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From microscopic to macroscopic scale dynamics: mean field,
hydrodynamic and graph limits

Thierry Paul* Emmanuel Trélat!

Abstract

Considering deterministic finite particle systems, we elaborate on various ways to pass
to the limit as the number of agents tends to infinity, either by mean field limit, deriving
the Vlasov equation, or by hydrodynamic or graph limit, obtaining the Euler equation. We
provide convergence estimates. We also show how to pass from Liouville to Vlasov or to Euler
by taking adequate moments. Our results encompass and generalize a number of known results
of the literature.
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1 Introduction

1.1 Setting

Multi-agent collective models have regained an increasing interest over the last years, due in partic-
ular to their connections with mean field and continuum / graph limit equations. At the microscopic
scale, such models consist of considering particles or agents evolving according to the dynamics

N
G0 =5 D ONGED.E0), e {1 N, o

for some (large) number of agents N € IN* where, for every i € {1,...,N}, &(t) € R? (for
some d € IN*) stands for various parameters describing the behavior of the i*" agent and va\j( :
R x R? x R — R? is a mapping modeling the interaction between the i*" and j™ agents. Note
that, here and throughout the paper, we focus on deterministic systems.

Dynamics of the form (1) are used in a wide range of very different problems, ranging from
the study of flocking and swarming in biology, of modeling traffic flows, to dynamics evolution in
social sciences, in quantum systems, in fluid mechanics (see, e.g., [2, 4, 7, 17, 18, 21, 24, 35, 38, 42,

, b0, 57, 75, 76], just to mention a few of a vast literature).

Among classes of multi-agent systems, we point out the Hegselmann—Krause (opinion propa-
gation) systems (see [42]) that have the striking property of exhibiting features nowadays grouped
under the common denomination of self-organization: their large-time asymptotic behavior shows
consensus phenomena, namely an alignment of all values &;(¢) to a single one. These models
correspond to Gf\j[(t, &,€5) = 0i(& — &), i.e., their dynamics is

) 1 Y
&i(t) = N Z 05 (&) — &(t)) (2)

where (0;)1<i j<n is a N-by-N matrix whose spectral properties may cause the above-mentioned
asymptotic behavior.

The large N limit of systems (1), (2) has been extensively studied over the last years. In [55]
the author shows how to pass to the continuum limit in nonlocally coupled dynamical networks
by using the concept of graph limit. This concept has also been used recently in [28] to obtain
discrete-to-continuum convergence results with error estimates in the Wasserstein distance. We
also mention the recent articles [5, 8, 13, 44]. In a nutshell, the graph limit allows one to pass
to the limit from the general system of agents (1) to an integro-differential equation, which we
call continuum / graph limit equation, by interpreting the right-hand side of (1) as a Riemann
sum. Then, obtaining the limit equation is seen as passing to the limit in a Riemann sum and
thus obtaining a continuous integral. This is what has been done in [5, 8, 14] for the opinion
propagation model G(t,z,2',&,¢') = o(z,2') (&' — &), leading to the graph limit equation

ot.o) = [ ole.a)olt,') it ) &
Q
where o(x;,x;) = 0;; for some points z; € .

Another important class of systems (1) concerns particles & = (p;,qi) € R? x RY, either
Hamiltonian in which case G may take the form

666 = (vr_,) ®)



for some potential V', or of Cucker-Smale type in which case we have

bi
66:6)= (s o/, 1) @
for some influence function a.

The difference between general systems (1) and the particular systems (3) and (4) is that for
the latter the mapping G;; does not depend on 7 and j, that is on the “labels” of the agents.
A consequence is that, in the usual literature, the associated evolution equation preserves the
indistinguishability of the particles, a feature often considered as fundamental for the large N
limit of particle systems. One of the objectives of the present article is to show how to extend
the standard mean field methods to the non-indistinguishable setting, simply by endowing to the
index 7 the status of a parameter, treated as a new state variable of zero dynamics.

The systematic study of large N limit of particle systems has a long and glorious history,
starting with Hartree (see [10]) in the late 20’s for quantum systems, and then Vlasov in the 40’s
(see [79]) who derived the eponymous kinetic equation (here, we present it in a form suitable for
our purposes), called Viasov equation,

e+ dive(Xulpe) =0 with  X[)©) = [ G(E¢)aue). (5)

There are two classical ways for deriving (5). A first consists of using the concept of empirical
measure £1§(§) = Z@Z\; 0(€ — &(t)), which is a solution for (5), and then of taking the mean
field limit. A second consists of using marginals of the solution of the Liouville equation associated
to the particle system, namely the equation satisfied by the pushforward of probability measures
on R™ under the flow generated by the particle system. In the latter case one shows that the
first marginal of this pushforward, which is a probability measure on R?¢, satisfies at the limit
N — +oo the Vlasov equation (5). The last step of this process, called the hydrodynamic limit,
starts from the observation that (5) preserves the structure p:(€) = pi(q,p) = v(t,9)d(p — y(t,q))
leading to the so-called Euler system of equations satisfied by the pair (v,y).

One of the main steps in the developments of the present article is to highlight that, after having
derived the Vlasov equation associated to (1) thanks to the trick consisting of parametrizing the
status of the index i as already mentioned, the associated Euler equation (not a system anymore
because the extra dynamical variables ¢ remain at rest and thus give no kinetic part in the Euler
system) coincides with the continuum / graph limit equation associated to (1) — a nontrivial fact,
even at the conceptual level as discussed in Section 5.5 of the paper.

This article is devoted to unifying and generalizing, to some extent, the classical ways to pass
to the limit in families of finite particle systems. The mean field limit, even for distinguishable
particles, leads to the Vlasov equation. The hydrodynamic limit leads to the Euler equation.
The Liouville equation is a lift of the particle system in a space of probability measures. We
analyze in detail the various relationships between particle system, Vlasov, Liouville and Euler
equations, showing how to pass from one to another and deriving, under appropriate assumptions,
some general convergence estimates. While some of the results are classical (or straightforward
extensions of known results), most of them are new and we hope that the overall study may serve
to unify different viewpoints.

Let us point out a difference of methodology between the present paper and several previous
works concerning the case of indistinguishable particles: we do not estimate propagation of cou-
plings but we rather use direct estimates of the particles and Vlasov flows thanks to the use of a
convenient Wasserstein distance. This allows us to obtain, as a by-product of our main results,
quantitative mean field limits for more general vector fields than in (3) and (4).



1.2 Microscopic viewpoint: family of particle systems

Let d € IN* be fixed. Throughout the paper, we consider an arbitrary norm || - || on R%. At the
microscopic level, given any N € IN*, we consider a system of N interacting “particles” or “agents”
EN(t) € RY, called the particle system (or multiagent system), of dynamics

N
= LGN (W), ie{l... N} (6)

Jj=1

where Gi\j ‘R x RY x R? — R? stands for the interaction between the particles i and j. The dot

stands for the time derivative. The most usual case, widely treated in the existing literature, is

when Gﬁg = G in this case, the particles are indistinguishable (or, exchangeable in the probabilistic

language), reflecting the fact that the dynamics are invariant under permutations of the £&. We

show here that there is no difficulty to treat the more general situation where the particles are

distinguishable and the interactions depend on the agents. In (6), Gﬁ\; depends on i, j, N.
Throughout the paper, we make the following crucial assumption:

(G) There exist a complete metric space (€2,dq) and a continuous mapping

G RxOxOxRxRY — R
(t,$,$l,€,§/) = G(t7$,$/7f,§/)

locally Lipschitz with respect to (£,¢’) uniformly with respect to (¢, z,x’) on any compact
subset of R x Q x €2, such that, for every N € IN*, there exist z2',... 2% in Q such that

G(t,zN, 2V, 6¢) =GNt ¢¢) vieR VL& eR?  Vije{l,....N}. (7)

Under Assumption (G), for every N € IN* the particle system (6) is equivalently written as

i (t) =0

N
f%Z o) 0. 0), i€l N) o

The variables z¥ € Q are parameters, and a usual way to treat parameters in differential equations
is to treat them as state variables whose dynamics are zero, whence the dynamics ¥ (£) = 0 above.
For each index 4, the variable x)¥ can be seen as the “label” (type, name, color) of the agent i,
used to distinguish it from the others.

Assumption (G) (in particular, (7)) is a kind a continuous interpolation of the mappings Gﬁ\;
The continuity assumption includes the idea of the existence of a limit system as N — +oo. In
some sense, this assumption is unavoidable: indeed, if G were not required to be continuous, then
completely different systems (6) could be considered as N varies and then no limit (at least, in
a strong sense) for large N could exist. Note anyway that, interestingly, the authors of [11] do
not assume (G), but in order to pass to the mean field limit they make another assumption of
uniform boundedness on their dynamics in order to have a weak star limit. However at the limit
the distinguishability of particles is lost. In contrast, in our paper we want to obtain strong (mean
field, hydrodynamic, graph) limits and to preserve distinguishability at the limit.

Note that Assumption (G) implies that the Lipschitz constants of the mappings G{g are uni-
formly bounded (with respect to ¢, j, N) on any compact.



In Assumption (G), the complete metric space ) used for the parameters z2V is arbitrary. For

instance we can take Q = [0, 1], but we allow for more general sets, in view of deriving on 2 some
interesting classes of PDEs (see Section 7.1).

The choice of the possible values of the z¥ is not imposed in Assumption (G). If one wishes
moreover to fix some precise points xV, such as the natural ones z¥ = ﬁ when Q = [0, 1], often
used in numerical analysis, then having (7) satisfied requires some compatibility conditions on the
mappings Gf\; .

In the above framework, the classical case studied in the existing literature, where particles are
indistinguishable, is when the mapping G does not depend on (z,z’).

Setting XV = (z¥,...,2%) € OV, the system (8) can also be written in the form
=N = YN (t, XN, 2N(1)) (9)
where ZN(t) = (&N (t),...,&N(t)). Here and in what follows, the time-dependent vector field
YN(t, X,-) on (RY)N, depending on the parameter X € OV is defined by
YN(thv'): (YlN(taXv')7~">Y1</'v(taX7')) (10)
with
| X
}/;N(thva):NZG(taxlaxhglafj) VZG{].,,N} (11)
j=1

forallt € R, X = (x1,...,zy5) € Q¥ and Z = (£,...,&x) € (RD)N. We denote by (®N (¢, X, -))eer
(I C R) the local-in-time flow of diffeomorphisms of R generated by the time-dependent vector
field YN (¢, X, -): this flow, called the particle flow, is parametrized by X € QV. We have = (t) =
®N(t, XN =N (0)) for every t € I.

Lemma 1.1. [Uniform mazimal time] For any compact subset K of QxR there exists Tiayx(K) €
(0,4+00] such that, for any N € IN*, for any (X,Z(0)) € KN, there exists a unique solution
t—=ZN) = oN(t, XN, EN(0)) of (9) on [0, Tmax(K)), of parameter X~ and of initial condition
EN(0) at t = 0, and of class €* with respect to t. Moreover, for any T € [0, Tmax(K)), the set
®N([0,T] x KN) is contained in a compact subset of RY depending on T but not on N.

Lemma 1.1 shows that, given a compact set K of initial conditions, the time T ,ax (K) is uniform
with respect to N € IN*, and that, given any T’ € (0, Tiyax (X)), any solution of (9) on [0, T, starting
in K at t = 0, is contained in a compact set that depends on T but not on N.

Lemma 1.1 straightforwardly follows from the usual proof of the Picard-Lindelof (Cauchy-
Lipschitz) theorem by a fixed point argument (see [39, Chapter I1]), using Assumption (G), noting
that, for every T > 0, on [0,T] x K the vector field YV is uniformly bounded with respect to NV
and is Lipschitz with respect to = uniformly with respect to (¢, X)) on any compact, with a Lipschitz
constant that is uniform with respect to N. Note that, for a given N € IN*, the maximal time of
definition of the solution ¢ +— ®V (¢, X, Z(0)) may be larger than Ty, (K); what is important in
the lemma is the uniform bound below with respect to V.

Of course, if G is globally Lipschitz with respect to (£,&') € R? x RY, uniformly with respect
to (t,x,2') on any compact subset of [0,4+00) X Q x Q, then T (K) = 400 for any compact
K c Q x R But our framework is more general and allows for superlinearities.

We next give some examples covered by this general framework.

I'With a slight abuse of notation, (X~,ZN(0)) € KV means that (zN,£N(0)) € K for every i € {1,...,N}.



1.3 Examples

First-order systems. General first-order systems of the form
. 1 X
can be written as (6) with GJY(t,&,£') = Fi(t, &)+ K[} (t,£,¢'). Assumption (G) is satisfied if there

exist a set Q and bufﬁ(:lently regular mappings F and K such that F(¢t,z), x ] N €& = FN(t,¢)
and K (t,x),x,€,¢") = K[J(t,£,£') as in (7).

— A first meaningful example is the linear Hegselmann—Krause first-order consensus system (see
[12]), modeling for instance the propagation of opinions (studied in [14]), of dynamics

N
Z -&N),  ie{l,...,N}, (13)

with constant interaction coefficients af}f > 0 (not necessarily symmetric). Assumption (G) re-

quires that there exist a set Q (for example, but not necessarily, Q = [0,1]) and a continuous
function o on Q2 such that, for every N € IN*, there exist distinct points 2, ..., 2% in  such that
oz, I;V ) = f}[ . The graph interpretation, which is particularly relevant here, will be commented

in Section 2. We have then G(t, x, z’,£,£") = o(x,2') (&' —€) for all (t,z,2',£,£') € Rx Q% x (R%)2.
More general models can be considered, with interaction coefficients 0;; depending on ¢ and on
the &; (see the survey [57] and see the recent Transformers particle model studied in [34]).

— A second interesting example is the Kuramoto model
&N (1) —aiw—z% sin(€ (1) = €Y(1), i€ {l,....N}, (14)

where d = 1, ¢V (t) € R is the phase of the oscillator i, a¥ € R is its frequency and 0 - ¢ IR is an
interaction coefficient between oscillators ¢ and j. This system was introduced in | ] in view of
studying synchronization of interacting oscillators. To write the particle system (14) in the form
(8), now two parameters (labels) are required for each particle, one standing for the frequency and
the other for the interaction as in the previous example. We set Q@ = R x [0,1] and for every
z € Q we denote by z = (a, 8) € Q the two coordinates of z. Assumption (G) is satisfied if there
exists a continuous function o on [0,1]? satisfying o(3,¥,8)) = 0y; as in (7), and we have then
G(t,2,2',,€') = a+0(8,4)( —€) (where z = (a, 8) and 2/ = (o', 8").

— Consider again the general system (12), but where now FY = F and K;; N — K do not depend
on %, j, N, with F, K € €* (]Rd,]Rd). In this case (12) becomes

N
EN(t) = %Z eN(),  ie{l,....N}, (15)

which is a much used particle model (see [43]). Assumption (G) is satisfied and G(t,z,2’,&,£) =
F(&)+ K(¢—¢'), not depending on (¢, z,z’): this is an indistinguishable case. Often, K = —VV
where V' is an interaction potential (that we consider here to be regular).



Second-order systems. Setting d = 2r and denoting £ = (¢,p) € R" xR", general second-order
systems of the form

N
Y (t) = (1), Z ()Y (1), (), q) (1), p) (1),  i€{l,...,N}, (16)

can be written as (6) with GN(t, &&= (p, b%(t, &,&)). Assumption (GQ) is satisfied if there exist
a set 2 and a sufficiently regular mapping b interpolating all mapping bf\][ as stated in (7), i.e.,
b(t7 zgva x;‘v7 53 5/) = bf}’(ta ga 5/)

Here, q is a position and p is a speed or a momentum. It is important to note that the variable
q should not be confused with the variable z € €2 that is used here to designate the label of a
particle.

— A famous example of second-order dynamics is the Cucker—Smale model (see [24])

2

g (t) = pi (2), Z (g () = @’ O @y (&) —p (1), ie{l,...,N}, (17)

where a € €'(R). Assumption (G) is satisfied with G = (G, G,) where G,(t,z,2',£,&') = p and
Gp(t,z,2', €, &) = a(|l¢’ —ql|)(p’' —p), not depending on (¢, x,2’): this is an indistinguishable case.

Many variants of that model are covered by our framework, for instance the potential a may
depend on i and j, and other terms can be added to the dynamics of p;, for instance self-propulsion
and attraction-repulsion forces (like in [17]); in this case, defining a set € is required.

— Many second-order particle systems studied in the literature, coming from the Newton law for
N particules, are of the form (16) with bﬁg(t,f,ﬁ’) = K(&,¢), not depending on 14,5, N, with
K € €' (R%,RY), yielding

N
QN () = (), %Z M), ie{l,...,N}. (18)

Assumption (G) is satisfied with G(t,z,2',¢,¢") = (p, K(q,q’)), not depending on (¢, z,2’): this
is an indistinguishable case. Note that, when K = —VV for some potential function, the
above particle system stands for the classical N—body problem in Hamiltonian form (see next for
more general Hamiltonian cases), with the Hamiltonian function given by H(q1,p1,...,qn,PN) =

N N
% Ej:l ;11 + % Ej:l V(qi» q5)-

Hamiltonian systems. Still with d = 2r and £ = (¢,p) € R" xR", given any N € IN*, consider
the Hamiltonian function

N N
1
HY(q1,p1, - qn,pn) = Y B3 (45,5) + > (5050 Gk ) (19)
j=1 jk=1
for some €' functions hév and hé\,@. The Hamiltonian system of N particles, given by ¢; = 2—5,

pi = fg—;f for i € {1,..., N}, can be written as (6) with

N N ! N (1
/ ) 9 17 y 9 11 ) y 4y
Nig ) = 92h;Y (q,p) + 02hii (¢, 0, q',p") + 0ah}; (¢, 1, ¢, p)
’ —01h}Y (¢, p) — 01hyy (¢ p, ¢, 1) — Bsh}i(d', ', 4, p)



where 0 denotes the partial derivative with respect to the k'"-variable.

Having Assumption (G) satisfied requires at least that the Hamiltonians hév and h% be uni-
formly (wrt j,k, N) locally Lipschitz. Note that the Hamiltonian HY defined by (19) involves
sums of “single” (noninteracting) and of “pairwise” Hamiltonians, but not of “triplewise” or more.

Many classical Hamiltonian systems of N particles are written as above with Hamiltonians
not depending on j, k, N, for instance in quantum mechanics (see [35]) or in differential geometry.
An example, where Assumption (G) is satisfied, used to model systems of fermions confined in
a magnetic field, is when A (q;,p;) = V(q;) + 3llp; — A(gy)||? for some confining potential V €
¢! (]Rd) and some magnetic potential vector A € ¢! (]Rd, ]Rd), and hjx(q;, P4, 9k, k) = W(llg;—qxll)
for some pairwise interaction potential W € ¢! (]Rd). In this case, we have

Glt,2,0/,6,€) = (p— Alg). ~VV(0) + dA(0)-(0 — Alg) AW (0,4) = W (d ). (20)

Remark 1.1 (On the wording “indistinguishability”). In the literature, a dynamical system 2(t) =
X(t,2(t)) in R"™ is said to be “indistinguishable”, or “exchangeable” in the probabilistic wording,
if it is invariant under permutations in the following sense: given any z; € IR", denoting by
t — z(t, zp) the unique solution on some interval I of the system such that z(0, z9) = zo, we have
z(t,0(20)) = o(z(t, 20)) for every ¢ € I, for every permutation o € &,,. Equivalently, the vector
field X is invariant under the action of the permutation, i.e., 0. X (¢,-) = X (¢,-) for every t.

(1) General particle systems in R of the form (6) are not indistinguishable in general because
the interaction mapping G% depends on ¢ and j (but they are indistinguishable if Gg = G): the
dynamics are not invariant under permutations o € G4y acting on E = (&1,...,&n). This is the
standard wording used in the literature to describe the distinguishability or indistinguishability of
systems of particles, and we will follow this wording throughout the article.

(2) In Section 1.2 we have introduced a set of labels z € €, distinguishing particles, and we have
done the fundamental assumption (G). In this context, the particle system (6) (which is, in general,
distinguishable) has been rewritten as (8) or equivalently as (9), by augmenting the state space to
O x R*™. But then, in this augmented form, the system (9) is always indistinguishable in the
sense that it is invariant under permutations o € G4 acting simultaneously on X = (z1,...,2y)
and on E = (£1,...,€y). Hence, in some way, we recover indistinguishability in the new state
space QN x R,

Despite the slight ambiguity, throughout the paper, we will continue to use the wording de-
scribed in (1).

1.4 Objectives, and structure of the article

When N becomes larger and larger, we want to pass to the limit in some sense.

A first possibility is to pass to the continuum limit in (8) by interpreting the right-hand side
of (8) as a Riemann sum, and use the Riemann integral. This procedure is sometimes called
graph limit and the result is an integro-differential equation that we call the continuum / graph
limit equation. This is done in Section 2, where we show how to pass from the microscopic to
the macroscopic scale, i.e., to pass “from particle to continuum / graph limit” by graph limit.
Theorems 2.2 and 2.3 quantify some convergence estimates in L> norm as N — 4o0.

Another possibility is to replace the set of particles with a nonnegative Radon measure. T'wo
classical viewpoints are the Lagrangian and the Eulerian one. The Lagrangian viewpoint consists
of keeping the trajectories of (8), taking the mean field limit by embedding trajectories with an
empirical measure on Q x IR? to solutions of the Viasov equation (or continuity equation) in §) X R
This is done in Section 3. The Fulerian viewpoint consists of using the flow of diffeomorphisms



of Y to propagate an initial measure in the big space QV x R, thus obtaining the Liouwille
equation in QN x R*. This is done in Section 4.

More precisely, Section 3 focuses on the passage from microscopic to mesoscopic scale: we
show how to pass “from particle to Vlasov” by mean field limit. In Theorem 3.1, we establish
existence, uniqueness and stability properties for the Vlasov equation for distinguishable particles,
generalizing the famous Dobrushin estimates. We explain the relationship between the particle
system and the Vlasov equation.

In Section 4, following the Eulerian viewpoint, we lift particles to probability measures on a big
product space and we elaborate on the Liouville equation associated with the particle system. We
show in Theorems 4.1 and 4.2 how to derive Vlasov from Liouville by taking marginals and passing
to the limit (propagation of chaos), with estimates in Wasserstein distance. We also discuss how
Euler can be derived from Liouville by taking adequate moments.

Section 5 is devoted to showing how to pass from the mesoscopic to the macroscopic scale:
we show how to derive the Euler equation from the Vlasov equation, by the procedure usually
called hydrodynamic limit, mainly consisting of taking the moment of order 1 of the solution of
the Vlasov equation. Proposition 5.2 in that section is concerned with the well known monokinetic
approach, but we also investigate the moment of order 2, yielding some consensus results.

In all sections, we also give corollaries in the indistinguishable case, thus recovering some well
known results. But this article is not only a survey: we generalize many known results, sometimes
to a wide extent, in a hopefully general and unifying context.

Note that, throughout this paper, the interaction mapping G is assumed to be continuous; in
other words, we treat reqular interaction mappings. This already covers a large number of examples,
although many of the interaction mappings for applications are singular, like the Poisson kernel,
point vortices, etc (see, e.g., [43]). For singular kernels, passing to the limit can be a real challenge
(see [10, 25, 29, 33, 35, 41, 74]) and requires other mathematical techniques. One of them is to cut
off the interaction mapping around its singularities, by introducing an additional cut-off parameter
¢ tending to 0 (a bit like in Section 7.1 where we give the idea of how to approach unbounded
operators) but then one has to deal with a double limit, ¢ — 0 and N — +oo. This raises other
difficulties and challenged, not addressed here. In this article, we only consider regular kernels,
showing in a unified framework the various ways to pass to the limit and the relationships between
them.

Note also that, in this paper, we consider deterministic finite systems of particles. Stochastic
models and their various limits are outside of the scope of the present article.

Section 6 provides a synthetic summarize of all relationships that we have unraveled. In par-
ticular, Figure 1 illustrates the various two-ways passages between particle (microscopic) ODEs
systems, the continuum / graph limit, Euler (macroscopic) equations, the Vlasov (mesoscopic,
mean field) equation, and the Liouville (microscopic again) equation. This section can even be
read as a motivating preliminary before going ahead.

In order to state all subsequent results, we recall in Section 1.5 hereafter some notations and
concepts that we use throughout, in particular some background on Wasserstein distances, on
disintegration of measures, and the concept of tagged partition that is classically used in general
Riemann integration theory.

We gather in Appendix A a number of useful results on the Wasserstein distance, empirical and
(so-called) semi-empirical measures. Appendix B is devoted to proving some of the main theorems.

1.5 General notations

Let E be a Polish space, endowed with a distance dg.
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Holder and Lipschitz mappings. Let U be a subset of E. Let &k € IN* and let || - || be a
norm on R*. Given any a € (0,1], we denote by €% (U, R¥) the set of all continuous mappings
g € €°(U,R") that are a-Hélder continuous (with respect to the norm || ||), meaning that

lg(y) — gl
Hol,, = sup ———"— < 400.
a(g) y,y;gU dE(y,y’)a
YFY

When a = 1, we speak of a Lipschitz mapping and we denote Lip(g) = Holi(g). When U is
compact, €% (U, RF ) is a Banach space endowed with the norm

o oy = Hol, (g).
lgllsgo.c ey = maxlg(y)]l + Hola(g)
When k =1 and « = 1, we denote Lip(U) = ¢%1(U, R).

Probability Radon measures. We denote by P(F) the set of nonnegative probability Radon
measures on FE. We also consider P.(E), P(F), where the subscript ¢ means “with compact
support” and the superscript ac means “absolutely continuous with respect to a Lebesgue measure”
(in the case where E is equipped with a Lebesgue measure), and for every p > 1 the set P,(E) stands
for the set of all u € P(E) that have a finite moment of order p, i.e., fE de(yo, y)P du(y) < +o0
where yo € F is arbitrary. Given any Borel mapping ¢ : £ — F where I is another Polish space
and given any u € P(E), the image (or pushforward) of y under ¢ is ¢upu = po ¢~ 1.

We denote by €°(E) the set of continuous functions on E and by €°(E) the set of continuous
functions of compact support on £. When F is a smooth manifold, we adopt similar notations
for the set >°(E) of smooth functions on E. We recall that the topological dual (6°(E))’ (resp.,
(¢°(E))’) is the set of all Radon measures on E (resp., with compact support). Endowed with the
total variation norm || |7y which is the dual norm, it is a Banach space.

Throughout the paper, §, is the Dirac measure at *.

Wasserstein distance. Given any p > 1, the Wasserstein distance W), (p1, p2) of order p between
two probability measures p1, po € P(FE), with respect to the distance dg, is defined as the infimum
of the Monge-Kantorovich cost | g2 AE(y1,y2)P dll(y1,y2) over the set of probability measures II €
P(E?) coupling y; with us, i.e., whose marginals on the two copies of E are u; and ps:

1/p
Wy (p1, p2) = inf { (/ de(y1,y2)? dH(yl,yz)) | T e P(E?), (m)Il = p1, (m2)dl = ps
E2

(21)
where 1 : E? — E and 7 : E? — E are the canonical projections defined by 71(y1,¥2) = y1 and
w2 (Y1, y2) = yo for all (y1,y2) € E x E. Equivalently,

Wy (1, p2) = inf { (EdE(Yh}@)p) Y/ | law (Y1) = w1, law(Ys) = ug} (22)

where the infimum is taken over all possible random variables Y; and Y, (defined on a same
probability space, with values in FE) having the laws pq and po respectively. Then, W, is a
distance on P,(E), which metrizes the weak convergence in P,(E) in the following sense: given
i € Pp(E) and given a sequence (i;);jen= in Pp(E), we have W, (1;, 1) — 0 as j — +oo if and only
if [, fdp; — [, fdp for every continuous bounded function f on E and [, de(yo,y)? du;(y) —
Jz de(Wo, y)? du(y) as j — 400 for some (and thus any) yo € E (see [73, Chapter 5, Section 5.2]
or [78, Theorem 6.9]), if and only if [}, f du; — [}, f du for every continuous function f on E such
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that | f(y)] < C(1 + dg(yo,y)P) for every y € E, for some C' > 0 and some (and thus any) yo € E
(see [77, Theorem 7.12]). It can be noted that, given any subset K C E of finite diameter, we have

L<pr <p2 = Wy, (p1,p2) < Wy, (p1, p2) < diamp(K) PYP2W, (1, po)P2/P2 (23)

for all pq, o € Pe(E) of compact support contained in K (see [73, Chapter 5]), where diampg(K)
is the supremum of all dg(y,y’) over all possible y,y’ € K.

For p = 1, the duality formula for the Kantorovich-Rubinstein distance (see [78, Chapter 5])
gives the equivalent definition

Wi (pa, p2) = Sup{[Efd(m —p2) | f€Lip(E), Lip(f) < 1}, (24)

valid for all py, ps € P1(E).
For p = 400, we set Weo (1, o) = limy—s oo Wy (1, pt2) (see [73, Chapter 5, Section 5.5.1]).
Note that the infimum in (21), as well as in (22), is a minimum (i.e., there exists an optimal
coupling) and that the supremum in (24) is a maximum (see [78, Chapters 4 and 5] or [73, Chapter
3, Section 3.1.1]).

Disintegration. In this paper, we are going to consider measures on Q x R?, for d € N* (and
on Q% x (RY)* for k € IN*), where (Q,dq) is a complete metric space and IR? is endowed with an
arbitrary norm || - ||. We endow Q x R® with the distance dgyge = do + dge where dga is the
distance on R? induced by the norm || - ||.

Denoting by 7 : Q x R? — € the canonical projection, given any u € P(Q x IRd), in the sequel
we will always denote by v the nonnegative probability Radon measure on {2 defined as the image
(pushforward) of p under m,

v=mp=pom !, (25)

that is also the marginal of u on Q. Note that, since 7 is continuous, supp(v) = w(supp(x)). By
disintegration of y with respect to v, there exists a family (u,).cq of probability Radon measures
on R? (uniquely defined v-almost everywhere) such that p = Jo e dv(2), ie.,

| peodu@e = [ [ wedu @ ane)

for every Borel measurable function b : @ x R? — [0, 4-00) (see, e.g., [11]). Moreover, we set ji, = 0
whenever z € Q \ supp(v).

When Q is a smooth manifold, if x € P%(Q x R?) with a density f € L'(Q x ]Rd), ie.,
diég (z,€) = f(z,€), then v is absolutely continuous, of density %(m) = fRd f(z, &) dg, and for

d,“':c — f(a:7£)
e &) = e

Given any p!, pu? € P1(Q x ]Rd) having the same marginal v on 2, we define

v-almost every x € ) the probability measure p, has the density

LW, ) = [ Wik (). (26)

Obviously, L}, W, is a distance on the subset denoted P¥ (€2 x R?) of elements of P, (Q x R?) having
the same marginal v. Note that Wy (u!, u2) < LLW; (ut, 42) for all puy, po € PY(Q x RY).?

2Indeed, Jor gt £ A8 — 12) = Jo Jra £(2:€) d(ih — 12) dv(@) < Joo Lip(f (2, 7)) Wi (b, 42) dw(a) for every
f € Lip(Q x R?), and if Lip(f) < 1 then Lip(f(x,-)) < 1 for every = € Q. Then, take the supremum over all f.
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Tagged partitions. Let v € P(Q2). We say that (A", X™)nen+ is a family of tagged partitions
of Q associated with v if AN = (QV,... QX)) is a N-tuple of disjoint subsets Q¥ C Q such that

N
1 C
Q= L:JlQN with  »(@Y) =5 and diame(QY) < 7 Vie{l...N},  (27)
for some Cq > 0 and r > 0 not depending on N, and X» = (z¥',...,2%) is a N-tuple of points

¥ € QN. Here, diamq(QY) is the supremum of all dg(z, ') over all possible z, 2’ € Q.
Families of tagged partitions always exist when 2 is a compact n-dimensional smooth manifold
having a boundary or not and v is a Lebesgue measure on Q, with » = 1/n. For instance, when

Q = [0,1], we take QY = [a),al} ) for some subdivision 0 = a < a) < .-+ < afy,, =1
satisfying (27); when dv(z) = dz, a natural choice is a) = 52, and V¥ = ¥ or %, for

every ¢ € {1,...,N} (and then Cq =1 and r = 1 in this case). When Q is a compact domain of
R", a family of tagged partitions is obtained by considering a family of meshes, as classically done
in numerical analysis, with r = 1/n.

The concept of tagged partition is used in Riemann (and more generally, Henstock-Kurzweil)
integration theory. We refer to [32] for (much more) general results. A real-valued function f on
Q, of compact support, is said to be v-Riemann integrable if it is bounded, v-measurable, and if,
for any family (AN, X¥)yen+ of tagged partitions, we have

> [ @) = sl dvta) o) (29)
and thus N
[ = ) ot (29)

as N — 4o00. A function f of essential compact support on 2 is v-Riemann integrable if and only
if f is bounded and continuous v-almost everywhere on ).
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2 From microscopic to macroscopic scale: the continuum /
graph limit
In this section we explore the point of view of Riemann sums, in order to derive error estimates

mainly resulting from the discrepancy between an integral and a Riemann sum, building on the
concept of graph limit introduced in [55].

2.1 Continuum / graph limit equation

Given any v € P(), we define the nonlinear operator A : Rx L (2, R?Y) — L2 (0, R?) (depending
on v) by

A@M@=Amewwwmew (30)
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(recall that G satisfies Assumption (G)) for every ¢ € R and for every y € L3°(€2, R%). We consider
the continuum / graph limit equation

[w(t,) = Alty(t, )| (31)

It is a nonlinear (nonlocal) integro-differential equation.
We will see in Section 5 the interpretation of y(t, z) as a “velocity field” (moment of order 1 of
the solution of the Vlasov equation).

Theorem 2.1 (Existence and uniqueness for the continuum / graph limit equation (31)). Assume
that Q is compact. Let v € P(Q) and let y° € LL(Q,R?). We denote by K' = ess.im(y°) its
essential range (it is a compact subset of R?) and we set K = Q x K' (compact). There exists a
unique solution t — y(t,-) € L(Q,RY) on [0, Tax (K)) (where Tpax(K) is given by Lemma 1.1)
of the nonlinear continuum / graph limit equation (31) such that y(0,-) = y°(-), of class € with
respect to t.

Moreover, if y° € €°(Q, R?) then y(t,-) € €°(R?) for every t € [0, Tiax(K)).

Local-in-time existence and uniqueness for the continuum / graph limit equation (31) straight-
forwardly follow from the Picard-Lindelof (Cauchy-Lipschitz) theorem applied in the Banach space
L (2, R?), but we prefer to see Theorem 2.1 as a consequence of Theorem 3.1 (existence and
uniqueness for Vlasov equations) and of Proposition 5.2 (monokinetic measures), as it will be
made precise in Remark 5.2 in Section 5.2.3. For the last statement of Theorem 2.1, we also refer
to Theorem 2.2 and to its proof (see Appendix B.1) for possible variants.

Remark 2.1. When 2 is not compact, the above result remains true provided that there exists
a compact subset 1 of Q such that G(¢t,z,2’,£,¢") = 0 for every x € Q\ Q; and all (¢,27,£,¢') €
RxQxR?xR?, and the initial condition 3° for the Euler equation satisfies 3°(z) = 0 for v-almost
every x € Q\ Q1. Indeed, in this case the solution of the continuum / graph limit equation is
supported in ;. Alternatively, we can also assume that supp(v) C ;.

Remark 2.2. When G does not depend on (z,2’) (and thus, particles are indistinguishable), it
makes sense anyway to consider the continuum limit equation (31), with a solution y(t, z) depending
on z € €. Although the particles are indistinguishable, the set of labels 2 may be seen as a way to
“enforce” distinguishability at the level of the Euler equation, by assigning to each particle a label
that is an element of ). As we will see in Section 2.3, such continuum limit equations do not seem
to have been studied in the literature in the indistinguishable case. Note that distinguishability
is made possible because we take an initial condition y°(-) depending on z € Q in a nontrivial
way. In contrast, if 4°(-) = y° € R? is constant, then y(t,-) = y(t) € R? does not depend on z
(this follows from Remark B.1 in Appendix B.1) and the continuum limit equation becomes the
differential equation g(t) = G(t,y(t), y(t)) in R?, which is much less meaningful.

Remark 2.3 (“Empirically embedding” the particle system to the continuum / graph limit equa-

tion). In this remark, we assume that v = vy = % Z;\;l 0,~. The operator A defined by

(30) is then given by A(t,y)(x) = %Z;il G(t,x,xéy,y(a:),y(xéy)) for every t € R and every

y € L2(Q,RY). Consequently:

o Ift s ZEN(t) = (&N (t),..., &N (1)) is a solution of the particle system (8) then, defining y(t,x) =
EN(t) if o = 2N for i € {1,..., N} and 0 otherwise, ¢ — y(t,-) is a solution of the continuum /
graph limit equation (31).

e Conversely, if t — y(t,-) is a solution of the continuum / graph limit equation (31) then, defining
EN@) =yt zN) fori e {1,...,N}, t = EN(t) = (&N (t),...,&X (1)) is a solution of the particle
system (8). Note however that we may have y(t,z) # 0 for z ¢ {z,...,2¥}. This is a kind of
projection.
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The above empirical embedding is not very interesting. It is of much greater interest to fix
a probability measure v € P(2) and to approach the solutions of the continuum / graph limit
equation, in some sense, by solutions of the particle system. The rough idea is to approximate the
integral in the continuum / graph limit equation

@y(t,z):/QG(t,x,x’,y(t,x),y(t,x’))dl/(x')

by a Riemann sum, so that

N
owy(t, zN Z y(t zl), y(t,mév))

2 \

for N sufficiently large, and then, comparing with (8), it is expected that &N (¢) ~ y(t,z)) for
every i € {1,..., N}, where t — ZN(t) = (¢](t),...,&N(t)) is solution of the particle system (8),
for appropriate initial conditions. This is done in detail in Section 2.2 hereafter.

The application of the Riemann sum theorem is actually at the core of the notion of graph limit
used in [55] to pass to the continuum limit in nonlocally coupled dynamical networks (see also the
recent papers [, 8, 13, 14, 28, 44]). Obtaining error estimates is then quite easy by developing
standard numerical analysis arguments, which consist of estimating the discrepancy between an
integral and approximating Riemann sums. This is the contents of the proofs of Theorems 2.2 and
2.3 hereafter.

The terminology “graph limit” refers to the graph interpretation of some classes of particle
systems, like, very typically, the opinion propagation model given in Example 13 (see Section 2.3
for its graph limit): in this example, for any N € IN*, to the matrix of coefficients O'zj is associated

a directed graph whose vertices are the indices i € {1 , N} and which has an edge from i to j
N N N

if a " > 0. In this context, under Assumption (G), the functlon o which satisfies o(z;", z}") = 0;;
is referred to as a graphon and is the “continuum limit” of the graph as N — +oo. This is why
the continuum / graph limit equation can also be called the graph limit of the system of particles.
In [54, 55], for appropriate choices of interaction coefficients, the system (13) is interpreted as a
nonlinear heat equation on a graph. The graph interpretation may be particularly relevant when
wanting to prove, for instance, consensus results by exploiting the connectivity properties of the
graph, as in [14]; we also mention [28] for exploiting the graph structure and [44] for the related
mean field context. We stress anyway that, as said above, from the analysis point of view, taking
the graph limit mainly consists of taking the limit in a Riemann sum, as in (29). This is thanks
to this “numerical analysis” viewpoint that we can easily derive general error estimates, as shown

hereafter.

2.2 Convergence estimates for the continuum / graph limit

Throughout this section, we assume that € is compact. Let v € P(2). We consider the general
nonlinear continuum / graph limit equation (31), with the nonlinear operator A defined by (30).
Recall that G satisfies Assumption (G).

We also assume that there exists a family (A", X™)yen+ of tagged partitions associated with
v satisfying (27) (see Section 1.5), with AN = (QV, ..., Q¥) and XV = (2,...,2Y). We have
the following two theorems.

Theorem 2.2. Let y° be a bounded and v-almost everywhere continuous function on Q (thus,
v-Riemann integrable), with values in R,

On the one part, we consider the unique solution t — y(t,-) € L>®(Q,R?Y) on [0, Thax(K)) of
the (nonlinear) continuum / graph limit equation (31) such that y(0,-) = y°(-), where K = Q x
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essim(y®) (compact) and ess.im(y°) C R? is the essential range of y°.

On the other, for any N € N*, we consider the unique solution t — ZN(t) = (&N (¢),..., &N (1)) €
R™Y on [0, Tomax (K)) of the particle system (8) such that €N (0) = y°(«N) for everyi € {1,...,N},
and we set

Zg )l (z Y(t,x) € R x Q (32)

where Lo is the characteristic function of QN , defined by 1o (z) =1 if x € QN and 0 otherwise.

o For every t € [0, Tmax(K)), y(t,-) is bounded and continuous v-almost everywhere on ), with
the same continuity set as y°, and

ly(t. ) = 5™ (&, ) 1= (o, me) = (1) (33)

as N — +oo, where the remainder term o(1) is uniform with respect to t on any compact interval
of [0, Trax(K)). In particular,

ly(t, &) = &Y (O = o(1). (34)

ie{l, ,N

e Assume that there exists o € (0,1] such that y° € €°(Q, R?) and G is locally o-Hélder contin-

(
uous with respect to (xz,a’,&,&') (uniformly with respect to t on any compact). Then, for every
t € [0, Tmax(K)), we have y(t,-) € €%*(Q, RY) with

Hola (y(t,-)) < €' (1 + Hola (y(0,))) (35)

and, for every N € IN*,

(03

C.
max [yt 2) = €0l < 1 (14 Hola () 2Ly (® (36)
i€{l,..., Nro
and actually,
) —yN(t,- <298 (1 gL (40)) 2 ® 37
ly(t,) =y~ (&)L (o,re) < Nm( + Hola (y°)) e (37)

where Cq is given by (27). The constant L} (t) in (36) and (37) is defined by

LyY(t) = (nax, Holo (G(7, -+, )02 x50 (r)2) + max Lip(G(, 2,2, -, )55 (r)2) (38)
o<t

where S (1) C R is the (compact) convex closure of all y(1,x) for x € Q and all €N (1) for

i€{1,...,N}. The constant Ly(t) in (35) is defined as L) (t) but with S (1) replaced by Sy ()

that is the convex closure of all y(,x) for x € Q, i.e., like SN (1) but without the N (). We have

Ly (t) < LY (¢).

Theorem 2.2 is proved in Appendix B.1. Note that, by Lemma 1.1, given any T € [0, Tinax(K)),
the sets S} (¢) and thus the scalars L)Y (t) are uniformly bounded with respect to ¢ € [0, 7] and to
N e IN".

Remark 2.4. Having in mind Remark 2.1, Theorem 2.2 can be extended to the case where € is
not compact, under the following additional assumptions:

e the family of tagged partitions is such that the points 2 remain in a compact subset of Q;
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e the initial condition y° is of compact essential support;

e the set SN(r) C Q x R? is defined as the compact closure of all (z,y(r,z)) for z €
esssupp(y(7,-)) (essential support) and all (z, &N (7)) for i € {1,..., N},

The above assumptions imply that y(¢, ) is of compact essential support, for every ¢ > 0, and that
L?]JV (t) is well defined.

Theorem 2.3. Let K’ be a compact subset of RY. Given any N € N*, let Z e (K')N. We set
K=QxK'"
On the one part, we consider the unique solution t — ZN(t) = (N (1),...,&N(t)) € R on
[0, Trax (K)) of the particle system (8) such that =N (0) = Z5, and we define yN (t,x) by (32).
On the other part, we consider the unique solution t — yy(t,-) € L®°(,R?Y) on [0, Tmax(K))
of the continuum / graph limit equation (31) such that yn(0,-) = y™N(0,-) (i.e., yn(0,2) = £N(0)
if v € QN ). Then, for every t € [0, Tynax(K)),

lyn (t,) —yN (2, M g (0,re) = 0(1) (39)

as N — +oo, where the remainder term o(1) is uniform with respect to t on any compact interval of
[0, Timax(K)). If moreover G is locally a-Hélder continuous with respect to (x,2',&,&") (uniformly
with respect to t on any compact), then, for every N € N* and every t € [0, Thax(K)),

Ccg N
lyn (t,) — ™ (¢, e @ ry) < 2N721€2My”(t) vt =0, (40)

where LY (t) is defined by (38) (with y replaced by yn ).

YN

Theorem 2.3 is proved in Appendix B.2. Note that, by Lemma 1.1, given any T € [0, Tinax(K)),
the scalars L)) (¢) are uniformly bounded with respect to ¢ € [0, 7] and to N € IN*,
Note that, in particular, taking = x; in (40), we have

G5
Nra

N
2Ly (1)

max [lyn(t,27) — & (1)] < 2550e ;

ie{l,...,N}
which improves the estimates obtained in [5].

Remark 2.5. The trivial case where y°(:) = 3° € ]Rd, mentioned in Remark 2.2, corresponds in
the framework of Theorems 2.2 and 2.3 to taking £ (0) not depending on 4 (equivalently, £V (¢)
not depending on %, for every t), which is the case where all particles coincide.

2.3 Examples

Let us follow some of the examples of particle systems given in Section 1.3 and give their continuum
/ graph limit equation.

— For the Hegselmann—Krause (opinion propagation) model (13), under Assumption (G) we have
G(t,x,2',£,&") = o(x,2') (¢ — &) and the continuum / graph limit equation is

0ut.a) = [ ole,)(ult.a") ~ y(t. ) dv(a). (a)
Q
In this case, the operator A (defined by (30)) is linear and is given by (Ay)(z) = [, o(z,z")(y(2") —

y(x)) dv(z’) for every y € L(Q,RY) (see [¢]). Extended to L2(€,R?), it is a Hilbert-Schmidt
operator. The spectral study of A has been done in [14] (with v the Lebesgue measure) in view of
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deriving consensus results. The graph interpretation is particularly meaningful on this example,
and the function o (assumed to exist) is called a graphon (see [(] for a recent study and see [13]
for a time-varying case).

— For the Kuramoto particle system (14), under Assumption (G) we have & = R x [0, 1] and
G(t,z,2',6,8) =a+a(8,8)(& — &) (where z = (o, 8) and 2’ = (¢/, ')), and the continuum /
graph limit equation is

Buy(t,x) = o+ / o(8, 8')sin(y(t, 2') — y(t, 2)) dv(z’).

The graph limit operator at the right-hand side of the above equation is introduced in [22] although,
in that reference, the authors focus on the study of the mean field limit (see Section 3.3).

— For the first-order system (15), we have G(t,z,2',&,&') = F(§) + K(§ — &’) and the continuum
/ graph limit equation is

Dyt x) = Fy(t,z)) + / K(y(t,z) - y(t, 2')) do(z). (42)

In this case, the operator A (defined by (30)) is nonlinear, nonlocal, and does not depend on t.
The equation (42) seems to be new and has not been studied in the literature.

— For the Cucker—-Smale dynamics (17), setting y = (y1,y2) € R" x R", the continuum / graph
limit equation is

3ty1 (ta :ZZ) = yQ(ta $),

Oun(t.2) = [ () = (6 ), ) — ) (). )
As before, the equation (43) seems to be new. As discussed in Remark 2.2, thanks to the set
Q) we have in some sense “enforced” distinguishability. If one takes an initial condition that is
constant with respect to x then yi(¢,z) = y1(¢) and y2(t, ) = y2(z) do not depend on x and we
have §1(t) = y2(t) and y2(¢) = 0, which is the familiar fact that the derivative of the average of
positions is the average velocity, and the average velocity is constant.

The Cucker—-Smale dynamics (17) is a second-order system. For second-order dynamics, we
will see in Section 5.6 later a different definition of Euler equation which gives rise to interesting
(and already known and studied) dynamics.

— For the (indistinguishable) second-order dynamics (18), similarly to the Cucker-Smale example,
the continuum limit equation is

6152/1 (t7 JI) = yQ(tv l'),

Oryo (t7 .’13) = 0 K(yl (t7 x)’ n (tv 1‘/)) dy(x’).

3 From microscopic to mesoscopic scale I: mean field through
empirical measures (from ODEs to Vlasov)

Within the Lagrangian viewpoint, the N particles at time ¢ are embedded as Dirac masses to
the space of Radon measures, and their corresponding average, the empirical measure, converges
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by the so-called mean field limit procedure, as N — +o00, to a probability Radon measure u(t)
on ) x R? satisfying the Vlasov equation. When p(t) is absolutely continuous with respect to a
Lebesgue measure, its density f(¢,x,&) is the density of particles having the parameter x at & at
time ¢.

3.1 Vlasov equation
Given any p € P.(Q xR?), we define v = m, 11 by (25) (marginal of 1 on Q) and we define the mean

field, also called interaction kernel, as the non-local time-dependent one-parameter (the parameter
is € Q) vector field on R? given by

Va6 = [ Gl &€ dua )
o (44)

:/ / G(t, w2, &, ) dpy (&) dv(a’)  V(t,z,6) € R x Q x R?
QJRA

(recall that G satisfies Assumption (G)). Note that X [u](t, x, ) is the expectation of G(t, z, 2',&,&’)
with respect to the measure j, performed with respect to (z/,¢') € Q x R? (see Appendix A.6 for
more details and consequences of that definition).

We consider the Viasov (or continuity) equation

’ Opp + dive (X[up) =0 ‘ (45)

where the divergence® acts only with respect to €. It is a nonlocal transport equation because the
velocity field X[u] defined by (44) is nonlocal.

Remark 3.1. Given any solution ¢ — u(t) on [0,7] of the Vlasov equation (45) (see further for
the rigorous definition of a solution), the total mass u(t)(€2 x le) is constant with respect to ¢, i.e.,
u(t) is a probability measure for every ¢ € [0,7T]. Also, the marginal v = m,pu(t) does not depend
on t, because the Vlasov equation can be written as 0;p1+ Ly, 0 = 0 with the Lie derivative acting
with respect to the variable £, and we have m.Lx[, = 0.

Disintegrating 1y = pu(t) as puy = [, pur,« dv(z) with respect to its marginal v = m, 1y on Q (which
does not depend on t by Remark 3.1), by uniqueness v-almost everywhere of the disintegration,
(45) is equivalent to

8t/’bt,a: + leg (X[Mt](t7 Z, '):ut,w) =0 (46)

for v-almost every x € . Note that the time evolution of y;, depends on the whole j¢p and not
only on pg 4, since X[u;] involves an integral over all possible =’ € €.

Therefore, the Vlasov equation (45) can be thought of as an infinite number (if 2 has an
infinite number of elements) of coupled Vlasov equations (46). The most standard case studied in
the literature corresponds to a measure p not depending on .

Given any interval I C R, let €°(I, P.(Q x R?)) be the Banach space of continuous mappings
t eI p(t) € Po( x RY), with P.(2 x R?) endowed with the weak topology (metrized by the
Wasserstein distance W), for any p € [1,+00), as recalled in Section 1.5).

We define €9, (I, P.(Q x R)) as the set of all u € €°(I, P.(Q x R?)) that are equi-compactly

comp
supported on any compact interval of I, meaning that for any t1,ts € I, there exists a compact

subset K C Q x R? such that supp(u(t)) C K for every t € [ti,t5]. There exist elements of

3Recall that div(X'p) = Lyp (Lie derivative of the measure y) is the measure defined by (Lxp, f) = —(u, Lx f) =
— [ra X.Vfdu for every f € €°(R?).
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€01, P.(QxR?)) that are not equi-compactly supported on any compact interval of I (for instance,
if I = (0,77, take p(t) = (1 — e V/4)5g + e~ 1/%5, 11).

In view of obtaining existence and uniqueness of solutions of the Vlasov equation (45), we
consider the following concept of solution. Assuming that 0 € I, by definition, a solution ¢ — pu(t)
of (45) on I such that u(0) = pp € P.(Q x R?) is an element p € €2, (I, Pe(Q x RY)) such that,

comp
denoting p; = u(t),* for every g € €>°(Q x ]Rd), the function ¢ — [ gdu, is absolutely continuous
on [ and

/ o2, €) dun(, €) = / o2, €) dpo(z,€)
QOxR4 QOxR4

! /o /me /me (Veg(w,€), G(r,2,2",§,£)) dpr (2, &) dpr (w, ) dr - (47)

for almost every t € I.

Theorem 3.1. [Existence, uniqueness and stability properties for the Vlasov equation (45)]
Recalling Assumption (G), let p € [1,4+00) be arbitrary.

(A) Given any g € Po(Q x R?Y), setting Ty = Tmax(supp(po)) (given by Lemma 1.1), there exists
a unique solution 1 € Co,y,, (10, To), Pe(Q x RY)) of the Viasov equation (45) (in the sense

(47)) such that u(0) = po. Moreover, t — p(t) is locally Lipschitz with respect to t for the
distance Wy, and we have

/’L(t) = Puo (t)*UO; (48)

which is a notation meaning that ps o = @u,(t, x,-)xpio,z for every t € [0,Ty) and v-almost
every « € Q, and where t — ¢, (t, z,-) is the unique solution (Viasov flow) of

at@#o (tv xz, ) = X[N(t)](tv z, ) © Pug (tv xz, ) (49)

such that ©,,(0,2,-) = idgae for v-almost every x € Q. Moreover, if ug € P2°(Q x RY) then
w(t) € Pa(Q x RY) for every t € [0,Ty). Furthermore:

(A1) Any solution of (45) depends continuously on its initial condition p(0) € P.(Q x R?)
for the weak topology in the following sense: given any compact subset K C Q x RY,
given any 1(0) € Po(Q x RY) such that supp(u(0)) C K, given any (equi-compactly
supported) sequence of measures 1*(0) € P.(Q x R?) such that supp(u*(0)) € K for
every k € IN*, if u¥(0) converges weakly to p(0) (equivalently, W,(1*(0), £(0)) — 0) as
k — o0, then u*(t) converges weakly to u(t) (equivalently, W,(u*(t), u(t)) — 0) as
k — +oo, uniformly on any compact interval of [0, Tax(K)).

(A3) For all solutions p*, 2 € €2 ([0,T], Po(Q x RY)) of (45) (for some T > 0) such that

comp

11(0), u2(0) € PY(Q x RY) have the same marginal v on Q, setting®

Syt 2 (1) = supp() X (.1 (7, supp(pg) U supp(pg)) U supp(p*(7)))

and defining

¢
Cpr 2 (t) = exp (2/ ess sup 1(0eG, 0 G) (7, 2", £, &) dr), (50)
0 (2,8),(2",§")€S 1 ,2(7)

4Note that, seeing p as a measure on I x  x R¢, the marginal of 1 on I is the Lebesgue measure and the
disintegration of p is u = f] et dt.
®Note that S,1_,2(t) is compact, that Pl (t,supp(u)) = supp(ui) and supp(pt(t)) U supp(u?(t)) C S 2 ().
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we have
LW, (6 (6, 12(1) < Con o (6) AW, (u1(0), 42(0))  We€0,T]  (51)
(where LYW, is defined by (26)).

(B) Assume moreover that G is locally Lipschitz with respect to (x,x',&,&") uniformly with respect
tot on any compact interval. For all solutions pu' (-), p?(-) € Gy ([0, T, Pe(2x R%)) of (45)
(for some T > 0), setting

St 2 (1) = (supp(v1) Usupp(va)) x (. (7, supp(pg) U supp(pg)) U supp(p®(7)))
and defining .
Cp1 2(t) = exp (2/0 Lip(G(7,+, - )Is. 1 2(r)?) d7'>, (52)

wlop

we have
W (it (1), 12 (1)) < Cpur 2 (8) Wy (11 (0), 52(0)) Vit € [0, T7. (53)

Theorem 3.1 is proved in Appendix B.3. The statement (B) of Theorem 3.1 is a slight extension,
with parameter z, of [68, Theorem 2.3] (see also [65, 66, 67]) where it is assumed that G is globally
Lipschitz. Without parameter x, we recover the famous stability estimate obtained by Dobrushin
in [27] (see Corollary 3.1 further). The statement (A) seems to be new. Note that, in (As), the
initial measures p1(0) and u2(0) are required to have the same marginal (and thus, equivalently,
pt(t) and p?(t) have the same marginal for any ¢). On the contrary, in (A;) and in (B), the
measures under consideration are not assumed to have the same marginal. In (Ay), the weak
convergence £F(0) — u(0) implies the weak convergence v¥ — v of marginals but it is wrong in
general that p*(0) — 11, (0) for x € Q.

In the statement (B), the assumption that G is locally Lipschitz with respect to (z,2’,¢,¢’)
is much stronger than (G): in Example 13 (resp., Example 17) this requires o (resp., a) to be
locally Lipschitz. In general, requiring that G be locally Lipschitz with respect to (z,z’) is not
a natural assumption for the particle system (8). Note that, under this stronger assumption, the
unique solution () in (A) is locally Lipschitz with respect to ¢ for the Wasserstein distance W.

Finally, in the usual statements existing in the literature, G is assumed to be globally Lipschitz.
Here, under the weaker assumption (G), we have a maximal time of definition of y depending on
the compact support of ug, according to Lemma 1.1. Note that, when G is bounded, we can
consider in Theorem 3.1 measures that are not of compact support.

Particular case where G does not depend on (z,z’). When G does not depend on (x,z’),
particles are indistinguishable: this is the classical case that has been much studied in the existing
literature. Let us show how this can be recovered from our more general framework. Given any
measure pu € P(Q x ]Rd), we define i € ’P(]Rd) as the image of 1 under the projection of Q x R?
onto ]Rd, that is,

/ 16 di(e) = / F(€) du(z €) = / F(6) dpa(€) dv(z) (54)
R? OxR4 QJRA

for every Borel measurable function f : R? — [0,400). Since G does not depend on (z,z'), the

mean field X'[u] defined by (44) does not depend on x and we have X[u](t, z,§) = X[f](t,§) where
the mean field X'[z] is defined by

M9 = [ GEeOde) Vit eRx R (59)
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Accordingly, since the projection onto R¢ commutes with 9, and with the divergence with respect
to &, it follows that, if ¢ — u(t) is a solution of the Vlasov equation (45) then ¢ — [(t) is the
solution of the Vlasov equation (without dependence on z)

B + div(X[ala) = 0. (56)

We have the following corollary of Theorem 3.1, already well known in the existing literature
(famous Dobrushin estimate, see [27]).

Corollary 3.1. Let p € [1,+00) be arbitrary. Given any fig € P.(R?), there exists a unique
solution i € €2, ([0, Tmax (5upp(fio))), Pe(R®)) of the Viasov equation (56), locally Lipschitz with

comp

respect to t for the distance W,,, such that G(0) = fip, and we have
[i(t) = @ (t, )« lo

where t — @p, (t,-) is the unique solution of dypp, (t,-) = X[u(t)](t, ) opn, (t,-) such that vz, (0,-) =
idga. Moreover, if fig € P2(RY) then fi(t) € P“(R?) for every t € R. Furthermore, we have

Wy (' (8), i%(8)) < Cpr a2 (8) Wy (' (0), 52(0)) -Vt € [0, ] (57)

for all solutions fi*(-) and a2(-) of (56) on [0,T] (for some T > 0) such that i*(0), i%(0) € P.(R?).
Here, Cp1 p2(t) is defined by (50) or (52) (without dependence on x).

Proof. Let U be an arbitrary probability measure on 2. Given any g € P(]Rd), we define p €
P(Q x R?) by = 7 ® fi: the marginal of y on Q is 7 and the disintegration of y = Jo ta dv ()
with respect to 7 is given by p, = i if © € supp(?) and p, = 0 if z € Q \ supp(?)

This embedding allows us to recover Corollary 3.1 as a consequence of Theorem 3.1. Indeed,
obviously, fi(+) is solution of the Vlasov equation (56) without dependence on z if and only if
() =7 ® fa(-) is solution of the Vlasov equation (45). This gives the first part of the corollary.

To obtain (57), it suffices to take 7 = &5 for some Z € Q and to note that W,(z!, %) =
W,(7 ® ', v @ i%). Then, (57) follows from (51) or from (53). O

3.2 Relationship between the particle system and the Vlasov equation

For every N € IN*, given any X~ = (2, ..., 2¥) € QY and any 2V = (&V,...,&)) € R, we
define the empirical measure H(x~ =~y € P(Q x R?) corresponding to (XN, =N) by

N
1
N’?XN,EN) = N Z 5:E£V ® 55?’ . (58)

The disintegration of ,quN =n) with respect to its marginal Vin = w*quN =) = N Zl 1 I
on 2 (that is itself an empirical measure corresponding to X %) gives the famlly of condltlonal
measures defined by (M?XN EN))Q7 =0en if z = x¥ and 0 otherwise.

The relationship between the particle system (8) and the Vlasov equation (45) is given by the
result below. To simplify the notation, hereafter we denote u%; = qu N 2N and v§ = viy.

Proposition 3.1. If t — ZN(t) = (&N(1),...,EN () € ]RdN is a solution on [0,T] (for some
T > 0) of the particle system (9) with parameter X = (¥ o) € QN then

N
1
t pin () = Pug, 0) () 1 (0) = 5 D ban @beny
i=1
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is a solution of the Vlasov equation (45) on [0,T]. The converse is true if all ¥ are distinct and
all N (t) are distinct.
Actually, t — ZN(t) is solution on [0,T] of (9) with parameter X~ if and only if

Proof. The Vlasov equation (45) is written as Oy + Ly, = 0 with the Lie derivative act-
ing with respect to the variable ¢. Hence, setting XN (t) = (2 (¢),...,2¥(t)) and EN(t) =
(EN(t),..., &8 (t)), the mapping ¢ — S, (t) is a solution of the Vlasov equation (45) if and only if,
for any g € €°(Q x R?), we have (9,u5 + Lxjus, 05 9) =0, ie.,

1 1
0= 2 (a0t 0,60~ eoal 0.8 ) - Gleal (0.270.810.6710) )

which is satisfied if ¢ — (XY ,ZN(¢)) is solution of (8). If all ¥ are distinct and all £V (¢) are
distinct, the converse is obtained by taking g localized around (z¥, &N (¢)).
To obtain the second part of the proposition, we note that

X[ug)(t, 2, €) = NZGtx,xJ,u )

and thus X[us](t, 2N, &N) = Yi(t, XV, ZN) for every i € {1,...,N}. Therefore, (9) is equiv-
alent to EN(t) = X[u% )], 2N, EN(t)) for every i € {1,...,N}. Besides, by definition of
t= Qe o)t @; N (glven in (A) in Theorem 3.1), we have

at(pu?\,(O) (t,va,ffv(o)) = X[N?V(t)](tv‘rz]'vv QO/L}"\,(O)(tvmgvvgiN(o)))
with @,e () (0,21, &Y (0)) = £Y(0). Then, (59) follows by Cauchy uniqueness. O

As a consequence of the statements (A1) and (B) of Theorem 3.1 and of Proposition 3.1, we
have the following corollary (the last part of which is already well known in the indistinguishable
case).

Corollary 3.2. Let K be a compact subset of QxR?. Letp € [1,400) be arbitrary. Let pg € Pe(K)
and let t — p(t) = @, (t, -, - )xpio be the solution on [0, Tmax(K)) of the Viasov equation (45) such
that 1(0) = pg. Besides, for every N € N*, let (XN, Z) € KN be such that the empirical measure
ps(0) = + Zf\il 0, ® Ogn () converges weakly (equivalently, in Wasserstein distance W) to o
as N — +oo (see Appendiac A.3 for general results). For every N € IN*, let t — ZN(t) be the
solution on [0, Tmax(K)) of the particle system ( ) with parameter X such that =V (0) = Z.

Then, the empirical measure pf(t) = + Zl 1 EN ® 5§N(t) converges weakly (equivalently, in
Wasserstein distance W,,) to pu(t) as N — +o0, unzformly with respect to t on any compact interval
of [0, Trmax (K)).

If moreover G is locally Lipschitz with respect to (z,xz',&,&") (uniformly with respect to t on any
compact), then

Wi (u(t), piy (8)) < Chug, (8) Wi (o, w (0))
for every t € [0, Tinax(K)) (with C, e (t) defined by (50)).
Lemmas A.15 and A.16 in Appendix A.3 provide general results ensuring that W, (1o, 14 (0)) —

0 as N — +oo, and Lemma A.17 gives an estimate of convergence, at rate within the
framework of tagged partitions.

_1_
N'r/p 9
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Remark 3.2. Alternatively, instead of empirical measures, we may also consider semi-empirical
measures: setting

1
(HO);N = ﬁ Z 5171\7 Y :uO,a:va
i=1
the unique solution ¢ + N (t) = Pluo)sen (t,+,)«(10)5~ of the Vlasov equation (45) such that
AN (0) = (po)5éw is of the form N (t) = + vazl 6,5 ® ¥ (it differs from the semi-empirical
measure ,u(t)XN =+ vazl 0yN @ piy o~ ). Its marginal on Q is the empirical measure v§x =

N Zz 1 z
Lemma A.19 in Appendix A.4.2 provides results on the convergence of W), (10, (10)5~) to 0,
as well as estimates with a rate of convergence under appropriate assumptions.

3.3 Examples
We follow up with examples given in Sections 1.3 (particle systems) and 2.3 (Euler equation).

— For the Hegselmann—Krause (opinion propagation) system (13), under Assumption (G) the mean
field (not depending on t) is

Xlpl(z, &) = /Q o o(e,a') (¢ =€ du(a’, &) V(z.€) e 2x R (60)

The Vlasov equation has been derived and studied in [3, 64] (see also [14, Section 5.2]).

— For the Kuramoto particle system (14), under Assumption (G) the mean field (not depending
on t) is given by

Xl (. 6) = a + / o(x,a)sin(E — &) du(a’ &) W(x.€) € Q x R

QOxR4
The corresponding Vlasov equation was proposed in [72] as being a formal mean field limit of (14).
The rigorous mean field limit, called the Kuramoto-Sakaguchi equation, was established in [50] in
the case where o is constant, by following the classical fixed point arguments of [61, 75]. The general
(network) case is treated in [22, 48] and the Vlasov equation associated to the above mean field
with the general function o, is studied in that reference in view of extending the synchronization
theory to spatially structured networks. The Vlasov equation [22, Eq. (16)] is of the form (46),
i.e., it consists of an infinite number of coupled Vlasov equations, parametrized (and coupled) by

)
— For the first-order system (15), the mean field does not depend on (¢,z) and is given by

X[u](w@):F(&H/ RdK(ﬁ—f’)dW(f’)du( = /K*uw ) dv (')
/K§ &) dp(€) = F(&) + K xi(€) = X[a)(§)  V(z,§) e A x R?

where /i is defined by (54) and X[] by (55). The Vlasov equation 8;ji + div((F + K % ji)ji) = 0 is
used in mathematical biology to model aggregation phenomena (see [18, 19, 26]), in the study of
neural networks (see [71]) or, when K is a singular kernel, in fluid mechanics (see [16, 74]).
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— For the Cucker—Smale model (17), the mean field does not depend on (¢, z) and is given by

_ p
XWK%E)(&wawa<q—qwxﬂ—pnmwxeﬂ

- ! =X 2r
- (erXRT a(llg = '1N® = p) du(,g’)) = X)) V() e QxR

where we recall that £ = (¢,p) and &' = (¢/,p’). The kinetic Cucker—Smale equation satisfied by
i has been derived in [38, 58]. Convergence to flocking has been studied in [20, 37].

— For the second-order model (18), similarly to the Cucker—-Smale example, is given by
#al(e) = ( D i) HEER
Jrrxrr K(a.4") dip(€)

— As an example of a Hamiltonian system, the mean field associated with the mapping (20) is

_ B p— Alq)
X[p(§) = <—VV(q) +dA(q).(p — AQ) — [grwrr (O1W (@, d) + W (d, q)) du(f’))

for every £ € R?".

4 From microscopic to mesoscopic scale II: mean field by
lifting the particle system (from Liouville to Vlasov)

4.1 Liouville equation

The Eulerian viewpoint consists of propagating, for any parameter X € Q¥ an initial probability
measure in R under the flow of diffeomorphisms ®~ (t,X,-) of R generated by the time-
dependent vector field Y™ (¢, X, -) defined by (10).

Given N € IN* fixed, we consider the (N-body) Liouville equation associated with the time-
dependent vector field YV defined by (10), depending on the parameter XV € QV given by

opN + divs(YNpN) =0 (61)

This is a usual transport equation on R, parametrized by X~ € QF, where the divergence is
considered with respect to E = (£1,...,&n), and we thus have the following standard result. Here,
it is understood that p™ (t) is a probability Radon measure on (2 x R*)N ~ QN x R,

Proposition 4.1. Let K be a compact subset of Q x RY. Let o € P(QN x ]RdN) be such that
all marginals of p on any copy of Q x R? are supported in the same compact K. There exists
a unique solution t — p™ () of the Liowville equation (61) in €°([0, Tmax(K)), Po(QN x R¥)),
locally Lipschitz with respect to t for the distance LéWl (where 0 is defined below), such that
pN(0) = pi, given by

P (t) = N (). py (62)

i.e., pN(t) is the image (pushforward) of plY under the particle flow.
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The notation (62) is slightly abusive. To explain it, let us make precise some notations and
in particular the disintegration procedure. Given any measure p € P(QY x R ), denoting by
7N QN x« R — QN the canonical projection, we will always denote by 6 the probability
Radon measure on QVV given by § = (7%V),p (image of p under 7®"), that is the marginal of p
on QV. By disintegration of p with respect to 6, there exists a family (px)xecq~ of probability
Radon measures on R such that p = [,y px df(X).

With these notations, pf = p (t) is disintegrated as pf¥ = [,y pé\ZX dO™N (X) with respect to its
marginal 0V = (7®V),p™ (¢) on QY. The marginal % does not depend on t because (61) can be
written as 9;p" + Ly~ p" = 0, with the Lie derivative acting with respect to the variable ¢, and
we have (7®V), Ly~ = 0. Finally, (62) means that

ng = ((I)éYX>*p(I)\,[X
for every t € [0, Tihax(K)) and for #V-almost every X € Q.

Remark 4.1. If p)Y = 6x~v ® 655 for some (XY, Z) € KV then pN(t) = dxnv ® d=n () where
t = ZN(t) is the solution on [0, Tjax (K)) of the particle system (9) with parameter XV such that
ZN(0) = Z{¥. In other words, the solutions of the particle system are naturally embedded as Dirac
measures solutions of the Liouville system.

Hence, in some sense, the Liouville equation contains all possible solutions of the particle system.
But it contains more: considering the particle system (9), instead of taking a deterministic initial
condition 2V (0) = EY € R, one may want to take a distribution of initial conditions, for instance
one may want to consider all possible initial conditions that are distributed around =’ according
to a Gaussian law, in order to take into account noise or uncertainties in the initial conditions.
In such a way, the Liouville equation (61) has a probabilistic interpretation with respect to the
particle system (8).

If the probability measure p” (t) on QY x R has a density fV, then fV (t, X,E) represents
the density of particles having the positions X = (x1,...,7x) € Q and respective momenta
E=(&,...,¢n) € IR . This is in contrast with the mean field procedure that consists of taking
the large N limit of the average over all particles but one. In the next section we show how to
derive Vlasov from Liouville by taking marginals.

4.2 Deriving Vlasov from Liouville by taking marginals, propagation of
chaos

Compared with u(t) that is a probability measure on £ x RY, pN (t) is a probability measure on
(Qx RHYN ~ QN x RN, Tt is thus tempting to search for a relationship between p(t) and p™ (t)
by taking marginals of p™ (¢). This is what has been done in [76], in [43, 46] or in [35, 36] in the
different context of quantum mechanics. Adapted to the present situation, the method developed
in [36], which provides an explicit rate of convergence, consists of proving that the marginals of the
solutions p(t) of (61) are close, in Wasserstein topology, to solutions p(t) of the Vlasov equation
(45), as established hereafter.

As we are going to see, this can be done by taking adequate initial conditions p}’ for the
Liouville equation (61). We have to perform a symmetrization under permutations for the initial
condition p)’ and also for the corresponding solution p™ (¢), not only with respect to = but also
with respect to the parameter variable X. Note that the symmetrization is not preserved by the
flow, so we have to consider the symmetrization pV(¢)* at any time t.

Given any p € P(QV x R™), we define the measure p* € P(QN x R), called the sym-
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metrization under permutations of p (see Appendix A.1.2), by

| 5D Es =5 ¥ [ fe-Xo5ipns)

: cEGN
for every f € €2(QN x ]RdN), where 0 - X = (2501, -, Zov)) and 0 - Z = (1), - - - Eo()) for
all X € QN and 2 € R™, and where & is the group of permutations of N elements.

Now, given any k € {1,..., N}, we denote by p%., the k*P-order marginal of p* (not to be
confused with the symmetrization under permutations of the marginal, which we do not use),
which is, by definition, the image of p* under the projection of OV x R onto the product

k R of the k first copies of Q with the k first copies of R%.

Since we are going to compute Wasserstein distances in (2 x RY)* ~ QF x R%, we have to
choose a distance in that space. Recall that Q xR? is equipped with the distance doyprde = do+dRad
where dga is the distance on R? induced by the norm |- || (which is arbitrary). Let ¢ € [1, +00] be
arbitrary. Given any k € IN*, we endow (Q x IR%)* with the ¢4 distance based on dg, g, defined
by

A8, ey (X, E), (X, 2)

||(dQ><Rd(('r1’§1)7 (1‘/1551))7 s 7deRd((xk’£k)v (x;wgl/f)))ngq

; 1/q
_ (Z (de(zs, z}) + |& — fﬂ)q) if ¢ € [1,+00) (63)
- =1
max (i 2) + & — &) g = oo

for all X = (21,...,2%) and X' = (2f,...,2}) in QF and for all = = (&,...,&) and Z' =
(&,...,&,) in R%. Note that, when k = 1, we have dg] Ri = dg]de =dq + dRa.
Given any p,q € [1,+o0], we denote by WIEQ] the Wasserstein distance W, on P(QF x (R%)¥)

with respect to the distance d(Qde)k
We refer to the beginning of Appendix A.1 and in particular to Remark A.1 for comments

on the importance of choosing a distance on the product space (£ x ]Rd)k and for remarks on

the Wasserstein distance Wp['ﬂ. In particular, by (88), we have Wp[qﬂ < W}‘“] < kaia Wp[”] if
1< ¢1 < g2 < +oo for any p € [1, +00].

In this section, we establish two ways for deriving Vlasov from Liouville by taking marginals.

Let po € P.(2 x IRd), disintegrated as g = fQ o, dv(z) with respect to its marginal v = m. g
on Q. Setting Ty = Tmax(supp(o)) (as given by Lemma 1.1), we consider the unique solution
= u(t) = @po (t)spo in € ([0, To), P.(QxRY)) of the Vlasov equation (45) such that 1(0) = o,
as given by Theorem 3.1. Recall that iy, = @, (t, 2, )« po,» for v-almost every x € Q.

Hereafter, we propose two possible choices of p) € P.(QN x R ), generating by Proposition
4.1 the solution pN(t) = ®N(¢).pl’ of the Liouville equation (61) from which we recover at the
larger N limit the solution u( ) of the Vlasov equation (45) by taking marginals.

In Theorem 4.1, we take p}’ Dirac; in Theorem 4.2, we take p{Y “semi-Dirac”. In both cases, we

prove that pV ()%, converges to pu(t )®k as N — 400 and we establish convergence estimates in

Wasserstein distance WIEQ]. The fact that the k'"-order marginal p™ (t)%.,, of the symmetrization of

p™N (t), which is absolutely not a tensor product at time ¢ = 0, becomes however the tensor product
w(t)®* at the limit N — +oo, is usually referred to as propagation of chaos (formalized in the
pioneering articles [17, 53], see also [35, 56, 75, 76]).
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4.2.1 First way, with p)’ Dirac

Given any fixed N € N*, let (XV =) € supp(uo)y < OV x R be arbitrary. Typically we may

N s n® 556\1‘ converges to o in Wasserstein

want that the empirical measure M?XN’E(JJ\,) = % Yot o]

distance as N — +oo (see Appendix A.3 for such conditions). Let t — ZN(t) = (&N (2),...,E8 (1))

be the solution on [0,7T) of the particle system (9) such that 2V (0) = Z&. If H(x~ zxy converges
=0

to po then, by Corollary 3.2, the empirical measure M?XN,EN(t)) = % Zf\; 6I£v ® (555\1@) converges
to p(t) in Wasserstein distance as N — +oo.

Defining pi¥ € P.(QN x ]RdN) as the Dirac measure p = dx~ ® 653\7, by Remark 4.1, the
unique solution of the Liouville equation (61) such that p™ (0) = pj’, is given by the Dirac measure

pN(t) = (I)N(t)*pév =0xyv ® §EN(t) vVt € [O,To).

It is then easy to see that p™¥ (t)%.,; = H{x~ =N (1)) (see the proof of the theorem below). Therefore,
if M?X”,Eé\’) converges weakly to po then p™v (t)%.; converges weakly to pu(t) as N — 4o00. Actually,
this first fact re-expresses results seen in Sections 3.1 and 3.2. The convergence is less obvious for

the marginals of order k > 2.
Recall that G satisfies Assumption (G).

Theorem 4.1. We have the following statements, for any p € [1,4+00) and q € [1,400].

(A) If yfx,\, =iy converges weakly (equivalently, in Wasserstein distance Wp) to po as N — 400,
=0
then, for every k € IN*, pV (t)%. converges weakly (equivalently, in Wasserstein distance

W,E‘I]) to u(t)®* as N — +oo, uniformly with respect to t on any compact interval of [0,Tp).

(B) Assuming that G is locally Lipschitz with respect to (x,2',£,£") (uniformly with respect to t
on any compact), setting

Sy (r) = supp(u(r)) U {(z", & (1) | ie{l,....N}} (64)
and defining .
C;Jtv(t) = exp <2/0 Lip(G(Ta ERERE] )IS})’(T)Q) dT)? (65)

for every N € IN* and for every t € [0,Ty) we have pN (t)%., = H(x™ =N (1)) = + SN N ®
(ng\f(t) cmd

Wy (PN(t)?V:h:U(t)) =W, (ﬂ%N(t)aﬂ(t) < Ciiv(t) Wy (N((ixN,Eg)V),MO) (66)

and, for every k € N* such that k> < 2N In (1 + 2%7),

AV . -
WL (N (£) 3o 1(8)®F) < 2061 <N) (diamg (supp(v)) + diamga (EV (¢)))
+ kIO () Wy (ucn zvys 110) - (67)

where diamga(E" () = nax & (1) = &7 @)1

,

Theorem 4.1 is proved in Appendix B.4.
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In (67), diamg(supp(v)) =  max ( )dQ(:c,:c/), and the Wasserstein distance WIEQ] on QF x
z,x’ €esupp(v

(R%)* is computed with respect to the distance dgLX(Rd)k defined by (63). Since WIE‘H < ku WIEOO]
(by (88)), the strongest inequality (67) is obtained when ¢ = 4o0.

Lemmas A.15 and A.16 in Appendix A.3 show that there always exists a sequence of empirical
measures ,qu N =Ny converging weakly to pg. As alluded above, to obtain an interesting convergence

=0

estimate from Item (B) of this theorem, we apply Lemma A.17 in Appendix A.3, which yields the
estimate Wp(u?XNEév), 1) < 575 Cé/fRd diamg, , ga (supp(po))*~ /P under the assumption of the
existence of a family of tagged partitions. As noted in this appendix, there exist plenty of results
quantifying the convergence of empirical measures to a given measure (see, e.g., [31]). Lemma A.17

is a rough result.

Corollary 4.1. In the context of Item (B) of Theorem 4.1, we assume moreover that there exists a
family of tagged partitions of supp(uo) associated with pg (see Section 1.5), i.e., for every N € IN*

there exists a partition of supp(uo) = UN FN such that all subsets FN C QOxR? are o-measurable,

pairwise disjoint, satisfy po(F}¥) = % and diamg, ga(F}N) < Cqyga/N" for some Co,ga > 0 and
r > 0 not depending on N, and N-tuples XN = (V... 2X) € QF and = = (5(1)\’[1, e 756\,]1\/) €

(RHN such that (alN, &) € EN for everyi € {1,...,N}. Then, for everyt € [0,Tp),

s —e _ 1 . _
Wy (pN (t) N1 U(t)) =W (UEN(t)v a(t) < NP Cé/prd diam g (supp(po))* 1/p C;iv(t)

and, for every k € N* such that k> < 2N In (1 + 2%),

g2\ /P . . ~
Wi (o (v 1(6) ) < 2 <N> (diamg (supp(v)) + diamga (EV (1))
Cl/P .
+ 7y diamgga (supp(u0))' 7 CY (1), (68)

When Q is a n-dimensional manifold (thus dim(Q x R?) = n + d), we have r = 1/(n+d) < 1.

According to the estimate (68), p™ (t)%., converges to u(t)®* in Wasserstein distance WIEOO]
as N — 400, uniformly with respect to ¢ on compact intervals of [0,7p), at rate 1/N"/? if k <
NU=1/2 and at rate k2/P /N1/P if N(0=1)/2 <« k < N'/2. The rate of convergence can be improved
if one uses better results for convergence of empirical measures.

Note that the assumption of a family of tagged partitions in Corollary 4.1 essentially entails
that po be absolutely continuous with respect to a Lebesgue measure on 2 x R

Particular case where G does not depend on (z,2'). When G does not does not depend on
(z,2"), particles are indistinguishable and the mean field is given by (55). We have the following
corollary of Theorem 4.1.

Corollary 4.2. Let jig € P.(RY) and let t — [i(t) be the unique solution on [0,Ty), with Ty =
Tmax(supp(fio)), of the Viasov equation (56) such that fi(0) = g (see Corollary 3.1). Besides, let
oy = o=y and let t — pN (t) = d=n () be the unique solution on [0,Ty) of the Liowville equation
(61) (without dependence on X ) such that p™ (0) = p2’. Then, for every t € [0,Tp),

W (p™ (8) v, 18(1)) = W (e (), (1) < CF (8) Wy (g - o) (69)
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and we have pN (t)%.; = Han () = + vazl Oev(yy (empirical measure), where CN(t) is defined by
(65) (without dependence on z,z'), and, for every k € {2,... N},

2\ 1/p
W,£°°1(pN(t)?v;k,u<t)®k)<2(’jv) diamps (E" (1)) + O (6) Wy (B, o) (70)

Proof. Following the proof of Corollary 3.1 and choosing 7 = dz for some arbitrary Z € ), when
G does not depend on (z,z’), fi(-) is solution of the Vlasov equation (56) (without dependence
on z) if and only if p(-) = 6z ® f(-) is solution of the Vlasov equation (45). We now define
XN =(z,...,2) € OV, and we take p) = dxn ® 0=y as initial condition for the Liouville equation
in Theorem 4.1, so that p™(t) = dx~ ® p™(t) where p™(t) = dzn(;). With these choices, we
obviously have pN ()%, = 02% @ pN (t)%.4, and then (69) and (70) straightforwardly follows from
(66) and (67), by applying Remark A.2 in Appendix A.1.4. O

4.2.2 Second way, with p)’ “semi-Dirac”

Given any fixed N € N*, let XV = (zIV,...,2%) € QY be arbitrary. We set dx~ = Oy ® -+ 0N
and pé\fXN = Mooy ® -+ ® fig ,n. Defining P € P(QN x RY) as the “semi-Dirac” measure
oY =6xn ® pé\j ~, we consider the unique solution on [0, Tp) of the Liouville equation (61) such
that p™ (0) = p, given by the “semi-Dirac” measure

PV () = OV (1)pd = xn @ Bt XY, )eph o = Gxn @

Note indeed that the marginal 0V = (7®N),pN of pN = pN(t) on QV is OV = §x~, and that
ngN = q)N(taXN7 ')*pé\{XN-
As a preliminary remark, we claim that, at ¢ = 0, we have

N
s 1 se
(péV)Nzl = N Z(;:cfv ® H’O,rfv = (IU’O)XN (71)

i=1

(semi-empirical measure), which converges weakly to po as N — +oo under slight assumptions on
o, by Lemma A.19 in Appendix A.4.2. More generally, (p{’)%., converges weakly to u?k (in the
proof of the theorem hereafter, we give an explicit expression for (pd')%.,, using (105) in Appendix
A.2.3). In the theorem below, we establish that this convergence is propagated in time.

Theorem 4.2. We assume that the norm || - || on R? is induced by a scalar product on R®. Let
p € [1,2] and q € [1,+0o0] be arbitrary.

(A) Assume that x — pg 5 is v-almost everywhere continuous for the Wasserstein distance W.
Then, for every k € IN*, pN ()., converges weakly to u(t)®* (equivalently, in Wasserstein

distance W,E‘”) as N — +oo, uniformly with respect to t on any compact interval of [0,T).

(B) Assuming that G is locally Lipschitz with respect to (x,2',£,£") (uniformly with respect to t
on any compact), defining S (1) by (64) and

) 1/2
Cu(t) = 11(1 470 ma dinmg, s (supp(ua(t)))  exp (2 max [G(r.-r-1-, ) s ellenn ).
(72)

30



we have, for every N € IN*, for every k € {1,...,N} such that k* < 2N In (%),

W (o™ (03 (1))

) 2\YP - ,
< k /qCM(t) max (N) ) iaN 73\/W1 ((MO)§N7MO)7WP ((MO)éXCN7MO) (73)
Na~2
for every t € [0,Ty) (for k =1, without the first term in the above parenthesis).

Theorem 4.2 is proved in Appendix B.5. Note that the p-Wasserstein distance at the left-
hand side of (73) is considered with p < 2, because in the proof we use in an instrumental way
a variance-type estimate, measuring the L? discrepancy between the mean field and the particle
vector field (see Appendix A.6). Besides, g € [1,+00] is arbitrary, but only the values g € [1,2) are
meaningful. The strongest estimate inferred from (73) is when ¢ = 1, i.e., when one takes the ¢!
distance on QF x (]Rd)k. This choice has no importance while k is small, but becomes important
if one takes for instance k = N/4.

To obtain an interesting convergence result from this theorem, we apply the second item of
Lemma A.19 of Appendix A.4.2, which yields Wi ((uo)5n o) < (LJSV% and Wp((po)5en s o) <
diamg, , ga (supp(0))*~/P((L + 1)Cq/N7)*/P under a regularity assumption on fio.

Corollary 4.3. In the context of Item (B) of Theorem /.2, we assume moreover that, for every
N € N*, there exists a tagged partition (AN, XN) of Q associated with v satisfying (27) (see
Section 1.5), and that x — po , is Lipschitz for the Wasserstein distance Wh, i.e., that there exists
L > 0 such that W1 (po,2, po.y) < Lda(x,y) for v-almost all x,y € Q. Then

N o E\Y? 1 1 1
WIEQ] (™ () %s (0)FF) < K /9L 4 1)CqC,, (t) max ((N) 2 P oTIor N’"/P> (74)

for every t € [0,Tp).

When Q is a n-dimensional manifold, we have r = 1/n, hence, if we take ¢ =1 and p = 1, the
rate of convergence provided by (74) is Nl%

Note that the assumption of a family of tagged partitions in Corollary 4.3 essentially entails
that v be absolutely continuous with respect to a Lebesgue measure on 2.

Particular case where G does not depend on (z,2'). When G does not depend on (z, '),
we have the following corollary of Theorem 4.2 (still assuming that the norm || -|| on R? is induced
by a scalar product on RY, that p € [1,2] and that ¢ € [1, +00]).

Corollary 4.4. Let Jig € P.(RY) and let t — [i(t) be the unique solution on [0,Ty), with Ty =
Tmax(supp(fio)), of the Viasov equation (56) such that p(0) = fip (see Corollary 3.1). Besides,
let o = p$N and let t — pN(t) = ®(t,-).pd be the unique solution on [0,Ty) of the Liouville
equation (61) (without dependence on X ) such that p™ (0) = p5. Then, for every N € IN*, for
every k € {1,..., N}, we have

N ) g2\ /P 1
Wi (0 () < BeCu0max () ) =
for every t € [0,Ty), where Cy(t) is defined as in (72) (without dependence on x).

Proof. The proof is the same as the one of Corollary 4.2: we take ¥ = ¢z for an arbitrary z € (.
Then (po)%y = 0z ® fio and thus Wi((po)5ns o) = Wp((1o)5n, o) = 0. We conclude the
proof by noticing that, since the particle dynamics are invariant under permutations, we have

PN ()N = P () N
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Remark 4.2. It is interesting to observe that, in (75), we have not taken the symmetrization of
the measure p™ (¢) (in contrast to Corollary 4.2).

Remark 4.3. Applying Corollary 4.4 to the kinetic plus potential Hamiltonian case where we have
G(t,(4i,pi), (¢5.p5)) = (pi» VV (g — q;)), we recover [36, Theorem 3.1]. The corollary can also be
applied to more general Hamiltonian systems, for example, G(t, (¢i, i), (¢;,p;)) = (pi, —V(V(¢; —
;) + (pi — A(:))?)), where a magnetic field associated to a vector potential A : RY — R?; or
to Cucker—Smale systems, for which G(t, (g:,p:), (¢j,p;)) = (pi, F(lgi — ;1) (pi —pj)), and gener-
alizations introduced in [58].

5 From mesoscopic to macroscopic scale: hydrodynamic
limit (from Vlasov to Euler)

5.1 Averaged dynamical quantities defined on (2

Given any p € P(Q x R?), disintegrated as p = Jo 1w dv(z), the three macroscopic quantities
that are usually considered in the hydrodynamic limit procedure are the three first moments of the
measure p with respect to £ (see, e.g., [75]), leading to define, for v-almost every = € Q:

e the total mass p(x) > 0 of u, by

) = [ dua(€) = s (R =1,

(moment of order 0) which is here assumed to be equal to 1 for v-almost every = € ;
e the “speed” y(z) € R? by
(o) = [ €,
R4

(moment of order 1) which is also the expectation of any random law of probability distri-
bution pi,;

e and the “temperature” T'(z) > 0 by

A@T@) = [ 16—y i@

(moment of order 2) which is a variance, or equivalently, if || - || is the Euclidean norm, by

P @@+ 5o(e)T@) = 5 [ el duale).
R4

Let t — p(t) be a fixed solution of the Vlasov equation (45) (recall that the mean field X'[u]
is defined by (44)). According to Remark 3.1, its marginal v(¢) = v on § does not depend on t.
Following the hydrodynamic limit procedure recalled above (see also, e,g. [17, 29, 58]), for every
t € R and for v-almost every = € €, we define the three first moments p(¢, x), y(t,«) and T'(¢, )
of p(t). The moment p(t,x) of order 0 does not depend on ¢ and is equal to 1 for v-almost every
z € Q and 0 otherwise. Let us study the moments of order one and two.
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5.2 Moment of order 1, Euler equation

Given any solution ¢ — u(t) of the Vlasov equation (45) on [0,7] (for some T > 0), of marginal v
on €2, using the disintegration of u with respect to v we define

) = [ €@ (76)

for v-almost every = € Q, and y(t,z) = 0 for every z € Q \ supp(v), for every ¢t € [0,T]. As a
preliminary remark, using (45) (or, rather, (46)), we have

8ty(t7 .’L') = <atlu/t,w7§ = €> = <Mt,a:a LX[,ut](t,m,-)(g — €>> = /Rd X[Nt](t7 z, 5) dlu/t,:c (6)

which is a kind of “mean” mean field, since the mean field is now averaged under ;.. Hence

o) = [ [ Gl ) dulal€) du ). W

It is remarkable that, for some classes of functions G, and for some classes of initial data, the right-
hand side of (77) can be expressed in terms of y(¢,x) only: we thus obtain a “closed” equation in
Y, as seen next.

5.2.1 Linear Euler equation
Proposition 5.1. Assume that G is linear with respect to (£,&'), i.e.,
G(t,x,2',6,¢) = ar(t,z, 2" ) + as(t, 2 )¢ V(t,2,2,6,8) e Rx 2 x QxR x R,

For any solution t — u(t) of the Vlasov equation (45), the mapping t — y(t,-), where y(t,x) is
defined by (76), is solution of the continuum / graph limit equation (31), in which the operator A
1s linear, given by

(A()y) (x) = /

ai(t,z,z")dv(z') y(x) + / as(t,z, 2" )y(x") dv(z") Yy € L(Q,RY),
Q

Q

where v is the marginal of p(t) on Q (not depending on t).

Proof. Using the disintegration of the measure, we infer from (77) and from the specific expression
of G that

ota) = [ €dunn(©) [ o) [ duuo(€) i)
e o T

=y(t,x) =1
4 [ dinal©) [ axttns) [ € duale) avis)
R¢ Q R¢
—_——— —_——
=1 =y(t,z’)
and the result follows. O

Remark 5.1. If p(0) = %Zil 8,3 @ 0N (o) = H{xn~ zxy S in Proposition 3.1, then u(t) =
: : B

M?XN,EN(t)) whose marginal on Qis v = vy = % Ef\il 5111}1 and whose disintegration with respect

to v is . = 55N(t) if z =2 fori € {1,...,N} and 0 otherwise. In this case, in the context of

Proposition 5.1, we have then y(¢,z) = ¢N(t) if z = ¥ for i € {1,..., N} and 0 otherwise, and

the differential equation (41) exactly coincides with the particle system (13).
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Proposition 5.1 applies, for example, to the Hegselmann—Krause system: under Assumption
(G), if t — pu(t) is a solution of the Vlasov equation associated to the mean field (60) then
t — y(t, ), with y(¢,z) defined by (76), is a solution of the continuum / graph limit equation (41).

The result of Proposition 5.1 fails however if G is not linear with respect to (£,¢’), since then
we do not obtain a “closed” equation in y.

5.2.2 Open issue: how to obtain a closed equation?

An open question is to characterize the mappings G such that, for any solution p of (45), the
function y defined by (76) satisfies the nonlinear Euler equation (31), dy(t,-) = A(t,y(t,-)). We
face here with the classical problem in kinetic theory of considering the three first moments of a
solution p of the Vlasov equation, and searching how to close the moment system since a priori
the equations depend on higher-order moments. Suitable closure assumptions are not known so
far, in general (see [17] for interesting comments, see also Section 5.4 further). This is why it is
usual to consider a monokinetic ansatz for u, as explained in the following section.

5.2.3 The v-monokinetic case

In this section, we assume that €2 is compact (for the non-compact case, see Remark 2.1). Let
us consider specific solutions u of the Vlasov equation (45), that are v-monokinetic, meaning that
u is delta-valued in the & variable and has the marginal v on Q. Given any v € P(Q) and any
measurable function y : Q — RY, we define the v-monokinetic measure py, on £ X R? by

oy =V ® Gy(). (78)

We have y(z) = [, £d(pl).(§) for v-almost every € Q (as in (76)), where the disintegration of
sy, with respect to its marginal v on § is given by the family of conditional measures defined by

(:U'Z)I = 51/(1’)'

Proposition 5.2. Let v € P(Q). Let T > 0 and let t — y(t,-) € L2 (L, RY) be a locally Lipschitz
mapping on [0,T].

The mapping t — u(t) = My € P.(Q x RY), of marginal v on Q, is a (v-monokinetic)
solution on [0,T] of the Viasov equation (45) with the general mean field (44) if and only if the
mapping t — y(t,-) € L (Q,RY) is a solution on [0,T)] of the (nonlinear) Euler equation (31).

Proof. When py = puy, (44) gives X[u](t,z, &) = [ G(t,x, 2’ & y(t,2")) dv(a’). The proof is
then straightforward, and we can note that A(t,y)(x) = X[uy](t,z,y(x)) (where the nonlinear
operator A is defined by (30)). O

Remark 5.2. Proposition 5.2 implies Theorem 2.1 (existence and uniqueness for the Euler equa-
tion (31)). Indeed, assume that Q is compact, let v € P(), let 30 € LP(Q,RY), set K/ =
ess.im(yP) its essential range (compact subset of R?) and K = Q x K’ (compact). Since the
unique solution of the Vlasov equation (45) such that u(0) = uyo = v ® dy0(.) is well defined on
[0, Timax(K)) (by Theorem 3.1) and is given by u(t) = Hy (e, (by Proposition 5.2), it follows that
the nonlinear Euler equation (31) has a unique solution on [0, Tax (K)) such that y(0,-) = y°(-).

When p; is not of the form NZ(t,.)’ t — y(t,-) fails in general to satisfy a “closed” equation
(i.e., Oyy(t,-) may not be expressible only in function of the first moment y(t,-)). Instead, there
may be a full hierarchy of equations coupling all moments of ;5 (see Section 5.4). Anyway, when
convergence to consensus holds, we may expect that any solution p of (45) is asymptotically of
the form M;(t,»)'

34



Remark 5.3. In Remark 2.3 in Section 2.1, we have seen how to embed the solutions of the
particle system to solutions of the Euler equatlon by considering an empirical measure v. This
embedding works because, when v = v§.y = & ZZ 10,y and y(t, @ Ny = ¢N(t), the v-monokinetic
measure uy(t’.) coincides with the empirical measure ,u( XN EN (1)) Indeed7

N N N
y 1 1 1 ,
Hoy(e,) = N E :5va ® dy(e,) = N E 5gi ® 5y(t,x§\’) =N E 5gi ® 555\’(0 = NEXN,EN(t))-
i=1 i=1

i=1

Remark 5.4. In Appendix A.5, we provide estimates on the discrepancy between empirical mea-
sures and v-monokinetic measures. Lemma A.20 of that appendix, combined with Theorem 2.2
and with the proof of that theorem, yields estimates on the discrepancy of the empirical measure
M?XN,EN(t)) with respect to the v-monokinetic measures :“Z(t,-) or MZN(tf)'

Remark 5.5. The proofs of Theorems 2.2 and 2.3 that we provide in Appendices B.1 and B.2
are direct but actually one can also prove these propositions by applying Corollary 4.1 with
wu(t) = M,y =V ® 0y, (the v-monokinetic measure) and use Lemma A.20 of Appendix A.5

5.3 Moment of order 2

In this section, we assume that the norm || - | on R? is induced by a scalar product ( , )ga on RY.
We define

Tt,7) = 5 [ 1€ =t )P dyna(©)

for v-almost every x € Q. Note that T'(¢,x) = 0 for v-almost every z € Q \ supp(v). Using (45)
(or, rather, (46)) and noting that [ga(§ —y(t,z), Opy(t, z))ga dp 2(€) = 0, we compute

OT(ta) = 5 [ (€= wlt2), XLt s e (€). (79)

Proposition 5.3. In the Hegselmann—Krause model (13), we have G(t,z,z',£,£') = o(z,2")(§' =€)
and

0T (t,7) = —25(2)T (1, ) |

where S(x) = [, o( (z) for v-almost every x € Q. Hence t — T(t,z) = T(0,z)e 25
decreases emponentwlly to 0 as t — 4oo for v-almost every x € Q such that S(x) > 0.

Proof. We have X[u](t,z,€) = [, [ga 0(@,2") (& — &) dpg o0 () dv(a’) in the Hegselmann-Krause
model (see (60)), and thus

Xiu(t.€) = =S(@) [ (€= ut.a) dins€)+ [ [ otasl)€ = ult.) dpn o (€) dila).

Since the second term does not depend on &, using again the fact that fRd (E—y(t,x))durz(§) =0
by definition, and using (79), the result follows. O

Remark 5.6. We will see in Remark 5.7 in Section 5.4 that, in the Hegselmann—Krause model,
all moments of order > 2 satisfy the same differential equation, and thus, decrease exponentially
to 0 as t — +o00 as soon as S(x) > 0 for v-almost every x € Q. This shows that, under the latter
assumption, the solution ¢ — w(t) of the Vlasov equation (45) is such that p; ., is exponentially
close (in Wasserstein distance) to the Dirac measure &, ) as t — +o0.
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In [14], convergence to consensus is proved for the Euler equation under the assumptions that
dv(z) = dz, that S(xz) > 0 > 0 for almost every x € Q and that the (infinite-dimensional)
graph associated with o be strongly connected. This remark shows that the result of [14] can be
generalized by relaxing the assumption on S to: S(z) > 0 for v-almost every = € Q.

For general mappings G, the question of whether or not 7T is the solution of some “closed”
equation is open.

In the v-monokinetic case, i.e., assuming that p is of the form (78) and is a solution of (45),
we have T'(t,z) = 0. This is expected since T'(t, ) is the variance and thus measures the distance
to the average y(t,x).

5.4 Generalization: coupled equations of moments

More generally, assuming d = 1 to simplify, let us set, formally,

G(t,z,2',6,¢) = Gtz 2" y(t,2),y(t,a) + D gyt z,2")(€ — y(t,2))'(€ — y(t,2"))’

i+j21

where y(t,z) = [ £ dpy(€) is the moment of order 1 of i, (recall that the moment of order 0 is
yo(t,x) = fR dpy 5 (€) = 1). Defining the central moment of order i by

lt.0) = [ (€= olt)) dueale)  VieN
R
(note that yo(t,z) =1 and y;(¢,x) = 0), we have

X[/,Lt](t,l'7€>= o RG(t’x7x/a§7§/) dﬂt(]/,g/)

- /Q Gtz 2" y(t, 2), y(t, 2')) du(a’)

+ Y -yt ) / g1y (t, 2, 7'y (¢, 2') dv(a)

i1 @

and thus, using (30),

X, &) = (At y(0))) (@) + Y (é—y(t,ff))i/ gij (t, z, 2")y;(t, ") dv (2)

i+j>1 @

It is interesting to see that, in the above formal expansion of X[u:](x,&) using the centered mo-
ments, the first term is (A(¢, y(¢)))(x).
Therefore, we have

Dry(t,z) = /R Xy}, €) dpty o (€)
— (At ) @) + Y ( /Q gij(tvx,x@yj(t?x')du(x’)) yilt, )

i+j2>1

(actually since y; = 0 the above sum can be taken over all pairs (4, j) such that i + j > 2) and, for
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every k € N\ {0, 1},
Ouyr(t, 2) = (e, Lagu,- (€ — (€ = y(t,2)%) — (e, k(€ — y(t, 2))  Oy(t, x))
= k/R(f —y(t, )" (X[ (2, €) — Ory(t, ) dpir o (€)

—k /R (€ — y(t,2))* (X[m](ac,f)— /R Xlur)(2,€) dm,Aé’)) dpie. (€)
kY ( /Q gij(t,x,w')w(tw')du(w’)) /R (€ — y(t2))F 1 ((€ = y(t.2)) — (b, 2) dpie ()

=k Z </Q 9i5(t, 2,2 )y;(t, 2") dV@’)) (Z/k—1+11(t, r) — yk_l(t,x)yi(t,x))

(actually since y; = 0 the pair (¢ = 0,5 = 1) does not occur in the above sum). In full generality,
all equations of moments are coupled and we have no closed system.

Closing the hierarchy of equations satisfied by all the moments y; (¢, z), for ¢ € IN*, might be
done by adding a small parameter . This is an open question.

Remark 5.7. In the Hegselmann—Krause model (13), we have G(t,z,2',&,£') = o(x,2') (' — &)
and thus g;; = 0if i 4+ j > 2 and go1 = —g10 = 0. We recover the facts that the equation in y is
closed and that Opya(t, z) = —25(x)ya(t, x). Moreover, a straightforward computation shows that

%a‘,yk(t, x) = =S(x)yg(t, x) Yk € N\ {0, 1},

thus generalizing the case k = 2 studied in Proposition 5.3. Therefore, yy(t, ) = yx (0, 2)e~*5®),

5.5 Directly from Liouville to Euler

In this section we answer the question : which “Liouville” quantity the first moment of the solution
to Vlasov (i.e., the solution of Euler in the good cases) is the large N limit of the symmetrized first
marginal of ¢

Ler us motivate this question by reminding that, in accordance with Section 4.2, the true
“vector” for passing from Liouville to Vlasov is the process of taking marginals: Vlasov appears as
a subsystem of the large N limit of Liouville by keeping only the information encapsulated in the
marginals of the solutions of Liouville. The task of the present section is to do the same for Euler.

In Section 2.2 we considered the direct passage from the particle system (8) to the Euler
(continuum / graph limit , graph limit) equation (31) through the system of ODEs defining the
particle dynamics whereas in the present section we also reached the same Euler equation but via
the Vlasov equation in the pure mean field paradigm, using the results of Sctions 3 and 4.

The Liouville equation (61) being the transport equation lifting the particle system (8), a
natural question is to wonder whether there exists a direct way to pass from Liouville to Euler.
Our objective in this section is to provide a quantity cooked up out of the solution p(-) of the
Liouville equation (61), converging to the solution of the Euler equation as N — +4oco. The
question may fill a gap in the general micro-meso-macroscopic landscapes.

Let us explain how this can be done. Considering a system of N particles, each of them
living in a phase space Q x R?, the meaning of the solution p(t) € P(2 x R?) of the Liouville
equation (61) is the following, when it has a density with respect to the Lebesgue measure: for any
X = (21,...,zx) € Q¥ and any E = (&,...,6y) € R™Y, p(X, E) is the joint probability that, for
every i € {1,..., N}, the i'" particle has position and momentum (x;, ;). In Section 4.2 we have

37



shown that, for appropriate initial conditions p(0), we recover the mean field limit by taking the
limit N — 400 of the average over all particles but one and then by taking marginals.

The Liouville paradigm enlarges the moment setting to a probabilistic one: every agent has a
moment, but it hesitates randomly between several values that can be assigned to it. Of course the
monokinetic case through the Vlasov equation exhausts this random feature by assigning a single
moment. But it is quite remarkable, and one has to say still mysterious for us, that, for the opinion
propagation model outside monokineticity, the marginal of the full density, namely a probability
“average over all particles but one” leads through, and after the large N limit, its first moment to
the same limit as the fundamentally different “discrete to continuous” passage emblematic to the
graph limit.

It is therefore interesting to remove this “after the large IV limit” and pass directly from Liouville
to Euler (or at least to the velocity field of the solution of the Vlasov equation) and answer the
aforementioned question: which N particles system’s quantity is the solution to the graph limit
equation the large N limit of the first marginal of?

Given any XV = (z,...,2Y) € OV, we set

n

i=1
and, for any i € {1,..., N},
M= [ en(x2)de (50)

defined as a marginal against test functions on QV x ]Rd(N_l), ie.,
(Ml o) = [ P(X.Z_)6p(X.Z) dX de
QN XRd(Nfl)

where 21 = (&1,...,&-1,&41,--.,&En). Given any p € P(Q x R?), we set

milple) = [ €dus(z9)
Rd
Proposition 5.4. Under the framework of Corollary 4.3 and uniformly with respect to i €
{1,..., N}, we have
Wi (Mi1p']) s mal']) = o(N )
where o(N~1) is given by the right-hand side of (74) for k = p = q= 1. Here p' is the pushforward
of p=% = p under the particle flow, and u' solves Vlasov with initial condition u'=° = p.
Corollary 5.1 (monokinetic case). When u(z,&) = §(§ — y(x)),

Wi (MiP) 3 ') = o(N )

(same as in Proposition 5./), where y' solves Euler with initial condition y'=° = y.
It is also true for general p for the Hegselmann Krause model, with y(z) = [ € duy(x,§).

In other words, the answer to the question asked in this section is any “first moment” of the
Liouville solution as defined by (80).

Proof. The fact that the proposition and the corollary are valid uniformly with respect to ¢ €
{1,...,N} comes from the fact that symmetrization commutes with the action of taking first-
order marginals (only first-order). Therefore (Mﬁ[pt])jvzl = my [([p"])y.1] and the proposition
easily follows from Lemma A.11. The proof of the corollary is immediate. O
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5.6 Hydrodynamic limit in the second-order case

For second-order particle systems (16) where ¢ is interpreted as a position and p as a speed (or a
momentum), in the classical kinetic literature where particles are assumed to be indistinguishable,
the hydrodynamic quantities that are most often considered are the three first moments of
integrated with respect to p and kept as functions of q.

Let us recall that the “hydrodynamics” replaces a scalar equation on “phase space” (the one of
g and p), the Vlasov one, by a system of equations on the “configuration space” (the one of ¢ only).
The interest of this approach is twofold: firstly at the conceptual level, as it puts the dynamics on
a physical, directly observable space (a feature particularly important for situations not naturally
embedded in the classical physics cultural paradigm (for example biology, economy, social sciences),
and secondly at the numerical point of view since the increasing number of variables for PDEs is
very costly (see [60] for a comparison between numerics associated to Vlasov and Euler).

More precisely, in the second-order case, any solution ¢t — pu(t) of the Vlasov equation (not

depending on z) is such that p(t) € P.(R" x R"), where d = 2r and £ = (¢, p), and, assuming that

dpt(q,p)
dgdp

e the mass m(q) = [i. f(t,q,p) dp,

= f(t,q,p), the three first (marginal) moments of u(t) under consideration are:

e the momentum m(q)v(q) = erpf(ta q,p) dp,

o the energy (or temperature) m(q)E(q) = [g. lp — v(9)[|* f(t,q.p) dp,

as defined in [75]. This is different from what we did in Section 5.1.

The above quantities are introduced for example in [38] in the Cucker—Smale model. In general,
they provide alternative objects of investigation, in the specific case of second-order models. But
let us notice that they do not satisfy a system of closed equations; the equations for the mass
and the momentum close themselves under a monokinetic condition on the initial condition of the
Vlasov equation.

Let us assume that d = 2r, £ = (¢,p) € R” x R" and that the system of particles is an
indistinguishable second-order system of the form

N
4i(t) = pi(t), pi(t) = %ZK(t7Qi(t)api(t)aQj(t)vpj(t))

for some continuous mapping K of class C! with respect to its four last variables. Here, g;(t)
is the position and p;(t) is the speed of the agent number i. Assumption (G) in Section 1.2 is
satisfied with G(t,z,2',£,£") = (p, K(t,&,£')). Since G does not depend on (x,z’), particles are
indistinguishable. When considering the limit equations (Euler or Vlasov), we can however choose
to distinguish them, as already discussed.

Euler equation. Choosing a set €2 of labels and a probability measure v on €, the Euler equation
(31) is

atyl <t7 CIJ) = yQ(ta .Z')

() = [ K0,31(02)120,2), 01,0, 100,09 o) (81)

where it is understood that y (¢, ;) ~ ¢;(t) and ya(¢, ;) ~ p;(t) (see Section 2.2).
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Vlasov equation. As we have seen before in (55) and (56), since in the present case the mean
field X[u] does not depend on the variable z, we have X[u](t,z,€) = X[a](t,£) where the mean
field X'[f] is given by

_ B p
X[a(t,€) = (fnrxm K(t,€,¢) dﬂ(&’))

and the Vlasov equation is 9;ji + div(X[ji]jz) = 0.

Usual hydrodynamic limit considered in the literature: the standard Euler equation.
We are going to consider the hydrodynamic variables in the sense that is usually considered in the
literature: moments of the measure i where the integration is performed with respect to p, but
keeping ¢ as a parameter.

(1) If we proceed by disintegration, we do not obtain something much interesting. Let us explain.
Given any probability measure i on R" x R" (where the variables are (g, p)), let € be the marginal
of i1 on the first copy of R" (where the variable is ¢). The disintegration of i with respect to 6
isp= fR,,. tq d0(q) where the measures i, are probability measures. Then, if we take the first
moments of y: the moment of order 0 is p(q) = fRT dpg(p) = 1 and thus is uninteresting; we could
then consider the moments of order 1 and 2. But let us proceed in another way, following what is
usually done in the literature:

(2) In the usual way, we assume that, for every ¢, fi(t) (solution of Vlasov) is absolutely continuous,
ie., dii:(q,p) = f(t,q,p) dgdp, and we define

e the moment of order 0: p(t,q) fRT f(t, q,p) dp;
e the moment of order 1: p(t,q)u(t,q) = fRTpf(t, q,p) dp.

This is different from what was done in (1) because now p(¢, ¢) is not constant. Actually, comparing

with the disintegration of ji;, we have dZ;'“ (p) = f(t,q,p /fRT f(t,q,p")dp’. So, here, the way we
consider the hydrodynamic variables is different.

Let us recall how to compute the equations satisfied by p and w (this is well known in the
existing literature). The Vlasov equation for f is

Oif + (p, Vo) + divp(Xk[f]f) = 0

where X [f|(t,q,p) = [pr g Kt a0, ¢, 0')f(t,¢',p")dg’ dp’. Multiplying by ©1(q)e2(p) and
integrating, we get

/ / e1(9)2(p)0:f (8 a,p) dg dp
- /T/T <302(p) de1(q).p+ ¢1(q) dg@2(p),XK[f](t7q7p)) £(t.0.p) dgdp

First, taking wa(p) = 1, replacing above and integrating by parts, and noting that the equation is
valid for any function ¢; (thus, one can localize in ¢), we get

’ Op +divg(pu) =0 ‘

which is the classical continuity equation. It is obtained without any specific assumption, in
contrast to the next one.

Taking o = p; for any i € {1,...,r} (where p = (p1,...,pr)), replacing above and integrating
by parts does not suffice in producing a “closed” equation. As done usually, we assume that the
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velocity distribution is monokinetic: f(t,q,p) = p(t,¢q)0(p — u(t,q)). In this way we obtain the
equation

O (pu) + divg(pu@u) = [ b(t,q,u(t,q),q,u(t,q)) p(t,q) p(t,q") dq’
RT‘

which is the pressureless Euler equation, as obtained by [21, 29] and [59] for more general systems
including chemiotaxis. Although we have used the same name, this Euler equation (and the way
it has been obtained) is of course completely different from the one given in (81).

6 Summary: relationships between various scales

(Euler and continuum / graph limit equations are the same)

In the previous sections, we have investigated the following three scales (recall that G satisfies
Assumption (GQ)):

e The microscopic model, which is the particle system
N
Ny = SN G e eV (1), €N (1 e {l,...,N 82
gz()_ﬁz (7xiaxja§i()a€j())7 Z€{7'-'7 } ( )
j=1

When extending this system by setting @V (¢) = 0, in some sense we perform an extension of
the particle system to the phase space.

e The mesoscopic model, which is the (kinetic) Vlasov equation
Orpa -+ dive(X[plu) = 0 (83)

where X[u](t,z,&) = [ ge G(t,z,2",6,&") du(a’, &) for all (t,2,£) € R x Q X RY, obtained
by mean field limit.

e the macroscopic model, which is the Euler equation
Ay(t, x) = (A(t,y(1))) () = / G(t,z,2",y(t, z),y(t, ")) dv(z') (84)
Q

where v € P(Q), obtained by graph limit.
Additionally, we have also considered the Liouville equation,
Aep™ + diva(YNpN) =0 (85)

where YV is the vector field in R representing the system of all particles.
Figure 1 illustrates the various relationships that we have investigated in the paper, and that
we comment hereafter.

Particle to Liouville. Any solution =V () of the particle system (82) can be embedded as a
Dirac measure p™V(-) = dx~ ® d=~ .y that is a solution of the Liouville equation (85).
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Figure 1: Relationships between particle (microscopic) system, Liouville (probabilistic) equation,
Vlasov (mesoscopic, mean field) equation, Euler (macroscopic, graph limit) equation. We do not
write the upperscript IV in the various formulas to keep a better readability.

Particle to Vlasov. By Proposition 3.1, any solution ZV(-) of the particle system (82) can be
embedded to an empirical measure p(-) = Hix~ zv(y) = ~ sz\; 0, ® O¢n(y that is a solution
of the Vlasov equation (83). Conversely if an empirical measure u(-) = H{xN =8 () (with distinet

points) is a solution of the Vlasov equation (83) then ZV(-) must be a solution of (82).
In this context, the mean field limit consists of taking the limit N — 4-o0.
Particle to Euler. Any solution ZV(-) of the particle system (82) can be embedded to a solution
of the general nonlinear Euler equation (84) by using an empirical measure v (see Remark 2.3).
Alternatively and much more interestingly, to pass from the microscopic to the macroscopic
scale, by Theorems 2.2 and 2.3, one can take the graph limit of the particle system (Riemann sum
theorem) and thus obtain the Euler equation, with estimates of convergence as N — +o0.

Liouville to Vlasov. By Theorems 4.1 or 4.2, one can recover the solutions of the Vlasov
equation (83) from those of the Liouville equation (85), for some appropriate initial conditions
p(0), by taking marginals and taking the limit N — +oo.
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Euler to Vlasov. By Proposition 5.2 in Section 5.2.3, given any v € P(2) and any solution
t — y(t,-) of the Euler equation (84), the v-monokinetic measure mapping ¢ — u(t) = Moty =
v ® Oy, defined by (78) is a solution of the Vlasov equation (83). This embedding from the
macroscopic to the mesoscopic scale is general and is valid for the mean field X[u] defined by (44)
and for the nonlinear operator A defined by (30).

Vlasov equation to Euler equation. Here, and only here, we assume, first, that G is linear
with respect to (£,&') (as it is the case for the Hegselmann—Krause model). Proposition 5.1 says
that, given any solution ¢ +— p(t) of the Vlasov equation (83), defining v = m,u(t) (marginal
of u(t), which does not depend on t), the moment mapping ¢ — y(t,-) of order 1, defined by
y(t,x) = [ra & dpe,2(€), is a solution of the Euler equation (84) (which is linear in this case).

As discussed in Section 5.2.3, there is a second way, still not general, to go from Vlasov to
Euler, by assuming that the solution p(-) of the Vlasov equation is v-monokinetic. In this case, its
moment y of order 1 is solution of the nonlinear Euler equation (31).

This projection from the mesoscopic to the macroscopic scale is not general because, in general,
y does not satisfy a closed equation.

Liouville equation to Euler equation. Proposition 5.4 and its Corollary in Section 5.5 show
how to derive Euler from Liouville, for specific initial conditions p™¥(0), by taking an adequate
moment of pV () and then passing to the limit N — +oo.

Finally, all above relationships are general (i.e., valid for a general interaction mapping G)
except the transition from the mesoscopic (kinetic, mean field) model to the macroscopic (Euler)
model, which is valid if G is linear with respect to (£,£’) but fails in general. The graph limit
procedure is of a different nature and relies on the Riemann sum theorem (see Section 2).

Anyway, what is interesting in the above arguments is that it may not be relevant to place the
mesoscopic level in-between the microscopic level and the macroscopic one.

In conclusion let us emphasize the following important novelty of our article:

a Vlasov-mesoscopic scale equation for agent systems
and the fact that
the (continuum) graph limit equation is an Euler equation

7 Further comments and perspectives

In this paper we have surveyed and generalized various ways to pass to the limit in finite systems
of particles, and described precise relationships between the various limit equations: Euler, Vlasov
and Liouville equations. This has been done under the standing assumption (G) on the interaction
mapping G modeling the particle dynamics.

As already said, we have restricted our study to regular mappings G, because our objective
was to highlight in the simplest possible way the basic relationships between the microscopic,
mesoscopic and macroscopic scales, with the most possible general viewpoint. The study of singular
kernels is much more challenging and requires the development of other techniques.

Related to this issue, we give in the section hereafter a surprising consequence of our results.

7.1 Approximation of PDEs by finite particle systems

As stated in the longer preprint version [62] of the present article, and as already presented at
a number of conferences and talks since 2022, there is a surprising consequence of our analysis,
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namely, that sufficiently regular solutions of any quasilinear PDE can be approximated by solutions
of systems of N particles, to within 1/InIn(N).

This intriguing result is stated in [62] but since this preprint was becoming too long we decided
to split it and to present the PDE application in a separate paper.

In this section, we give a flavor of this result. To simplify the setting, we restrict our exposition
to the linear case. Let us consider a linear evolution equation

y(t) = Ay(t) (86)

where A : D(A) — Lz(QJRd) is a linear operator generating a Cj semigroup and ) is an open
bounded subset of R"™. Let [A] be the (distributional) Schwartz kernel of A, so that (Af)(z) =
([A](z,-), f) in the distributional sense, for every f € €>°(€2,R?%). For instance if [A](z,z') = &',
the distributional derivative of the Dirac measure §, at x, then A = —0,.

Writing, with a slight abuse of notation, (Af)(x) = [,[A](z,2) f(2'), we see a strong similarity
with the bounded operator given in (41) (in Section 2.3), of kernel o. The idea then consists
in approximating the distribution [A] with a family of smooth kernels o., depending on a new
parameter & > 0, such that o, converges in the distributional sense to [A] as ¢ — 0.

There are a number of ways to perform such an approximation. Explicit constructions are
provided in [62] by using convolutions. In all cases, we now have a family of bounded operators A,
on L*(Q), such that (A.f)(x) = [, 0c(z,2) f(2) da’ for every f € €°(Q, RY). Following Section
2.1, for every £ > 0 fixed, the operator A. is of the form (30) with the mapping G. given by
G:(t,z,2',&,&") = o.(x,2")¢, and the corresponding Euler equation (31), which is here the linear
evolution equation y.(t) = A.y:(t), is viewed as an approximation of the linear evolution equation
(86). Actually, it is not difficult to stand general assumptions under which ||y. (t) —y(t)|| > < Ce?*
for some C' > 0 and 8 € R not depending on the solutions.

Now, in a second step, following the path drawn in this paper and passing from the macroscopic
to the microscopic scale, the family of finite particle systems, indexed by N, naturally associated
to the e-Euler equation y.(t) = A.y.(t) is

Zos Vo) (@)

and the discrepancy between their respective solutions can be estimated thanks to Theorem 2.2 in
Section 2.2 (in particular, (37)). Under appropriate assumptions, or by an explicit construction of
the kernel o, done in [62], it happens that the Lipschitz constants of G. and of o. are estimated
by integer powers of % so that, finally, by the triangular inequality, we obtain an estimate of the

form
H Zf ]lQN < C’(s—f—lexp(Cexp(C))).
L2(Q,RY) N €

Actually, there are powers of N and of € but we drop them to simplify. Of course, in the above
estimate, if N is fixed and € — 0 then the estimate blows up, which is expected because of the
unboundedness of A. It is thus required to let N tend to inﬁnity and € to zero in an appropriate

way. Optimizing the above estimate leads to choose € ~ 1 ~» and then
N
C
t,) — et 1 =
Jote.) = S0 10r ) e, S TN

i=1

(actually, a positive power of it). We have thus shown that we can approximate any linear (and
actually, quasilinear) PDE by an explicit family of finite particle systems, to within 1/Inln(N).
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It is intriguing that this result is universal and requires very few assumptions (see [62] for more
details and complete statements). However, coming back to the basics of statistical physics, one
should not forget that a given domain €, say of volume 1, contains N ~ 6.1023 particles and that
Inln(N) ~ 4, thus making unrelevant the general obtained estimate. This shows that, in some
sense, the estimate 1/Inln(V) is a kind of physical barrier. But we refer the reader to the last
part of [62], soon becoming a separate article, for more results and comments on this issue.

We conclude the present paper with a comment. The above discovery has been made possible
only by adding the variable z €  to the particle system, to the Vlasov equation, yielding the
Euler equation obtained by graph limit. This additional variable x, which stands for the label of a
given particle (and is used to distinguish particles one from each other), becomes naturally here,
in the context of PDEs, the spatial variable. We refer to [63] for further developments.

7.2 Some open questions

We provide hereafter several further comments and open issues.

Closing the hierarchy of moments. In Section 5, we have defined the moments of the measure
u solution of the Vlasov equation. We have seen that the hierarchy of moments is closed if G is
linear with respect to (£,&’) but is not closed in general otherwise. Although Proposition 5.1
remains an obvious observation, it is still mysterious to us. The question is open to characterize
all mappings G so that the hierarchy is closed at a certain level.

In cases where the hierarchy is not closed (like for fluid equations), we wonder whether it is
possible to add a small parametere which would be used to close the hierarchy by taking adequate
limits (see [35] for similar comments).

Convergence to consensus. We have shown in Section 5.3 that, surprisingly, the “temperature”
always decreases exponentially, pointwisely, as soon as S(x) > 0, for the Hegselmann-Krause
model. This fact allows one to easily recover (and improve) some known results on convergence to
consensus. We do not know to what extent this observation may be generalized but we think that
it can be used to derive consensus results under weaker assumptions.

In more general, for nonlinear systems enjoying consensus properties (like nonlinear Hegselmann—
Krause models) or synchronization properties (like the Kuramoto model), following Section 5.2.3,
we expect that, under appropriate assumptions, any solution ¢ — u(t) of the Vlasov equation (45)
is asymptotically of the form Fa (e, where t — y(t,-) is a solution of the Euler equation (31).

In any case, establishing a consensus result at the level of the Vlasov equation is interesting
because it should a priori imply consensus at the level of the (macroscopic) Euler equation and for
the (microscopic) particle system.

Improving error estimates. In our results, we establish error estimates between solutions of
the particle system and a limit equation (Euler or Vlasov) on compact intervals of time, and
the error grows exponentially in time, essentially due to a Gronwall argument. Such errors can
certainly be much improved for some classes of mappings GG, maybe under consensus convergence
properties, in order to obtain uniform in time estimates.

Use of the measure v. In the existing literature, the measure v used in the definition (30) of
the operator A of the Euler equation (31) (graph limit) is always the Lebesgue measure. We have
shown in this paper the interest of considering other measures, in particular empirical measures,
to obtain (trivial) relationships with the particle system. But more generally, it is certainly of
interest to use other measures v, depending on the context. For example, in social sciences, each
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agent could have a probability of decision, but several agents could have the same probability of
opinion.

Weakly regular (but not singular) mapping G. It is likely that, in our results and in
particular in Theorem 3.1, we can weaken the continuity assumption on G, provided we consider
the solutions of the Vlasov equation in a weaker sense. This is what is done in [14] for some classes
of opinion propagation models: the authors do not assume that there exists a limit mapping G (as
we do in (G)) but to take the mean field limit, in a weaker sense, they make another assumption
of uniform boundedness on their dynamics. However, at the limit they lose the distinguishability
of the particles.

It can be noted that when G is weakly regular (for instance L°), we do not have, a priori,
an existence and uniqueness result for the particle system. But, following [15], we can study the
Liouville equation (61), for which we can have existence (but not uniqueness) for rough vector
fields, and then derive the Vlasov equation by taking marginals.

Multiplewise interactions. As alluded at the end of Section 1.3, we have considered particle
systems having pairwise interactions. We could consider dynamics with “triplewise” interactions
(or more):

N
&) = g D Ol 2y, 60,6 (1), (1)
k=1

For such dynamics, the mean field is then formally obtained as
Mt = [ [ Gl a6 (e ) dula” )
OxR? JOXR?

and the Vlasov equation (45) remains the same. Obtaining a theorem of existence and uniqueness
of a solution ¢ — p(t) to the Vlasov equation, like in Theorem 3.1, is an open problem. The above
mean field X'[u] is indeed now quadratic with respect to p and this may complicate significantly
the analysis. We do not know if such triplewise (or more) interaction particle systems have been
studied in the literature.

Similar models. There exist some interesting models in the literature, not covered by our
analysis but are not far. A first example is the more general Hegselmann—Krause model

1 EN: o(leN (6) - &' ()l
.7:1 1 N N
NZ sl ) — &Y @)

=1

&' ®-&"®),  ief{l,...,N},

studied in (see [57]. Its graph limit is the Euler equation

(y(t,2") — y(t,x)) da’

and the mean field is

o(ll€ — €]) , ,
X[pl(§) = (& =& du(g).
/RC‘ / o€ — €[ dul€”)
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The corresponding Vlasov equation is studied in [57].
A second example is the Transformers model studied in [34]

N
Z eXp QN (1), KeN (1)) VeN(@©),  ie{l,...,N},

where @, K and V are matrices. This interacting particle model seems to be particularly relevant
in artificial intelligence. Although the above dynamics cannot be written in the form of the particle
system (8), it is quite evident that all the theory developed in this paper extends to such cases and
that its graph limit is the Euler equation

K !
Dyt ) / exp( y(tvx), y(t, 2'))
/ explQy(t, 2), Ky(t, ")) da”

and that the Vlasov equation (studied[34, Section 6.3]) is (45) with the mean field

/ exp Q§ K§> V£’ dﬂ(f/).
/ exp(QE, KE") du(€")

There exist also other variants of particle systems, involving some delays, or some coupling with
other equations (like in the Keller-Segel model). We think that many of them can be covered by
slight extensions of the analysis done in this paper.

Vy(t,z") dz’'

Stochastic particle systems. Throughout this article, we have focused on deterministic finite
systems of particles. Since many stochastic systems of interacting particles, involving noise, can be
relevant in modeling collective behavior, it is of interest to extend the results of this paper to the
stochastic context. For example, using Ito calculus, it is proved in [12] that taking the stochastic
mean field limit in a kinetic McKean-Vlasov type finite particle system, involving some Brownian
motion, leads to a kinetic Fokker-Planck equation. The general picture drawn on Figure 1 remains
to be investigated in the stochastic setting.

Control at the various scales. From the control theory viewpoint, it is natural to add a control
term in the particle system (8) and, accordingly, in the limit Euler equation (31) and in the Vlasov
equation (45). This was done in [1, 15, 30, 64, 68] (just to cite a few). The main objective is then
to obtain “commutative diagrams” in the following sense: if u is a control for a limit equation then
one wants that there is an explicit sequence of controls u for the particle system, converging to
u (this is the easy part); conversely, and much more difficultly, one wants to design controls u’¥
for the family of particle systems, indexed by N, converging to a control u for the limit equation.
This question can be settled in various contexts: exact control, optimal control, stabilization. This
is a major challenge.

Numerical consequences. All results and error estimates derived in our paper show that the
solutions of particle systems provide good approximations of the Euler or of the Vlasov equation. In
numerical analysis, particle methods, or particle-in-cell methods, have been much used in particular
to approximation solutions of fluid equations (see, e.g., [23, 70]). Of course, these equations involve
unbounded operators. But the results announced in Section 7.1 open a new perspective regarding
numerical issues, to be explored.
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A Appendix
Let F be a Polish space, endowed with a distance dg.

A.1 Some general facts on the Wasserstein distance

Choice of a distance on E*. Let q € [1,+00] be arbitrarily fixed. Given any k € IN*, we endow
E* with the ¢¢ distance based on dg, defined by

k 1/q
(ZdE(yiayg)q) if1<g<+o0
i=1

! e
lrgggkdfs(yuyz) if ¢ = +o0

e y) = 1de,91), - de Wk i)l = (87)

for all y = (y1,...,yx) and ¥’ = (¥}, ...,y},) in E*.

Fixing such a choice has an impact on the computation of the Wasserstein distance W), between
two probability measures on E*. Indeed, this means that the distance (87) is used in the definition
(21) of W, and that, in the definition (24) of W1, the Lipschitz constants must be computed with
the distance (87). The lemma below is thus important to compute Lipschitz constants.

Lemma A.1. Let f € Lip(E*). Then, for any ya,...,yr € E, the mapping y1 — f(y1,Y2,-- -, Ys)
is Lipschitz, of Lipschitz constant less than Lip(f). We set Lip,, (f) = max{Lip(f(-,y2,---,yx)) |
Yo, .- Yk € E}. All other Lip,, (f) are defined similarly, for i =2,..., k. We have

k

1/q’
Lip i(f)") if ¢ < +o0
Lip(f) = [[(Lipy, (f). - - .. Lipy, ()l = (; !
max Lip,, (f) if ¢ =400

1<i<k
where ¢' € [1,+00] is defined by ; + o = 1.

Proof. 1t suffices to write

f ) = fy, - k)]
< f(y17y27yk)_f(y/17y277yk)|++|f(yi7,y;c—17yk)_f(yll7ayl/c—hy;c)‘

< Z Lip,, (f) de(vi, i)

i=1
and to use the Holder inequality. O

Remark A.1. The choice of a distance d[,g],c on the tensor product E* (i.e., the choice of ¢ €
[1,4+00]) is far from being insignificant because, although all norms are equivalent in E*, comparing
them gives constants depending on k. The choice thus becomes particularly meaningful when & is
large.

Another remark is that the definition (87) is based on the usual £¢ norm, for ¢ € [1,400]. Other
choices are possible, but in order to keep many of the statements further the convexity of the norm
is important.
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Notation W,Eq]. For all p,q € [1,4+00], following Remark A.1, hereafter we denote by W,Eq] the

Wasserstein distance W, on P(E*) (defined by (21)) with respect to the distance dgg]k on E*.

q]

It follows from the usual inequalities for £¢ norms in R¥ that ¢ — d Bk

is decreasing and

IS <@p<+00 = d[gi] < dgg}j < k@ d[gi]
and thus o
1< q < g <400 = Wl <winl < gar~a wiel (8%)

for any p € [1,+00]. These inequalities complement (23). For p fixed, in the family of distances
W,@, for g € [1,400], the ¢! distance W,Ll] is the weakest one. This is an important point because,

in the existing literature, very often the ¢? distance W;[F] is used, but in this work the use of ¢ =1
is crucial for some parts.

In all subsections hereafter, we fix an arbitrary p € [1,400). The case p = +00 is obtained by
taking the limit when it makes sense. We also fix an arbitrary ¢ € [1, +0o0].

A.1.1 Convexity
Lemma A.2 ((W,)? is convex). Given any pi1, pi2, iy, pt € P(E) and any A € [0,1], we have
Wy (A + (1= Npz, Aty + (1= Api)” < AW (g, 1) + (1= Wi (o, 1)

Proof. This result is a particular case of [78, Part I, Chapter 4, Theorem 4.8]. Let II; be an optimal
coupling between p; and p, for i = 1,2. Then II = AII; + (1 — A\)II5 couples Aug + (1 — A)uz and
Ay + (1 = A)phy (maybe not optimally). Hence

WO+ (1= Az M+ (1= AP < [ dp(ana') (e, o)
E
[ du(o o) dil o' (1-) [ dp(o, o) dlae,a') = AW, G, )P+ (L= AW . )
E E

and the lemma follows. O

Lemma A.3. Let ui, 2,8 € P(E) and let € € (0,1] be such that u1 = (1 + &)us —eB. Then

Wy (1, p2) < /PWy (1, B)

and, assuming that € < 1,
gl/p
T 27 Wolkz, B).

In the particular case p =1, we have Wi (1, p2) = eWq(uz, 8).

llfp(ltl7li2) S;

Proof. We have us; = ﬁ/ﬂ + =8 (convex combination), and applying Lemma A.2 we get
Wy (1, p2)? < f?Wp(m, B)P < eWp(p1, B)P, and the first inequality follows. The second inequal-
ity is obtained by using the triangular inequality W,(u1,8) < Wp(u1, pe) + Wp(pe, 8). When
p=1, given any f € ¢2(E), we have [, fd(u1 — p2) =€ [, f d(uz — B), and taking (in two steps)
the supremum over all f such that Lip(f) < 1, we get Wi (u1, p2) = eWq(ua, B). O
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A.1.2 Symmetrization

Let N € IN* be arbitrary. Given any u € P(EY), the measure u® € P(EY), called the symmetriza-
tion under permutations of u, is defined by

K= > o (89)

where the measure o,p is defined by (o.u, f) = (u,0*f) and (6*f)(y) = f(o-y), with o -y =
(Yo(1)s -+ > Yo(n)) for every y € EN and for every o € G, where &y is the group of permutations
of N elements. Here, {, ) is the duality bracket. Equivalently,

o)) =55 X [ Hendut)  vrewEY)

N
E AN

Lemma A.4. Given any 1, e € P(EN), we have
Wi (3, 13) < WD (ua, o).

In this lemma, the Wasserstein distance W), is computed with respect to the £ distance d[;]N.

Proof. This follows from Lemma A.2, since p® is written as the convex combination (89), noting

that W% (o, i1, 0w pz) = W (1, p2) for any o € Sy because the distance dgg]N defined by (87)
is itself symmetric and because, for any II coupling p; and po and for any o € Gy, (0 ® 0),I1
couples o,y and o, po. O

A.1.3 Marginals

Let N € IN* be arbitrary. Given any u € P(E™) and any k € {1,..., N}, the k**-order marginal
un-k € P(EF) of pis the image of 4 under the canonical projection 7y : BV = E¥ x EN=F — Bk,

Lemma A.5. Given any py, 2 € P(EN) and any k € {1,..., N}, we have

W (1) Nk () wer) < W (paa, o). (90)

The Wasserstein distance at the left-hand (resp., right-hand) side of (90) is computed with

respect to the ¢4 distance d[;]k (resp., dEg]N). We will establish in Lemma A.13 in Appendix A.2.2
a stronger estimate when p; and po are symmetric.

Proof. Let II be an optimal coupling between p1 and po. Then, obviously, (7 ).IT couples (maybe
not optimally) (7g)«p1 = (p1) Nk and (7 )wpi2 = (p2) Nk Therefore

W;Eq]((ul)N:ka(MZ)N:k‘)pg/Ek d[]gl((ylvayk)a(yi,7y;c))pd(7rk)*n((y1,ayk)a(ylla7y;c))
< [ A mtml )P i)

< /EN A (y,y)P dll(y,y') = WA (1, pz)?

where we have used that d[EqL (7 (y), 76 (y")) < d[IiJI]N (y,v). O
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A.1.4 Tensor product

Let k € IN*. For every i € {1,...,k}, let F; be a Polish space, endowed with a distance dg,. We
endow the product space Ej X --- x E} with the distance

i 1/q
(Zd&(ymyg)q) if1<qg<+o0
i=1

(ys ), if g =
lrgggkda(yuyz) if ¢ = 400

A e 0:9) = [y (91,92). - i, () o =

(91)

forall y = (y1,.--» k), ¥ = (Wi, ..., yp) € E1 X -+ X Ej.

Lemma A.6. Given any u1,p) € P(E1), ..., g, 1), € P(Ex), we have, for every j € {1,...,k},
, k k 1_1 k ’ p
W (1 1) < Wi (i@lm, ,®1u2> < max (k77 7, 1) (Z Wp(m,ui)”> (92)
= = i=1

and the right-hand side inequality in (92) is an equality if p = q.
Taking E; = E, dg, = dg, pi = p and p; = p' for every i € {1,...,n}, we have the slightly
stronger inequality
WD, () =F) < kMW () (93)

and the inequality is an equality if p = q.

Lemma A.6 can be found in [51].
The Wasserstein distance W, at the left-hand side of (92) is computed with respect to the

distance dg;. The Wasserstein distance W;,EQ] in the middle of (92) is computed with respect to the
distance d[EQ]lxn_X];k defined by (91).

The Wasserstein distance qu] at the left-hand side of (93) is computed with respect to the
distance dgg]k defined by (87). Recall that ¢ € [1,+o00] has been chosen arbitrarily to define this
distance. At the right-hand side of (93), if ¢ = 400 then k'/¢ = 1.

Remark A.2. As a particular case of (92), taking k = 2 and ug = py = p, we have
Wy (. 1h) < WD (pa ® o, iy @ ) = WD (0 ® g, p1 @ pr) < maxc (2077, 1) Wy (ua, p1h).-
In particular, if p < g then W, (1, uf) = Wit (11 ® o, ph @ p) = Wil (1 ® pa, o ® pi}).
Proof. We have W (u;, 1) < W,Eq] ( él i ,éu;) for every i € {1,...,k}: this is proved like in

k
Lemma A.5 because p; is the marginal on E; of the measure ® p; on E, and similarly for p;.
i=1
Therefore the left-hand side inequality in (92) follows.

Let us now establish the right-hand side inequality in (92), for ¢ < +oc0. Foreveryi € {1,...,k},
k

let II; be an optimal coupling between u; and ). Then, obviously, I = ® II; couples (maybe not
i=1

k k
optimally) @1’“ and @1/4. Therefore
k
(& &Y A o / !
W @ pi, @pp) < > dp (o)) dTk(ye,ur) - AT (ys, 0h).-
=1 =1 E1xEy ExxBEy \ =
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If p > g, using the convexity inequality (|ai| + -+ + |ax|)” < E" ' (la1|" + -+ |ax|") for r > 1
(with equality for r = 1), we obtain

k AN g
Wzgq] (i@luiw@lH;) S ko 1ZWP(Hi"ug)p

=1

and the inequality is an equality if p = ¢ because in this case II is an optimal coupling. If p < g,
using the inequality (|ai|+ -+ + |ax|)V/" < |ag |7 + -+ + |ag|'/" for r > 1, we obtain

k E\
WZ£Q] (ié_g)llu'i 7i(§_§1ﬂ;> < ZWP(M“'M;)I).
i=1

All in all, we have established (92).
To prove (93), using the definition (22) of W,,, we note that

k p/q
W (u®k, (1/)oRP < E(ZdE<Y, Y’>Q) = kP Edg (YY) = kP TW, (u, /)P
=1

where Y and Y’ are random variables (with values in E) of laws g and p/, such that Wp,(u, p')P =
Edg(Y,Y")P. O
A.1.5 Diameter of the support

Lemma A.7. Given any p1,us € P.(E), we have

Wy (1, p2) < diamp(supp(p1) Usupp(pe)) = max{dg(y,y’) | y,y" € supp(u1) Usupp(p2)}.

Proof. By (21), since Wp(pu1, p2)? is the infimum of [, dg(y,y’)? dll(y,y’) over all probability
measures I on E? coupling p11 and pa, we have W, (u1, o) < max{dg(y1,v2) | y1 € supp(p1),y2 €
supp(p2)}, and the result follows. O

A.1.6 Propagation

In this section, we assume that F is a Banach space, endowed with a norm || ||g. Let also A (space
of parameters) be a Polish space, endowed with a distance dy. The space A x E is endowed with
the distance dyx g = da + dg, where dg is the distance on E induced by the norm || - || g.

Lemma A.8. Fori=1,2, let Yi(t,)\,-) be a continuous time-varying vector field on E, depending
on the parameter A € A, locally Lipschitz with respect to (A, y) € A x E uniformly with respect to t
on any compact interval, generating a flow (®(t,to, \,-))ier (assumed to be well defined for every
t € R) for any ty € R, that is,

02" (tto, A y) = Y'(t, A, (¢t t0, A, y))
@ (to, o, A y) =y
for all t,to € R, y € E and A € A. Given any to € R and any pt(to), u%(to) € Po(A x E),
we set pi = p'(t) = O (t,to)«p'(to) for every t > to, for i = 1,2; this notation means, denoting
by v* the (constant in time) marginal of p*(t) on A and disintegrating pi = [, pi 5 dv'(N), that
,uf;,/\ = ®i(t, tg, A, -)api(to) for vi-almost every A € A. For every p € [1,+00), we have
e(t—to)L(ftot) _ 1

Wp(ﬂl(t),ﬂ2(t)) < e(titO)L([to)t])WP(/dLl (t0)7/”L2(t0)) + M([tOvtD L([to t])

(94)
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for every t > tg, whereS

L([t07t]) = tongli)ét Llp (Yl(Ta B )|S(‘r)) ) (95)
S(t) = (supp(v') Usupp(v?)) x @' (¢, to, supp(' (to)) Usupp(k®(to))) U supp(p(t)),
M(fto,t]) = max{[[Y'(m, A, y) =YX (1, A\ 9)lle | to <7 <t (Ay) € supp(p®(7))}. (96)

Alternatively, the second term at the right-hand side of (94) can be replaced by

y N P I A o
p([to,t])(t—to) p/L([to,t]) ( )
where % + z% =1 and
1/p
My(font) = s, ([ VA - VAN G20 (98)
oSTSENSAxE

Some remarks are in order:

— In (94) (and in (97)), it is understood that if L([to,t]) = O then % is replaced
by t — tgp. Lemma A.8 extends [67, Proposition 4] to the case with parameters and to the local
Lipschitz case; also, the alternative (not usual) estimate with (97) is useful to derive some results
of this paper.

~ If Y! =Y?2 then M(-) = 0.

— When to = 0, we denote ®(¢,\,y) = ®*(¢,0,\,y), L(t) = L([0,t]) and M (t) = M([0,1]).

— Finally, it is interesting to observe that, in Lemma A.8, actually only the first vector field Y'! is
required to be locally Lipschitz. Concerning the second, it is only required that Y? is regular
enough so that (98) is well defined, and also that the flow ®2 is well defined.

Proof. Given any (A1,y1) € supp(u!(to)) and (Ao, y2) € supp(u?(to)), using (95) we have
at H(I)l(t’to’ )‘17y1) - (bl(tvt07)\2ay2)HE
< ”Yl(t’)\l’q)l(t’toa )‘17y1)) - Y1<t7AQaq)l(t7t07)\2ay2))||E
< L([to, t]) (da(Ar, A2) + || (£, 0, v, y1) — @1 (t, to, A2, 92) | )

because ®1(t,to, A1, y1) € ®L(t, o, supp(p'(to))) and @1 (¢, to, Ao, y2)) € (¢, to, supp(u?(to))) (this
motivates the definition of S(t)), and by integration we get that

da(A1, A2) + || @ (E, to, Av, 1) — <I>1(t,t0,)\2,y2)||E < e () (A, Xo) + [lys — 2llE) (99)

for every t > tg, for i = 1,2 (we have used the fact that ¢ — L([to,t]) is nondecreasing).
Taking an optimal coupling II;, € P((A x E)?) between u!(tg) and p?(tg), the probability mea-
sure II; = (®1(t,t9) ® ®2(t,t0)).11;, couples (maybe not optimally) u'(¢) with p2(¢).” Therefore,

6Note that S(t) is compact and that ®¥(¢, to, supp(u(to))) = supp(pi(t)).
"Indeed, denoting by 7; the projection of (A x E)? onto the it*-copy of A x E, we have 7; o (&1 @ 2) = ®?o7;.
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using the definition (21) of W,

W (it (t), 1 (t))P

< [ @)+l - velle)” IO Aa )
(AXE)?

B / ) (da(Ar, A2) + 121 (t,t0, Av, 1) — D2 (£, to, A2, y2)l| )" dTey (A1, 91, A2 o)
(AXE)

< / (dA()‘h )\2) + ||(I)1(t, th A17y1) - q)l(t,t(b )‘27y2)HE
(AXE)?

P
+ ||q)1(t7 to, >‘27 y2) - (I)Q(t7 t07 )‘27 y2)||E) dHto ()‘h Yi, >\27 y2)
and thus, and using the triangular inequality in LP, we get
Wi (' (8), 12 (2))

1/p
< </ (da(M, X2) + [| @1 (L, to, A, y1) — @t Lo, A2, y2) | )" dHtoO\laylaA%yQ))
(Ax E)2 (100)

1/p
+(/ |@W¢mMWﬁ—@%Mmhwﬁ%M%QqumWO
(AXE)2

Using (99), the first term of the sum at the right-hand side of (100) is less than or equal to

1/p
et=t0) L({to,t]) ( / (da(A1, A2) + [lyr — yoll&)P dlly, (A1, 1, Ag,y2>)
(AXE)2
= (Lo DY, (1 (to), 4 (t0)),

the latter equality being because II;, is an optimal coupling between p!(tg) and p?(to).
To treat the second term, we first observe that, for ()\,y) € supp(u?(to)),
8t||(1)1(t7 tOy >\a y) - (1)2(t? th /\7 y)HE S ||Y1(t7 >\7 (I)l(t7 tO) Aa y)) - Yl(t7 >\7 (1)2(ta t07 Aa y)) ||E
+ HYl(ta )‘a (1)2(t7 th )‘a y)) - Y2(t’ )‘7 (I)2<t7 t07 )‘a y))HE
< L([to, )| " (t, 0, A, y) — D*(t, t0, A, )|
+ HYl(ta )‘a (I)Q(t’ t07 )‘a y)) - Yz(ta )‘a q)Q(ta t07 )‘7 y))HE

where we have used (95), noting that (A, ®1(¢,29, A, y)) € S(t) and (X, ®2(t,t9, A, y)) € S(t), and
thus, using the Gronwall lemma and the fact that 7 — L([to, T]) is nondecreasing,

@ (t,t0, A, y) — D(t, Lo, Ayl &

/N

t
=Lt tD 1y L (- N B2(T. g, A —Y2(r, \, ®%(1, 19, A dr. (101
H ( 3 \y ( » L0y ay)) ( 3 Ny ( s L0y ay))”E ( )

to

Using the definition (96) of M ([to,t]) and the fact that ®2(r,tg,supp(u(to))) = supp(u?(7)), we

get
e(t—to)L([to,t]) _ 1

L([to, t])

||q)1(tat07)‘ay) - CI)Q(tath)‘vy)HE < M([t07t])
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Therefore, the second term of the sum at the right-hand side of (100) is estimated by

1/p
(/( )2 ||(I)1(t7t07)‘2’y2) - ¢2(t’t0a AQ,?JQ)”% dHtO()\layh)‘QayQ))
AXE

e(t—to)L(lto.1]) _ 1

L([to, t])

1/p
= ( /A @ (t,t0, A, y) — D2(t, Lo, A\, )% du?ou,y)) < M([to, 1))
X E

where we have used that the second marginal of Iy, is M%o = 112(tp). The estimate (94) follows.
To obtain the alternative estimate with the term (97), we apply the Holder inequality to the
right-hand side of (101), obtaining

H(I)l(tvtﬂa )‘7y) - @2(t7t07 )‘5 y)”E

P (t=to) L([to,t]) _ 1\ 1/P b 9 2 2 v
e I L R W e P T )

to

Therefore, the second term of the sum at the right-hand side of (100) is estimated by

1/p
(/( ; @1 (2, t0, A2, y2) — @2 (¢, 0, A2, yo) |5 dILe, (A1, v, )\z,yz))
AXE

1/p
(/ H‘I)l(t’tm)vy) _®2(t7t07)\7y)||% d/’bt20<)‘ay>>
AXE

< T T,t0, A\, Y
p'L([to, to JAXE 0

1/p
Y2 Bt A ) [ i (M) dT)

o' (t—to)Liltot)) _ 1\ /7 / ) , o 1/p
< p’L([to t]) (/t /A . ||Y (7'7/\7?%) -Y (Ta)\7y)||Eer()‘7y) dT)
9 0 X

(ep/(t—to)L([to,t]) -1

1/p’
_+\1/p
p'L([to,t]) ) (t tO) Mp([tht])

The lemma is proved. O

Lemma A.9. Let Y(t,\,-) be a continuous time-varying vector field on E, depending on the
parameter X € A, locally Lipschitz with respect to y € E uniformly with respect to (t,\) on any
compact, generating a flow (P(t,to, A, *))ter (assumed to be well defined for every t € R) for any
to € R (as in Lemma A.8). Given any to € R and any pi, € P.(A X E), we set p(t) = P(t, to)«pit,
for every t > tg. For every p € [1,400), we have

Wi (u(t), plto)) < M([to, )|t —to|  VEt>to

where M([to, t]) = max {|Y' (7, A, )| | to <7 <t (\y) €supp(u(r))}

Proof. It would suffice to apply Lemma A.8 with Y = 0 and Y? = Y, if Y were also Lipschitz
with respect to A (or, to adapt this lemma to vector fields that depend only continuously on \).
Without this assumption, let us give a quick proof. We first establish the following general result.
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Lemma A.10. Let F be a Polish space, endowed with a distance dp, let u € P.(F) and let
¢ : F — F be a measurable mapping. For every p € [1,+00), we have

Wy (6o < ([ drto o0 du(y)>1/p

Proof of Lemma A.10. With a slight abuse of notation, we define Il € P(F x F) by H(y,y’) =
() Oy —a(y). Since we also have IT = (®.p)(y') dy—a(y), it follows that II couples p and @, pu.

Therefore W (¢upt, 11)? < [ dp(y,y')P dll(y,y') = [ dr(y, ¢(y))? dp(y). Lemma A.10 is proved.
O

Applying Lemma A.10 with F = A x E, p = py, and ¢ = ®(¢,¢g), we have
Wo0et) i) < [ () O (00 9)) diey (1)
xE
and we note that daxg((A,y), (A, ®(t,t0, A, y))) = ||®(¢, to, \,y) — y||. Now, since ®(t,to, A\, y) =
y+ Lﬁi Y (7, A\, ®(7,t0, A, y)) dr and supp(u(t)) = (¢, to, supp(ps,)), Lemma A.9 easily follows. O
A.1.7 Moment of order one
Let Q be a polish space and let d € IN*.

Lemma A.11. For i = 1,2, let p; € P.(Q x RY), disintegrated as p; = Jo (i) dvi(x) with
respect to its marginal v; on Q, and let y; be the moment of order one of p;, defined by y;(x) =
Jra € d(ps)2 (&) for vi-almost every x € Q. Then

Wi(y1v1, yave) < Wi(ua, pa)-

Proof. By the definition (24) of W7y, we have Wy (y1v1, yav2) = fQ 119 dvy — fQ 1y2g dvo for some g €
Lip(€2) such that Lip(g) < 1. Hence W) (4101, yv2) = oy g [ A1 — p) where f(z,€) = g(a)e.
Since f € Lip(Q x R%) and Lip(f) < 1, the result follows. O

A.2 More precise facts on the marginals of a symmetrization

Let N € IN* be arbitrary. Recall that the symmetrization of a measure is defined by (89) (see
Appendix A.1.2).

A.2.1 First marginal of the symmetrization

For every i € {1,...,N}, we denote by p’ the projection of EV onto the i** copy of E, i.e., in
coordinates, p*(y) = y;.

Lemma A.12. Let u € P(EN) be arbitrary.

o The first marginal Sy, = pip® of the symmetrization p° of u is given by

1 N
HNna = N;p*u

where p'u is the image of u under the projection p*. In other words, us., is the average of
the marginals of p on the copies of E.
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o We have pipu Zp’,u for every i € {1,...,N} and thus piu® does not depend on i.

In other words, the margznals of a symmetric measure on the copies of E are all equal; the
same s true for the marginals of higher order.

Proof. Given any f € €°(E), we have

(v F) = ko, ) = (o <1>*f>=_,@UEZGNmu,(pl)*ﬁ:]QJEZGNW,U*(#)*ﬁ
N,Z/fOpoydu N,Z/fygu)du)

ceGN gES N

When designing a permutation o € S, we have N choices for o(1), among {1,..., N}, and the
rest is a permutation of N — 1 elements. Since card(Gy_1) = (N — 1)!, we get that

N
(s ) = NZ/ Flyi) duly NZ/ for'(y)duly gp*uf

whence the first item.
The second item is proved in the same way, replacing p by u®. O

A.2.2 Marginals of symmetric measures

We have seen in Lemma A.5 (Appendix A.1.3) that W% (1) e, (2) ) < W% (u1, pa), for
every k € {1,...,N}, for any py,ps € P(EN). We have a stronger estimate when p; and us are
symmetric, i.e., when p; = pf and po = p3.

Lemma A.13. Let uy, us € P(EN) be symmetric measures. Then, for any k € {1,..., N},

k

1/q
W (1) ks (p2) vek) < (N) W (g1, pa). (102)

In (102), the W[Q] distances are computed with respect to the ¢4 distances d[q] and d[Q] defined
by (87).

Proof. Assume that ¢ < +oo (for ¢ = +o0, it suffices to take limits). Let II € P((E™)?) be an
optimal coupling between p; and po for the WZE“] distance, i.e., using the definitions (21) and (22)
of Wi,

p/q p/q
W (1, )P /N) <ZdE vi,v7) ) dll(y',y”) (ZdE (v YQ))
E 2

i=1

where ¢/ = (yl, e ,yf\,) for j = 1,2, and where the Yij are random variables of laws the respective

marginals of II. Using that the cost is symmetric, without loss of generality we assume that II is
symmetric, i.e., Il = (¢ ® 0).II for every o € &y (the symmetrization is performed in each copy
EN of (EV)?). By an obvious adaptation of Lemma A.12 in Appendix A.2.1, the marginals of II

(which are, accordingly, probability measures on E?, by considering the product of the it copy
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of E with the i*" copy of E) are all equal. The same is true for the marginals of higher order. It
follows that Y;! and Y;? do not depend on i and thus

3

W, p2)? = NPTEQp(Y Y2 = N7/ [ (o o) dilya ok o)
E

N p/q k p/a N r/q d
=(3) E(Zeworwr) =(F) [ ety anat s
i=1

for every k € {1,...,N}. The latter quantity is greater than or equal to Wi ((1u1) nuks (ti2) N :k)P
because ., couples (u1)n.x and (u2)n.,x. The lemma follows. O

A.2.3 A combinatorial lemma towards propagation of chaos

Lemma A.14. Let ju1,...,un € P(E), and let p € P(EN) be defined by

The symmetrization of p is given by

R 1
=N Z Po) @ @ ta(N)- (103)

AN

The first marginal p%.; € P(E) of p° is
| X
P =5 DM (104)
i=1

and, for every k € {2,..., N}, its k™"-order marginal p%.;, € P(E) is

k

P = (L+ex) (piva) " — enBr (105)
where NEN &) .
er = —— 1€ {o,eﬁ—l] (106)
and 1 (N = k) .
Br= i 2t @ @ pyy € P(EY) (107)

where the sum in (107) is taken over all k-tuples (i1, ..., i) € {1,..., N}¥ for which at least two
elements are equal. For every p € [1,+00), for every k € IN* such that k* < 2N In (1 + 2%), we
have

S S k2 l/p S
Wi v (i)™ <2 () W8 (k)™ ) (108)
and therefore, assuming moreover that u1,...,un € P.(E),
. . B2\ /P N
Wi (P (i) ") < 2610 (N) diamp | ) supp(u:) | - (109)
i=1
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In (108) and (109), the Wasserstein distance WIEQ] is computed with respect to the ¢¢ distance
dgg]k. The estimate (109) is used several times in the proofs of our main results, in an instrumental
way to express that, for N large, the k*P-order marginal p3;., of the symmetric measure p* is close
to the tensor power (p%.;)®*, with an error that is precisely estimated.

The first part of the lemma, in particular the formulas (104) and (105), are certainly known by
experts and can be found, e.g., in [69, Section 3], for Dirac measures.

Proof. The formula (103) straightforwardly follows from (89), and the formula (104) follows from
Lemma A.12 in Appendix A.2.1 because pip = ;.

Let us now compute the k'"-order marginal p3;., of p*, for every k € {2,...,N}. Let I} be
the set of all k-tuples (i1,...,4;) consisting of distinct integers chosen in {1,...,N}. We have
card(IV) = ﬁ Denoting by &’y " the set of all 0 € Gy such that (o(1),...,0(k)) =
(i1,...,1x), we have card(&y ") = (N — k)!. Now, since

Z Ho(1) @+ @ lo(N) = Z Hiy @ -+ @ py, @ Z Ho(n+1) @ - @ Ue(N)
TEGN (i1,eein ) ETY PSR

we infer that

s (N —k)!
PNk = N1 Z iy @ -+ @ Hjy,. (110)

Now, writing I = {1,...,N}*\ ({1,...,N}*\ IY), we write the sum in (110) as a sum over

{1,..., N}* minus a sum over {1,..., N}*\ IN (where at least two of the indices are equal). For
the first sum, we have

N Rk .
> fiy @ -+ @ iy, = (Zﬂz) = N*(piv.)™" (111)
] =1

L NMN-B L ek (N R)
PNk = N (piva) ™" = N B
where
p= > fiy @ -+ @ puiy
(i1,eesip) E{L .., NIRN\IN
is a nonnegative Radon measure of total mass |3 = card({1,..., N}*\I}N) = N¥— (nglk)l. Besides,
we have
NF(N — k)! NG 1 s
1< I NN—1)--(N—k+1) 151" oy Se
N (N=1)--(N=k+1) L5 (1= %)

where we have used the inequality

k—1 . k—1 . k—1

i i 1 ) (k—1Dk k2
m[[(1-=)=-Ym(1-=)>-=>i=- 22> 2
nizl ( N) 2 n( N) N i:lz N IN

Therefore, defining e, by (106) and



we obtain p%., = (14+¢x) (pf\,il)(@k —ekPBk, which is (105). Then, applying Lemma A.3 in Appendix
A.1.1, using that g < 1 if ek /2N _ 1 < 1, or equivalently, k2 < 2N In(2), we obtain that

1/p

9 .
W (i) piva) < =Wt (o)™, B) i 12 < 2In(2)N. (112)

The estimate (108) is now inferred from (112) as follows: if k? < 2N In(1+5-) then e /2N 1< L

28>

1/

hence elle/p < 1 (using (106)) and thus 16’“7:;1, < 25,1”’, and it follows from (112) that
el

S S ﬁ 1 S
W£Q]((PN:1)®I€7PN:1<) < 2(6” - 1) & W;Eq]((pN:l)®kvﬁk)'

Using the inequality % <1/2PIn(1 + 5) < 2 for every = € (0,In(1 + 5 )], we obtain (108).
Let us finally establish (109). Using (111) and (107), which express (p%.;)®* and B as linear
combinations, applying two times Lemma A.2 in Appendix A.1.1 and then Lemma A.7 in Appendix

A.1.5, we infer that

k 1/q N
WD ((p3.1)®*, Br) < max (Z dE<yi,yg>q> < k!9 diamp (U suppm-))

i=1 1=1
where, above, the maximum has been taken over all possible y;,y. € supp(p;), for i € {1,...,k}.
Then, (109) follows from (108) combined with the above inequality. O

A.3 Density of empirical measures in the set of probability measures

Let E be a Polish space, endowed with a distance dg. For every N € N* let YN = (y&V ... yN) €
EN | and define the empirical measure uy~ € P(E) by

| X
pyn = Nzéy?"
i=1

The points y¥ are not required to be distinct, so that the empirical measure ps-n can equivalently
be defined as a convex combination with rational coefficients of Dirac masses. Note that

e _i al N 0
[EfduyN—N;f(yi) vf € ¥(B).

A sequence () jen- of P(E) converges weakly to € P(E) if [, fdu; — [, fduas j — +oo
for any f € 6,(E) (narrow convergence), where 6, (E) is the Banach space of bounded functions
on E.

Lemma A.15. When E is compact, the set {u5,x | N € N¥, YN € ENY is weakly dense in
P(E). In other words, any probability measure on E is the weak limit of a sequence of empirical
measures.

Proof. This is a well known consequence of the Krein-Milman theorem (see, e.g., [52, Lemma 7]).
Let us anyway recall a proof. The set P(E) is convex and weak star compact, and its extreme
points are Dirac masses. The Krein-Milman theorem implies that any p € P(FE) is the limit of
a finite convex combination ), A\;d,, of Dirac masses. By density of rationals, without loss of
generality we can moreover assume that A\; € Q. The statement follows. O
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Recall that the Wasserstein distance W), metrizes the weak convergence in P,(E) (which also
entails the convergence of first moments), for any p € [1,+00). We have then the following variant
of the above lemma (see [78, Theorem 6.18]).

Lemma A.16. The set {u$.n | N € N*, YN € EN} is dense in Pp(E) for the Wasserstein
distance Wy. In other words, any p € P,(E) is the limit of a sequence of empirical measures for
the Wasserstein distance Wp.

Proof. Tt suffices to consider R > 0 sufficiently large such that fE\B(yo,R) de(yo, y)? du(y) < e, for

€ > 0 small enough, so that the argument can be performed in the compact set B(yo, R), and the
statement readily follows (see also [73, Chap. 5]). O

There exist a number of results in the literature quantifying the convergence of empirical
measures u$,y towards p € P(E) and providing rates of convergence, most in a probabilistic
context, like [31] where Y consists of N random variables having the same distribution as p. In
the result hereafter, Y is deterministic and the rate of convergence is the one obtained by Riemann
integration.

Lemma A.17. Let yu € P.(FE) and let N € IN*. We assume that there exists a family of tagged
partitions of supp(p) associated with p (see (27)), i.e., for every N € IN* there exists a partition
of supp(p) = UN EN such that all subsets FN are - measumble pairwise disjoint, u(FN) = +

N
and satisfy dlamE(FiN) < NT for some Cg > 0 not depending on N, and a N-tuple YN =
(yN,...,yN) € EN such that yN € FN for everyi € {1,...,N}. Then

Cg
NT

Wi (pyw, 1) <

1/p
and thus also, using (23), W,,(u$ v, pt) < diamp (supp(p))=1/? f,f/p, for any p € [1,+00).

Note that, when FE is a finite-dimensional manifold, r = 1/ dim(FE).

When one wants that the assumption on the tagged partition be satisfied for any N € IN*, this
requires that the mass of u be quite well uniformly distributed; for instance it is satisfied if p is
absolutely continuous with respect to a Lebesgue measure with a density that is bounded above
and below on supp(). This result is quite obvious and has nothing to see with much deeper and
general results like those of [31].

Proof. For every i € {1,...,N}, we have fF yN)du(y) = fuMu(FN) = (YY) because
wW(FN) = % and thus, for every f € Lip(F) such that Lip(f) <1,

'/Efd(u—u%) - y)dly) - = Z )

Z/ )l duly) Z/ de(y,y)) duly

and the conclusion follows by taking the supremum over all f. O

N
> / £ duty)

e
Nr

N diampg (FY) <

||Mz

A.4 Convergence of empirical and semi-empirical measures

Let (2,dq) be a complete metric space and let v € P.(€2). We assume that there exists a family
of tagged partitions (A", X™V) of supp(r) associated with v satisfying (27) (see Section 1.5), with
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AN = (@, ..., 0F) and XV = (z),...,2}). We define the empirical measure v5 € P(Q) by

Note that, when  is a n-dimensional manifold, one has r = 1/n in (27).

A.4.1 Convergence of empirical measures on )

Lemma A.18. o Let f be a bounded and v-almost everywhere continuous (i.e., v-Riemann
integrable) function on Q, of compact support. Then

d n) = d Ly My=o(1 113
J e vi = [ s 532 ra <o) (113)

as N — +o00. As a consequence, vy converges weakly to v as N — +o00; equivalently,
Wy, (Vsn,v) =0(1) as N — +o0.

e Given any o € (0,1] and any N € IN*, we have

Hol, (f) (114)

for every f € €2%(Q). As a consequence of (114) for =1, we have

Cao

Wl (V§(N’ ) Nr

(115)

1/p
and thus also, using (23), W, (v%~,v) < diamg(supp(v))t=1/? JC\;‘Z/I), for any p € [1,+00).

Proof. In the first item, (113) follows from the theorem of convergence of Riemann sums, as already
recalled in (29). Interpreted in terms of the empirical measure v< v, this means that v$ v converges
weakly to v as N — 4o00. In accordance with the Portmanteau theorem (see, e.g., [9, Chapter 1,
Section 2, Theorem 2.1]), since W, metrizes the weak convergence, we have W), (VXN,I/) =o0(1) as
N — 400 since supp(v) is compact.

Writing [, fdv = Sy fov f dv and using that v(Q) = % (thus + f(z fQN dv(z))

and that diamg(QY) < $2 (see (27)), we have

’/Qfdv;,if(xi) = Z/ )| du(x)

QN
Y cs
< Holy Z /Q _da(,2)* dv(x) < Hola( ;u (QN) diamg (QN)* < Nf}a Hol,(f)
which gives (114). Taking o = 1, (115) follows by the definition (24) of Wj. O
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A.4.2 Convergence of semi-empirical measures

Let d € N*. Let p € P.(Q x R?), disintegrated as p = Jo e dv(x) with respect to its marginal
v =T, on 2. We define the semi-empirical measure p5¢y € P(2 x R%) by

uin = 25 N @ ppN = / He AU n ().

Its marginal on ) is the empirical measure v%y. In other words, the disintegration of u$fy
with respect to v is the family of probability measures given by p,~ when x = zN for some

i €{1,...,N} and 0 otherwise.
Lemma A.19.

o We assume that x — p, is v-almost everywhere continuous for the Wasserstein distance W1
(equivalently, W, ). Let f be a bounded and p-almost everywhere continuous (i.e., u-Riemann
integrable) function on Q X ]Rd, of compact support, Lipschitz with respect to & € R® with a
Lipschitz constant that is uniform with respect to x € Q. Then

| fdln= ) =ol) (116)
QOxR4

as N — +00. As a consequence, 15 x converges weakly to ju; equivalently, Wy (13w, 1) = o(1)
as N — 4o0.

o We assume that x — g, is Lipschitz for the Wasserstein distance W1, i.e., that there exists
L > 0 such that W1 (e, pty) < Lda(z,y) for v-almost all z,y € Q. Then, given any N € IN*,

se L+1)Cq ..
| - um‘ < T D% (117)
OxR4
for every f € €5 (Q x ]Rd) N Lip(2 x ]Rd), As a consequence,
. L+1)C
Wi (s ) < LED (118)
and thus also, using (23), Wy(p5in, 1) < diamgga (supp(,u))l_l/p%, for any p €
[1,+00).
Proof. Let f : @xR? — R be a bounded and p-almost everywhere contmuous function of compact
support, Lipschitz with respect to ¢ € R?. The function F defined by F f]Rd x,&) dp (§)
is bounded on €2, and
P - F) < [ 1009 - £ 91au©) + | [ 169l - )@
Re (119)

< / F(@.€) — (') dpra(€) + Wi (pa rar) Lin(f (2, )
Rd

for all z,z" € Q. Now:

e First, if moreover 2’ — Lip(f(2’,-)) is bounded on Q and if x + p, is v-almost everywhere
continuous for the Wasserstein distance Wi, then we infer from (119) that F' is v-almost
everywhere continuous. Therefore

/QRdfdu e ) /qu—uXN /qu——ZF
X

as N — 400 by convergence of Riemann sums (f and thus F' being fixed), which gives (116).
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e Second, if f € Lip(Q x ]Rd) and if z +— p, is L-Lipschitz for the Wasserstein distance W;
then we infer from (119) that

|F(z) — F(a)| < Lip(f) da(2,2") + Wi (tta, par) Lip(f) < Lip(f)(1 + L) da(z, 2")
and thus, using Lemma A.18, that [, Fd(v — v5y) < g" ip(F'), whence (117) and (118).
O

Remark A.3. In the first item of Lemma A.19, the boundedness assumption on f can be slightly
weakened to: z — f(z,0) bounded and p € Pi(Q x RY). Indeed, writing |f(z, )| < |f(z,0)] +
Lip(f(zx,-))|¢|, we infer that F' is bounded. The rest of the proof is the same.

A.5 Discrepancy between empirical and v-monokinetic measures

Recall that:

e given any XV = (2VV,... 2N) € QN and any N = (&V,...,€N) € R, the empirical
measure iy zxy on € X R? is defined by (58);

e given any v € P(Q) and any measurable function y : Q — ]Rd, the v-monokinetic measure
py on X R? is defined by (78).

Lemma A.20. Let v € P(Q) and let (AN, XN)yen+ be a family of tagged partitions associated
with v (see (27)), with AN = (QN, ... QX)) and XV = (z¥,...,z}).

(i) Let y € Lip(Q,R?Y). For every N € N*, taking EN = (N, &) with €N = y(zN) for
every i € {1,..., N}, we have
v e CQ : : d
’<My - /J(XN,EN),f>’ S N Lip (z — f(z,y(z))) V[ € Lip (€2 x R%).
(ii) For every N € N*, let 2N = (¢N, ..., &N) € R?. Defining the piecewise continuous function
N
Na)=> &N 1gn(z) Vzeq,
i=1
so that yN () = &N for everyi € {1,..., N}, we have

(AT — o max Lip(f(-&Y)) ¥/ € Lip (€ x RY).

N7 1<iKN
Proof. Let us prove (i). We have (u¥, f) = [ f( ) dv(z) =Y, 1fQN )) dv(zx) and
(using that v(QY) = 4)
| X N
(Hivany £) = 5 Ay =32 |l y(al)) dvia)
i=1 i—1 7

hence

[ty = w2 1) < i |t = sl ptal)| dvio)
N

< Lip (z — f(x,y(x)))Z/ do(z,2)) dv(z)

N
i=1 7%
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and (i) follows because [~ do(z, ) dv(z) < v(QF) diamg(Q)) < Nclvi’T (using (27)).

The estimate of (ii) is proved similarly: we have <,uZN,f> = Zivzl Jon f(2,&Y) dv(x) and thus

N
MZN _,U?XN7EN)’f gz |f(x7£zN)_f(xiv7£zN)‘dV(‘r)
=17

N
i .eN xxN v(x
<P Lipls-8 >>/9ng< aN) dv(z)

7

and (ii) follows. O

Remark A.4. Actually, we see from the proof that, in the estimates stated in the above lemma, it
suffices that all functions of which we consider the Lipschitz constant, be Lipschitz on each subset
QN. In particular, they may be discontinuous at the boundary of Q.

With that remark, we recover (ii) as a consequence of (i).

A.6 Mean field and variance

Let p1 € Po(Q x R?) be arbitrary. Recall that the mean field X[u](t, x, €) is defined by (44), which
is the expectation of G(¢,z,-,&, ) for the measure p, performed with respect to (z/,&’') € Q x R%:

X[/_L] (t? L, f) = / G(t’ €T, J,‘/, g?fl) dﬂ($/7 g/) = ]EILG(t7 Ly Ev )

QxR
Given any t € R, any z,2’ € Q and any &, & € RY, we set
edlul(z, 2, €, &) = G(t,x,2', £, &) — X[p](t,2,8).
Of course, we have E¥e.[u](z, -, £, ) = 0 and thus also
EF®He[u] = 0.

This naturally leads to consider the variance of e;[u] with respect to pu ® p:
Var(elul) = B el = [ Gl 6.€) = Xt )P du(a’ ) dn. ).
X

Note that
Var(eelp]) < 4IG(E D jsupp(ur2 - (120)
Let N € IN* be fixed. Recall that the particle (time-dependent) vector field Y~ = (YN, ..., YY)
is defined by (10) with YV defined by (11), i.e., YV (¢, X,Z) = %Z;\le G(t, s, 25,8, &), where
we use the notations X = (z1,...,zx) € QN and Z = (&,...,&y) € (RHN.

Lemma A.21. We assume that the norm || - || on R? is induced by a scalar product ( , ) on R
For every i € {1,..., N} we have

- _ 1 4
/ ”Y;N(tv X, :')*X[/L](ta Ly fz)H2 d,U,®N(X, ‘:) = Nvar(et [H’]) < N“G(tv ERERE) ')|Supp(ﬂ)2 ”‘2@”0'
QN xRN
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Proof of Lemma A.21. By definition of e;, we have, for every ¢ € {1,..., N},
X

Y;N(T7 XvE) - X[/u‘](ta‘rlagl) = N Zlet[ﬂ](xivxjafhfj)'
]:

Therefore,

/QN R YN (7, X, E) — X[u)(t, z:,&)])? du®N (X, E)
X

N
1 2
= — g e ri, 5,8, 6)]12 du®N (X, 2
N2 /QNX]RdN =~ llex[p]( 2 & fg)H = ( ) (121)

N
+ — / Z <€t[/1/]($i7 Zj, €i7 é-j)7 €t [,LL] (xia Tk, §i7 Sk?)> dﬂ®N(X7 E)
QNXRdN j,k:1
J#k
The first term at the right-hand side of (121) is equal to
1

1
N oo ledlile € €)1 due’ ) dur, €) = g Var(ed ). (122)

The second term at the right-hand side of (121) is equal to

N2 - N

e Aeelpl (2", 6,8, exlpl (2,27, 6,6")) dp(, §) dp(a’, &) dp(z”, £7)
Q3 xR34

N2 - N ’ ! v 2
QxR [|JQxR4
because the expectation of e;[u](z;, -, &, ) is equal to 0. The lemma is proved, using (120). O

Although Lemma A.21 is not used as such in this article, we believe that it has its own interest.
Actually, in the proof of Theorem 4.2 (in Appendix B.5), we will need the following result, in the
spirit of Lemma A.21 but more technical.

Lemma A.22. Asin Lemma A.21, we assume that the norm || - || on R? is induced by a scalar
product { , ) on Re. Let X = (Z4,...,2n) € QN be arbitrary, and let

P:§i1®"'®6EN®NE1®"'®NEN-

N 2 1/2
(1) = ( Lo (6.2 - A6l dotx, E))

< 2G5+ ) supp ()2 [0 (\/ﬁ\/l + 70 diamg, , ga (supp(p)) + N\/S Wi (p, u;f)) (124)

N . .
where p5§ = A S 65 ® pa, = Py (semi-empirical measure).
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Proof. As a first remark, we note that, since the function inside the integral at the left-hand side
of the inequality (124) is symmetric, we can replace p by the symmetrization p° in the integral
(indeed, when F : QN x R — R is symmetric, we have [ Fdp= [ Fdp*). As a second remark,
since M(t) is defined as the L? norm of a sum, we infer from the triangular inequality that

N 1/2
ey <3 ([ XD - Al I (X 2))

1

<N max VIO owith L= [ YN 0XE) - Mt &) dp*(X.2)
QNXRdN

1<i<N

Note that it was important to symmetrize the measure p before applying the triangular inequality.
Let us now estimate I;(t), for any fixed ¢ € {1,..., N}. We cannot apply directly Lemma A.21
because in the integral I;(¢) the integration is performed with respect to p®, and not with respect to
u®N . However, following the proof of Lemma A .21, we expand I;(t) similarly as in (121); replacing
pu®N by p* and thus the second-order marginal p%., and third-order marginal p%.; appear. Note
that, by Lemma A.12 in Appendix A.2, since p® is symmetric all its second-order (resp., third-order)
marginals on the various copies of (2 x R%)? (resp., of (€ x IR%)2) are equal. We obtain

1 N2 - N

Li(t) llee[p]|I” dpiy.o + Fy[u] dpy . (125)

N Jazxrz2a N2 Q3 x R34

with
Ft[u](l',$/7l'//,f,£/,fll) = <6t[u](l’,$’,f,£/)7 et[,u](x,x”,f,f//»

To estimate the first term at the right-hand side of (125), we observe that (using the definition
(24) of the Wasserstein distance WW7)

S : 1 S
/Q oo el I2 dpiv = 1) < Liplealiouprz W1 (s, 1)
X

1 s
SAG(H ) jupp (o2 o W (03,0, 122)

(the choice of ¢ = 1, above, has little importance; other choices would change the constant 4, see
Lemma A.1) and that, using (120) and (122),

/522 R2d ||et[M]||2 dﬂ®2 = Var(es[u]) < 4[|G(E, -, -, ')Isupp(u)2 ||2<€0 <4lG, -, ')\SUPP(M)2 H?za”"’l'
X 2
To estimate the second term at the right-hand side of (125), similarly, we observe that

/ Fylp) d(piy.s — 12%) < Lip(F il jsupp (o) W (0330 122

<G Youppz o1 W (035 12)
and that, as in (123),
[ Bl =o
Q3 x R34
It follows that

1

1(8) S ANG(E s suppiuy2 o (N + W (v %) + W1 (pis, u®3)> :
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Now, applying Lemma A.14 (Appendix A.2.3), we infer from (104) that p.; = vazl 0z, @z, =
p (semi-empirical measure) and from (109) (taking k = 2, 3) that

S se S se 70 s
WL (s (3)%%) + T (v, (139)™°) < Jydiamng s (supp ()

and thus, using the triangular inequality,

. 70 .
> W (v i) < Spdiamo g (supp () + D7 W, (u5)®F) -
k=2,3 k=2,3
Applying Lemma A.6 in Appendix A.1.4, we have
W (%, (%) < kW (i) -
Finally,

1 70, .
I?,(t) < 4||G(t7 IR ')|supp(u)2 ||<2§0,1 (N + ﬁdlamQXRd (supp(u)) +5 W (:u7 MX))

and the estimate (124) follows. O

The results of that section can be compared with some considerations done in [36, 58, 59].

B Proofs
B.1 Proof of Theorem 2.2

We start by proving the second item of Theorem 2.2. Hence, we assume that G is locally a-Hdélder
continuous with respect to (z,2’,£,¢’) (uniformly with respect to ¢ on any compact).

Lemma B.1. Let z,z' € Q be arbitrary. We have
ly(t,2) = y(t, )| < ™D (|ly°(2) = y°(2') | + da(z,a)*) V=0 (126)

Proof of Lemma B.1. By definition, we have 0yy(t,z) = fQ G(t,z,z" y(t, z),y(t, ")) dv(z") for
every z € €1, hence

8ty(t7x)—8ty(t,x'):/QG(t,x,x”,y(t,x),y(t,ac”))du(ac")—/ﬂ G(t, o', 2" y(t,z),y(t,z")) dv(z")
+ / Gt 2,2yt 2), y(t, ")) dv(z”) — / Gt 22"yt o), y(t ")) dv(z”)  (127)
Q Q

and using the definition of L, (t) we obtain

10:(y(t, ) — y(t, )| < Ly (1) (da(z, 2)* + [ly(t, 2) — y(t, 2)])
and (126) follows by integration (noting that 7 — L,(7) is nondecreasing). O

Remark B.1. If G does not depend on (x,z’) then one can remove the term dg(z,2")® in (126).
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By assumption, ||y°(z) — y°(2)|| < Holy(y°)da(z,2’)® for all 2,2’ € €2, hence, using (126) in
Lemma B.1 we infer that y(¢,-) is a-Holder continuous and (35) follows.
Let us establish (36). We set 7V (t) = y(t,z¥) — &N (), for i = 1,..., N. By definition, we have

N
f?(t%%Z(G(t,z N (), (2 Y)) - Gt Y €N (1), €5 () + V() (128)
where
N
eiv@):/gc:(t, N oof oyt ), (o) Z ta 2Nyt a) () (129)

with 7V (0) = 0, for every i € {1,..., N}. On the one part, we have
|Gt a2yt 2l ), y(taf) = Gt a2 &Y (1), 67 (0)|| < Ly Ol @1 + 7 @)1) (130)

where L (t) is defined by (38). On the other part, using (114) in Lemma A.18 (see Appendix
A.4), we have

s
NT'CK

e (B < Holo (2" = G(t, 2, o', y(t,z]), y(t,2'))) (131)

and we claim that
Holy (2 = G(t, 2,/ y(t, x), y(t, ') < Ly (t)(1 + e+ (Hola (y°) + 1)). (132)

Indeed, writing for short g(z/,y(t,2')) = G(t,zN, 2’ y(t,z}V), y(t,2")), we have

(t,25))]]
(6 2+ [lg (2, y(t, 21)) — g(as, y(t, 25))|
y29)" + Ly () [ly(t, 1) — y(t, 5)|
5)" + Ly(t) Hola (y(t, -))de (], 25)"

and (132) follows by using (35). Finally, setting R™ (t) = (rV (t),...,rN(t)), noting that L, (t) <
LY (t), we infer from (128), (130), (131) and (132) that

NN N

d . cs
SR O < IRV @) < L) (21ROl +

(1 5 O ol () + 1))

and, noting that 7 — LJY(7) (defined by (38)) is nondecreasing and by integration, we obtain (36).
Let us establish (37). For every € () there exists i € {1,..., N} such that z € QY and thus

do(z,z)) < diamg (V) < ‘Z (by (27)). It follows from (35) that

o C& v
ly(t, ) = y(t, 2|l < Hola(y(t, ))da(x, o) < re'™ @ (Hola(y(0,)) + 1)

and, noting that y” (t,z) = &N (t), (37) follows by the triangular inequality, using (36).

Let us now prove the first item of Theorem 2.2. Starting as in the proof of Lemma B.1, by
continuity of G, we infer from (127) that, for any € > 0, if z and 2’ are sufficiently close then

10u(y(t, ) — y(t, 2))| < Ly(t) (€ + [ly(t, x) — y(t, "))

69



and by integration we obtain

ly(t, ) —y(t, )| < PO (ly° (@) =y @) +e) - (133)

By assumption, y° is continuous v-almost everywhere on Q. It follows from (133) that, for every
t >0, y(t,-) is continuous v-almost everywhere on 2 with the same continuity set as ° (thus, not
depending on t).

Let us ﬁnally establish (34). By the Riemann integration theorem (see (28)), we have e (t) =
o(1) (where e () is defined by (129)) as N — +oo, uniformly with respect to t on every compact.
Besides, we stlll have the inequality (130), but with L}’ (t) now defined by

nglv(t) = rnyllaX Lip(G(T,:c,:c', Bl ')\Sé\’(r)%

o< <t

i.e., like in (38) but without the first term involving Hol, (G). With this substitution, we obtain
d )
B Ollee < HEY Olloo < Ly () IR @)oo + o(1))

and integrating we get || RN (¢)| s~ < thLiv(t)o(l)7 which yields (34), noting that L) (¢) is uniformly
bounded with respect to ¢ € [0,T] and to N € IN* (as a consequence of Lemma 1.1). Then, (33)
follows by the triangular inequality, using the v-almost everywhere continuity of y(t,-).

B.2 Proof of Theorem 2.3

The proof is a slight adaptation of the proof of Theorem 2.2. We start by establishing (40). Hence,
we assume that G is locally a-Holder continuous with respect to (z, 2/, £, ¢’) (uniformly with respect
to t on any compact).

Lemma B.2. Leti € {1,...,N} and z,2' € QN be arbitrary. We have
lyw (8, 2) —yn (t,2")] < P Bdg (e, ') (134)
where y°(-) = y(0,-), where Ly, (t) is defined as L,(t) in Theorem 2.2 with y replaced by yx .
Proof. Following the proof of Lemma B.1, we arrive at
10:(yn (£, ) = ynv (8, &)l < Lyn (8) (dea(a, 2)* + [lyw (t, @) — yn (8, 2)])

and (134) follows by integration, noting that yn(0,z) — yn(0,2') = 0 if z, 2’ € QN. O

. It (ft(;llows from Lemma B.1 that yy(t, -) is a-H6lder continuous in each €2;, with Holder constant
et (1),

We set 7V (¢, z) = yn(t,x) — y™ (¢, z) for every z € Q. By definition, if z € QY then y (¢, z) =
€N (t) and thus

N
aﬂ’ Z t T, Ty ayN(t l’),yN(t,l‘év)) 7G( » L5 a Ty ’€N( )7£jjv(t))) +€N(tax)

where

1 N
¥t) = [ Gl (b)) dv(e) )= 37 Do Gttt a])
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with 7V (0, z) = 0. We have on the one part

HG(Lx,xéy,yN(t,m),yN(tgr;V)) - G(tavavxjvvfz]v(t)vfjjv(t))n
< Ly, (O da(@,al)* + [IrY (o) + [1rY ¢,z )) - Ve el

and on the other part, proceeding like in the proof of Theorem 2.2 (see Appendix B.1),

COL
[N ()| < 5 Ly, O+ o) vz el

Using that do(z,zY) < diama () < £2 (see (27)), we finally obtain

d Ccg LN
G e e < 10 ()l < Ly, (0) (2|rN<t,~>||m> a2+ w“)))
and by integration, noting that 7 — LéVN (7) is nondecreasing, (40) follows.
Finally, (39) is established as in the proof of Theorem 2.2.

B.3 Proof of Theorem 3.1

Let T > 0 be arbitrary. Let F be either equal to © x R, or a compact subset of Q x R? that is
the closure of an open set. Let %p(F') be the Banach space of continuous functions on F' vanishing
at infinity (when F is compact we have 6,(F) = €°(F)), and let M!(F) = €°(F)’ be the Banach
space of Radon measures on F, endowed with the total variation norm || ||py (which is the dual
norm). We have P.(F) C MY(F) and €°([0,T), P.(F)) C L*([0,T], M'(F)).

The Banach space L>([0,T], M!(F)) is endowed with its strong topology, induced by the L
norm in time of the total variation in space, but can also be endowed with its weak star topology,
as follows. Recall the general fact of Bochner integral theory that L!([0,T], E)' = L*([0,T], E")
(isometric isomorphism) for any Banach space E such that E’ is separable, where the prime is the
topological dual. Applying this fact to the Banach space E = €°(F), observing that £ = M*(F) is
separable in weak star topology (because the set of rational convex combinations of Dirac measures
over points with rational coordinates is dense in it), the Banach space L>([0,T], M*(F)) coincides
with LY([0,T],6°(F))’, i.e., with the dual of a Banach space, and thus is endowed with the
corresponding weak star topology.

We have the following preliminary lemma.

Lemma B.3. Let K be a compact subset of Q x R, let pg € Po(K) and let T > 0 be arbitrary.
Assume that there exists a sequence of measures ¥ € €°([0,T), P.(K)) solutions of the Vlasov
equation Opp* + Lk'[uk][l,k =0 in the sense (47), such that:

e 1*(0) converges weakly to ug in P.(K),
o 1* converges to € L°([0,T], M*(Q x R?)) for the weak star topology,

as k — +o0o. Then u € €°([0,T],P(K)) and t — u(t) is Lipschitz continuous in W, distance
(for any p € [1,+00)) and is a solution of the Viasov equation ¢t + Ly p = 0 (in the sense
(47)) such that 1(0) = po. Moreover, ¥ (t) converges weakly to u(t) as k — +oo (equivalently,
Wy (u(t), u(t)) — 0), uniformly with respect to t € [0,T).

Proof. For every k € IN*, since pu* € €°([0,T], P.(K)) is solution of the Vlasov equation in
the sense (47) and thus in the distributional sense, we have (9;u* + LX[MIC],uk,f) = 0 for any
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f € €>°(]0,T] x K) and thus, integrating by parts,

T
/ £(0,2,€) dubi (2, €) + / / O (¢, 2,€) duP (¢, 7, €)
K 0 K

T
+/ /(ng(t,x,§)7G(T,xm',f,f/»duk(t,x',ﬁl)dﬂk(taf)dT:O.
0 K

Passing to the limit, we obtain the same equation with p* replaced by p and u§ replaced by po,
for any f € €>°([0,T] x K). Hence p is solution of the Vlasov equation d;u + Ly, i = 0 in the
distributional sense, with p(0) = 0.

Let us prove that u € €°([0,T], P.(Q x RY)) and that p is a solution of the Vlasov equation
in the sense (47) and that p*(t) converges weakly to u(t) for every ¢ € [0, T].

By assumption, supp(u*) C [0,7] x K for every k € IN*, hence, by the Prokhorov theorem,
a subsequence of u* converges weakly (i.e., in (¢°([0,7] x K))') to some measure, which must
then be equal to . Then supp(p) is contained in the Kuratowski liminf of supp(u*) (see, e.g.,
[3, Proposition 5.1.8)), i.e., for every (t,x,&) € supp(u) there exists a sequence of (tg, g, &) €
supp(p*) such that (¢, xr, &) — (t,7,€) as k — +oo. We infer that supp(u) C [0,7T] x K. Since
pe L2([0,T], MY(Q x RY)), we must have supp(u(t)) C K for almost every ¢ € [0,T].

For every k € IN*, we consider on [0,7] x K the time-dependent vector field v*(t,z,£) =
X[uf](t, z,€), which is continuous and Lipschitz with respect to ¢ (thanks to (G)). Since supp(u*) C
[0,T] x K, we have |[v¥||4o0,77xx) < C for some C' > 0 not depending on k. Let (®,x(t))se(o,7]
be the flow on [0,7] x K generated by v*. Since p* is a solution of the transport equation
O¢ptF + Lk p® = 0, by the usual existence and uniqueness theorem for linear transport equations
(see, e.g., [77, Theorem 5.34]), we have p*(t) = @,k (t).uf for every t € [0,T]. This means,
denoting by v* = m,u*(t) the (constant in time) marginal of p*(t) on Q and disintegrating
pf o= pFt) = [qub,dvF(x), that pf, = ®u(t,2,-).puf, for vi-almost every z € n(K), for
every t € [0,T]. Tt follows from Lemma A.9 of Appendix A.1.6 that W, (u* (1), ¥ (t2)) < Clt1 —t2|
for all t1,ty € [0,T), i.e., t — p”(t) is Lipschitz continuous on [0, T] in W, distance, uniformly with
respect to k. Since p* converges to p € L>([0,T], M*(K)) for the weak star topology, it follows
from the Ascoli theorem that p*(t) converges weakly to u(t) in M (K) = €°(K)', uniformly with
respect to ¢ € [0,7], and thus that u € €°([0, 7], PL(K)) and that ¢ — pu(t) is Lipschitz continuous
in W), distance. Lemma B.3 is proved. O

In view of establishing Item (A), let us first prove the existence of a solution of the Vlasov
equation. Given pg € P.(2 x ]Rd), we consider a sequence of empirical measures ﬂfo =Ny =
»=0

~ Zfil d,n ® den converging weakly to yig as N — +oo. Setting XN = (2, .. 28) € OV and
EN = (&N, .. eN) € (RYN, let t — EN(t) = (&N(t),...,EN(t)) be the unique solution of the
particle system (9) with parameter X such that ZV(0) = Z}'. Tt is well defined on [0,T] for
any T € (0, Tax(supp(po))) thanks to Assumption (G) and Lemma 1.1. Using the first part of
Proposition 3.1, which does not use anything from Theorem 3.1 (see its proof), ¢ — ﬂfXN =Ny =

+ Zfil 8,5 ® ben (4 is a solution of the Vlasov equation (45) in the sense (47).

Without loss of generality, we can assume that (X~ ,Z{) € (supp(uo))V for every N € IN*,
where we recall that supp(ug) is compact. Since “fXN,EN ) is supported on the corresponding
solutions of the particle system, it follows from Lemma 1.1 that there exists a compact subset
K c Q x R? such that supp(quN’EN(t))) C K for every t € [0,T] and for every N € IN*| i.e., the
measures ,qu N ZN () are equi-compactly supported on [0, 7], uniformly with respect to N.

Besides, since :“fXN,EN(t)) is a probability measure, we have HM‘(EXN,EN(t))HTV =1 < o0 for

every t € [0,T], and thus the sequence (quN’EN(,)))NeN* is bounded in L* ([0, T], M'(Q x R%))
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for the strong topology, i.e., in (L([0,T], 6 (Q x R%)))’ for the strong (dual norm) topology. By
the Banach-Alaoglu theorem, there exists a subsequence of (,u‘(eX N = N(_))) NeN+ converging to some

w € L2([0,T], M (Q x R?)) for the weak star topology.
Therefore, a subsequence of the sequence of measures yi{yy = .)) € 60 ([0, T], Po(K)) sat-

comp
isfies all assumptions of Lemma B.3. It follows from that lemma that p € €°([0,7],P.(K)) and
that p is a solution on [0, T'] of the Vlasov equation 0 + Ly, p = 0 (in the sense (47)) such that
1(0) = po, and is Lipschitz continuous with respect to ¢ in W), distance.

At this step, we have obtained the existence of solutions in €2 ([0, Tiax (supp(po))), Pe(2 x

comp

R%)) (not yet uniqueness).

Remark B.2. In [65, 66, 67, (8], the proof of the existence is done by constructing a sequence
of piecewise constant measures converging to a solution, under the stronger assumption that G be
globally Lipschitz continuous. The proof given above relies on approximation by empirical measures
and propagation of them, in the spirit of [37] (see also [61] and [75, Part I, Theorem 5.1]), which
is more appropriate to exploit Lemma 1.1. For the Cucker-Smale model, the proof done in [1(]
relies on a fixed point argument in the metric space of solutions, by adequately estimating the
propagation of supports.

Remark B.3. Before going ahead, let us observe that, when G is locally Lipschitz with respect to
all variables (x, 2’, £, £"), we have, for all p', u? € P.(QxR?) and for every (¢, z,&) € [0,T] xQxRY,

000 - e = | [ attns e @ €) - 2 )|

< Llp(G(t7I77£a)|S) Wl(p’lvﬂ2) < Llp( ( )y Ly a§7') ) (:U’ H ) (135)

where S = supp(p') U supp(p?) (compact set). We have used that Wy < W,

In the case (A), there is however a weaker assumption: under Assumption (G), G is locally
Lipschitz only with respect to (£,&’) and thus the classical Wasserstein distance W cannot be
used as above. The main difference then comes from the following observation: given any !, u? €
P.(Q x RY) having the same marginal v € P,(Q) on Q, we have, by disintegration,

XN, 6) = X = [ [ Gl 6€)dld () - i (€) avta)
and thus
||X[:U’1](t7x7§) - X[,U/Q](t,.’ll,f)u < , max Lip(G(t71',£L'/7£, ')|Swl) L11/W1(/1“17M2)
z’/ Esupp(v) (136)
< max  Lip(G(t,z,2',¢,)s,,) LiWp(p', 1)
' €supp(v) z

where S, = supp(ug, )Usupp(u?,) (compact) and LLW,(u', u?) = [, Wp(us, p2,) dv(a’) is defined
by (26).

Let us now establish (51) in the item (Az) (which also entails uniqueness). Let u!,u? €
Gapnp ([0, T, Pe (82 x R%)) be two solutions of the Vlasov equation for some T' > 0, having the

same (constant in time) marginal v = Tt € Po() on Q. Let K € Q x R? be a compact subset
containing supp(u*(t)) for i = 1,2 and for every t € [0,T].

For ¢ = 1,2, we consider on [O, T] x K the continuous time-dependent vector field v’ (¢, z,£) =
X[ué)(t, 2, €) (which is €1 with respect to &), so that p® is a solution of the transport equation
Ot + Lyipt = 0. Since we are going to apply Lemma A.8 (in Appendix A.1.6) with ¢y # 0, for
every to € [0,T] we consider the flow (@i (t,t0))tefo, 7] on [0, T] x K generated by v*, i.e., defined as
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the unique solution of 8;®,: (t,to, z,) = vi(t,x,-) o ®yi(t, to, z,-) such that ®,:(tg,t9,x, ) = idga
for v-almost every x € supp(z/) Then, we have pi(t) = @it to)«pi(to) for every t € [0,T]. This
means, disintegrating pj = p'(t) = [, pi , dv(x), that pj , = ®yi(t, to, z,-)wpui, , for v-almost every
x € supp(v), for every t € [O T).

It follows from Lemma A.8 (in Appendix A.1.6), applied with A = @ and E = R? to the vector
fields v*(t, x,-) for any fixed z € supp(v), that

e(t—t0) L{[t0,1]) _ 1
L([to, t])

W (i 117.5) < e OLUODW (2 )+ M([to, ]) vt € [to, T]

where, setting S(t) = supp(v) x ®,1 (¢, to, supp(,u%o) U supp(,u%o)) U supp(p?(t)) (compact),
L([to, t]) = esssup {||(0:G, e G) (1,2, 2", §,8)|| | to <7<ty (2,6), (2, &) € S(1)},

M([to, ) = max { | X[ul)(r, 2, ) — X2 (r2, )| | to <7 <1, (2,€) € supp(u)} .

Since p! and p2 have the same marginal v on , it follows from (136) and from the above definition
of L([tg,t]) and of S(t) that

M(lto, 1)) < L(lto, #]) max LLW, (b, u2).

to<TKE

Therefore

Wyl yo i2,) < LoDy (1 2y 4 (elt=to)L(lto) _ )tong)é LEW, (il 1i2).

Integrating with respect to x € €2 for the measure v, we obtain

LWy (uh (1), p2(1)) < el T LW, (1 (to), 142 (t0))
+ (et bWo) — 1) max LW, (u*(7), u?(7)). (137)

toSTSE
We have the following general lemma.

Lemma B.4. For every to € R, let ay, : [to,+00) — [0,+00) be a nondecreasing function,
continuous at ty, depending continuously on ty. Let h : R — [0,+00) be an absolutely continuous
function such that

h(t) < elt—to)at, (t)h(to) + (e(t—to)ato(t) — 1) max h(r) Yt > to Yo € RR.
0T

Then .
h(t) < h(0) exp <2 / a-(7) dT) Vvt € R.
0
Proof. Taking to <t < t1, writing

h(t) — h(to) e(t—to)arg (t1) _ 1 e(t—to)ai, (t1) _ 1
< h(t S — h
t—t t—to (to) + t—to Jax h(r)

and taking the limit as ¢ — ¢, since ¢; is arbitrary, we obtain h'(tg) < 2h(tg)at, (to), for almost
every tg € IR. The lemma follows by integration. O
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Applying Lemma B.4 to h(t) = LLW,(u'(t), %(t)) and a¢, (t) = L([to, t]), and using (137), we
obtain (51). In particular, the uniqueness statement follows.

At this step, we have proved existence and uniqueness of solutions of the Vlasov equation in the
space Gamp ([0, 1], Pe(S2 x R%)). We can thus now define the Vlasov flow by (49), and we obtain
(48) by uniqueness.

Establishing (53) in the item (B) follows straightforwardly the same lines as above, by applying
Lemma A.8 (in Appendix A.1.6) with A = Q and E = R?, and using (135) instead of (136). We

do not give any further details.

It remains to establish the item (A;). For K ¢ Q x R? compact and T € (0, Tiax(K)), we
consider a sequence of measures u* € €°([0,T], P.(K)) solutions of the Vlasov equation such that
uk = 1*(0) converges weakly to ug = u(0) as k — +oo. Our objective is to prove that u*(t)
converges weakly to p(t), uniformly with respect to t € [0, T].

Since p*(t) is a probability measure, we have ||*(t)||7v = 1 < 4oo for every t € [0,T], and
thus the sequence (¥ (-))ren+ is bounded in L°([0, T], M (2 x R%)) (for the strong topology), i.e.,
in (L'([0,T], 60(2 x R?)))’ for the strong (dual norm) topology. By the Banach-Alaoglu theorem,
a subsequence of (p*(-))zen+ converges to some ji(-) € L®([0,T], M'(Q x R?)) for the weak star
topology.

It follows from Lemma B.3 that i € €°([0,T], P.(K)), that i is a solution of the Vlasov
equation such that i(0) = po, and that u*(t) converges weakly to fi uniformly with respect to .
By uniqueness, we must have fi = p. This finishes the proof of the theorem.

B.4 Proof of Theorem 4.1

We have pN(t) = dxnv @ dznv()- By (104) in Lemma A.14 of Appendix A.2.3 (applied with
Vi = 0¢N (1)), we have
1N
PO = 5 D 0an @Oy = Hixn 23 1)),
i=1
which gives the preliminary remark to Theorem 4.1. The statement (A) for k¥ = 1 then follows
from the item (A1) of Theorem 3.1, and the estimate (66) follows from the item (B) of Theorem
3.1.
For any k € IN*, the k'"-order marginal p™ (t)%., is given by (105) in Appendix A.2.3 (applied
with p; = 0,5 ® d¢n(y)) By the triangular inequality, we have

W (0 ()3 1OFF) < WD (0Y (O (im0 ™) + WL (e v ) =5 10
(138)
For the first term at the right-hand side of (138), noting that (X, =) € (supp(uo))" and thus

N

diamg, ga (U supp(d,ny ® 5§N(t))> < diamg (supp(v)) + diamga (2N (1)),
i=1

and noting that iy~ v ) = PN (t)%.1, we infer from (109) in Lemma A.14 of Appendix A.2.3
that

R\ o
W}Eq] (pN(t)}quk’ (H?XN,EN(t)))@)k) < 2kl <N> (diamg (supp(r)) + diamgu (:N(t))) . (139)
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For the second term at the right-hand side of (138), as a consequence, successively, of the estimate
(93) of Lemma A.6 in Appendix A.1.4 and of Theorem 3.1, we have

WA (e o) 1OFF) BV, (e 2y 1)) <Y CN (O Wy (1w 2y 100))
(140)
where the constant C,iv(t) is defined by (65) (or equivalently by Cuvuf‘XN o) (t), with the notation
used in (50) in Theorem 3.1). Therefore, (67) follows from (138), (139) and (140). Note that, for
k =1, the first term of the right-hand side of (138) is equal to 0, which gives (66) again.
The statement (A) for any k € IN* is proved by replacing the right inequality in (140) with the
application of the item (A) of Theorem 3.1.

B.5 Proof of Theorem 4.2

First of all, since p) = dx~ ®pé\fo, with xn = 0,n ® -+ @,y and p(l)\fXN = fo.uN ® - ® g 4N
it follows from (104) in Lemma A.14 of Appendix A.2.3 (applied with p; = 6,5 ® pg ,~) that
(P31 = %Zfil 628 @ fig v = (po)¥~ (semi-empirical measure), which gives (71), and the
weak convergence to po stated in Item (A) for £k = 1 is obtained by Lemma A.19 of Appendix
A.4.2, which gives the preliminary remark to the theorem.

Recall that p™ (t) = @V (t).p and p(t) = @ (t)po. Setting

ﬁN(t) = Puo (t)§Npév = 63:{\’ @ ® 53:% ® M oN Q- Hi 2N

(the latter equality is because @y, (¢, i, )« oN = fy 4N ), We note that oY (1)° = @, (N (pg')°
and that
ﬁN(t)}SV:k :Soﬂo(t)?k(pév)if:k vk € {177N}

Indeed, this follows from the following obvious lemma.

Lemma B.5. Let E be a measure space, ¢ : E — E be a measurable mapping, N € IN* and
p € P(EN). Then
(©2Np) v = 0s(pnk)  VEE{L,... N}

Proof of Lemma B.5. Denoting by m : EY = E¥ x EN=% — E* the canonical projection, the
lemma straightforwardly follows from the fact that m o @V = ©®* o 7. O

In particular, we have
1 N
7 (%1 = 9o (02 (08t = D1 (D)3 = 1 D G ® gy = HOKr
i=1
In order to establish (73), we start by applying the triangular inequality:

and we next show how to estimate each of the two terms of the sum at the right-hand side of (141).

First term. Applying successively Lemma A.13 in Appendix A.2.2 and Lemma A.4 in Appendix
A.1.2, and using that W,Ef” < Wz[q] < Wz[l] (see (23) and (88)) because p < 2, we have

W (0N () 3k Y (D ik) < (%)w%{” (o™ (1), 7N (1)) (142)
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where we insist that the latter Wasserstein distance W5 is computed with respect to the distance

dgngd) defined by (63): the choice of ¢ = 1 is important. Given that p™ (t) = &V (¢).p{’ and

PN () = 0, ()ENplY, to estimate this distance, we apply Lemma A.8 (in Appendix A.1.6) with

A =0 and E = R™ to the flows @V (¢) and ¢, (1) in the space QY x R* endowed with the

(1]
(QXRd)Na

by (10)) and X[p](t, -, )N (with X[u] defined by (44)), obtaining from the alternative estimate
of that lemma, with p = 2, that

distance d respectively generated by the time-dependent vector fields YV (¢,-,-) (defined

. etla(t) _ 1/2
Wi (0,77 () < bV ) (143)

where
Lo (t) = 1nax Lip(YN (T, Y ')|supp(pN(T))Usupp(ﬁN(T)))

STSE

and, using (98),

o<t

N 2
— N =) _ - SN =
= fnax, </QNdeN (;IIYZ (1. X,5) X[uf](ﬂxw&H) dp; (X,~)>

where we recall that |2 = Zfil & for any Z = (€1,...,éx) € (RY)N. Let us estimate Lo(t)
and Mo(t).

Since the ¢! distance d(Qde)N
using the definition (11) of ¥7,

1/2
MQ(t) = jpax </ ||YN(7.5 K ) - X[MT](Tv K )®N||?1 d/~)7]'v>
QN xR4N

1/2

has been used, according to Lemma A.1 in Section A.1 we have,

N
L2(t) = Orgfi(t 1I<nza<‘}§\f Llp(Y (T7 K ')\supp(pN(t))Usupp(ﬁN(t))) - Orgfiit Llp(G( Tyt ')|SN(T)2)
< Orgax ||G( Ty 7')|SN T)ZH%”O 1= L(t)

where S/Y(7) is defined by (64). The choice ¢ = 1 has been crucial here (for a choice ¢ > 1 we
would get a positive power of N in the exponential term in (143), which is not desirable).

Besides, by Lemma A.22 in Appendix A.G (the choice of p = 2 has been done to be able to
apply this lemma), we have

0<r<t

Ms(t) < (\F\/ + 70 max diamg, e (supp(u(t))) +N\/5 Wi (“(t)i(eN’“(t))> ’

Since the map s — = is increasing for s > 0, and since Vy(ev —1) < ev for every y > 0, we
infer from (142) and (145) that

Wil (0™ () 6™ (i) < 2(N)1/q <\fc’ +N\/5 Wy (p vau(t))> L)

where O, (t) = (1 + 70 maxp< <t diamg  ga (supp(u(t))))'/2, for every t > 0. Applying Lemma A.8

(in Appendix A.1.6) with A = Q and E = R to the Vlasov flow ¢, (t) in Q x R? generated by
the vector field X[u¢](¢,-, ), we obtain

Wi () 5w u(t)) < eFOW ((p0)5En s o) -

7



Finally,

s ~ s CIL (t) -1

WIS (0N (6) s 7Y (D) s1) < 2K/ (Nll% + N 5w ((uo)}emuo)) et (144)
Second term. Applying Lemma A.8 (in Appendix A.1.6) with A = QF and E = (R%)* to the
Vlasov flow ¢, (t)®* in the space Q% x (R?)* endowed with the distance d%de)k defined by (63),
generated by the vector field X [u¢](t, -, -)®¥, we obtain

W (N (0 v 1)) = W (0,00 (2 (8 vk Pua ()FF 1) < e FOWED ((p0) vk 167)

where L(t) is defined as before.

Similarly as in the proof of Theorem 4.1 (see Appendix B.4), we note that, for any k €
{1,..., N}, the measure (p{')%., is given by the formula (105) of Lemma A.14 in Appendix A.2.3
with i given by (107) and v; = pg,~. Hence we infer from (109) in Lemma A.14 (Appendix

A.2.3) that, if k2 <2NIn (1 + 55), since (p) )31 = (10)5En

k2 1/p )
W;Eq] ((p(j)v)?\/'ka ((ﬂO)i(eN)®k) < le/q (N) dlamQX]Rd (supp(uo))

(the above term is zero and thus does not appear in the final estimate when k = 1). Therefore, by
the triangular inequality and by (93) in Lemma A.6 (Appendix A.1.4),

WU (5 (50 10) < (W (G0 e (0)5)) + WL (o)), 1§4) ) 0
k‘2 1/p
<k/1(2(7 ) diomge (supp()) + W (o)) 0. (145)

Conclusion. From (141), (144) and (145), we conclude that, for every t > 0,

la] ( AN 1\s Rk 1/q k;72 1 i C;/,L(t)

1
q

1
2

+ N5 () o) + Wy ((10) S 110) ) e

and (73) finally follows.

To obtain the statement (A) for any & € IN*, we have to adapt all the above arguments and in
particular Lemma A.8 in Appendix A.1.6 to the case where G is locally Lipschitz only with respect
to (£,&’). This is lengthy but straightforward and we do not give any details.
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