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Abstract

The so-called “risk-neutral probability” is a technical tool that has received
considerable attention in financial practices over the past thirty years, to the
point that risk-neutral pricing techniques are now a routine part of the day-
to-day business in the finance industry. I present an simplified “mini-model”
of risk-neutral pricing to allow the black box to be opened to philosophical
investigation by displaying without any mathematics the fair value pricing
mechanism in a complete arbitraged free market. I argue that the difficulties
of the puzzling methods used to value financial assets using risk-neutral val-
uation techniques are more conceptual than mathematical, and discuss the
epistemological issues enlightened by this mini-model, particularly in terms
of narratives. The mini-model reveals how the Efficient Markets Hypothesis
(EMH) is a narrative imposed on the real finance, and how the EMH nar-
ratives correspond to each other as quantification conventions which draws
a “representation format” of EMH. It raises the ethical question of choos-
ing a narrative for financial purposes, particularly when ethical, climatic and
environmental issues are at stake.
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1 Introduction

The so-called “risk-neutral probability” is a technical tool that has received consid-
erable attention in financial practices over the past thirty years, to the point that
risk-neutral pricing techniques are now a routine part of the day-to-day business
in the finance industry. The risk-neutral probability is a probability measure in a
dual world, in general written down as Q in the financial literature, in distinction
to the “real” (or “physical”) probability of the phenomenon under consideration,
denoted P . The nature of probability Q is well understood in the mathematical
theory of finance. There are numerous textbooks which provide the detailed tech-
nical background to this (Cochrane 2001, Dothan 1990, Föllmer and Schied 2002,
Karatzas and Shreve 1998, Pliska 1997). The shift from P to Q has been exten-
sively described in mathematical finance with the key role of the Radon-Nikodyn
operator L = Q/P known in financial literature as the “state price density” (SPD).
Mathematical finance has made extensive use of this technique, via the Girsanov
theorem. In the case of the standard model of price fluctuations using the Brownian
representation for price dynamics (Walter 1996, 2001, 2019), since Brownian motion
is a continuous stochastic process, Girsanov’s theorem enables the probability to be
changed from the “physical” world (P ) to the “dual” world built by the risk-neutral
probability (Q). As shown by Harrison and Kreps (1979), the SPD exists if the
market is arbitrage-free (absence of arbitrage opportunity, AOA), and it is unique
if the market is complete. This uniqueness is the core condition for obtaining the
“fair value” of any asset or liability and, reciprocally, a value is assumed “fair” if
and only if the SPD is unique. Hence there is a “va-et-vient” between the change
of probability and the notion of fair value. The risk-neutral probability Q became
a convenient way of determining the “fair value” of given assets or liabilities.

In financial economics, fair value is the financial consequence of the notion of the
so-called “Efficient Market Hypothesis” (EMH) alternatively known as the Efficient
Market Theory. If EMH holds, it is possible to state that the market price of a
given asset is “fair”. With EMH, one can hypothesize that the market is a “good”
mechanism for pricing any asset or liability. The history of financial thought has
deeply examined the formation and the development of EMH (for a recent philo-
sophical approach, see Walter 2017). EMH has been extensively discussed since its
introduction by Eugene Fama in 1970 (Fama 1970). In particular, the joint hypoth-
esis problem is now well identified (Jarrow and Larson 2012), which raises issues for
Hempel’s criteria for the logic of test of a hypothesis in the case of auxliary hypothe-
ses (Hempel 1966, p. 22). To be falsified (Popper), EMH must be tested jointly
with a given model for expected returns (Fama 1991) and another given model for
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expected risk (Walter 1996).

A large number of mathematical models exist to portray the situation of an
informationally efficient market, as alternative representations of EMH. All these
“EMH-models” have been widely documented. There is a lot of discussion and
controversy about these models. In general, one works on rather complex models,
and controversies do not ignore this complexity. This complexity is necessary for the
accuracy of the models. It is useful in order to better apply a selected EMH-model
to a given business context (e.g. among others Boyle 2001, Habart-Corlosquet et al.
2013, 2015, McNeil et al. 2015, Ottaviani 1995, Reghai 2015) in a specific “culture of
models” (Pickering 1992) with a pratice-oriented approach to modelling for decision-
making (Svetlova and Dirksen 2014). The representation of a given mathematical
framework plays a key role in testing EMH and in decision making (asset valuation,
risk metrics, portfolio management).

Two main mathematical frameworks exist for mathematising EMH, I name the
P -world and the Q-world. These two frameworks have been characterised in Chi-
apello and Walter (2016) as two “quantification conventions” (Desrosières 2003)
of the real finance, in the sense that a quantification convention for financiers is
a metrology that allows them to work easily on a day-to-day business. These two
quantifications are respectiveley the “mean-variance convention” in the P -world and
the “market consistent convention” in the Q-world. The periodisation introduced
in Chiapello and Walter (2016) started with the actuarial convention, i.e. before
the development of modern financial theory and EMH. Here I consider only the
period starting after the birth of the financial theory and EMH. This theory evolved
through two quantifications, from the P -world to the Q-world. Hence, these two
quantifications conventions act as the first and second quantification of the EMH. In
this paper, the P -world is named the first quantification convention of EMH and the
Q-world is named the second quantification convention of EMH. The paper expands
and elaborates on Chiapello and Walter (2016) by adding to it a simplified inte-
grated approach to these two conventions, exhibiting the correspondence between
these two worlds.

The fact that the probability Q is widely used in financial markets for pricing
derivatives is well known. It is also well known that Q is the cornerstone of all
the techniques of contemporary finance. For example, Accounting Standard Codi-
fication ASC paragraph 718-10-55-16: “Established principles of financial economic
theory represent fundamental propositions that form the basis of modern corporate
finance for example, the time value of money and risk-neutral valuation”. It is not
as well known that it is also used in the framework of financial regulation. In fact,
a very interesting aspect of the practice of using probability Q is that this mathe-
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matical concept is fully incorporated into a prudential regulatory framework. The
calculation technique under Q is the backbone of financial regulations implementing
the MCV such as the European Solvency II Directive. Hence, the use of Q has
also become a reality in areas seemingly distant from the derivatives markets. For
example, a “market consistent value” (MCV) of an asset or liability is its market
value, “if its is readily traded on a market at the point in time that the valuation
is struck and (...) a reasoned best estimate of what market value would have been
had it been readily traded at the relevant valuation point” (Kemp 2009). Given the
importance of Q in the regulatory framework of finance, it seems that Q is a key part
of the machinery of finance if we look at the “view from inside” of finance (Ippoliti
2017, p. 121) namely rules, laws, institutions, and regulators. The understanding
of how the SPD works is important to the accurate understanding of the financial
system.

Given the role that Q played in the transition of finance from the 1960s to the
1990s and in the regulatory framework, as well as in the possible financialisation of
the economy, it would be important to be able to explain the stakes of the changes
of worlds without needing to use sophisticated mathematics. But in this litera-
ture, there are many mathematical barriers to a simple approach to understanding
the change of probability. In most cases, asset pricing models are expressed in the
language of continuous-time stochastic differential equations using a martingale ap-
proach. The richness of these models allows for a general formula but the complexity
of these models is high. It could be useful to simplify these complex models by con-
structing a simplified artificial world. Hence, my aim here is to use a elementary
static “mini-model” for risk-neutral pricing allowing to illuminate with a extremely
simple approach the correspondence between the P -world and theQ-world, as well as
the causes of the uniqueness of Q with AOA condition. This minimalist view allows
to cognitively grasp the relations between the two frameworks P and Q and their
mathematical representations, the P -world and the Q-world, without any mathe-
matical complexity. The paper is organised as follows.

Section 2 introduces the mini-model and the economy. Section 3 uses the mini-
model and describes the arbitrage mechanism. I present the arbitrage effect on
prices, the change of probability and why the probability Q becomes unique after
arbitrage. Section 4 presents the different representation formats of the EMH with
their discounting convention, their mathematical correspondence and the link be-
tween CAPM, risk-neutral probability Q, market pricing kernel and Arrow-Debreu
securities in the mini-model. Section 5 concludes and opens the debate by present-
ing the epistemic contributions of the mini-model for non-specialists and financial
practitioners.
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2 The mini-model

The static mini-model introduced here is a mini “EMH-model”. It allows to deeply
understand the idea of EMH in a extremely simple artificial case.

2.1 Extremely simple models

From an epistemological standpoint, an highly idealized and extremely simple model
is sometimes called a “toy model” (Reutlinger et al., 2018). According to these
authors, there are two kinds of toy models, named “embedded toy model” and
”autonomous toy model” (Reutlinger et al., 2018). An autonomous toy model is
designed without any background theory, as for instance the canonical Schelling’s
checkerboard model for segregation (Schelling 1971). An embedded toy model is a
that of “empirically well-confirmed framework theory”. According to Reutlinger et
al. (2018), the mini-model I present here is an embedded toy model. The theories
I use are that of the framework of mean-variance optimisation introduced by Harry
Markowitz (1952) for portfolio management, leading to the Capital Asset Pricing
Model (CAPM) of William Sharpe (1964), and the framework of risk-neutral pricing
introduced by Harrison and Kreps (1979), Harrison and Pliska (1981).

From a mathematical standpoint, I use a well-known framework in financial
modelling since the Cox, Ross and Rubinstein (1979) model, the binomial one,
including two risky assets, one money market and two scenarios for the future.
The relevance of the binomal framework is very known today. This framework is
proving very useful in explaining the functioning of the pricing methods. With
respect to the existing literature on the binomial framework in finance and the very
numerous examples that can be found on the field, my aim here is to carry this
framework as far as possible by using it to the point of highlighting the values of the
Radon-Nikodyn operator L in a static model with a binomial framework. The static
mini-model allows to grasp the signification of the Radon-Nikodyn function without
mathematical expertise, enlightening the interplay between these two mathematical
representations that are used in day-to-day financial practices. The novelty in the
paper lies in the way I demonstrate the connection between the representations of
the two worlds (“real” and “dual”) achieved by presenting numerical values and
linking them with the CAPM numbers

From an educational standpoint, the proposed mini-model is a piece which pro-
vides access to a theoretical overview of the mathematical scene of neoclassical
finance to non-experts in mathematical finance and stochastic calculus. It provides
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an easy epistemic access to understanding the key role of the risk-neutral probability
Q in work related to asset pricing models. Hence my ambitiously stated proposal
is that the epistemic goal of my mini-model is to enable non-specialists of stochas-
tic calculus (“non-quant” finance practitioners or researchers in the humanities and
social sciences) to understand some of the epistemic difficulties of the risk-neutral
pricing, namely the intertwin between the P -world and the Q-world and the unique-
ness of Q with AOA in complete markets.

A possible objection to the relevance or usefulness of this mini-model is that
an extremely simplified model is too simple or too abstract to be explanatory
(Cartwright 2009). But many scientists consider that an abstract and simplified
model sheds light on important aspects that are often obscured by the current use
of complex models, even if the simplifications make the model highly unrealistic
(Ylikoski and Aydinonat 2014). Abstract and simplified idealized models have an
important role in many sciences and creating an stylized world can contribute to the
scientific understanding of complex concepts. Here, the mini-model allows to simply
but deeply understand the strange mechanism of uniqueness of Q after arbitrage in
complete market, it allows to debunk the mathematical trick which is at the basis
of any pricing in modern finance.

I now present the mini-model and its use to exhibit extremely simply the unique-
ness of risk-neutral probabiliy Q with AOA. The uniqueness of Q emerges from
a rule-of-three calculation, without mathematical puzzles. The two values of the
Radon-Nikodyn operator L (state price density) are calculated in this very simple
framework. The epistemic value of the quotes has changed after arbirage.

2.2 The economy

Let us begin with the information set. Fama (1970)’s celebrated review about EMH
divided the notion of market efficiency into three categories: (1) weak-form (tests
to scrutinize if past returns predict future returns), (2) semi-strong-form (tests to
check if security prices reflect public information announcements), and (3) strong-
form (investigation if investors have private information that is not fully reflected
in market prices). For the simplicity of my purpose, I now assume that all the
available information is used to elaborate scenarios for future values of assets. Note
that, instead of information about companies, it could be possible to use data sets as
information, following the case-base decision theory (Gilboa and Schmeidler 2012).

It should be noted that there is no guarantee that the forecasted future values
have any connection with the economic situation of the companies. It would be
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equally possible to imagine future forecast values that are not based on financial
analysis calculations, but on rumours about potential developments in the compa-
nies, without any business scenario calculations. To put it differently, the forecasts
can be either “rational expectations” or any kind of rumours or “noise”. The agents
can be rational investors, noise traders or chartists. For the purpose of the mini-
model, at this stage, this distinction is not crucial.

Let us continue with the description of uncertainty. We assume that uncertainty
of the outcome is measurable and, following Frank Knight (1921, for recent debates
see Diebold, Doherty and Herring, 2010, Svetlova 2021 and Dimand 2021), we use
the term “risk” to designate measurable uncertainty. That means that the proba-
bility distribution of the outcome is known, “either through calculation a priori or
from statistics of past experience” (Knight 1921, p. 233). We use the Arrow-Debreu
(1954) framework of a general equilibrium under uncertainty. Uncertainty about
the outcomes of an action is described as choice over state-contingent outcomes by
a finite set of well-defined and perfectly known states of the world representing the
known “unknowns” denoted Ω with ω being a generic element. An observable subset
of Ω is called an “event”. It can be a single state or a collection of states. The sce-
narios for the contingent futures can be thought as possible states or “events” of the
future. It is well known that this theory was extended by the subjective probability
distribution introduced by Savage (1954) and criticised by Ellsberg (1961) and later
Kahneman and Tversky (1979) to take account of the many puzzles raised by the
Arrow-Debreu approach. Nevertheless, in order to address issues relating to EMH
and the mini-model without too much complexity, we will remain here within the
classic framework. We can, nonetheless, note that this extended framework makes
it possible to interpret the risk-neutral probability Q as the objectification of an
implicit and shared subjective measure of the market.

Let us imagine a company A for which financial analysts have elaborated at date
t = 0 scenarios for a given time horizon, say t = 1. It is possible to understand
these scenarios as subjective beliefs of analysts, i.e. subjective predictions about
the occurrence of the states the world. For the simplicity of the model, we suppose
there are only two scenarios, growth or decline, correponding to pessimistic forecasts
and optimistic forecasts. The set Ω of scenarios is (“down”, “up”) written as Ω =
{ωd, ωu}. On the date t = 0 of the valuation, the share price of company A quoted
on the stock exchange (or its estimated value if the company is not quoted on a
stock exchange) is A0 = 150 euros. In the first scenario (an optimistic version of
the future of the company), the value of the share at t = 1 would be, for example,
A1(ωu) = 200 euros. In the second scenario (more pessimistic about the business
prospects), the share value would fall to A1(ωd) = 140 euros.
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Real world probability P 0.50 0.50
Scenario pessimistic optimistic

Type of the asset Asset price at t = 0 Forecast for T = 1 (epistemic values)

A-company share 150 140 200
B-company share 66 50 120

Table 1: The price system of the mini-model of economy before arbitrage

Let P (ω) be the probability of the scenario ω. The probability P is the proba-
bility of the “phenomenon” related to the future of the company, the future state of
“event” of the “physical world” or “real world”. The chosen framework guarantees
that the occurrence of future events can be calculated with probabilities. In this
conceptual framework, the future share value A1(ω) is a random variable depending
of the event ω. Suppose that neither scenario is preferred to the other: the two busi-
ness prospects are assumed to be equally likely, and the probability of each scenario
is therefore P (ωu) = P (ωd) = 0.50. Of course, this probability could be different
(see Knight above) and any other values would be possible as long as the sum of
the probabilities of each scenario remains equal to 1. The two probabilities of 0.50
applied to the two forecast values of 140 and 200 euros represent the probability
distribution of the future value of the company. Since there are two possible out-
comes for the future value of the shares, each weighted by a probability, it is termed
a “risky prospect”. The word “risky” means that the uncertain future is calculated
with probabilities.

Let us now enlarge our example by considering the “economy”. To keep the toy
nature of the model and to preserve the mathematical simplicity of the example, we
limit the economy to two companies. There is a second company denoted B which,
like the first, is the subject of financial forecasts. Let us imagine that the share price
at t = 0 is B0 = 66 euros. In the first business scenario, at T = 1 the share value
would be, for example, B1(ωd) = 50 euros. In the second scenario, it would rise to
B1(ωu) = 120 euros. The market is complete. The probability of the scenarios is
the same as for company A. It exists a money market in the economy. This market
provides a risk-free rate, i.e. a rate of return whose value does not depend on the
scenarios, unlike the risky prospects. That means that, whatever the scenarios, the
future value of the money market asset will be the same. The risk-free rate is equal
to 2%.

Table 1 summarises the “mini-economy” with both risky prospects. Table 2
present the money market. In table 1, the matrix [140, 200 ; 50, 120] represents
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Real world probability P 1

Type of the asset Asset price at t = 0 Risk free rate value for T = 1

Money market risk free rate 1 2% 1.02

Table 2: The money market of the mini-model of economy

the forecasts based on the information or rumours avaiblable to the participants of
market, yielding the price system [150 ; 66] . In this sense, [140, 200 ; 50, 120] are
the “epistemic values” of the quotes [150 ; 66]. In table 2, a risk-free asset of value
1 at t = 0 produces 1.02 at T = 1.

3 The mini-model at work

We now use the mini-model to show in an extremely simple way how arbitrage in a
complete market generates the uniqueness of the risk-neutral probability Q.

3.1 Trading strategies and financial arbitrage

In the mini-model, a trading strategy is an asset allocation of funds between the
two companies A and B. It is possible to define this portfolio with number of shares
or weight of companies.

The notion of arbitrage is crucial in finance and financial theory. It is the cor-
nerstone of the option pricing theory due to Black and Scholes (1973) but more
generally for pricing any asset in practice. In finance, a financial arbitrage is a trad-
ing strategy that takes advantage of price inefficiencies, i.e. a trading strategy that
allows obtaining a sure gain without bearing the slightest risk.

3.1.1 Searching for arbitrage

Is there an arbitrage opportunity in this mini-economy? In general, a market is
screened for arbitrage by exploring the possibilities of obtaining a sure (non-random)
return using a mix of risky prospects bearing random returns. In the mini-model
presented, a trading strategy will consist on an asset allocation between the two
companies A and B that allows obtaining a sure return. If there are prices ineffi-
ciencies in the price system (150, 66), there will be opportunities to obtain a sure
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return greater than the risk-free rate (2%) with an appropriate portfolio.

Let us imagine that we now seek such a trading strategy. We aim to build a
portfolio of A and B such that, whatever the future scenarios, the value of this
portfolio is 100,000 euros at date 1 whatever the future state of the world, i.e. it
will be “risk-free”. We have to find the holdings of companies A and B. Let θA and
θB be the quantities (“holdings”) of the shares A and B at date 0. Given the price
system (150, 66), the value of this portfolio at date 0 is:

V0 = θA × 150 + θB × 66 (1)

At date 1, the value of this portfolio is depending on the scenario ω:

θA × A1(ω) + θB ×B1(ω) = V1(ω) (2)

We want V1=100,000 whatever the scenario ω is. This leads to a system of two
equations: {

θA × 140 + θB × 50 = 100, 000
θA × 200 + θB × 120 = 100, 000

(3)

whose solution is θA = 1, 029.41 and θB = −882.35. The negative sign of θB means
that we have to “short” the shares of company B. A short position is created when
a trader sells a security first with the intention of repurchasing it at the end of the
arbitrage. One can easily check that whatever the possible outcomes, the portfolio
will be valued at 100,000 euros on date 1:{

1, 029.41× 140− 882.35× 50 = 100, 000
1, 029.41× 200− 882.35× 120 = 100, 000

At date 0, following (1) the value of this portfolio is:

V0 = 1, 029.41× 150− 882.35× 66 = 96, 176.47

The return of this portfolio is: 100, 000/96, 176.47− 1 = 3.98% without any uncer-
tainty about the result. For this reason, the return of 3.98% is said “risk-free”. Such
a situation is very interesting: it would be enough to borrow from the money market
(2%) the amount needed to buy this portfolio, to obtain the sure return (3.98%)
without risk, and then to cash in the difference. It is therefore an anomaly in the
market, since it would be possible to make very large gains without taking any risk:
just buy very large quantities of A, borrow the money to finance the purchase, and
short as much B as necessary. With θA = 1, 029.41 and θB = −882.45, the resulting
gain is 1,900 euros. That means that you can make 1,900 euros with zero euros
spent, a kind of “free lunch”.
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Such an anomaly represents an inconsistency in the price formation according
to the target prices forecasted in the case of EMH. Following Fama (1970), that
means it exists some information which is not reflected in the price system (150,66)
at date t = 0. This inefficient situation cannot last long because sooner or later
someone (a trader, an investor, an arbitrageur) will detect it and intervene in the
market to take advantage of it. By doing so, he will eliminate the inefficiency so
that, at the end of the trading strategy, the market will be “cleared” of all possible
arbitrage. To put it differently using the financial jargon, the condition of “absence
of opportunity of arbitrage” (AOA) will be satisfied. Let us now move inside the
mechanism of arbitrage, the principle that produces the market equilibrium, that is
to say, what steps are required to produce the equilibrium.

3.1.2 Implementing arbitrage and effect on prices

The effect of the arbitrage is to move prices. Buying 1,029.41 shares of company A
on the market will have the effect of putting upward pressure on the price, while
selling 882.35 shares of company B will have the opposite effect. For example, let us
imagine that the new price system is (151.25, 65.75). The implied returns resulting
from θA and θB with this new price system would be 2.37% > 2%. The market is
not arbitraged since it is possible to find a positive risk-free rate that allows for a
sure gain without an initial capital payment.

What would be the right equilibrium price level? By toying with the model,
we realize that we have to do a specific hypothesis on the price changes. Suppose
that only the price of company B changes. This may mean that the information
on company B was not fully taken into account in the first valuation. In this case,
company B was yielding too low a return relative to company A. The arbitrage will
have the effect of increasing the return of company B. The price of company B will
fall until its new value is low enough that any arbitrage no longer yields a definite
return higher than that of existing risk-free investments.

The arbitrage mechanism is the following. Keeping in mind that:

1, 029.41A1 − 882.35B1 = 100, 000

whatever the state of the economy at date t = 1, we should therefore expect to have
at t = 0 a return of 2% corresponding to 98,039.22 euros :

1, 029.41A0 − 882.35B0 =
100, 000

1.02
= 98, 039.22
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t = 0 Forecast values for t = 1
Before After pessimistic optimistic
Arbitrage Real-world probability P 0.5000 0.5000

150.00 150.00 Price of company A 140 200
66.00 63.89 Price of company B 50 120

Table 3: The price system of the mini-economy before and after abitrage

Only the price of company B changes. In this case, the price adjustment mechanism
would lead to:

B0 =
1

882.35
(1, 029A0 − 98, 039.22) = 63.89

We find that the value of B after arbitrage is B0 = 63.89 euros. Through the
intervention of arbitrageurs, prices have readjusted to a new price level, leading to
the new price system of table 3. The valuation of B at the new price 63.89 is called
“market consistent valuation” in the regulatory framework (Wuthrich et al. 2015).

We notice that arbitrage is always relative and does not indicate what the return
of company B “should be” from an economic point of view. It is just a test of the
consistency of investors’ expectations on the two companies simultaneously, whether
these expectations are economically sound or not. If company A was different,
another coherence would have arisen from the market with the couple (A,B).

3.2 The change of probability

Any asset pricing model stems from one simple concept: price equals expected
discounted payoff. This leads to the present value equation.

3.2.1 The present value equation

The expected payoff of company A at date t = 1 is 140×0.50+200×0.50. It follows
that the share value 150 at date t = 0 is generated by the discounting of expected
payoff at date t = 1. One can write the “present value equation” for company A:

150 =
140× 0.50 + 200× 0.50

1 + 0.1333
(4)

The rate of 13.33% is the discount rate used to equate the expected future values
at date t = 1 and the quoted price at date t = 0.
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In the case of company B, the same calculation would yield the following present
value equation:

66 =
50× 0.50 + 120× 0.50

1 + 0.2879
(5)

The rate of 28.79% is the discount rate used to equate the expected future values
and the quoted price.

3.2.2 The present value under P and under Q

Now imagine that the beliefs about the probabilities of future scenarios are not
the same. Instead of having an equally weighted probability distribution (50, 50),
imagine that the beliefs overweight the pessimistic scenario, for example (70, 30).
Considering the present value equation, there are two options: change the share
price at date 0 or change the discount rate. If the share price is fixed, the present
value equation becomes:

150 =
140× 0.70 + 200× 0.30

1 + new discount rate
(6)

It is straightforward to see that these constraints give the value of 5.33% for the new
discount rate. We see that, given the initial share value and the expected scenarios,
there is a relationship between the probability distribution and the expected rate of
return.

But it can also be considered that, in this case, the expected rate of return of
5.33% for company A is not the “right” one, in the sense that it does not reflect
what can be expected of a return in this economic area. The next question could
be: if a rate of return is specified, what should be the probabilities of the scenarios?
The answer is given with the following equation:

150 =
140× p+ 200× (1− p)

1 + specified discount rate
(7)

We can see that, once the discount rate is fixed, the probability values follow.

Let us now imagine that we decide on the expected return of company A as the
risk-free rate of return, 2%. This unusual situation (because company A is risky for
the investor, it is a risky prospect) would mean that the investor does not demand
a risk premium for buying company A. This would mean that the investor is not
affected by risk-taking, that he is “risk neutral”. In this case, the present value
equation becomes:

150 =
140× p+ 200× (1− p)

1 + 0.02
(8)
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t = 0 Forecast values for t = 1
pessimistic optimistic

Real world probability P 0.5000 0.5000

150 Price of company A 140 200
66 Price of company B 50 120

Risk neutral probability QA 0.7833 0.2167
Risk neutral probability QB 0.7526 0.2474

Table 4: The Q values in the mini-economy before arbitrage

It is straightforward to see that this constraint gives the value of 0.7833 for the new
probability, so that:

150 =
140× 0.7833 + 200× 0.2167

1 + 0.02
(9)

This new probability distribution (0.7833, 0.2167) is called the “risk-neutral prob-
ability” for company A. This new probability depends on company A, as its values
are extracted from the market calibrated to the quoted price (or value) of company
A. For this reason, it is denoted QA with the subscript A. The price 150 is now
a present value in a “QA-world”. The informational market equilibrium is written
here in the “dual” world using the probability QA in the asset pricing equation.

But, it could be argued, risk aversion has not vanished from the psychology of
investors. We can see that the risk aversion has been mathematically transferred
from the risk premium to the new probability distribution, from the denominator of
the present value to the numerator. In the QA-world, the risk aversion is present in
the new probability distribution.

In the case of company B, the same calculation would yield the following present
value equation:

66 =
50× 0.7526 + 120× 0.2474

1 + 0.02
(10)

The probability QB = (0.7526, 0.2474) resulting from risk neutral constraint on
company B is not the same as the probability QA = (0.7833, 0.2167) resulting from
risk neutral constraint on company A. Thus, the constraint of calculation with risk
neutrality leads to as many Q distributions as there are companies. In the mini-
model with two companies, we find two risk neutral probabilities QA and QB.

15



3.2.3 The uniqueness of Q after arbitrage

Again, one might argue, what is the point of calculating a present value that gives
the same result but with a different probability if, in addition, this probability
depends, like risk premiums and betas, on each company? The answer is given by
the transformation of prices after arbitrage. Once the market is arbitraged, the
probability Q becomes unique.

With the arbitraged price of company B, the present value calculation yields the
new present value equation:

63.89 =
50× 0.50 + 120× 0.50

1 + 0.3304
(11)

The rate of 33.04% is the discount rate used to equate the expected future values
and the quoted price in the arbitraged market.

If we now recalculate the probability QB from the equilibrium price of B af-
ter arbitrage, we find that QB (pessimistic scenario) = 0.7833 and QB (optimistic
scenario) = 0.2167, hence we get the following:

63.89 =
50× 0.7833 + 120× 0.2167

1 + 0.02
(12)

Let us recall thatQA (pessimistic scenario) = 0.7833 andQA (optimistic scenario)
= 0.2167. We observe that, after arbitrage, QA(ω) = QB(ω) for each scenario ω. Let
us denote Q the unique risk-neutral probability of the arbitrage-free economy. The
uniqueness of the probability Q derived from the arbitraged market is due to the
market is complete. This uniqueness allows both companies A and B to be valued
with the same discount rate, the risk-free rate. This is the “risk neutral valuation”
or “risk neutral pricing”. The uniqueness of the probability Q is closely linked
to the absence of arbitrage, the “no arbitrage condition” (“absence of arbitrage
opportunity”, AOA). The risk-neutral probability Q is the mathematical “natural
child” of the EMH.

The change in probability measure is the cornerstone of rational pricing. This cal-
culation technique is used to transform “real world” probability P into risk-neutral
probability Q. Once the uniqueness of Q is obtained after arbitrage if the market is
complete, all variables relevant to financial calculations (pricing, hedging, position
fixing etc.) are requantified. How this requantification works is the role of the state
price density L = Q/P , the mathematical operator which transforms the P -world
into the Q-world. We can see that moving from P to Q is equivalent to overweighting
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t = 0 Forecast values for t = 1
pessimistic optimistic

Real world probability P 0.5000 0.5000

150 Price of company A 140 200
63.89 Price of company B 50 120

Risk neutral probability QA = Q 0.7833 0.2167
Risk neutral probability QB = Q 0.7833 0.2167
State Price Density L 1.5666 0.4334

Table 5: The uniqueness of Q in the mini-economy after arbitrage

the pessimistic scenario by 0.7833/0.5000 = 1.5666. More generally, we can calcu-
late the ratios of the shift from the P -world to the Q-world for the probabilities
of each scenario: Q (pessimistic)/P (pessimistic) = 1.5666 and Q (optimistic)/P
(optimistic)= 0.4334. As L(ω) = Q(ω)/P (ω), we have L (pessimistic) = 1.5666 and
L (optimistic) = 0.4334. The mini-model allows to easily calculate the values of the
state price density.

Hence, the mini-model confronts the two quantifications of EMH provided by
the use of P and Q in the same very tangible and simple situation, with a stylized
elementary market moving towards equilibrium.

4 The alternative representations of EMH

Now that we have described the mini-model and the impact of arbitrage on prices,
we move on to the pricing of assets. A common definition of asset pricing is that
of Cochrane (2001, p. xiii): “asset pricing theory tries to understand the prices of
values of claims to uncertain payments” adding that “a low price implies a high rate
of return, so one can also think of the theory as explaining why some assets pay
high average returns than others”.

The alternative representations of EMH are alternative asset pricing methods
using a given discounting convention. We now elaborate on this.
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4.1 The three discounting conventions

At the most general level, a discount factor is just a variable that generates prices
from payoffs. It has been shown in Chiapello and Walter (2016) that three “dis-
counting conventions” have organized the history of financial pratices. The discount
factor has been transformed by the emergence of each discounting convention. The
mini-model allows to grasp the nature of these changes.

4.1.1 The actuarial convention

The first discounting convention is the “actuarial convention”. With this convention,
the present value is determined through a simple calculation: known cash flows were
discounted to present value using a constant interest rate. The discount factor is
deterministic.

As seen above in the present value equation (4), the share value 150 is generated
by the beliefs and the discounting of possible future values:

150 =
140× 0.50 + 200× 0.50

1 + 0.1333

We now rewrite this equation by highlighting the discount factor:

150 = 140× 1

1.1333
× 0.50 + 200× 1

1.1333
× 0.50

The quantity 1/1.1333 = 0.8824 is called the discount factor of company A. We
rewrite the previous relationship by making the discount factor visible:

150 = 140× 0.8824× 0.50 + 200× 0.8824× 0.50

The equilibrium price 150 is the mathematical conditional expectation of the payoff
given the information set, “discounted” using the discount factor 0.8824. In Fama’s
view (1970), this relation says that 150 “fully reflects” the available information on
A.

Doing the same thing with company B, we find:

63.89 = 50× 0.7517× 0.50 + 120× 0.7517× 0.50

The quantity 1/1.3304 = 0.7517 is the discount factor of company B.
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Now it is possible to write the price system with company-specific discount fac-
tors:{

150.00 = 140× 0.8824 × 0.5000 + 200× 0.8824 × 0.5000
63.89 = 50× 0.7517 × 0.5000 + 120× 0.7517 × 0.5000

(13)

This price system (13) reflects the EMH with company-specific risk-adjusted dis-
count factors: 0.8824 for company A and 0.7517 for company B.

4.1.2 The mean-variance convention

The price system (13) describes the EMH with company-specific risk-adjusted dis-
count factors. The issue is the choice or the calculation of the company-specific
discount factors. In most of cases, it is possible to choose a given discount factor
resulting from financial analysis of the company. While some idea of risk is empiri-
cally taken into account by the choice of a higher or lower discount rate, this risk is
not based on a statistical calculation in the first discounting convention.

The main interest of the second discounting convention is to allow to find a
discount factor including a risk level with the CAPM, a risk premium. In the
“mean-variance convention”, following Markowitz (1952), the risk is defined by the
variance (or its square root, the standard deviation). The level of the risk premium
is determined using the CAPM, which gives the level of the risk premium as a
linear relation to the beta coefficient. Under the second discounting convention, the
discount factor is no longer deterministic and becomes variable, since it depends on
the beta coefficient. As discount factors are given under CAPM, we will speak of
EMH-CAPM, a label which exemplifies the joint hypothesis problem.

Let us emphasise this point. The second discounting convention introduces a
new and extremely important idea for the financial practices: the relevant discount
rate for calculating a present value is related to the rate of return on a specific
portfolio known as the “mean-variance-optimal tangent” portfolio. This portfolio
has been considered equivalent to the “market” since Sharpe’s (1964) seminal paper.
Apart from the technicity of this concept, the new development is that valuation
is now associated with market equilibrium, paving the way for the “financialisation
of valuation” (Chiapello, 2015). In the second discounting convention, valuation
of any item requires a mean-variance optimal tangent portfolio, which in practice
means actors must keep up with an index. And conversely, any mean-variance
optimal tangent portfolio (or market index) becomes a possible instrument for asset
valuation. Hence the “market” needs a proxy representation in order to apply
the theoretical financial research to make practical real-life decisions. Serving as
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proxies is precisely the function of market indexes such as the Dow Jones Euro
Stoxx (DJEX).

However it is well known today that a lot of non-normality features (see Cont
2001, for example) invalidate the pure mean-variance (MV) framework. To take
account for this, researchers consider augmenting the classic MV optimisation with
higher order moments, namely skewness S and kurtosis K parameters for porfolio
selection, where skewness and kurtosis define the asymmetry and peakedness of
risk profile (see for example Jondeau and Rockinger 2006, Jurczenko and Maillet
2012). More precisely, kurtosis is the parameter which measures the tail thickness
of return distribution. This approach gives birth to a multi-moments approach to
risk, a generalised mean-variance-skewness-kurtosis (MVSK) framework. Including
S and K in the higher dimensional portfolio selection problem is a convenient way
to capture extreme risk, and it would be possible to sketch an EMH-MVSK model.
But with extreme risk, the exhibition of a simple Radon-Nikodyn measure L is
not easy (see Le Courtois and Xia Xu, 2023, for discussion and details). To not
overcomplicate the mini-model, we decide to not take account of the issue of asset
allocation with extreme risk and to stay in the MV framework of the mean-variance
convention (see Le Courtois and Walter, 2016, for an example of treatment of the
asset allocation problem with extreme risk).

Coming back to the mini-model in the mean-variance convention, to exhibit
the EMH-CAPM representation, we need to build a “mini CAPM”. To be able
to do this, we have to find an equivalent of the “market portfolio”, i.e. an index
representative of the two companies A and B, for example, with reference to the
DJ Euro Stoxx 50 (DJEX50), the “DJ Euro Stoxx 2” (DJEX2). The DJEX2 index
consists of a portfolio of only companies A and B, whose weights in the portfolio
are calculated using Markowitz mean-variance optimisation with the values for each
scenario. Let us denote wM

A and wM
B the weights of company A and company B in

the DJEX2. The weights wM
A and wM

B are the mean-variance-optimal weights of the
companies in the DJEX2 index. Following Sharpe’s CAPM, they represent their
“market capitalisation” in the mini-economy in the mini EMH-model. Using the
mini-model, we find wM

A = 0.7326 and wM
B = 0.2674 (details of calculation available

on request).

By applying these weights to the expected returns of A and B, it is easy to
deduce the Markowitz’ risk-return representation of the DJEX2 index :{

expected return = 18.60%
expected risk = 16.05%

(14)

The table 6 presents the mean-variance convention and the mini CAPM resulting
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Porfolio weights Market price of risk without higher moments
RISK

Expected Risk Expected Expected
A B return premium volatility beta

IE[.] π(.) σ β

Money market +2.00% 0 0.00% 0.00

Company A 1 0 +13.33% +11.33% 20.00% 0.68
Company B 0 1 +33.04% +31.04% 54.78% 1.87

DJEX2 0.7326 0.2574 +18.60% +16.60% 16.05% 1.00

Table 6: The mean-variance convention and the mini CAPM

from the model, the risk level being characterised only by the standard deviation
without any higher moment (S or K). Let us assume that the risk-free rate is 2%.
The risk premium of market index is 18.60%− 2% = 16.60%.

Now we have to find the betas of A and B in the mini-model, obtained from
the prices of 150 and 63.89 euros. A calculation with the mini-model yields for
company A the value of 0.68 and for B the value of 1.87, respectively. This means
that if the return on the DJEX 2 index increases by 1%, the return on company A
will increase by 0.68% and that on company B will increase by 1.87%. Company B
amplifies market movements, while company A dampens them. These fluctuations
are obviously related to the “MV-optimal market portfolio” of the CAPM. With
another market portfolio or a “MVSK-optimal market portfolio”, the values of the
betas would be different.

We can therefore write the EMH-CAPM in the mini-model with the beta equa-
tion as follows: {

13.33% = 2% + 0.68× (18.60%− 2%)
33.04% = 2% + 1.87× (18.60%− 2%)

(15)

This system is the exact Sharpe’s (1964) CAPM.We have now written the CAPM
in the mini-model, i.e. we have built a “mini CAPM”. There are only two equations
since there are only two companies.

4.1.3 The market consistent convention

As explained in Chiapello and Walter (2016), when a new convention arises, it does
not mean the disappearance of the old one. In the case of risk-neutral probability,
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the actuarial discoungting convention is still used with the new probability Q. The
share value 150 is generated by the beliefs and the discounting of possible future
values with the new probability and the risk-free rate, so that the present value
equation (4) becomes:

150 =
140× 0.7833 + 200× 0.2167

1 + 0.02

We now rewrite this equation by highlighting the discount factor:

150 = 140× 1

1.02
× 0.7833 + 200× 1

1.02
× 0.2167

The quantity 1/1.02 = 0.9804 is called the risk-free rate discount factor. We rewrite
the previous relationship by making the discount factor visible:

150.00 = 140× 0.9804× 0.7833 + 200× 0.9804× 0.2167 (16)

And the same calculation for company B.

Now it is possible to write the price system with risk-free rate discount factor, a
single discount factor for the two companies:{

150.00 = 140× 0.9804 × 0.7833 + 200× 0.9804 × 0.2167
63.89 = 50× 0.9804 × 0.7833 + 120× 0.9804 × 0.2167

(17)

The price system (17) reflects the EMH with risk-neutral probability Q and risk-free
rate for discounting, written EMH-Q.

In the previous cases, the discount factor was constant or variable but not ran-
dom. A natural generalisation of this framework is to view the discount factor as
stochastic, i.e. contingent on scenarios ω1 and ω2 or “states of the world”. The
discount factor, which in the second discounting convention only varied with the in-
vestments studied (i.e. the risk specific to each one, measured by the beta), has now
become random. “Stochastic discounting” replaces traditional discounting, whether
the discount rate used is given (under the first discounting convention) or results
from an equilibrium model such as the CAPM (under the second discounting con-
vention). This constitutes the third discounting convention named in Chiapello and
Walter (2016) the “market-consistent convention”.

The notion of the “stochastic discount factor” (SDF) was introduced by Duffie
(1996 [2016]). Within the general framework of stochastic discounting, the SDF
method provides a unified general approach to the econometric analysis of asset
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pricing models. The SDF expands the notions of variable but not random dis-
count factor and it is used to represent the pricing operator in dynamic stochastic
economies. The SDF is also termed the “deflator”, just as a traditional operation
deflates nominal values to real values. The SDF is the another terminology of the
“Market Pricing Kernel” (MPK) of Robert Lucas (1978). In financial litterature,
the terms MPK and SDF are considered interchangeable.

We now display the SDF in the mini-model. Let us denote α(ω) the SDF with
the ω state. The relation between the SDF and the state price density (SPD) is:

α(ω) =
L(ω)

1 + r
=

1

1 + r

Q(ω)

P (ω)
(18)

This means that, for a given state of the economy, the SDF is equal to the SPD
adjusted by the risk-free rate. It follows from (18) that:{

α (pessimistic) = 1.5359
α (optimistic) = 0.4248

(19)

Using the market pricing kernel, the price system at equilibrium is;{
150.00 = 140× 1.5359 × 0.5000 + 200× 0.4248 × 0.5000
63.89 = 50× 1.5359 × 0.5000 + 120× 0.4248 × 0.5000

(20)

The price system (20) reflects the EMH with MPK, written EMH-MPK.

4.2 Dialogue with the general equilibrium theory

We now engage in a dialogue with general equilibrium theory of Kenneth Arrow
(1964) and Gérard Debreu (1959) by highlighting the relationship between the EMH
and this theory. The idea of a complete market means that all financial products can
be replicated by a linear combination of elementary assets, as “elementary particles”
of all financial products, the so-called “Arrow-Debreu securities”. The value of the
discount factor for each different state of the market is the price of the Arrow-
Debreu security quantifying this particular state adjusted by the probability of the
state. For this reason, the completeness of the market and the uniqueness of the
risk-neutral probability Q are like two sides of the same coin, the game of fortune
in an arbitraged market, shadowed by the Arrow-Debreu securities.

For this purpose, we consider the market states (the two scenarios) as “states of
the world” in the sense of the general equilibrium model of Arrow and Debreu. We
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t = 0 Forecast values for t = 1
pessimistic optimistic

Real world probability P 0.5000 0.5000

1 Money market 1.02 1.02
150 Price of company A 140 200

63.89 Price of company B 50 120

Risk neutral probability Q 0.7833 0.2167

State price density L = Q/P 1.5667 0.4333
Market pricing kernel α 1.5359 0.4248

0.7680 Arrow-Debreu security (pessimistic) 1 0
0.2124 Arrow-Debreu security (optimistic) 0 1

Table 7: The market consistent convention and the mini EMH-model

now introduce the notion of Arrow-Debreu security. An Arrow-Debreu security, also
known as a pure security or a primitive asset, is a contract that pays one unit of cash
(a currency or commodity) if a particular state of affairs occurs at a particular time
in the future and pays zero cash in all other states. These fictional assets are the
fundamental elements on the basis of which economic equilibrium in an uncertain
environment is currently described.

In the static mini-model, let us note ekt for t = 0, 1 the price at date t of the ele-
mentary asset giving to its holder an income of 1 at date 1 if the event k =pessimistic
or optimistic occurs. It follows from the definition of an Arrow-Debreu security that
the prices of the Arrow-Debreu securities in the mini-model are:{

epessimistic
0 = Q(pessimistic)

1.02
= 0.7833

1.02
= 0.7680

eoptimistic
0 = Q(optimistic)

1.02
= 0.2167

1.02
= 0.2124

(21)

The table 7 summarizes these results.

If Debreu (1959) thought of his general equilibrium model as a formal abstraction
with no idea of being applicable in the “real world” and did not imagine that it
could be otherwise, the mathematisation of finance in the 1980s, what we call the
second quantification of finance, brought this abstraction into the daily professional
practice of financiers. Every day, real markets buy and sell Arrow-Debreu prices in
transactions based on risk-neutral pricing.

An intersting property of AOA in complete markets is that any income flow
from a risky security can be interpreted as a linear combination (weighted aver-
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age/portfolio) of the Arrow-Debreu securities. Hence, for the risky security A (resp.
B) at date t = 1, we have the pricing equation:

A0 = A1(pessimistic)× epessimistic
0 + A1(optimistic)× eoptimistic

0

It follows that:{
150.00 = 140 × 0.7680 + 200 × 0.2124
63.89 = 50 × 0.7680 + 120 × 0.2124

(22)

The price system (22) reflects the EMH with Arrow-Debreu securities, or EMH-AD.

Thus, the mini-model allows to illuminate the correspondence between the Arrow-
Debreu securities, the risk-neutral probability Q and EMH.

4.3 The representation formats of EMH

In a philosophical paper, Marion Vorms (2011) introduces the notion of representa-
tion format as follows.

quotation

4.3.1 The alternative representation formats

Using the mini-model, it is now possible to easily compare the representations of
EMH for the same price system (150.00, 63.89):

EMH-CAPM: First quantification of financial theory - Mean-variance representation{
150.00 = 140× 0.8824 × 0.5000 + 200× 0.8824 × 0.5000
63.89 = 50× 0.7517 × 0.5000 + 120× 0.7517 × 0.5000

(23)

EMH-Q: Second quantification of financial theory - Risk-Neutral pricing{
150.00 = 140× 0.9804 × 0.7833 + 200× 0.9804 × 0.2167
63.89 = 50× 0.9804 × 0.7833 + 120× 0.9804 × 0.2167

(24)

EMH-MPK: Market Pricing Kernel representation{
150.00 = 140× 1.5359 × 0.5000 + 200× 0.4248 × 0.5000
63.89 = 50× 1.5359 × 0.5000 + 120× 0.4248 × 0.5000

(25)
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EMH-AD: General Equilibrium theory{
150.00 = 140 × 0.7680 + 200 × 0.2124
63.89 = 50 × 0.7680 + 120 × 0.2124

(26)

Each mathematical structure of the model designs a specific representation of
EMH, which could be thought as a “representation format” (Vorms 2011).

4.3.2 Some reflections on the choice of representations

The use of the simplified mini-model allows one to easily understand how these
formats act as fictional representations of the financial “reality”, representations
that have had a significant importance for professional practices, because of the
performativity effect revealed in the impact of financial theories on the business
world, meaning that theories shape the real world (MacKenzie 2006). In this sense,
representation formats of financial models can be thought as “metaphors” (Mc-
Goun, 2003) and as “narratives” (Shiller 2019). They are also “explanatory fictions”
(Bokulich 2009), fictions that can explain in the sense that they are like helpful fic-
tions that make it possible to design a “useful framework” for practices, namely the
“P -world” for portfolio management and risk assessment, and the the “Q-world”
for asset pricing.

The epistemic contribution of the mini-model is that thus makes it possible to
better discover what is fictional in the EMH representations and how the fictions
act. The frameworks of real-world probability P and risk-neutral probability Q are
two equivalent fictions. To argue this is to support the idea that the probabilistic
framework of finance can be considered as a “game with the world” (Shafer and
Vovk 2001), a kind of Baudrillard’s hyperreality (Macintosh 2003) where “hyperreal”
finance means a finance which refers to nothing but itself (McGoun 1997). This
financial hyperreality raises the ethical issue of the financialisation of the economy.

Another issue important with the risk-neutral pricing is the performativity of
financial models (Callon 1998, MacKenzie 2006). The pricing machinery of SPD
“speaks” and what it “says” occurs, like a “speech act” (Austin 1962). Performa-
tivity raises the question: what kind of world do we want to see “spoken”? This
echoes the ethical issue of financialisation. The financialisation of the economy is a
phenomenon that has been both observed and decried for the last thirty years (Ep-
stein 2005). The process of financialisation of the economy has been described in
many ways: the growing influence of financial markets in the economic and financial
regulation of investments, banking disintermediation, the uncontrolled inventive-
ness of financial engineering, the growing weight of financial activities in the GDP
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of developed countries, etc. This process of financialisation brings with it methods
of problem analysis, calculation techniques and decision-making principles which,
originally created for a limited number of specific cases, have been generalised to
all human issues and activities (Chiapello 2015). Among calculation techniques are
the risk-neutral pricing methods. Chiapello and Walter (2016) show how the finan-
cialisation grew with the conceptual transition from the P -world of the 1960s to the
Q-world of the 1980s. A consequence of the shift to the second quantification is that
the mathematical machinery makes it possible to price any asset even in the ab-
sence of a market for that asset, extending the concept of AOA-“fair value” beyond
its original scope. This pricing machinery of financialisation has been named the
“financial Logos” (Walter, 2016). The financial Logos is a vector of financialisation.

Let us now consider the topic of green finance under the influence of financiali-
sation. Another key problem for today is the greening of post-crisis finance. Green
finance has become a key strategy for the financial industry in the wake of the 2008
financial crisis and understanding green finance becomes increasingly crucial (Jager
and Dziwok, 2024). Revelli and Walter (2024) have suggested that the risk-neutral
pricing could be at the origin of limitations of private green finance strategies, be-
cause of the financialisation of these strategies due to risk-neutral paradigm. The
Radon-Nikodyn operator could be thought as a “green-destroying operator” that
produces natural disasters. In this case, the switch from P to Q with the notion of
uniqueness of Q by AOA on complete markets could be seen as a trigger mechanism
for financialisation and an obstacle to the greening of finance.

5 Conclusion

The narrative of Q risk-neutral pricing has became pervasive in finance. The mini-
model can be thought as an conceptual help to understand the presence of this
narrative and the narrative itself. It sheds light on the issues related to the valuation
of financial assets with the risk-neutral pricing techniques, issues that are actually
more conceptual than mathematical. It raises the issue of what does it mean to
move from the real world to the risk-neutral world.

The three epistemic gains of the mini-model are the following. It enables “non-
quant” financial practitioners and non-specialists of stochastic calculus to under-
stand some of the epistemic difficulties of risk-neutral pricing and, in that sense, it is
epistemically valuable and pedagogically useful. It captures one of the most puzzling
conceptual aspects of risk-neutral pricing, the uniqueness of the risk-neutral proba-
bility Q in a complete arbitrage-free market. It allows one to grasp the signification
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of the Radon-Nikodyn function L without mathematical expertise, enlightening the
interplay between the two mathematical representations (P -world and Q-world) that
are used in day-to-day financial practices for financial valuation. At the end, the
mini-model paves the way for considering fethical issues related to the pervasive use
of the risk-neutral pricing methods.
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