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ABSTRACT

Acoustic black holes (ABHs) have not only proved very efficient in reducing vibrations in beams and
plates at mid and high frequencies, but also in suppressing sound radiation. However, for lower
frequencies with wavelengths larger than the ABH diameter waves cannot be trapped. It has been
shown, though, that one can attach a periodic distribution of local resonators to the ABH plate and
substantially diminish its vibration at low frequencies. Such design (local resonators plus ABH plate)
can be viewed as a metaplate, referred to as the MMABH plate, with enhanced vibration properties
as compared to a uniform plate or a standard ABH plate. In this work, we are interested in studying
the radiation properties of the MMABH. Its sound power and radiation efficiency are characterized
by means of a discretized radiation model and it is observed that broadband reduction in sound
power level and far field radiated sound is attained. Non-negative intensity (NNI) also shows that
sound reduction cannot be simply attributed to the damping effectivity of the ABH and resonators, but
to the wave slowdown phenomenon inside the ABH that that breaks the coupling between bending
and sound waves.
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Figure 1: The geometrical model of the proposed MMABH metaplate: (a) 36 resonators attached to
the plate surface, (b) thickness profile of the ABH plate.

1. INTRODUCTION

An ABH is usually achieved by diminishing the structural thickness of a beam or a plate following a
power law profile [1]. Flexural waves entering the ABH slow down as the thickness diminishes while
their amplitude augments. Vibration energy at the mid-high frequency range can be very effectively
suppressed by placing a viscoelastic layer at the central region of the ABH [2]. While many works
exist on ABH vibration reduction (see e.g., [3]), to date less research has been done on sound radiation.
In [4], a plate with an array of 25 ABHs was numerically investigated. It was shown that improvement
in sound radiation was not only due to vibration reduction but to notorious change in the dependence
of the radiation efficiency with frequency. The later was further explained via wavenumber analysis [5,
6]. Moreover, transonic boundaries where flexural waves transition from supersonic to subsonic speed
when slowing down inside the ABH were theoretically reported for flat plates in [7] and cylindrical
shells in [8], and experimentally validated in [9].

Despite the effectiveness of ABHs concerning sound radiation is limited to mid and high
frequencies, this has a profound impact in terms of transmission loss (TL) between dwellings
because the typical drop of TL at the critical frequency can be suppressed [10, 11]. However,
diminishing sound radiation of ABH plates at low frequencies remains a challenge even with new
ABH designs [12,13].

Some recent attempts to enhance the vibration performance of ABHs in the low frequency range
have involved exploiting nonlinear effects [14,15], the periodicity of tangled ABG cells [16], resorting
to optimization strategies [17-20], or designing non-local ABH structures [21]. Another recent
option proposed by the authors in [22] is that of attaching periodic local resonators to the ABH
plate, following the key strategy of locally resonant metamaterials [23], in what we termed the
MMABH plate. Usually, locally resonant metamaterials work in/near the frequency band where the
resonators’ eigen-frequencies belong, and have been proved useful for vibration reduction [24], sound
insulation [25] and wave manipulation [26]. However, and in spite of some careful designs to expand
their effective bandwidth [27], metamaterials perform well in a limited frequency range. In this
sense, the MMABH metaplate in [22] constitutes a promising recourse to combine the effectiveness
of periodic resonators at low frequencies with the efficacy of ABHs at high frequencies, to achieve
broadband vibration reduction. That was studied in detail in [22] and in a companion paper in this
conference. In this work, we will focus on the capability of the MMABH plate for broadband sound
radiation reduction. We will do so by analyzing its sound power, radiation efficiency and non-negative
intensity. The design of the MMABH is shown in Figure 1.



Table 1: Geometrical and material parameters of the ABH plate.

Geometry parameters Material parameters

m=2.5 pp = 7800 kg/m?
L,=06m E, =210 GPa
L,=06m n, = 0.01
hupi = 0.01 m v, =023
Faon = 0.24 m
£=0.3367m!? oy = 950 kg/m?
he = 0.0005 m E,=5GPa
r, =024 m n, =0.5
h, = 0.0015 m v, =03

2. SOUND POWER LEVEL AND NON-NEGATIVE INTENSITY ANALYSIS

Following a Gaussian expansion method [28, 29], one can obtain the vibration velocity v on the
MMABH plate surface after discretization [22]. The total radiated sound power can be expressed
solely in terms of v and the radiation impedance, Z, as (see e.g., [7, 8]),
AS AS VA

W = TRG ('qu) = TRe (vHZv) = v'iRe (5) vAS = VW RvAS, (1)
where AS represents the area of an elementary radiator. Note that in the last equality of Equation 1
we have introduced the resistance matrix, R, which is real, symmetric and positive-definite. Besides,
the radiation efficiency of the MMABH plate can be obtained from,

w w
o = = s
ZoNAS (V) pocoAS vHv

2)

where (1?) stands for the mean square velocity (MSV) over the MMABH plate surface, Z, for the air
acoustic specific impedance and N for the number of radiators.

On the other hand, to properly understand the radiation mechanisms of the MMABH plate it is
also interesting to determine which portions of the plate contribute to the radiation of sound pressure
at the far-field. One could resort to supersonic intensity or to non-negative intensity (NNI) [30] to
that purpose. The second one has been chosen in this work. As suggested in [30], the NNI can
be found with the help of an eigenvalue decomposition of the resistance matrix, K. This provides
the eigenvalue matrix A (diagonal) and the eigenvector matrix ¥ (normalized), with ¥ ™W = I and
WTRWY = A. Thus, we can re-express the resistance matrix as

R=UAY =B VAVAYT = ¥ VA(¥T0) VAU = (B VAPT) (T VATT) =270, (3)

Equation 3 shows that the resistance matrix can be decomposed into two identical matrices. Here,
® can be treated as a mask that circumvents inactive radiators that do not contribute to the radiated
sound power. The latter can be rewritten as

W = v RvAS = v1®TPvAS = (®v)T (Pv)AS = BHBAS. 4)

In the last equality of Equation 4 we have defined the vector 3, whose entries, 3;, represent the square
root of the NNI of each radiator. Bear in mind that the overall sound power remains the same provided



that one integrates the NNI over the whole surface. Finally, the NNI distribution can be computed
from

I'"'=p'0p, (5)

where © symbolizes the Hadamard product (entrywise) and the superscript * implies the complex
conjugation operation.

3. NUMERICAL RESULTS

In the forthcoming simulations we consider the following design of an MMABH plate. First, we take
an ABH plate with the geometrical and physical parameters listed in Table 1. Second, we distribute
the surplus material AM =7.4494 kg extracted from the ABH indentation among 36 resonators, each
one having mass AM, = 0.2069 kg, and link them to the ABH plate (see Figure 1). The first resonant
frequency of the ABH plate is f; = 128.5 Hz and we tune the spring stiffness of the resonators to
match their eigenfrequency with f;. This results in k, = (27f;)?°AM, = 31099 N/m. The resonators
have structural damping with loss factor , = 0.2.

The sound power level (SWL) of the three plates, MMABH, ABH and uniform (UNI) under a
unit force excitation at (0.5, 0.5) m is calculated according to Equation 1 and plotted in Figure 2a. As
observed, the SWL of the ABH plate is considerably lower than that of the UNI plate above the ABH’s
cut-on frequency, fou—on = 428 Hz, as reported in previous works [4,7]. However, the ABH fails to
reduce the SWL below f..._on, €specially at the first eigenfrequency of the ABH plate, f; = 128.5 Hz.
The local resonators help fixing that problem as seen from the MMABH SWL curve in Figure 2a,
where the peak at the ABH plate resonance disappears. If one compares the SWL of the three plates,
the MMABH achieves notorious broadband reduction besides the other two. It behaves like the ABH
plate above the cut-on frequency, but clearly overcomes it below. It also overcomes the UNI plate for
the whole frequency range. Likewise, we have calculated the radiation efficiency of the three plates
according to Equation 2, see Figure 2b. As known and seen in the figure, the radiation efficiency of
the UNI plate has a maximum greater than 1 near the critical frequency, f.;; = 1172 Hz. However, this
is not the case for the ABH and the MMABH plates, thanks to the wave slowdown effect of the ABH
profile. At low frequencies, between f; = 128.5 Hz and foy—on = 428 Hz, the radiation efficiency of
the MMABH plate is somewhat higher than that of the ABH plate. This is due to the low-frequency
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Figure 2: (a) Sound power level (SWL) and (b) radiation efficiency comparisons of the three plates.
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Figure 3: (al)-(c1) The sound intensity (SI) for the uniform, ABH and MMABH plates, respectively.
(a2)-(c2) The non-negative intensity (NNI) for the three plates. (al)-(a2) correspond to the first
resonant frequency 136.5 Hz, while (b1)-(b2) and (c1)-(c2) to 128.5 Hz. The black cross in each
figure represents the point force.

coincidence effect that can be observed from dispersion curves (not shown here, see e.g., [25] for
details).

To further understand the underlying mechanism for noise reduction at low frequencies, we next
examine the NNI of the three plates. In the first column of Figure 3, we plot results for the sound
intensity (SI) distribution, while in the second one we present plots for the NNI. The first row
corresponds to the UNI plate, the second to the ABH one and the third to the MMABH plate. The
results for the UNI plate are plotted at its first resonance peak, 136.5 Hz, while those of the ABH and
MMABH correspond to the first resonance of the ABH plate, at 128.5 Hz. A first comparison between



the SI column and the NNI one shows that while the former has negligible values at the corners and
edges of the plates, this is not the case for the NNI, indicating that these are also responsible for sound
radiation (note that different scales have been used in the figures). However, the largest intensity
values are located in the central region for the UNI and ABH plates. If we compare Figures 3a2 and
3b2, we can notice that the NNI of the ABH plate is higher than that of the UNI one, as also observed
for the SWL peaks in Figure 2a. On the other hand, the SI and NNI distribution totally changes for
the MMABH plate, the values being much smaller and, for the NNI, the maximum being close to
the excitation point, see Figures 3c1 and 3c2. If ones looks at Figure 3c1, the sound intensity mainly
locates in the ABH area. However, large negative intensity values are also appreciated indicating
a strong recirculation region that does not radiate sound outwards. As said, the situation is totally
different for the NNI plot, which tells us that the efficient radiation area is near the corner where the
external force is applied (see Figure 3c2).

4. CONCLUSIONS

In this paper we have analyzed the sound radiation properties of a metaplate (MMABH) consisting
of an ABH plate with a periodic distribution of structural damped local resonators. Such design has
proved very effective in broadband vibration reduction and herein we have tested if that is also the
case for noise radiation. We have shown that by tuning the eigenfrequencies of the resonators to
the first resonance of the ABH plate, the MMABH plate performs as well as the former beyond the
cut-on frequency but substantially improves its behavior in the low-frequency range. The comparison
between the SWL of an MMABH, ABH and UNI plates shows that the former is clearly lower in the
mean and at most individual frequencies. In addition, the radiation efficiency of the MMABH does
not peak at the critical frequency as for a uniform plate, a result also found for a bare ABH plate.
In fact the radiation efficiency of the MMABH is slightly higher than that of an ABH plate due to a
low-frequency coincidence effect to be explained in more detail in future work. On the other hand, the
analysis of the NNI on the MMABH surface at the first eigenfrequency of the ABH plate has shown
how the MMABH plate only radiates in a region close to the excitation point, while the radiation
area is located at the center of the indentation for the ABH plate. This is a direct effect of the locally
attached resonators.
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