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Abstract

Malaria poses a significant global health challenge, with millions of cases and fatalities reported
annually, primarily in the WHO African Region and South-East Asia Region. Mixed-species malaria
infections are common but often underestimated, even in regions with low transmission rates. Mathe-
matical models have been instrumental in studying parasite multiplication within hosts during mixed
malaria infections, yet existing models typically focus on either intra-species or inter-species dynamics
separately. However, both intra- and inter-species diversity are crucial in within-host malaria infection
dynamics. In this study, we introduce a mathematical model for intra-species and inter-species inter-
actions between P. vivar and P. falciparum, exploring their co-infection dynamics within hosts. We
establish the properties of the model and conduct invasibility analysis in a multi-species and multi-
genotypes framework. We also perform the uniform persistence of parasites over time within the host
and discuss several typical scenarios that the model can simulate. Our findings shed light on the
complex dynamics of malaria co-infections and their clinical implications.

Keywords: Malaria; Within-host dynamics; Mixed-species infections; Intra- and inter-species interactions;
Mathematical modelling; Non-linear dynamical system.

1 Introduction

Malaria continues to pose a major public health challenge, with approximately 247 million cases and 619,000
fatalities reported globally in 2021 [1]. The World Health Organization (WHO) African Region bears the highest
malaria burden, followed by the South-East Asia Region. Human malaria, caused by various Plasmodium species
like P. falciparum and P. vivaz, involves a complex life cycle with stages in both mosquitoes [3] and human or
animal hosts [7, 18]. Mosquito bites transmit sporozoites into the bloodstream, which travel to the liver and infect
hepatocytes [18]. After replication, merozoites are released into the bloodstream to invade red blood cells, leading
to cycles of replication and rupture [33]. Some parasites become gametocytes [38], which complete the life cycle
when ingested by mosquitoes. Mixed human malaria parasite infections are widespread globally, occurring even
in areas with low transmission rates. A significant proportion of malaria infections within individual hosts involve
multiple species of Plasmodium simultaneously [30]. Numerous studies have highlighted the prevalence of mixed-
species malaria infections in various locations worldwide, e.g. [2, 20, 24, 30, 39]. Despite this prevalence, mixed
Plasmodium species infections are often overlooked or underestimated [6, 24, 30].

Mathematical models have played a key role in the study of parasite multiplication within hosts during mixed
malaria infections. Previous studies have developed various models to explore infection dynamics, with some
focusing on multiple genotypes of a single species within a host, e.g. [8, 11, 23, 46], while others investigate mixed-
species infection dynamics with single genotypes within a host [17]. If inter-species diversity (e.g. P. vivaz or P.
falciparum) has been highlighted by a recent modeling approach as a key factor in maintaining intra-host coinfections
due to their distinct ecological trait for RBCs preferences [17], no study combines both this inter-species diversity
with intra-species diversity (i.e. multiple genotypes of P. vivaz and P. falciparum) within an intra-host infection.



However, inter-species diversity also plays a crucial role in within-host malaria infection and interaction dynamics.
Indeed, intra-species diversity persists due to the numerous antigenic variants, placing substantial pressure on the
host immune system and potentially facilitating prolonged parasite infections [36, 41]. Furthermore, both intra-
and inter-species are fundamental for our better understanding of P. vivax and P. falciparum co-infections within
the host. In fact, in regions where P. vivar and P. falciparum coexist, it is often observed that infections with P.
falciparum are followed by P. vivax infections, leading to the hypothesis that P. falciparum infections facilitated
P. vivaz infections, e.g. [6] and references therein. The precise nature of the interaction between P. vivaz and P.
falciparum in a multi-genotypes setting remains unclear [24, 34]. Tt is uncertain whether these species compete
within the host or if one species provides any degree of protection against the other. These interactions among
Plasmodium species, both within and between species, can have significant clinical and public health implications.
Treating and controlling one species’ genotype can affect the clinical epidemiology of the other species, either at
the intra-species or inter-species level [24, 30, 39].

We first introduce the mathematical model for the intra-species and inter-species interactions between P. vivax
and P. falciparum. Next, we establish some useful properties including the well-posedness of a positive and global
solution of the system. We explore the presence of nontrivial stationary states within the model, showing that the
dynamics of the system exhibits a range of behaviors from the persistence of a single species to the coexistence of
both species. We precisely determine the conditions for the existence of these nontrivial stationary states, along with
the intra-species genotype diversity. Furthermore, we establish the global stability of the parasite-free stationary
state. Afterwards, we conduct an invasibility analysis within a multi-species and multi-genotype framework. This
analysis is particularly crucial as it enables us to characterize the conditions under which an invading genotype
of P. vivax or P. falciparum species can successfully proliferate within a host initially infected by P. vivax or P.
falciparum under different scenarios. We also perform the parasites uniform persistence over time within the host.
Finally, we introduce the model parameterization and discuss several typical simulated scenarios that the model
can capture, along with their biological implications.

2 The model description

We introduce a within-host interaction dynamics between young RBCs (reticulocytes), denoted as Ci, mature
RBCs, denoted as Cs, and two malaria species P. vivaz and P. falciparum. At any given time ¢, the density of
malaria parasites (merozoites) for P. vivax and P. falciparum are represented by m (¢, z) and mq(¢, ) respectively
where the variable € R is designated as the strain label. The density of parasitized red blood cells by P. wivax
and P. falciparum is denoted by v (¢, a, ) and v (t, a, x), where the structural variable a stands for the time post
parasitization. The model we considered then reads :

dcc';t(t) =A— p12C1(t) — C1(2) / B1(z)my (t, x)dx — Cy(t) /RB2($)mz(t,x)dx,
dizt(t) = p1,201(t) — p2Ca(t) — g(t)/ﬁQ(x)mz(tx)dx’
R

v1(t,0,2) = Cr () br (z)ma (¢, @),

va(t,0,2) = (C1(t) + Co(t)) Ba(x)ma(t, x),

0v;(t, a, ) n 0vj(t, a x) B
ot oa

%jai(tt’x) = /Rk(m —y)pi(y) (/OOO ¥i(a, y)v;(t, a,y)da) dy — (m,j + Li(@)) m; (¢, ).

In the system (2.1), the parameters 1/u; 2 and 1/pug respectively represent the duration of the young and mature
stages of RBCs, while A denotes the production rate of RBCs from the bone marrow. Contacts between merozoites
and uninfected RBCs occur at rate 3;. P. vivaz exhibits a preference for targeting young RBC stages, whereas
P. falciparum targets all RBC stages. The parameter fi,, ; represents the natural death rates for merozoites. The
functions v;(a, ) represent the additional death rate of parasitized RBCs by the j-species of strain x at time a post
parasitization, resulting in rupture. The rupture, at age a, of parasitized RBCs by the j-species of strain y produce
merozoites of strain x at rate k(z — y)p;(y)v;(a,y), where k(x — y) is the probability of mutation from strain y
to strain z. Hence, mutations shift strains in the phenotype space during each infection generation following a
mutation kernel k(-). Finally, the effect of the immune system on the j-species of strain z is denoted by I;(x). We
present a summary of state variables and model parameters in Table 1. System (2.1) is coupled with the following
initial condition:

(2.1)

('U’Q 7 (a x)) vj(t’ a7x)7

C;j(0) =Cjo, v;(0,a,2) =vjo(a,z), m;(0,2)=m;o(z).



Furthermore, Model (2.1) can be used to recover the case of the finite number of parasite strains. Indeed,
denote by vf and mg the density of pRBC and malaria parasites of strain ¢ € {1,2} of the j-species. Without loss
of generality, assume that the stains £ = 1 and £ = 2 are associated to x; and x respectively, and set

vj(t,a,z) = vjl» (t,a)dq (z) + sz»(t7 a)0, (),

m;(t, ) = mj(t)ds, () +mj (£)ds, (@),

where 04, (+) is the Dirac mass at z;.
The Cj-equations of (2.1) gives

dCy (¢
B = A maCi) = O (ramd (0 + Buamd(0) = 10 () + amd0) .
dCs (¢ :
% = 111,201 (t) — paCa(t) — Ca(t) (Ba,uma(t) + Br,0mi (1))
where 3, = B;(x¢) is the infection rate of strain x, of j-species.
Next, the m;-equation of (2.1) leads to

dm! dm; o0
5080 4 5,05 o) ([t e ,aa)

+k@xg%@g<ﬁw%mﬁwﬁaﬂm@

= (hm g + 1j()) (M} ()80, () +m3 ()0, () -

From where,

2 o
= i(x Yla)t(t,a)da | — (pmj + IT) mi(t),
=3 hne (/ al, >d) (g + 1) (1)
2 o
= (x lfaveaa—mj 2y m2(t).
=3 baen o) (/ Y@l )d) (g + I2) m2 (1)

with k; ; = k(z; — x¢) is the the probability of mutation from strain z; to strain z,, ’yf(a) = v,(a,x¢) is the rupture
rate of pRBCs by strain x, of species j since time a post infection, and If = I;(z,) is the immune reaction to
parasite x, of j-species.

Finally, by the vj-equation of (2.1), we also obtain

(2.3)

vi(t,0) = C1(t)B1,1mi (1),
vi(t,0) = C1(t)B12m3 (1),
v3(1,0) = (Ca(1) + Ca(0)B2 mi (1), o
v3(t,0) = (C1(t) + Ca(t)) 2, ng(t)
(O + Ba)v} (t,a) = — (2 + 7} (a)) v}
(Or + a)v3 (t, a) = — (2 + 7} (a)) V3
Consequently, the discrete formulation of Model (2.1) is then given by System (2.2)-(2.3)-(2.4).
3 Model’s abstract formulation and overall assumptions
Let us set
C(t) = (C1(t),Ca(t)), m(t,x) = (m1(t,x),ma(t,x)), v(t,a,z)=(vi(t,a,x),v2(t,a,x)).
Then, System (2.1) rewrites as
99 = A — pC(t) — diag ( /R w8 (y)mlt, y)dy) (),
v(t,0,2) = diag(B(x)m(t,z))xL C(t),
(3.1)

(O 4 0q)u(t, a,x) = —(pola + v(a, x))v(t, a, x),

oym(t, ) = /Rk(x —y)p(y) /OOO v(a, y)v(t, a,y)dady — (v + I(x))m(t, z)
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Table 1: Withing host model variables and parameters

Param Description (unit) Values
State variables

Cy(t) density of reticulocytes at time ¢ (Cell/ml)

Ca(t) density of mature RBCs at time ¢ (Cell/ml)

v;(t,a,x) density of parasitized RBC -pRBC- by pathogens x of j-species at time ¢
which are parasitized since time a (Cell/ml)
m;(t,x)  density of merozoites x of j-species at time ¢ (Cell/ml)

Parameters
A Production rate of RBC (RBC/h/ml) 1.73 x 10°]5, 31]
1/p 2 Duration of the RBC reticulocyte stage (h) 36 [31]
1/ 19 Duration of the RBC mature stage (days) 116.5[31]
Hom,j Decay rates of malaria parasites of the j-species (RBC/day) 48[22]
Tj Erythrocytic cycle duration of the j-species (h) 48 for P. falciparum [37]
48 for P. vivaz [37]
Py Maximal number of merozoites produced per pRBC by the j-species 16 [5, 37]
p;(z) Number of merozoites with value x produced per pRBC by the j-species  Defined by (8.3)
v;(a, ) Rupture rate of pRBCs by « of species j since time a Defined by (8.1)
Ii(x) Immune reaction to parasite x of j-species Defined by (8.4)
Bj(x) Infection rate of pathogens x of the species j (RBC/ml/day) Defined by (8.2)
ﬁ Selectivity level within the j-malaria species Defined by (8.5)
é Cross immunity level within the j-malaria species Variable
’ Initial conditions
Cr0 Density of reticulocytes Ao
Cap Density of of mature RBCs A/ s
V5,0 Density of pRBCs of the j-species 0

where A = (A,0)7, v = diag(pm,j)jef1,2, B = diag(B))jeqr2y, I = diag(ly)jeqi2y, ¥ = diag(v;)jeqioy, p =

diag(pj)je(1,2}-
_(mz2 0 ~(+ 1!
Hw= <_’u172 H2> ’ fim = (O 1> .

Let the Banach space X = R? x L'(R,R?) x L}(R; x R,R?) x L!(R,R?), which is endowed with the usual
product norm
IC, fro,m)T | = IC]lre + 1Fl L2 rr2) + 0]l Lty xrz2) + 1Ml L2 (1 52) -
Let A:D(A) C X — X the linear operator defined on the domain D(A) := R? x {01 (r,r2)} X Dy x L'(R,R?) by

C —uC

4| Onree) | —v(0,-)
v —0av — (p2la +7)v
m —(wv+Im

with
D, :={ve L'(Ry x R,R?) : v(-,z) € WH' (R4, R?) a.e z € R and 9,v € L' (R} x R,R?)}.

We then define the set
Xo =D(A) =R? x {01 (g g2y} x L' (Ry x R,R?) x L'(R,R?)

and we introduce the non-linear map F' : Ay — X defined by

c A — diag ( / nmﬁ(y)m(y)dy> C
R
r | Owee) | diag(Bm)kl C, (3.2)
v OLl(Rg_OXR,RQ)
" [ EC=w0) [ sfautadady
0
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Note that D(A) # X hence A is a linear operator with a non-dense domain. Therefore, by identifying u(t) as
(C(t)7 OLI(R,]RZ)v U(t7 ) ')a m(ta ))T

and letting ug € X the associated initial condition, System (3.1) writes as the following abstract Cauchy problem:

du(t)
3 = Au(t) + F(u(t)), (3.3)
u(0) = uo.

Let Xpqr = Xp N Xy with Xy the positive cone of X'. System (3.3) is considered under the following quite general
assumption

Assumption 3.1.

1. For each j € {1,2}, the constants A, 2, p2, and fi,, ; are positive, while the functions I;, 8;,p; € L (R)
and v; € L (R4 x R).

2. The kernel k is a non-negative function satisfying k € L>®(R) N L*(R) and [, k(z)dz = 1.

While Assumption 3.1 guarantees the global well-posedness of the bounded and dissipative semiflow of (3.3),
achieving compactness of the trajectories generated by such a semiflow necessitates additional assumptions. Indeed,
the compactness of the trajectories is related to the compactness of the linear operator U : L'(R;, x R,R?) —
L'(R,R?)

Ulel(e) = [ K@ =)o) | e)oladady.
To ensure the compactness of the linear operator U, we shall assume that :
Assumption 3.2.
1. The functions p; : R — R, are continuous, not identically null and lim,|_,o p;(x) = 0, for each j € {1,2}.
2. For each R > 0 the function x — sup, < g k(z + y) belongs to L*(R).

Furthermore, stationary states of System (3.3) are strongly related to the spectral properties of the linear
operator L; € L(L*(R)), defined for each j € {1,2} by

Lyw(z) = / k(e — 9T @w()dy, Y € L'(R) (3.4)

with
riy) = 2 W)Bily)

= i (a, y)11;(0, a,y)da . 3.5
DR [ ey (35)

proportion of rupturing pRBCs releasing merozoites

Here II;(a, b, x) is the survival probability of RBCs infected by strain z of species j from time a to b since infection,
and is defined by

b
II;(a,b,z) = exp </ (2 +’yj(€,:c))d€> .

Since v;(a,y) represents the rupture rate of pRBCs by strain y of species j, parasitized since time a, the term
fooo v;(a, y)I1;(0,a,y)da gives the proportion of pRBCs of strain y that will rupture to release merozoites. Thus,
I';(y) represents the reproductive value of strain y in species j.

In general, the compactness property of the linear operator L; above holds as soon as Assumption 3.2 is replaced
by:

Assumption 3.3.

1. The reproductive functions I'; : R — R, are continuous, not identically null and lim,|_, I';(x) = 0 for each
jef{l,2}.
2. For each R > 0 the function  — supy, < k(z +y) belongs to L'(R).



Under Assumption 3.1, it is noteworthy that Assumption 3.2 automatically entails Assumption 3.3. However,
it is important to note that while Assumption 3.3 holds, it may not necessarily imply Assumption 3.2.

The compactness and irreducibility properties of the linear operator L; induce the following result that we
remember (see [14] for the proof).

Proposition 3.4. Let j € {1,2}. Under Assumptions 3.1 and 3.3, the linear operator L; defined by (3.4) is
positive, compact and its spectrum o(Lj) \ {0} is composed of isolated eigenvalues with finite algebmzc multiplicity.
The spectral radius r(Lj) 1 a positive algebraically simple eigenvalue associated to the normalized eigenfunction
¢; € L*(R) with fR ¢;(z)dx = 1. Moreover, if a nonegative and non identically null function ¢ € L*(R) satisfies
the equalzty Li(¢) =g for some a € R, then ¢ > 0 almost everywhere, ¢ € span(¢;) and oo = r(L;).

Finally, addressing the concern of uniform persistence of parasites in the proposed model necessitates a technical
assumption outlined as follows

Assumption 3.5. Let j € {1,2}. For each A > 0 and for almost every y € R, we have

0, ()5 (4) / (@ y)e I (s, a,y) da > 0, Vs > 0.

Essentially, Assumption 3.5 demands that the product p;3; be almost everywhere positive on R. However, if,
for example, p;(y)B;(y) > 0 holds for nearly every y € €2, where € is a bounded subset of R, the model proposed
here can straightforwardly be applied to the set €2, and the methods and outcomes presented here remain valid.

4 Global well-posedness, dissipativity and positivity

In this section, we handle the well-posedness of the system (2.1).

4.1 The main result

By setting X := R? x L'(R} x R,R?) x L}(R,R?), and X := R x L} (R x R,R?) x L% (R, R?) its positive cone,
the main result of this section reads:

Theorem 4.1. Let Assumption 3.1 be satisfied. Then,
1. Problem (2.1) generates a globally defined strongly continuous semiflow on Xy, denoted by ® and defined by
DRy x Xy 3 (tup) — Di(ug) = (C(2),v(t,-,-),m(t,")). (4.1)

That is, for each ug = (Co,vp,mg) € X4, there exists a unique mild solution (C,v,m) € C(Ry,Xy). Fur-
thermore, the set

A A
Cro< s Cao <

2
S = (C()/Uo,m()) € X, Zj:l(CJ,O + HUJ,0| Ll(R+XR)) = Nl 5 + s (42)
Hmj,OHLl(]R) < H%Hinl‘,fjum (u?,a n @), Vj e {1,2}
is positively invariant with respect to the semi-flow ® and for each uy € X, the solution defined by (4.1)
satisfies
. A ) A
limsup C1(t) < — and limsup Cy(t) < —
t—-+o0 1,2 t—+oo M2
A A
lim su )+ vt -, )z < — 4+ —
H+OOP.Z st Morn) € o+ 2

and for j € {1,2}

) ) A A
limsup‘lmj(t7')HL1(]R) < 175 1o IP; 1l 00 ( n ) .
t—+o00 Hm,j H1,2 H2

2. The semi-flow @ is point (and bounded) dissipative, i.e. there exists a bounded set K C Xy, that attracts each

point of X1 (and each bounded set of X ) i.e. dg(P(w), K) = 0 for eachw € Xy (and dg(P(B), K) =

—00 —+00

0 for any bounded set B C X,), where dg is the Hausdorff semi-distance [21] defined by dy (B, K) =
SUP,ep infper |w — v x.



3. In addition to Assumption 3.1, we also require the fulfilment of Assumption 3.2. Then, the semi-flow ® is
asymptotically smooth in X, i.e. for any nonempty, closed, bounded and positively invariant set B C X,
there exists a compact set K C Xy such that limy_, oo dig (®4(B), K) = 0. It follows that there exists a global
attractor.

4.2 Proof of Theorem 4.1

To prove Theorem 4.1, we need to set a suitable framework for using integrated semigroups (see e.g. [26] and the
references therein). We start by giving the following result about the resolvent of A which simply arises from the
definition of the linear operator.

Lemma 4.2 (Resolvent). Suppose that Assumption 3.1 is satisfied. Then for each X\ € C such that R(\) >
—min{pi 2, o, hm 1, hm,2}, the resolvent of A is given by

uy C
o1 uz | | Onyrre)
(/\Id A) us = ’U S ))
Uy m

for every (uy,ug,uz, ug)’ € X, with

C = (Mg + p)~tuy

v(a,z) =e” fo’(>\Id+lt21d+"/(lax))dlu2(:L.) +/ e~ j; (/\1d+u21d+’¥(l»$))dlu3(87$)ds
0
m(z) = Mg +v+ I(x)) tuy ()

and consequently, A is resolvent positive.
Let Ag : D(Ap) C Xop — X be the part of A on Xy, that is the linear linear operator
Aou := Au, Yu € D(Ag) ={u € D(A) : Au € Xp}.
We also have the following lemma.

Lemma 4.3. Suppose that Assumption 3.1 is satisfied. Then A: D(A) C Xy — X is a Hille-Yosida linear operator.
Furthermore, s(Ag) = s(A) < 0 with s(A) (resp. s(Ao)) the spectral bound of A (resp. Ap), that is for H € {A, Ao}

s(H) := sup{R(X) : X is in the spectral set of H}.
Consequently if wa € (—s(Ap),0) there exists a constant Mg > 1 such that
||TA0 (t)HE(Xo) < MAe_wAt, vt > 0.

Proof. Considering the linear operators A; : D(A) — X and As : Xy — X as follow

C —uC
A2 OLl(R,RQ) — OLl(R,R2) , Al — A _ A2
v Or1(r, xR,R2)
m OLI(R,R2)
lead to the decomposition A = A; + A;. With Lemma 4.2 we see that
1
My — At <
[ = A0l < 55—l

for each u € & and A € R with A > —wo and wo := min{p1 2, 12, fm,1, fhm,2}, leading to |[(Ag — A1) 7" zx) <
m for each n > 1 so that A is a Hille-Yosida operator. Since A, is a bounded linear operator, it follows that A
is also a Hille-Yosida linear operator. Consequently, Ag, the part of A on X generates a Co-semigroup {74, (t)}i>0
with growth bound w(A4p) € R. Next, we note that Xy is a AL-space implying that s(Ag) = w(Ag) [12, Theorem
3.14]. Recalling that [25, Lemma 2.1] A and Ag have the same spectral set, we conclude that s(A4p) = s(A). The

result follows from Lemma 4.2 and the fact that

s(A) =inf{\ € p(A): (A — A)71x, C X}



4.2.1 Proof of items 1 and 2

The following proposition is devoted to items 1 and 2 of Theorem 4.1.

Proposition 4.4 (Global well-posedness, Boundedness, Dissipativity). Let Assumption 3.1 be satisfied. Then the
Cauchy problem (3.3) generates a globally defined strongly continuous semiflow on Xy, denoted by U and defined

by
U: R+ X X+ > (t,uo) — U(t)’LLO = (C1(t), CQ(f),OLl(RJRz)/Ul(t, ‘Y '),UQ(t, ° -),ml(t, -), mg(t, ))T (43)

That s, for each ug = (Cl)Q,CQ’O,OLl(]RVRZ),Ul)o,UQ,O,ml,o,mzo)T € Xot, U(Hup € C(R4, Xoy) is the unique mild
solution to (3.3). Furthermore, the set S introduced by (4.2) is positively invariant with respect to the semiflow U
and for each ug € Xy, the solution defined by (4.3) satisfies

A A
limsup C(t) < —  and limsup Co(t) < —
t—+oo H12 t—+oo 2
A A
li . < = il
i sup g_ )+ lvi (5 )l e, xr)) < s + i
and for j € {1,2}
. w [ A A
J L1(R)
—+oo Hm,j Hi2 M2

Proof. Thanks to Lemma 4.2 and Lemma 4.3, the linear operator A is resolvent positive and a Hille-Yosida operator.
The non-linear map F' is clearly continuous and locally Lipschitz due to Assumption 3.1. The local existence then
follows from the classical result (see e.g. [27, Theorem 5.2.7, p. 226]). We now claim that

Ve >0, I : F(u)+Xeuw >0, Yue Xor NBx(0,¢)

wherein By (0, ¢) is the open ball in X' centred at 0 with radius e. Indeed, a sufficient condition for this inequality
to hold is to choose A, such that

Ae Z & ([1B1lloo + l152lloc)

which proves the claim. It shows that the solution is non-negative due to [26, Proposition 5.3.2, p. 227]. We
now prove the global existence. To this end, let uy = (Co,0,v0(-,-),mo(-))T € Xy, be given. Then there exists
Tinax € (0,00] such that if we set

U(t)uo = (C1(t), Ca(t), Op1(mr2), v1(t, - -), v2(t, -, ), ma(t, ), ma(t, ),

then for each t € [0, Tinax) and almost every z € R we have

viola —t,z)IL(a —t,a,x) ift <a,
vj(t,a,x) = . (4.4)
( 1 Ci(t— a)) Bj(x)m;(t — a,z)I1;(0,a,z)  ift>a
and
dCy (t)
dt =A- [LLQCl (t) - Cl(t) 61 (:c)ml (t, .T)dl‘ - Cl (t) . 52(I)m2(t, I)d{E,
dC:
2 s Cu(0) = 1aCal®) — o) [ Balomalt ), (45)
R
3m (t,x)
ot — [ ke oyt ( | v y)da) Ay — (pon g + 1)) m(1,2).
0
Note that using the C’l—equatlon we obtain
O < A~ i sCu(t), Vi € [0, i)
from which we deduce that
A
Ci(t) <e ™20 g+ — (1 —e#2Y) | Vit € [0, Thnax) (4.6)

H1,2



so that A
Cl(t) < My := max (Cl,o, ) , Vt e [Omiax)-
H1,2
Using (4.7), it follows from the Cy-equation of (4.5) that

dCs(t)
at

< p1,2C1 () — peCa(t) < pa,2Mo — paCa(t), Vt € [0, Timax)

and by similar arguments we obtain

M,
Co(t) < M; = max (cw “15 0) , Vit € [0, Tnax)-
2

Next, summing the C-equations of (4.5) it follows that

2 2

2
72 Cilt) = At maCi(t) MZC Z/vthxdx Vt € (0, Tmax)-
R

Jj=1 j=1 j=1
From where we obtain for each ¢ € [0, Trax)

2

ZC’](t)—e “QtZCJO—F/ e M=) (A 4 1y () da—Z/ e Hat= a)/v](a 0, z)dzda.
R

j=1 j=1

Next, using (4.4) it follows that for each t € [0, Tipax)

2 [e§] 2 t
Z// vj(t,a,z)dadz = Z// I1;(0,a,z)v;(t — a,0, x)dadx
=R Jo o IR Jo
2 o0
+Z// viola —t,z)II;(a —t,a,z)dadz.
Pl

Recalling that
(a,0,2) < e #2079 Vo >a>0, 2R, je{1,2}

we infer from (4.11) that for each t € [0, Tinax)

2 o 2 t 2 S
Z// vj(t, a, z)dadr < Z// e_”z(t_“)vj(a,o,x)dadx—l—e_’”tZ// vj0(a,z)dadz.
=IrJo =R Jo = IrJo

Therefore, setting

= i (Cj(t) —i—/R/OOO vj(t,a,x)dadx) , Vt €10, Trmax)

and summing (4.10) and (4.12) we obtain

t

R(t) < e "2'R(0) + / e P2 (A 4 1yCi(a)) da, Yt € [0, Tiax)
0

so that (4.7) combined with (4.13) implies

A+ pa Mo

R(t) < Ms := max <R(O), s

) , Vt € [0, Thnax)-
Thanks to (4.14), Assumption 3.1, and the mj-equation in (4.5), we have for each t € [0, Tynax)

d .
G [ mottadde < bllalpslocda = s [ stz € (1,2)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)



so that

/mj(t,a:)dx < max (”%HHPJHQ,/ mj70(x)dx) , 7 €{1,2}, Vt € [0, Thax)- (4.15)
R Hm,j R
It is now clear from (4.7), (4.9), and (4.15) that for each ug € Xp;+ we have Tnax := Tmax(to) = +00. Moreover,

the positive invariance of the set S defined in (4.2) is a direct consequence of the estimates (4.7), (4.9), (4.14) and
(4.15). Let us now prove the dissipativity of the semiflow generated by (3.3). To do so we first note that (4.6)

implies that

A
limsup Cy () < —.
t—+o0 H1,2

Next, let € > 0 be given. Thanks to (4.16) there exists to := to(€,up) > 0 such that

A
Ci(t) £ — +¢, Vt > 1.
H1,2

Consequently, (4.8) and (4.17) imply that

dCy(t A
2(t) < 12 < + 6) — p2Cs(t), Vt >t
dt H12

that is

A
Co(t) < emr2t=t) 0y (1) + 12 ( + e) (1 - e—w(t—to)) .Vt > to.
H2 H1,2

Recalling that ¢ — C(t) is bounded on [0, +00) it follows from (4.18) that

lim sup Cs(t) < F12 (A +e> .

t—+00 T2 \M12

Since € > 0 is arbitrary in the above estimate (4.19) we conclude that

A
limsup Co(t) < —.
t—-+oo 2

To obtain the dissipativity concerning the v;-components, we combine (4.7), (4.13), and (4.17) to obtain

to t A
R(t) < e #2'R(0) —l—/ e P2 (A 4 1y My)da —|—/ e H2(t=a) (A + 2 ( + 6)) da, ¥t >t
0 to

H1,2

from where

A A
limsupR(t) < — + — + e
t—+o00 M2 H1,2

Since € > 0 can be chosen arbitrarily small we end up with

t—+o00 p2  p12

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)

To complete the proof, we prove that the dissipativity holds along the m;-components. To this end, we note that
(4.20) implies that for each n > 0, there exists t; := t1(n,up) > 0 such that R(¢) < ﬁ + Ay forall t > t.

1,2
Consequently, we obtain from the mj-equation that

d A A )
— / mj(t, x)dz < |17 |0 D5l 00 ( +— +77> — Hm g / m;(t,x)dz, j € {1,2}, Vt > .
dt R 125 R

H1,2

Using similar arguments as above, we obtain

. . A A
limsup/ m;(t, z)dx < M ( + — +77) , Vn > 0.
tstoo JR Fom,j M2 H12

The proof of Proposition 4.4 is completed.
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4.2.2 Proof of item 3

The next proposition is concerned by the asymptotic smoothness of the semiflow generated by (3.3) (or equivalently
(2.1)), that is the third item of Theorem 4.1.

Proposition 4.5 (Asymptotic smoothness of the semiflow). Let Assumptions 3.1 and 3.2 be satisfied. Then the
nonlinear semiflow {U(t)}+>0 generated by (3.3) has the form

U(t) = Ul(t) + Ug(t), Vt>0
with the following properties:
i) For each t >0, Ui(t) : Xor — X, maps bounded sets of Xp4 into relatively compact sets of X';
it) There exists § : [0,400) x [0, +00) — [0,+00) such that for each € > 0, tli+m &(t,e) = 0 and if ugp € Xy
—T 00
with ||ugllx < € then ||Us(t)ugllx < (¢, €) for all t > 0.

Proof. The proof of Proposition 4.5 will be given in a series of lemma. To this end, let us note that the nonlinear
map F defined in (3.2) can be written as F' = Fy + I, where we have set for each (C,0p1(r r2), v, m)T € Xy

c A — diag ( / /fmﬁ(y)m(y)dy) c
R
) OLI(R7R2) _ OLl(R,]RQ)>
v OLl(R&}X]RJR{?)
m
/Rk(- - y)p(y)/ v(a,y)v(a, y)dady
0
and
C Oge2
| Onmes | _ | diag(Bm)siC | (4.21)

v Or1(r, xR,R2)
m 01 (r,R2)

It is worth noting that if Assumptions 3.1 and 3.3 are satisfied then F; maps bounded sets of Xy, into a relatively
compact set of Ay. Indeed, the first component of F} belongs to a finite-dimensional space while the last component
of I is a composition of a linear continuous map with a compact linear map which is a consequence of Assumptions
3.1 and 3.2 (see [14]). In the following, B C Xy is a bounded subset of Xpy. Recall that for each ug € B, the
integrated (mild) solution ¢ € [0, 400) — U(t)ug of (3.3) is given by

t

U(t)ug = Ta, (t)uo + AhT Ta,(t — )M\ — A) " F(U(s)up)ds, ¥t > 0. (4.22)
—+00 0

Next, we define for each ug € B, the map t — Tj(t)uo by

t

U(t)ug := Jim i Ta,(t — $)AA — A) "L (U(s)ug)ds, ¢ > 0. (4.23)

We also define the map ¢ — U (t)uq as

~

U(t)ug :=Ta,(t)ug, t >0 (4.24)
and the map t — U (t)ug as

t
U(t)ug := lim Ta,(t — )M\ — A) " Ey(U(s)up)ds, t > 0. (4.25)
A—=+oo Jo
Let us note that the uniqueness of the integrated solution (4.22) together with (4.23), (4.24) and (4.25) imply that

for each uy € B we have . 3 .

Note that using similar arguments to the proof of Proposition 4.4, one obtains that there exists Ky := Ky(B) > 0
such that

sup [[U(t)uollx < Ko. (4.27)
t>0,u0€B

11



Moreover, due to Lemma 4.3, the equality (4.24) and the boundedness of B, there exists Ky := K;(B) > 0 such
that

sup ||U(t)uollx < e “A Ky, Vit > 0. (4.28)
uog€EB

We have the following lemma.

Lemma 4.6. Let Assumptions 3.1 and 3.2 be satisfied. Then, for each T > 0, the set B := {U(-)up € C([0,T], Xp) :
ug € B} is relatively compact in C(]0,T], Xp).

Proof. Let T > 0 be given and define B as in the Lemma. The proof will be done by using the Arzela-Ascoli
theorem. To do so, we have to prove that for each ¢ > 0, the set B(t) := {U(t)uo : ug € B} is compact in Xy and B
is an equicontinuous family. Let us note that Fy(U(s)ug) € Xy for all s > 0, ug € B so that (4.23) becomes

¢
Ul(t)ug = / Ta,(t — s)F1(U(s)ug)ds, ¥t >0, Yug € B.
0
Thanks to (4.27) we can define the bounded set

By = {U(t)’LLO 1t 2>0,up € B},

The compactness of Fy implies that Fy(By) is relatively compact. Recalling that (s,y) — Ta,(s)y is continuous,
we deduce that the set

{Ta,(t — s)F1(U(s)ug) : s € [0,t],ug € B} C {Ta,(t —s)Fi(y) : s €[0,t],y € Bp}
is relatively compact. By a theorem by Mazur, we conclude that for each ¢t > 0 the set

50 = { [ Tt =AU Gpuo)ds o € 8

is relatively compact. This proves that for each ¢ > 0, the set B(t) is relatively compact. To complete the proof,
we have to prove that B is equicontinuous. To this end, let 0 < ¢t < ¢ < T be given. Then we have

O(t)uo — Ulto)uo = /t Pt — $)Fy(U(s)ug)ds + /O P (b — 8) — T (o — $)IF (U (5)ua0)ds
0
= /tt Ta,(t — s)F1(U(s)ug)ds + /Ot0 [Ta,(t —to+s) — Ta,(s)]F1(U(to — s)ug)ds
0
proving that
U (t)uo— U (to)uollx < sup || Fi(y)lx /t Mae 4= ds+tg sup 1 Ta,(t—to+s)y—Ta,(s)yllx. (4.29)
yE By to s€[0,to],yE€F1(Bo)

The equicontinuity of B follows from (4.29) and the fact that Fy(By) is relatively compact. O

Due to (4.26)-(4.27) and Lemma 4.6, our Proposition 4.5 is a consequence of the following lemma.

Lemma 4.7. Let Assumptions 3.1 and 3.2 be satisfied. Then, the nonlinear maps {U(t)}+>o defined in (4.25) has
the form

U(t)=V(t)+ Z(t), Vt >0
with the following properties:
i) For eacht >0, V(t): Xoy — X, maps B into relatively compact sets of X;

i) There exists a constant K := K(B) > 0 such that || Z(t)uo||x < K(1 + t)e_“’xt, for allt > 0 and ug € B.

The positive constant wK > 0 is defined as wj :=min{wa, po} with wa defined in Lemma 4.5.

12



Proof. Let us set for each t > 0, ug € B

U(t)uo = (Ciw (t)» C;U (t)v OLl(R,R2)7 vqf0 (tv " ')a ,U;Lo (t’ " ')a "qul(J (t’ ')’ mgo (ta ))

and
0(75)@&0 (éfo (t)v A;LO (t)7 OLI(R,R2)7 ,into (t, K ')’ ﬁgo (tv K ')7 mllLO (tv ')7 mgo (t7 ))
U(t)uo (C’fo (t>7 N;LO (t)’ OLI(R,R2)7 171“0 (ta * ')a 'E;O (t’ K ')7 7ﬁ11L0 (t’ ')7 m;o (t> ))
U(t)ug == (CM(t), C(2), 01 (r,R2), U1° (L, -, +), 03° (t, -, +), iy ° (¢, -), 50 (t,-))
so that we get for each ¢t >0, j € {1,2} and ug € B:
Cyo(t) = Cyo(t) +Cyot) + Co(h),
mio(t,.) = Wm0t ) +mio(t, ) +mi°(t, ), (4.30)
vt ) = 0F0(E ) + 00 () + ~"“( )

Note that, using (4.28) we have for each j € {1,2} and ¢ > 0 the following estimates
{ sup,,e |C50 (1)] < Ko, (4.31)

SUPyyeB ||m;l0(t7 ')”Ll(R) < Kle—w,qt7

while (4.27) gives the following estimates

{supuoeB G5 (8)] < Ko, Vi =0 (4.32)

SUP,,eB ||m}m(t, MNzrw) < Ko, Vt>0.

Using (4.21) and (4.25) it follows that t — (C%(t), 5% (t,-,-), Mm% (t,-) satisfies, in the mild sense, the following
system )

dcd(t’(t) — _Mcuo(t),
740 (t,0,2) = diag(B(z)m¥e (¢, z))xL CU(t),

(0 + 0)0 0 (t,a,x) = —(p2la + v(a, x))0"0 (¢, a, z),

oM (t,z) = —(v + I(z))m* (¢, x)

with initial conditions C'“0 (0) =0, m"°(0,-) = Op1(r,re2y and 9"°(0,-,-) = Op1(r, xr,r2). Consequently, we have
C™(t)=0,  m"(t,") =0prre), Yuo€B, Vt>0 (4.33)

and for each j € {1,2},t >0, a > 0 and ug € B:

30t a,) = 10, (a)B5 ()L (0, ><ZC?°<t‘“)>m?°<t—aw>- (4.34)

i=1

Hence, we infer from (4.30) and (4.33) that for each j € {1,2}, ¢ > 0 and ug € B:

MmO ) = () £t ),
"l 2 Gt ey (4:3)

Moreover, using (4.35) we obtain from (4.31) and (4.32) that for each j € {1,2} and ¢t > 0:

sup |C’”°( )| < Ko+ K. (4.36)
upEB

Next, note that using (4.34) and (4.35), we have for each t > 0, a >0, j € {1,2}, z € R and ug € B:

J J
v°(ta,z) = lpg(a)B;(2)IL;(0,a,x) < °(t —a,x Z °(t —a) +m;°(t —a,x Z t—a)

J
+1j0,4(a)Bj(x Oamz °(t —a)mj°(t —a,x)
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so that for each t > 0 and ug € B:

ﬁ;%o(t,',') ’J)y ( 7.7.) +2;°(t,~,~)

where we have set for all t > 0, a > 0 and ug € B:

J J
wi°(t,a,x) = 1p4(a)B;(2)IL;(0,a, ) ( °(t —a,x Z °(t —a) +mi°(t —a,x Z t—a)
B0t aw) = 1oy (@)Bi (@) (0,0,2) (X, Croft - )) Mt — a,x).

Using (4.31), (4.32) and (4.36) it is easy to prove that there exists a constant K; > 0, depending only on B such
that
H ~uo( - ')HLl < f(l(l + t)e—min{u}A,,tLQ}t7 V>0, je {172}.

We now conclude the proof by proving that for each ¢ > 0, the set {Z{°(¢,-,-) : uo € B} is relatively compact in
L'(Ry x R). To do so, let {Z}(t,-,-) : n € N} be a bounded sequence in {Z}°(t,,-) : up € B}. Thanks to Lemma
4.6, the set {mm? : n € N} is compact in C([0,], L' (R)) and {C’f :n € N} is compact in C([0,¢],R). Consequently,
there exists m3° € C([0,1], L'(R)) and C’f" € C([0,t],R) such that

lim 7w} =m3° in C([0,t], L*(R))

n——+o0o
and

lim C7 =C% in C([0,t],R).

n—-+oo

Next, setting for each ¢t > 0,a >0, z € R:

Z2°(t,a,x) = Ljo,4(a)Bi(x Oaxz (t —a)mj°(t —a,z)

it follows easily that

This ends the proof of Proposition 4.5.

Finally, the simple use of [21, Lemma 3.2.3, p. 37] ends the proof of Theorem 4.1.

5 Stationary states

We investigate the existence of stationary states that are solutions (C7, C3, vi, v, m}, m3) of the following system
with j € {1,2}:

0=A— 120 — Ol/ﬂl 2)m’(z 01/52 2)ymi(z

0= i = oG5 = G5 [ Balami(a)d

m(o x):( 7 c*) B;(x)m’ (x), (5.1)
vi(a,2) = — (2 +75(a,2)) v (a,2),

/ bl = ns) [ an)vs @, 9)de) dy = G + 5(0)) o),

The parasite-free equilibrium denoted by Ey always exists and is defined by
A

A
Ey = (050,050,0,0,0,0) , with CPo= = CFo = - (5.2)
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The endemic stationary states rely on the spectral analysis of the linear operators L;, defined by (3.4) whose
properties have been reminded in Proposition 3.4. We define the following thresholds:

A A A
R = 77“([11), Ro = (‘LL + ,u> T(Lg) and Ry = maX{Rl,Rg}. (53)
1,2 2

We can state the following result:
Theorem 5.1. Let Assumptions 3.1 and 3.3 be satisfied.

1. If R1 > 1, then System (2.1) has an equilibrium Ey = (ClEl,C2El,UlEl,0L1(R+XR),m1E1,0L1(R)) where

Ey Eq
Cfl = %l , C2El = %l , lel(a,x) = ClEl,é’l(x)mfl(x)Hl(O,a,x),
Bigy B1(2)p1(2) - ¢1(x)
) a0 ([ESRG) o

2. If Ry > 1, then System (2.1) has an equilibrium Ey = (C{%,052,0L1(R+X]R),vf2,0L1(R),m§2) where

02E2 _ A % H1,2
tig + / Ba(e)m (2)dz  pa + / By (2)mE2 (2)dz
R R

Ey _
C? =

b

A
M1,2+Aﬁg(z)m§2(z)dz7

A
vE2(a,x) = (CF2 + OF2) Bao(a)mE2 (2)15(0, 0, 2), mE?(x) = — "2 ¢o(2), (5.5)
P2 + 12(2)
where Ao is the unique positive solution of the following equation
1= MlﬁgAT(Lg) 1 1
B Ba(2)¢2(2) 1,2 Ba(2)¢2(2)
2+ A ————dz ’ +A —————"dz
HL2T o i + 1a(2) H2 Lt + 12(2)
3. If the following assumption holds
R I 12 -
2 1,2 2 R
1< —=<1+— d Ri>1+ (14— ) ———F 5.6
Rq e ( M1,2> L+02 -7 >0

then System (2.1) has a unique positive equilibrium E* = (CE™,CE™ oF" o¥F" mE" mL") such that

*

Cl = p A = y
M1,2+Zk:1 fm Br(z)m¥” (z)dz
CE" = Apa,2
2 (”132—"_22:1 f]R ﬁk(z)mkE* (z)dz) (;Lr_;-‘rfR B2 (Z)'sz* (z)dz) )
vt (a, CF Bi(x)m{” (2)I11(0, a, 7), (5.7)

(CIE* + Cf*) Bg(x)mg* (2)5(0, a, ),
#m,1>4\r111(13)¢1(x)’
um,erQb(w) ¢2(‘r)a

<
Nty
/—\*
QQ
SRS
NN
Il

where \1 and Ao are positive constants given by

N [ Ba(2)ea(2) )
22 P2 R)2\E) 4, (12 + p2) (32—
R e z B2 R1 R Mm.2 + I2(2) z

R1—<1—|—

A= H1,2

We can observe that the stationary state Fy corresponds to the scenario where only P. vivax is present, whereas
only P. falciparum is present at the stationary state Fs5. Both species can be found at the positive stationary state
E*, see Figure 1. Note that the condition (5.6) necessarily implies that R > Ry > 1.

15



Zone 5 : Ey, By, Ez, E*

i

SNV IV 02 Zone 3150 B39 7

1482 R2
Mo R

Figure 1: Qualitative view of areas for the existence of equilibria according to R; and % In
zone 1 there is only Ejy since Rg < 1. Zone 2 is bounded by R; > 1 and Ro < 1, whence Ey and F;
are present. Zone 3 is bounded by R; < 1 and R9 > 1, so that Ey and E5 exist. In zones 4 and 5, the
conditions Rq > 1 and Ro > 1 are satisfied so that Ey, 4 and E» are present in both zones. However,
the condition (5.6) holds in zone 5 but not in zone 4, whence E* is only present in zone 5.

Proof.
1. At the stationary state Eq, System (5.1) rewrites

0 = A—p 207" = O [L Br(z)my (z)da,
0 = 200 — ueCy,
v (0,2) = CFBu(x)ymy (), (5.8)
dav7 (@, ) = = (p2+m(a, ) v (a,2),
0 = Jpk(z—y)pi(y) (fooo 7 (a,y)vi" (a, y)da) dy — (pm1 + I (2)) my™ ().

The first two equations of (5.8) lead to

CEr — oFo H1,2 ’ CEr — oFo H1,2
' Ve o Biz)mP (2)dz” 2 pua+ [y Bu(z)mi (2)dz

and we have from the vi-equation

v (a,2) = CF* B(x)my” ()L (0, a, ).

Substituting the above expressions of C’f ! and fulE ! into the last equation of (5.8), it comes
A Limy(z) = mq(x) (5.9)
> _ 1ma =m ) .
where we have set M1 = (im1 + [1)m;" and L; is the linear operator introduced by (3.4). Then, by
Proposition 3.4 we find from (5.9) that m; = A\1¢1, where A; is a positive constant. Moreover, by (5.9) we
have
r A
T e S
i.e. .
A _
AL = 12 (T(L1> - 1) ( SrlE)on(z) dZ)
M2 R Hm,1 + 11(2)

from which we obtain the equilibrium F; defined by (5.4).
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2. Similarly, for the stationary state E5 we have

CF: A
1 )

p12 + [ Ba(z)m 22 (2)dz

CQEZ = A . H1,2
12+ Jg Bo(2)mb?(2)dz  pg + [ Ba(z)my?(2)dz

o aa) = (OF +Cf7) B)m? (@)L (0,a.2),
and
£<z>m2 1+ le — Loma(x) = ma(z) (5.10)
et fp 2R de e fp 2R

where we have set M2 = (lm 2 +12>m2 2 and Ly is the linear operator defined by (3.4). Again from Proposition
3.4 we find from (5.10) that my = Aado, where s is a positive constant. Moreover, by (5.10) we have

1 A H1,2

1+

(5.11)

The right-hand side of (5.11) is continuous and strictly decreasing in As, so a necessary and sufficient condition

T(i2) < M . (1 + £ 2), i.e. Ro > 1. This ends the computation

of the equilibrium FE5 defined by (5.5). Note that an explicit expression of A\ reads

to have a nontrivial endemic equilibrium is

2
o + 1,2 (1 - %) + \/(uz + p1,2 (1 - %)) +4p1 2p2(R2 — 1)

Ba(2)¢2(2) d
R Hm,2 + IQ(Z)

Ay =
z

3. From System (5.1), the positive equilibrium E* is such that

* A
Cl = 2 Ex }
p12+ Y h—y f]R Br(z)my;” (z)dz
E* _ AM1,2
y =

(2 + iy Jo Be(2)mE" (2)d2) (p2 + [, Bo(2)mE (2)dz)’

v (a,2) = CF B (x)mP (2)111(0,a, ), vF (a,z) = (c{f* + af*) Bo(x)mb " (2)112(0, a, z).

Substituting the above estimates into the last equation of (5.1) we obtain the following system:

A
lel(m) = ’ﬁ’Ll(.r),
2 j z —
2+ X0 S s (2)d 5.12)
o 5.12
A H1,2 _ _
1+ Loma(x) = ma(x)
2 i(z _ P _
fi2+ 35 Je #(Iz_(z)mj(z)dz po + o umizﬂi(?)m (2)dz

where we have set m; = (ftm,; + I])mJE We get m; = \;¢; with positive constants A;. Furthermore, (5.12)
gives

1 A
(Ll) H12 +Zj 1>‘ f]R o, 7+[ )¢J( )
1 A H1,2
L IBJ (2) 1+ B2(2)
r(La) o+ Si N e i ¢ () b2+ A2 g s ST $2(2)d2
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i.e.

1,2
1=T Bi(2)
H1,2 + ZJ 14 Jg tom JJ+I (z)(b]( 2)dz
1 1\!
N <M ) M) M (5.13)
o ) 1,2
1= : 1+ '
Rip2 2+ A2 [p umi2+2(z ¢2(2)dz

The right-hand side of the second equation of (5.13) is continuous and strictly decreasing in Ao. Thus, the
necessary and sufficient condition for the existence of Ay > 0 reads:

—1 —1
Ro ( + L) Ro ( L+ i)
Hiz K (1 + H, 2) >1 and fie B2 <1
Rip,2 H2 Rip,2
that is equivalent to
Ro 1,2
1< =<1+ —=

R M2

Still from the second equation of (5.13), we obtain

Balal) _ aatmm) (R -1)

z =

m I B, R
R Hm2 + Io(2) (1+ﬁ)7ﬁ

It then remains to find A;. Note that the right-hand side of the first equation of (5.13) is continuous and
strictly decreasing in A;. Thus, the necessary and sufficient condition for the existence of A\; > 0 is

Rlul 2

pz + A fy 22 de

>1

i.e.

. Ry _
R1>1+(1+2>7f;12 =
MI,Q 1“!‘72'_7%7?

and we have
B(2)2(2)
Ri- (1422 g S )
AL = pa2 A;l(gw() :
R pm,1+11 Z)dz

The computation of the positive stationary state E*, defined by (5.7), concludes here.

6 Basic reproduction numbers and invasion fitness

The basic reproduction number, commonly represented as Ry, is defined within this context as the total number of
new malaria parasites originating from a single parasite introduced into a parasite-free RBCs environment [4, 12]. In
an initially unparasitized RBCs population, this metric can ascertain the potential for a parasite strain to propagate
within that RBCs environment. Conversely, when the RBCs population is initially colonized by a resident parasite
strain, the invasion fitness is employed to assess whether a new parasite strain can successfully invade this RBCs
environment or not. In this context, the calculation of both the Ry and the invasion fitness relies on the next-
generation operator approach [12, 43] and the standard adaptive dynamics methodology [13, 19, 32, 35].

6.1 The basic reproduction number

We have the following result.

Proposition 6.1. Let Assumption 3.1 holds.
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1. Let j € {1,2}. The basic reproduction number of strain x within the j-species, denoted by R;(x), is such that

Rj(x) = (Z Cf“) /Rk‘(x—y)Fj(y)dy, (6.1)

where T'; is the reproduction function introduced by (3.5) and the constants CiEO are defined by (5.2).

2. For each j € {1,2} the threshold quantity R; introduced by (5.3) is the basic reproduction number of the
j-species, while Ro defined by (5.3) is the basic reproduction number of System (2.1).

Proof. Let j € {1,2}. Let us denote by b;(t,z) the number of parasites, of strain z within the species j, that are
newly produced at time ¢. From (2.1) we get

bi(ta) = [ ko= )0 ( / N wa,y)vj(t,a,y)da) dy.

Then, linearizing the system (2.1) around the parasite-free stationary state Ep, and using Volterra’s formulation,
we obtain
viola —t,z)l(a -t a,x) ift <a,
vj(t,a,x) = ,
( ) C’iEO) Bj(x)m;(t — a,xz)I;(0,a, ) ift > a.

Therefore,

bi(t,z) = (Z Cf“) /Rk(w —y)pi(y)B;(y) </0 ¥ (a, y)m;(t — a7y)Hj(0,a,y)da> dy

:/R k(z —y)p;(y) (/too vi(a,y)vjola —t,2)Ii(a — t, a, y)da> dy. (6.2)

Furthermore, we have

t
m;(t,x) = e_(”m‘ﬁ'lj(x))tmj’o(x) _|_/0 e—(ﬂm,ﬁ‘fj(%))(t—s)bj (s, 2)ds.

By the above expression, (6.2) rewrites as follows

J t t—a
bi(t,x) = (ZQEO> /Rk(w—y)pj(y)ﬂj(y)/ vj(my)ﬂj(&a,y)/ e (Wt LiWNE=a=2)p, (5 y)dsdady + g; (t, )
i=1 0 0

(6.3)
where g;(t, ) accounts for the number of parasites produced by the initial condition:

gi(t, ) = (ZC?) / k(z — y)p; (y)B;(y) ( / e~ (s TLENU= D ()5 (a, y)TT (0, a, y)da> dy

: /R Kz — 1)ps () ( /t (@ )o@ — b )L (a — b a, y)da> dy.

Since
t

t t—a
p; (9)B; () / 75, 9)TL(0, 0, ) / et a9 (5 1) dsda = / by(t — a,y)Fy(a y)da,
0 0 0

wherein .
Fi(a,y) = e_(le,j+Ij(y))ﬂpj(y)6j(y)/ ~; (s, y)IL; (0, 57y)e(/u'm,j+1j(y))sds
0

then the equality (6.3) becomes
J t
bi(t,x) = (Z CiEO> / /Rk(gc — y)Fj(a,y)b;(t — a,y)dyda + g;(t, ).
i=1 0
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Given the formulation above, the basic reproduction number R ;(x) of strain « within the j-species is computed as
the spectral radius r(G;[z]) of the next-generation operator G;[z], as defined by:

Gilz] : L*(R) > v (Z C’iE‘]) /OOO/Rk(x —y)Fj(a,y)v(y)dyda € R.

Then it comes that

Ri(x) = (Z Cf") /OOO/Rk(w — y)Fj(a,y)dyda = (Z Cf“) /R/f(aj —y)T;(y)dy

where the last equality comes from fooo Fj(a,y)da = T';(y) < oo, with I'; the reproduction function introduced by
(3.5). We now introduce the linear operator G, such that

Gi(v)(z) = Gjlzlv, Yve L'(R), VzeR.

Observe that G; = ( 3:1 CiEO) L;, where L; is the linear operator introduced by (3.4). Then, the basic reproduc-

tion number of the j-species is calculated as the spectral radius of the next generation operator Gj, i.e.

r(Gj) = (Z Cf") r(Ly).

Note that the spectral radius of G; satisfies 7(G;) = R, where R; is the threshold parameter introduced by (5.3),
which proves the first point. In addition, the next generation operator of the overall system is G = diag(G1, G2),
so that the basic reproduction number Ry of System (2.1) is given by

Ro = max{R1, Rz}

6.2 Invasion in a parasitized RBCs environment

Let us introduce the notation (z1,z2) to represent a parasite population, where 1 denotes the parasite strain of
the first species (i.e. P. wvivaz) and xo represents the parasite strain of the second species (i.e. P. falciparum).
The notation (x1, ) indicates the absence of the second species, whereas ({), x2) signifies the absence of the first
species. We also denote by f(4, 2,)(y1,¥2) the invasion fitness of a mutant with phenotype (y1,y2) in the resident
population set by the equilibrium E®1-#2) of phenotype (z1,22). Then f(m@z)(th) = (f(l$1 Iz)(y1)7 f(2$1 m2)(y2))7
where f(j;rhwz)(yj) is the invasion fitness of a mutant of strain y; within j-species in the resident population set by
the equilibrium E(*1:%2) of strain (1, 22). Hence, a mutant strain y; within the j-species in the resident population,
as defined by the equilibrium E(*1:*2) will spread whenever f(jgc1 m)(yj) > 0. We then have the following results of
the invasion fitness:

Proposition 6.2. Let Assumptions 3.1 and 5.3 be satisfied. Let us define the following thresholds:
Ryt = CPTi(21) and R = (CF + CF*) T (w).

1. Scenario 1: both species (i.e. P. vivax and P. falciparum) are the resident. Assume that

RE2
-1
RiT

2

R
<2 <14+ 82 44 Rf1>1+<1+“2) (

p1z2) _ R32
L+ o ) Ry

The above condition ensures the existence of the resident equilibrium E*1*2) and we have

RY fh2 11,2

(z1,22)
C Y xT
ICEU (Rll - Rl 1)
1

f(ml ,Z2) (yl’ y2) - Zf:1 Cswl,wz)

S5—om (RY - Ry)
=1 i
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with Cixl’“) and C’Q(xl’xz) respectively the size of young and mature RBCs in the environment set by the
resident. Hence, we have

sign (f(1m17m2)(y1)> =sign (RY* — RT') and sign (fle’mg)(y2)> = sign (RY? — R%2). (6.4)

2. Scenario 2: only the first species (i.e. P. vivazx) is the resident. Assume that Ri' > 1 which guarantees the
existence of the resident equilibrium E@19  Then, we have

1
- Sk (RY —Ri)
(x1,0)(Y1,Y2) = o
1 o (RY —RY)

with CT* and C3* respectively the size of young and mature RBCs in the environment set by the resident.
We obtain

sign(flu, 0 (1) = sign(RY —RY), and sign (12, 0(12)) = sign (RY — RY).

3. Scenario 3: only the second species (i.e. P. falciparum) is the resident. Assume that R3* > 1, which
guarantees the existence of the resident equilibrium E®2). We then have

e [ (ZmC) /08
"

Eo
f(@,zQ)(yla y2) = “ (Z?:l OzEO) /ClEO
. o® 2 zo
o) vy - Ry)

with CT? and C3? respectively the size of young and mature RBCs in the environment set by the resident.
Then:

2

(xi o) jer
(x2icf) et

sign (/3.0 (2) ) = sign (RY = RE?) (6.6)

sign (flp.awy () ) = sign | RY — 3 |, (6.5)

Proof. Scenario 1: both species are resident. Let E(*1:%2) be the equilibrium set by the resident population of
strain (21, z2). Such an equilibrium satisfies:

E(x17z2) = (Cf’m’:w)a C§$1’$2)’ Ugml’@) ()5371 ()a m§$1’$2)6$1 ()7 U£$1,I2)(')5w2 ()7 méI1,$2)6$2 ())

At the equilibrium E®1:%2) System (2.1) rewrites

0 = A=C (o + Bi(e)mi™ ") + Bawa)m ")
0 _ ul 20(971,132) _ il?l mz) /,L + BQ ,Tz (11,12)) ,
o) = (S C(%%)) B ymy™ ", (6.7)
dv(xl’zQ) ( )
() = (g2, z) o (@),
(z1,22) pi(z;) (z1,22)
m = — VI vi(a,xj)v; a)da
i s + 1,(;) Jo vi(a,z)v; (a)

for each j € {1,2}. From (6.7) we deduce that

C£$1,3¢2) A
Hi2 + 51($1)m§m1’z2) + 52(!E2)mém’12)
C(wl,zg) o A,UI,Q 1
2 = (1.22) @) (@1,22)
1,2 +51(CE1) —|—52(x2)m2 pa + Ba(x2)my
) = (S O ) 8y m M 0,0,
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Replacing the above expressions into the last equation of (6.7) it comes

1= A
#1,2+ﬁ1(11)m511’12)+52(z2)

m;zl'zz> Fl ('rl)a

1= N 14— ) Dy(x
p1,2+B1 (@1)m{*172) 4 By (wg)m {172 pia+B2 (wg)m5172) 2(22)

i.e.
1= A r
#1,2+ﬁ1($1)m§m1’m2)+52(12)m(;1’m) 1(1‘1),
r (6.8)
1= 2(z2) H1,2 .
(1) M2+32(w2)m(2w1’w2)
The right-hand side of the second equation of (6.8) is strictly decreasing in mgxl’“). Thus, a necessary and sufficient

condition for a positive solution méxl’xz) is
T r
2(#2) g L2(®2) (1 + ’“’2) > 1. (6.9)
'y (1) Iy (21) 142

Observe that

Rg2 _ CIEU —|—C2EO 5 FQ(.’EQ) _ (1 i M1?2> FQ(.’EQ)
Rt CFe ['y(x1) po ) Ti(xr)
Therefore, conditions (6.9) are equivalent to
R3? H1,2
1< —2- <14 —=,
Ry H2

Still from the system (6.8), the second equation then gives
RE2
(12 + p2) (R%l - 1)

mgm’M)ﬁQ(x?) — - e
(1+552) — =

For m(lxl’“), the right-hand side of the first equation of (6.8) is strictly decreasing in m(lxl’m) with limit 0 when
mg”“’“’) — 00. So, a necessary and sufficient condition for a positive solution mﬁ“’l’“) is

T2

R -1

)Rf1>1<:)72”fl>1+<1+m) 7? D
1,2

ma) \ (1452 )~ T

H12
pi2 + Pa(x2)m

(z1,22
2

In summary, the resident equilibrium E(*1:%2) exists if and only if the following conditions are satisfied

RI2
RI2 ST T 1
<=2 <1482 4 RT1>1+<1+N2> i =
R M2 H12 (1 + —”1’2) s
K2 Rt

We now assume that a mutant with phenotype (y1,y2) causes a small perturbation of the system set out by the
resident equilibrium E®1%2) Thus, we set

Oit) = CF) (),
vi(t,a,x) = Uj.wl’z?)(a)aﬁ(x)+gj(t,a)5yj(x),
mi(t,x) = m{E, (2) + b0y, ()

for each j € {1,2}. We remind that by (2.1)we have

0 (t0,2) = (Shoy Cul®) 8 (@)my ()
(at + 8a)’Uj (tv a, .”L') = - (/1'2 + (a, x)) Uj (t> a, 'T)’
Omy(t,x) = [pk(z—y)p;W) [y vila, y)v;(t, a,y)dady — (pm ; + Li(z))my(t, )
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for each j € {1,2}. Then, the small perturbations for infection g1, g2, h1 and hs, are governed by the following
system of equations around E(@1:72) with x; # y;:

9;(t,0) = ( - C;(fl’“)) Bi(y;)h;(t),
(O +0a)gj(t,a) = —(p2+;(a,y5))g;(t; a),

o0

k(- — )0 (w5) J5° (@, y7)95(t a)da + k(- — 25)p;(x5) [ 75 (a, 2;)0{" " (a)da
(g + L) (S8, () + hy(£)d, ()

for each j € {1,2}. By integrating h/(t)d,,(2) and since [ k(y — z)dz = 1, for any y, it comes

9;(t,0) = ( - Cl(fl’xz)) Bji(yj)h;(t),
(at + aa)gj(tva) = _(/’62 + 'Yj(a7yj)gj(taa’)7
W) = pi(yp) fo° vi(a y)g;(t,a)da+ps(;) [ vi(a,2;)0l" " (a)da

(g + Li(@))mE ™) — (g + Ii(y;)hy (t)
for each j € {1,2}. Note that by definition of the resident equilibrium E(*1:72) we have
piCes) [ (a)ol (@)da (s + 1) =0, v € {1,2), (6.10)
0

It follows, for each j € {1,2}, that:

gi(t0) = (XL, O 8wk (1),
(0: + 8a)gj(ta) = —(p2+7;(a,y;))g;(t, a), (6.11)
Wit) = piys) Jo vila,y;)g5(t a)da — (pm g + I (y;))hy (1)

Denoting by M;ml’M)(t, y;j) the number of newly produced parasites of species j at time ¢ with phenotype y; in a
resident population (z1,2), we see that

M) () :pj(yj)/ vi(a, ;)9 (¢, a)da.
0

Through similar computations employed in deriving the reproductive numbers in the proof of Proposition 6.1, it
follows that

t
M) = [E ) M= g )da + By (1),

where H; accounts for the initial condition of (6.11) and
i=1

J a
F]§I1712)(aayj) = e~ (#m.i+1i(y;)a (Z Ci(ml’m)> pj(yj)ﬂj(yj)/ 73 (5,97 )L (0, 5,y )elim o+ @i,
0

As a result of the above formulation, we find that the basic parasitic reproduction number R(y;, E(®1:72)) of a
mutant strain y;, in the resident population of strain (z1,x2) is given by

00 J
R(yj,E(wl’”)) _ / Fj,(ml’m)(a,yj)da _ <Z Cj(:m,mz)) P](y])
0 i=1

Therefore, the invasion fitness f(z, z,)(¥1,%2) of a mutant strain (y1,y2) in the resident population E@12) writes

C?LIZ) Y1
R (y1, B2y — 1 o R — 1
flar,20) W1, 92) = =y oe1e2) 1 : (6.12)
R (2, E172)) —1 Sem Ry -1
i=1 ¢
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By (6.10), we have

C(zl,zg) . Zz 0(11@2) .
L Ri'=1 and ==—F—R5*=1
E 1 2 E 2
S5 0 Zi:l C ’

from where (6.12) rewrites as

(1,22)

¢ 2t x
or (RY = Ri)
1

f(zl z2)(yluy2) = 2 (z1,23)
) ’ Ci£1’£2
Rl (R - R3)
i1 i
Scenario 2: only the first species (i.e. P. vivaz) is resident. Using calculations similar to those of Scenario 1,
the equilibriuin E@0) = (CF,C8 v (a)0p, (1), mi 04, (1), 03" = 0,m3" = 0) set by the resident (x1,0) exists if
and only if R{* > 1 and then we have

H1,2

crr = CEo f ,

! Yopag + Bi(z)mi
C:El _ Ey Ml,?

2 © 2+ Pi(z)mit

vi'(a) = C/{;lﬂl(xl)m?nl(oa a,ry),
1,2

mt = : RIT —1).

1 ﬁl (331) ( 1 )

Furthermore, the reproduction number R(y;, EY“’@)) of a mutant with phenotype y;, in the resident population set
by E%wl’o) is given by
(21.0) oo J
R(ymEfl’ ) Z/O Fi* (a,y;)da = (Z Cf“) L (y;)-
i=1
Hence the invasion fitness f(z1,0)(y1,y2) writes
cit

cro
f(l’h@) (Y1,92) = oo

Eo
e

Scenario 3: only the second species (i.e. P. falciparum) is resident. As for the previous scenarios, we find that
the resident equilibrium E®*1) = (C2,C32, 07> = 0,m7? = 0,052 ()04, (-), m5>,,(-)) is such that

(RY' ~RY)

(RY ~R7)

x 11,2
cyr o= o e
! Y pag + Ba(wa)mi?
o (o 11,2142
2 ? (12 + Ba(w2)m3?) (p2 + Ba(w2)ms?)’
,U51172 (a) = (sz + Osz)/@Q (xQ)m§2 H2 (05 a, l‘g),

where m3? is the unique positive solution to the following equation (provided that R3? > 1):

H1,2 E E H2
s CFo CEo - )T =1.
pi,2 + Pa(x2)ms? ( b pa + Ba(x2)my? ) 2(z2)

Applying the same methodology as in the previous section, we find that the reproduction number R (yj, E (m’“)) of
)

a mutant strain y;, in the resident population E§®’m2 is given by

J
0,x x
R (ygEé 2)) = (Z C; 2) L (y;)-
i=1
Thus the invasion fitness writes

(xh e jer

211;2 ?{1 - (22 CE°> /CEo o
J0.20) (W1, 92) = (22 Cm23_1 2 h
i=1"Y

(Zle ClE0> (Rgz - R?)
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Finally, note that

Cy" 2
Cro (p2 + Ba(z2)m3?)’

-1
(Cp+ /ey [, G p2 AT
(CT° +Cy°)/Cpe CT° pg + Pa(x2)m3? cye

(C7* +C57)/Cr" =1 +

whence

7 Parasite’s extinction and uniform persistence

In this section, we analyze parasite extinction and persistence in relation to the thresholds R; introduced by
(5.3). These thresholds are vital in understanding how parasite populations behave over time within the host. We
investigate the conditions for complete parasite elimination or persistence.

7.1 Technical materials

We explore the properties of a perturbed linear system around the equilibrium Ey defined in (5.2). We consider
€ € R to be sufficiently small such that
CPoye>o0, Vie{1,2}.

For j € {1,2}, we examine the linear problem given by

’U;(LO,.r) = Bj(m)m;(tﬂx) <Z(01E0 +€)> )

i=1
ov5(t,a,x)  Ov;(t,a,x)

a7 oa = —(u2 +75(a,2) vt a, 2),
oms§ , T o
JT(;) = /Rk(m —y)p;(y) (/0 75(a,y)vj(t, a,y) da) dy = (pm,j + I;(x)) m5(t, @)

(7.1)
with initial conditions v§(0,-,-) = v;o € L' (R4 x R,R) and m$(0,-) = mjo € L'(R,R). It is noteworthy that these
systems are independent of each other as j varies from 1 to 2. For the rest of this section, j is fixed in {1,2}. We

can express the j-system as the following abstract formulation:

de;(t) .
{ dt = (‘7:] + V]) gj (t)7 (72)
£;(0) = Ljo€o

where Y = LY(R,R) x L}(R; x R,R) x LY(R,R) and Vo = {01} x L}(R; x R,R) x L'(R,R). The Banach space
Y is endowed with the usual product norm. The bounded linear operator F7 : Yo — ) is defined as

Op Bym; 31 (CFo +€) 01
]:; Vj = 0L1@+XR,R) , ¥ Vj € V. (73)
m; Je kG =w)piW) [5~ vila, y)vi(a,y) dady m;

Meanwhile, V; : D(V;) C Yo — Y is given by

OLl —vj(O, ) OLl
Vj Vj = 73,11)3‘ — (‘LLQ + ’yj)’Uj , Vv Vj S D(VJ>
m; —fim,jmy — Iym; m;

with D(V;) = {01} x Dj, x L*(R,R) and

Dj,:={ve L' (Ry x R,R) :v(-,z) € WM (R4, R) a.e 2 € Rand 9,v € L'(Ry x R,R)}.
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By employing arguments similar to those in Lemma 4.3, it can be shown that the spectral bound s(V;) of V; satisfies
s(V;) < 0. Furthermore, the linear operator V; is resolvent positive, and for each A > s(V;), we have

(U5} OLl
(/\Id — Vj)71 us | = v IS
us m;

for every (u1,us,u3)’ € Y, with

vi(a, ) = e 11,0, a, 2)uy () —|—/ e M (s, 0, 2)ua(s,2)ds, a >0, z €R,
1 @ 0 - (7.4)
= ug(z), = .
N ¥ g + L)

m;(x)
Therefore, setting
T =r(F(Ala = V;)7h), YA >s(V)), (7.5)
it follows from [42, Theorem 3.4] that the following sign equality holds true
sgn(T\ — 1) = sgn(=A +s(F; +Vj)), VA >s(V;).

Since F5 + V; and (F5 + V))o, the part of F5 4+ V; in Y have the same spectral set [25, Lemma 2.1], we also have
the following equality

sgn(T\ — 1) = sgn(=A +s(Fj + V) = sgn(=A +s((F; +Vj)o)), YA >s(V)). (7.6)

Denote by ), the Banach space
Vi = LYR,R) x {071} x L' (R, R).

In the following, we provide a more explicit characterization of ’7;5)\ given by (7.5). To do so, let us first note that

using [10, Lemma 2.2] one knows that F7(Algq — V;)~! has the same spectral radius as its restriction on ;. Next,
observe that for each A > s(V;) and (u1,0z1,u3)? € Vi, we have from (7.3) and (7.4)
Uy gﬁe(US)
FOL=v)~ o | = | Con ) (©.7)
where we have set for each u1,us € L'(R,R)
A - E Bi(x)
Gpe(ug)(z) =Y (G +¢) ug(z), Vo € R

i=1 A + Hom,j + Ij (x)

and

Mug)(z) := T —Y)pj - i(a, e e (0, a,y)dauy , Va .
H (u1) () /Rk( y)p(y)/o vi(a,y)e” "*I1;(0, a, y)daus (y)dy, Vo € R

From (7.7), it follows that for each (uy,0r1,u3)” € Y,

Uy Ghe 0 M (ur)
(Fs(Mla = V)™ [0 | = 01 , (7.8)
u3 H;\ o gﬁe(u3)

and since r(H} o G,) = r(G}. o H}) and r ((Ff(Ala —V;)™1)?) = r (F5(Ma — Vj)_l)Q, it follows from (7.5) and
(7.8) that

Tin = (Fi =) 717) = 1 0 L), ¥a>s(0).
Moreover, the linear operator H;‘ o gﬁﬁ : LYR,R) — L' (R, R) is explicitly given, for A > s(V;), by

J

() 0 @) = S (CF +9 [ ko -y Wu)ds, e L@

i=1 R
v W [~
r y) = PIYIPIAY / vi(a,y eI, 0,a,y)da.
;) At b, +1i(y) Jo 1(a,9) i )

From the above discussion, we have the following results.
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Proposition 7.1. Let Assumptions 3.1 and 3.3 be satisfied. Then s(V;) < 0 and we have the following properties:
i) sgn(T\ — 1) = sgn(=A +s(F5 +V))) = sgn(=A + s((F5 + V;)o)), for all X > s(V;).
ii) For each A\ > s(V;), the linear operator (F5(Alq — V;)™1)2: V1 — V1 is compact and positive.

iti) For each A > s(V;), the spectral radius T}y of F§5(Ma —V;)~" satisfies TS, = \/r(H} 0 G3,).

Next, we establish a key result essential for proving the global asymptotic stability of the equilibrium Ey and
the uniform persistence of the parasites. Prior to proceeding, we note that when A = 0 and € = 0, the following

equality holds:
7}{,)0 =VR;
where the thresholds R, are defined in (5.3).
Lemma 7.2. Let Assumptions 3.1 and 3.3 be satisfied. Then we have the following properties:

1. If Rj <1 then there exists eg > 0 such that for each € € [0,€0) we have s((F5 + V;)o) = w((F5 + Vj)o) <0
with w((F5 + Vj)o) the growth bound of the semigroup generated by (F5 + Vj)o (the part of F5 +V; on o).

2. If Rj > 1 then there exists g > 0 such that for each ¢ € (—€,0] and i € {1,2} we have CF* 4+ ¢ > 0 and
o > 1. Moreover, if Assumptions 3.2 is satisfied then X; := s((Ff + Vj)o) = w((Ff + Vj)o) > 0 is an
eigenvalue of F5 + V; with eigenvector uje € Yo N D(V;).

Proof. Before presenting the proofs of Items 1 and 2, we begin with some remarks. Let A > s(V;) be given. Recall
from the preceding discussions that for all A > s(V;), the linear operator JF£(Alq — V;)~! has the same spectral
radius as its restriction ]—';()\Id — Vj)*l : Y1 — V1. Let us set
Nje(N) = F(Alg — vj)l—yll V1 = V1, YA >s(V;))
so that
r(N,e(0)) = r(F5(=V;) 1) = T = r(N,e(0)) = /r(N;,e(0)2).
Moreover, owing to the fact that ) is an AL-space, we have the following equality [12, Theorem 3.14]:
s((F5 +Vj)o) = w((F5 + Vj)o)-
With these observations in place, we proceed to complete the proof.

1. Assuming R; < 1, then Ty = 1/r(Nj0(0)?) < 1, we observe that Nj ((0)* given by (7.8) for A = 0 is compact
for each € > 0, and the mapping € € [0,+00) +— N;(0)* € L(Y1) is continuous. Hence, according to [10,
Theorem 2.1], the function € € [0, +00) — r (N, €(0)?) is also continuous. Consequently, there exists ¢y > 0
such that 75 < 1 for all € € [0,¢p). Using the equality (7.6), we deduce that s((F5 + V;)o) < 0 for all
€ € [0, ¢0).

2. Assume that R; > 1, then T, = \/r(NV;0(0)2) > 1. Let €, > 0 be small enough such that CEo 4 e> 0 for
each ¢ € {1,2} and € € (—e1,0]. Using similar arguments as for the first item, it follows that there exists

€0 € [0, €1) such that
Tio = \/T(N;e(0)2) > 1, Ve € (—€0,0].

If Assumption 3.2 is also satisfied then using similar arguments than in Proposition 4.5 we can prove that
Tirev,),(t) = Ur(t) + Us(t), £ 20

where U;(t) : Yo — Vo, @ € {1,2} are bounded linear operators. Moreover, U; (t) is compact for each ¢t > 0
and Us(t) satisfies the estimate

1T2()ll2(ve) < KoL +t)e™ ", ¥t >0
for some constants Ky > 0 and w; > 0. Consequently, using the same arguments in [45, Proposition 2.4] we

" (|02l x0))
€ . n 2 r
wO,ess((}—j + Vj)o) < hmsup fwo) <
t——+oo

and since \§ = w((F5 +V;)o) > 0 (by using (7.6)) it follows that wo ess((F5 + Vi)o) < w((F5 +Vi)o) = A§ =
s((F5 +Vj)o). The result follows from [15, Proposition 2.5] or [26, Proposition 4.6.5].

—wq
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The above Lemma 7.2 has the following consequence.

Corollary 7.3. Let Assumptions 3.1 and 3.3 be satisfied. Let ¢g > 0 be small enough such that the conclusions
of Lemma 7.2 hold. If R; < 1 then for each ¢ € [0,¢y), the zero solution of (7.2) (or equivalently (7.1)) is
globally exponentially stable in V. Consequently, for each initial conditions v§(0,-,-) = v;o € LY (Ry x R,R) and
m5(0,-) =mjo € LY (R,R) we have

J
lim (/m tmdx+// taxdadx):O.
t—+oo

We end this section by proving the asynchronous exponential growth properties of the semigroup generated by
(F5 + Vj)o.

Proposition 7.4. Let Assumptions 3.1, 3.2, and 3.5 be satisfied. Let ¢g > 0 be small enough such that the
conclusions of Lemma 7.2 hold. If R; > 1 then for each e € (—¢g, 0] there exists a rank one projector P; Yo — o
such that

’P;T(]:;_H;j)o( ) T(]:u,_v )0( )P =€ Jt”PG Vi > 0 with )\6 = S((]:6 +V ) )

and for each €0 € Yo+ \ {0y, } we have ||P5l;olly > 0. Moreover, we have e~ J‘tT(;;_,_vj)o(t) — Ps, when t — +o0,
in the operator norm topology.

Proof. The proof relies on the Asynchronous Exponential Growth (AEG) property established by [45, Proposition
2.5], [44, Theorem 3.3] or [9, Theorem 9.10, Theorem 9.11]. Assume that R; > 1. Thanks to Lemma 7.2 we have
the equality \; = s((F5 +V;)o) = w((F5 +Vj)o) > 0 for all € € (—¢o, 0]. Moreover, by using the same arguments in
the proof of Lemma 7.2 we have the strict inequality wo ess((F5 + Vj)o) < w((F5 + Vj)o) with wo ess((F5 + Vj)o) is
the essential growth bound of (F S+ V;)o. Therefore, to obtain the AEG property, we will prove that the semigroup
generated by (F; +V;)o is positive irreducible. To do so, let us note that for each A in the resolvent set of (F5 +V;)o

we have from [25, Lemma 2.1]

D}o

and the semigroup generated by (F5+V;)o is positive irreducible if there exists Ao € R such that (Ala—(F§+V;)o) ™"
is irreducible for each A > Ag (see [9, Proposition 7.6]). Next, note that using (7.9) it follows that there exists Ag > 0
large enough such that for each A > \g and ¢y € )y we have

(Mla = (F§ 4+ Vi)o) o= (Mla = V;)7! i FS(A\q — V)™, (7.10)
n=0
Next let £y € Vo with £y = (01, us,u3)” be given. Let us set £y = (0p1,u2,071)7, f3 = (071,071, uz)T and
U3 := Fi(Nlq — V;) "o,
Note that from the resolvent formula (7.3) and (7.4) we have Uy = (0p1,0p1,u3)T with
) i= [ Ko=) [ e ([ eI 5,0, 0)ua9)ds ) dady

that is by the Fubini’s theorem

= [ re =it [ ([ stame o0, de) (s hasy (7.11)

Next, using (7.10) we have

3

(ALa — (F5 +Vi)o) Mo > (Alg — Vy) ™" (Z(]—‘ (g — Vs + Z S(Aq — —1)"23>

n=0
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Moreover using (7.7) and (7.8) we obtain

3 G e(us) + G o Hj o G (u3)
D (Fi(Alg = V)~ = Or1
n=0 us + ’H;\ o gj:e(ug)
and
3 _ (Ge(lis) + G\ oM} 0 G ()
S (Fs(Ma = V) )l = 071
n=0 ’Z/L\j + HE\ o g]/\@(ag)

from which:
Gre oM} oG (U3) + G o H} 0 G) (u3)
(Mla — (F§ 4+ Vi)o) o > (Mla — V) ! 071 . (7.12)
H) 0 G () + H) 0 O, (us)

To conclude the proof, we note that Assumptions 3.1, 3.3, and 3.5 (see [14]) imply that the linear operator ’H; ogﬁs
is positive irreducible. Moreover, (7.11) also provides that w3 = 0p: if and only if ug = 0p:1. Consequently if either
ug # 0p1 (i.e Uz # Op1) or ug # Op1 then we have for almost every z € R

{g;\,e o /H;\ o gj):e(a?»)(x) + g])\e o Hg)\ o gg)\,e(UB)(I) >0 (7.13)

H} 0 G (s)(2) +H 0 G (us)(x) > 0

Thus, we infer from the resolvent formula of V;, (7.12) and (7.13) that the resolvent of (Fj + V;)o is positive
irreducible for all A > Aq. O

7.2 Parasite’s extinction

In this section, we prove that if R; < 1, then the j-species goes to extinction as times goes to infinity. Consequently,
if Rg = max{R1,Ra} < 1, then all species extinct as times goes to infinity. Moreover, we also show that if Ry > 1
then the parasite-free equilibrium state is unstable.

Proposition 7.5. Let Assumptions 5.1 and 3.3 be satisfied. Let j € {1,2} be given. If R; < 1 then for each initial
condition Uy = (Co,vo, mg)T € Xy, the j-species goes to extinction, that is

tiigloo </R mj(t,m)dac%—/R/O vj(t,a,x)dadx) =0.

Proof. Assume that R; < 1. Let ¢y > 0 be fixed small enough such that Corollary 7.3 is satisfied for all € € [0, €).
Let us fix € € [0,¢9). Let 1y = (Cp, vo,mp) € X4 be any initial condition. Thanks to Proposition 4.4 there exists
to := to(Uo, €) > 0 such that

Ci(t) S CFo e, ¥t >tg, i =1,2.

Consequently, we have, in a mild sense, for each t > tg

J
v;(t,0,2) < Bj(x <ZCE°—|—€>,
i=1
0v;(t,a,x) n avj(t,a,x) B
ot Oa o

- (/J'Q + ’yj(a’ (E)) vj(tv a, LC)
and

LTS Y YR (/ %(a,ym(t,a,y)da) dy — (. + 1 (@) my (1, 2).

Therefore, using the comparison theorem in [28] we obtain for all ¢ > 0

OLI S Uj(t+t0, ) ) S (t7 7') (7 14)
OLI S m](t+t07 )S <t7 )

where t — (v5(t,-, ), m§(t, )T is the mild solution to (7.1) with initial condition (v;(to,", "), m;(to,))T at time

t = 0. The result follows from (7.14) and Corollary 7.3. O
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Proposition 7.6. Let Assumptions 3.1 and 3.3 be satisfied. The parasite-free equilibrium state is globally asymp-
totically stable in X, if Ry = max{R1,Ra} < 1. More precisely, if Ro < 1 then for each initial condition
g = (Co,v9, mp) € X1, we have

lim m;(t, z)dx + Oovj(t,a,x)dadx =0, je{1,2} (7.15)
R RJO

t—+oo

and
. (A — Bo
tl}TwCl(t) C;, ie {1,2}.
If in addition Assumption 3.2 is satisfied, then the parasite-free equilibrium is unstable whenever Ry > 1.
Proof. If Ry = max{R1,R2} < 1 then (7.15) clearly follows from Proposition 7.5. To prove the convergence of the
C;-components, we note that the boundedness of t — C;(t), ¢ € {1,2} on [0, +00) implies that (see [40, Proposition
A.14]) there exist sequences (t!) and (s?,) with i — +oc0 and s!, — +oc such that

Cy(th) — C° = limsup Cy(t) Ci(sh) = Ci oo = liminf Cy(t)
_ t——+oo and t—+o0 (716)
Cl(ti) =0 Ci(sn) = 0.

Therefore, using (7.16) and the Cj-equation in (7.1) it comes

A
0=A— u1720<1>o and 0 = A — /JLLQCLOO — Cfo = Cl,oo = —
H1,2
that is A
li t) = —. 1
t~}$100 Cl( ) H1,2 (7 7)

Next, using the Cy-equation in (7.1) combined with (7.16) and (7.17) it follows that

A A
0=p12—— —p2C5° and 0 = pg 5—— — p2C2 .
H1,2 14

s

Therefore Cy oo = C5° = % providing that Cy(t) — ﬁ when t goes to +00. The local stability of the parasite-free
equilibrium simply follows from the first item of Lemma 7.2 since the linearization of (3.3) around Ejy is (7.2) (up
to the Cj-components) with e = 0. Finally, the fact that the parasite-free equilibrium is unstable whenever Rg > 1
follows from the second item of Lemma 7.2. O

7.3 Uniform persistence of parasites

In this section, we always assume that Ry > 1. To obtain the uniform persistence of the parasites, we introduce
the maps ¢ : X, — R, defined for each (Cy, v, mo)T € X by

&(Covnme) = Y- ([ oo+ [ [ vjola.ads).

Jj=1
It is clear that £ is nonnegative and continuous on X ;. Next, we define the sets
My := {(Co,vo,mo)T e X, f(Co,Uo,mo) > 0}

and
M = {(Co,v0,mo)" € X1 : £(Co,v0,mp) =0}

so that X, = My U dM,. We first prove the following lemma which states that if (Co,vo,mo)T € OMy then,
independently of R, the parasites-free equilibrium is always globally asymptotically stable on 0Mj.

Lemma 7.7. Let Assumptions 5.1 and 5.5 be satisfied. Then for each initial condition iy = (Co, vo, mo)T € OMy,

we have
§(®i(tin) =0, V¢ >0 and  lim Ci(t) = CcFo i=1,2, (7.18)

with ®(ug) = (C(t),v(t, -, ), m(t,)) for allt > 0.
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Proof. The first equality of (7.18) follows from the uniqueness of the solutions of (7.1). The convergence of C;(t)
to CZE”, for ¢ = 1,2 can then be proven by similar arguments in Proposition 7.6. O

The main result of this section is the following.

Theorem 7.8. Let Assumptions 3.1, 3.2, and 3.5 be satisfied. Assume in addition that 1 < min(R1,R2) < Ry.
Then, the semiflow {®y}i>0 is &-strongly uniformly persistent on My. More precisely, there exists n > 0 such that
for each initial condition g = (Cy,vo, mo)T € My we have

lim inf £(®4(ug)) > n

t——+o0
with ®(ug) = (C(t),v(t,,-),m(t,)) for allt > 0.

Proof. Assume that 1 < min(Rq,R2) < Ry. Let ¢g > 0 be small enough such the conclusions of Proposition 7.4
hold true for each € € (—¢,0] and j € {1,2}. In the following, € is fixed in € € (—€p,0). Since {®;};>0 has a
compact global attractor, our result is obtained once we prove that the semiflow {®;};>¢ is {&-weakly uniformly

persistent on My [29, 10] that is there exists 19 > 0 such that for each initial condition 2 = (Cy,vg,mg)T € My we
have
lim sup &(P¢ (o)) > no- (7.19)
t—+oo

To prove (7.19), we argue by contradiction. Before proceeding, let us first note that for each initial condition
o = (Co,v0,mo)T € My that is &(2g) > 0, we can prove by standard arguments that

2
&(Dy (1)) Z(/m]tmdx—&—// v]tamdadx>>0 vt > 0. (7.20)
j=1

Let 19 > 0 be small enough such that

{;MHW)AC +6—512+€ .
H1,2 - .
(h1.2+210) (2 t+2m0) = >CFfe=42A Jr ..

Let g € M such that

lim sup £(®¢(up)) = lim sup (/ m;(t, der// i(t,a, dadx) < 1. (7.22)

t——+oo t—+oo

Then there exists to := to(ug) > 0 such that

(/ mj(t,x)dx+// vj(t,a,x)dadx> <o, YVt >tp. (7.23)
R R Jo

From (7.23) and the Cj-equations of (7.1) we obtain

{Ci(t) > A= (2 +n0)Ca(t), t > to

(7.24)
Cy(t) = p1,2C1(t) = (p2 +m0)Ca(t), t > to.
Since ¢ — C4(t) is bounded on [0, +00), there exists a sequence (t,) with ¢, — +oo such that C1(t,) = C1,00 =
liminf;, o C1(t) and Ci(t,) — 0 (see [10, proposition A.14]). Therefore, using the first equation of (7.24) we
obtain A
Iminf C1(t) =Cl oo > ——. 7.25
RS 1(0) hee = H1,2 + Mo (7.25)

Since H1,2A+770 > #12/_}_27]0, the inequality (7.25) implies that there exists ¢; := t1(@y) > to such that

A
Ci(t) > — Yt > 1. 7.26
1(t) > T 1 (7.26)

Consequently, we have from the second equation of (7.24) that

Co(t) > pa2 — (2 +n0)Ca(t), t > t;.

H1,2 + 210
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Using similar arguments as for the C-equation, we obtain

p,2AA
Cy o := liminf C 7.27
B mi Gl 2 (k1.2 +2m0) (k2 +10) (7:27)
. 1 o A 1 o A . . ~
Since (u1,z+l217£(uz+no) > (/1«1,2"1‘2}770‘)2(N2+2770) we infer from (7.27) that there exists to := ¢2(Ug) > ¢1 such that
pi2 A
Co(t) > ’ V> 1. 7.28
() 2 (k1,2 + 210) (12 + 210) ’ (7:28)
Thanks to (7.21)-(7.26)-(7.28) we have

Ci(t) > CFo e, ¥t > tg, i =1,2. (7.29)

The latter inequality (7.29) implies that the m; and v; components of (2.1), with j € {1, 2}, satisfy for each ¢ > ¢,

’Uj(t,o,x) > ZZ:1(CZEO + G)Bj(x)mj(th)a
0v;(t,a,x) N 0v;(t,a,x) _

ot Oa
om;(t, x)

05— [k ([ 0yt o)) dy = G + 1) st 2)

- (MQ + ’)’j(a,gg)) ’Uj(tvaﬂx)»

Thus we obtain by comparison principles in [28] that
0 <wj(t,,-) <wj(t+tz,--),j €{1,2} and 0 <mj(t,-) <my(t+ta,-), j€{1,2}

for all t > 0 where ¢ — (vj(t,-,-), m(t,-)) is the mild solution to (7.1) with initial condition v$(0,, ) = v;(t2,",")

and m$(0,-) = my;(ts,-). Setting for each t > 0 and j € {1,2}, £5(¢) := (O, v5(t,-,-),m§(t,-)) and {5, :=
(OLl,v;-(to, ), m5(to, ) it comes
65(t) = Tire4v,), (D)0, V220, j € {1,2}.

Since R; > 1 for j € {1,2}, we infer from Proposition 7.4 that A > 0 for j € {1,2} and

lim_ e T rs v, (06 oll = P55 ol (7.30)

t—+o0

6ol = /mj to, dx+// i (to, a,z)dadz, j € {1,2}

it follows from (7.20) and Proposition 7.4 that [[Pff{ ol + [|P5l5 o[ > 0. Without loss of generality, assume that
P55 oll > 0. Then (7.30) implies that

Since

Tz ®fiol = [ mit)as [ [ uandads, o 4o

which is a contradiction to (7.22). The proof is completed. O

8 Parameterization of the model and its typical simulation dynamics

For the numerical simulations, the ruptured functions ; are taken as
0 if a < 75,

Y(a,w) = re<m (8.1)
o ifa>Ty,

where 7; is the erythrocytic cycle duration of the j-species (see Table 1 for given values). We fix a; = 10 for all species
such that the average parasite’s development period: fooo exp (— foa v, (o, x)da)da =7;+1/a; ~ 7;. We assume the

2\ 2
mutation kernel is described by a Gaussian distribution k(z) = k.(z) = (271'62)7%6_%(;) for the mutation kernel,
where € > 0 represents the standard deviation of the Gaussian mutation kernel within the phenotypic space. For all
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simulations, we fix ¢ = 0.07 Malaria parasites infection efficiencies 3; are assumed independent of the phenotypic
values z, such that §;(x) = §; for all x. For each simulated scenario, we assume that

B =62Tx1077; By =6.27x10"5, (8.2)

We also assume that both the production rate p; and the immune response I; depend on the phenotypic trait .
More precisely, we define

pj(x) = pi™* x N(z], 05)(z), (8.3)
(@) = I x N (x5, 55) (),

where z7 is the dominant parasite phenotype within the j-malaria species. The constants p*** and [*** are
respectively the maximal production rates and the maximal effect of the immune system on the dominant phenotype.
The parameter o, allows quantifying the selectivity level ( %) within the j-malaria species, while s; accounts for

J
],sj) is set for the normal probability density distribution with mean z7

and standard deviation s;. For all illustrations, s; is assume variable and

the cross immunity effect. Finally, N (z*

o; = 0.03. (8.5)

Model (2.1) can then be used to illustrate various dynamics depending on the specific scenario of interest. Here
we illustrate the typical dynamics simulated with the model for two scenarios.

The first scenario is when the immune system is inefficient on both malaria species (P. vivaz for species 1, and P.
falciparum for species 2). Clearly, in the absence of the immune system effect, the dominant parasite phenotype, z7,
within P. vivazr can grow because Ri(z})| I =0 > 1 (Figure 2A). This is also the case for the dominant parasite
phenotype, x5, within P. falciparum (Figure 2B). However, although reducing the basic reproduction numbers
of both species, the immune system is not sufficiently efficient to keep the dominant parasite phenotypes below
the growth threshold and we still have R;(x}) > 1 with the effect of the immune system (Figure 2C). The model
depicts the evolutionary dynamics of interactions between P. vivax and P. falciparum in the presence of the immune
system (Figures 2D,E,F). Malaria parasites of both species entirely evade control by the immune system. Figure 2D
depicts the dynamics of malaria parasites and RBCs, while Figures 2E and F illustrate the evolutionary dynamics
of malaria parasites for P. vivar and P. falciparum, respectively. In this scenario, although both species coexist
in equilibrium in the long term, with P. falciparum dominating (Figure 3), the short-term dynamics, crucial for
promptly addressing infected hosts, present a contrasting configuration. Indeed, when the initial presence of both
species is nearly equal, there ensues a phase where P. vivazr predominates almost exclusively for a some duration
(Figure 2D). This short-term dynamic aligns closely with the period it takes to treat a case of malaria from the
onset of infection to the manifestation of symptoms.

In the second scenario, the immune system is inefficient on P. falciparum, species 2, and efficient on P. vivaz,
species 1. As a result, at the end, only P. vivaz is under control because Rq(x7) < 1, while P. falciparum remains
uncontrolled because Ra(x3) > 1 (Figures 4 and 5).

9 Conclusion and discussion

Human malaria is caused by various species of Plasmodium, such as P. falciparum and P. vivaz. Mixed infections
with multiple Plasmodium species are common globally but often go unrecognized or underestimated [24, 30].
Mathematical models have been developed to study parasite multiplication within hosts during mixed malaria
infections [8, 11, 17, 23, 46]. However, these models typically address infection dynamics separately, focusing on
either multiple genotypes of a single species within a host [8, 11, 23, 46], or mixed-species infection dynamics with
single genotype within a host [17]. Both the within-species and inter-species diversity play crucial roles in the
dynamics of malaria infection within the host. Indeed, different Plasmodium species have varying preferences for
RBCs, and such ecological characteristics is fundamental to capture species diversity within the same host [17].
Furthermore, the within-species diversity is sustained by a large number of antigenic variants, exerting significant
pressure on the host’s immune system and which can facilitate the establishment of prolonged infections by the
parasite [306, 41].

Here, we present a within-host malaria infection model incorporating the dynamics of RBCs production. We
account for uninfected RBCs, including reticulocytes and mature RBCs, as well as an age-structured dynamics for
parasitized RBCs. This age structure represents the time since the RBC was parasitized, allowing for a continuous
description of the parasitized RBC population. The model, formulated using partial differential equations (PDEs),
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Figure 2: Typical evolutionary dynamics considering the inefficiency of immune system on
both malaria species (Figure 1, zone 5). (A-B) The immune system I;(z) and the basic reproduction
numbers R;(z) without the effect of immune system for P. vivaz, species 1, and P. falciparum, species
2. (C) The basic reproduction numbers with the effect of immune system. (D) Time evolution of young
RBCs (7 and mature RBCs Cy. (E-F) Distribution of the malaria parasites m; (¢, z) and ma(t, z) with
respect to time ¢ and the phenotypic trait . Here, parameter values are (I, I3"**) = (10, 50), (s1, s2) =

Y

(0.09,0.09), m1(0,z) = 10°NM(0.1,0.1)(x), m2(0,z) = 105N (—0.1,0.1)(x), or default as shown in Table 1.
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Figure 3: The long-term dynamics depicted in Figure 2 reveal a stable coexistence of both
species, with P. falciparum exhibiting dominance of parasites.

enables tracking of the development and maturation of parasitized RBCs, as well as a detailed depiction of the
rupture of parasitized RBCs and the release of merozoites [15]. The proposed model accounts for the influence of
the immune system trough the parameter function I;, considering both the selectivity within malaria species and
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Figure 4: Typical evolutionary dynamics considering the inefficiency of immune system on
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Figure 5: The long-term dynamics depicted in Figure 4 reveal a stable persistence of only P.
falciparum.

the cross-immunity effect. However, the model formulation explicitly allows for the introduction of the effects of
interventions targeting either P. falciparum or P. vivaz for treatment interventions.

We prove that the basic reproduction number R ;(z) for strain « within the j-species can be explicitly determined
using (6.1). However, deriving an explicit formula for the basic reproduction number R; at the species level for the
Jj-species is more challenging. The estimate of R; given by (5.3) is essentially determined by the principal eigenvalue
of the linear operator L; defined by (3.4) for any probability kernel k satisfying Assumption 3.3. Though, a more
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explicit estimation of R; can be accurately given when the mutation kernel k depends on a small positive parameter
(say € < 1) with the scaling form:
ke(z) = 'k (e '2).

The parameter € > 0 can be interpreted as the variance of mutations in the phenotypic space. More precisely, let
us introduce the set
Sj={zeR:T;(z) = [Tjllec} -

This set is commonly known as the set of Evolutionary Attractors (or dominant phenotypic values) as described in
classical adaptive dynamics theory (e.g. [19, 32]). Indeed, when € > 0 is small and the reproductive function I';
is at least of class C! with a finite number of maxima, it has been demonstrated in [I4, Theorem 2.2] that these
dominant phenotypic values coincide with the set S;. Moreover, let us denote by L; the operator Lj, see (3.4), with
the kernel k replaced by k., results in [14, Theorem 2.2] indicate that the spectral radius r (Lj) of L% satisfies, for
sufficiently small ¢,

r(L5) =T;(z*) +O(e), forall z* € S;.

Based on the aforementioned estimation, we have

R; = <20E0> )+ O(e),

for all 2* € §;. Moreover, if € < 1, the profile of the endemic equilibrium £}, with respect to € R, can be more
precisely determined. Indeed, if S; = {x;k} and (Egzl CZ-EO) I’j(ac;) > 1, then the unique positive stationary state
E; = E7 is concentrated around the evolutionary attractor x}
this concentration phenomenon, we refer to [14, Theorem 2.3].

Through our analysis, we have determined the condition (5.6) under which P. vivaz (species 1) and P. falciparum
(species 2) can coexist. Note that the estimate (5.6) highlights a significant advantage of P. vivax when coexisting
with P. falciparum, as the coexistence condition always implies R1 < R2. We further determine the invasion fitness
of a mutant in a resident population. Such invasibility analysis allows us to determine the invasibility capability
for various scenarios at both the within- and between-species scales. According to Proposition 6.2, we observe
that an optimization principle based on the reproduction numbers R; is applicable either when both P. wivaz
and P. falciparum are the resident, or when only P. vivaz is the resident, see (6.4). Indeed, in such a scenarios,
the coexistence of multiple strains of the same species, whether P. vivaz or P. falciparum, is not possible, and
an intraspecies competitive exclusion principle prevails. However, the situation becomes more intricate when only
P. falciparum serves as the resident. In the scenario where only P. falciparum is the resident, the coexistence of
multiple strains of P. falciparum becomes unattainable, see (6.6). In such a configuration, the emergence of an
initially rare mutant strain y; within the P. vivaz species takes place when the reproductive capability RY" of the
mutant strain on young RBCs and the reproductive capability R5? of the resident strain on young RBCs satisfy

in the phenotypic space R. For further details on

£ £ T
the condition RY' > %’R , see (6.5). In this latter inequality, it is worth noting that the quantity
1 2 1
wg | A2y 2
% is always less than unity. It means that the proportion of young RBCs in a parasite-free environment
1 2 1

is smaller than the proportion of young red blood cells in the environment set by the resident strain.

As an example of the invasibility analysis in a multi-species and multi-genotypes setting, one may consider the
scenario where P. falciparum has established an equilibrium, resulting in a resident parasite population primarily
dominated by the phenotypic value xg, where R5% > 1 (Figure 6A). Now, suppose an initially rare mutant population
of P. vivaz is introduced, characterized by a dominant phenotype y; (Figure 6A). The ability of this mutant
population to invade is determined by the sign of the invasion fitness f(lq)’mz)(yl) as defined in (6.5). More precisely,

in the first invasibility scenario, the mutant population induced by the dominant phenotype y; satisfies RY" <

%R” (Figure 6A). Consequently, since f} (0,25) (1) < 0, this mutant population fails to invade the

initial resident population (Figure 6B). Conversely, in the second invasibility scenario, the mutant population

satisfies Ry > %R” (Figure 6C). As a result, since f/ (0,22) (yl) > 0, this mutant population succeeds

m? m2 IZ
above which the mutant population with the dominant strain y; can proliferate in the environment estabhshed by
the resident population, is consistently greater than unity. Therefore, merely having a mutant with RY" > 1 is
insufficient to ensure invasibility (Figures 6 A,B). A similar invasibility analysis can be designed for the case where

in invading the initial resident population (Figure 6D). It is noteworthy that the threshol
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P. vivaz is the resident population. Such invasibility analysis particularly highlights the importance of interactions
between P. falciparum, P. vivax and the acquisition of immunity in the context of malaria within-host infections
[6].

The intra- and inter-species interactions highlighted here depend on model parameters such as the mutation
kernel. While Figures 2-6 use a normal distribution kernel, other distributions can also be considered. Specifically,
let us define the kernel as

v T

k(m)—%r(l/y)exp( ‘5 ), Vz € R, (9.1)
where v and £ are positive parameters, and I' is the Gamma distribution. This kernel satisfies Assumption 3.1 and
covers a wide range of dispersal processes, with a mean dispersal distance dp;, = £0'(2/v)/T'(1/v). It includes the
Gaussian kernel (v = 2; dmin = §/+/7), a fat-tail kernel (v < 1; dmin = €I'(2/v)/T'(1/v)), and an exponential kernel
(v < 1; dmin = &). Although the model’s evolutionary dynamics are qualitatively similar for these mutation kernels,
differences can be observed in the time to equilibrium, transient dynamics, and the concentration phenomenon (eg.,
Figures 7 and 8).
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Figure 6: Invasibility of a P. vivax population in a feedback environment set by a P. falciparum
population. A-B: (I7"*,[3"*) = (29,100) and the mutant fails in invading. C-D: (I7"®*,IP**) =
(26,100) and the mutant succeed in invading. Other parameter values are (si,s2) = (0.09,0.05), or
default as shown in Table 1. For the initial condition, we undertake a two-step process. In Step 1, we
initially simulate the model considering only species 2 (P. falciparum), setting the initial conditions as
follows: m1(0,2) = 0, ma(0,z) = 10°N(—0.1,0.1)(z). In Step 2, with species 2 already at equilibrium
as established in Step 1, we introduce a mutant of species 1 (P. vivaz) with initial conditions given by
m1(0,2) = N (y1,0.1)(z), where y; is maximising R;.
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