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Weak solutions for a singular beam equation
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Abstract

This paper deals with a dynamic Gao beam of infinite length subjected to a moving con-
centrated Dirac mass. Under appropriate regularity assumptions on the initial data, the
problem possesses a weak solution which is obtained as the limit of a sequence of solutions
of regularized problems.

Key words. Gao beam equation, Dirac mass, moving load, existence result, Sobolev spaces.
AMS Subject Classification: 35B45, 35Q74, 74H20, 74K10, 74M15

1 Description of the problem

The behavior of a beam plays a crucial role in various applications as in railway track design.
The railway compagnies aim to enhance the train rolling speed to meet the increased demands
in both passenger and freight transportation worldwide. Identifying the factors contributing
to the occurrence of railway track defects is rather important to maintain the required track
quality. The oscillations amplitudes in railway tracks due to the trains movement is intensively
studied in scientific literature (see [12, 10]). These oscillations lead to undesirable consequences
such as a premature wear and deformation of railway tracks. Understanding the impact of these
oscillations on system reliability is essential to maintain the track quality necessary for traffic
safety and passenger comfort.

Most of mathematical models consider rails as beams under the influence of moving loads and
their properties are intensively studied. A considerable engineering and mathematical literature
is devoted to study to numerous mathematical models for beams, such as the Euler-Bernoulli
(see [8, 7,1, 9]), Timoshenko (see [17, 6]) and Gao beams. The Euler-Bernoulli and Timoshenko
beam theories are the oldest ones and they are widely employed nowadays in various structural
analysis methodologies in engineering. The Euler-Bernoulli beam is commonly used to model the
bending beams behavior, the axial and shear deformations are neglected compared to bending.
Thus, the beam cross-section remains planar during loading. The Timoshenko beam is suitable
to study the shear beams behavior, thereby providing an accurate representation of deformation
within the cross-section of the beam.

The current study involves analysis of the horizontal motion of a vertical point-load on a
metallic rail, considering scenarios where the load has mass or is massless, and examining the
resulting oscillations of the system. The mathematical model of the Gao beam was originally
introduced in [13]. However the Gao beam is also studied in different contexts (see [3, 2, 5, 15, 14,
16]). Notice also that semilinear beam is studied in [19, 18]. Comparisons between simulations
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of the Gao beam and the Euler-Bernoulli linear beam reveal significant differences, indicating
that the linear beam is suitable only for small loads, whereas the Gao beam accommodates
moderate loads (see [11]).

We consider in this paper a straight infinite Gao beam of thickness 2h. A detailed derivation
of the Gao beam model can be found in [13, 3]. An horizontal traction p, which is a time-
depending function, is applied at one end. We are focused in this work on examining the
sideways movement of a concentrated load P(t), where the load may change over time. This
load is applied to a mobile mass m positioned at ((t) with a horizontal velocity ¢(t), induced
by a horizontal applied force. The transverse displacement of the Gao beam u(¢,x) for (t,z) €
(0,T) x R is governed by a following partial differential equation:

ouy +mé(x — C(t))uy —md'(z — C(t))é(t)ut + kppee — (eui — UP)Usy
= of +0(z—((1)P(1),
where §(-) is the Dirac function, ¢ is the material density, f is the applied mechanical loading,

k< 3(21}‘_31?2) 1+ 7) and e & 3hE where E and 7 denote the Young modulus and

the Poisson ratio, respectively. Here and below (-); & Oi(); () & 9,(-) denote the partial
derivatives with respect to ¢ and x, respectively, while (-) and () denote the derivatives with
respect to t and x, respectively. We prescribe also initial data

u(0,-) =up and u(0,-) = uy. (1.2)

(1.1)

For further explanations on this model, the reader is referred to [11] and to the references therein.
Equation (1.1) can be considered the limit of the equation treated in [11] when the gamma
viscosity tends to zero, and is related to the usual viscous beam equation without Dirac measure
in the time derivative. Nevertheless, this leads to an entirely different mathematical problem
since three-order estimates cannot be obtained using the viscous term, and what is more, since
the usual energy estimates fail. In particular, the non-linear term should be addressed somewhat
indirectly since no L estimate is available immediately.

The positive constants o, m, k and e play any role in the mathematical analysis carried
out below. Consequently, without loss of generality, we set them equal to 1. Notice, however,
that the case of non constant coefficients (for example k = k(z)) could be processed using
approximate square roots for elliptic operators.

Throughout this paper, we assume that ¢ € C2([0,T]), P € C2([0,T]), p € C°(|0,T]; H(R))
and f € C°([0,7]; H?(R)), but these assumptions could be weakened. The main result of this
paper can be stated as follows.

Theorem 1.1 Let T > 0. Assume that up € H2(R), u; € HY(R), ¢ € C?([0,T]), P €
C%([0,T]) and f,p € C°([0,T];H3(R)). Then there exists a function u € C°([0,T); HE *(R)) N

)
L>([0,T]; H2(R)), for any o €]0,2[ , and u; € L>°([0, T); L2(R)) such that for any v € C%(]0, T);
H%(R)) with a compact support in [0,T[ xR, we have

/ /utvtdxdt—i-/ /umvmdxdt—l— / /u vy dadt

/ / Vptgpvdzdt — ug(C(0))ur(0, C(0)) — / ult, C(t)) vt C(1)) dt

0
. T. .
- / 01,0t )~ [ Eoutt.c)att o) (13)

/ /fvdmdt+/ (t)v(t,C(t))dt+/}Rulv(0,~)dm

+u1(¢(0))v(0,¢(0)) =
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Moreover, u(0,-) = ug holds.

In this statement, we refrain from expressing the term fOT Jr %(5(m—§(t))8tu(t, E))v(t, z)dadt
as — fOT Oyu(t, &(t)0w(t,&(t)) dt. Indeed, the trace is not defined within our functional frame.
To establish such an expression, higher-order regularity would be required. However, in the
linear homogenous case, the formula 8§2)u(t, x) + 89(64)u(t, x) = —%(5(:10 —((t))0wu(t, z)) entails
that 8t(2)u and 89(04) u cannot both possess L2(0, T; L?(R)) regularity. The same formula suggests
that 8§2)u ¢ C°([0,T];L3(R)) as the formal initial data 8§2)u(0,w) = —(8;4)16(0,1') — L6z -
€(0))dyu(0,z))) does not belong to L?(R) for a smooth data ug(z) = u(0,z). Lastly, the usual
energy estimate, obtained by multiplying (1.1) by d;u and by integrating the resulting result
over [0,7] x R, can not be performed due to the term §(z — ((t)).

The paper is organized as follows. An existence result for a linear mollified problem is
presented in Section 2. Section 3 addresses a mollified nonlinear equation; some uniform a priori
estimates are derived. The proof of Theorem 1.1 is provided in Section 4.

2 A preliminary existence result

Under some regularity assumptions on the data, we present an existence and uniqueness result
to the system (2.2) in a suitable function space. To this aims, for any ¢ > 0, we introduce the
following sets:

Ex(t) 2 CO((0, £ HA(R)), (2.1a)

Ex(t) 2 C([0, £ H2(R)) 1 C ([0, ] L2(R)), (2.1b)

Eo(t) 2 CO([0, ;B (R)) 1 C' ([0, 1] HA(R)) N C2([0, £ LA(R)). (2.1¢)
(

Hence, we have Eg(t) — E1(t) <= Ea(t). Next, let § € D(R) be an even density of probability.
For any (t,z) € Ry x R, we set

def 1 an " d:ef _C(t)e/(w B ((t))
T 1460(x—C() d Glt,z) L+ 0(z — (1)

We denote below by (), > 0 a generic constant depending on 7.

F(t,x)

Proposition 2.1 Let T > 0, up € H4(R), u; € H2(R) and g € Eo(T). Then, there erists a
unique u € Eo(T) solution to the following system:

Ut + Fugpze + Guy = g, (223‘)
u(0,) =ug and u(0,-) = u;. (2.2b)
Moreover, u satisfies the following inequality:
Ju(t, Mluzw) + [lue(t, )z < Cr(lluolluz) + lutlliz) + 1l9lli20412R)) - (2.3)
The proof is omitted. It follows from Proposition 2.1 that the application

Ap : HY(R) x H3(R) x Eq(t) — Eo(t) 04
(uo,u1,9) — u 24

where u denotes the solution introduced in Proposition 2.1, can be continuously extended to a
function, still denoted by A;:

Ay - H2(R) x LE(R) x L2([0,]; L?(R)) — E(t).
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For (ug,u1) € H3(R) x L2(R) fixed, we define
B; : L2([0,1]; LA(R)) — Eq(t)
g = At(“O; uy, g)
If we denote by B:i(g) by u, then w still satisfies (2.3). In the sequel, we always assume that
(ug,u1) € H2(R) x L2(R).

3 The approximated problem

We mollify in system (2.2) the § function, mollify and truncate the nonlinear term. Namely, we
consider the following approximated problem:

gt + Fggee + Gue — (0T (u*0') —vp)(ux0")) 0+ h)F =0, (3.1a)
u(07 ) = Uug and ut(07 ) = Ui, (31b)

where % denotes the convolution with respect to x, and h € CY([0, T]; H*(R)) is a given function.

Here, for R > 0, o € C®(R) is an even, increasing function on R, such that ¢f(z) £ 22 for
def

lz] < R and fi(z) = (R +1)2 for |x| > R+ 2. Clearly, the equation (3.1a) can formally be
rewritten as follows:
Ut + Fua::v:c.t + Gut = Ct,R(“)y

where C; g is defined by
Ct,R : El(t) — E2<t>7
v Cor(v) E ([ (0% 0') — vp) (% 0")] %0+ h) F

The fact that C; r is well defined with values in E»(t) comes from usual convolution inequalities.
Similarly, we have

Proposition 3.1 Let t € [0,T]. Then, for any (v,v) € Ei(t) x E1(t), the following inequality

1Ct,r(v) = Ce. () IL2 (0,2 () < O r (v = PllL2 (0,402 (m)) (3.2)
+ lloe = Tellez o2y + 12l coqogz @ lv — Ollz(o,g:n2w)))
holds true.
Proof. Let (v,v) € E1(t) x E1(t). Hence, we have
([ (v % 8') = vp) (v 5 8")] %0 = (D (0% 8') = vp) (T 5 0")] % O)FllL2((0,4:12(r))
< Crr((le® (v *0") = vp)(v = B) * 0" ||12(0.4:1.2(R))
+ (" (0% 0") — (@ 0)) (@ 0") L2 (0.12R)))-
Since ¢ is bounded and globally Lipschitz and by convolution inequalities, it comes that
([ (v % 8') = vp) (v 5 8")] %0 = (D (0% 8') — vp) (T 5 6")] % O)FlL2((0,4:12(r))
< Crr(llv = Vllizog:n2®)) + 10llcoogn2@y v — Dllz(o.g:12(r)))

which proves the result. ]

We are now looking for the fixed points of application:

BTCT,R : El(T) — E1 (T)
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Proposition 3.2 The application BrCr,r admits a fized point.

Proof. We use the Picard fixed point theorem. Due to Proposition 3.1 (i), we have mainly to
bound [[2]|co(po,g:12(R)) -

(a) An invariant set.

First, let us assume that v € E{(7") with (v(0,-),v:(0,+)) = (ug,u1) and v = 0. It follows from
(2.3) and (3.2) that

|(BrCr,r(v)) () [a2(r) + 10:(BrCr,r(v)) (1) |2 r)
< Orgr(lluolluzm) + luillLzm) + |

Cr,r() L2012 (R)))

(3.3)
< Or g (lluolluzm) + lurllz) + 1C7,7(0)[lL2(o,71;12R))
+ Crr([vllL2o.gr2 ) + lvellizo.gn2®)))-
For f € C°([0,];L?*(R)), we define
£l = sup (e[ £(s)ll2my)
0<s<t
with A > 0 and for g € E;(t), we define
lglline = sup (€7 (Ilg(s) lrzqry + l96(5) L2y )-
0<s<t
It comes from (3.3) that
e M((BrCr,r(v)) () lu2®) + 10:(BrCr,r(v))(t) L2 (x))
< CT,Rei/\t(”UOHH%R) + [luallLe @) + 1C7,R(0) 20,7712 (R)))
! - s,—2Xs 1/2
+ CT’R</0 e 2MePMe ™ ((lu(s) [ F 2wy + Hvt(S)HiQ(R))dS) (3.4)
< Cr.re” M (JJuolluzr) + llurllLe @) + 1C7,R(0) |12 (01712 (R)))
Crr
+ —=|v .
Lol
Note that (3.4) can be rewritten for any s € [0,¢] in place of ¢. Furthermore, in this new
inequality, || [[1,n,s and || - [|12(0,;12(r)) are respectively smaller that [ - [[1 x+ and [ - [[12(0 £1.2(R)) -
Hence, we get (3.4) with s in place of ¢ in the left hand side. Taking ¢t = T', we obtain
C'
1BrCr.()liar < Mr+ = leliar, (3.5)

def

where Mpr = CT,R(HUOHH2(IR{) + HUIHLZ(R) + ”CT,R(O)HLQ([O,T];LQ(R))) . Let A = 40%71% and de-

def

fine 5(0,2Mg) = {u € Ei(T) : ||ulliar < 2Mg}. Then, we may deduce from (3.5) that
BTC’LR(,B(O,QMR)) (- ,B(O,QMR)

(b) Contraction of BrCr r.
Let (v,v) € B(0,2Mpg) x B(0,2Mpg) with v(0,-) = v(0,-) = ug and v¢(0,-) = v4(0,-) = u;.
Since v — v has 0 initial data, we have (see (2.3))
1(BrCr,r(v)) ()= (BrCr,r(v))(t)|luzw) +10:(BrCr,r(v))(t) = (BrCr,r(0)) (1)) [L2(r)
< CrrlCr,r(v) = Cr.r(V)||L2(j0,;12(R))
< Orr(llv = ¥leeqomweey) + o = el o ree )

+ 10l co o, 112 10 — Dlliz(o.13;12(R))) -



6 O. Atlasiuk, A. Heibig, A. Petrov

Since v € 5(0,2Mg), we have [|9][co(o.q;12®)) < 2Mpe . Tt follows that
1(BrCr,r(v)) ()= (BrCr,r(v))(t)luz@) +10:(BrCr,r(v)) ()= (BrCr,r(0)) (1)) 12(r)

< Crr(llv = Vllzomyremy) + lve = Vellez oz my)-

Introducing a suitable p > 0, we derive as before the following inequality

|1BrCr,r(v) — BrCr,r(V)|1,,,1 < *llU*v

|17N7T7
which proves the Proposition. U
An immediate consequence of Proposition 3.1 is the following Corollary:

Corollary 3.3 Assume that ug € H*(R), u; € H*(R). Let uf* € E{(T) such that BrCr g(u') =
uft. Then, uft € Eo(T). Moreover,

uB 4 Ful, + Gult — (@R (% 0) — up)(wP 5 0") x 0+ h) =0, (3.60)
uB(0,)) =uy and ul(0,) = u. (3.6b)
Proof. We have Cr r(E1(T)) C Eo(T'). Hence, by (2.4), we get BTCT,R(UR) € Eo(T), which is
uft € Eo(T). O

Let € > 0 and 0°(z) = 10(%) with 2 € R. We assume now that ug € H*(R) and u; €
L2(R) NL®°(R) and set u§ = ug * 6%, vy = uy %0 and b = —(f 4 6(- — ¢(t))P(t)). Clearly,
we have u§ € H*(R) and u§ € H?(R). We apply the Corollary 3.3 with (u§,u$,0¢, h¢) in place

of (ug,u1,0,h). This provides a function u¢ solution of the following problem:
€ d € € €
w3 (0 = C0)u™) + g, (3.72)
— (B (u % 6) — vp) (u % ")) % 6 + h€) = 0
w0, = ufy and  w(0,-) = uf. (3.7b)

In the sequel, we set Q; < [0,] x R where ¢ € [0,T]. We have the following (uniform in R and
€) estimates:

Proposition 3.4 Assume that ug € H2(R), u; € L2(R)NL>®(R). Then, there exists a constant
C > 0, independent of R and €, such that

sup (|[uf(t) |2y + [luf>“(t)|L2@) < C.
0<t<T

Proof. We define E £y 8 + ((t )% Then, we multiply (3.7a) by u2° and we integrate this
result over [0,¢] x R Wlth t € [0,7]. Since uf** € E¢(T), the boundary terms in z = 400
vanish. We observe that the term w;“ in (3.7) gives

ot 1 R 1 . R €
A (1) d:fiHut’ Olf2m) — *”U1H1242(R) +/Q Cuy “ug dsda
1 .
> 0 ey — 5 lhaliPage —/‘a 2)dsds

Cuf’ﬁuf’edsd$+/[éuR€ fe]odx
Q1

1
Z (5 — 77) Hu HL2 C/ ‘U HLQ(R + Hu ( )H%Q(R))ds

= Cyllugh(t )HLQ(R) - (||U0HH2(R) + ||U1HL2(R))'
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Concerning the term -3 (6, (z — C(t))uf’e), we have

Ao(t) & /Q (0@ — ()l Yl dsd
= _ 0 (x — ((s))uf’eﬁTﬁtuR’e + fuf’g)dsd:r + / [96(90 - C(s))uf ‘ult E]de
Qt R

=- % / 0, (0°(x — ¢(5))(wf™)?) dsdx — / 6 (a — ((1))Cu; “up dsda

t t

+ [ 0z — () (™) + C(tyu (¢, 2)ufe(t, 2)) da

R

-/ 6°(z — ¢(0)) ((u5)? + C(0)uiuf) dz

> /R(ef(x — )l (t, ) — 6 (x — ¢(0))(u)?) da
- [ ot = o) P aras

Q¢
Cn/R9E(1?C(t))( ug (t,x))* da — /96(934(75))(“5’6(75,96))2@
—/96(:6—{ dx—/@ z — ¢(0))¢(0)uSuf' dz
e/ / 0 (x — ult(t,a))?dz — | 6°(z — C(s))(u ) dsdx
Q¢

e /0 e (5) 2 gy ds — Collu (1) 22z
— n||uR’5(t)||12{2(R) - C(||u1||%oo(R) + HUOH%I?(R))

The term ul provides

A3(t) d:e/Q uﬁxﬁzx Eedex
¢

1, ne 1

> Il O oy — 5l |L2+/ ) [ ot asas
!
2

(s D12y = lluollfroy)-

o

In the sequel, we define ¢ and uf by 1/1R/ = o and ,U,R/ & R such that p(0) = »B(0) =0
Since ¢ is even, so is pff. Furthermore, notice that ,uRN = pf* > 0. Consequently, u? is
convex, even with pf(0) = 0. It follows that uf > 0. Now, the term —(pF(ul % 95) -
vp) (ulh % 69)) % 6° provides

Ag(t) = — / (T (ulte % 0°) — vp)(ull€  0.))0, (u€ % 6°) dsdx
t
t
— / (YR (Ul x 090 (ul€  6€) dsdx + / [P (ul % 09) 0, (ufe % 09)] T2 ds
t 0

0
Re € R,E €
—i—/tl/p( *9)87_( *0°)dsdzx.
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8
Since [ (ufte *«96’)| < Cluftc % 09| < Cp, and lilrn|gg|_>+oo|6%(uR6 * )| = 0, we may deduce
that fo [T (s % 0°)r (g * Ge)r_rz dt vanishes. Hence, we have

8 € € ¢ € €
Aut) 2 [ (W x0) dsda — € / (1™ () 12y + ™ (5) 172 ) ds
Q: 9T 0

- / (R (1) 5 0°(1)) — uP(ul(0, 2) 5 6°(0))) da
R
t
e /0 (11P(8) gy + It (5) ][22 my) .
Since pf(uf(t) x 6c(t)) > 0, it comes that

t
At)>—C / u§/|"dz — C /O (IR () 2y + 167 ()22 ) ds

t
> — Clluo [z gy — € /0 (Il (5) ey + () [22zy) ds.

The term h. provides

As(t) = — fulbedsdz — | P(s)0c(x — ¢(t)ulcdsda
Q¢ Qt
t
>-C | fdsdz—C | [ufPdsdz—C [ [u(s)[fpgm ds
Qt Qt 0
+ P(5)0-(0(z — ¢(5)))u(s,2)dsdx — / [P(s)0(z — ¢(s))utt(s, :c)]gdx
Q¢ R

t
>-cf p-c / Pasda = C [ 1t (s) ey ds = Cllulae
- CnlluRe( ME2@y — nllu' ()12 @y
Since 22:1 A =0, the previous estimates lead to
o () + 850 oy + [ 0o = CoD ™ (1.2
< CT(HUOH%{?(R) + [luollfrzgy + lun )y +/0 " (5) I () s (3.8)

/||u $)IIE2 )ds+/ 0(z — C(s)) (u™ (s ,x))stdxH)

t

+ 20)|u (1) | ) + Collu”(8) |2 ) -

In order to handle the terms nHuR’E(t)H%{Q(R) and C’,,HuR’e(t)Hig(R), we write

t
WPt 2) = o) + / (s, 2) ds,
0

which implies that

[P (Ol < O Nuolluae) + /nu 9z ds), (3.9)
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and
W@ < Or(Iuolfaey + [ 10 )lEa ds). (3.10)
It follows from (3.10) that
()l < Cr (luollZa + / U)oy s + () By ). (31)
As a consequence of (3.10) and (3.11), (3.8) remains valid with HuR’E(t)HIQp(R) in place of
lulbe(t )2k in the left hand side, and 7 = 0 and C, = 0 in the right hand side. Finally, the
Gronwall S lemma gives the desired estimate. O

Now, from Proposition 3.4 and the Sobolev embeddings, there exists a constant C' > 0,
independent of R and ¢, such that

[0 Lo 0,775 R) < C.

Hence, [juf*c % HE’HLoo([QT]XR) < % It follows that for R = %, we have or(ufte x 6¢) =
(uft€ %« 0")2. Consequently, we replace pf(uft€ % 0¢) by (uftc « 96’) in the identity (3.7a) and
drop the index R in (3.7a). From (3.7), we induce the following weak formulation:

T T
/ /ugvtdxdt—i—/ /ungmdxdt
0o Jr 0o Jo

T
1/ /((u;*96)3(vm*Ge)—i—I/p(u;*@G)(vx*ee)—i—(l/p)x(u;*ee))da:dt

/96 z— ¢ utvtdxdt+/ /fvdxdt+/TP(t)v(t,§(t))dt
i(

A
+/u x)v(0, ) dx+/R€€ x —&(0)ui(z)v(0,z)dz = 0,

R
for any v € C?([0,T]; H3(£2)) with compact support in [0,T) x R.

(3.12)

4 Proof of Theorem 1.1
We derive from Proposition 3.4 the following convergences.

Corollary 4.1 Assume that ug € H2(R), u; € L2(R)NL*(R). Then, there exists a subsequence
{te, Yoen of ue such that

= w, Uy, Uge weakly in L2(0, T; L2(R)).

€k €k
(i) u ug® u T

Trr

(ii) For any a €]0,2] and any compact set K C R, we have

u*  — u strongly in C°([0, T); H*Y(K)), (4.1a)
k—+4o0

u = ug strongly in L°°([0,T] x K). (4.1b)
k—+o00

(iii) For any (a,b) € R? such that a <b, T >0, we have

usk x 0% —  uy strongly in L2([0,T] x [a, b]), (4.2a)
k—4o00
(usk % 6%)3  — w3 strongly in L*([0,T] x [a, b]). (4.2b)

k—+o0
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Proof. (i) follows from Proposition 3.4. Note that (4.1a) comes from the Sobolev embeddings
and Aubin-Lions lemma while (4.1b) follows from (4.1a) and H!7%(K) < L*®°(K) for a €
10,4 . It remains to prove (iii). Let ¢ € [0,T]. We have

[Jugh (8) * 0% — g ()[|L2((a,5)) < lugh () % 0% — ug(t) x 0P| L2((a,5)) + [lua(t) x 0% — uz(D)]L2((a,))

< gt (8) = ua (D) llL2((ay) + lue(®) x 0% = ua (b2 (o)

Since
u¥  —  wuy strongly in L°([0, T % [a, b)), (4.3)

k—+o0

we have [[ugf(t) —uz(t)||r2((a,b)) k_)—_:oo 0. On the other hand, |uz(t)*0% —uz(t)||r2((a,8)) o —> 0.

Hence, we get [[ug (t) x 0% — uz () ||1.2([a,8)) k_:m 0. Besides, observe that

(4.3)
Jugh (8) x 0% — uz () lL2(ap)) < llugk (OllL2(jap) + a2y < C-

Finally, we deduce from the dominated convergence theorem that (4.2a) holds. It remains to
prove (4.2b). To this aim, we may assume that {uS* }rey is bounded on L2([0,T] x [a—1,b+1]).
Hence, we have

[ (ugk * 0%)% — udllr2(an)

< [ICugh % 0% — ug)((ugh + 6%) + (ugh * 0% Jug + u3)|[12((ap))

(4.3)
< Cllugk % 0% — uglr2((a,5))-

The result follows from (4.2a). O

Proposition 4.2 Assume that ugp € H(R) and u; € HY(R). Let v € C*([0,T); H3(R)) with a
compact support [0,T[ xR. Then, we have

/ ufFvpdtdz — ugvgdt da, (4.4a)
T k——+o0 Q¢
/ uk v dtde  — Upa Ve dt do, (4.4b)
T k—+oo Q¢
/ (—é(ufc’“ 5 0% )3 (0 % 0%) + (Ut * 0 (v * O) (4.4¢)
+ (vp)z(ulF * 0%) (v 9““)) dtdz e o (—éuivx - l/pumv) dtdez,
T
/ (F + 0%z — C(t) P(t))wdtdz — / fodzdt + / Plt)yolt, c())dt, (4.4d)
T e—0 Qr 0
/ u (z)v(0,z)dx + / 6% (z — ¢(0))uf* (z)v(0,z)dzx (4.4e)
R R
= [ n@)e0.0)de + 1 (€O)(0.C(0))
—+o0 JRr
/Q 6% (x — ((t))us vy dt da k—>_—>|—oo —u0(€(0))v:(0,¢(0)) (4.4f)

T
—/ ult, C(8) w8, C(1) dw—/(’wtd»wﬁdﬁ
/c ult, C(tyvan(t, C(1)) dt
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Proof. We observe that (4.4a) and (4.4b) follow from Corollary 4.1 (i). Notice that all the
functions v,,, v * 0% and v, x 0% have their supports included in a fixed bounded product
[0,T] x [a,b]. Hence, we may deduce from (4.2) that

1
/ (—g(u;f‘*ﬂek)g(vx*eek) + up(UE R (v k) + (Vp)w(u;’“*eek)(v*QE’“)) dt da
T

1 1
— / ( fuivx + vpugvg + (va)zux) dtdz = / <—7u§vw Z/pumv) dtdz,
k——+oo T 3 T 3

which proves (4.4c). Property (4.4d) is straightforward. Next, u; € HY(R) C (L%(R) N L*°(R))
and u{ = uj x0°. Hence, we have

ug -, u strongly in L?(R) N L>(R),
e—

and (4.4e) follows. In order to prove (4.4f), we first establish the following result:

Lemma 4.3 Let ug € H?(R) and u; € HY(R). Then, for any v € C%([0,T]; H2(R)) with a
compact support in [0,T[ xR, we have

/ 0% (x — ((t))usb vy dtde = —/ 0% (z — ¢(0))ugFv(0, x) dz

T R

- / 0% (x — ((t))uFvy dtde — é(t)@ek (x — C(t)uSFvdede
Qr Qr

_ C'(t)ﬂek (z — C(t))u*vy dadt.
Qr

Proof. Observe that

/ 6% (x — ((t))uzF v dt da

T

= / (_é(t)gﬁk’($ - C(t))vt + O (1' - C(t))vtt)ug’“ dtdx

T

+ /R[@E’“(x — C(t))uekvt]gdx
= / 0% (x — €(0))ugtve (0, 2) dz — / 0% (z — ((t))u*vy dtde
R

T

— 0 ('(t)ﬁg’“(x—C(t))@m(ug’“vt)dtdm,

and the desired result follows. O

We now pass to the limit in the various terms appearing in the equality of Lemma 4.3.

End of the proof of (4.4f). We only treat the case of fQ )0 (z — ((t))uskvy dt de, which we

replace by fo fa ¢ (z — C(t))u ;’fvt dt dz. The other terms in Lemma 4.3 can be handled
similarly. Notice that for a € ]0,1[, H'"*([a,b]) is a multiplicative algebra. Since uc, o €
CO([0, T); H =%([a, b])) and v; € Cl([() T); HY([a,b])) < C°([0,T); H'=%([a,b])), it follows that
ugvy € CO([0,T); H=%([a, b])) for any a €,]0,4]. Notice also, since {ul}nen+ is bounded
in L*°([0,7T] X [a,b]) and v; € Cl([O,T];Hl([a,b])) — L*°(]0,T] x [a,b]), that {uSv;}nens is



12 O. Atlasiuk, A. Heibig, A. Petrov

bounded in L*>°([0, 7] x [a,b]). Now, we write

E)0 (z — C(8))uS v dt da
” (4.5)

= /s C(6)0* (= (1)) (ugk — ug)vpdtde + 0 (0% (x = ¢(t) Jugvrdt da.

Since uzvy € CO([0,T]; H'=*([a,b])) and H'=*([a,b]) < C°([a,b]) with a € ]0, 5[, we have

/RGE’“(:L"—C(t))ux(t,w)vt(tw)df =gt C())ve(t, (1))

k——+o0

for any ¢ € [0,7] and since

b
) [0z = Ottt ) da] < [Chowiom st omyeiasy:

it follows from the dominated convergence theorem that
T

CO* (z — C(t))ugvedtdz  — C()ug(t, C(4)ve(t, C(2)).

Qr k—+o00 0
For the other term in (4.5), we have
| [ oo @ — )t (t,2) - walt 2)ui(t, ) deda
Qr

< Cplllleo o, 1ush — te oo, r)x[at) . —> 0.

k—+o0
Finally, we have
T
(O™ (z — C(8))usk (8, @)or(t, ) di da M C(t)ua (t, (t))ve(t, ¢ (1)) dt.
Qr —+00 Jo
]
Remark 4.4 The right hand side of (4.4f) is formally equal to
T
— o C(0)un(0.¢(0) = [ ut (e (e, 1)) ded
T . T .
—/ C()ua(t, C(t))ve(t, ¢(2)) dt —/ C)ult, C(H)vae(t, C(2))dt
0 . 0 (4.6)
:UO(C(O))Ut(OvC(O))/O 3 (s C)ue(t, ¢(2))) dt

T T
+Auﬁ4mqumw=4uw@wmw«mw

Nevertheless, with regularity of Corollary 4.1, the trace fOT ug(t, C(t))ve(t, ((t)) dt is not well
defined.

End of the proof of of Theorem 1.1. The proof of (1.3) follows from (3.12) and Proposition 4.2.

Details are omitted. It remains to show that u(0,-) = up. To this aim, notice that by (4.1a),

u*(0,-) — u(0,-) in L _(R), and that u®*(0,-) = ug* 6% — wuy in L*(R). This proves
k—+o00 k—+o00

the result. OJ
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