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Integral action feedback design for conservative abstract
systems in the presence of input nonlinearities

Ling Ma, Vincent Andrieu, Daniele Astolfi, Mathieu Bajodek, Cheng-Zhong Xu and Xuyang Lou

Abstract— In this article, we present a stabilization feedback law
with integral action for conservative abstract linear systems sub-
jected to actuator nonlinearity. Based on the designed control law,
we first prove the well-posedness and global asymptotic stability
of the origin of the closed-loop system by constructing a weak
Lyapunov functional. Secondly, as an illustration, we apply the
results to a wave equation coupled with an ordinary differential
equation (ODE) at the boundary. Finally, we give the simulation
results to illustrate the effectiveness of our method.

Index Terms— Stabilization, integral action, nonlinear semi-
groups, abstract control systems.

I. INTRODUCTION

In recent years, there has been a growing emphasis on studying

the stabilization problem of infinite-dimensional systems subjected to

nonlinearities in control inputs. Such nonlinearities impose limitations

on actuators which is common in various physical systems and

can lead to undesirable outcomes if overlooked. Among the large

literature on this topic, we recall, in the context of stabilization,

the series of works [1]–[5]. In [1] and [3], the application of the

Lyapunov theory is the primary analytical approach for addressing

the stability aspects within the respective problems. In [4], the authors

transform the wave equation into a discrete-time dynamical system,

which allows for the analysis of the stabilization. Additionally, both

[2] and [5] tackle the stabilization problem of infinite-dimensional

systems by leveraging the dissipativity property. The problem of input

nonlinearities becomes however even more critical when an integral

action is added in the loop.

The use of integral action provide robustness tracking properties

and is well established in the context of infinite-dimensional systems,

see, e.g. [6]–[15]. The feedback design is typically based on a first

preliminary feedback ensuring stability of the controlled system, and

then a second feedback employing a integrator gain which has to be

chosen small enough. In this context, a lot of effort has been put in

characterizing a bound for the regulating gain. Such a characterization

has been done by employing transfer function approaches, e.g. [7],

[9], [16], [17], forwarding-Lyapunov based approaches, see, e.g. [13],

[14], [18], and more recently singular perturbations [15].

In this article, we study the use of integral action feedback

for abstract linear systems subject to input nonlinearities. Existing

methodologies (see, e.g. [15]–[17]) rely on the property that before

adding the integral gain, the controlled system needs to be already

open-loop stable or stabilized via a preliminary feedback. However,
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as explained in [14], the use of preliminary-feedback is unfeasible in

the case of bounded nonlinearity. The goal of this paper is therefore to

relax such an open-loop stability assumption and to consider a wider

class of systems for which integral-action controller can be employed.

To this end, we focus on abstract-linear systems in which the open-

loop dynamics is only conservative, but not necessarily asymptoti-

cally stable, and we propose a new feedback controller solving the

aforementioned problem. The solution is mainly inspired by the work

[19], which involves the use of weak Lyapunov functionals, and

the forwarding approach recently extended to infinite-dimensional

systems (see, e.g. [5], [10], [12], [15]).

The rest of this article is organized as follows. In Sections II-IV, we

examine the scenario of an abstract system and provide the general

sufficient conditions that enable us to introduce a control law solving

the stabilization of the origin problem. One crucial condition is that

the control operator is bounded. However, in Section V, we illustrate

through an example that the general approach developed in this article

allows to consider systems with boundary control (i.e. unbounded

control operators). This is demonstrated using the example of a wave

equation.

Notations. R denotes the set of real numbers and R+ = [0,∞).
| · | stands for the Euclidean norm, and I represents the identity

matrix. Given a Hilbert space X , we denote with IX the identity

operator. Let H1(0, 1) ⊂ L2(0, 1) be the Hilbert space of real-

valued, absolutely continuous functions defined over the interval

[0, 1], with square-integrable derivatives. Given two Hilbert space X1

and X2, L(X1,X2) represents the class of linear bounded operators

from X1 to X2, and L(X1) = L(X1,X1). Given an operator A on a

Hilbert space X , D(A) denotes its domain, A∗ its adjoint operator

and ρ(A) its resolvent set.

II. PROBLEM STATEMENT AND PRELIMINARIES

We define a Hilbert space X equipped with a scalar product 〈·, ·〉X
and the induced norm ‖ · ‖X . We focus on the following abstract

control framework:










d
dtx = Ax+ Bψ(u(t)),
d
dtz = Cx,

x(0) = x0, z(0) = z0,

(1)

where A : D(A) ⊂ X → X is a linear operator which is an

infinitesimal generator of a strongly continuous semigroup denoted

(etA)t≥0, B : R → X is a linear bounded operator, C : D(A) → R

is a linear A-bounded and admissible operator for A, i.e., the operator

C is A-admissible, x0 ∈ X , z0 ∈ R, and ψ : R → R is a function

satisfying the following definition.

Definition 1 The function ψ : R → R is a Lipschitz monotonic

nonlinearity if it satisfies the following properties

1) ψ(s) = 0 ⇔ s = 0;

2) ∃L > 0, |ψ(s1)− ψ(s2)| ≤ L|s1 − s2|, ∀(s1, s2) ∈ R
2;

3) (ψ(s1)− ψ(s2))(s1 − s2) ≥ 0, ∀(s1, s2) ∈ R
2.
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The main objective of this paper is to construct a feedback law with

the aim of ensuring the well-posedness of the system (1) and attaining

global asymptotic stability for the zero solution. It is noteworthy that

the system can be conceptualized as a cascade system, encompassing

both an infinite-dimensional component, possibly represented by

a partial differential equation (PDE), and an ordinary differential

equation (ODE).

A typical scenario in which such a system structure appears is often

the case of a closed-loop system with a control law that includes

integral action and saturation. The saturation case, for instance, has

been investigated in [14]. However, here we do not assume that

the operator A generates an exponentially stable semi-group. Thus,

when the control input is zero, the x component of the state doesn’t

necessarily go to zero. Additionally, since we do not necessarily

assume that the dynamics in z are controlled, we do not consider

the anti-windup method developed in the same article. Exploring

the incorporation of anti-windup action could be a subject for future

studies.

To begin, we make the following set of assumptions.

Assumption 1 The linear operator A : D(A) ⊂ X → X , with

domain D(A) dense in X , generates a C0-semigroup denoted by

(eAt)t≥0 and satisfies the following:

1) there exists a coercive self-adjoint positive operator P ∈ L(X )
such that

〈Ax,Px〉X + 〈x,PAx〉X ≤ 0; (2)

2) it is an invertible operator with A−1 belonging to L(X , D(A));
3) D(A) is compactly injected in X .

We remark even in the case in which the function ψ is linear,

invertibility of the operator A is a necessary condition for the

stabilizability of the system (1), as well established in the theory

of output regulation, see, e.g. [6], [9].

In the following, we use the state space Xe := X×R equipped with

the norm ‖(x, z)‖Xe = ‖x‖X +|z|. Denoting the state by ξ :=

(

x

z

)

,

the system described earlier in equation (1) can be expressed in a

more compact form as follows:

ξ̇ = Fξ + Gψ(u(t)), ξ(0) =

(

x0
z0

)

, (3)

where the operator F : D(F) → Xe and G in L(Xe) are defined as

F :=

(

A 0
C 0

)

, G :=

(

B
0

)

,

and D(F) = D(A) × R. According to [7, Lemma 1], we can

conclude that the operator F generates a C0-semigroup denoted by

(etF )t≥0.

III. CONTROLLER DESIGN

A. State feedback design

First of all, let M : X → R in L(X ,R) be defined by

Mx = CA−1
x, ∀x ∈ D(A). (4)

Note that by Assumption 1, the operator A−1 is in L(X ,D(A)).
Hence M is well-defined and since C is A-admissible, it yields that

M belongs to L(X ,R). Note also that

MAx = Cx, ∀x ∈ D(A). (5)

With the operator M and a positive real number µ > 0, the state

feedback controller is selected as follows:

u = Kξ, K =
(

−B∗P − µB∗M∗M µB∗M∗
)

, (6)

where P is defined in (2), and ξ is given by the compact form in

(3). As a consequence, the closed-loop system reads as follows:

d
dtξ = Fψξ, ξ(0) =

(

x0
z0

)

, (7)

where

Fψξ =

(

Ax+ Bψ(−B∗ (Px− µM∗(z −Mx)))
Cx

)

,

with the domain of operator Fψ given as

D(Fψ) := D(F) = D(A) × R. (8)

B. Well-posedness and stability

With the previously described control law and within the frame-

work of Assumption 1, it is possible to attain an initial result stating

that the closed-loop system is well-posed in the sense that a concept

of solution exists. Additionally, it is demonstrated that the zero

solution is globally stable in the Lyapunov sense.

Theorem 1 (Well-posedness and stability) Let ψ be a Lipschitz

bounded monotonic nonlinearity (see Definition 1). For any ξ0 ∈
Xe (resp. ξ0 ∈ D(Fψ)), there exists a unique mild (resp.

classical) solution denoted eFψtξ0 ∈ C0(R+;Xe) to (7) (resp.

C1(R+;Xe)
⋂

C0(R+;D(Fψ))). Moreover, the origin is stable. In

other words, there exists k > 0 such that for each ξ0 ∈ Xe,

‖eFψtξ0‖Xe ≤ k‖ξ0‖Xe , ∀t ≥ 0. (9)

The proof of this theorem is provided in Section IV-A. Its crucial

element is to demonstrate that the operator Fψ is an m-dissipative

operator for a specific Hilbert space, whose norm is equivalent to the

norm of the space Xe. Once this is established, the result on well-

posedness and stability follows by invoking the theory of nonlinear

semigroups on Hilbert space [20, Theorem 4.20] or [21, Theorem

3.1, page 54].

Note that even in the particular case in which ψ is linear, this

theorem does not appear to be written in the literature. Comparing it

with the article [10] and other works, there is no assumption that

the operator A is exponentially stable. Consequently, the control

law appears more intricate. For instance, it does not seem generally

feasible to employ a proportional control of the form u = −kiz with

a suitably chosen coefficient ki. Note that item 3) in Assumption 1

is an assumption that can be removed if ψ is linear. This one was not

introduced in [10] or [14], [15]. Indeed, such an assumption is needed

to allow the use of the Schauder fixed-point theorem and ensures the

so-called range condition for m-dissipative operators. Note that such

an assumption will be also invoked in the next theorem claiming

asymptotic stability of the origin when applying LaSalle arguments.

We can observe that an assumption of coercivity is imposed on

the operator P . Once again, this assumption stems from the fact that,

in demonstrating stability, we establish the m-dissipative nature of

the closed-loop operator. This characteristic is also pivotal in proving

the subsequent theorem. It remains an open question whether such a

result is attainable without relying on m-dissipativity (by employing

Datko-type arguments or strong Lyapunov functionals).

Also, it is not established that this control law guarantees asymp-

totic convergence of trajectories toward the origin. As we will see in

the following section, additional assumptions need to be introduced

to ensure that the solutions converge to the system’s origin.
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C. Asymptotic convergence result

In the proof of the preceding result, it was demonstrated that the

operator Fψ is m-dissipative. The natural question arises: is the

dissipated quantity sufficient to guarantee convergence towards the

origin of the system, thereby ensuring global asymptotic stability of

this equilibrium point? Drawing inspiration from the findings in [19],

we are aware that observability is a key property that can facilitate

such a property. The observability assumptions we propose for the

system are as follows.

Assumption 2 The following two conditions hold.

1) The condition CA−1B 6= 0 is satisfied.

2) The pair (A,B∗P) is approximately observable. In other words,

B∗PeAtx0 = 0,∀t ≥ 0 ⇒ x0 = 0.

The first condition is already introduced in Pohjolainen’s seminal

paper [6] concerning the addition of integral action. It is worth noting

that, in finite dimensions, this condition is a necessary requirement

for stabilization when the function ψ is linear. The second condition

is introduced to handle the control nonlinearity.

Theorem 2 (Asymptotic stability) Let Assumptions 1, 2 hold.

Then, the origin of the closed-loop system (7) with the control law

(6) is globally asymptotically stable. In other words, (9) is satisfied

and for each ξ0 in Xe and moreover

lim
t→+∞

‖eFψtξ0‖Xe = 0.

The proof of this theorem is postponed in Section IV-B. This one is

decomposed as follows. In the first step, it is shown that the output Kξ
is an approximately observable output for the semi-groups t 7→ eFt.

In the second step, it is shown that we can apply a LaSalle procedure.

IV. PROOFS

A. Proof of Theorem 1

In order to prove this result, we first establish that the operator Fψ
is a maximal dissipative operator with respect to a particular norm.

Lemma 1 Let the inner product 〈·, ·〉V be defined as

〈
( x1
z1

)

,
( x2
z2

)

〉V = 〈Px1, x2〉X

+ µ(z1 −Mx1)(z2 −Mx2), (10)

where P is defined in Point 1) of Assumption 1, µ is a positive scalar

and M is defined in (4). The norm ‖·‖V induced by this inner product

is equivalent to the usual norm ‖ · ‖Xe in Xe, i.e., there exists v > 0
and v > 0 such that

v‖ξ‖Xe ≤ ‖ξ‖V ≤ v̄‖ξ‖Xe . (11)

Proof: By using Cauchy-Schwarz inequality, we have

‖( xz )‖V ≤
(

‖P‖L(X )+2µ‖M‖2L(X ,R)

)

‖x‖2X +2µ|z|2 (12)

for any (x, z) ∈ Xe. Due to the coercive property of P , we have the

following inequality for a positive constant c > 0:

〈Px, x〉X ≥ c‖x‖2X . (13)

Additionally, we have the following inequality for every ǫ ∈ (0, 1)
and w1, w2 ∈ R:

|w1 −w2|
2 ≥ ǫ

(

1

2
|w1|

2 − |w2|
2
)

. (14)

Combining these two inequalities (13) and (14), we obtain the

following:

‖( xz )‖V ≥ c‖x‖2X + ǫµ

(

1

2
|z|2 − ‖M‖2L(X ,R)‖x‖

2
X

)

≥
(

c− ǫµ‖M‖2L(X ,R)

)

‖x‖2X +
ǫµ

2
|z|2. (15)

With (12) and (15), we can choose ǫ sufficiently small to have a

positive lower bound. Thus, we demonstrate the equivalence of the

norms ‖ · ‖Xe and ‖ · ‖V .

Proposition 1 The operator Fψ is m-dissipative with respect to the

scalar product 〈·, ·〉V , i.e., for each (ξ1, ξ2) in D(Fψ)
2, it yields

〈Fψ(ξ1)− Fψ(ξ2), ξ1 − ξ2〉V ≤ 0, (16)

and moreover the range condition is satisfied, i.e., for each λ > 0
and ξ ∈ Xe, there exists ξ̃ ∈ D(Fψ) such that

(λIXe −Fψ)ξ̃ = ξ. (17)

Proof: For the first part of the statement, let ξ1 = (x1, z1) and

ξ2 = (x2, z2) be in D(Fψ). We introduce x̃ = x1−x2, z̃ = z1−z2,

and ui = Kξi with i ∈ {1, 2} and K in (6). Using the inner product

defined by (10), we can compute 〈Fψ(ξ1) − Fψ(ξ2), ξ1 − ξ2〉V
following these steps:

〈Fψ(ξ1)− Fψ(ξ2), ξ1 − ξ2〉V

= 〈PAx̃+ PB (ψ(u1)− ψ(u2)) , x̃〉X

+ µ (Cx̃−M(Ax̃+ B(ψ(u1)− ψ(u2))) (z̃ −Mx̃)

= 〈PAx̃, x̃〉X + 〈(ψ(u1)− ψ(u2)) ,B
∗Px̃〉R

− µ (MB(ψ(u1)− ψ(u2))) (z̃ −Mx̃).

With the first point of Assumption 1, it implies

〈Fψ(ξ1)−Fψ(ξ2), ξ1 − ξ2〉V

≤ (ψ(u1)− ψ(u2))B
∗Px̃

− µ(ψ(u1)− ψ(u2))B
∗M∗(z̃ −Mx̃)

= −(ψ(u1)− ψ(u2))(−B∗Px̃+ µB∗M∗(z̃ −Mx̃))

= −(ψ(u1)− ψ(u2))(u1 − u2) ≤ 0.

For the range condition, consider (x, z) ∈ Xe, and for any positive

constant λ, we need to find (x̃, z̃) ∈ D(Fψ) = D(A)×R, such that

the following equations hold:
{

λx̃−Ax̃− Bψ
(

−B∗(Px̃− µM∗(z̃ −Mx̃))
)

= x,

λz̃ − Cx̃ = z.
(18)

Since A is assumed to be dissipative and invertible, as stated in

Assumption 1, it follows that the real parts of the eigenvalues of A
are non-negative, so any positive constant λ belongs to the resolvent

set ρ(A). Then the operator (λIX −A)−1 exists. From the first line,

one has

x̃ = (λIX −A)−1

×
[

[Bψ
(

B∗(−Px̃+ µM∗(z̃ −Mx̃))
)

+ x
]

. (19)

From the second line of (18), one has

z̃ = λ
−1(Cx̃+ z). (20)

Substituting (20) into (19), we obtain the following expression for x̃:

x̃ = (λIX −A)−1
[

Bψ(φ(x̃)) + x
]

, (21)
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where

φ(x̃) = B∗
(

− Px̃+ µM∗(λ−1(z −M(λIX −A)x̃))
)

, (22)

which implies that the first line of (18) can be expressed as an

equation that depends only on x̃ given the provided data x and z. To

establish the existence of a solution to the above equation (21), we

intend to utilize a fixed-point strategy. For this purpose, we define

N :

{

D(A) → D(A) ⊂ X ,

x̄ 7→ N (x̄),

where N is defined by

N (x̄)=(λIX −A)−1
[

Bψ(φ(x̄)) + x
]

. (23)

Once we prove the operator N admits at least one fixed point, we

have proved there exists a solution to (21). We consider the closed

ball B(x0; r) = {x0 ∈ D(A) : ‖Ax0‖X ≤ r}. In the following, we

need to prove that N (B(x0; r)) is included in a compact subset of

X . Then the Schauder fixed-point theorem [22, Theorem B.17] can

be applied. Note that for each x̄ ∈ B(x0; r), we have

‖N (x̄)‖D(A) ≤ ‖(λIX −A)−1B‖D(A)|ψ(φ(x̄))|

+ ‖(λIX −A)−1
x‖D(A). (24)

But, with Definition (1), we have for each x̄ ∈ B(x0; r)

|ψ(φ(x̄))| ≤ L|φ(x̄)|,

and we have

|φ(x̄)| ≤ ‖B∗‖L(R,X )‖P‖L(X )‖x̄‖X

+
µ

λ
‖B∗‖L(R,X )‖M

∗‖L(R,X )

×
(

|z|+ ‖M‖L(X ,R)(λ‖x̄‖X + ‖Ax̄‖X )
)

. (25)

However, since we have for all x̄ in D(A)

‖x̄‖X = ‖A−1Ax̄‖X ≤ ‖A−1‖L(X ,D(A))‖Ax̄‖X .

Consequently for each x̄ ∈ B(x0; r)

|φ(x̄)| ≤ ‖B∗‖L(R,X )‖P‖L(X )‖A
−1‖L(X ,D(A))r

+
µ

λ
‖B∗‖L(R,X )‖M

∗‖L(R,X )

×
(

|z|+ ‖M‖L(X ,R)(λr‖A
−1‖L(X ,D(A)) + r)

)

. (26)

Hence, for each x̄ ∈ B(x0; r), ‖N (x̄)‖D(A) ≤ N̄ , where N̄ is a

positive real number. Considering that D(A) is compactly injected in

X (as indicated in Item 3) of Assumption 1), we can use the Schauder

fixed-point theorem [22, Theorem B.17] to conclude that the operator

N admits a fixed point N (x̄) = x̄. In conclusion, operator Fψ is

maximal dissipative.

Proof of Theorem 1. With Proposition 1 we obtain that Fψ is m-

dissipative. From [20, Theorem 4.20], the operator Fψ generates a

strongly continuous semigroup of contractions on Xe denoted by

(eFψt)t≥0. With Lemma 1, it implies for each ξ0 in Xe for all

t ≥ 0

‖eFψtξ0‖Xe ≤
1

v
‖eFψtξ0‖V ≤

1

v
‖ξ0‖V ≤

v̄

v
‖ξ0‖Xe , (27)

and the result follows. �

B. Proof of Theorem 2

In order to prove Theorem 2, let us first introduce the following

lemma which states that for an invertible operator with approximately

observable output, the origin is the only solution which makes the

output constant in time.

Lemma 2 Assume Assumptions 1 and Point 2) in 2 hold. Let x0 be

in D(A), if there exists y0 in R such that

B∗PeAtx0 = y0, ∀t ≥ 0. (28)

Then x0 = 0 and y0 = 0.

Proof: Assume that there exists s ∈ R+, such that

x1 = e
As
x0 6= x0. (29)

Note that, for all t ≥ 0,

B∗PeAtx1 = B∗PeA(t+s)
x0 = y0 = B∗PeAtx0,

where the last two identities follow from (28). Hence, for all t ≥ 0,

it yields B∗PeAt(x1 − x0) = 0, with item 2) in Assumption 2,

it yields x1 = x0, which is a contradiction to (29). Hence, for all

s ∈ R+, eAsx0 = x0 holds. This gives (eAs−I)x0 = 0. Therefore,

if x0 is in the domain of A,

lim
s→0

(eAs − I)x0
s

= Ax0 = 0,

which by the invertibility of A as stated in Assumption 1, this implies

that x0 = 0 and consequently y0 = 0.

Employing this lemma, we can now show another lemma which

establishes that the operator K involved in the definition of the control

law (6) gives an approximately observable output for the linear semi-

group obtained when setting the input at zero.

Lemma 3 Let Assumptions 1, 2 hold. Then, for any µ > 0, the pair

(F ,K) is approximately observable, where F and K are given by (3)

and (6), respectively.

Proof: Let ξ0 =

(

x0
z0

)

be in D(F) and assume that

KeFtξ0 = 0, ∀t ≥ 0. (30)

We need to show that ξ0 = 0. Note that since C is admissible for all

t ≥ 0, we can write

e
Ft
ξ0 =

[

eAtx0

z0 +
∫ t

0 CeAsx0ds

]

. (31)

According to equation (31), it gives that

KeFtξ0 =
(

−B∗P − µB∗M∗M
)

e
At
x0

+ µB∗M∗

(

z0 +

∫ t

0
CeAsx0ds

)

.

By reorganizing the term, it yields the expression

KeFtξ0 = µB∗M∗
z0 − B∗PeAtx0 − µB∗M∗

ϕ(t, x0),

where

ϕ(t, x0) =

(

Me
At −

∫ t

0
CeAsds

)

x0.

Note that x0 is in D(A) hence t 7→ ϕ(t, x0) is a C1(R;R). Also,

for all t in R+, we have

d
dtϕ(t, x0) = CA−1AeAtx0 − CeAtx0 = 0.
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Consequently, ϕ is a constant function of time and

ϕ(t, x0) = ϕ(0, x0) = Mx0.

It yields that

KeFtξ0 = −B∗PeAtx0 − µB∗M∗Mx0 + µB∗M∗
z0 = 0,

or,

B∗PeAtx0 = −µB∗M∗Mx0 + µB∗M∗
z0 = (constant). (32)

Based on Lemma 2, we get x0 = 0 and −µB∗M∗Mx0 +
µB∗M∗z0 = 0. Then, with Point 1) in Assumption 2 B∗M∗ =
(CA−1B)∗ 6= 0, the remaining term µB∗M∗z0 = 0 in (32) ensures

z0 = 0. In summary, (30) implies ξ0 = 0 and we can conclude that

the pair (F ,K) is approximately observable.

Proof of Theorem 2. Even if the proof is not written exactly in [19],

we can follow similar steps used in the proof of [19, Theorem 7.1]

to obtain the desired result. With Proposition 1, Fψ is m-dissipative

with respect to the norm 〈·, ·〉V . As in the proof [19, Theorem 7.1],

since ψ is Lipschitz (see Definition 1 Point 2))and the operator A
has a compact resolvent (Assumption 1 ), it is possible to show that

the operator (λFψ +I)−1 is compact for all λ > 0. Moreover, since

we have

〈ξ,Fψξ〉V ≤ −ψ(Kξ)Kξ ≤ 0, (33)

for each ξ0 in D(Fψ), [19, Theorem 6.1] implies that there exist

R ≥ 0 and a compact subset Ω of D(Fψ) ∩ {ξ, 〈ξ,Fψξ〉V = R}

such that t 7→ eFψtξ0 approaches Ω as t→ +∞ and Ω is positively

invariant for the flow eFψt. Hence, (33) implies that for all ξ̃0 in Ω,

ψ(KeFψtξ̃0)Ke
Fψtξ̃0 = 0 for all t ≥ 0. However, with item 1) in

Definition 1, it implies that KeFψtξ̃0 = 0, for all t ≥ 0. In this case,

it implies that

d
dte

Fψtξ̃0 = FeFψtξ̃0 + Gψ(KeFψtξ̃0),

= FeFψtξ̃0. (34)

Solution generated by F being unique, it implies

e
Fψtξ̃0 = e

Ft
ξ̃0,∀t ≥ 0,

and so,

KeFtξ̃0 = 0, ∀t ≥ 0.

Since by Lemma 3, the pair (F ,K) is approximately observable, it

implies ξ̃0 = 0. Hence, Ω = 0. Consequently solution initiated from

D(Fψ) converges to zero. Following the proof of [19, Theorem 7.1],

since D(Fψ) is dense in Xe, the same convergence results holds for

weak solutions initialized outside D(Fψ). �

V. GENERAL METHOD AND EXAMPLE OF WAVE EQUATION

COUPLED WITH AN ODE AT THE BOUNDARY

A. The general approach

The preceding section demonstrated the feasibility of designing a

control law for a coupled system in which the control operator (i.e., B
in (1)) is bounded. In this section, we illustrate that the same control

strategy can be applied in the case of boundary control, i.e. when

the control operator is unbounded. Thus, we demonstrate, through an

example of a wave equation, that the method is effective in a broader

class of system then the one covered by Theorem 2. A more precise

theorem could be written following [23] but to ease the reading we

propose here only a general methodology highlighting the main steps

to be followed.

The approach that has been developed to address the control

objective can be summarized as follows:

Step 1: Show dissipativity of the distributed parameter part of the

open loop system via a coercive Lyapunov functional, as

shown in Assumption 1.

Step 2: Construction of the operator M such that along (smooth)

solution to (1) the time function M(t) = Mx(t) satisfies

Ṁ(t) = ż(t) +mψ(u(t)),

for some real number m 6= 0. Note that in the abstract

formulation m is simply the real number CA−1B and we

recognize equation (5) and the first item of Assumption 2.

Step 3: Construction of the control law depending on the Lyapunov

functional of Step 1 and M from Step 2.

Step 4: Show m-dissipativity for the closed loop system.

Step 5: Show the observability condition and convergence.

B. The system description

Similar to what is done in [1], consider the following wave equation

with nonlinear control action at the boundary:


















ytt(x, t) = yxx(x, t), (t, x) ∈ R+ × [0, 1],

y(0, t) = 0, t ∈ R+,

yx(1, t) = ψ(u(t)), t ∈ R+,

y(x, 0) = y0(x), yt(x, 0) = yt0(x), x ∈ [0, 1]
(35)

where (y0, yt0) is the initial condition which belongs to the Hilbert

space X = H1
0(0, 1) × L2(0, 1), and ψ is a monotonic Lipschitz

nonlinearity satisfying Definition 1. It has been shown in [1] that

it is possible to design a state feedback that ensures asymptotic

stabilization of the zero solution. In our context, we add an integral

action to the former equation:
{

ż(t) = y(1, t), t ∈ R+,

z(0) = z0,
(36)

for some initial condition z0 in R. We aim to design a stabilizing

control law for the coupled system (35)-(36) in the state space Xe =
X × R.

It can be noticed that when u(t) = 0 for all t, there exist solutions

t 7→ y(·, t) to the distributed parameter system (35) which are not

converging to zero. Note for instance that

y(x, t) = sin
(π

2
x
)

cos
(π

2
t
)

,

yt(x, t) = −
π

2
sin
(

π

2
x
)

sin
(

π

2
t
)

,

is a smooth solution to the y part of the equation for some particular

(y0, yt0) which doesn’t converge to zero. This shows that the

system cannot be decomposed as an exponentially stable part and an

integrator. For these reasons, the approach presented in [14] cannot

be employed.

C. A dissipative system (Step 1)

It is well known that the wave equation has a dissipativity property.

This has been employed for instance in [1] to design saturating

control laws. For instance, if one considers the following energy

function,

E(t) =
1

2

∫ 1

0
y
2
t (x, t) + y

2
x(x, t)dx, (37)

is well defined and C1 as long as t 7→ {x 7→ (y(x, t), yt(x, t))}
belongs to C1(R+;X ). Along a C1 solution to (35) its time

derivative satisfies

d
dtE(t) =

∫ 1

0
yt(x, t)yxx(x, t) + yx(x, t)yxt(x, t)dx. (38)
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Hence with an integration by parts,

d
dtE(t) = [yx(x, t)yt(x, t)]

1
0

= ψ(u(t))yt(1, t)− yx(0, t)yt(0, t).

Since y(0, t) = 0 for all t, it implies yt(0, t) = 0 and

d
dtE(t) = ψ(u(t))yt(1, t). (39)

Consequently when u(t) = 0 for all t, the time function t 7→ E(t) is

constant along C1 solution. Since moreover, one can find the positive

constants ē > e > 0 such that for all t,

e
(

‖y(·, t)‖H1
0 (0,1)

+ ‖y(·, t)‖L2(0,1)

)

≤ E(t) ≤

ē
(

‖y(·, t)‖
H1

0 (0,1)
+ ‖y(·, t)‖L2(0,1)

)

.

We get the well known dissipativity property for the wave equation.

D. Construction of the control law (Steps 2 and 3)

Let t 7→ ξ(t) = (y(·, t), yt(·, t), z(t)) be a solution to (35)-(36)

which belongs to C1(R+;Xe) for a particular t 7→ u(t). Following

what was done in the former section, we consider the time function

M : R+ 7→ R defined as

M(t) = −

∫ 1

0
xyt(x, t)dx,

which is well defined and C1. Its time derivative satisfies

d
dtM(t) = −

∫ 1

0
xyxx(x, t)dx

=

∫ 1

0
yx(x, t)dx− [xyx(x, t)]

1
0

= y(1, t)− y(0, t)− ψ(u(t))

= ż(t)− ψ(u(t)).

Hence, a candidate Lyapunov functional is simply

V (t) = E(t) +
µ

2
(z(t)−M(t))2, (40)

with a positive scalar µ. Indeed, this one satisfies

v‖ξ(t)‖Xe ≤ V (t) ≤ v̄‖ξ(t)‖Xe , (41)

for some positive real numbers v and v̄ which don’t depend on the

considered solution t 7→ ξ(t). Moreover,

d
dtV (t) = ψ(u(t)) [yt(1, t) + µ(z(t)−M(t))] ,

and a candidate boundary control law is then

u(t) = −yt(1, t)− µz(t)− µ

∫ 1

0
xyt(x, t)dx, (42)

since

V̇ (t) ≤ −u(t)ψ(u(t)) ≤ 0 . (43)

E. Convergence result (Steps 4 and 5)

It is now possible to show that with the boundary controller (42),

global asymptotic stability is obtained. Note that system (35)-(36)-

(42) can be written in the compact form

ξ̇ = Fψξ, (44)

where Fψ : D(Fψ)→Xe is defined by Fψ









a

b

c







=





b

axx
a(1)



 , with

the (nonlinear) domain

D(Fψ) =

{

H
2(0, 1)×H

1(0, 1)× R :

a(0) = 0, b(0) = 0,

ax(1) = ψ

(

−b(1)− µc− µ

∫ 1

0
xb(x)dx

)}

. (45)

Theorem 3 The origin of the system (35)-(36) with the control law

(42) (or system (44)-(45)) is globally asymptotically stable in the

Hilbert space Xe. More precisely, for each initial condition ξ0 =
(y0, yt0, z0) which belongs to D(Fψ), there exist a unique (strong)

solution t 7→ ξ(t) = (y(·, t), yt(·, t), z(t)) in C1(R+;Xe) and a

positive real number k such that

‖ξ(t)‖Xe ≤ k‖ξ0‖Xe , lim
t→+∞

‖ξ(t)‖Xe = 0. (46)

Proof: Fψ is dissipative in a particular Hilbert space.

Consider the inner product :

〈ξ1, ξ2〉V =

∫ 1

0
a1x(x)a2x(x) + b1(x)b2(x)dx+

µ

(

c1 +

∫ 1

0
xb1(x)dx

)(

c2 +

∫ 1

0
xb2(x)dx

)

. (47)

It can be checked that for all (ξ1, ξ2) in D(Fψ)
2

〈ξ1 − ξ2,Fψξ1 −Fψξ2〉V =

∫ 1

0
ãx(x)b̃x(x)+ b̃(x)ãxx(x)dx+

µ

(

c̃+

∫ 1

0
xb̃(x)dx

)(

ã(1) +

∫ 1

0
xãxx(x)dx

)

, (48)

where ã = a1−a2, b̃ = b1−b2 and c̃ = c1−c2. With an integration

by parts, it yields,

〈ξ1 − ξ2,Fψξ1 −Fψξ2〉V = [ãx(x)b̃(x)]
1
0+

µ

(

c̃+

∫ 1

0
xb̃(x)dx

)

(

ã(1)− ã(1) + ã(0) + [xãx(x)]
1
0

)

. (49)

Hence,

〈ξ1 − ξ2,Fψξ1 −Fψξ2〉V

= ãx(1)

[

b̃(1) + µc̃+ µ

∫ 1

0
xb̃(x)dx

]

, (50)

which gives,

〈ξ1 − ξ2,Fψξ1 −Fψξ2〉V

= (ψ(u1)− ψ(u2))(u2 − u1) ≤ 0. (51)

Hence Fψ is a dissipative operator in Hilbert space induced by the

scalar product V .

About the range condition. Let (ā, b̄, c̄) be in Xe = H1
0 (0, 1) ×

L2(0, 1) × R. We are looking for a triplet (a, b, c) in D(Fψ) such

that

Fψ









a

b

c







− λ





a

b

c



 =





ā

b̄

c̄



 ,
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for all λ > 0. More precisely, we are looking for (a, b, c) in

H2(0, 1)×H1(0, 1) × R solution to the following equations

b− λa = ā, axx − λb = b̄, a(1)− λc = c̄, (52)

a(0) = 0, b(0) = 0, ax(1) = ψ(u), (53)

where

u = −b(1)− µc− µ

∫ 1

0
xb(x)dx.

This gives

axx − λ
2
a = b̄+ λā, (54)

and

u = −
µ+ λ2

λ
a(1)− µλ

∫ 1

0
xa(x)dx

+
µ

λ
c̄− ā(1)− µ

∫ 1

0
xā(x)dx. (55)

By integrating (54) with a(0) = 0 in (53), it yields

[

a(x)
ax(x)

]

= exp(Sx)

[

0
ax(0)

]

+

∫ x

0
exp(S(x− s))

[

0
b̄(s) + λā(s)

]

ds, (56)

where

S =

[

0 1

λ2 0

]

.

Consequently,

u = α0ax(0) + β0, ax(1) = α1ax(0) + β1,

for some real numbers (β0, β1), which depends on (λ, ā, b̄, c̄) and

where

α0 =
[

1 0
]

[

−
µ+ λ2

λ
exp(S)− µλ

∫ 1

0
x exp(Sx)dx

]

[

0
1

]

,

α1 =
[

0 1
]

exp(S)

[

0
1

]

.

With an integration by parts, it yields

α0 =
[

1 0
]

[

(

−
µ+ λ2

λ
I + λµS

−2 − λµS
−1
)

exp(S)

− λµS
−2
]

[

0
1

]

.

Note that since S2 = λ2 I, it yields

α0 =
[

1 0
]

[(

−λI − λµS
−1
)

exp(S)−
µ

λ

]

[

0
1

]

. (57)

Note that it can be checked that α0 < 0 and α1 > 0 for any λ > 0.

The function ψ being monotonic and odd, it yields

lim
r→+∞

α1r + β1 − ψ(α0r + β0) = +∞,

lim
r→−∞

α1r + β1 − ψ(α0r + β0) = −∞.

Hence, for any (ā, b̄, c̄) and λ > 0, there always exists ax(0) such

that ax(1) = ψ(u). Hence, the function a obtained from (56), and

(b, c) = (ā+λa,
a(1)−c̄
λ ) satisfy (52) and (53) and the triple (a, b, c)

belongs to D(Fψ). Consequently, the range condition holds.

Since the operator is m-dissipative, with [21, Theorem 3.1, page

54] there exists a semi-group of contraction t 7→ eFψt such that for

each ξ in D(Fψ), ξ(t) = eFψtξ is a solution to (44) which belongs

to C1(R+;Xe) and such that

‖eFψtξ‖V ≤ ‖ξ‖V , ‖Fψe
Fψtξ‖V ≤ ‖ξ‖V . (58)

(a) Solution y(x, t).
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(b) ‖y(x, t)‖L2(0,1).
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(c) Evolution of z(t).
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(d) u(t) (red) and ψ(u(t)) (blue).

Fig. 1: The transient dynamics of wave equation (35)-(36) under the

controller (42).

About the observability condition. The next step of the procedure

is to look at the observability condition. Since V is a Lyapunov

functional which satisfies equation (43), we need to show that

eFψtξ = 0 is the only solution which satisfies

0 = u(t) = −yt(1, t)− µz(t)− µ

∫ 1

0
xyt(x, t)dx, ∀t ≥ 0. (59)

But looking at the time derivative of the former expression, this

implies

z
(3)(t) = ytt(1, t) = 0.

But since with (58), z(t) is bounded, it implies yt(1, t) = 0 for all

t ≥ 0.

So we are looking for the solution to






























ytt(x, t) = yxx(x, t), (t, x) ∈ R+ × [0, 1],

y(0, t) = 0, t ∈ R+,

yx(1, t) = 0, t ∈ R+,

yt(1, t) = 0, t ∈ R+,

y(x, 0) = y0(x), yt(x, 0) = yt0(x), x ∈ [0, 1],

which we know is only 0. This implies that z(t) = 0 for all t ≥ 0.

Convergence. The right hand side of (58) implies the existence of

c > 0 such that

‖yt(·, t)‖L2(0,1) + ‖yxx(·, t)‖L2(0,1) + |z(t)| < c.

This implies precompactness of the trajectory and allows one to

conclude global asymptotic stability employing standard argument

(see [19]).

F. Simulation results

To assess the effectiveness of the proposed control law (42), we

present the simulation results below. We consider the initial condition

y0(x) = x, yt0(x) = 0 and z0 = 0 in (35) and (36). The controller

parameter µ = 0.3 in (42). The nonlinear function ψ is a saturation

function of level L = 0.2. The numerical simulations are conducted

using a finite difference method with a step size of 0.002 for both

space and time.

Fig. 1a and 1b depict the temporal evolution of the solution y(x, t).
Fig. 1b specifically represents the norm of y(x, t). Moreover, Fig. 1c
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(a) Evolution of z(t).
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(c) Evolution of u(t).
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(d) Evolution of ψ(u(t)).

Fig. 2: Comparison results with different µ.

shows the convergence of z(t) to zero. These visualizations provide

evidence of the solution’s convergence to its trivial equilibrium state.

It emphasizes the asymptotic stability assessed in Theorem 3, i.e.,

an extension of Theorem 2 in the case of the wave equation with

boundary control. Lastly, Fig. 1d illustrates the evolution of u(t) and

ψ(u(t)) under the influence of the saturation with L = 0.2. Despite

activation of the saturation between about 1.5 s and 3.4 s, stabilization

is achieved.

We conduct a series of simulations, as illustrated in Fig. 2, to

evaluate the impact of different controller parameter µ, The results

presented in Fig. 2a reveal that higher values of µ induce apparent

undershooting in the state z(t). Moreover, in Fig. 2b, oscillations

in the norm of the state y(x, t) are observed with increasing µ,

particularly noticeable when µ = 0.6 in the time interval about

t = 7 − 12 s, exhibiting more pronounced vibrational behavior

compared to other scenarios. Examining Fig. 2c, it is evident that

an increase in µ is associated with a rise in the control force u(t)
as defined in (42) at t = 2 s. Additionally, as depicted in Fig. 2d,

larger values of µ result in greater values of ψ(u(t)). These results

emphasize the diverse effects of µ on both state responses and control

behavior.

VI. CONCLUSION

In this article, we demonstrated how it is possible to design

an integral action for a partial differential equation system subject

to nonlinearity of the actuator. This approach is made feasible

through the use of weak Lyapunov functionals and forwarding-based

approaches, revealing an approximate observability equation. The

major challenge lies in the fact that, in this case, the distributed

parameter system is not assumed to be exponentially stable in open-

loop. This implies that a simple proportional control cannot solve the

problem. The use of a more complex control, albeit at the cost of

assuming the invertibility of the infinite-dimensional operator, allows

us to address the issue.

As future perspectives, it would be interesting to study new

stabilization feedback in the presence of of multiple integral actions

and input nonlinearities following the so-called nested-saturation

approach [24], [25], and possibly for unstable abstract systems. In

this second case, similarly to the finite-dimensional case [26], we

believe that regional results and a detailed characterization of the

domain of attraction should be carefully studied.
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