheses (H1) — (H3) are satisfied and by Remark 2.2 also
(H4). Thus Theorem 1.9 applies.



2.3 Toeplitz operators

Let H = (?(Z;C), V = PUP with P the multiplication by the characteristic
function of the half line: Py(z) = x(x > 0)i(x), and U a unitary convolution

-~

operator with symbol f € L>(T,U(1)), Uy (x) := >_, oy f(@ — y)¥(y).

Remark that the restriction of V' to Ran P is equivalent to the Toeplitz operator
with symbol f.

We now show that Hypotheses (H1) — (H4) are satisfied if f is smooth enough
and Theorem 1.9 applies.

If f € C3(T,U(1)) and f’ has no zeros in © C T, then there exists a propa-
gation observable A such that U € C*'(A) and such that a Mourre estimate (1)
holds in ©, see [5, section 3] and [4].

In order to prove smoothness of the Hardy projection P, we recall the con-
struction of A.

Denote L, be the convolution operator with symbol g on H. For g :=if f’ the
selfadjoint operator A := %(LgX +XL,) =L, X + %Lg/ is defined by extension
from D(X) which is a core for A.

It holds

Proposition 2.4. If f € C%(T,U(1)) then P € C*'(A).

Proof. We show first that (X)*ad4 P is a bounded operator for o € {0, 1}.
Let P+ := 1 — P. For a symbol h € C*(T,C), we can estimate the matrix
elements of P11, P on the canonical basis of [*(Z):

ews PLEnPen)] = x(k < 0)x(1 > 0) ([(ex, Lner)] = [y
const const

= TR = BR(e

For a, f € {0, 1} it follows

const (k) (1)?
(k)(1)?

which implies that the Hilbert-Schmidt norm of X®P+L, PX? is finite. It holds:

|(er, X“PHL,PXPe;)| <

PYAP = P*L,PX + %PL LyP

with g,¢" € C4(T,C). It follows that adaP = PLAP — PAP* and XadaP are
bounded operators.



For y € C*(R;[0,00)) supported on an interval (a,b), 0 < a < b one has :

[ < [

< dr
< |[(X)ads P — .
<IXadaPl [ 25 <o

[e.e]

X ({X) /) (X) 1| ||<X>adAPII%

In view of the criterion provided by Theorem 7.5.8 [6] (also Theorem 3.2 in [4]),
we deduce that P € CH1(A). O

It is a corollary that [U, P] is Hilbert Schmidt for f € C*(T,C) and compact
for continuous f.

Remark 2.5. Concerning hypothesis (H4). We have UV* = UPU*P , s0 2iSUV* =
PHU, PJU*P — PU[P,U*|P+.
(U, P] compact and U, P € C“'(A) so (2) holds for W = UV*with Ky =
1adASW for any a > 0. On the other hand,
2R(1 —UV*) =2(1 — PUPU*P) — P*UPU*P — PUPU*P~*
1 -UV*|*=1— PUPU*P — P*UPU*P — PUPU*P*

Now observe

3 1 1
2R(L=UV") = [T = Uv** = 5 (1= PUPUP) + 5(PLUPU*P + PUPU*P*)

1 1

= 5(PL + PUP+U*P) — §(PLUPLU*P + PUPLU*PY)
1

= 5|PL — UP+U*P%.

which is positive so (3) holds with o = 1/2. Similarly one shows that (2) and (3)
hold for W = U*V = U*PUP and we conclude that the hypotheses are satisfied
and we can apply our theorem.

3 Dynamics

To prove the dynamical implications we extend the techniques known for unitary
operators.

3.1 Absolutely continuous subspace

We prove that the limiting absorption principle implies that certain vectors belong
to Hae which proves the corresponding assertions in Theorems 1.3 and 1.9.
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Proposition 3.1. For a contraction V and W € B(H) it holds: if
sup [[W(1 — 2V*)7'W*|| < oo,
zeD

then
RanW* C Hao(V) N Hao(V7).

Proof. The result is known for the case where V' is unitary, [2, Theorem 2. Con-
sider the operator

P(V):=2R((1—-2V"))=1=1-2V)" (1= [zPVV) (1 -2V
The assumption implies

c:=sup |[WP,(V)IW*|| < o0.

zeD

Let V be a unitary dilation on a Hilbert space H = H @ H* as described in [19].
For the orthogonal projection Py onto H, it then holds for all ¢ € H:

Py (?% @ 0) — V) and Py (?*w @ 0) — Vg
and thus Py (PZ(XA/)#) ® o) — P,(V)¢. Define W := W &0 € B(H). Then, for
P e,

(P.OYW W) _| = |(P.VW e, W) < ellelvl] < clBllg Pl

SO
sup [WP,(V)W*|| = .

zeD

Now by [2, Theorem 2]

D IIWVBIE, < cll@l3

nez
Taking © = ¢ @ 0 for any ¢ € H, it follows

S IWVTe? + > WV e|” < el

n=0 n=0

Now for ¢» = W*n
(o, V") [P = (W V=", m)[* < [WV"o| |||,

which implies ¢ € H,.(V). Repeating the argument with V* replacing V', we
conclude that Ran(W*) C Hue(V) N Hae(V*), which finishes the proof as the latter
set is closed. O]

10



The result on completely non-unitary contractions mentioned in Remark 1.4
follows from the well known result of Nagy-Foias [18] by the same reasoning :

Proposition 3.2. Let V' be completely non-unitary. Then Hae(V)NHae(V*) = H.

Proof. Let V be the minimal unitary dilation on a Hilbert space H=mHOH" as
described in [19]. For the orthogonal projection Py onto H, it then holds for all

b eH: Py (\7% @ o) — V™) and Py, (V*w @ o) — V*np. The spectrum of V

is absolutely continuous, see [18] , which is equivalent to H = Hae(V).
For g =@ 01 =1 @ 0 one has

|2
S (BT =Sl vl + 3 e, v
nez n>0 n>0
from which the assertion follows. O

3.2 Eigenvalues, proof of Proposition 1.7

Lemma 3.3. For two bounded operators A, B suppose that ||A|| <1, -1 < B <1
and ker(1 + B) = {0}. Then for u € 0D, p € H,

AByp = up = Ap = pp and By = .
Proof. First observe that:
0= [loll* = [[ABo|* = (By, (1 — A"A)Byp) + (¢, (1 — B)p).

Both terms on the right hand side are non negative. It follows ¢ € ker(v/1 — B?),
which implies

Byo=pand ABp = Ap =pp as —1¢ E(B).

Now, we prove Proposition 1.7.
Proof. (of Proposition 1.7)

1. V. = PUQ with U unitary and 0 < P < 1,0 < @ < 1. We can apply
lemma 3.3 to A := PU and B := @ and we get for p € 0D,

Vip = PUQY = wp = PUWS = U(U"PUYY) = ) and Qp = 0.

Observe that 0 < U*PU < 1 so we can apply Lemma 3.3 again to A := U
and B := U*PU to conclude that Uy = p and in addition that

U*PU1 = 1 and thus Py = ).

11



2. Suppose for u € €, Vip = uyp thus Up = ) and

(¥, E(©)(UTAU — A)E(©)¢) = (¢, (U"AU — A)h)

which was proven to equal zero in [3] Section 4.1. So E(©)(U*AU — A)E(©)
cannot be positive.

]

4 Proof of Theorems 1.3 and 1.8

We will prove Theorems 1.3 and 1.8 in parallel. We dub 1.3 the global case and
1.8 the local case.

In the local case of Theorem 1.8, we will show that the maps z — (A)*(1 —
2V*)7H{A)~* can be continuously extended to a neighborhood of any e? € € \
E(U). In Section 4.1, we also have to rewrite the Mourre inequality in this neigh-
borhood.

In Section 4.2, we show how Hypothesis (H3) can be translated into the exis-
tence of suitable approximations for V' and ad4 V. The construction of a deformed
resolvent for V', denoted by G.(z), is based on this approximation. At this point,
the proofs of Theorems 1.3 and 1.8 differ, see Sections 4.3.1 and 4.3.2 respectively.
For convenience, we group the hypotheses as follows:

e (Glo) for the set of Hypotheses (H1’) and (H3),
where (H1") stands for: there exists agp > 0 such that R (V*adsV) > aol.

e (Loc) for the set of Hypotheses (H1), (H2), (H3) and (H4).

In both cases, we establish some a priori estimates on the deformed resolvent and
on weighted versions of this deformed resolvent, denoted by Fj ((z), see (43).
Next, we develop Mourre’s differential inequality strategy in Section 4.4. We
deduce the continuous extension of the weighted resolvent at any point of 9D
under Assumption (Glo) and at any points e € ¢© \ £(U) under Assumption
(Loc) (Proposition 4.22).
For any S; C [0,00) and any Sy C T, we write

Sp-e2={zeC,|z| € S,argz € Sy}

12



4.1 Reduction to a strict Mourre estimate

If a Mourre estimate holds in a set not containing any eigenvalues, then a strict
Mourre estimate holds in an open neighborhood of each point of this set. This
remains true if one adds a compact operator to the commutator.

More precisely,

Lemma 4.1. Suppose (H1). Let ¢ € ¢®©\ E(U) , 0 < ¢; < a and K a compact
selfadjoint operator then there exists an open connected neighborhood ©" of 6 such
that:

(O U*AU — A+ K)E(©®") > ¢ E(©)

(@A -UAU* + K)E(O') > ¢, E(O).

Proof. Since e € €© \ £(U) and K,K are compact operators, we may find an
open connected neighborhood ©' containing ¢ such that ||F(0")(K + K)E(©)| <

a— cy. ]
Proposition 4.2. Suppose (H1), (H2) and (H4). Let e € ¢!\ E(U). There exist
0 <ap <a, a; >0 and an open connected neighborhood ©" of 0 such that:
(U*AU — A) —iad,SUV* > ag — a1 E(©')*+
(A —UAU*) —iad SV*U > ag — a, E(6)™.

E
E

Proof. Let m < ¢y < ¢; < a. where

m := max {|[iadsS(UV™) — Ky~

NiadaS(V*U) — Ky«u

I}

First, we apply Lemma 4.1 and fix the neighborhood ©’ accordingly. Next, in view
of Proposition 6.1, we deduce there exists a; > 0 such that:

(U*AU - A) + KUV* Z Cy — alE(@’)L.
Writing
(U*AU — A) — iad,SUV* = (U*AU — A) — (iadSUV* — Kyy+) + Ky

the first inequality follows with ag = ¢o — m and the second equality analogously.

[]

4.2 Properties of VV/

Now, we enumerate the properties which are implied by our hypothesis V' € C11(A)
and which are used in the proofs of Theorems 1.3 and 1.8. We refer to [6, Lemma
7.3.6] and [7] for a proof of the following results which are used in the proof the
priori estimates and in the differential inequality procedure.
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Proposition 4.3. Let V € CYY(A). Then, there exists a map S € C((0,1); C1(A))
(equipped with the operator norm topology), such that for B := adsS,
B e C((0,1);C*(A)) and :

lim,_,0 e[S — V| =0,
lime o || B. — ad4V]|| = 0,

SUD.e(0,¢0) || Bell < 00 for some €y € (0, 1).

1 1 1
/ 195 de—l—/ |ada B de—l—/ |
0 € 0 0

Remark 4.4. In particular, there exists C > 0 so that ||S. — V|| < Ce for any
e € (0,1) ; also the functions S, B and 0.S extend continuously to [0,1) by setting
So =V, By=adsV, so that (0.5)(0) = 0.

Corollary 4.5. Let V € CH(A). For e € (0,1) define the map
Q(e) = 9.S. — €0. B, — ead 4 B.. (4)

In addition,

0.B.|| de < o0o.

Then,
NEE]

€

Remark 4.6. If V € C%(A), we can define for all e: S. =V and B, = ad,V.

c L'((0,1)).

4.3 Deformed resolvents and first estimates

In this section, we define the deformed resolvent (1 — 2V*)~!, then establish its
invertibility and finally prove some a priori estimates, see Proposition 4.16 below.
In view of Section 4.2, we use the following shortcuts :

S v

- B: - adAV*,

TS (5)
_S=V g

e -

Qe :
€

and qo := 0, Qo := adV™*. Note that lim. o+ [|ge|| = 0.
For € € [0,¢€), z € D, define

V.:=5S.—eB,
T(z) :=1—2V] (6)
=To(z) — zeQ.,

To sum up:
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Lemma 4.7. Suppose (H3), then with

b:= sup ||Qe|| < o0, (7)

e€[0,e0)
for any € € [0, ¢) and any z € D it holds

I7.2) — (=) | < be. (5)

4.3.1 First estimates supposing (Glo)

Proposition 4.8. Suppose (Glo). There exists 0 < 1 < € such that for any
e€0,61),z € D\ {0},

T(z)"+ z2V.I.(2) > d(e 2) 9)
T(2)+ VAT > d(e, ), (10)

where
d(e, z) == 1 — | 2> + ape|z|*. (11)

Proof. Fix z € D\ {0}. Using the Mourre estimate and the contraction property
for V., we have:

T(2) + 2VI(2) = 1= 2PV =1 = 2P (V+ (Ve = V) (V" + (Ve = V))
= 1= 2P|V = 2PR(V (Ve = V)") = 2PV = V)
> 1= |2 = 2[zPR(V(Ve = V)") = 2P|V = VPP

Mind that: (V; = V)* =€ (adaV* + q.) = €Q., so |(V. — V)*|*> = €2|Q.|* and
ROV (V. = V)) = eR(VadaV*) + eR(Vg,).
It follows :
T.(2)" + 2V.T.(2) > 1 — |2])? = 22PeR(VadaV*) — 2|z|?eR(Vq) — |2|°€| Q|
We observe that: 0 < |Q.|? < b? and —||¢.|| < R(Vq.) < ||¢c||. This yields:
Te(2)" + 2VT(2) = d(|z], €) + |2]%€ (a0 — b%e — 2llqc]) -

Pick 0 < €1 < €g such that

Ve, +2 sup g < ao, (12)
e€[0,€1]
and (9) follows. The proof of (10) can be done analogously . O
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For d and €; respectively defined in (11) and (12), we define:
Qr = {(¢,2) € [0,e1] x D\ {0};d(e, 2) > 0} (13)
We deduce that:

Proposition 4.9. Suppose (Glo). For (¢, z) € Qr, the operator T.(z) is boundedly
invertible.

Proof. Fix €, z as stated. Making explicit (9) and (10) in terms of quadratic forms
shows that T,(z) and T.(z)* are injective from # into itself and has closed range.
Since

RanT.(z) = (Ker T.(2)*)*,

we deduce that T,(z) and T.(z)* are actually linear and bijective hence boundedly
invertible by the Inverse Mapping Theorem. O]

4.3.2 First estimates supposing (Loc)

We now look for an analog of (9) and (10) under Assumptions (Loc).

In this subsection, we fix § € © \ £(U) and look at the local properties of the
resolvent on some open subset O, such that ©y C ©’, where the open set © has
been defined in Proposition 4.2.

We introduce some shortcuts:

R=UV*
L=V*U
_ (14)
R=1-R
L=1-1L.

We also set: E = E(0').

Lemma 4.10. Suppose (H1), (H2), (H3). Fiz an open neighborhood ©g of 0,
such that ©g C ©" and denote dy := dist(©y, T \ ©') > 0. Then, we have for any
e €[0,¢), z € (0,1] - ¥,

32 -

Bt gy (TP + =R 4+ P (15)
0

N 32 *12 217%(2 2 2112

B < g (TP + PP+ @2P), (16)
0

with b defined by (7).
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Proof. For € € [0, ¢), we use shortcuts

R :=UV,
=R+eU €
Feve (17)
L=V U,
=L+eQ.U.

For € € [0,¢), z € (0,1] - €9, we have

E+=(1-2U""E*" (T.(2) — 2U'R+ 2U*(R. — R))
(1—2U""'E+ (Te(z) —2U'R+ zeQe) ,

which entails the first estimates. We conclude analogously for the second one. [J

In Lemma 4.11 and Proposition 4.13, we show how the local estimates ob-
tained in Proposition 4.2 can be used to derive some estimates on R(Vad,V*) and
R(V*adsV') respectively.

Lemma 4.11. Suppose (H1), (H2). With

C = (A—UAU")
Cy = U*CU = (U*AU — A)

it holds:

2R(VadaV*) = —2C — 2R*CR + 4R(R*C) + 2R(R*ad s R) (18)
2R(V*adaV) = 2Cy + 2L CyL* — AR(Cy L) + 2R(Lad s L*). (19)
Proof. Since U and V belong to C'(A), R and L also belong to C'(A). Also,
Ve CYA) iff V* € CY(A) and ad V* = —(ad4V)*. So, adsV* = ada(U*R) =
U*(adsR) + (adsU*)R and
2§R(VadAV*) = 2§R(R*adAR) - QR(R*CR),

from which (18) follows. Similarly, (19) follows from ad,V = ads(UL*) = U(adaL*)+
(adoU)L* and

oR(V*ad,V) = 2R(LadsL*) + 2R(L CyyL*).

17



Remark 4.12. We will use several times the following estimates. Let A, B €
B(H). Then, for any p >0 and any p € H,

(0, 2R(A*B)2)| < ||B] (”'/‘% +p\|s0||2) | (20)

We also have that
(0, A*BAp)| < || Bl Algll. (21)
Proposition 4.13. Suppose (Loc). There exists ¢y > 0, such that:

—2R(Vad,V*) > % — 2a, B+ — 0| RJ?

3 .
WR(V*ad,V) > % —2mEt — oL

Proof. Once noted that 2R(adsR) = 2iad4SR, Lemma 4.11 writes:
—2R(Vad,V*) = 2(C — iad,SR) + 2R*CR — 4R(R*C) + 2R(R*(ad 4 R)).
Applying inequality (20) to the couples (A, B) = (R, C) and (R,ad4R) yields for

any p > 0,
—2R(R*C) = —|C|| (p"|RI* +p)
2R(R*(adaR)) > —||adaR| (p~'|R|* + p)
while: R*CR > —||C|||R|*>. Summing up, for any p > 0,

—2R((adaV)V*) 22(C —i(adaSR)) — p(2||C|| + ladaR])) — Fr(p)|RI,
where Fr(p) = (2||C]| + ||ladaR|)p~" + 2||C||. Fix p = pr where 2pr(2||C|| +
ladaR)||) = ao and apply Proposition 4.2; we get the first estimate with ¢y r =
Fr(pr) instead of c.

Back to Lemma 4.11, we can derive the second estimate analogously by defining

the function Fp,, the positive number py, and ¢y, = F(pr). We conclude by setting
co = max{cor,Cor} O

Proposition 4.14. Suppose (Loc). There exists 0 < €1 < € such that for any
€€ 0,6, z € (0,1] - e,

2
T.(2)" + 2V.T(2) + 3§d?e\z|m<z>|2 > dle, 2), (22)
0
2
T(2) 4 VL) + S RIT )P > d(e2), (23)
0
where
d(e,z) =1 — |z]* + ape|z|*. (24)
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Proof. Fix z € (0,1] - €. We have:
T (2)" + 2V.T.(2)
=1—|2PR'R.=1— |2 (R"+ (R. — R)*) (R+ (R. — R))
=1—[2]*|RI = 22["R(R" (R — R)) — |2]*| R — R|*. (25)
Mind (5). We have that: R.— R = eU(adaV*+¢q.) = eUQ,, so |R.— R|* = €*|Q.|*
and
R(R*(R. — R)) = eR(VadsV*) + eR(V*q,).
Rewriting |R|? = |1 — R[> =1 —2RR + |R|?, (25) yields
T.(2) +2V.T.(2) =1 — |22 + 2| X + |2|*€Y — |2]¢ Z.
where Xy = 2RR — |R|?
Y = —2R(VadaV*)
Z. = 2R(V*q.) + €|Qc|*.

We estimate the term Y from below. Combining Proposition 4.13 with (15) allows
us to derive for € € [0, €), 2z € (0,1] - €0,

3m2a, 3ap 3mlay — 3m2a,
b+ —— TP > | = — b2 ) — |R|? - . 26
b ot 2 (50 - 2t ine) 8P (ot ). 0

Taking advantage of the fact that |z| < 1, we get

2
3T aq

T(2)" + 2ViTu(2) + — €l 2||Te(2) ] >
2d;
de,z) + |2)%e | = — ce — —=—5b°€" ) + |2|*F(R)
2 2d;
where for € > 0

Fe(R) :=2RR — (1 + )| R, (27)

. 312a
with v, =¢ {co + ng] . (28)

Now, we observe that: 0 < [Q.*> < b? and —||g|| < R(V*q) < |lg]|- So, |lcc|| =
o(€). This allows us to pick 0 < u < €y such that

3m2a; aop
b2/~l’2 + sup ”CEH < o (29)
245 celou 2
and vy, <. (30)
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From (31), we obtain for all € € [0, u] and z € (0, 1] - 61’9707

2
3may

T(2)" +zV.T.(2) + 2P

el2|ITL(2)[2 = dle, 2) + |22 2RR — (1 + )|R]?). (31)

At this point of the proof, the condition (3) of Hypothesis (H4), comes into scene
to estimate the last terms on the RHS. This concludes the proof of (22). The proof
of (23) is analogous.

[

For d and € respectively defined in (24) and (29), let us write
Qo = {(€,2) € [0,e1] x (0,1] - €®°: d(e, 2) > 0}. (32)
We deduce that:

Proposition 4.15. Assume (Loc). For (¢, z) € Qo, the operator T.(z) is boundedly
invertible.

Proof. Fix €, z as stated. Reinterpreting (22) (resp. (23)) in terms of quadratic
forms shows that T,(z) (resp. T.(2)*) is injective from H into itself and has closed
range. Since

RanT.(z) = (Ker T.(2)")*,

we deduce that T,(z) and (T.(z))* are actually linear and bijective hence boundedly
invertible by the Inverse Mapping Theorem. O]

4.3.3 Synthesis

Aside from the local vs global aspects, the remaining components of the proofs
of Theorems 1.8 and 1.3 are identical . From now, we unify notations with the
introduction of

Qe { Qr if (Glo) holds S . { oD if (Glo) holds

Qo if (Loc) holds ¢® if (Loc) holds (33)

Accordingly, assuming (Glo) or (Loc), Propositions 4.9 and 4.15 allow us to
define for any (e, z) € Q,
G (2) = (1 -2V (34)

We have:

Proposition 4.16. Suppose (Glo) or (Loc). Then

Co = sup d(e, 2)||Gc(2)| < 0. (35)

(6,2)EQ
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In addition, for any € € (0,¢1], z € (0,1] - S,

2|R(p, Ge(2)p)|

ape|z|?

max {[|Ge(2)¢ll, [|GE(2)pll} < \/

Proof. For (€, z) € Q, denote

We observe that

hence for any ¢ € H,

Rlp, He(2)o) < 2llellIG(2)¢ll + ol
Case (Glo): (9) and (38) yield
Rlp, He(2)p) = d(e, 2)l|Ge(2)e]”
for any (e, z) € Qp. We deduce from (39) and (40) that
2d(e, 2)|Ge(2)l| + 1 = d(e, 2)°[|Ge(2)

and (35) follows as the region where 2X + 1 — X2 is positive is bounded.
Inequality (40) also implies for any (e, z) € ),

Rip, He(2)p) _ 2R(p, G(2) )

apelz|? ape|z|?

IGe(z)¢ll* <

hence (36) for ||G¢(2)p||. The proof of (36) for ||G*(z)¢|| is analogous.

Case (Loc): (22) and (38) yield

3may

o282

R, He(2)p) + elzlllel* = d(e, 2)[|Ge(2)el?

for any (e, z) € €. Taking into account (11), (28) and (30), we note that:

2
3T aq

0<d(e,z) <1+ape; and ———
202

e<v.<a<l

21
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We deduce from (39) and (41) that for any (e, z) € Qy,
2d(e, Gl +2(1 + a061) > d(e, 2G|,

and (35) follows from the region of positivity of the polynomial 2X +2(1+ agpe;) —
X2,
Inequality (41) also yields for any (¢, z) € Q,

R(p, H(2)p) | 3m°as

Ge 2 < 2’
[Gule)ol? < HETAIED 1 B
2R (p, G (= 1 3m2ay|z 2R (p, G (2
< <90 (2 )S0> + - ;| |€ 1 H<:0||2 < <90 ( )S0>
ape|z| ape|z| 2d3 age|z|?

where we have finally used (38) and (42). This proves (36) for ||Gc(z)¢||. The
proof for ||G¥(2)¢|| is analogous.
[

Suppose either (Glo) or (Loc). For any (e,2) € Q and 1/2 < s < 1, we define
the weighted deformed resolvent:

Fso(2) = Wy(e)Ge(2)Ws(e) (43)

Wi(e) := (A) 5 (eA)* 1. (44)

Note that for any s € (1/2,1], (W(€))ecjo,eo) is a family of bounded selfadjoint
operators. In particular, sup.c(y ) [[Ws(€)|| < 1. Proposition 4.16 entails:

Corollary 4.17. Suppose either (Glo) or (Loc). We have for d defined in (11)
and (24) resp.,

sup d(e, 2)||Fsc(2)]] < Ch < 0.
(e,2)€Q

In addition, given r € (0,1), for any (¢, 2) € (0,€¢] x [r,1] - S,

2AR(p, Fucl)e)|

aper?

max {[|Ge(2)Ws(e)pll, [[Ge(2) Wile)pll} < \/ (45)

4.4 Differential Inequalities

Next, we derive some differential inequalities for the weighted deformed resolvents
F (2). The first ingredient is

Proposition 4.18. Suppose (Glo) or (Loc). Then, for anye € (0,¢1), z € (0,1)-S,
the map € — G.(z) is continuously differentiable on (0,€;) in the operator norm
topology with

0.Gc(2) = adaGe(2) + 2G(2)Q(€)*"G(2),

where Q is defined in (4).
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Proof. For any fixed z € (0,1)-S, the map € — G.(z) is continuous on the interval
[0, €1) and continuously differentiable on (0, €;) in the operator norm topology, and

0.Ge(2) = 2G(2)(0.S! — €0.B — B))G(z).
Now, for any € € [0,¢), z € (0,1] - S, we have G.(z) € C*(A) with

adaG(2) = 2G(2)(adaS! — eada B! )Ge(2), (46)
which concludes the proof. O

Now, for any fixed 1/2 < s < 1, the map € — W(¢) is strongly continuous on
[0, €0) and converges strongly to (A)~* as € tends to zero.
We have:

Proposition 4.19. Suppose (Glo) or (Loc). Let 1/2 < s < 1. For any fized
€ (0,1) - S, the map € — Fs (2) is weakly continuously differentiable on (0, ¢€;)
and for any p € H, any € € (0,¢€),

(@, OcFs c(2) )| < hu(e)[lll\/[{p; Fse(2)p)| + ha(€)[(p, Fse(2)p) . (47)
where:
22(2 = s)e! 20120
hl €) = s ]’LQ €) = .
(€) Vao er (€) agrie (48)

Proof. First, note that the map e — W(e) is strongly continuously differentiable
on the interval (0, ¢y) and that for any € € (0,¢p), any ¢ € H, we have

10Ws(e)ell < (1 —s)e el (49)
Note also that for 1/2 < s <1,
AW (e)|| = IWa(e) Al < et (50)

Fix z € (0,1) - S. Due to Proposition 4.18, the map ¢ — F; () is weakly
continuously differentiable on (0, €y) and we have for any € € (0, ),

(0, 0cF s c(2)p)| < tre(2) + [(Wil€)w, (0-Gc(2))Ws(e))|
< tye(2) + toe(2) + t36(2)

where
t1e(2) = [((OWs(€))p, Ge(2)Wi(€) ) + (Wi(€)p, Ge(2) (0:Ws(€)) )|
tae(2) = ‘< (), ad4(Ge(2))W(€)p) ‘
t3e(2) = €|z H( (€)Ge(2)" Wi(e)p, Ge(2)Wi(e)p)|.
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Invoking (36), (49) and (50), we deduce that:

tr,e(2) < QWi ()l (IGe(2)Ws(€)|l + [|Ge(2)" Wile)ll)
2v/2(1 — 5)e? z
S~ Jarer lelly/ e, Fee(2))],
to.c(2) < AW ()l (|Ge(2)Wile)o|l + [|Ge(2) Wile)ell)
2y/2¢571
S Jarer lelly/ (e, Fae(2))],
while
t5:(2) < 1QUNIG Wl IG Wl < LEMyp £ ).
Estimate (47) follows. O

The next result combines Proposition 4.19 with Gronwall’s Lemma.

Proposition 4.20. Suppose (Glo) or (Loc). Fiz s € (1/2,1]. Then,
C = sup | Fs.c(2)] < o0 (51)

(e,2)€(0,e1] X [r,1]-S
In addition, there exists $, € L'((0,€1]), such that for any (e, z) € (0, €] x [r, 1]+ S,
[0cFse(2)]| < $s(e). (52)

Proof. With hy and hy defined in (48), hy € L*((0,¢]). By inspection, h; also
belongs to L'((0,€;]). For any (€, z) € (0,6] x [r,1] - S and any ¢ € H,

0. P9 < o Fer (D + [ 62 0uFp(2)6)] .

which combined with Corollary 4.17 and Proposition 4.19 yields:

(o, Facl2))] < %w T el / "m0\ /)2 Fon(2)9) ] di
+ / " ha(w) s Fup(2)6)] dut.

Using Gronwall’s Lemma as stated in e.g. [6] Lemma 7.A.1, we deduce
Co 1 [° e i
Vit [ mtess (=5 [ hatwde) du| ol
ap€q 2 € 2 L
x exp ( [ ot du)
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(¢, Fec(2)@)| <




Since the functions hy and hy are integrable on (0, €], we deduce that:

sup sup (¢, Fse(2)p)| < o0
lell=1 (e,2)€(0,e1]x[r,1]-8

Recall that [|F; ((2)|| = sup,j=1,jyj=1 [{#, Fs.c(2)1)] ; so, (51) follows by polarisa-

tion. Incorporating it into (47) entails,

(. 0P, ()9 < (VCilu(e) + Cial@)) Il
for any (e,2) € (0,€1] x [r,1] - S and any ¢ € H. (52) follows by polarisation. [

Proposition 4.21. Suppose (Glo) or (Loc). Then for any fized s € (1/2,1] and
any fized z € [r,1) - S,

w— lim F,, () = B2 (53)
where
F,(2) = (A)75(1 — 2V*) YA for z € D. (54)

Proof. Fixr € (0,1). Pick two vectors ¢, ¢ in ‘H and fix for a moment z € [r,1)-S.
For any € € (0, ¢),

(0, (A)75(1 = 2V ) THA) T Y) = (0, Fae(2)1) = t1e(2) + ta.e(2) + t3.(2)
with
t1e(2) = (Ws(€)p, (1= 2V*) 7 = Ge(2)) W(e)t))
tae(z) = (Ws(0)p, (1 — 2V7)~ (W() W(€)¥)
tso(2) = (W5(0) = Wy(e)g, (1 = 2V*) ' W(€)9).

First, we estimate t; .(z). For any (¢,2) € [0,61] X (0,1)-S, G(z) — (1 —2V*)"! =
G (2)(To(z) — T.(2))(1 — 2V*)~L. We observe that for z € D, we have ||(1 —
2V*)71| <€ 1/(1 — |z|). Using Lemma 4.7 and Proposition 4.16, we deduce that

CobE Cob }
(L+ 21 = |22 aol 2[*(1 = |2])

O()bE

since |W(e)|| < 1 for any € € [0,1]. Now, since ||(1 — 2V*)7!|| < 1/(1 — |2]|) for
any z € D, we also have

[t2.6(2)] <
[t5.6(2)] <

1Ge(2) — (1 —2V*) 7 < min{ (55)

hence

1

1_—|Z|||(Ws(0) — Wa(@)ellll

el (We(0) = Wi(e))ll,

1—|z]
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which concludes.

We have arrived at the heart of the proof of Theorems 1.8 and 1.3:

Proposition 4.22. Suppose (Glo) or (Loc). For s € (1/2,1]. Then, Fy defined by
(54) admits a continuous extension to DUS. In addition, given r € (0,1), it holds

sup || Fse(2) — Fs(2)|| =m0+ O. (56)
z€[r,1)-S

We denote the extension also by Fj.

Proof. From Proposition 4.20, we get for any €, u € (0,€1], e < p, z € [r,1) - S,

W%@—Ewwﬁ/hﬁwﬁ

which vanishes as p and € tend to 0 (uniformly in z € [r,1] - S). So, (Fs.(2)) is
Cauchy in B(H), hence converges to some Ff(z) € B(H) for any fixed z € [r, 1]-S.
In view of Proposition 4.21, F}'(z) = Fy(z) if z € [r,1] - S and

|Fae(z) — FH(2)| < / 9.6 (57)

for any € € (0, ¢;1]. (56) follows. It remains to prove the continuity of F.". Given
e € (0,6, 2,2 €[r,1] - S,

Fyo(z) - Fs,6<zl> = Wi(e)(Ge(z) = G(2))Wil(e)
(2 = YW (€)Ge(2)(S: — eBIG(2)Wile)  (58)

€

where we have used (6) in the final step.
Now, following Corollary 4.17 and Proposition 4.20, we get for any e € (0, €]
and any z € [r, 1] - S,

with B, := M

B,
< —
~ e /g

Combining these estimates with (58) entails for any € € (0, €], z,2" € [r,1] - S,

max {[|Ge(2)" Wa(e)[], |Ge(2)Ws() ||}

By
HFS,E(Z) - FS,G<ZI)H < ?‘Z — Z/‘.

Due to (57), we obtain
IFS(2) = FF (I < NIFS(2) = Fael@)ll + 1 Fae(2) = Fae(DI + 1 (2) = Foe(2)l

€ BZ
<2 [ (e + - 7).
0
for any € € (0,¢]. The conclusion follows since the function $), is integrable. [
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4.5 Proof of Theorem 1.3

Rephrasing Proposition 4.22 under assumptions (Glo), we have shown that the
weighted resolvent (A)~*(1 — 2V*)~'(A)~*, which is defined naturally for » € I,
extends continuously to D.

4.6 Proof of Theorem 1.8

We rephrase Proposition 4.22 under assumptions (Loc). Given @ such that e €
e© \ £(U), we have shown there exists an open neighborhood of 6, ©y C © such
that the weighted resolvent (A)~5(1 — 2V*)~1(A)~*, which is defined a priori for
z € D, extends continuously to D U ™. Since the choice of § was arbitrary, we
have actually shown that this continuous extension holds on D U € \ £(U).

5 Proof of Theorem 1.9

In Theorem 1.8, the estimates only hold for z € D with r < |z| < 1 and argz € ©.
In order to obtain an estimate for all z € D and to derive Theorem 1.9, we need to
localize spectrally. We will do this in Lemmata 5.1 and 5.2, then proceed to the
proof of Theorem 1.9.

Lemma 5.1. Let U be a unitary operator which belongs to C'(A) and ¢ € C*(T)
be a function such that its derivative ¢’ belongs to the Wiener algebra. With ®
defined by ®(e) = ¢(0) for 0 € T, the operator (A)°®(U){A)° extends to a
bounded operator in B(H) for all § € [—1,1].

-1

Proof. By hypothesis, we have that: ®(e”) = ¢(0) =3, , dne™ with Y onez Ingn| <
co. We first prove that ®(U) € C'(A). First, observe that for any n € Z,
U" e C'(A) with:

n—1

ad U™ = Uk(adsU)U™

k=0
for n > 1 and ad,U" = —U"(ad,U"")U" for n < —1. So, |[adsU"|| < |n|||adsU||
for any n € Z. Given N € Z, let

(®n(U))nen € CH(A) converges in norm to ®(U) and (ada®y(U))yen is conver-
gent w.r.t the operator norm topology. So, ®(U) € C*(A) and limy .o, ad, @y (U) =
ad®(U) [6,12].

As a consequence, we deduce that for § € {—1,0, 1}, (A)°®(U)(A)? extend to
a bounded operator in B(H). We conclude by interpolation. ]
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Lemma 5.2. For any z € D and any ¥ € H, it holds:
(U = V*)Go(2)¥|I* < 8(w, R(Go(2))1).
Proof. We decompose U* — V* = U*P + QU*P, so
I(U" = V")Go(2)9lI* < 2[[PGo(2)¢]|* + 2 QU PGo(2)y[1*.

It remains to bound each term on the RHS. Let P = 1 — P. Since 0 < P < 1 and
0<Q<1,s0P?<Pand

PP<1-P*=1-PUU*P<1— PUQ*U*P=1—VV*
<1—|zPVV* = Ty(z) + To(z)*2V*,
for any z € D. It follows that for any ¢ € H,

[PGo(2)¢I* < (Gol2),¥) + (b, 2V Go(2)9))
= (1, 2R(Go(2)¥) — [0II* < 2(0, R(Go(2))).

Also @2 <1 — @?, hence it holds
PUQ'U*P < PU(1 — Q)U*P <1- PUQ*U*P <1-VV*
<1 —|2PVV* = Ty(z) + To(2) 2V,
for any z € D. As before, we get for any 1 € H,
|QU*PGo(2)1||* < (Go(2)v, ¥0) + (0, 2V*Go(2)1) < 23, R(Go(2))1)).

and the conclusion follows. O

Proof. (of Theorem 1.9)

Let ©; and ©, be open connected subsets such that ©; C ©, C ©, C O.
Let ¢ € C=(T;R) be supported in ©;. Combining Theorem 1.8 with Lemma 5.1
yields:

sup  [[(A) T R(U) (1 — V)T (U)(A) || < o0

|z|<1,arg €00

For z € D, the resolvent identity reads:
(1—2V) =120 —2(1 - 2U) "YU = V*)(1 - 2V*)"L.
Given any z € D, we bound the quantity ||(A) " *®(U)(1 — 2V*)"1®(U)(A)~*|| by:
[{A)~*2(U)(1 — 2U") T @(U)(A) 7"
H (U = V)L =2V )T RU)NA) 1L = 2U) " e (U)(A) .
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Unitary functional calculus yields:

Coon=  swp _[[(1-20)"'9(U)]| < ox.

|z|<1,arg z € T\Og

From Lemma 5.2, we deduce that for any z € D with argz € T \ Oy, the quantity
[{A) = ®(U)(1 — 2V*)"1®(U)(A)~*|| is bounded by:

Coon (191 +2v2/[TA) )T = V) W) (A) 7))
which entails

sup  [[{(A) T R(U)(1 — 2V) T (U)(A) | < oo

|z|<1,arg z€T\Og

This completes the proof.

6 Appendix

Proposition 6.1. Let B € B(H) be symmetric and E an orthogonal projection
acting on H. Denote E+ :=1— E. The following statements are equivalent: there
exist ¢ >0, a € (0,¢] and b > 0 such that:

(o) EBE > cE,
(b) B>aE —bE+ =a— (a+b)E*.

Proof. Assume (a). Write B = EBE + 2R(EBE*) + E*BE* and note that:
E+BE* > —||B||E+ and EBE > cE by hypothesis. In addition, for any p > 0

2R(EBE") < pl|B|E +p~'||B| E*,

S0
B> (c—plBIDE - |BII(1+p")E".
Once fixed p > 0 in such a way that 0 < ¢—p||B|| < ¢, we obtain (b). The converse

implication is immediate. O

Remarks 6.2. 1. In applications it is convenient to note that: for unitary U
one has U € CY(A) if an only if

there exists a core S for A such that US C S and U*AU —A:S - H
extends to a bounded operator on H ; or, equivalently: U*S C S and
A—UAU*: S — H extends to a bounded operator.
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In addition, the bounded extension of U*AU — A is precisely U*(adU). See
Propositions 6.3 and 6.4 for details.

Proposition 6.3. IfU € C'(A) is unitary, then UD(A) C D(A) and the operator
U*AU — A : D(A) — H extends to a bounded operator on H, denoted (U*AU — A).
It holds: (U*AU — A) = U*ad U = —(adU*)U. Conversely, let S be a core for
A such that US C §. Assume that the operator U*AU — A : § — H extends to a

bounded operator on H and denote by C' this extension. Then, U (and U*) belongs
to C1(A) and U*ad,U = C.

Proof: For the proof of the first statement, see [12] Proposition 2.2. We deduce
that for all (¢,v) € H x D(A), (o, U*AUY) — (p, AY) = (p, U*(AU — UA)Y).
This implies our claim. Conversely, assume that for all (p, 1) € Sx S, (Ap, Uh) —
(p, UCY). The identity extends continuously over D(A) x D(A). This shows that

U € C'(A) and that: ad U = UC. O
Remark 6.4. Analog relations can be built between A — UAU* and (ad,U)U* =
—UadU™.
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