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Abstract

Let G be a split Kac-Moody group over a local field. In their study of the Iwahori-
Hecke algebra of G, A.Braverman, D. Kazhdan and M. Patnaik defined a partial order
- called the affine Bruhat order - on the extended affine Weyl semi-group W+ of G. In
this paper, we study finiteness questions for covers and co-covers of W™, generalizing
results of A. Welch. In particular we prove that the intervals for this order are finite.
Our results rely on the finiteness of the set of quantum roots of arbitrary Kac-Moody
root systems, which we prove. We also obtain a classification of quantum roots.

1 Introduction

Affine Weyl semi group W' Let G be a split reductive group scheme with the data of a
Borel subgroup B containing a maximal torus T. Let W = Ng(T)/T be its vectorial Weyl
group and Y be its coweight lattice: Y = Hom(G,,, T). The action of W on T induces an
action of W¥ on Y and allows to form the semidirect product W =Y x W?". This group,
called the extended affineWeyl group of (G, T), naturally appears in the geometry and the
representation theory of G over discretely valued fields, for example when one studies the
Iwahori-Hecke of G(K), where K is a non-Archimedean local field; it is a finite extension
of an affine Coxeter group and it is naturally equipped with a Bruhat order.

Kac-Moody groups are natural infinite dimensional generalizations of reductive groups,
and we are interested by the structure of these groups over discretely valued fields. Assume
now that (G, T) is a split Kac-Moody group (& la Tits, as defined in | |). Braverman,



Kazhdan and Patnaik and Bardy-Panse, Gaussent and Rousseau associated to G(K) an
Iwahori-Hecke algebra H (see | | and | |). The analog of W* in this context
is then W = W?" x Y*, where Y is the integral Tits cone. Unless G is reductive, W7 is
infinite and Y* is a proper sub-semi group of Y. Therefore W™ is only a semi-subgroup
of W¥ x'Y in general.

Affine Bruhat order on W' In | , Appendix B2|, A. Braverman, D. Kazhdan
and M. Patnaik propose the definition of a preorder on W which would replace the Bruhat
order of W* and they conjecture that it is a partial order. In | |, D. Muthiah extends
the definition of this preorder to any Kac-Moody group G and proves that it is actually
an order. Muthiah and D. Orr have proved that W+ admits a length ¢* : W+ — Z strictly
compatible with the affine Bruhat order (| D).

Covers for the affine Bruhat order If x,y lie in W™, we say that y covers x (and that
x co-covers y) if y > x and {z € W7 | x <z <y} = &. The affine Bruhat length gives
a characterization of covers: Muthiah and Orr (in the affine ADE case) and the second
named author (in the general case) have proved that y covers x if and only if y > x and

t(y) =(x)+ 1 (| [, [Phi23]).

Quantum roots Let ® denote the root system of (G, T). The notion of quantum root
comes up in our work through the study of the affine Bruhat order. Let x,y € W™ be
such that y covers x. Then we can write y = sx, where s is a reflection of W" x Y.
The linear part of s is the reflection sg associated to a root 5 of ®. Suppose that y ¢
W'xW? and, to simplify, assume that x has dominant coweight. Then [ has to satisfy
certain conditions (see Lemma 3.1), a root satisfying these conditions is called a quantum
root (see Definition 2.4). We prove that the set of quantum roots of a Kac-Moody root
system is finite (see Theorem 2.27). We also obtain a complete classification of quantum
roots through Dynkin diagrams (see Theorem 2.36), which may be insightful for a future
construction of quantum Bruhat graphs associated to infinite root systems.

In the reductive setting, quantum roots first came up in the construction of the quantum
Bruhat graph by F. Brenti, S. Fomin and A. Postnikov in 1999 (| |). This graph is
used to study the quantum cohomology of flag varieties, which justifies the name. The
specific terminology of quantum root seems to come from the more recent studies of the
quantum Bruhat graph by F. Schremmer (see | |). Note that in his work, Schremmer
already relates quantum roots to covers for the affine Bruhat order, but in the reductive
setting.

Finiteness results for covers and co-covers. Using our study of quantum roots, we
obtain finiteness results for the affine Bruhat order. More precisely, denote by w*w € W+
the element of W corresponding to (A, w) for A € Yt and w € W".

We say that w*w € W is spherical if A has finite stabilizer in W*. Our main results
on the affine Bruhat order are the following:



Theorem 1.1. (see Theorem 3.2 and Theorem 3.6) Let x € W*. Then x admits finitely
many covers. If furthermore X is spherical, then x also admits finitely many co-covers.

Corollary 1.2. Let x,y € WT. Then the interval [x,y] is finite.

In the reductive case, these theorems are easily obtained by considering reduced decom-
positions. In the Kac-Moody frameworks these theorems were first proved by A. Welch in
the affine ADE case using different methods in | .

When W admits an infinite proper parabolic subgroup (this implies that G is not
affine), we also prove the existence of elements of W admitting infinitely many co-covers,
see Lemma 3.8.

Our main motivation for the study of the combinatorics of W7 is the construction
of an affine Kazhdan-Lusztig theory for Kac-Moody groups. This theory was initiated by
Muthiah in | |, where he uses Corollary 1.2 to give a conjectural definition of spherical
R-polynomials in the affine ADE case. We plan to use our results to define an Iwahori
version of Muthiah’s polynomials in the general Kac-Moody frameworks.

Organization of the paper In section 2, we define the quantum roots and we prove
that the set of quantum roots of a Kac-Moody datum is finite (see Theorem 2.27). We also
obtain a general classification of quantum roots (see Theorem 2.36). We then describe the
set of quantum roots in particular cases.

In section 3, we explain the link between covers for the affine Bruhat order and quan-
tum roots. We then prove Theorem 1.1. We also show that the spherical condition in
Theorem 1.1 is necessary by constructing non-spherical elements with infinitely many co-
covers (see Proposition 3.10). We end the section with an explicit construction of covers
associated to any given quantum root, thus showing that the notion of quantum root is
well-suited.

Acknowledgement We thank Dinakar Muthiah and Stéphane Gaussent for helpful con-
versations on the subject.
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2 Quantum roots

2.1 General definitions and notations

Generalized Cartan matrices and Dynkin Diagrams

Definition 2.1. Let I be a finite set. A generalized Cartan matrix over I is a matrix
A = (aij)iyerxr € Mi(Z) with integral coefficients satisfying the following properties:

2. Y0, j) e i# ] = ay <0
3. V(l,j) S 12, ;5 = 0 = aj; = 0.

Definition 2.2. A Dynkin diagram is a tuple (I, E,w) where I is a finite set (its ver-
tices), E is a symmetric subset of I x I'\ {(i,i) | i € I} (its edges) and w is an application
E — Z+q (its weight function). In other words, it is a positively weighted oriented graph
such that (i,j) € E < (j,i) € E.

Let ' = (I, E,w) be a Dynkin diagram. Then any subset J C I admits an induced
structure of Dynkin diagram: (J,E 0 (J x J),w|;), where w|; is the restriction of w to
En(JxJ). By subdiagram (or subgraph) of ', we mean any Dynkin diagram of this form.

A leaf in a Dynkin diagram is any vertex which lies in at most one edge. That is to
say, it is any i € I for which there is at most one j € I such that (i,j) € E.

Dynkin diagrams are graphic representations of generalized Cartan matrices: Suppose
that A = (ai;)(ijjerxr is a generalized Cartan matrix indexed by /. Then, setting £ =
{(i,j) € I* | a;; < 0} and w : (4,j) — —a;;, we obtain a Dynkin diagram (I, E,w).
Conversely, to any Dynkin diagram (/, £, w) we associate a generalized Cartan matrix

2 if i =
(ai,j)(i,j)gx[ indexed by I, Setting CLZ‘J' = —U}(Z,j) if (’L,j) < E.
0 otherwise

Definition 2.3. Connectivity and 1-star-convexity A Dynkin diagram (I, E,w) is said
connected if it is connected as a graph. That is to say if, for any 1,7 € I there is a
sequence 1 = 1o, i1, ... ,0, = j such that (ig,ixy1) € E for all k € [0,n — 1].

For a general Dynkin diagram I, a connected component of I' is any connected
subdiagram which is maximal for the inclusion. Therefore a Dynkin diagram is connected
if and only if it has exactly one connected component.



A connected Dynkin diagram is a Dynkin tree if it does not admit any closed circuit:
For any sequence ig, ..., i, such that (iy,ixs1) € E for all k € [0,n — 1] and ix_1 # ix1
for all k € [1,n — 1], we have ig # i,. A Dynkin tree is a Dynkin segment if there are
at most two edges going out of any given vertex.

We introduce a refinement of the notion of connectivity: We say that a Dynkin diagram
' = (I,E,w) is 1-star-convex if there exists a vertex ig € I such that, for any j € I,
there is a sequence (i, . ..,1,) with i, = j such that, for all k € [0,n — 1],

(ik,ik+1) € F and w(ik,ikH) =1. (21)

In this case, we say that I' is 1-star-convex at .
By symmetry of E, a 1-star-convex Dynkin diagram is always connected, but the con-
verse 15 not true.

Note that given a Dynkin tree I', we can check whether it is 1-star-convex by applying
the following procedure. Pick one leaf j of T. Let i be the vertex of I' such that {i,j}
is an edge of I'. If w(7,j) # 1, then I' is not 1-star-convex and we stop here. Otherwise,
we consider the subtree of I" obtained by deleting the edge {7, j} and the vertex j and we
iterate the procedure. If the procedure stops when the graph has 2 or more vertices, then
I' is not 1-star-convex. Otherwise, I' is 1-star-convex at the last vertex.

Kac-Moody root systems Let D = (A, XY, (®)ier, () )icr) be a Kac-Moody root
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datum in the sense of | , §8]. It is a quintuplet such that:
e [ is a finite indexing set and A = (a;;)(; j)erx1 is a generalized Cartan matrix.
e X and Y are two dual free Z-modules of finite rank, we write (,) the duality bracket.

o (a;)ier (resp. () )ier) is a family of linearly independent elements of X (resp. Y),
the simple roots (resp. simple coroots).

e For all (i,7) € I? we have (o, ;) = aj;.

Let (I, E,w) be the Dynkin diagram corresponding to A, with vertices I, which is fixed
once and for all. In this article, every Dynkin diagram we will consider will be a subdia-
gram of (I, £, w). Since they are identified with subsets of I, any J C I now designates
indistinctively the subset J of I, or the corresponding subdiagram of (I, E, w).

Height function We define a height function on Y as follows: Let p € X be any element
such that (o), p) =1 for all i € I, then, for any A\ € Y, the height of X is: ht(\) = (A, p).
This definition depends on the choice of p, but its restriction to Q¥ = @ Z«;” does not:

el
ht(ZiGI nlazv) = Zie[ 1.



Vectorial Weyl group For every i € I set r; € Auty(X) : @ — x — (o, x)a;. The
generated group WY = (r; | i € I) is the vectorial Weyl group of the Kac-Moody root
datum. The duality bracket (Y, X) induces a contragredient action of W on Y, explicitly
ri(y) =y — (y, ;). By construction the duality bracket is then WW*-invariant.

The group W is a Coxeter group, in particular it has a Bruhat order < and a length
function ¢ compatible with the Bruhat order.

Real roots Let & = WV {qa; | i € I} be the set of real roots of D, it is a, possibly infinite,
root system (see | , 1.2.2 Definition|). In particular let &, = ® N ®;e;Na; be the set
of positive real roots, then ® = &, U —®,, we write & = —P, the set of negative roots.

The set ¥ = W" {a; | i € I} is the set of coroots, and its subset ¢ = &Y N,/ Ney/
is the set of positive coroots.

To each root 8 corresponds a unique coroot §V: if 8 = w(a;) then Y = w(a;"). This
map [ — (Y is well defined, bijective between ® and ®¥ and sends positive roots to positive
coroots. Note that (8Y,3) =2 for all g € ®.

Moreover to each root ( one associates a reflection sg € W": if § = w(+q;) then
sp = wr;w™ . It is well-defined, independently of the choices of w and i. Explicitly it is
the map = — = — (Y, x)5. We have sg = s_z and the map § — sz forms a bijection
between the set of positive roots and the set {wr;w™" | (w,i) € W" x I} of reflections of
we.

Dynkin sequence associated to a positive root Let § € ®,. Since (o) );c; are

linearly independent, there is a unique decomposition ¥ = »._, N;(f)e;’, and for all
i € I, Niy(B) € Z>o. For any n € Z>q, let us define
I,(B) ={ieI|NJ(B)>n}. (2.2)

We consider [,,() as a subdiagram of I'. We call (1,(5)),>1 the Dynkin sequence of
f. The Dynkin sequence associated to a root is, by definition, non-increasing (for the
inclusion) and finitely supported (in the sense that I,, = & for n large enough). Note that
the Dynkin sequence of a simple root «; is given by I1(«;) = {i} and I,,(oy;) = @ for n > 2.
We will provide a classification of quantum roots using Dynkin sequences.

Note that the Dynkin sequence (I,(5))n>1 fully determines . Indeed, we have 5¥ =

:::5 i€l (8) o/, which proves that 8¥ and thus § is determined by its Dynkin sequence.

Inversion sets For any w € WY, let Inv(w) = &, Nw'.®_ = {a € &, | w(a) < 0}.
Theses sets are strongly connected to the Bruhat order, as by | , 1.3.13],

Va € &, a € Inv(w) <= ws, <w <= s,w ' <w .

Moreover, they are related to the length ¢ on W: ¢(w) = |Inv(w)]| (| , 1.3.14)).



2.2 Quantum roots: definition, motivation and notations

Definition 2.4. Let § € ®,.. We say that 8 is quantum if for every v € Inv(sg) \ {8},
we have (8Y,~) = 1. We denote by Q(®,) the set of quantum roots of @, .

Note that Inv(r;) = {a;} for every i € I and thus every simple root is quantum.

The aim of this section is to study quantum roots and in particular to prove that for
every Kac-Moody datum, the number of quantum roots is finite (see Theorem 2.27). This
result is a key step to prove our finiteness results on covers and co-covers (see Theorems 3.2
and 3.6). We then classify the quantum roots. We end up this section with examples: we
describe the set of quantum roots for particular choices of Kac-Moody matrices.

Let us describe the main steps of the proofs of Theorem 2.27 and Theorem 2.36. Let
pe Q). Let € Q(P,). We write

ﬁ =T - Ty Oy, (23)
with i1,...,4; € I and L minimal possible.

1. We begin by proving that up to renumbering, we can assume that if L; = |I1(3)|, we
have {i1,...,ir, } = [1(8) (see Lemma 2.9).

2. We prove that I;(f) is a 1-star convex tree (see Proposition 2.11).

3. We prove that the "orders of appearance" in (2.3) are very constrained. If ¢, j € I(9)
belong to the same connected component and if the second appearance of i (when
we run the right hand side of (2.3) from the right) precedes the second appearance
of 7, then for n € Zx3,

J € In(B) =i € 1(P),

and the n-th appearance of i precedes the n-th appearance of j (see Lemma 2.15).

4. We prove that the connected components of I5(/3) are as follows. Let C be a connected
of I5(B) and j be the element of C whose second appearance in (2.3) is the most
precocious. Then C is the union of at most three segments based at j (see Lemma 2.12
and Proposition 2.13).

5. Using the results described above, we obtain restrictions on the form of the Dynkin
sequence (I,(f)). We deduce that if & = max{n € Z | I,(8) # @}, then k <
max(6, k' 4+ 1) where £’ is the maximal length of a segment appearing in point 4 (see
Proposition 2.26). As k' is bounded by the size of I, we deduce a majoration of the
heigth of 5¥ and then deduce that Q(®) is finite.

6. Refining the results of 5., we describe all the possible forms of the Dynkin sequences.
We then construct for all these Dynkin sequences a quantum root to which it is
associated (see Theorem 2.36).



Let g € ®,.. We write f = w.q,, with 43 € [ and w € W" and we assume that

L := {(w) + 1 is the minimal possible. We fix a reduced decomposition w = (r;,,...,7,)
of w, with 7y,...,19 € I.
By | , 1.3.14 Lemma| we have
Inv(sg) = {u,  Tip Qi _yseeosTip oo Tig-Qiys Tip oo Tig e Qligy ooy Tip oo Tiy o Tip 0, o (2.4)
Set
YW=, v =iy, o Y =Ty Ty, = (Y
Lemma 2.5. Let € ®,. Then ((sg) < 2ht(5Y) — 1.
Proof. By | , Corollary 1.10], we have 2ht(8Y) = 2 + > (8Y,7) and all the
y€v(sp)\{B}
terms in the right hand side are positive integers. Therefore 2ht(5Y) —2 > |Inv(sg)| —1 =
26(8/3) — 1. (]

Lemma 2.6. Let § € ®,. Using the same notation as above, set [y = r;, ...Ti,.0u,,
Bo =Ti, ... Tiy-Qig, ..., BL—1 =0y, . Then the following conditions are equivalent:

1. B is quantum,
2. foreveryt € [1,L —1], (BY,5;) =1,
3. .
vt e [1,L], v,/ = Za;fv and (v, 1, ;) = —1, if t # 1, (2.5)

k=1
4. L(sg) =2ht(BY) — 1.
Proof. Let t € [2, L]. We have:

(BY,Bi_1) = (riy .. .riQ.aivl,TiL .. .Tit+1.a,~t> =(r .. .riQ.al\/l, ;) = —(ri_, . .riQ.a;/l, ag,).

We thus have:

\Y
717

_ \Y%
Tip - Tig oo Tigy0Gy) = — (00 Tiy o Tiy Oy )

= —(riy_y - Tiy0) ) = (BY, Bio1).

(ri ... Tiy.x

Therefore
{(B8Y,79) | v € Inv(s) \ {B}} = {(8Y, 8:) | t € [2, L]},

which proves the equivalence between (1) and (2).
Let t € [1,L — 1]. We have:

<ﬁv7 Bt> = <TiL ce riz‘az\'/priL s rit+2'ait+1> = <rit+1 .. .7"1'2.042\/1, ait+1> = _<F)/;/? ait+1>'

Therefore

\% \ \Y \% \2 Vv \Y \2
Vb1 = Tien Ve =% — (0 vait+1>ait+1 =7, + (B 75t>0%'t+1-
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The equivalence between (1) and (3) follows.

Let 5 € @, satisfying (3). We have v/ = Y and ht(y)) = L. As {(sg) = 2L — 1, we
deduce that (3) implies (4). Let 8¥ € ®Y. Asume that 3" satisfies (4). Then by | )
Corollary 1.10], we have 2ht(8) = 3. cruy(s,) (87 7) = 2422 et gov1 (875 7) = Usp)+1
and all the terms of this sum are positive. Therefore (5", v) =1 for all v € Inv(sg) \ {5},
which proves that g is quantum. [

Remark 2.7. By Lemma 2.6, for all t € [1,L], v = ri,...1i,(0q,) is quantum and
ht(y,) = t.

The following proposition indicates that the set Q(®,) can be constructed recursively.
This will be used extensively in Section 2.6 in order to prove Theorem 2.36.

Proposition 2.8. 1. If § € Q(®.) is a quantum root which is not simple, then there
exists i € I such that r;(f) € Q(®4) and ht(r;(8Y)) = ht(5Y) — 1.

2. Let € Q(®1) and i € I. Then r;(B) € Q(P4) if and only if |(5Y, ;)| < 1.

Proof. 1. We simply take ¢ = i, with the notation of Formula (2.4), then by Remark 2.7,
ri(8) = yr—1 is a quantum root. N
2. Let € Q(®4) and i € I. Let 8 = ry(8). We have s5 = r;sgr; and thus:
U(sz) € {l(sp) —2,€(sp), {(sp) + 2}. (2.6)

We have ht(BV) = ht(8Y) — (8Y,q;). If 7(8) € Q(P,), then by Lemma 2.6, we have
l(s5) = 2ht(5Y) — 1 = 2ht(8Y) — 1 — 2(8Y, o) = (s5) — 2(8Y, o). Using (2.6) we deduce
that if r;(8) € Q(®4), then |[(8Y, a;)| < 1.

Let now € Q(®4) and i € I. If (5Y, ;) = 0, then r;(8) = f € Q(P,). Assume now
(BY,0;) = 1. Set B =r;(8). We have ht(3¥) = ht(8Y) — 1 and by Lemma 2.5,

((s3) < 2ht(B) — 1 = 2h8(8") — 3 = {(s5) — 2.

By (2.6) we deduce {(s3) = ((sg) —2 = 2ht(3) — 1 which proves that 3 = r;() is quantum
by Lemma 2.6. N
Eventually, assume that (5Y, ;) = —1. Let § := r;(5). Note that the associated coroot
is BY = r;(8Y) = BY+ay . Therefore ht(3") = ht(8Y)+1 and, by Lemma 2.6, 3 is quantum
if and only if
6(35) = U(r;ispri) = L(sg) + 2.

Since 7; is a simple reflection, {¢(r;sg), {(sgri)} C {€(sp)+1,4(sz) — 1}. Moreover since sz
is a reflection, £(r;sg) = £((r;s5)~") = L(sgr;).

We have (8Y,a;) < 0, so sg(a;) € ®;4. Hence a; ¢ Inv(sg), sgr; > sz and thus
U(spr;) = U(risg) = l(sg) + 1.



Note that sg(o) = a; — (8Y, ;) = 4+ ;. Moreover since (8Y,a;) < 0, by | ,
Lemma 1.1.10] we also have (), 5) < 0, that is to say (), ) + 1 < 0 (because it is an
integer). Therefore,

risg(ai) = 1i(B+ i) = 1i(B) —ai = B — ((o/, B) + D € Py
So a; ¢ Inv(r;sg) and £(r;sar;) = €(r;sg) +1 = £(sg) +2, which proves the proposition. [

From now on we assume that 3 is quantum.
Forie I andt € [1, L], set N;(t) = |[{t' € [1,¢] | i = ¢}|. Then by (2.5),

v =) Nit)ey. (2.7)

i€lh

Note that by (2.5), N; is non-decreasing for every i € I1(3), and for every t € [1, L—1],
N;(t) = N;(t + 1) for all but one element k of I1(3), and we have Np(t + 1) = Ni(t) + 1.

Note that the Dynkin sequence of 3 can be defined by I,(8) := {i € I | max N; > n},
with the induced diagram structure from I. The set I,,(5) is also the set of elements which
appear at least n times in (w,ry, ).

In this section, we have fixed a quantum root [, therefore to simplify notation we set

I, .= 1,(5). (2.8)

For j € I and n € Z>, we set
t(j,n) =min{t € [1,L] | N;(t) =n} —1€[0,L — 1] U {oo}. (2.9)
We then have N;(t(j,n)) =n —1 and N;(t(j,n) + 1) =n, if t(j,n) # oo.

Lemma 2.9. Let Ly = |I;|. Then up to changing the reduced decomposition of w, we may
assume Iy = {iy,...,ir, }.

Proof. Assume {iy,...,i5,} # 1. Then (i;)jecq o, is not injective. Let k € [1, L] be
minimal such that i, € {i1,...,ix_1}. Let ¥ € [k + 1,L] be minimal such that iy ¢
{i1,...,iw—1}. Thenforevery k" € [k, k'—1], N; (k') = N;,,,(kK'=1) > 2and N; , (k'—1) =
0 = N;,, (k') — 1. By assumption on 3, we have (r;,  ...7r.0f, ;) = —1. Using (2.7),
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we deduce ), ; Ni(k' — 1)a;;, = —1. As N;, (K — 1) = 0, all the terms appearing in
the left hand side are non positive integers. Therefore only one is nonzero and equal to
—1. Therefore a;,,;, = 0 for every k" € [k,k" — 1]. In other words, r;, commutes

with r; , for every £” € [k, k" — 1]. Therefore we can replace r; ,r;,,  ...73 73 _, ... by
Tips_y -+ TipTipTip_y - - - Tip i the reduced decomposition of w. Reiterating this process as
many times as necessary, we end up with a reduced decomposition w such that (i;);eq,z,]
is injective and then {iy,... i, } = I1. O

From now on, we assume that the reduced decomposition w is chosen so that {iy,... i, } =
I, which is possible by Lemma 2.9.
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2.3 General structure of [;(f)

In this section, we study the Dynkin diagram structure of I (/) when /3 is a quantum root.
We have fixed a quantum root 5 and we have set I; = I1(3).
For i € I, set
deg(1) Z aj; € Lo (2.10)
jen\{i}

and

Supp(i) = {j € I1 | a;; # 0}

Lemma 2.10. The graph I, is a tree: it is connected and without circuit.

Proof. By | , Lemma 1.6], I; is connected (/7 is the support of 3 for the terminology of
| |). Assume by contradiction that I; contains a circuit. Let n € Z~¢ and 7 : [0,n] —
I, be such that 7(0) = 7(n) and {7(:),7(: + 1)} is an edge of I; for all i € [0,n — 1]. We
assume moreover that 7(i) # 7(0) for i € [1,n —1]. Then every element of 7([[0, n]) has at
least two neighbours in I;. Let ¢ € [0,n — 1] be such that t(7(:),1) =t := max{t( (1), 1) ]
J € [0,n —1]}. Then there exist i1,iy € I; \ {7(i)} such that a;, -¢;), @i,-() # 0 and 7 =
iy + oy, +x, for some z € @y 19y Noy. Then ar) (7)) < arpy(ay —i—ocw) <-2< -1

a contradiction. Lemma follows. O

A first step in order to determine Q(®. ) is to understand what the support of quantum
roots can be. That is to say, to determine {I1(5) | 5 € Q(®,)}. Proposition 2.11 below
caracterizes this set.

Proposition 2.11. Let T' be a subset of I. Then the following properties are equivalent:
1. As a subdiagram of I, T is a 1-star-convex Dynkin tree.
2. There exists f € Q(P) such that T = I,(5).

3. There exists 5 € Q(Py) such that T = I,(5) and Iy(5) = @. More precisely, (3 is the
unique element of ® such that ¥ =5, ray.

Proof. Let € Q(®4) and T' = I;(3). By Remark ??, we can assume 3 = )., a;. Write
B = ri,...1i.q5, where L = |I(8)| and {ir,...,i1} = [,(8). Let us prove that 7' is
1-star-convex at i;. Let t € [1, L — 1] and assume that, as a subdiagram of T, {i1,... 0}
is 1-star-convex at ¢;. Then we have r;, ...75,.04) Zt,, Loy L, and i (Ti, - Ty a“)

(T3 -+ -1iy.0)) + o, by Lemma 2.6. Therefore <Zt,, L Qs Qi) = S af,, i) =
—1. As thls is a sum of non-positive integers, exactly one term is —1 and the others are
0. Let t; € [1,1] be such that a;, ;,, = —1. By assumption, there exist ¢ € [1,¢] and a
sequence (U;)icp] € {1, - .., ] such that ay, .., = —1 for all i € [1,#' — 1], u; = 4
and uy = iy, Then ((u;)icqi,e], %+1) is a path in I; relating i; and 4,4, which proves the
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1-star-convexity of {iy,...,41} at ¢;. By induction, we deduce that T is 1-star-convex.
Using Lemma 2.10, we deduce that I; is a 1-star-convex tree.

Let T be a subdiagram of I which is 1-star-convex and which is a tree. We assume
that |7 > 2 and that for all 7" C [ such that |T”| < |T'| and for which 7" is 1-star-convex,
there exists 5/ € Q(®P,) such that 7" = I,(5’). Let j be a leaf of T" and write {j, k} the
edge of T" containing j. Then by 1-star-convexity of 7', we have a;; = —1. Moreover,
T\ {j} is l-star-convex. Let i € Q(®4) be such that (51)" = > ,cp ;. We have
((B1)Y, aj) = —1, thus ¥ = r;(5Y) and thus by Proposition 2.8, = r;(1) is quantum.

O

2.4 Order of appearance and general structure of I5(5)

Let n € N. For i,j € I,,, we write i <, 7 if (¢,7) is an edge of I,,, and if t(i,n) < t(j,n).
The first condition means that a;; # 0 and the second condition simply means that if
we run the decomposition of w from the right, we meet i for the n-th times before we
meet j for the n-th times. We denote by <,, the preorder generated by <,,. Note that
for i,7 € I,,, if 1 <, 7 and j <, i, then ¢ and j appears at the same time for the n-th
times when we run (w, ;) from the right, and thus i = j. Therefore <,, is an order on I,,.
Note that although this is not obvious from the definition, this order is independent of the
chosen decomposition of w, as we will see in Remark 2.16. As I, is finite, all the chains
are contained in a maximal one.

In this section, we use <, to characterize the diagram I,. In Lemma 2.15 we then
describe chains for <,,. This will permit to characterize the diagrams I,, in Section 2.6.2.

Lemma 2.12. Assume Iy # @. Let j1,...,jx € Iy be a maximal chain for <y, i.e:
1. j1 is munimal in Iy for <,,
2. Ji 1s maximal in Iy for <,
3. J1 <2 j2 <2...<2 Ji-
Then:
1. deg(j1) = 3, | Supp(j1)| < 4.

2. fO?” everyt € [[2, k— 1]]; Supp(]t) = {jtflvjtajtJrl}; deg(]t) =2 and Ajy 1,50 = ajt+1,jt =
—1.

3. We have deg(jr) < 2, | Supp(jr)| < 3 and Supp(jx) D {jr-1,Jk}-

(a) If [Supp(jr)| = 3, then Supp(jx) = {jk-1,jk, jr+1} for some jrp1 € It \ I, and

we have Ajp_1.9k = Qjrgrge = —1.
(b) If | Supp(jr)| = {jk-1,4x}, then
Qg1 = —1 and t(jk,1,3> < t(]k, 2) < t(jk,l,ll). (211)

12



In particular, if j € Iy is such that | Supp(j) = 2|, then j is either minimal or mazimal
for <,.

Proof. Let t; = t(j1,2). By (2.7), we have: v, = >, Ni(t1)ay and N;(t;) > 1 for every
i € I by choice of w. Then «;, (v,)) = —1. Let i € I, and assume that N;(t;) > 2. Then
as 1,71, we have a; j, = 0. Therefore

&h(’ﬁi) =-1

=a;( Y Nty

i€Supp(j1)

= ajl( Z a;/)
i€Supp(j1)

=2 -+ Z ai,jl
i€Supp(j1)\{j1}

=2- deg(jl)v

and thus deg(j;) = 3.
Let now x € [2,k]. Let t, = t(j.,2). We have:

a, () =-1=a; | Y. Nt)o)| =2+ > Nilts)a,.

1€Supp(jz) 1€Supp (jz )\ {j= }

Therefore ZZESupp(jz)\{jm} Ni(tz)aij, = —3, and this is a sum of non positive integers.
Moreover, as N;, , is non decreasing and t, > t,_q, we have N, ,(t,) > 2. Consequently,
| Supp(jl)] < 3. Assume z < k—1. As j,_1<2J:<2js+1, we have Supp(jz) = {Je—1, Jos Jot1}
and a;, , j, = a;,_,j, = —1. In particular, deg(j,) = 2.

Assume now z = k. Then if | Supp(ji)| = 3, we have a;,,, ; = —1, for some ji1 € 1.
If jyio1 € I, then we would have j; <3 jrr1, which would contradict our maximality
assumption. Therefore, jiy1 € I\ Io. Assume | Supp(ji)| = 2. Then Supp(ji) = {Jjr—1, 7k}
Let t = t(jg,2). Then

iy, (7;/> =-1= Qjy, (Njk71<t)a\‘/ +aj,
which proves (2.11). O

In terms of Dynkin diagrams, Lemma 2.12 implies that the form of the connected
components of I, are very constrained, see Proposition 2.13 and Figure 2.1.

Proposition 2.13. Let C be a connected component of Is. Then:
1. C admits a minimum j; and m := | Supp(j1)| — 1 < 3.

2. Write Supp(71) \ {1} = {]2 | i e [1,m]}. Forie [[1l,m], {x € Iy | x > j2 } is
a segment: we can write it {jé),jé),...,jk z)} for some 32), e 7715:()1) € I, and the

edges are the (jt ,th) fort € [1, k(i) —1].

13



(1) (1) (1) .(1) (1) (1)

12 13 Ja s Jk(l) 1 Jk(1)
) (2 . .(2) (2)
i J-gz) J_g) J%z) k@2)-1 Ik
:(3) (3 .(3) (3
)2 J:g.) Ji3)-1 Jﬁé)

Figure 2.1: Generic form of a connected component of Iy, when m = 3 . Actually, as we
shall see in Lemma 2.22, if j; € I3, then we have min{k(1), k(2), k(3)} < 2.

3. We have C = {ji} U™, [ ,j,iz()l)]
4. If j € C\ {41} then | Supp(j)| <3 and ajy; = —1 for all 7 € Supp(j).

Proof. Let j; € C be minimum for <,. By Lemma 2.12, m := | Supp(j;)| — 1 < 3. Write

Supp(j1) = {1} U {5 | i € [1,m]}. Let i € [1,m]. By Lemma 2 12, the set E; of
the elements of I, which are bigger than jé for <5 is of the form {]2 .73 ), e ,]k } for

some k(i) € Z>y, and as a subgraph of I, E; is the line segment []é ),j,i()i)]. In partlcular,

if ¢" = {1} UU~, E;, then for each x € C’, we have Supp(z) NI, C C'. Therefore
C' is connected and C = C'. Moreover C is a connected subgraph of the tree I; (by
Proposition 2.11) and thus it is a tree. Therefore the E; are disjoint. Finally, by Lemma 2.12
2-3, for all j € C' we have |Supp(j)| < 3 and, for all j* € Supp(j), aj; = —1. Lemma
follows. ]

Remark 2.14. The order <5 does not depend on the choice of the reduced decomposition
made in the beginning of subsection 2.2, provided that it satisfies Lemma 2.9. Indeed, if
2 elements of Iy are comparable for <5, they belong to the same connected component of
Is. Thus it suffices to prove that for each connected component C of Iy the restriction of
<o to C is independent of the choice of the reduced decomposition. By Lemma 2.12 and
Proposition 2.13, the mmzmum J1 for <5 is the unique element of C whose degree is 3.

Then the elements 55 . ,]2 (where m = | Supp(j1) — 1]) that cover j, are the elements

of Supp(jl)\{jl} Ifi € [1,m], the only element (if it exists) covering j5"

Supp(j2 I\ {1, i57Y ete. All these elements are defined uniquely from the graph I, which
15 independent of the choice of the reduced decomposition.

15 the element of

With the above notation, we set:

k' =k, if |Supp(ji)| = 2 and k' = k + 1 if Supp(jx) = {Je—1, k> Jrr1}- (2.12)
The following lemma implies that

Ny (£) > Ny(t) > ... > N, (£), V¢ € [Ly + 1, L], (2.13)
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Lemma 2.15. Let j1,...,Ji € Iy be a mazimal chain for <,. Let n € Z>3. Then:
1. there exists ky, € [0, k] such that {i € [1,k] | j; € 1.} = [1, k.],
2. we have j1 <p J2 <n - <p ks
3. the sequence (ky) is non-increasing.
Suppose moreover that for all n > 2, t(ji,n) > t(jo,n — 1). Then:
4. we have Supp(Jr) = {Jrk—1, Ik, Jk+1}5
5. foralli € [1,k] andn > 2

t(jis ) > t(jig1,n — 1), (2.14)

6. the sequence (k) is decreasing until it reaches 0. In particular max N;, <k + 1.

Proof. We assume that F := {z € [1,k] | j. € I,} is non-empty. Let y = |E|. For
z € [1,y], let t, € [2, L] be such that |{x € [[1 k] | N; ( ) > n}| > z and such that t, is

minimal for this property. By definition, <ty < < t N
Let z € [1,k] be such that N; (t1) = n. We then have N (t1 —1) = n—1 and
aj, (77 _,) = —1. Assume x € [2,k" = 1]. Then by Lemma 2.12 we have Supp(j.) =

{j-’E-l?.]Z?j-'E"l‘l} and a.jzflyjz = _1 = ajz«l»lyjz' We have ijfl (E - 1)7 sz+l (%vl - 1) S n— 1
Then:

a]x (7%\{_1) :a]x (Nj171 (5/1 - 1)0{‘;/171 + NJ:L (a 1)a + N]z+1( - 1)04‘;/I+1>
>2n—1)—2(n—1)=0:

a contradiction. Therefore = ¢ [2,% —1]. Assume k = &’ and = k. Then N;,_,(t; —1) <
n—1. By (2.11), a;,_, j, = —1 and we reach a contradiction again. Therefore, z = 1.

Let z € [2,y] and i € [1,&] be such that N (f, —1) =n—1= N;,(,) — 1. We assume
that for all 2’ € [1,z — 1],

{zE[[l,k]Hsz( ) >n}=[1,2"] and {z € [1,k] | N,, ( N<n—1}=[2"+1,K].
Then ¢ > x. Assume i € [z + 1,y] and i < k’. Then:
Oé]z(vt _1) —1= Qg (Nji—l (%VI - 1)0[}-/1__1 + Nji( 1)@ + NJ +1( - 1>O‘;‘/i+1> . (2'15)
By choice of i, N, (t, —1) = n—1 and by our assumption Nj, ,(t,—1), N, (t,—1) < n—1.

Therefore v, (77 ) > 2(n — 1) —2(n — 1) = 0: a contradiction. Therefore i = x (the case
i = k' = k is similar). Thus we proved that for every x € [1,y], we have:

{z € [L,k] | Ni.(tz) > n} =[1,2] and {z € [1,k] | Nj.(t,) <n —1} = [z + 1,k].
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In other words, t(j1,n) < t(j2,n) < ... <t(jy,n). Asa;_; ,, # 0 for every z € [1,k — 1],
we have ji <, ja <y ... <y j,. We thus set k, =y = |{i € [1,k] | j; € I,}| and we have 1)
and 2). Then 3) is clear since I, C I,,_;.

We prove (2.14) by iteration on i, as the assumption corresponds to the case ¢ = 1.
Let i € [1,k — 1] and suppose that (2.14) is satisfied for (i — 1,n + 1), that is to say
t(ji—1,n+1) > t(j;,n). Let t = t(j;,n). If it is infinite, then (2.14) is clear, so we suppose
it is finite. Then n < Nj, (), since j;_1 <, j; by 2). We also have N;, ,(t) < n+1 by
assumption, so Nj,_,(t) = n. Therefore —1 = a;,(v,’) = 2N;,(t) — Nj,_,(t) — Nj,,,(t) =
2(n—1)—n— Njwl( ) so Nj,.,(t) =n—1. Thus ¢t > t(j;;1,n—1), which ends the recursion.
For (i,n) = (k,2), since t(jg, 2) is finite (because ji € I5) the same computation proves that
Nj, (t(Jr,2)) = 1, hence | Supp(ji)| = 3. Thus we have proved 4) and 5). In particular,
if t(ji41,m — 1) = oo then t(j;, n) = oo. If k,, # 0, applying this to (i,n) = (k,,n+ 1) we
deduce that ji, & Ini1, SO kni1 < k. Therefore the sequence (k) is decreasing until it
reaches zero, kyio = 0 and j; ¢ Ijo, which proves 5).

[

Remark 2.16. Let C be a connected component of I,. Write C = {jl}uugl{j @ .. ,j’(;()z)}
with the same notation as in Proposition 2.13. Then Lemma 2.15 implies that z{] neC 7é a,

then there .exists (k’m(i))ie[u,m]] e T2, 01, k(4)] such that CNI, = {71 fU| |~ 1{]2 ,...,]km(l)}
(where {j37 . ... ,j,(;i(i)} =&, if k(1) = 1). Moreover, the order <,, is simply the restriction
of <o to <,,, and it is independent on the choice of a reduced decomposition for [, by

Remark 2.14.

2.5 Optimal bound on max NV;,

In this section, we fix j; € Iy minimal for <5, and we fix a maximal chain 7; <3 Jo <o - - <2 J%
as in Lemma 2.12. In particular, k always denote the length of a maximal <,-chain starting
at j1.

By Lemma 2.12 1), we have deg(j1) = 3, therefore |Supp(ji)| € {2,3,4}. We treat
each case separately, to obtain a bound on max N;, which depends on k. Along the way,
we obtain more precise information on the <,-chains starting at j;. Beforehand, let us

give a technical lemma on the difference N; — Nj, .

Lemma 2.17. Let t € [Ly + 1, L] be such that N;, (t) > 2. Then:

1. [f Supp(jk) = {]k 1,jk jk+1} (ze ’Lf /C, = /f—i— 1), then 2N]k<t) < Njk 1( ) +2 [f
moreover N;, (t) < max N, then N;,_, (t) < 2N, (1).

Ik’ Jk—1

2. If Supp(jr) = {Jk—1,Jx} (i-e if K = k), then 2N, (t) < N;,_,(t) + 1. If moreover
N;, (t) < max N, then 2N, (t) > N;,_,(t) — 1. In particular, if N;,_,(t) is even,

Ik
Njk( ) = 1N

Nj _l(t)—l Nj; _1(t)+1
Jk— 1()andzf Jk— 1()25 Odd7 Njk(t)e{ . 2 ) : 2 }

Proof. Let t' = t(jk, N;,(t)) and let t" = t(ji, N;, () + 1), if N;, (f) < maxN;,. We have
v<t<t'
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1. If Supp(jr) = {Jk—1,JksJrk+1}, by Lemma 2.12 we have jr; € [; \ I and thus
Nj., . (t') = 1. We also have 2N, (t') = N;,_,(t') + N, (t') =1 = N,,_,(¥') and

Jk+1

thus 2N, (1) —2 = N;,_,(t') < N,,_,(t), since N;,_, is non-decreasing. We also have
2N, (t") = 2N, (t) = N;,_,(t") > N,,_,(t), which proves 1).

2. If Supp(jr) = {jr-1,Jx}, we have 2N; (t') = N;

Jk—1

(t') — 1 and thus 2(N,, (t) — 1) =

2N;, (') = N;,_,(t') =1 < Nj,_,(t) — 1. Therefore 2N, (t) < N;,_,(t) + 1.
We also have 2N, (t") = N,,_, (t") — 1 and thus 2N, (t) > N;,_,(t) — 1. Consequently
we have

Njk—l(t) —1< 2Njk(t) < Njk71<t) +1,

which proves 2).

We can now obtain a bound on V.

2.5.1 Case where |Supp(ji1)| <3

Lemma 2.18. Let j1 <z jo <2 -+ <2 jp € Iy be as in Lemma 2.12. We assume that
Supp(j1) = {j1,J2}. Then max N;, < 2.

Proof. By Lemma 2.12, deg(j1) = —a;, j, = 3. Assume j; € I3 and set t = t(j1,3). Then
O‘jl(r)/tv) = O[jl(QO[}/l + sz(t)a;'/g) =4- 3Nj2(t) =—1:
this is impossible. Lemma follows. O

Lemma 2.19. Let j; € Iy be minimal for < such that | Supp(j1)| = 3. Then max N;, <
k+1.
More precisely, write Supp(j1) = {1, jo, o} with aj ;, = —1 and a;, ;, = —2. Then:

2. if t(j1,3) < t(jh,2) # oo then Supp(jy) = {Jj1, 75} and t(j1,4) = t(j5,3) = o0,

3. else jb & I and, for alln > 2, t(jo,n—1) < t(j1,n) < t(j2,m). The chain j; <3z <o
-+ -<gJy then satisfies properties 4-6 of Lemma 2.15 and in particular max N;, < k+1.

Proof. Note that, by minimality of j; for <s, t(j1,2) < t(j5,2) and t(j1,2) < t(jo,2).
Moreover by Lemma 2.15, the same holds replacing 2 by n > 2.
Suppose first that t(j5,2) < t(j1,3). If t(j5,2) = oo then t(ji,3) = oo is clear. Else,
for t > t(j5,2) + 1 such that N; (t) =2, a;,(7,) is even and therefore t(j;,3) = oo.
Suppose now that t(j1,3) < t(j3,2) # oco. Then at time ¢ = t(j},2), we have —1 =
ajy () = 2—Nj, (t) > 2—3. Therefore Nj, (t) = 3 and there is no other element in Supp(jy).
In particular t(j5, 2) < t(j1,4) < t(j5,3). Let t(55,2) <t <t(j1,4) be a finite time. Then
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Ny (t) = 2 and oy, (7y) = 2N;,(t) — 2N, (t) — 2 is even, so t(j1,4) = oo. Therefore
max N;, < 3. Moreover k > 2, since | Supp(j1)| > 1, which proves that max N;, <k + 1.
Finally, suppose that t(j},2) = oo, that is to say j5 ¢ I,. Let n > 2 and suppose that
t :=t(j1,n) is finite. Then —1 = «;,(7,') = 2(n—1) —2N;,(t) — 1, so N,,(t) = n—1. Hence
t(jo,n — 1) < t(j1,n). The second inequality is given by Lemma 2.15 2). By Lemma 2.15
6), we deduce max N;, < k+ 1. O

2.5.2 Case where | Supp(j;)| =4

Proposition 2.20. Let j; € I, be minimal for <, such that Supp(j1) = 4. Let k denote
the mazimal length of a <o chain starting at j,. Then max N;, < max(6,k+ 1).

Proof. If ji ¢ I3 then max N; < 2 and the result is clear, so we can assume j; € I3. If
| Supp(j1)| = 4 and Supp(j1) ¢ I, then by Lemma 2.21 max N;, < k + 1. Else, since we
assume j; € I3, either there is j € Supp(j;) such that Supp(j) ¢ I, and, by Lemma 2.23,
max N;, < k + 1; either Supp(j) C I, for all j € Supp(j1) and, by Lemma 2.24, we have
max N; < 6. [

Lemma 2.21. Let j; € Iy be minimal for <, such that |Supp(j1)| = 4 and suppose
Supp(j1) € Io. Then, any mazimal chain j; <3 ja- -+ <o jr with k > 2 satisfies properties
4-5-6 of Lemma 2.15, and in particular max N;, < k + 1.

Proof. Let us write Supp(j1) = {J1, Ja, J5, j4 } with j§ ¢ I,. By Lemma 2.15, to prove the
result it suffices to prove that t(j;,n) > t(j2,n — 1) for all n > 2.

If t(j1,n) = oo then the inequality is clear, so suppose t = t(ji;,n) # oo. Since
Nju(t) =1 we have

—1 = a;, (/) = 2N, (1) = Ny (£) = Ny (8) = Njg (1) = 2(n — 1) = 1 = Ny, () — Ny (0),

80 Nj,(t)+ Ny (t) = 2(n—1). Moreover, max(N,(t), Ny (t)) <n—1, since, by Lemma 2.15
2), j1 is also minimal for <,,. Therefore N, (t)+ Ny, (t) = 2(n—1) implies N;,(t) = Ny, (t) =
n — 1, which proves t(j;,n) =t > t(jo,n — 1).

[

Lemma 2.22. Let j; € I be minimal for <5 such that |Supp(j1)| = 4, Supp(j1) C I
and jy € I3. Then there is a unique j € Supp(ji1) such that | Supp(j)| = 2, and for any
J2 € Supp(j1) \ {j1,7}, we have Supp(j2) = 3 and

t(j2,2) < t(j1,3) < t(5,2) < t(51,4). (2.16)

Proof. Write Supp(j;) = {jél),jém,jgg)}. Fix i € [1,3]. Let t = t(j1,3) # oo. Since j

is minimal for <, it is also minimal for <3;. Then ij (t) + Nj(2> () + Nj<3) (t) = 5 and
2 2 2

N (t) < 2 for all i, so upon relabelling, we can suppose (Nju)(t),Nj(z) (t),Nj(:a) (1)) =

(2,2,1).
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Fori e {1,2},¢t;, == t(jg), 2) satisfies t; < tand —1 = a6 (1) <0= 2N ) (ti)—Nj, (t;).
] 2 ¢ 2
Therefore Supp(jéz)) admits exactly one other element, hence is of cardinality 3. Let now
t=t(j5") < t(j1,3). Then a0 (7)) = =1 and 2N ), —Nj, (£) < 2—=3 = 150 Nj, () = 3
2 2
and Supp( jés)) = {J1, jég)}, which concludes the proof. O

Lemma 2.23. Let j; € Iy be minimal for <, such that | Supp(ji)| = 4
and j, € I3. Let j3 be the unique element of Supp(j1) with | Supp(j5)
Lemma 2.22.

Suppose that there exists jy € Supp(j1) with Supp(js) ¢ I>. Then the following proper-
ties are satisfied:

) Supp(]l) C 12
| = 2, given by

1. Foranyn > 1,

t(j1,2n) <t(jy,n+1) <t(j1,2n+1) < t(jy,n+ 1) < t(j1,2n + 2). (2.17)

2. The unique mazimal chain j; <g jo - - - < Ji such that jo & {jb, j5} satisfies properties
4-9-6 of Lemma 2.15, and in particular max N;, < k+ 1.

Proof. By assumption, Supp(j5) = {j1,j5} and Supp(jy) & I, hence both ji, ji are
maximal for <,. Let j5 denote the remaining element of Supp(ji).

Fix n > 2. Since j} is maximal for <, and has support of cardinality 3, Lemma 2.17
applied to t := t(j5, n+1)+1 (if it is finite, otherwise it is clear) gives t(j1,2n) < t(j5, n+1).
Similarly, point 2 of the same Lemma applied to t := t(j5,n + 1) + 1 gives t(j1,2n + 1) <
t(jy,n+1).

Let t = t(j1,2n + 1), which we suppose finite. Then Nj, () = 2n, Ny (t) < n and, since
J1 is minimal for <, 41, Nj,(f) < 2n. Therefore —1 = a;, (7)) > 4n —n —2n — Ny (t) =
n — Ny (t), so Ny (t) > n+1and t > t(jy,n +1).

Let ¢ = t(j1,2n + 2) which we suppose finite, then Nj, (t) = 2n + 1, Ny (t) <n+1 (by
Lemma 2.17) and Nj,(t) < 2n+ 1. Therefore —1 = a;, (7)) > 4n+2—-(2n+1) — (n +
1) = Njy(t) =n— Njy(t), so Njy(t) > n+1 and t(jy,n + 1) <t. This concludes the proof
of Formula (2.17).

Let us check that t(j1,n) > t(ja,n — 1) > t(j1,n — 1) for any n > 3. The inequality
t(j2,m—1) > t(j1,n — 1) holds because j; <3 jo = Jj1 <,_1j2 by point 2) of Lemma 2.15
(if they belong to I,,_1). For the remaining inequality, suppose t := t(j;,n) # oo:

e If n is even, write n = 2p. Then by Formula (2.17), max(Ny (t), Njy(t)) < p, so
—1=a;, (%) >2(2p—1) —2p— N, (t) . We deduce Nj,(t) >n — 1.

e Else, write n = 2p + 1. Then similarly Ny (t) < p and Ny (f) < p+1,s0 =1 =
ah(%\/) > 2(2]?) —2p—1-— Nj2<t)7 S0 sz(t) >2p=n-—1

Either way, we have proved t(ji,n) > t(ja,n — 1). Then 2) follows from Lemma 2.15. [
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Lemma 2.24. Let j; € Iy be minimal for <o with | Supp(j1)| = 4, 71 € I3 and, for all
J € Supp(j1), Supp(j) C I>. Then max N; < 6.

More precisely, using Lemma 2.22, we write Supp(j1) = {Jj1, jo, Jb, 745 } such that | Supp(j)| =

2 and t(ja,3) < t(j5,3), and write Supp(j) = {Jj1,75,75}. Then:
1. [ft(]é,:‘}) S t(j1,4), then jl ¢ I4 and jé’ ¢ I3
2. If t(j1,4) # oo and t(j5,3) = 0o, then ji ¢ I5 and 5§ ¢ I3

3. FElse if t(j1,4) < t(j5,3) < oo, then t(jo,n — 1) < t(j1,n) for all n € [2,5],

Proof. Suppose first that t(j5,3) < t(j1,4) and assume by contradiction that t := t(j, )
is finite. By Lemma 2.22, we have Njy(t) > 2, and since t(j,3) < t(j5,3) < t(j1,4), w
have Ny, (t) > 3, Ny, (t) > 3. Therefore Ny, (t )—i—NJZ( )+ Njp(t) > 8,50 =1 =ay (v)) < 2,
a contradiction. Hence in this case, t(j, 4) oo and j; ¢ 1.

Suppose now that t(j;,4) # oo and t(j}, 3) = oo and let ¢ > t(j;,4)+1. Then N;, () =4
80 Nj,(t) < 4 and Njy(t) < 2 by Lemma 2.17. Moreover, by assumption Ny (t) < 2 and
thus a;, (7)) > 8 —4 —2 —2 =0 can not be equal to —1, so N, is blocked at 4: j; ¢ I5.
Moreover, in these two cases, Nj; < 4 and thus by Lemma 2.17, Ny < 2.

Finally, assume that t(j1,4) < t(j3,3) # co. Note that t(js, 3) < t(j1,4) is necessary in
order to have aj, (74, 4)) = —1. Let t = t(j3, 3), by assumption Ny, (¢) > 4 and Ny (¢) > 1.
So aj,(7,") = —1 enforces that Ny (t) = 4 and Ny (t) = 1. The first consequence is that
t(55,3) < t(j%,2). Since we suppose Supp(js) C I2, computation at time t(j5,2) then
proves that

Supp(fz) = {7, ja}-
We then have
Jp€ly = jhely = j €1

Indeed, the first implication is a direct consequence of Lemma 2.17 2). Now assume that
t := t(j5,5) < oo. Then by Lemma 2.17, we have Ny () < 2 and thus a; () = -1 =
8 — Ny, (t) — Ny, (t) and so Ny, (t) > 7 and

6(j1,7) < b(j5,5). (2.18)

We now show that, under the assumptions of the statement, j; ¢ I, which is enough
to conclude.

We computed Ny, (t(j3,3)) = 4 and Ny (t(j5,3)) = 1, so t(j5,3) < t(j1,5). Let t =
t(j1,5) and suppose it is finite. For t(j5,3) < ' <t we have ay(yy) > 6 —4 -2 >0,
so Ny (t) = 3. Moreover since Ny (t) = 4, we have Njy(t) = 2 and Nj,(t) < 4. Therefore
a;, (7)) = —1 enforces that Nj,(¢) = 4. This proves t(jo,n — 1) < t(j1,n) for n = 5. For
n = 2 it is clear, for n = 3 it is given by Lemma 2.22 and we have already checked it for
n = 4, hence the first statement of point 3 is checked. Moreover at time t' = t 4+ 1 we have

(le (t/>7 sz (tl>7 Njé (t/)v Njé’ (t/)) = (57 47 37 2)' (2'19)
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Now set ¢ = t(j1,6). If it is finite, then at this time exactly two out of the three values
Nj,, Njy, Njy have increased by one. Indeed Nj, + Nj + Njy need to increase by two. By
Lemma 2.17, N;, < N; and 2Njy < Ny, + 1 so these two terms can not increase by two.
Moreover, by the same lemma, as long as Nj; <4, Nj; < 2. Thus if ¢ = t(j3,5), we have
@) = =1 = 8 — N () — Ny(t) = 6 — Ny, (#), 0 ¢ > £(js,7) > t and Nyy(t) < 4
Ny, can not increase by two either. Thus two out of the three values Nj,, Ny, N;» have
increased by one, we can actually check that all the three cases are possible. We deal with
each case separately.

1. Suppose that (Nj,(t), Ny (t), Njy(t)) = (5,3,3). Then at any time ¢’ such that
t(j3,4) > ' >t we have aj(7,;) <6—6—2 < —1 by Lemma 2.17), so t(j;,4) = oo.
Therefore if ¢ = t(j;,7) is finite, necessarily (N, (t'), Njz(t')) = (6,4), which contra-
dicts Lemma 2.17 2). Hence t(j;,7) is infinite and j; ¢ I7, which implies 7} ¢ I,
jy & I

2. Suppose that (N, (t), Ny (t), Njy(t)) = (5,4,2). The situation is similar: in this case
Ny is stuck at 2, so t(jy,5) < t(j1,7). However by Lemma 2.17 2), t(j3,5) < t(j3,3).
We deduce that, for any t(j1,6) < t' < t(j3,5), aj(vy) =0, so t(j5,5) = t(j1,7) =
£(j5,3) = o,

3. Suppose that (Nj,(t), Ny (t), Njy(t)) = (4,4,3). Then by (2.18) and Lemma 2.17, we
have
Hence if ¢ := t(j1,7) < oo, we have Ny, (t) + Ny (t) + Ny (t) = 13, with Ny (t) +
Ny (t) < 7. Consequently t(ja,6) < t(j1,7) < oo. But this contradicts Lemma 2.25

"
2

below. Therefore jy ¢ Ir, j5 ¢ I5 and j% ¢ Is.
]

Lemma 2.25. Let j1, 72 be the first terms of a mazximal chain for <,. Then there exists
no COUpZ@ ($,y) S [[17L]]2 such that (le(x)ij2($)) = (674) and (le(y)7Nj2(y)) = (676)

Proof. We assume that there exists (z,y) € [1, L]? such that (Nj, (z), Nj,(x)) = (6,4) and
(Nj, (y), Nj,(y)) = (6,6). Let z € [1,L]. Assume (Nj,(2),Nj,(z)) = (6,4). If we had
Supp(ja) = {J1,J2}, then js would be maximal for <, and Lemma 2.17 (2) would lead
to a contradiction. Therefore we have Supp(j2) = {Jj1,ja2,J3}, for some j3 € Iy, and by
Lemma 2.12, we have a;, ;, = a;, ;, = —1.
Let t = t(j2,6). We have Nj; (t) = 6 by assumption. We have 10 — 6 — N, (t) = —1
and thus
t(js,4) < t(js,5) < t(jz2,6). (2.20)

Let t = t(j2,5). We have t < t(j;,7) and thus we have N;,(t) = 3 (in order to have
8 —6 —3 = —1). Therefore (N;,(t+ 1), N;,(t+1), N (t+1)) = (6,5,3).

Let now t € [1, L] be such that (Nj, (¢), Nj,(t), Nj(t)) = (6,5,3). As t(j3,4) < oo and
6 —5 # —1, we have Supp(j3) # {j2,J3}. So by Lemma 2.12, we can write Supp(js) =
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{Jj2,js, ja}, for some jy € I, and we have aj, ;, = aj,;, = —1. If t = t(js,4), we have
N;,(t) =2 (since 6 — 5 —2 = —1). So we have

(le (t)> Nj2 (t)v st (t)v Nj4 (t)) = (67 9,3, 2) (221)

and
(Nj (t+1),Nj,(t+1),Nj,(t +1),N;,(t +1)) = (6,5,4,2). (2.22)
Let t = t(js,5). By (2.20), we have v," = 6}, +5a, +4aj +aay +7, for some a € [1,4].
We have a;,(v,/) = 8 — 5 + aay, (o)) = —1 and thus aajg(av) aa;, j, = —4 and thus
a = 4. Consequently
t(]4,4) < t(]3,5) < Q.
Let t = t(js,4). We have 2N;,(t) = 6 > N, () + 1 since N;,(t) < 4. By Lemma 2.17,

this implies Supp(js) # {Js,ja}. Let js be such that Supp(js) = {js, s, j5}. Then 6 —
Nj,(t) — N, (t) = —1=6 —4 — Nj,(t) and thus

t(J5,3) < t(js,4) < 0. (2.23)

Let t = t(j4,3). By (2.22), we have 4 — 4 — N;,(t) = —1 and thus N (¢) = 1. We
thus have (Nj, (t), Ny, (t), N, (t), Nj,(t), Nj,(t)) = (6,5,4,2,1) and then ( ]1(t~|—1) N, (t+
1) N0+ )N 104+ 1)) = (6545.1)

By (2.23), t := t(j5,2) < oo. Then v, = zaj, + aj +7, for some 2z € Zs3. By
Lemma 2.12 aj, j, = —1, thus 2 — 2 — a,(?) = —1 and hence z =3 and «aj,(?) = 0. This
proves that Supp(j5) = {34,j5}. Then if ¢ = t(Js5,2), we have

(Nj1 (t)’ Nj2 <t>7 Nja(t)7 Nj4(t)> st(t)) = (67 5,4,3, 1)

and

(le(t + 1)7 Nj2(t + 1)7 Nja(t + 1)7 Nj4(t + 1)7 st(t + 1)) = (67 5,4,3, 2)'
But then 2N, (¢t +1) — Nj,,, (t+1) = N;,_, (t+1) = 0 for every i € [2,4], and 2N;,(t+ 1) —
Nj,(t+1) = 1. Therefore the situation can no longer evolve, which proves the lemma. [0
2.5.3 Conclusion: Finiteness of the set of quantum roots

With the preceding results, we are already able to give an upper bound on the number of
quantum roots in a given Kac-Moody root system. In particular, we prove that the set
Q(®P,) is finite for any Kac-Moody root system.

Proposition 2.26. Let k. be the length of a mazimal chain for <5 and n = |I| (we
have knax < m). Let 8 be a quantum root. Write § = Ziel xioy;. Then we have x; <
max(kmax + 1,6) for every i € I. In particular, ht(8Y) < n(max(6, kmax + 1)).

Proof. Let i € I. If i ¢ Iy, we have x; < 1. Assume i € I5. Let j € I be such that
J <o i and such that j is minimal for <,. Then by (2.13), we have z; < x;. Moreover,
by Lemma 2.19, Lemma 2.18 and Proposition 2.20, z; < max(6, kpax + 1). Therefore
ht(8Y) = > ier, i < [ max(kmax + 1,6) < nmax(kmax + 1, 6). O
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Theorem 2.27. Let n € Z>y. Then for every Kac-Moody matriz A of size n, if ® is the
real root system associated to A, then the set of quantum roots is finite, with cardinality at
most n*o.

Proof. Let Q(®, ) be the set of quantum roots. By Proposition 2.26, for every § € Q(®, ),
we can write ¥ = ., x;a5, with x; € [0,n + 5] for every i € I. Therefore |Q(® )| =
8" ] 8 € Q(@,)}] < nt. .

Remark 2.28. 1. Note that the bound given in Theorem 2.27 is very rough and is
never sharp. A way to improve it would be to first count the number of possible 1-
star convex subtrees of I (whose cardinality is at most 2'). Then for a given such
subtree Iy of I, the constraints of Lemma 2.12, Lemma 2.15 and Proposition 2.26
should enable to give a much better majoration of the number of quantum [ satisfying
L(B) = I,. Moreover if a Kac-Moody matriz has few —1 coefficients, then it will have
few quantum roots, see Lemma 2.41 for example.

2. Note that in the reductive case, in ADFE type, the set of quantum root is the entire
set &, (see Proposition 2.37). On the contrary, when ® is infinite, “almost all” the
roots are not quantum, by the theorem above.

2.6 Classification of quantum roots through Dynkin sequences

In Subsections 2.5.1 and 2.5.2 we have obtained finer structure results on quantum roots
than what we used to prove finiteness of Q(®, ). In this section, we reformulate these results
in terms of Dynkin sequences. We then obtain a complete classification of quantum roots
through Dynkin sequences (see Theorem 2.36). This section is independent of Section 3.

2.6.1 Standard Dynkin diagrams

There is a name for certain classes of Dynkin diagrams, which we now give. Most of our
notation follow the standard classification of Dynkin diagrams (see e.g | ). In this
section, I' is a Dynkin diagram with set of edges E' and weight function w. Recall that,
if A = (a;;)ijer is a generalized Cartan matrix, then the associated Dynkin diagram is
I'=(I,E,w) with E = {(i,j) € I* | a;; < 0} and w(i,j) = —a,; for all (i,7j) € E. We
identify a Dynkin diagram I' with its set of vertices.

Amongst Dynkin segments, we have the following classes:

(A) For n > 1, we say that I is a Dynkin diagram of type A, if it is a segment with n
vertices such that w(i,j) = 1 for all (4, j) € E.

(C) For n > 2, we say that I" is a Dynkin diagram of type C,, if it is a segment with a leaf
Jo such that I'\ {jo} is a diagram of type A,_; and, for j; the unique vertex adjacent
to jo, (w(Jo, 1), w(j1,j0)) = (1,2). We call j, the special vertex of T'.
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(F) For n > 4, we say that I is a Dynkin diagram of type F,, if it is a Dynkin segment
with a leaf j_; such that I'\ {j_1} is a Dynkin diagram of type C,_; and its special
vertex jo is the unique neighbour of j_;.

(G) For n > 2, we say that I' is a Dynkin diagram of type G, if it is a segment with
a leaf jy such that I'\ {jo} is a diagram of type A,,_; and, for j; the unique vertex

adjacent to jOu (w(j07j1)7w(j17j0)) = (17?))

We also have classes of Dynkin trees which are not Dynkin segments, but Dynkin trees
with a unique branching point:

(D) For n > 4, we say that I' is a Dynkin diagram of type D, if it has two distinct leaves
Jb, 74 sharing their unique neighbour j;, such that I'\ {j}, 75} is a Dynkin diagram
of type A, _o with leaf j;.

(E) For n > 6, we say that ' is a Dynkin diagram of type E, if it has a unique branching
point j; with three neighbours, it is not of type D,, but there exists 54 € I' such that
'\ {74} is a Dynkin diagram of type D,,_;.

Note that the Dynkin diagrams associated to finite root systems are exactly the Dynkin
diagrams of type (A,)n>1, (Bn)n>2 (which is dual to type C), (C)n>2, (Dn)n>4 and the
exceptional types Eg, E7, Eg, Fy and Gs.

2.6.2 Dynkin sequences associated to quantum roots

In this section, we fix a quantum root §. For n > 2 and j € I5(f) such that deg(j) = 3,
let I,,(8,7) denote the connected component of I,(3) containing j (if j ¢ I,(5) then we
set 1,(B,7) = @). We have the following classification for (I,,(53,7))n>2-

Proposition 2.29. Let j € I5(5) be such that deg(j) = 3 and |Supp(j)| = 2. Then

(2G) I5(B,7) is a Dynkin diagram of type G, j is the only leaf of I5(B, 7) which is a leaf in
L(B). Moreover I3(B,7) is empty.

Figure 2.2: Dynkin diagram of type (2G)

Proof. By Lemma 2.18, j ¢ I3, so I3(3,j) is empty. Moreover, since |Supp(j)| = 2,
by Lemma 2.12 I5(5,j) is a Dynkin segment of type G, with j as special vertex. If
I(B,7) # {j}, by Lemma 2.15 4), the other leaf of I5(f, j) has support of size three, hence
is not a leaf in I;(f). O
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Proposition 2.30. Let j € I5(B) be such that deg(j) = 3 and |Supp(j)| = 3. Then, one
of the following is satisfied:

(3S) I3(,7) = @ and I (B, j)\{j} is the disjoint union of two non-empty Dynkin diagrams
of type A. Moreover the leaves of I5(f3,j) are not leaves in I1(5).

(3C) (1,(5,]))n>2 is a decreasing sequence of Dynkin diagrams of type C' with leaf j. Leaves
of I,(53,7) are not leaves of 1,(3).

(3F) Let j; € Supp(j) be such that aj, ; = —1. Then j; is a leaf of both I,(3) and Iy(3, j),
L(B,7) \ {74} is of type C, I3(5,7) is of type C' and I4(B,7) = . The leaves of
I3(5,7) (resp. 1(83,5) \ {Ja}) are not leaves in Iy(B, j) (resp. Li(B))-

Figure 2.4: Dynkin diagram of type (3C)

Proof. This is a reformulation of Lemma 2.19. More precisely, write Supp(j) = {7, j2, ja}
with a;, ;, = —2 and aj, ;, = —1. By Proposition 2.13, (3, j) \ {j} is the disjoint union of
two diagrams of type A. The case 1) of Lemma 2.19 therefore corresponds to type (3S), the
case 2) corresponds to the type (3F), and the case 3) corresponds to type (3C). Moreover if
Jo € Is(f3, ), in every case we can apply Lemma 2.15 4-5) to the chain starting by j; <2 jo
to deduce that, for every n > 2 leaves of I,(f3, j) are not leaves of I,,_1(f3, j) (except j} for
n = 2 in type (3F), and j for n > 3 in type (3C)). O

Proposition 2.31. Let j; € I5(B) be such that deg(j1) = 3 and | Supp(j1)| = 4. Then the
Dynkin sequence (1,(B,j1))n>2 s of one of the following forms.
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Figure 2.5: Dynkin diagram of type (3F)

(4S) The diagram Is(5, j1) \{j1} is the disjoint union of three non-empty diagrams of type
A. Moreover the leaves of I5(5,j1) are not leaves in I1(53), and I3(5, 1) = @.

(4A) The Dynkin sequence (1,(5,j1))n>2 s a decreasing sequence of diagrams of type A
such that, for all n > 2, the leaves of L,(f3,j1) are not leaves of I,_1(53,j1)-

(4D) Let K = N;(8) = max{n € Zso | 1 € Ix(B)}. Then K > 5 and there exist
Jb, 74 € Supp(j1) such that:
— g4 is a leaf in I1(B) and jb is a leaf of Is(f, j1) but not of 11()

— (1n(B,71))neqi,x] %5 a decreasing sequence of diagrams. If K is even, then
I,(B,71) is of type D for n € [1,K/2] and I,(B,71) is of type A for n €
[K/241,K]. If K is odd, there existsn € {0,1} such that 1,(5, j1) is of type D
forn e [1,(K—1)/24n] and 1,(B, j1) is of type A forn € [(K—1)/2+n+1, K].

— j5 and ji are leaves of the diagrams containing them. For n € [1, K — 1], if j
is a leaf Of-[n(ﬁm]l) and] ¢ {jhjé?jg}? then] ¢ -[TL-‘rl(ﬁvjl)’
— Ix1(B,51) # {51}

(4EA) I5(B, j1) is a Dynkin diagram of type E, and there exist j}, j5 € Supp(j1) such that:

— 7% is a leaf in I,(B) and does not lie in I35, j1)

— Supp(jy) = {J1, J2, Js} for some leaf ji of both 11(B), 1>(3) and j3 & I3(6, j1)
— (1,(8,71))neqsa5) 95 a decreasing sequence of diagrams of type A, jy is a leaf of
I3(ﬁaj1) and ]é ¢ 15(67.71)

— I7(B,j1) = @ and, if Is5(5,51) = @ then j5 & 14(53,j1)
— Forn > 1, if j is a leaf of I,(3, j1) and j & {j1, ja, J5,J3 } then j & I 1(B).

(4ED) I(B,j1) is a Dynkin diagram of type E, and there exist jb, 75 € Supp(j1) such that:

— Supp(js) = {1, J5, J3} for some leaf j3 of 1\(B) and js & I3(8,j1)
— I3(5,71) is a diagram of type D, two of its leaves are jb, j5 and j5 & I4(B, j1)
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— 14(B,51), Is(B, 1) are non empty diagrams of type A, ji is a leaf of I5(f, j1)

— (B, 1) =@

— Except in the case (4ED2) below, for n > 1 if j is a leaf of 1,(5,71) and j ¢
{jlvjé?jé?jg} then.] ¢ In+1<57j1)'

Moreover, exactly one of the following holds:

(4ED1) jy € 14(B,51), 1s(B,j1) = 2.

(4ED2) jb € 14(B,71), Is(8,j1) = {j1} and there exists ng € [2,6] such that |I,,_1(5,71)\
(1B, 1) U Lo 34, 34 1)| = 1 forn € [ng + 1,51, and Ly +(8, j2) \ Lo 32 15} =
L, (B, 51)\{74%, 35, 35 }. Moreover for n < ng, the leaf of 1,(5, j1) not in {j1, 35, 75, j4
is not a leaf of I,_1(5,j1). In particular if ng = 2 then B is the highest root of
an FEg-subsystem of ®.

(4ED3) J2 ¢ I4<57j1) and Is(ﬁdi) # I6(67j1)'

(4SA) There is a unique 75 € Supp(ji) which is a leaf of I(5, 1) and it is the unique leaf
of Is(, j1) which is also a leaf of I(5,51); 13(5,j1) is a non-empty diagram of type
A. Moreover exactly one of the following holds:

(4SA1) The vertex jy is not a leaf of I3(53,j1). Then I4(B, j1) = &, and leaves of I3(, j1)
are not leaves of I5(3, j1).

(4SA2) The vertez j is a leaf of I3(,j1). Then I4(B, j1) is a diagram of type A, either
empty either having ji as a leaf, and Is(B,71) = &. Moreover j; is the unique
leaf of 14(B, j1) which is also a leaf of I3(5,j1), and leaves of I5(f3,j1) are not
leaves of Ir(5, J1).

o Hi @ 1] R Froreerernnnns (o]
lh: O : € : @ s ls: 4 I
--------- _: H*."O*O

Figure 2.6: Dynkin diagram of type (4A)

Proof. Fix j; € Iy(B) such that |Supp(ji)| = 4 and deg(j;) = 3. Then the connected
components (I,,(8,j1))n>2 of 71 in I,(8) form a sequence of Dynkin diagrams ordered
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Figure 2.7: Dynkin diagram of type (4S)

Figure 2.8: Dynkin diagram of type (4D)

for the inclusion. By Proposition 2.13, I5(3,71) \ {j1} (and therefore by Lemma 2.15,
I,(B,71) \ {j1} for all n > 2) is a disjoint union of 3 diagrams of type A (possibly empty),
each one starting at a distinct element of Supp(ji) \ {j1}. Moreover, Lemmas 2.21 to 2.25
give more information on their forms:

1. If Supp(j1) ¢ Io, then by Lemma 2.21, the sequence of Dynkin diagrams (1,,(5, j1))n>2
is of the form (4A).

2. Else, if | Supp(j1)| = 3 for all j € Supp(ji) C Iz, by Lemma 2.22 it is of the form
(4S). Moreover, by Lemma 2.15 4-6), the leaves of I5(3, j1) are not leaves of I1([3).

3. Else, if there is j € Supp(ji1) such that Supp(ji) ¢ I, by Lemma 2.23, it is of the
form (4D). Indeed, let K = N;,(f). First assume that K is even. Let K = K/2.
Then by (2.17), we have

t(j, K) < t(j, K) < t(j1,2K) < t(jb, K + 1) < t(j1, 2K + 1) = 00 = t(jiy, K + 1),
with t(j;, 2K) < co.

We have I3 (8,71) D {j5, Ja  and jy & Iz, (B, j1). Therefore Iz(3, j1) is of type D
and Iz, (B, 1) is of type A. By Lemma 2.23, j» € I,z (8, 51) # {j1}.

Assume now that K is odd. Set K = (K — 1)/2. Then by (2.17), we have
6075, K) < 605, K +1) < 600, 2K +1) <405, K +1) < (71, 2K +2) = o0,
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Figure 2.10: Dynkin diagram of type (4ED)

t(j1, 2K 4+ 1) < 0o and oo = t(j1, 2K + 2) = t(j;, K +2) = t(j/, K + 2).

Therefore j§ € T,y (B, 31), 73274 & Tz 4ol n) and thus Tg (8, ) is of type D or
Aand I ,(8, 1) is of type A. By Lemma 2.21, jp € L,z(8,j1) # {j1}-

. Else, we can apply Lemma 2.24. If j; ¢ I,(/3, j1) we are in the case 1) of Lemma 2.24
and we obtain the form (4SA1), else if j; & I3(5,j1) we are in the cases 1) or 2) of
Lemma 2.24 and we obtain the form (4SA2).

Finally case 3) of Lemma 2.24 corresponds to the forms (4EA) or (4ED), according to
whether j4 lies in I3. We obtain the more specific forms (4ED1) to (4ED3) through
a more careful study in these cases, as it is done in the proofs of Lemma 2.24 and
Lemma 2.25, we now develop these cases.

Recall the notation of Lemma 2.24 for j4. Assume by contradiction that j, ¢ I5(3, j1)
and g, € I4(B,j1). Then as we are in the case 3) of Lemma 2.24, ji ¢ I3(5,71). But
then if £ = t(j3,4), we have ay; (7,) = 6 — Nj, (v,) — Ny (7)) = —1, with Ny (1) <2
and thus Nj (7)) > 5 j1 € I, a contradiction. Therefore if j; ¢ I5, we have
Jo & I4(B,71). Moreover by Lemma 2.17, we have ji ¢ I3(3,71). Thus if j; ¢ I5, we

have ji & 1,(8, 1), j5 ¢ Is(5,71), 75 ¢ I5(/3, j1) so the sequence is of the form (4EA).
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[
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Figure 2.12: Dynkin diagram of type (4SA2)

Else, j1 € I5(5, 1) and by Formula (2.19), there is a time ¢ such that
(Nj (t)a sz (t)a Njé (t)7 Njé’@)) = (57 4,3, 2)

We can also suppose that Ny (t) = 2. Indeed, jz € I so t(j3,2) is finite. Since
Supp(j3) = {js, J3}, by Lemma 2.17 t(j3, 3) < t(j3,2) < t(j,4), rj; commutes with
every other reflection applied between t(j5,3) and t(j3,4), so we can suppose that
t(j5,2) = t(j3,3) + 1.

e If Njy no longer increases, the sequence is of the form (4EA).

e Else, by Lemma 2.17, N;y increases before N;,, and if Nj; does not increase the
sequence is of the form (4ED3). Indeed, by Lemma 2.24 3), t(jo,n—1) < t(j1,n)
for n € [2,5] and it is also satisfied for n > 7, since t(j;,7) = oco. If ¢ := t(jy,6)
is finite, since Ny, (t)+ Nz (t) < 6 necessarily Nj,(t) > 5 hence t(j2,5) < t(j1,6).
Therefore by Lemma 2.15 6), the corresponding sequence (k,,),>2 is decreasing,
in particular I5(5, j1) # Is(5, j1)-

e Else if Vj, increases and j; ¢ Ig, we obtain the form (4ED1).

e The final case is if Nj, increases and j; € Is(5,j1), then there exists a time
t such that (N, (t), Nj,(t), Ny (t), Njy(t)) = (6,4,4,3). Following the analysis
done in Lemma 2.25, we obtain the form (4ED2): if N;, stays at 4, it is of the
form (4ED2) with ng = 6 (since ji ¢ I3 and max N;, = 6, we have j} ¢ I5).
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e Else (using the same reasoning as in the proof of Lemma 2.25 to obtain For-
mula (2.21)) there is a time ¢ such that

(Nj (t)7Nj2(t>7st(t>>Nj4(t)) S {(675737 2)? (6757373)}

If js ¢ 1,(5, 71) we obtain the form (4ED2) with ny = 5, else there is a time for
which Equality (2.22) holds, and the argument can be repeated. This necessarily
ends for ng = 2, in which case js5 € (5, j1) \ I3(3, 71) has support of size 2, and
the root is the highest root of Fjs.

O

2.6.3 General classification of quantum roots

Definition 2.32. Let I be a Dynkin diagram, and let (I,)nez., be a sequence of Dynkin
subdiagram. We say that (I,)nez-, is a quantum Dynkin sequence if it is the Dynkin
sequence of a quantum root. That is to say, (In)nez-, is a quantum Dynkin sequence if and
only if there exists f € Q(®,) such that 8 =3 o1 > e ay.

In this section, we obtain a classification of quantum Dynkin sequences, and therefore
a classification of quantum roots.

Definition 2.33. Let I be a Dynkin diagram and let (In)nez., and (I})nez., be two Dynkin
sequences of I. We say that (I,,) and (1) are mergeable if I, = I} and if I, I, are
disconnected. That is to say, if Is NI, = & and if there is no edge (i,1) such that i € I,
i' e 1.

Lemma 2.34. Suppose that (In)nez., and (I})nez., are two quantum Dynkin sequences.
Then, if (In)nezs, and (I)nez., are mergeable, (I, U I} )nez., is also quantum.

Proof. Let f € Q(®,) (resp. B € Q(P,) be the quantum root such that (I,,)nez., =
(In(B))nez~, (resp. (I')nezo, = (In(8))nez.,), which exists since by assumption the two
sequences are quantum. Since the two sequences are also mergeable, we have I; = I] and
this is a 1-star convex tree by Proposition 2.11.

Let By € Q(P,) be the quantum root such that I1(8y) = [; and I5(fy) = &, which is
given by Proposition 2.11. Note that, since I = I and I, I! are disjoint for n > 2, we
have 37 o1 3 icrun o = BY + (8)" — By It therefore suffices to prove that this is the
coroot associated to a quantum root.

By Lemma 2.9, we can write 5 = w(fy) (resp. ' = w'(5y)) where w € (r; | i € L) C
W? (resp. w' € (r; | i € I}) C W") is minimal. Fix a reduced decomposition r;, ...7; of
w'. Note that for all k& € [1,n], ry ...7;,(80) is quantum with coroot 85 + >°7_; )/ (in
particular (3')" = By +>°7_, o). Since I, and I; are disconnected, we have w™(c;) =
for all i € {iy,...i,} C I}. Therefore, by applying Lemma 2.35 to the triple (5o, i,,w),
i, w(fo) is quantum with coroot 3¥ + oy . Since r;, w(fy) = wry, (By) we can iterate the
application of Lemma 2.35, to the triple (74, (50), in—1,w) and we obtain that r; ,r; w(5o)

31



is quantum with coroot Y4y +ay . After n successive applications of Lemma 2.35, we
obtain that w'w(fy) = 7i, ... 75, w(Bo) is quantum with coroot 8 +377_ | o = Y +(8)Y ~
By - Therefore (I, U I} )nezs, = (In(w'w(5))),ez., i @ quantum Dynkin sequence. O

Lemma 2.35. Suppose that 3 € ®,, 1€ I and w € W are such that w™(o;) = ;. Then
if B, ri(B), w(B) are quantum, r;w(B) is also quantum. Moreover raw(8Y) = w(BY) +

ri(BY) — BY

Proof. Suppose that 8 and w(() are quantum. By Proposition 2.8, r;w(f) is quantum if
and only if |[(w(BY), ;)| = [{BY,w ' (ay))] < 1. However, w!(c;) = a;. Therefore this is
satisfied if and only if |(5Y, ;)| < 1 that is to say, by Proposition 2.8, if and only if r;(/)
is quantum.

Moreover since r;(8Y)—5Y = (Y, ;) , we check that r;w(5Y) = w(BY)—(w(BY), a;) e
w(BY) +ri(BY) — B n

Theorem 2.36. Let I be a Dynkin diagram with associated root system ®, and let (I,)nez-,
be a sequence of Dynkin subdiagrams of I. Then there exists a quantum root B € Q(®,)
such that (Ip)n>1 = (1,(8))n>1 (see Definition (2.2)) if and only if the sequence (I,)nez-,
satisfies the following properties: -

1. For any n € Z>1, 141 1s a subdiagram of I,.
2. The diagram I is a 1-convex Dynkin tree.

3. For any n > 2, for any vertex j € I, we have deg(j) < 3 (see Formula (2.10)).
Moreover each connected component of I,, admits a unique vertex of degree 3.

4. For any vertex j € Iy such that deg(j) = 3, let I,,(j) denote the corresponding
connected component (with 1,(j) = @ if j ¢ 1,,), given by point 3. Then:

(a) If | Supp(j)| = 2, then (1,(§))n>2 is a sequence of type (2G) (see Proposition
2.29).

(b) If | Supp(j)| = 3, then (1,(j))n>2 is a sequence of type (3S), (3C) or (3F) (see
Proposition 2.30).

(¢c) If [Supp(j)| = 4, then (I,(j))n>2 is a sequence of type (45), (44), (4D), (4EA),
(4ED) or (4SA) (see Proposition 2.31).

Proof. The definition of quantum Dynkin sequences is such that it is clear, with the results
of the preceding sections, that (1,(5)),>1 is a quantum Dynkin sequence when § € Q(®,)
(see Proposition 2.11 for point 2) of Definition 2.32, Proposition 2.13 for point 3) and
Propositions 2.29, 2.30 and 2.31 for point 4). Therefore it remains to associate a quantum
root 3 to each Dynkin sequence sequence satisfying the properties 1 to 4.

Let (I,)n>1 be a quantum Dynkin sequence. Let J; := {j € I, | deg(j) = 3}. For
any j € J3 and n > 1, as in Definition 2.32 let [,(j) denote the connected component
of 7 in I, which is of one of the type given by Definition 2.32 4), and either I,,(j) = &,
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either I,,(j) N J3 = {j}. We have I,(j) = I for every j € J;. The graphs I5(j) and
I5(j") are disconnected for j,j" € J3 such that j # j', and thus (U,cp, [n(j))nez., and
(Ujem, 1n(d))nezs, are mergeable for every subsets Eiy, Ep of J3 such that £y N Ey = @.
Therefore using Lemma 2.34, we can assume |J3| < 1. We already proved the case where
J3 is empty in Proposition 2.11 and thus we now assume that J; is a singleton {j}. We
have I,,(j) = I, for all n € Z>,.

By Proposition 2.11 there exists 8y € Q(®P4) such that [,(8y) = [ and [,,(fy) = @
for n > 2. Note that, since (I,,),>2 is amongst the types given in Propositions 2.29, 2.30
and 2.31, it has the same properties as the connected component C in Proposition 2.13
and Remark 2.16. That is to say, with m = |I, N Supp(j)| — 1, I> \ {j} is the disjoint
union of m non-empty Dynkin segments of type A, one for each neighbour of j in ;. As
in Proposition 2.13, let us write (/3 N Supp(j)) \ {]} = {0 | i € [1,m]} and, for all
i € [1,m] write jg ),]?E), . ,j]i() 0 the ordered elements of the segment starting at j§ ),

Therefore, k(2,7) — 1 is the length of the segment of type A starting at ]é) in L\ {j}

Upon relabelling, we may suppose k(2,7) > k(2,7 + 1) for all i € [1,m — 1]. Moreover by
Remark 2.16, [jé ),j,% ) N 1 []é ),j,i) ] for some non-increasing sequence (k(n,%))n>2

(9 N
(with the convention that k(n,i) = 1 if j\” ¢ I, and [, /"] = ).

Finally, for each ¢ € [1,m], n > 2, let us define the following element of W*:

. TG oroay if k(n, i) > 2 "o
e e | S 2:24)
1y otherwise. i—1

With these notations, we can now construct § from (.

Suppose for now that (1,,),>2 is of the form (2G), (3S), (3C), (4S) or (4A). In all these

cases, ]]S()nl) is not a leaf of I,,_; so the sequences (k(n,i)),>2 are decreasing until they

reach 1, and ]Supp(j,%’i)ﬂ =3.
By Proposition 2.8, as deg(j) = 3, rj(8z) is quantum, and I»(r;(8z)) = {j}. If m =0,
Supp(7)N1e = {j}, so we are done. Else, recursively applying Proposition 2.8 ¢(ws) times,

we similarly check that wy(8g) is quantum (we crucially use that | Supp( 31212 P )\ = 3 when

we apply r ) ). Indeed, for any ¢ € [1,m] and p € [2,k(2,i)], at time ¢ := t(]l()),Q),
k(2,4)

we have <Nj,(f>1(t)’Njg(f) (t)’Njﬂl(t)) = (2,1,1) therefore we can apply Proposition 2.8.
Moreover Is(wy(fBy)) = Iy and I3(wy(By)) = @. We iterate the process: if j € I, we
apply w,, to wy,_1...ws(By), which is quantum, and we obtain a quantum root (we need
to use that k(n,i) < k(n — 1,1) if w # lwv). When we reach ng such that I,,,.; = @
and I,, # &, we stop the process, and § := wy, ... ws(fBy) is a quantum root such that
I,(B) = I, for all n > 2.

It remains to deal with the forms (3F), (4D), (4EA), (4ED), (4SA). Let us start by the
form (4D), it is the only one amongst these for which I,, may be non empty for arbitrary

large n". Let K = max{n € Z | I, # @}. Let K = [(k —1)/2]. In this case m = 3 but
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k(2,2) = k(2,3) = 2, and upon relabelling we can suppose that jég) is a leaf of I, but

]é ) is not. Set % = Bg. Suppose that p € [0, K- 1] is such that £? is constructed and
quantum, and satisfies (H,):

]\Gél)(ﬁ )=N;(8°) =2p+1fork € [1,k(2p+1,1)], N (B?) =2p (H,)

Jk2p+1,1)+1

and Nj(i)(b’ )=p+1forie {23},

where the condition "N ) (Bp) = 2p" is deleted when p = 0.

k(2p+1,1)+1

Then using the fact that (k(n, 1)) is decreasing and applying Proposition 2.8 we check
that gPFl = rjég)wéélgrjrjéz)w%{rﬂj(ﬁm’“) is a quantum root which satisfies (H,+1). We

obtain % satisfying (H). Then if K is odd we are done. Otherwise, we set 5 = r;(8%),
which concludes the case (4D).

In the remaining cases, I,,(j) = @ for all n > 7, so they can be checked by hand in a
similar fashion, following the arguments in the proofs of Lemma 2.19 (for the case (3F))
or Lemma 2.24 (for the cases (4EA), (4ED), (4SA)). To have a complete proof, we now
explicit these verifications.

In the case (3F), m = 2 and upon relabelling, suppose that (a D5 @) ) = (=2,-1).

Then we check that g :=r <2>w§ )rjw2 r;(Bz) is a quantum root such that I(Bugy) =
L,(By) U 1,(j) for all n > 2.

For the case (4SA), m = 3 and denote j2 ) the unique leaf of 5 in Supp(7), by definition
it is also a leaf of I;. In the case (4SA2), since j is a leaf of I3, there is another j§2) € Supp(j)
which does not belong to Is. We set w = Tjés)wé )wél)r]wé )wél)r] Then, in the case
(4SA1), ﬂ = w(fy) is the required quantum root. In the case (45SA2), we instead set
8= wd r;w(fz) (note that w§2) = 1y hence (w(py), ;) = —1 as required to apply
Proposition 2.8).

It remains to deal with the cases (4EA) and (4ED). Again m = 3 and by definition we

can suppose that j§3), j§2) are leaves of I (they correspond to j5 and jj respectively, with

the notation of Proposition 2.31). Suppose that (7,,),>2 is not of the form (4ED2).
Let

pli= rjéz)r]éz)wil)rjrj§3>w§1)rjrj§z>wél)rj (Ba),
then by Proposition 2.8, 8! is a quantum root and satisfies (IV;, Njél), Njéz), N]és), Njéz)) =
(4,4,3,2,2). If (I,,)n>2 is of the form (4EA) and j ¢ I5, then we set 8 := 8. If (I,,),>2 is
of the form (4EA) but j € I5, we instead set 5 := wél)rj (BY). Tt remains to treat the cases
(4ED).
Let 8% := wf)fr’jég)wél)rj(ﬁl). If j ¢ I5 (hence in the case (4ED1) or a particular case
of (4ED3)), we set 3 := 2. Else j € I5, we set 8 := r;(8%) (note that this is indeed a

quantum root by Proposition 2.8 because either wff) = lyw either or wél) = lyw).
The only remaining case is the form (4ED2). It corresponds to the analysis done in
the proof of Lemma 2.25, and we construct  following this proof: Recall the notation for
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ng € [2,6], such that the leafj&:m’l) of I,, is also a leaf of I,,,_1, note that k(ng, 1) = 7—ny.
Let us start by £y such that (1,(5o))n>0 is of the form (4ED1), with I.(8y) = I for
k<ng—1and I(8) \ {55,357, 35} = 4, i) for k € [ng, 6] (in particular I4(fy) = @
and I5(5y) = {j}). Then o;(8y) = —1 so 1;(fo) is quantum with Dynkin sequence of the
form (4ED2). If ng = 6, we can set § := 1;(y). Else we check that g := i .Tjél)'rj(ﬁo)

—nq

is a quantum root with Dynkin sequence (1,),>1.
This concludes the proof of Theorem 2.36. ]

2.7 Examples of sets of quantum roots

As shown by Lemma 3.1 and Proposition 3.11, quantum roots naturally appears in the
study of covers for the affine Bruhat order. In this subsection, we determine the sets of
quantum roots in some particular cases (type A, Ag), D,(LI), etc.). Besides giving examples,
we want to illustrate that the methods developed in this section to prove Theorem 2.27
are constructive and enable to determine the set of quantum roots in particular examples.
Let p € ®,. Write 8 =r;, ...7;,.0;;, With L minimal, 41,...,2; € I. For ¢ € Z>, set

LB)={ el [{tell,L]]i=3} =L}

2.7.1 Finite type

The following result was explained to us by Dinakar Muthiah.

Proposition 2.37. Assume that the root system ® is of type A, D or E. Then the set of
quantum roots of ® is P .

Proof. By | , Planche I to X]|, we can embed ® in R™, for some n € N, equipped with
the canonical scalar product (-|-) and @ is a subset of elements which have exactly two
non-zero coordinates, both equal to £1 and their norm is thus v/2. Let o € ®. We have
aV =2a/(ala) = a for every a € ®. Thus if o, 8 € @, we have (o, ) = (a|8) € Z and
|(a|B)] < |a|B] <2, s0 (Y, ) € [-2,2]. Now if a and /8 are not proportional, we have
|(a]8)] < |a||f] and thus («¥,3) € [—1,1]. For every a € Inv(sg), we have (a’,5) > 0
(see | , Corollary 1.10] for example) and thus (a”, ) = 1 for all a € Inv(sg), which
proves that £ is quantum. ]

Remark 2.38. Proposition 2.37 can also be proved using Theorem 2.36: Dynkin diagrams
of type ADE are trees which are 1-star-convex at any given vertex. Fix a root system ® of
type ADE, and 8 € . Then the Dynkin diagram I,(B) is of type ADE aswell. If it is of
type A, it has no vertex of degree 3 or larger, so Is(5) = &. Hence (I,(B))n>1 is quantum
and € Q(®). If [1(B) is of type D or E, it admits a unique vertex j of degree 3 and no
vertez of higher degree, so I5(B) is non-empty if and only if it contains j. We check that if
this is the case, (1,(f))n>1 needs to be of the form (4A), with I35(5) = @, when I,(B) is of
type D; or of the forms (4A), (4D),(4EA), (4ED) when I,(53) is of type E.
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However, for every other indecomposable Cartan matrix (of finite type), there exists a
positive root which is not quantum. Indeed, there exist ¢, j € I such that (o), ;) < —2.
Set f = ri.a; = —(a), j)a; + ;. Then o € Inv(sg) and (o), 7;.a5) = —2(a, ;) —1 >3
and thus r;.c; is not quantum. Note that when & is infinite, then ® strictly contains the
set of quantum roots, which is finite.

2.7.2 Type AS), n>2

Proposition 2.39. We assume that the Kac-Moody matriz A is of type Ag), with n € Zxo
(see [ , Chapter 4] for the classification). We write I = Z/(n+1)Z, with (o , ag) =
(o ,a;=) = =1 for alli € Z/(n + 1)Z.

Let k,m € [0,n] with k < m. Set ag; = > ", oz and g5 = S oo Then the
set of quantum roots is {og . | (k,m) € [0,n]*}.

Proof. Let 5 € &4 be a quantum root. We have deg(j) = 2 for every j € Z/(n+ 1)Z (we
defined the degree in (2.10)). By Lemma 2.12, we deduce that I5(8) = &. Therefore we
can write 8 = >,y .11y M, where n; € {0,1} for i € Z/(n + 1)Z. We conclude with
Proposition 2.11.

Conversely, take k,m € [0, n] such that k& < m. Then since (o', a7) = (o, 07) = —1
for every i € Z/(n + 1)Z, we have o = 15 ... " 1.0, = Qg and 1. 1) =
af; + o + ...+ ag; for every k' € [k, m]. Then by Lemma 2.6, we deduce that og  is
quantum. Similarly, a; ¢ is quantum, which proves the lemma. [

Note that the case Agl) is a particular case of subsubsection 2.7.4.

2.7.3 Type D,(ll), n>4

Let n € Zs4. Let I = I,u) be the Dynkin diagram of DY (see Figure 2.13). For I'
a subgraph of I, we set fr = >, . a; and for (I',I") a pair of subgraphs of I we set

Beory = Dlier i + D ier e
Let ¢ : I — I be the automorphism defined by ¢(j;) = j—; for all i € [0,m], t(jm') = jor

and ¢(Jo) = Jmr-

Nj\ j2 j3 j4 jm72 jm* Im

jO’ jm’

Figure 2.13: Dynkin diagram of type DY

Proposition 2.40. 1. Let " be a connected subgraph of I. Then [Br is a quantum root.
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2. Let (I,T) be a pair of connected subgraphs of I such that I" C T, {jo,jo} C T,
{jo, jors g1 2} C IV, G e € I and such that |{jm, jm} NT| < 1. Then By and
B ,urry) are quantum Toots.

3. Let k.l € [2,m — 1] be such that k +1 < (. Then ), ., o; + S a3
18 a quantum root.

4. Let B be a quantum root of ®,. Then I3(f) = @ and [ belongs to the set of roots
described in (1), (2) and (3).

Proof. Note that since the Kac-Moody matrix defining ' is symmetric, if 5 € ® is written
B =3 ni, with (n;) € Z, then 8¥ =3, niay.

(1) Follows from Proposition 2.11, since a;; = —1 for all 7, j € I with i # j.

(2) Set Bz = >, . Then fg is quantum by (1). Let & = max{i € [2,m—1] | j; € I"}.
Then by successive applications of Proposition 2.8,

By = TioTio i ey - - - T2 (B)

is quantum. By symmetry, B¢, is quantum.
(3) Set By = >, @i. By successive applications of Proposition 2.8,

k 14 m—1 1
Z ai+z Qj; + Z Qj; = (H rji)(H rjt)<ﬁ®) = Ve Gegr o Tim—2Tjm1 Vi Vg1 -+ Tit (ﬂz)
iel 1=1 i=m—1 =L t=k

is quantum.

(4) Let 8 be a quantum root. If I5(8) = &, then § is as in (1) by Proposition 2.11.
Assume now that I5(3) is non-empty. Let F be the set of elements of I which are min-
imal for <,. Then by Lemma 2.12, F C {j1,jm_1} and |E] is the number of connected
components of Ir(5). First assume that |E| = 1. Up to replacing 5 by «(8) (where
L(B) = s Ky, if B =), ki), we may assume that E = {j;}. Then as deg(j;) = 3,
we have jo, jor, jo € [1(5). By Lemma 2.17 2) applied with (jx_1,jx) = (J1,J0), we have
00 > t(jo,2) > t(j1,3) and similarly t(jo,2) > t(J1,3). By Lemma 2.15, t(ja, 3) > t(Ji1, 3).
Suppose ¢ := t(j1,3) < co. Then v, = aj +aj , + 2aj, + zaj,+7, with 2 € {1,2}. Then
a;j, (7)) =4—2—2 >0 and thus oy, (7,") # —1: a contradiction. Consequently, j; ¢ I5(3)
and by Lemma 2.15, I3(8) = @. Therefore jo, j; ¢ I2(5). As Supp(j1) = {Jjo,Jo, j2}, if
I(B) # {j1}, then jo >3 j1. By Proposition 2.13, I(8) = {j1, j2, .- .} is totally ordered for
<o, with 71 <5 jo <5 j3 <5 .... Let x be the maximal element of I5(3). By Lemma 2.12,
deg(x) < 2 and thus if x = j,,—1, then [{jm, jm} N L(B)] < 1. By (2.11), jm, jmr & L2(5).
Then 8 belongs to the set of roots described in 2).

We now assume |E| = 2. Then E = {ji,Jm-1}. Similarly as above, I3(8) = @.
Similarly as above, jo, jor, jm, Jmr € I1(5). As I1(B) is connected, we deduce that I;(5) = I.
By Proposition 2.13, the unique maximal chains for <, containing j; and j,,_1 respectively
are

jl 42...<]2jk, and jm <]2jm,1 <12...<]2jg,
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for some k € [1,m — 2] and some ¢ € [2,m — 1]. By Lemma 2.12 (3), jx11,Je-1 € 2\ I1.
Therefore k + 1 < ¢ — 1, and the proposition follows.
]

2.7.4 Case where the Kac-Moody matrix has no coefficient —1

Lemma 2.41. Let 8 € O, be a quantum root. Write B =1;, ...7i,.0uy, with iy,...,1 € 1
and L € N minimal. Then we have a;,;,, = —1 (where A = (a;;)ijer is the Kac-Moody
matriz of the Kac-Moody datum). In particular, if a;; # —1 for every i,j € I, the set of
quantum roots is exactly the set of simple roots.

Proof. We have sg =r;, ...1;riri, ... 1. We have r;, ... 7,04, € Inv(sg) \ {8} and

Y

ipriL .. .7“1‘3.051‘2> = —<CYV

<7'Z'L e 7"@.04 117&i2> = _aiz,’h =1.

]

3 From quantum roots to covers for the affine Bruhat
order

In this section, we use the finiteness of the set of quantum roots to obtain finiteness results
on the affine Bruhat order on the Weyl semi-group associated to a Kac-Moody datum. We
start this section by the introduction of this object and of the affine Bruhat order.

3.1 Definition and notations: Affine Weyl semi-group
Let D = (A, XY, (®i)ier, (o) )icr) be a Kac-Moody root datum. Let W* be the vectorial

)

Weyl group and ® the root system attached to it.

Dominant coweights and Tits cone Elements of Y are called coweights, a coweight
A is regular if (A «a;) # 0 for all i € I, or equivalently if its fixator in W is trivial. We
say that a coweight A € Y is dominant if (\,«;) > 0 for all 7+ € I, or equivalently if
(\,B) >0 for all B € ®,. The set of dominant coweights is denoted as Y+ ={\ € YV |
(\,a;) > 0 Vi € I} and the set of dominant regular coweights is denoted Y,;IF = {\ €
Y+ | (N a;) >0Vie I}

The orbit of Y+ by W" is the integral Tits cone, Y™ = |J w.Y™T; it is a sub-cone

weW?
of Y and it is a proper sub-cone if and only if W is infinite, if and only if A is not of finite

type (see | , 1.4.2]).
The set Y+ is a fundamental domain for the action of W9 on Y ', and for any coweight
A € Y™, we denote A™" to be the unique element of Y+ in its W7-orbit.
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Parabolic subgroups and minimal coset representatives Let A\ € Y be a dom-
inant coweight. Then the fixator of A\ in W@ is a standard parabolic subgroup, which we
denote by W,. Explicitly, if J ={i € I | (A, ;) =0}, then W\ =W, :=(r; | j € J).

Any class [w] € W /W, admits a unique element of minimal length, and we denote by
W the set of coset representatives of minimal length. Therefore w € W?* < ((w) <

Suppose now that A € Y+ (not necessarily dominant), we denote by v* the unique
element of minimal length such that A\ = v* A\, it is an element of W*"". The coweight
A also admits a parabolic fixator in W?, which is Wy = v* W4+ (v}) 7L

A coweight A is spherical if its fixator W), is finite, and it is regular if W) is trivial.
These notions only depend on the dominant part A*™ of \. We denote by Y:]gh the set of
spherical coweights.

Affine Weyl semi-group Through the left action W¥ ~ Y we can form the semidirect
product Y x W7, for (A\,w) € Y x W we denote by ww the corresponding element of
Y x W@, If W is finite, this semi-direct product is (a finite extension of) a Coxeter group,
hence admits a Bruhat order, a Bruhat length and a set of simple reflections. However
when WV is infinite, it does not have a Coxeter structure, and there is no known analog of
the Bruhat order on it.

By definition, Y+ C Y is stable by the action of W, therefore we can form W+ =
Y™ x W? which is a sub semi-group of Y x W?. This semi-group is called the affine Weyl
semi-group, it is sometimes referred as "the affine Weyl group" in the literature, even
though it is not a group.

Eventhough Y x W" is a priori not a Coxeter group when W7 is infinite, Braverman,
Kazhdan and Patnaik have defined a preorder on W+ in | , B.2] using an affine root
system on which Y x W?" acts.

We denote by pronJr the projection function W+ — Y and pronJr+ the projection on
the dominant coweight, so if x = w*w € W, then proj”" (x) = A and proj” " (x) = At+.
We say that an element x € W+ is spherical if its coweight proj” " (x) is spherical.

Affine roots Let ®* = & x Z, it is the set of affine roots of D. Let (§,n) € &%, we
say that (8,n) is positive if n > 0 or (n = 0 and § € ®); we write ®% for the set of
positive affine roots. We also have ®* = ¢4 LI—®%. We refer to | , 1.2] for a geometric
interpretation of affine roots and of the affine Bruhat order.

The semidirect product Y x W' acts on ¢ by:

Sw.(8,n) = (whn + (A, wh)). (3.1)
For any n € Z, its sign is denoted sgn(n) € {—1, 41}, with the convention that sgn(0) =

+1.
Forn € Z and 8 € &, we set:

Bln] = (sgn(n)B, In|w) € % (3.2)
SB[n] = wnﬁvSB ey xWv.
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If n # 0 we also define 8[n] € ®% for § € ®_, by S[n] = (—F)[—n]. Note that the element
Sg[,) does not belong to W™ in general, but it is an element of order 2 in Y x W¥, the
affine reflection associated to [[n].

Affine Bruhat order The affine Bruhat order on W is the transitive closure of the
relation < defined by, for x € W and fB[n] € ®%: sgpx < x <= x '(fn]) ¢ 4. In
some sense this means that (3[n] belongs to the inversion set of x'. Note in particular
that if x (8[n]) ¢ ®% and x lies in W then so does sgyx .

Explicitly, if x = @w*w € W, then x7'(B[n]) ¢ ®% if and only if |n| < sgn(n)(\, 3), or
In| = sgn(n){\, 8) and sgn(n)w=15 € d_.

D. Muthiah (see | |) has proved that the transitive closure of < is anti-symmetric,
hence it is an order. Moreover, together with D. Orr, they define in | | a Z-valued
length function on W™ strictly compatible with the affine Bruhat order which we now

introduce.

Affine Bruhat length If w’w € W, the affine Bruhat length is defined by:
0 (w*w) = 2ht(ATH) + Lo (w). (3.4)

The function /,» is the relative Bruhat length on W*: £,(w) = (v~ w) — £(v) for all
v,w € W". The equivalence between this definition of the affine Bruhat length and its
definition in | | is given by | , Proposition 2.10|. This length is strictly compatible
with the affine Bruhat order by | , Theorem 3.3].

Covers and gradation of partially ordered sets Let (X, <) be a partially ordered
set, for z,y € X, we say that y covers z if: z <yand {z € X |z <z <y} =2. We
write z <y if y covers z.

A length function ¢ : X — Z is said to be strictly compatible with < if, for a
comparable pair (z,y) € X?, we have z <y <= ((z) < {(y). Moreover it is a grading
of (X, <) if: y covers x if and only if y > z and ¢(y) = {(z) + 1.

The Bruhat length on W" is an example of grading (actually N valued) of (W?, <),
where < is the Bruhat order, we refer to | , Chapter 2| for general properties of the
Bruhat order.

The affine Bruhat length is a Z grading of (W™, <) (by | , Theorem 6.2] in par-
ticular cases and | | in the general case): for all x,y € W7 such that x <y,

x 4y & ((y) = (2(x) + 1. (3.5)

The next lemma is a weaker reformulation of | , Proposition 3.20], which is a more
explicit classification of covers in WT. In the reductive case, this is a reformulation of the
classification of covers given by Schremmer in terms of quantum Bruhat graph (see | ,
Proposition 4.5]).
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Lemma 3.1. Let x,y € W™ and suppose that'y covers x. Then there are unique elements
AeYTt vwe WY Bed, andn € Z such that:

e v is a minimal coset representative: v € W

o x = ww

v(s,g)\—&-nﬁv)s
v

* Y = SupmX=w (B)W-

Moreover n € {0, (X, 3), —1, (X, B) + 1}, and proij(y) = proij(x) if and only if n €
{0, (A B) }-

Furthermore:
i) If n = (\,B) (possibly equal to zero), then {(sgv~ w) = L(v™ w)+1, so v w<tsgvlw
i) If n=0%# (A, 53), then l(vsg) = €(v) — 1, so vsg < v.

iii) If n € {—1,(\,B8) + 1} then (8 is a quantum root and there exists an element u € W?
such that proj” " (y) = vu.proj””" (y) and {(vu) = £(v) + £(u), in particular v < vu.

The first part is a direct consequence of the definition of the affine Bruhat order and
of | , Prop. 3.1], items ¢) and i) correspond to items 1) and 2) of | , Proposition
3.20] whereas #ii) corresponds to subitems (a), (¢) of items 3) and 4) of the same reference.

In particular, we use finiteness of the set of quantum roots to show that any element
x € W has a finite number of covers, and if it is spherical, then it also has a finite number
of co-covers. This extends to the general Kac-Moody case a result obtained by Welch
in the affine ADE case (| , Theorem 1.1]). We provide examples of non-spherical
elements which admit an infinite number of co-covers, and we give a characterization of
the irreducible Kac-Moody root systems for which every element admits a finite number
of co-covers. At the end of this section, we construct explicit covers in W associated to
any given quantum root, therefore showing that the notion of quantum root is the most
refined one in this context.

3.2 Finiteness results for covers and co-covers

Theorem 3.2. Suppose that x is an element of an affine Weyl semi-group W*. Then x
has a finite number of covers for the affine Bruhat order.

Proof. For any u € W7, let Nepy(u) (resp. Neocon(1)) denote the number of covers (resp.
cocovers) of u in W". Since W? is a Coxeter group of finite rank, these numbers are finite.

Let x be an element of W*. Then, by item éii) of Lemma 3.1, the number of covers y of
x such that proj”" " (y) # proj”" " (x) is bounded by twice the number N, (®) of quantum
roots of ®, which is finite by Theorem 2.27. Moreover, write x = w"*w with \ = pronJr+ (x)
and v € W* minimal, then the number of covers y such that proj*” (y) = proj¥" (x) is
exactly Moy, (V71W) + Nepeon (V) using items 4), i) of the same lemma. Hence x has at most
2Nusr (P) + Mo (V1) + Nepeon (V) cOVers. O
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Corollary 3.3. Let n € Z>o and x € W*. Then

{yeWt |3(xy,..., %) €W x=x1 <X ... X1 <IX, = Y}
is finite.
Corollary 3.4. Let x,y € WT. Then [x,y] :={z€ W7 | x <z <y} is finite.

Proof. Assume x < y. As the Bruhat order is strictly compatible with ¢* (by | ,
Theorem 3.3|), for every z € [x,y], there exist k € [0, ¢*(y) — ¢*(x)] and x1,...,x; € WT
such that x = x; <4xy < ... <X, = z and thus the result follows from Corollary 3.3. O

Lemma 3.5. Let Y, ={ €Y | (\,ay) =0,Vi € [}. Let \ € Yy, pn €Y and v,w € W".
Then whw < w™v if and only if 1 = X and v < w (for the Bruhat order on W?).

Proof. Let f € &, and n € Z be such that sﬁ[n}w)‘v < w™v, note that sﬁ[n}w v o=

w8 550, Then by Lemma | , Lemma 1.7] we have A\ + nﬁv € [N sg.A] = {\} and
hence n = 0.

As X\ € Y, we have W* = {1}. Now szww = w’spw < w’w if and only if

(4 (wrspw) < £4(ww*w) if and only if £(ssw) < €(w) if and only if sgw < w for the Bruhat

order on W*. Lemma follows. O

Theorem 3.6. Suppose that'y € W is spherical, or that proj”" (y) € Yin. Then it admits
a finite number of co-covers.

Proof. Suppose that y is spherical, let us write y = whw with u € Y:Igh. Let C(y)
denote the set of co-covers of y in W*. We have C(y) = C1(y) U Cy(y), where Ci(y) =
{x € C(y) | proj " (x) = proj* " (y) = u™} and Cy(y) = C(y) \ Ci(y). We show
separately that both of these sets are finite. Recall that v* denotes the minimal element
of {v e W" [ p=w(u"")}.

e Suppose that x € C4(y), then by Lemma 3.1, we can write x = "% and
Y = Sy@)n(x) for some 3 € &y, v € Wwe @ e W and n e {0, (", 8)}. The
element w is entirely determined by (v, ) since w = s,gw. So we need to prove
that there is a finite number of viable choices for (v, 3). We have:

—Ifn=0% (ut",B), then u = vsg(p*™), so vsg lies in v*.W,++, where W+
is the stabilizer of p** in W*. By assumption, p is spherical so W++ is finite,
and so is v".W,++. Moreover, by item 4i) of Lemma 3.1, v covers vsg. Since W"
is a Coxeter group of finite rank, any element of v*W,++ admits a finite number
of covers, hence the pair (v, 5) can only take a finite number of values.

— If n # 0, then x and y have the same co-weight p, so v = v“. Moreover,
W = Sy(gyW = VSV~ w and therefore by item 7) of Lemma 3.1, v'w = sgv™'w
covers v 'w = sgutw. So the number of viable choices of B is equal to the
number of co-covers of v~!w, which is finite.
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Either way, we thus have shown that C;(y) is finite, let us now turn to Cy(y).

e Suppose that x € Cy(y), by Lemma 3.1 we can write x = w0 with A € Y*+, w €
WY veW?*andy = sygpx for B € @, and n € {—1,(\, ) + 1}. The coweight
A is either equal to vy — Y (if n # 1) or to sgv~'u— Y (if n = —1). On top of
that, w = s,gw and thus it suffices to show that the set of pairs (v, 5) such that
y € {@*O 8w, vssO+8yw ) and is a cover of @ s, w (for one of these two choices
of \) is finite. Note that, since 1 is spherical, the set {v € W | p = vp*} = o W+
is finite so we can define L = max{{(v) | v € W",ou** = p}. Then by item
iii) of Lemma 3.1, we have ¢(v) < L, and [ is a quantum root. Therefore, since
{v € W" | ¢(v) < L} is finite and the set of quantum roots is finite as well by
Theorem 2.27, we deduce that Cy(y) is finite.

If y € W+ is such that proj¥ (y) € Y, = (icr ker(o;), then by Lemma 3.5 proj”" (x) =
proijr (y) for all x € W such that x < y, and there is as many co-covers of y as co-covers
of w in W", hence a finite number. ]

Remark 3.7. When Y is associated with an affine Kac-Moody matriz, then every element
of Yt is either spherical or in Y, (by [ , Proposition 5.8 b)]). Thus the theorem
above generalizes [ , Corollary 24/.

Recall that A = (aj(¢’))ijer is the Kac-Moody matrix of the root datum D. Following
[ , 1], we say that the matrix A is indecomposable if for every non-empty subsets
J, K C I such that J U K = I, there exists (j,k) € J x K such that o;(a))) # 0.

Lemma 3.8. Assume that A is indecomposable and that there exists p € Y such that
W, is infinite and W does not fix . Then there exists x € W admitting infinitely many
CO-covers.

Proof. Let J ={i € 1| a;(nx) =0}. Then J C I. Let J' C J be such that W is infinite
and for every J” C J', W is finite. Let v € Y be such that a;(v) = 3 for every j € I\ J'
and o;(v) =0 for every j € J'. Then v € YT and W, = W,

As A is indecomposable, there exists (4,7) € (I \ J') x J" such that a;(af) # 0. Set
A=v—a) €v,r.v]. Then a;(\) = (V) — () = —ay(e)) > 0, a;(N) = a;(v) —2 >0
and for every ¢ € I\ {j}, we have ay(\) = ay(v) — ay(aj) > ag(v) > 0. Therefore
AeYttand {k eI |ar(\) =0} CJ\{j}. Thus W) C W, and by assumption on .J',
W, is finite.

Let w € W, N W? (we prove below that this set is non-empty). Set 3 = w.a; and
Xy = ww"\sﬁ. We have:

SﬁK’w}\,ﬁ)-‘rl]Xw - w(<w'>\’ﬂ>+1)ﬁvw5ﬁW->\ — wy

and thus x,, < @w” if and only if ¢*(x,,) < (*(w”). Moreover we have:
0% (%) =2ht(\) + lip(Sw.a;)
=2(ht(v) — 1) + £(w rwryw ™) — £(w)
= 20%(w") — 2+ L(r;w™) — L(w).
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Therefore
04(xy) € {*(w") — 1,0*(w"”) — 3}, (3.6)
for every w € WA NW,,.

Let w € W,. Then we can write uniquely w = vu, with v € W?*, u € W,. But then
u € W, and hence v € WA N W,,. Therefore W, A = (W, N W?*).\. As W, is finite, W,.\
is infinite and thus (W*NW,).\ and {x,, | w € W* N W, } are infinite.

For y € W+ denote by C’(y) the union of the set of co-covers of y with {y}. By com-
patibility of /¢ with < and by (3.6), for every w € W*NW?, we have x,, € C'(C"(C"(="))).
Therefore

C'(C'(C"(w"))) D {xw | w € WANW,},

and the right hand side is infinite. Consequently there exists x € W for which C’(x) is
infinite. [

Example 3.9. Assume that I has cardinality 3 and write I = {i,j, k}. Assume that
() () > 4 for every m,m’ € {i,5,k}. By [ , 1.3.21 Proposition], this
implies that (r;,r;), (rj,rx) and (r;,ry) are infinite. Take v € Y such that o;(v) > 3,
aj(v) =ap(v) =0. Set \=v—a € YTT. Then W) = {1} and with the same proof as in

Lemma 3.8, we can prove that w wr;w™! is covered by w" for every w € (r;, ry).

Let A = Y ® R be the standard apartment. The elements of ® can naturally
be regarded as elements of the dual A* of A. The Tits cone .7 is then We.C%, where

C_}’:{xGAH)\,ai) >0,Vie I}
\

Proposition 3.10. We assume that (c;()))s jer is indecomposable. Let Ay, = (¢ ker(a;).

The following properties are equivalent:

1. The set T \ Ay, is open.
2. Every proper parabolic subgroup of W is finite.

3. For every x € W, the set of co-covers of x is finite.

Proof. (1) = (2). Assume (1). Let J be a proper subset of I. Let A € Y be such that
a;j(\) =0 forall j € J and o;j(A) > 0 for all j € I\ J. Then A € CF\ A;, € T\ Ay C .
Then Wy = W, and by | , Proposition 3.12 f)|, W is finite.

(2) = (1). Assume (2). Let z € 7\ A;,. We can write z = w.y, for some w € W*
and y € C_}’\Am Let J ={i €| aj(y) =0}. Then J C I and thus W, = W; is finite.
By | , Proposition 3.12 f)|, there exists an open neighbourhood V' of y contained
in .7. Then the fixator of every element of V' is finite and thus V' C .7 \ A;,. Then
rew LV C T\ A, which proves that 7 \ A, is open.

(3) = (1) Assume (3). Then by Lemma 3.8, for every u € Y*, we have either W),
is finite or W, = W". Let x € . Write z = w.y, with w € W" and y € C'_}i Let
J={iel|ay) =0} LetueY besuch that fori € I, a;(p) = 11if i € I\ J and
a;(p) =0if i € J. Then W, = W,. If W, = W", then z € A;, and if W, is finite, then
€T by | , Proposition 3.12 f)|, which proves that .7 = A;, U 7. Thus we have 1).

(1) = (3) is a consequence of Theorem 3.6. O
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3.3 Explicit covers for a given quantum root

In this section, we construct, for any quantum root, explicit covers where it appears, hence
the the restriction on 5 € &, appearing in Lemma 3.1 is optimal.

Proposition 3.11. Let 3 be a quantum root, and let A € Y,I.F be such that A+ 3" € YT
(explicitly, (N, a;) > —(BY, ;) for alli € I). Then:

1. Let v be any element of W" and let w € WV be such that ((sgw) = €(sz) + {(w) (in

particular this is always verified for w = lyw ). Then WOt pw covers w“o‘)vsf;w.

2. Let v € W" be such that £(vsg) = L(v)+{(sg) and let w be any element of W". Then
w”sﬁ(’”ﬁv)sv(ﬁ)w covers wMw.

In particular, for any quantum root [ there exist covers of the form given in Lemma 3.1
with varying dominance class.

Proof. Recall the expression of the affine Bruhat length obtained in | , Prop. 2.10]:
For any A € Y1+ v, w e W

(4 (w"Nw) = 2ht(\) + (v w) — £(v). (3.7)

Thus, for any A € Y.IF such that A\ + 3 € Y.I I

reg reg

C(sy @) g Nusgw) = £2(w" O+ Dyw)

= 2ht(A + 8Y) + L(w) — £(v)
= ((w"MNusgw) + 2ht(8Y) + £(w) — £(spw).
0 (sy(ay 1@ Mw) = £2(w Ay 50 w)
= 2ht(A + 8Y) + (v w) — L(vsp)
= (" Mw) + 2ht(8Y) + L(v) — L(vss).
Therefore, since quantum root are characterized by the fact that 2ht(5Y) = {(sp) +
1 (by Lemma 2.6), we obtained that the length difference ¢%(s,g)x g+ Mvssw) —

(4 (" Nusgw) (resp. £2(sp(p) 1@ Mw) — £2(*Mw)) is exactly one if and only if condi-
tion 1. (resp. condition 2.) is satisfied. O
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