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Abstract

Inspired by the operational quantum logic program, we have the contention that proba-
bilities can be viewed as a derived concept, even in a reconstruction program of Quantum
Mechanics. In a series of paper, the author has proposed an operational description of phys-
ical theories based on a possibilistic semantic (in a sense, the *probabilities’ are replaced
by statements associated to a semantic domain made of three values ’indeterminate’, ’def-
initely YES’, ’definitely NO’). After a careful analysis of the notions of incompatibility
between measurements and of the associated notion of contextuality, proposed in our pre-
vious paper, the present paper intents to develop one step further our operational formalism.
We show the existence of entangled states and exploit this result to show the existence of
the steering of some states by a pair of incompatible measurements. Then, we show the
existence of states which are Bell non-local with respect to two pairs of incompatible mea-
surements.
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1 Introduction

Quantum theory appears roughly as a framework allowing to predict probabilities of different
outcomes in different experimental settings. The necessity of the use of probabilities in the de-
scription of a physical experiment arises generally from the incompleteness of our knowledge
about the ultimate parameters of the described system. Disposing of a huge number of copies
of the same system, all prepared in the same way, we are able to estimate the probability distri-
bution of a given measurement for this preparation by performing this measurement in several
copies, and count the relative frequencies of each outcome. For most of the measurements, at
least two exclusive outcomes have non-trivial probability. Two possible explanations for this
indeterminacy on the outcomes of the measurements are a priori conceivable.

* First, our description of the prepared system is incomplete : different states are consistent
with it. These states can be distinguished by ”supplementary hidden variables”. We could
then separate the available copies of the system in sub-ensembles, each corresponding
to a definite state leading to definite outcomes for all measurements. The probabilistic
character of the experiments is, in this case, explained by our lack of information

* Second, all individual systems are in the same pure state, but different outcomes are pos-
sible even when we perform the same measurement on two identically prepared systems.

This second option is proved to be true for the description of quantum systems and no hidden-
variables description can be proposed to describe their behaviour [[14/][4].

This strange reality of quantum theory with respect to standard classical perspective has several
“strange” consequences. Two of these strange characteristics of quantum theory are ’contex-
tuality” and “non-locality.” Contextuality is the fact that we cannot think about a measurement
on a quantum system as revealing a property which is independent of the set of measurements
we choose to make. Non-locality is the fact that measurements made by spatially separated
observers in a multipartite quantum system can exhibit strong correlations. Contextuality and
non-locality in quantum mechanics appear to be intrinsically related to the question of ”incom-
patibility of measurements”, as shown in [[1].

The origin of quantum incompatibility goes back to Heisenberg’s uncertainty principle [13]] and
Bohr’s notion of complementarity [S]. The basic fact emerging from these precursor studies
is that there exist measurements that cannot be realized simultaneously, and it is in this sense
that they are “incompatible’. Incompatibility of measurements may seem more like an obstacle
than an advantage. However, it appears that only incompatible quantum measurements enable
the violation of a Bell inequality [10][15][20]. This suggests to see incompatibility as a useful
resource and to explore its properties.

Compatibility is usually defined as a property of a family of measurements, but the concept
can be easily generalized to families of channels. The concept of incompatibility gives then a
foundation for different impossibility statements within quantum theory or other no-signalling
theories. This general approach has been summarized in the report paper [12].

Many physicists have tried to abstract these features of quantum theory to other probabilistic de-
scriptions in order to clarify the deep origins of the singular properties of quantum systems. In
order to develop such a high-level perspective on probabilistic theories, a dedicated framework
has been elaborated called General Probabilistic Theory (GPT) (see [17] for a recent review
of the abundant literature and an axiomatic construction of GPTs). This framework appeared
initially in the context of axiomatizations of quantum theory. In the current days, this study is
oriented towards operational properties of GPTs, the main skill being to identify what structure
is needed to realize certain protocols or constructions known from quantum information theory



or classical information theory. One uses GPTs to get better understanding of what makes dif-
ferent things in quantum information theory work.

According to GPT, a physical state (corresponding to a class of operationally equivalent prepa-
ration procedures) is defined by a vector of probabilities associated with the outcomes of a
maximal and irredundant set of fiducial tests that can be effectuated on collections of samples
produced by any of these preparation procedures. It is a basic fact in GPT that this approach is
the same as starting with an abstract state space, but instead of using vectors we would describe
states in terms of all of the probabilities they can produce. In GPTs, ensembles of objects, con-
ditional probabilities and conditional states can be represented by their respective state spaces
and so we can treat them as any other state space and we can use known results, instead of
having to prove them ab initio. Representing all transformations by “channels” allows us to
use the constructions from frameworks based on category theory, since one can interpret state
spaces as objects and channels as morphisms.

Alternative categorical formalisms, adapted to the study of quantum theory, have been devel-
oped recently [3]. In [2} Theorem 3.15], S. Abramsky makes explicit the fact that the Projective
quantum symmetry groupoid PSymmH 1 s fully and faithfully represented by the category
bmChuyg 1), 1.e., by the sub-category of the category of bi-extensional Chu spaces associated
with the evaluation set [0, 1] obtained by restricting it to Chu morphisms ( fi, f*) for which f, is
injective. This result suggests that Chu categories could have a central role in the construction of
axiomatic quantum mechanics as they provide a natural characterization of the automorphisms
of the theory. More surprisingly, and interestingly for us, S. Abramsky shows that the afore-
mentioned representation of PSymmH is ’already’ full and faithfull if we replace the evaluation
space of the Chu category by a three-element set, where the three values represent “definitely
yes”, “definitely no” and “maybe” [2, Theorem 4.4]. S. Abramsky did not affirm that a three
valued semantic is sufficient to found a complete axiomatic quantum theory and allows a com-
plete reconstruction of the usual Hilbert formalism, although its result was clearly leading to
this prospect. It was the purpose of our first paper on this subject [7] to explore this question.
This paper was devoted to present the basic elements of this *possibilistic’ 2) semantic formal-
ism. In our second paper [8], we tried to reexamine the basic axioms of our construction and
clarified the notion of States/Effects Chu spaces which play a central role in our construction.
In a second part of [[8], we tried to elaborate on the description of multipartite experiments and
were led to define the different tensor products of our spaces of states.

Equipped with our formalism for Generalized possibilistic Theories (GpT) developed in these
papers, we are now ready to address more specific questions relative to the entanglement, the
steering and the Bell non-locality. In the present paper, after a preliminary section recalling
the basic elements of GpT gathered along our previous papers, we analyze the existence of en-
tangled states (subsection [3.1). This result allow us to explore the problem of steering of an
entangled states by a pair of incompatible measurements (subsection [3.2)). Then, we adress the
problem of the existence of Bell non-local states (subsection3.3)).

I'The objects of this category are the Hilbert spaces of dimension greater than two, and the morphisms are
the orbits on semi-unitary maps (i.e. unitary or anti-unitary) under the U (1) group action, which are the relevant
symmetries of Hilbert spaces from the point of view of quantum mechanics.

%In the rest of this paper we refer to this construction, based on a three-valued Chu space, as a ’possibilistic’
approach to distinguish it from the ’probabilistic’ one.



2 Preliminaries

2.1 Preamble

The set B will then be equipped with the following poset structure, characterizing the ’infor-
mation’ gathered by the observer:

Vu,ve®B, (u<v):& (u=Loru=v). (1)
(%8, <) is also an Inf semi-lattice which infima will be denoted A. We have

x if x=y

Vx,y € B, x/\y:{J_ it x£y 2)

We will also introduce a commutative monoid law denoted e and defined by
VxeB, xeY=x, xeN=N lel=1. (3)

x ey will be called the product of the determinations x and y.
This law verifies the following properties

Vx € B,VBC B xo/\B:/\beB(xob), 4)
Vx € BVC Copain B x0\/B=\/pep(xeb). (5)

(B, <) will be also equipped with the following involution map :

1:=1 Y:=N N:=Y. (6)

2.2 States/Effects Chu spaces

Adopting the operational perspective on quantum experiments, we will introduce the following
definitions.

A preparation process is an objectively defined, and thus ’repeatable’, experimental sequence
that allows singular samples of a certain physical system to be produced, in such a way that we
are able to submit them to tests. We will denote by ‘I3 the set of preparation processes (each
element of *J3 can be equivalently considered as the collection of samples produced through this
preparation procedure).

For each property, that the observer aims to test macroscopically on any particular sample of
the considered micro-system, it will be assumed that the observer is able to define (i) some
detailed *procedure’, in reference to the modes of use of some experimental apparatuses chosen
to perform the operation/test, and (i1) a 'rule’ allowing the answer ’yes’ to be extracted if the
macroscopic outcome of the experiment conforms with the expectation of the observer, when
the test is performed on any input sample (as soon as this experimental procedure can be op-
portunely applied to this particular sample). These operations/tests, designed to determine the
occurrence of a given property for a given sample, will be called yes/no tests associated with
this property. The set of "yes/no tests’ at the disposal of the observer will be denoted by X.

A yes/no test t € T will be said to be positive with certainty (resp. negative with certainty)
relatively to a preparation process p € *J3 iff the observer is led to affirm that the result of this test,
realized on any of the particular samples that could be prepared according to this preparation
process, would be ’positive with certainty’ (resp. would be 'negative with certainty’), ’should’



this test be effectuated. If the yes/no test can not be stated as ’certain’, this yes/no test will be
said to be indeterminate.
Concretely, the observer can establish the ’certainty’ of the result of a given yes/no test on
any given sample issued from a given preparation procedure, by running the same test on a
sufficiently large (but finite) collection of samples issued from this same preparation process: if
the outcome is always the same, the observer will be led to claim that similarly prepared 'new’
samples would also produce the same result, if the experiment was effectuated. To summarize,
for any preparation process p and any yes/no test t, the evaluation e(p, t) is an element of B :=
{L,Y,N} defined to be L (alternatively, Y or N) if the outcome of the yes/no test t on any
sample prepared according to the preparation procedure p is judged as “indeterminate’ (’positive
with certainty’ or 'negative with certainty’, respectively) by the observer. We note that the
order placed on B by equation (I)) characterizes the amount of information gathered by the
observer. Precisely, when the determinacy of a yes/no test is established for an observer, we
can consider that this observer possesses some elementary 'information’ about the state of the
system, whereas, in the ’indeterminate case’, the observer has none.

This definition leads to a pre-order structure denoted by L, on the space of preparations P
and to a pre-order structure denoted by = on the space of tests T as shown in [7] :

2 €, (b1 By p2) 1= (VEET, e(p1,t) <e(p2,t)) ()
Vb €T, (1 Cs )& (peP, e(p,t1) <elp,tz)). (8)

If we consider a collection of preparation processes, we can define a new preparation proce-
dure called mixture as follows. The samples produced from the mixtured preparation procedure
are obtained by a random mixing of the samples issued from the preparation processes of the
considered collection indiscriminately. As a consequence, the statements that the observer can
establish after a sequence of tests on these samples produced through the mixtured procedure
is given as the infimum of the statements that the observer can establish for the elements of the
collection separately.

We will also assume that there exists a preparation process, unique from the point of view of the
statements that can be produced about it, that can be interpreted as a ‘randomly-selected’ col-
lection of un-prepared samples’. This element leads to complete indeterminacy for any yes/no
test realized on it.

An equivalence relation can be defined from the previously defined pre-order on the set of
preparations 3. Two preparation processes are identified iff the statements established by the
observer about the corresponding prepared samples are identical. A state of the physical sys-
tem is an equivalence class of preparation processes corresponding to the same informational
content. The set of equivalence classes will be called space of states and denoted S.

Vp1,p2 €, (P1~y P2) & (VLET, e(pr,t) =e(p2,t) ) )
pl={p" €B|p ~yp} (10)
S:={[pl|peB} (11)

The space of states inherits a partial order structure denoted by C.

If we consider a collection of tests, we can define a new test called mixture as follows. The
result obtained for the mixtured test is obtained by a random mixing of the results issued from
the tests of the considered collection indiscriminately. As a consequence, the statements that
the observer can establish after a sequence of tests is given as the infimum of the statements that
the observer can establish for each test separately.



An equivalence relation can be defined from the previously defined pre-order on the set of
yes/no tests T. An effect of the physical system is an equivalence class of yes/no tests, i.e., a
class of yes/no tests that are not distinguished from the point of view of the statements that the
observer can produce by using these yes/no tests on finite collections of samples. The set of
equivalence classes of yes/no tests will be denoted by €.

Vi, €T, (4 ~: b )= (VpePB, e(p,tr) =e(p,ta)) (12)
[t :={t eT|t ~ t} (13)
€= {|t][teT}. (14)

The space of effects inherits a partial order structure denoted by .
We then derive a map € according to the following definition :

e . ¢ - %S

(= g | eq([p])i=c(p,t), VpeB,VteT. (15)

According to previous considerations (see [7, 8]), we will assume :

* the space of states & is a down-complete Inf semi-lattice (i.e. VS C & the infimum ([ ] 6S)
exists in 6), and admits a bottom element denoted L . ;

* the space of effects € is a down-complete Inf semi-lattice (i.e. VE C € the infimum
([ EE) exists in €);

« the evaluation map &% is a map from €& to B satisfying

VieevSC®, eS(°8) = Ao (o), (16)
Vo € 6,VE C €, SﬁgE(G) =N\ & (0), (17)
and
VLl € ¢, (Vo €6, e°(c)=¢f(0)) = (I=1), (18)
Vo,0' € &, (Vie ¢, eP(0)=¢°(c0")) = (6 =0") (19)

* the following properties are satisfied by the space of effects € :

Vic €31 c€ | Voe®,el(o)=¢"(0), (20)
e €€ | Voe&,gy,(0)=Y, (21)
dlec€ | VoeB,ef (0)=1 (22)

The partial order on & (resp. on €) will be denoted C ; (resp. ).

As soon as all these properties are satisfied, we will say that the triple (&, &,€%) is a
States/Effects Chu space.

Moreover, we will say that the space of states admits a description in terms of pure states
iff we have



« the set of complely meet-irreducible elements of &, denoted &™* and called set of pure
states, is equal to the set of maximal elements Max(S) and it is a generating set for &,
i.e.

pure

Voec6, o= |_|6g6, where o = ( N (Tgo')) and 6" =Max(&). (23)
Here and in the following, 66" means that ¢ and ¢’ have a common upper-bound in G,

and -6’ means they have none). We will also adopt the following notation Tb o for the up-
per subset {6’ € & | 6’ O, o}. We note that, as long as ¢ and ¢’ have a common upper-bound
in &, they have also a supremum which will be denoted o LI ¢’. Endly, we will write & || ¢’
equivalently for (6 £ 6’ and 6’ I ©).

Now, we intend to describe a natural States/Effects Chu space defined once is given the
space of states G.
The generalized space of effects, denoted Eg is defined to be

¢s:={l,, 0.0 €6, ~00" }U{l, |ce6}u{l loe&}u{l } @4

as a set, with the following Inf semi-lattice law

;

. — 6 6
, , if o010, and G],Gﬁ
(0’1\_160'2,0'1\_|60'2)
. —— 6 - 6
L, if —oj0, and o/o)}
M — (+.01Ug ) 172 (25)
(61,01) €& (02,0)) i — 6 d —, 6
(01U 92:°) I 0102 and 0,0,
L e
L [('7') if =010, and —0,0,

This expression is naturally extended to the whole set of effects (i.e. including the elements of

the form [<G_‘), [ o) and [(‘_.)) as long as we adopt the convention defining

-,
—~ 6 6
Vo€, --6 :=TRUE and -7 .= TRUE. (26)

Here and in the following, we adopt the following notations
(1) :={l eCe [IC,_I'} and (L, D):={l€Cs|ITe_ [} 27)
The evaluation map £ is defined by

Y if oC.o"

g (") == ¢ N if o' Cg o (28)

(.09 | otherwise

this expression is naturally extended to the whole set of effects by adopting the following con-
vention

(- Eg0) = FALSE. (29)

We note that J_% = [(,_.) and @eg = [uG.-)'

To conclude, we have obtained a well-defined States/Effects Chu space (S, €g, 86).



We have to note that we have not necessarily Irr(€g) = Max(&g). Nevertheless, we will
conclude our analysis by characterizing the elements of Max(€&€g) :

Max(€s) = {l,  €€s|0,0' €Swithoxgo' }U{Y, }U{D. .}  (30)
where we use the following binary relation, denoted > and defined on & by
V(c,0) € 6% o 0 e
(Yo" Cg 6',606"") and (V6" C 6,0'6"" ) and (oo’ )). 31)

Definition 1. In the following, we will always consider that & is a subset of the natural
space of states Eg satisfying

Vo,0' €6, (Ve ¢ el(0)=¢°(0")) = (c=0") (32)
and
VLC ¢, [0 ee, (33)
Vie ¢, lee, (34)
Ve €C and L, €C. (35)

We also assume that £ is the restriction to & of the evaluation map defined on €.

Theorem 1. If the space of effects € satisfies the conditions of Definition[T] then (&, &, &%)
is a well-defined States/Effects Chu space. |

Proof. Trivial. L

2.3 Particular spaces of states

Definition 2. A space of states will be said to be a simplex space of states (or a classical
space of states) iff

Vo e &, AU | o=[]"Us. (36)

We note that U = O

Lemma 1. If G is a simplex space of states, then for any o € G there exists a unique
homomorphism Y from & to B satisfying y (&™) C {Y,N} and y5(c) =Y. The
reciprocal assertion is also true. |

Proof. Let us assume that G is a simplex space of states. For any 0 € &, we choose 6’ :=
S . .
ﬂaeepm\%oc. We then define, for any n € &, ys(n) := Y iff 0 T 1, and y5(n) := N iff
o' Cg 1, and Ys(n) := L otherwise. The map Y, satisfies the requirements. The unicity of

Yo is clear.
Concerning the reciprocal assertion, it suffices to define Uy := w5 !(Y)N&"™". The unicity of
Uy is trivial to check from the unicity of Y. L



Definition 3. According to [11, definition p.117], an Inf semi-lattice & is said to be
distributive iff

Vo,01,00 €6 |0#01,00, (01M302)Cs 0=
Jo1,0,€ 6| (01 C. 0], 0oC, 05 and 6 =0(l, 03). (37)

Lemma 2. A simplex space of states is necessarily distributive as an Inf semi-lattice.
Conversely, a distributive Inf semi-lattice is also necessarily a simplex space of states. Wl

Proof. Let us first assume that & is a simplex. Let us consider ¢, 0,0, € & such that ¢ #
S
01,02 and (011 62) E 0. We have then o € (01 U0y ). If we define of =[] (o1 N

o) and 0; 1= HG(@G No.) we check immediately that 61 Cs o], 02 C 05 and 6 =
oMg 03.

Let us now suppose that & is distributive. Let us imagine that & is not a simplex. It would
exist 0 € G and U & o such that o = |_|bU . Let us suppose that U is a minimal subset

. . e & .
for inclusion among subsets V satisfying ¢ =[] V. We then introduce 03 € & s N U and

Ui,U, # & such that Uy NU, = @ and U; UU, = U, we denote 0} := |_|bU1 and 0y := |_|6U2.
We have ¢ J (01 02). Because of the distributivity of &, it would exist o] and o} such
that 6] J 01, 05 Js 02 and 03 = (0] Mg 05). However, 03 being meet-irreducible we must
have 03 = Gf or o3 = Gﬁ, and then necessarily o3 € U. We have then obtained the announced
contradiction.S is then a simplex. 0

Remark 1. We note that the basic example of a simplex admitting a description in terms of two
pure states is given by G := ‘8.

Below we give the Hasse diagrams of a non-simplex space of states admitting a description in
terms of three pure states :

O] 0, O3

N
1 (38)

It will be denoted 5”3(1) .

Definition 4. The space of states G is said to be orthocomplemented iff there exists a map
*x: 6N {Llg} = &~ {Ls} such that

VoeS~{l.}, o7 =0 (39)
Voi,00 € G\ {J_G}, o1Lg 00 = G; Lo Gl* (40)
Voe 6~ {ls}, oXg07, (41)

(see (BI) for the definition of ).

Remark 2. Except B, the more simple orthocomplemented space of states is

o Oz 03 O4
\\ //
1

(42)



with for example o} := 03 and 0} = 0.
It is not a simplex. It will be denoted 5”4(]).

By the way, we note that a simplex space of states G is always orthocomplemented, as long

S
aswefix forany 0 € &: 0% =[] _spwre , Q-
-6

2.4 GpT and Quantum theory

Let 77 be a finite-dimensional complex Hilbert space. We will denote 7* := .7 . {0}. We
will adopt the bra—ket notation to denote the vectors as [y) and the inner product of |y), |§) € 7
as (@ly). We will denote by |w)™ the ray associated to [y) € 7%, 1i.e. theset { 1. [y) | A € C*}.
B(s7) will denote the real vector space of self-adjoint operators. And for any U € B(.¢), Tr(U)
will denote the trace of U. We will denote by B () the set of positive semi-definite operators,
i.e. the set of operators U satisfying 0 < (y|U|y) for any |y) € 5£*.

For any T € B(J¢), we will adopt the following notation

spec(T, A5A) = {lw) e | Tly)=Aly)}. (43)

According to Von Neumann’s formalism of Quantum mechanics, we will adopt the follow-
ing choice for the space of preparations ‘3 :

B = P(H)={PeB(H)|Tr(P)=1}. (44)
9() is the set of density operators on 7.

B is a convex set. The set of extremal elements (i.e. the pure states of quantum mechanics),
denoted ", is given by

B

pure ray

= {L, | w)ex"y={ly) | lv)en"}, (45)

where L, denotes the rank-one projector v

(yly)

According to Von Neumann’s formalism of Quantum mechanics, the space of tests T will
be chosen as follows

T = {TeB(H#)|VPcP,0<Tr(PT) <1} (46)
= {TeB()|V|y)enxt", 0<Tr(L,T) <1} (47)

T is a convex set. The set of extremal elements, denoted T, is given by

pure

T = {L, | ¥ closed subspace of .7 }, (48)

where, for any closed subspace ¢ of the Hilbert space 7, we denote by L, the self-adjoint
projector whose spectral decomposition is & & ¥+ = 7 (more precisely, spec(L,,, ;1) =4
and spec(L,,,.7;0) = 41).

The evaluation map ¢ will be defined as follows

Y iff Tr(PT)
VPeBNT € X, ¢(PT) := N iff Tr(PT)
1 otherwise

I
O -

(49)

10



We have already

VL,L €™, (YU eP
pure pure

vu,U' ey, (VLeT

pure

,e(U,L)=¢(U,L))) & (L=L) (50)
e(U,L)y=¢(U'|L))) & (U=U"). (51)

According to its definition in terms of the space of preparations, the space of states satisfies
S = { non-zero closed subspaces of .7 } (52)
G is a down-complete Inf semi-lattice with
V91,6, 9N % =9 D%. (53)
The evaluation map € is then defined as a map from T to B° by
Y iff & Cspec(T, ;1)
VI eT, V9 ec6, e°(9):={ N iff & Cspec(T,.;0) (54)
1 otherwise
and the set of pure states
S

We note that |, = J7.

We also note that G is ortho-complemented with 4* := ¢-- for any ¢ in & (here, L denotes
the orthogonality of sub- spaces in 7).
The involutive and order-reversing properties of x are trivial to check. The property (1)) is in
fact a direct consequence of the property

VY eGxe N9, ({(x}e9)Ng+t+£o (56)
satisfied by any Hilbert space .77.

pure

=~ {one-dimensional subspaces of 77 }. (55)

According to its definition in terms of the space of tests, the space of effects satisfies

¢ = {(%,%) | “%,% closed subspaces of 77 with 4| 1%, } (57)
€ is equipped with the following down-complete Inf semi-lattice structure
V(gl,gz), (g{,gzl) €€, (g] ,gz) Mg (g{,gzl) = (g] ﬂg{,gz ﬂgzl) (58)
The evaluation map from & to B is given by
Y iff 9 C Y
V(%,%) €€, VG €6, &3 4)(¥)={ N iff YC% (59)
1 otherwise

and the set of pure effects

pure

¢ >~ {(9,9%) |9 closed subspace of 7} (60)

We note that we have in particular 4 ® 9+ = 7.
We note that the space of effects defined in (37) is only a subspace of the space of effects built
naturally in the framework of GpT, i.e. it is only a subspace of

Cs = {(4,%)|“%,% closed subspaces of 77 with % N4 = {0} }. (61)

Then, the description of quantum theory within GpT necessitates the adjunction of a star struc-
ture on the space of states that will lead to a selection of the corresponding effects. This point
has been mentioned in [[/] and will be precised now. It is clear that the star structure on & is
obviously given by V¥4 € &, ¥* := 4L,

11



2.5 Reduction of the space of effects

Let us come back to the general case. We will introduce the following generic reduction of the
space of effects, as soon as the space of states is orthocomplemented :

Definition 5. Let G be a space of states, € and €° be the generalized space of effects
and evaluation map associated to it.

If the space of states G is orthocomplemented, we can define a reduction of the space of
effects Eg, denoted by €, as follows :

= {lgo)] 0,006 {Ls},0' g o"tu{l,, o€ U{l ,|oe&}tU{l }asaset (62)

and the Inf semi-lattice structure on €g is induced from that defined on &g, i.e. defined
by @23). The evaluation map is the restriction of €° to €g.

Remark 3. We note that, in the quantum case, we have effectively a complete equality between
the space of effects defined in (57)) and the reduced space of effects €.

Lemma 3. We note that the conditions of Definition [ are fulfilled. As a consequence,
(6, Eg, %) is a well defined States/Effects Chu space. [

Proof. Due to the fact that the elements of the form [(; .y mustbe in € for any o € S, we deduce
easily that Vo,0’ € &, (Vi€ €, ¢°(0) =¢°(0")) & (o =0').

Secondly, let us consider 01,0{ € 6~ {L },0f I, of and 03,0, € S~ { L.}, 05 I, 05.
We then have immediately (o] U, 05) J (0] Ug 03) I (07 Mg 03) = (01 L 02)*. Hence,
[(olueoz,cr{u@oé) € &s.

The other properties are true by assumption. L

Theorem 2. The reduced space of effects € is defined in terms of pure effects :

Vie Es, [:ﬂ%i%, where [ = (& n(1°°D) 63)
with
Es =Max(€s) ={lo0 |0 €S~ {L}U{V,_ U{D,. - (64)
|
Proof. Tt suffices to note that the set of maximal elements of ¢g is a generating subset :
Vo,6'€ 60" Ce 0, 501 = lic.0M Mee l(o.07)- (65)

This subset of maximal elements is then equal to the set of meet-irreducible elements of €g. [

2.6 Channels

We turn the collection of States/Effects Chu spaces into a category by defining the following
morphisms.

12



The channels of the system are defined as Chu morphisms [18] from a States/Effects Chu
space (G4, €4,€%4) to another States/Effects Chu space (Sp, €5,£%%), i.e. as pairs of maps
f:64 — Gpand f*: Ep — €4 satisfying the following property

Vou €GaVIgECr £ F(f(0a)) = 81(2’2[3)(6/4). (66)

As noted in [[7,8]], the duality property (66) suffices to deduce the following properties.
The left-component f of a channel from (S, €4,£%4) to (&g, €, £%8) satisfies

VS C Gy, =[1.% (o) (67)
V€ Cenain S, |_|6Ae: = I", f(o). (68)

As a consequence of (68)), f is in particular monotone.

The right-component f* of a channel from (G4, €4,£%4) to (Sp, €5, £%8) satisfies

vEC s f(7E) =[] 1 (69)

VC Cchain €8, f* (|_|GBC |_| e f( (70)
vie€s, f(1)=r 1) (71
(Dey ) =De,- (72)

In particular, f* is monotone.
As noted in [8]], as soon as a map f which is monotonic and satisfies (67) is given, we can

define unambiguously the map f* satisfying with f the duality relation (66). Indeed, we have
the following theorem

Theorem 3. Let us consider a map (A : & — B, 0 — a,) satisfying

Vo,0' €6, (0L, 0)= (as<ay), (73)
V{oi|icl} C6, aﬂiiq:/\iel Ao;s (74)
Then, we have
Nleetsg | YVoeBb, g(o)=as. (75)
|

Proof. Stralghtforward If {o| 0o = Y } and { 6 | ag = N} are not empty, it suffices to define
Ypi= |_| {o]ag=Y} X, = |_| {o]as =N} and [:= [, s (the case where some or all
of these subsets are empty is treated immediately). L
Remark 4. In order to obtain a strengthened existence result of the type [ € &g it suffices to add
a constraint on the map A defined by Vo € G, ag« = 0g.

The space of channels from the space of states G4 to the space of states Sp will be denoted
¢€(G4,6p). It is the space of maps from G, to Sp that is order-preserving and satisfies (67).

13



The composition of a channel (f, f*) from (G4, €4, £%4) to (Sp, €, £5%) by another chan-
nel (g, g*) defined from (Sp, €5,£%%) to (S, s £5¢) is given by the pair of maps (go f, f* o
g*) defining a valid channel (i.e. a Chu morphism) from (G4, €4,£%4) to (S, s £%0).

The infimum of a channel (f, f*) from (&, €4,£%4) to (Sp, €p, £%8) with another channel
(g,g*) defined from (&4, €4, €%4) to (Gp, €p,e%8) is given by the pair of maps (g f, f*Mg*)
defining a valid channel (i.e. a Chu morphism) from (G4, €4,£%4) to (Sp, €p,£%8).

We note that the identity map (id,id,) is a channel from the States/Effects Chu space
(6, €, ¢) toitself.

We have to note the following useful theorem.

Theorem 4. Let us consider a map (B : € — B, [ — by) satisfying

viiree, (IC, 1) = (b <by), (76)
V{l|iel} C ¢, bﬂi[i:/\,-el by, (77)
VieE, b l:l_[, (78)
by =Y. (79)
Then, we have
Noe6 | VIeE, g(o)=n0. (80)
|

Proof. Let us consider [p := |_|Q{[ € €| by =Y}. Note that [ exists because € is a down-
complete Inf semi-lattice and the subset {I € & | by = Y } contains at least the element 9)¢.
Moreover, by, =Y because of the relation (ZZ)). Note also that [ J, [z implies by =Y because
of the relation (Z6)), and conversely by =Y implies [ O ¢ I8 due to the definition of [g. Let us now

. s
introduce £, =[] ¢_ (Y). For any [ € & such that [ J, (g, we have a(X,) = &,(%,) =Y,
ie. 8[(2[3) =Y. We could suppose that [g = [y, s for a certain Y, € &. However, we note
that, because of (77) and (79), we have b[@B_.) = b1, 5 MeDe = b[(ZB%) A by, =Y. Hence,
we have to accept that [g = [z, ). Thus, we note that, for any [z ) € €, [z 5) 2, [p is then
equivalent to X 2 Xp. Then, if [=5) 2. [p we cannot have g ) (Z[B) =Y. We then conclude

that g(X, ) =Y is equivalent to [ J, [3, or in other words &(X, ) =Y is equivalent to by =Y.

Using (Z8) and (20), we deduce that (&(Z, ) =N) < (&(Z,) =Y) < (by =Y) < (by=N).
As a result, we have for any [ € € the equality &(Xp) = b;. As a conclusion, there exists o € &
such that VI € &, g(o) = by.

Let us finally suppose that there exists 61,0, € S such that VI € €, g(01) = by = g(02). Due

to property (19) we then obtain 67 = 0. The state ¢ is then unique. O

It appears clearly that "measurements” (realized by an observer on the given system) are
channels which send states to statements (i.e. to elements of B).

Definition 6. A measurement is a channel m from the state space G to the space of
statements ‘B. The space of measurements associated to S will be denoted 9 ..

14



Theorem 5. The space of measurements 91 is isomorphic to the space of effects €s. B

Proof. An effect [ € Eg being given, the map m; defined by
m(c) :=¢°(0), Voc6. (81)
is a well defined homomorphism from & to 8. Hence, the map

(p:QEG—>91Tt6

[ my (82)

is an homomorphism. It is moreover bijective. Indeed, let us consider any m in 9 . If
{o|m(c) =Y} and {o | m(c) = N} are not empty, they are principal filters, and it suf-
fices to associate to m the states o4 := |—|b {o|m(c)=Y}, 04 := |_|6 {o|m(o) =N} and the
effect [:= [, A (the case where some or all of these subsets are empty is treated immediately).

As usual, the data my suffices to define a Chu morphism (m;,m;). Indeed, the map m; :
¢y — Eg is defined by the duality relation (66, i.e.

m

Vo € G,Vu € Ey, 86T(u)(6) =P (my(0)) =2 (e°(0)) (83)

The expression of m;(u) for any u in &gy is reduced by the application of the three relations
®9)([7T)([72) to the property

my ([yny) =1 (84)

which validity can be checked directly. L

2.7 Bipartite experiments

In this subsection, we recall some elements, presented in [8], about the way to describe experi-
ments implying two parties : Alice and Bob. The bipartite state space will be formed from two
given spaces of states G4 and Gp. It appeared clearly in [8] that this notion of bipartite space
of states is ambiguous and different elementary constructions were proposed.

We will denote by G5 = G4 X Gp the bipartite space of states built from two given spaces
of states G4 and & B.DJ We will also denote by €45 = €4 X €p the bipartite effect space build
from two given effect spaces €4 and 5. We will denote & ©45 the corresponding bipartite evalu-
ation map from €4 to 845, We will assume the following requirements about these elements.

First of all, we have to ensure that (S4p, €4p, € Gap ) is a valid Spaces/Effects Chu space.

Secondly, for every effects [4 and [p realized independently by each party respectively, we
will assume that there must exist a unique associated bipartite effect in €4p. As a consequence,
we will assume that there are maps 148 ; @4 x &g < 45 which describe the inclusion of ’ pure
tensors’ in E,p (for readability, we shall write [4 X [p rather than lGAB([A, [3)). Moreover, if

3Throughout this short axiomatic introduction, we adopt the notation X for the tensor product in order to allow
for different candidates for this tensor product. These different candidates will be denoted ®, ®,...
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one of the parties chooses a mixture of effects, then this results in a mixture of the respective
bipartite effects. In other words,

. ‘

(i) R =] il (haKip), (85)
¢ ¢

WR([ ]2 tis) =] |icf (1R p). (86)

In the same logic, for every states 64 € G4 and op € Gp, prepared independently by each par-
ties, we will assume that there must exist a unique associated bipartite state in S4p. As a con-
sequence, we will assume that there are maps 1648 : G4 x G5 — S 45 which describe the inclu-
sion of "pure tensors’ in G4 (for readability, we shall write o4 X op rather than 1545 (0a,0B)).
Moreover, if any of the parties prepares a mixture of states, then this results in a mixture of the
respective bipartite states. In other words,

S S
([ Nicroia)Rop =] |icf (014K o), (87)

S S
xR ([ |icioip) =] |ici (4R 0ip). (88)
Thirdly, for every oyp, G;x 5 € G4p such that oyp # G/QB, we will assume that there must
exist effects [4 € €4 and [p € Ep such that when the two parties prepare 45 and apply [4 and
[p respectively, the resulting determination is different from the experiment where the parties

prepare O 5 and apply [4 and [ respectively. As a summary, applying effects locally is sufficient
to distinguish all of the states in G 4p (this principle is called “tomographic locality™), i.e.

VGAB,GAB € 6AB, (V[A € QEA, p e QEB, 8'34%[3(6,43) = Eﬁ%[B(GAB)) =4 (GAB = GAB).

. . . . S, 6 S,6 .
Endly, we will require the existence of homomorphisms 6, ** and 6" called partial
traces
Sa6p 6468

QL : (‘5,4&(‘53 — GA GR : (‘5,4@63 — (‘53 (90)

In [8] we proposed two complementary solutions of the previous axiomatic.

We will denote by §AB (or equivalently by 6A<§>63) the set of maps X from €4 x €p to
¢ | =B satisfying

V{lialicl} CEsVige € X(| |i4liat8) = Nics Z(lia.1p) 1)

V{pljel} S e Viae € (| |5208) = Njes Z(las Lin), (92)
and

Via €€, Z(a,Vey) = (1, V), 93)

Vipe g, (e, l8) = (e, ), (94)

2(We¢, Vey) =Y. 95)

S 4p 1s called the maximal tensor product of G4 and Gp.

Remark 5. Note that §AB depends crucially on the choice of the spaces of effects €4 and €
within respectively €g, and Eg,,, and not only on the structure of G4 and Sp.
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The inclusion of pure tensors in S4p is realized as follows :

lgAB i Gy x6p — S/éB
(oa,08) > 1%48(0y,08) | V(la,l5) € €4 x Ep, (96)
154804, 08) (I, () 1= SSA(GA) OESB(GB) €‘B.

S, 4p 1s equipped with the pointwise partial order. It is a down-complete Inf semi-lattice with

V{Zi [i €1} C Sap,¥(lu, ) € €4 x €, (Hffe‘ljzi)([m (g) := \ic1 Zi(la, Ip). 97)

Let us introduce the following homomorphisms

n : Sap — ) A i Sap — & 98)
r o~ Z('?@QEB) r o= Z(fy(’ffp )
As noted in Theorem [, we have the following isomorphism
ps : & — €= {WE Qt(@,%) |VI € ¢, W(T) = W(I) and W(@@) :Y} (99)
o = ps(0)|ps(o)(l)=¢(c) Ve E.
We can then define
04} =pg on and 6" :=pgloa. (100)

We define S, 4B to be the sub poset of §AB generated by the elements lgAB(GA, op) for any
(04,08) € G4 x Gp. Sy will be equivalently denoted S,©Gp and called the minimal tensor
product of G4 and Gp.

In [8]], it is proved that S4p is in fact a down-complete Inf semi-lattice.

The partial traces are given by the following homomorphisms

546 ~ S, 6 ~
(Q;/)be : Sap — 64 9(2'; B Sap — Op (101)
S ~ 5 S ~ &

Midjoia®ois = [1;i0ia Mitioiadois — [1ii0is

0

Moreover, in [8), Lemma 20], some hinsights are given on the structure of §A B.

Let us consider ﬂfg Gi7A®Gi7 g an element of S, 4p- We have explicitly, for any o4 € G4 and
op € Gp, the following equivalence

SaB .~ ~ &y &g
I_lielﬁi,A@)Gi,B C; 0a®0p & ((|_|k€1 Oka) Eg, Oa and (|_|m61 Omp) Eg, Op and

(vo K1, (5 0ea) o, 0 or ([ |08k Oms) Co, 08)). (102)

In [8] and [9], it has then been directly deduced from (102) that, if G4 and &p admit a
description in terms of pure states, then S4p admit also a description in terms of pure states.
More explicitly, we have

~pure

Vo € Sup, 0= |_|SABQ§A , Where o, = (Sky N(+7%)), (103)

B
~ pure

with Sy ={0osR0p |04 €6, 0566, }=Max(Ssp) (104)
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In [9] it has been shown that a certain reduction of S,&Gg can be defined in order to
eliminate spurious states. It will play the fundamental role of tensor product in the following.
We define the regular tensor product S,&Sg as follows

G 265 C G 06p (105)
Vb € 6,065 we require
Vij € €4, VIp € Cp, D(14,De,) = P(De,,l8) =N, (106)

Vig € &4, CD([A,QJ@B> =Y = Vlige ¢p,
(CI)([A7 [B) ) (I)([A,E)) € {(YvN)v (N7Y)7 (J—7J—)}7 (107)
Vig € €, CD(?DQEA, [B) =Y = Vg€ &y,

Vig € €y, CI)<[A72]QSB) =1 = V[B,[ﬁg € QEB‘ [B|_| [}3 = J_
(®(la,18), <[A7[B)) {( ) (N, 1), (L, 1)}, (109
Vip € €, CI)@J@A,[B) =1 = V[A,[;‘ € €y ‘ [A|_| [L‘ = J_

({10, 1s), DLy 1) € {(LN). (N L)y (L L)}, (110)
G4@6p is a sub Inf semi-lattice of the maximal tensor product G4 @G p satisfying
G065 C G4&65. (111)
We have the following fundamental result shown in [9] :
(64 or Gp simplex) = 6A®6B:6A®6B:6A®6B. (112)
The following result has been shown in [9] and will be recalled in subsection[3.1l
(64 and Gp non-simplex orthocomplemented) = & A26p ¢ 6 A@(‘B B. (113)

These two fundamental facts justify the adoption of the regular tensor product as our basic ten-
sor product.

It is important to note that the laws ®, ® and ® are all associative.

2.8 Channels of the bipartite experiments

Let us consider a channel (f, f*) from a States/Effects Chu space (S4,,&4,,€41) to another
States/Effects Chu space (Gy,, €4,,€942). Let us also consider a channel (g, g*) from the Chu
space (Sp,, 2‘331,8631) to the Chu space (&p,, 2‘332,8632).

We define the channel ((f®g), (f®g)*) from the States/Effects Chu space (§A131 , I/Z\Al]_z;1 , €508 )
to the States/Effects Chu space (§A232,EA232, gSAsz) by

((f2g)(X))(la,Ig) = Z(f*(la),&"(8)) (114)

We define the channel ((f®g), (f®g)*) from the States/Effects Chu space (§A131 , EA131 , g5 )
to the States/Effects Chu space (§A232,EA232, gSAsz) by

(@) ([ el ' 0:4,8018,) = I_I,éi‘”f(cml)@g(ozgl) (115)
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2.9 Incompatibility of measurements

Definition 7. N channels ¢; € €(S4,Sp,) fori=1,--- N are said to be jointly-compatible
iff there exists a joint channel ¥ v € (64,65, K- --KSp, ) such that

i)i=1,-,

S&p,6p
9i = e(i) - OlP(‘Pi)i:l.---.N (116)
Sp. -G
where 9(1.)31 "V is the partial trace projecting the tensor product Gp, X---X Sp,, onto its
i—th component Gg,.

It is generally easy to prove that two channels are compatible : it suffices to provide the
corresponding joint channel. It is however not so easy to prove that two given channels are
incompatible. We intent to propose a test to check the incompatibility of channels in a quite
general setting.

Definition 8. Let be given two channels ¢; € €(S4,Sp) and ¢, € €(Sy4, S¢).
We will say that a triple 01 4,02 4,03 4 € G4 satisfying

_—— 6 _—— 6
014 g, (0240, 034) and 014024 " and —014034 * and Ox4 ls, 034 (117)

certifies the incompatibility of ¢; and ¢, iff there does not exist any triple py pc, P2,8c, P3,8c €
Gp®G satisfying

P18c e, (P28, P3,8C) (118)

Spc

and

Vi=1,2,3, 07 (pinc) = 91(0ia) and 658 (pisc) = $2(0ia). (119)

Theorem 6. Let be given two channels ¢; € €(6,4,Sp) and ¢, € €(S4,S¢).
If there exists a triple 071 4,02 4,03 4 € G that certifies incompatibility of ¢ and ¢, then
¢1 and ¢, are incompatible. ]

Proof. Let us suppose that ¢; and ¢, are compatible and let us introduce the joint channel
‘P(¢1’¢2). We note that the triple p gc, P2.8c, P3,8c € GG defined by

pisc = ¥(4,.6,)(0ia) (120)

satisfies (LI8)) because (4, 4,) satisfies the defining properties of a channel, and satisfies (119)
because Wy, 4,) is the joint channel ensuring the compatibility of ¢; and ¢,. We have then
obtained a contradiction. @; and ¢, are then incompatible. L

We momentarily assume that & can be described in terms of pure states.

Theorem 7. Let G be a simplex. Let us consider any two measurement channels M
191

and my (o0l These channels are necessarily compatible. |
2:9

19



Proof. We define the map ¥ as a map from & to B®DB which satisfies, for any o € &,
BB
¥(o) = |_|o/eg6‘1‘(6’) (121)

and for any 6 € " = Max(&)

([ ¥(0)=Y®Y if sff ,)(o) =Y and sf /)(o) =Y,
_ _ (] ,0'1 0'2.(72
¥(0) =Y&YM, , YEN if &  (0)=Yand .s[f" (o) =1,
_ _ o] ,0'1 0'2.(72
¥(o)=YRYN_ . NRY if ¢  (o)=_Llande® , (o)=Y,
_ BRB (61,0'{) (6270-5)
¥ (o) = N®N if 8[((5 /)(6) =N and 8[(6 /)(G) =N,
B 0170-1 O'2A,62
W(o)=NENM,_ NRY if gf(i - (6) =Nand gliz-cé) (o) =1, (122)
¥(o) =N&NM, . YRN if e[(G ,)(o) =1 and e[(e ,)(6) =N,
_ o] ,0'1 (72,0'2
¥(c) = YON if 8[(6 /)(G) =Y and &° /)(G) =N,
" 61,01 02:62
W(o) = NOY if &  (0)=Nand g’ (0)=Y,
_ 0170-1 O'2A,62
\ Y(o)= L1l if ele G,)(G) =1 and ef(‘iz G/)(c) =1
101 2

We observe that ', ) is unambiguously defined by (I21)) because & is a simplex.

, 1y /
(62762)

) s a channel by construction.

(o1 70{)
Secondly, ¥
Y (m[(cl -G{)’m[(ﬁza"é)

Endly, we can check easily for any o € & (the proof begins on each expressions of (I122) by
a simple computation and is extended to the whole set of elements of & using the expression

(I21) and the channel properties of m; o100) and my, ,))
(e3] ,0'1 (72.62
(6, oW )o)=mi_ (o) (123)
O =
(1) (m[(cl -Gf)’m[(ﬁzﬁé)) [(G] 1)
(83 ¥ Jo)=m_ (o) (124)
o == .
(2) (m‘(a, o) l<02’aé>) {oy.04)
' is then the joint channel ¥, my ). U
(61,61)” (02,05)

More generally, we can show the following result.

Theorem 8. If S is a simplex then the whole set of elements of { m | [ € g } are jointly-
compatible measurement channels. |

Proof. Straightforward using the generalization of the construction used in previous Theorem
for the joint-channel. [
3 Entanglement, steering and Bell non-locality

Let us begin with our basic definition. In this definition, (S,,€4,£%4) and (Sp, €p,e%8)
are generic states-effects Chu spaces. The tensor products G4®@Gp and G4,&Gp are defined
according to subsection 2.7
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Definition 9. An element of G,@G5 which is not an element of S,&S5 is called an
entangled state. The elements of G4&Gp are said to be separable states.

It is recalled in [17]] that the very definition of entangled states in the specific case of quantum
theory corresponds to this definition.

3.1 Existence of entangled states

Our aim is now to construct generically some entangled states.

Theorem 9. (G4, €4, £%) and (&g, €p, £8) are states-effects Chu spaces where G4 and
Gp are chosen to be non-simplex orthocomplemented spaces of states and where €4 and
@3 are chosen respectively to be the reduced effects spaces €g , and [ » (see subsection
2.3). The tensor product S,265 and S,26p are defined according to subsection 2.7]
with respect to these choices of reduced effects spaces.

As a result, entangled states do exist. In other words,

GaRGp ¢ G265 (125)

Proof. G4 being a non-simplex orthocomplemented space of states, there exists a pair of states
o1, 0 in &4 such that of ZGA o, and o ZGA . Indeed, if it was wrong that such a pair exist,

pure

we could, for any c, define a channel Yy :=my, . such that Vo(or) =Y and v (S, ) C

{Y,N}, which would impose G4 to be a simplex (see Lemmas[Iland ??). Let us fix such a pair
(ap,0n). Let us consider the subset Iy, of o defined by Iy, :={a € o | g, @}
%A R

. . S
We have necessarily Iy, & Ocl X because Iy, = 0 would imply af = ([ Alal)* Cs, @2
Sy
which is false by assumptlon Then we can always choose o] € (ocl \ Io,) C 62” and
02 C 0 - 6A ‘ such that (o ,ZGA 0, and 0] # 0».
- ©a
Analogously, we can choose a pair of states 7, T, in 62” such that 7} ZGB T, and T| # T.
It is now rather easy to check that the following supremum exists in S, AB
S > I~ * o K
YA = (01®T1 |_|§AB 02®T2> |_|§AB (Gl ®J_GB l_lgAB J‘GA KT ) (126)

the explicit expression is indeed simply given by a decomposition in terms of pure effects (see
Theorem [2))

Lap(la,lg) = /\[AE[A@ /\[Be (B ¢ ZAB [A7[B) (127)
with
( ZAB(QJGA’QJQB) - Y pure pure
Zag(De,,18) =Zap(la,Vey) =N, V4 €E, VIge &y
pure pure
Zap(De,,18) =Zap(la,Vey) = L, VA€ €y Vige &y,
ZaB(loy.00): (zy 1) = (128)
Za(lot,01) (o)) =
ZAB([(G§,62)7 [(rf,rl)) =
[ Zag(la,lg) =L for any other pair (4, [g) € €,  x &5 .
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Using (102), of Ls, 01, 0f Ly, 02,017 02, Tf L, T1, Tf L, T2 and 7y # Tp, we deduce

(o7®Lsg, Me Le,®1) *ZEAB o1RT, (129)
(o7®Ls, M5 Lo, ®T7) ’ZEAB 0L Ry, (130)
(Gléfl |_|§AB Gzéfg) = {Gléfl , GQ@TZ } (131)
SaB
As a consequence, we conclude that X4 is an entangled state :
Yap € Sap~Sup. (132)
O

3.2 Steering and entanglement-assisted incompatibility tests

We now intent to exploit entangled states to build entanglement-assisted incompatibility tests
and to introduce the notion of steering in Generalized possibilitic Theories. Several results of
this subsection are close from that presented in [16][17, subsection 7.3]. To clarify the notion
of steering in quantum theory, we suggest to read the report [19].

Except if explicitly mentioned, (G4, €4,€%4) and (Sp, €p,£®P) are generic states-effects
Chu spaces. The tensor products G4, @6 and &,&Sp are defined according to subsection 2.7

Lemma 4. Let X4 p be an element of 4, @G p, and let ¢; € €(S 4, Sp) and ¢ € €(Sy, S¢)
be compatible channels. There is an element Agcp € G 3@6®6p such that

(egfecégid) (Ascp) = ($1®id)(Zap) (133)
(657 Gid)(Agcp) = (928id)(Zap) (134)
[
Proof. 1t suffices to define
Ascp = (¥ (9,4 ®id)(Zap), (135)
where ¥y, 4,) € €(S4, Gp®G¢) is the joint channel associated to ¢ and ¢. 0

The previous result suggests a new way to certify the incompatibility of the channels ¢; and
¢». We must note however that, due to the following result, X4 p must be an entangled state. For
this reason, this new type of test will be called entanglement-assisted incompatibility test.

Lemma 5. Let X4p be in fact an element of S,Q6p, i.e. Tap is a separable state. Then
for any ¢ € €(S4,Sp) and ¢, € €(S4,Sc) there exists Agcp € SpRG RS such that
(133) and (134). [ |

Proof. If X4p = |_|§56A1®GD

o, A@G,-’D, it suffices to define

GpRG-06 ~ ~
Apep = |_|,-EBI P 01(014)2¢2(07.4)R0i.p (136)
OJ

It is now natural to introduce the notion of steering, which has a very old history in quantum
theory [19].
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Definition 10. For ¢; € €(S4,6p) and ¢, € €(Sy4,S¢), we will say that (¢, @) steer
the state X4 iff there is no Agcp € GRS @6 such that (I33) and (134).

The entanglement-assisted incompatibility test is now firmly established.

Theorem 10. As long as X4p is an entangled state, if (@1, @) steer the state X4p, then ¢,
and ¢, are incompatible channels. |

Definition 11. We will say that the state X4p is steerable by channels iff there exist some
channels ¢; € €(S4,Sp) and @, € €(S4,S) steering the state L4 p.

Definition 12. We will say that the state X4p is steerable by measurements iff there exist
some measurements @) € €(S,4,B) and ¢ € €(Sy4,B) steering the state L4p. Obviously,
if X4p is steerable by measurements, then it is steerable by channels.

From Lemmal[3] we can obviously view the steering by a pair of incompatible channels as a
test for a state to be entangled :

Theorem 11. If a state X 4p is steerable by channels, then X4 p is necessarily an entangled
state. [

We have already shown that entangled states do exist. However, the fact that a state is steer-
able by channels is a more restrictive notion. A natural question is then to prove that GpT can
admit steering by channels.

From now, G4 and Gp are chosen to be non-simplex orthocomplemented spaces of states,
&, and &p are chosen respectively to be the reduced effects spaces €g , and [ », (see subsection
2.3). The tensor products & A@(‘B p and 6,6 are defined according to subsection 2.7 with
these choices.

Theorem 12. States steerable by measurements (and then also states steerable by chan-
nels) do exist in S4RGp. [ |

Proof. Here again, we will choose o7 and o, two pure states in S4 such that o7 # o, and
o} ZGA 0,, and 77 and T, two pure states in &p such that 7| # 7, and 7} ZGA Tp. and we will
choose the regular entangled state ¥ to be defined formally as in (126), i.e. explicitly given by
(27)([I28).

For simplicity we will denote toy := [(01761*), vy = [(02,02*) and tp := [(ﬁ,fl*)’ bp = [(TM;). In
the following, we will also use the already adopted notations u := [y n) € €.

Obviously, we have chosen G4 and Gp to be non-simplex spaces of states, in order for pairs of
incompatible measurements to exist. Now we choose @ := my,, and ¢ :=m,, (we recall the
expression of m; in (84)).

We now intent to prove that the entangled state X4p (defined formally as in (126), i.e. explicitly
given by (I27)({I28)) is steered by the incompatible measurements ¢ and ¢».
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Let us then consider the bimorphic map defined from €g x €p to B by Py (I,') := Zpp(my,, (1), ).

We have
@](@@%,@@D) :Y’ CD](@@%,[D) :N7 V[D € fo)m (I)] (u7@63> :qDI(ﬁ?@@B) :N7 ure ure (137)
@) (u,top) =N, @, (u,vp) =N, @, (I,Ip) = L, for any other pair (I,[p) € € x €.

Let us also consider the bimorphic map defined from € x Ep to B by (I, ') :=Zyp(my, (1), ).
We have

pure

D (Ve Vep) =Y, P2(Vey.Ip) =N, Vip € €y D2(u,Ye,) = P2(1,Ye,) =N, . v (138)
@, (u,top) =N, @, (I,Ip) = L, for any other pair (I,Ip) € &y x €} .

Let us now assume that an element A € BRBRS) exists such that (I33) and are satis-
fied, and let us obtain a contradiction. The property ®;(u,wp) = N implies A(u,u,twp) = N.
The property @, (u,wp) = N implies A(u,u,wp) = N. From these two relations, using the
homomorphic property satisfied by A, we obtain A(u,ﬁ,J_@D) = N. As a consequence, we
have necessarily A(u,u,vp) = N and A(u,u,0p) = N. On another part, ®;(u,vp) = N implies
A(u,u,op) = N. We now collect the relations A(u,u,vp) = N and A(u,u,bp) = N to deduce
A(J_% ,u,0p) =N, and then A(Q) Eos ,u,0p) =N, i.e. ®,(u,vp) = N. This result contradicts the
fact that ®,(u,vp) = L by definition. We have then obtained the announced contradiction and
A cannot exist as an element of BEBRSp. As a conclusion, ¥ is steered by the incompatible
measurements @; and ¢,. L

Remark 6. As a consequence of previous result and of Theorem [l we have implicitly con-
firmed the fact that the state ¥4 is an entangled state.

Remark 7. Moreover, as a consequence of previous result and of Theorem [I0, we have also

implicitly proved that there always exist some pairs of incompatible measurements in any non-

simplex orthocomplemented space of states. Such a pair of incompatible measurements is given
. . PR 1 pure *

by: ¢; := m[(01~01*> and ¢, := m[(%%*) with 01,0, € &, chosen such that 67 # 0> and o ,ZGA

(o)) 4] .

3.3 Bell non-locality

We now intent to clarify some results about Bell non-locality (see [6] for a complete report on
this standard notion) in the context of Generalized possibilistic Theories. Several results of this
subsection are close from that presented in [16][17, subsection 7.3].

Except if explicitly mentioned, (&4, €4,€%4) and (Sp, €p, ) are generic states-effects Chu
spaces. The tensor products G4 6 and G,R6 are defined according to subsection2. 7l with
these choices.

Lemma 6. Let X4, be an element of S,&Gp. Let ¢; € €(S4,Sp) and ¢ € €(Sy, S¢)
be a pair of compatible channels, and p; € €(Sp,Sg) and p; € €(Sp, Sr) be another

4such a pair of pure states always exists in a non-simplex orthocomplemented space of states, as shown at the
begining of the proof of Theorem[9]
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pair of compatible channels. There is an element Agcgr € © BR6 RS RS such that

01 E (Apcer) = (1Ep1)(Zap) (139)
G(Q?)B(?)CGEGF (Ascer) = (918p2)(Zap) (140)
GS)B(?)CGEGF (Ascer) = (928p1)(Zab) (141)
O 5 (Apcer) = ($28p2)(Zap) (142)
[ |
Proof. 1t suffices to define
Apcer = (‘P(¢1?¢2)®T(P1?P2))(ZAD)7 (143)
where T(¢k¢2) S 6((‘5A,GB®GC) is the joint channel associated to ¢; and ¢, and T(pl,pz) =
¢(6p, 5g®GF) is the joint channel associated to p; and p;. O

Lemma 7. If the state ¥4p is a separable state, then there exists an element Apcpr €
GpRGRG RS such that (139)(140)(I41)(I42) are satisfied. [

Proof. If X4p = ﬂ;ﬂgbl) GLA(,XV)GLD, it suffices to define

|_| 63@6(;@65‘@6]:

ABCEF icl 01(0;.4)@02(0;.4)2p1(0:.p)2P2(0i ). (144)

O

Definition 13. The state X4p is said to be Bell non-local with respect to the pairs of measure-
ments @) € g(@A,%) and ¢ € €(64,B), p1 € €(Sp,B) and p; € €(Sp,B) iff there is no

state A € B°* such that (I39)(140)(I41)([142) are satisfied.

Definition 14. The state X4 is said to be a Bell non-local state if there exist pairs of measure-
ments @) € €(S4,B) and ¢ € €(S4,B), p1 € €(Sp,B) and p; € €(Sp,*B) such that Xyp is
Bell non-local with respect to the pairs of measurements (¢;, ¢>) and (p1,p2).

Definition 15. The state X4p is said to be Bell non-local with respect to the pairs of channels
01 € €(S4,6p) and ¢, € €(Sy4,6¢), p1 € €(6p,SE) and p; € €(Sp, Sp) iff there is no state
Apcer € GpR6 X6 EXRGF such that (139)(140)(141)([142) are satisfied.

Definition 16. The state X4 is said to be a generalized Bell non-local state iff there exist pairs
of channels ¢; € €(G4,6p) and ¢ € €(S4,6¢), p1 € €(Sp,SE) and p; € €(Sp,SF) such
that X4p is Bell non-local with respect to the pairs of channels (¢;, ¢») and (p;,p2). Obviously,
if X4p is a Bell non-local state, it is also a generalized Bell non-local state.

The notion of Bell non-local state is a priori more restrictive than the notion of entangled
state. It is then a fundamental skill to prove that Generalized possibilistic Theories do admit
such objects.

From now, G4 and Gp are chosen to be non-simplex orthocomplemented spaces of states, €4
and €p are chosen respectively to be the reduced effects spaces € , and @63 (see subsection
2.3). The tensor products G4 G and & ARG are defined according to subsection 2.7
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Theorem 13. Bell non-local states do existin & A@(‘B D. |

Proof. Here again, we will choose o7 and o, two pure states in S4 such that o7 # o, and
o} ZGA 0>, and 7j and 7, two pure states in &p such that 7| # 7, and 7} ZGA Tp. and we will
choose the regular entangled state X4p to be defined formally as in (I26), i.e. explicitly given
by (I27)(28).

For simplicity we will denote tv, := l(o1,01)> 94 = L(6,,09) and top 1= [(ﬁ,fl*)’ bp = (g, z3)- In
the following, we will also use the already adopted notations u := [y N) € €.

Now we choose @1 :=my,,, ¢ :=my,, P1 1= My, P2 := My, (we recall the expression of m;
in (84)). Moreover, we consider the state 4 € S,@6p defined formally as in (I26), i.e. ex-
plicitly given by (I2Z7)(I28]). We intent to prove that X4 is a Bell non-local state with respect
to the two pairs of incompatible measurements (¢;, ¢») and (p1,p2)-

Let us then consider the bimorphic map defined from €y x €y to B by ®y3(L,l') :=
Yap(my, (1), my, (I')). We have

@13(@@%,@@%) =Y, (1313(2]@37[) = q)13([72)€g) =N, Vle €y § (145)
®3(u,u) =N, ®5(I,I') = L, for any other pair (I,I') € (&5 )*2.

Let us then consider the bimorphic map defined from €y x Ex to B by Pyy(L,l') :=
Yap(my,, (1), my, (). We have

¢14(@€%72}@%) :Y’ ¢l4(2]€%7[) :¢14([,@€%) :N, VIE QS% wre (146)
@y (u,u) =N, ®14(I,') = L, for any other pair (I,I') € (&5 )*2.

Let us now consider the bimorphic map defined from €y x €y to B by Py3(L,l') :=
Yap(mg, (1), my,, (). We have (the equations coming from axioms (95) and (I06) are not
mentioned)

P23 (Vey, Vey) =Y, PnVey,l) = Po3(,Yey) =N, VI €y (147)
®y3(u,u) =N, ®y3([,I') = L, for any other pair (I,l') € (QSP% )*2,

Let us endly consider the bimorphic map defined from €y x €y to B by Py (L,l') :=
Yap(mg, (), my (). We have (the equations coming from axioms (93) and (I06) are not
mentioned)

PuVey: Vey) =Y, PuPey,) = Pu(l,Yey) =N, VIc s (148)
Doy (I,I') = L, for any other pair (I,l') € (&5 ).

We now suppose that there exists a state A in B%4 such that (I39)(140)(41)({142) are sat-
isfied and we intent to exhibit a contradiction.

From 9%%?%(/\) = @3 and ®13(u,u) = N, we have A(1, ¢y, 1, Vey) = N. Using the
axiom A(u,%,u, e, ) = N and the homomorphic property satisfied by A, we then deduce
Ay, Ley u,Y e, ) = N. We must then necessarily have A(u, u,1, ¢, ) =Nand A(u, 14,1, Y ¢, ) =
N. We now use A(u,1,u,9¢,,) = N, the axiom A(u,u,11,9¢,,) = N and the homomorphic
property satisfied by A, to deduce A(u,u,u, L¢,) = N and then necessarily A(u,u,u,u) =N
and A(u,u,u,u) = N.

In a completely symmetric path, we deduce in particular from 9?)?4?% (A) = P14 and D4 (1, 1) =
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N the property A(u,u,u,u) = N.

As a consequence of previous partial results (i.e. from A(u,u,u, 1) = N and A(u,u,u,u) = N),
we deduce A(Lg,,,u,u,1) = N and then necessarily A(Q ¢, 1, u,u) = N.

From 63;(335)3% (A) = P93 and Po3(u,u) = N, we have A(D¢,,,1,%,Y¢,,) = N. Using the ax-

iom A(@@%,ﬁ,ﬁ,ﬁj—@%) = N and the homomorphic property satisfied by A, we then deduce
A ey 1,1, Le,, ) = N. We then have necessarily A(Q¢,,, %, u,u) = N and A(Yeg,,u,1,10) =
N.

We now collect the two obtained properties A(Qe,,,t,u,%) = N and A(Ye,,, 1, u,1) = N.
As a consequence we obtain, using the homomorphic property satisfied by A, the property
A ey 1, Ley, 1) = N and then necessarily A( ey, 1, Py 1) = N, ie. Poy(ut, 1) = N. How-
ever, this result contradicts the property ®,4(u,ut) = L assumed by definition. We have then
obtained the announced contradiction : the state A does not exist as an element of B4,

As a conclusion, Y4p is a Bell non-local state with respect to the two pairs of incompatible
measurements (@1, @) and (p1,p2). O

4 Conclusion

Inspired by the operational quantum logic program, we have the contention that probabilities
can be viewed as a derived concept, even in a reconstruction program of Quantum Mechanics.
The already cited remark of S. Abramsky [2, Theorem 4.4] can be viewed as another justi-
fication of this perspective on quantum mechanics. These two perspectives have stimulated
our desire to build an operational description based on a possibilistic semantic (in a sense, the
“probabilities’ are replaced by statements associated to a semantic domain made of three values
“indeterminate’, ’definitely YES’, ’definitely NO’). The present paper intents to develop one
step further such an operational formalism. It will be called Generalized possibilistic Theory
(GpT) as it is partly inspired by the formalism of Generalized Probabilistic Theory (GPT).

In [8] and [9], we clarified the notion of tensor product of our spaces of states allowing to de-
scribe compound systems. This result is recalled in a preliminary subsection 2.7l These results
are exploited to show the generic existence of entangled states in the tensor product of non-
simplex spaces of states build around reduced effects spaces (subsection [3.1). The entangled
states exhibited in this subsection are exploited to propose entanglement-assisted incompatibil-
ity tests and to show that some states are steered by pairs of incompatible measurements (sub-
section[3.2)). In the subsection[3.3] we go a little step further and we show that the phenomenon
of Bell non-locality exists in the description of compound systems based on the tensor product
of non-simplex spaces of states build around reduced effects spaces.
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