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ON THE DEFINITION AND PROPERTIES OF PARTITIONS
IN A FUZZY FRAMEWORK

_____

Bernadette BOUCHON™

ABSTRACT

For a given finite universe of discourse, we define a fuzzy
partition as’'a family of fuzzy subsets of the universe, every element
belonging to several classes of the partition with various grades of
membership. This concept is particularly useful in the case where a given
population is studied through imprecise factors, depending on the
reliability of personal appreciations, the accuracy of measures of the
use of subjective criteria. In this paper, we characterise several
types of fuzzy partitions ; we evaluate their fuzziness by using infor-
mational measures and comparing them with associated ordinary partitions
of the universe. We also give combinatorial results concerning the number
of such fuzzy partitions.
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1 - DEFINITION OF FUZZY PARTITIONS

Let U ='{x1, cees xn} be a finite universe of discourse. A

flizzy partition E = {El’ cees Em} of U is a family of non-empty fuzzy

subsets of U.

Each class Ei’ 1 <13i=<mofE is defined by a membership
function f. : U~ [0, 1]. For every i€{l, ..., m}, we denote by fij =f1(xj)
the grade of membership of the element X5 corresponding to the

~ class Ei’ and h(Ei) its maximum value, called the height of Ei' Let F(E)

th th -

be the mxn matrix having fi:as an element in the j~ line and the i

J
column. It verifies

z fij >0 vie{l, ..., m}.
In the sequel, aand v will denote the infimum and the supremum.

For every Jj€{1, ..., n}, fJ = v fij is the maximum grade of membership
i
of the element X5 in a class of E. It is supposed not to be null.

-

Ordinary (or crisp) subsets of U are characterized by
memberships functions fi : U~ {0, 1} and ordinary (or crisp) partitions
of U are particular cases of fuzzy partitions. However, we generally get
a covering of U from the definition of a fuzzy partition, when all the

classes Ei are crisp subsets of U.

Example 1 : U= {xl, cies xn}.
E = {Elg Ezs E3}. E' = {Eq_s E5’ E6}
F(E) = [0.8 0.1 0.1 F(E')= [1 0.1 0.1
0.7 0.1 0.3 1 0.3 0.2
0.2 0.4 0.4 0.1 1 0.1
0.1 0.1 0.8 0 0.2 1
E" =.{E7o E8s Eg} “E = {El, EZ’ EB}.
F(E") =[0.9 0.1 0 FIE) = [ 1 0 0
0.8 0.5 0.1 1 0 0
0.5 0.6 0.3 0 1 0
0.1 0.2 0.9 0 0 1
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For instance, partition E‘is a crisp partition of U, but any
fuzzy partition described by a matrix containing more than one 1 in at
least one line would be a covering of U. Thereforé, we must specify
characteristics of a fuzzy partition in order to preserve the compatibility
between ordinary and fuzzy concepts. This can be realized in the three
following ways, more peculiarly :

- type 1 : normalized partition E.

The sum of the terms of every line of F(E) equals 1 :

VJE{]_, ‘s y n} ‘?i:' -riJ'=1

(For instance, partition E in example 1).
- type 2 : natural partition E.
For every element xj of U, there exists only one class such

that f.. = 9,
i3

(For instance, partition E" in example 1).
- type 3 : maximized partition E,
The matrix F(E) has exactly one element equal to 1 in each line

I

and at least one in each column.
(For instance, partition E' in example 1).
A maximized partition is natural.

2 - COMPARISON OF THE FUZZINESS OF FUZZY PARTITIONS

_ In order to evaluate the fuzziness of a fuzzy partition E, we
compare it with a crisp partition'ﬁ as close as possible to E [2].

For a given threshold a €0, 1], the a-level set A% of a fuzzy
subset A of U is the set of elements x€U corresponding to a grade of
membership f(x) at least equal to a.

Let ﬁiube the family of crisp partitions associated with E for
the threshold o and defined in the following way : if E {El’ e Em}e'é.,

= (6.2
then xje E. for 1< j<mand1<1<nimplies that fij o , It is possible

i

[\

‘that some classes of E are empty.
If there exists a value o€[0, 1] such that the c-level sets of

Ei’ 1 =i =m, are disjoints, E is called a a-partition and’% contains only
o

one crisp partition E, a-associated with E. For instance, E" in example 1
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is a 0.6-partition and E is o-associated with it.

More particularly, if E is a maximized partition of U, then it
is a l-partition. For instance, E' in example 1 is a l-partition and E
is l-associated with E.

The values of a such that'f% is not empty lie in the interval
[ao, aM], with ag = 5 A f.. and ay = A £, If E is a natural partiticn,

1] i) :
- J
there is a crisp partition E 1n“§3 such that :
M
= - d

This is the case, for instance, in example 1 if we consider the natural
partition £" and the crisp partition E, 0.6-associated with it.
Consequently, E" is a 0.6~partition.

However,fiu generally contains more than one crisp partition.

<
For instance, partition E corresponds to a family Lb 4 made of two crisp
partitions, E and E' = {El, E 3} with E 3 ° {x3, x4}.
We propose to use an informational concept to determine the
crisp partition closest to E, and we introduce the relative cardinality

of :
. a class Ei of E, for the threshold a, with regard to Bféi :
= 1
p(E/E):-—— z _ PO
a1 n ij
) ) ijEi
. a class Ei of E :
- _1 -
Q(Ei) 7 |E‘i|'
These quantities verify :
0 <p (E;/E) < q(E;) < 1,
a‘i i -
If E is crisp,7g1 = {E} and Z§a= p Vo #l, and pl(Ei/E) represents the

ratio.of elements in Ei'
Let us define the gain of information of E with regard to
EGJ% by the following :

Ha(E 3 E) =

RECXCEE 9(E;)) (1)
i
with the notation L(x, y) =y log(y/x).

This quantity is positive and null if and only if
pa(Ei/E) = q(Ei) Vi. It is easy to see that :

i1




Property 1 : If E is a maximized partition, then Hl(E i E) = 0 for
iil = {E}. It is particularly true if E is crisp. If E is normalized, then

Ha(E ; E) = 0 for some o and EE'é; if and only if E is crisp. If E is a

natural partition then H (E ;5 E) = 0 for some a and Eefix if and only if
E is maximized andfg = {E}.

In the case where there are more than one crisp part1t10n in fg
for the threshold o, we propose to consider the crisp partition E0

minimizing Ha(E : E) for E€5€i as the crisp partition closest to E. To
justify this criterion, we show that the gain of information is a good
representation of the fuzziness of E.

We say that the fuzzy partition E' = {E'l, - E}n} of U

defined by grades of membership f;fs a-sharper than E = {El’ IT %h}‘ If

: = 1
Vi fij >a = f ij > fij

fij o o BB ij < fij'
We now prove the following
Property 2 : If E and E' are two fuzzy partitions such that E' is a-sharper

than E, then :

A

HL(E 5 E) > H (E' 3 E) VEE'% (2)
and Eeqé H(E 5 E) 2 §%E| H(E' 3 E). (3)
o o

Proof. If E' is a-sharper than E, then f.. 2o ® f'..>20a and7f==jg'
—— ij ij a o

For every i€ {1, ..., m}, we have :

p (E'4/E) = p_(E;/E) véeé, and (2) is easily deduced.
Furthermore, if we note
H(E) = H(E 5 ),
a Ee%
we obtain :
Ha(E) = Ha(E 3 Eg) 2 Ha(E'; EO) > Ha(E'),

which completes the proof.

Obviously, the particular form of function L is not important
and its only interesting properties in this context are, on the one hand
the fact that it is null if and only if x = y, on the other hand its

decrease with regard to x.
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3 - COMBINATORIAL RESULTS

It is interesting to give combinatorial results concerning
the number of fuzzy partitions of U and to generalize well-known
quantities used in classical combinatorics. We suppose, in this part,
that the set I C [0, 1] of possible grades of membership is finite,
with |I| = k. For a given fuzzy subset A of U, with membership
function f, we denote by p = xéu f(x) its fuzzy cardinality. LetS be
the family of fuzzy partitions of a given type.
We remark that a fuzzy partition E of type 1, 2 or 3 defined
on U = {xl, o xn} can be obtained from a partition E' of the same type

on U'= {x;5 .oy x4}, by adding the element x , either in a class of E'

(which constitutes the subfamily I ofF), or in a new class of E (which
constitutes the subfamily 3" of<¥).

3.1. - Number of normalized partitions of U

We evaluate the number Sﬁ(l) of normalized fuzzy partitions

with m classes which can be defined on a set of n elements by using
grades of membership belonging to I. We must solve the conditions :

z fij =1 ¥ Ly vy 0}
i
{ ? fij > 0 YiElly auvs M) r
!

We must consider the number Cg(I) fuzzy subsets of ‘U with

cardinality p. It can be proved [3] that it satisfies an equality
analogous to the one defining Pascal's triangle :
Property 3 : For k > 2, n> 2, p > 0, we have :

cP(1) = = cPliqn) | 8

n je; -1
n

and z (1) = k",
p=0

with CE(I) =1 Vpel,
ch(1) =0 VP,
¢y -1 Vo> 1.
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We use these quantities to determine the number of normalized

partition and we note I° = 1-{0}.

Property 4 : For k 2 2, n2 2, m2 2, we have :
eSS m-1

i : .
(1) = S1_, (1} € (1) + jii §(1) gL (4)
ith  pi(1) = (" 5]« Jy ¢l 1°) l
i (1) = <j) =0 (ﬁ m-J+r (1°),
and sl =1 w1

Proof : The first subclassJ' of F corresponds to 52_1 partitions of U,

each of them associated with Cé(l) definitions of the grades fin’

1 <1 <m. Thus we get the first part of (4).
The second subclass " of =¥ corresponds to partitions E' of U’
with j classes, for 1 < j < m-1, and there exist S;_l(l) such partitions

using j given classes of E. But (?) choices of these classes are possible.
For every given partitions E', we define E by giving the values of fin’

1 <1i=<mj; (m-J) such values must be non-null, corresponding to the classes
of E which do not belong to E'. We can also choose r other classes of E'

corresponding to non-null values of fin’ for 0 < r < j ; there exist (ﬂ)

L (1°) definitions of the

such choices, each of them associated with Cm-j+r

grades of membership fin’ which complete the proof of (4).
In the case where the set of possible grades of membership is

Iy = {0, A2 ..., 1}, the exact value of S" (I)can be deduced [ 3] from
n
k-1 k-1
resultson the number of compositions of vectors [1]
m i . N
m _ _qyimy k-24m-i
Sa(lg) = B (-DG) ()

3.2. - Number of natural partitions of U

We evaluate the number TE(I) of natural partitions with m classes

which can be defined on U by means of values taken in I. They satisfy the

conditions :
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" :
. fij >0 ¥J

;

Tf.: %0 Vi

i

) is unique in {fij’ 1<iz<m ¥j.

Property 5 : For k 23, n> 2, m= 2, we have :

-1 . ;
m _m m-1 ™ J o :
Tn(I) Tn_l(I)m R * jfl Tn-l(l) Fm(I) (5)
. b_ 2 b '
with RO = % 47, Ya =2 1, ¥b > 1, (6)
L | :
RO =a+1 Va > 1
. i .
J -l J sy pm=JHr-1
and Rl = () B () (mmger) R (7)

Proof. : Any partition E of $' is deduced from one of the Tgﬂl(l)

partitions E' of U' by choosing the situation of the maximum value £
of fin’ 1 <1< m, and m possibilities exist. Then, we choose the value

q of M n 1 , and we get N(q) = |{x€I, x < q}| possible values for
every element fin different from f". Therefore, we obtain :

m m-1
Ty (1) m Ry g

m m-1
Tn—l )

(1) m Zpo N(q
possible natural partitions 1nf¥}, with Rg defined by (4).
Now, any partition E of 3" is deduced from one of the Tgnl(l)

partitions E' of U' containing j classes, for 1 < j < m-1. For every
value j and one of the (?) choices of j classes in those of E, we must

determine the values fin 3 (m-3) of them are non~ng11 and correspond

to the classes of E which are not in E'. We have (J) possibilities of
non-null other coefficients corresponding to r c]agses of E', for 0 < r < j.
For one of the (m-j+r) possible situations of ", and a given value g€I°

for f", we obtain N'(q) = |{x€I°, x < q}| possible values for every fin

different from f". Consequently, for all the possible values q, we obtain:
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m-j+r-1

' -J+ "17
T NI e Ry

q€I®
possible values for all the non-null fin' We must remark that, when
m-j+r = 1, we have one value of fin different from 0 and equal to £ :

there exist (k-1) possible values and we note Rgiz = k-1 by convention

in order to preserve the notation in (7) in this limit case. We have

completed the proof of (5).

3.3. - Number of maximized partitions of U

We evaluate the number Vﬂ(l) of maximized partitions of U

with m classes defined by means of values taken in I. They satisfy the
conditions :
(fJ =1 isunique in {fy;, 1< i<m} Vi,

h(E;) = 1 ¥i,

‘Property 6 : For n =2, and k > 2, we have, if 2< m <n:

VI = M () VT (kD" (e (8)

vﬂ(l) = 0 ¥m>n

1 -
and V(1) = 1.

~Proof. : Any partition E of ' is obtained from one of the Vﬂ_l(l)
partitions E' of U' by choosing for X the place of the fin equal to 1

(m possibilities) and the value of every other coefficient fin’ different

from 1. There exist (k-l)m_1 such choices.

Now, we consider the partitions of¥". As every class of E
must contain one element with coefficient equal to 1 and as there exist
only one value fin equal to 1, E must be deduced from a partition E' of U'

containing m-1 classes. The new class Ei constructed for X, can be one
of the m classes of E and it corresponds to fzn = 1. We have (k—lfn_1

possible choices of the fin’ i # 2 and, further, we may choose coefficients

fgj different from 1 for the other elements xj = 3 # n in the new class
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Eﬁ ; there are (k~1)n*1 such possibilities. Then, we have Vﬁ:%(l)m(k-l)n+m_2
maximized classes of Fin ¥

3.4. Conclusion

We have proved that the number of fuzzy partitions of U of
every type satisfies a recurrent equality, generalizing the formula
defining Stirling's numbers in the case of crisp partitions.

"Example 2 : I = {0, %, 11
P yr  w\|O .1 3 2 | s'(1 ) - ﬁ\T\ 1 2 3
1 /1 1 1 0 0 1 |1 1 o0
2 |1 2 & 2 A 2 |1 7 12
3 (1 8 6.7 % 3 |1 25 138
4 |1 4 10 16 19

THI ) e Vi) N[ 1 2 3
. ] 2 2 - 3 1 1 0 0
2 |4 28 129 2 1 8 0
3 |3 200 2751 - 3 1 48 384
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