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France
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Abstract. Using the multipolar expansion of electrostatic and magnetostatic
potential energies, we characterize the long-range interactions between two weakly-
bound diatomic molecules, taking as an example the paramagnetic Ery Feshbach
molecules which were produced recently. Since inside each molecule, individual atoms
conserve their identity, the intermolecular potential energy can be expanded as the
sum of pairwise atomic potential energies. In the case of Ery Feshbach molecules,
we show that the interaction between atomic magnetic dipoles gives rise to the usual
R~3 term of the multipolar expansion, with R the intermolecular distance, but also to
additional terms scaling as R~°, R~", and so on. Those terms are due to the interaction
between effective molecular multipole moments, and are strongly anisotropic with
respect to the orientation of the molecules. Similarly the atomic pairwise van der
Waals interaction results in R, R™3 .. terms in the intermolecular potential
energy. By calculating the reduced electric-quadrupole moment of erbium ground level
(J = 6[|Qq||J = 6) = —1.305 a.u., we also demonstrate that the electric-quadrupole
interaction energy is negligible with respect to the magnetic-dipole and van der Waals
interaction energies. The general formalism presented in this article can be applied
to calculate the long-range potential energy between arbitrary charge distributions
composed of almost free subsystems.

1. Introduction

For a long time few-body effects have been attracting a lot of interest, especially in
nuclear physics [1], resulting in some striking theoretical predictions like the Efimov
effect [2]. More recently the tremendous progress for controlling interactions between
ultracold atoms, has allowed to experimentally confirm those predictions [3]. Indeed the
signature of triatomic Efimov states was identified in an ultracold Bose gas of cesium,
where the formation of two-body bound states was either forbidden [4] or permitted [5].
An essential feature of Efimov bound states is their universality in the following sense
6, 7, 8]: they are characterized by two parameters, the two-body scattering length
and the three-body parameter [9, 10], which accounts for all the details of atomic
interactions. Using ultracold atomic and molecular gases, many extensions of Efimov’s
original prediction [2] were then explored or proposed, like four-body [11, 12, 13], or
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more-body bound states [14], the impact of Fermi statistics [15, 16] or distinguishable
particles [17], deviation from universality [15, 18, 19], or bound states of dipolar particles
[20]. Beside Efimov effect, the theoretical modeling of collisions involving weakly-
bound dimers revealed the enhanced stability against collisions of molecules composed of
identical fermions with respect to those composed of bosons [21, 22]. Besides, few-body
collisions in the presence of dipole-dipole interactions were also explored [23].

In this respect the production of ultracold gases of lanthanide atoms is extremely
promising [24, 25, 26, 27]. Firstly their strong magnetic dipole moment creates
anisotropic and long-range dipolar interactions that, unlike electric-dipolar interactions,
do not need to be induced by an external field. Secondly, erbium and dysprosium
possess stable bosonic and fermionic isotopes, that were driven to quantum denegeracy
(28, 29, 30, 31, 32]. Despite the absence of hyperfine structure, bosonic erbium and
dysprosium present dense spectra of Feshbach resonances [33], which were recently used
to form very weakly-bound Ery molecules, i.e. so-called Feshbach molecules [34], through
magneto-association technique. Such Ery molecules look like excellent candidates to
study few-body physics in dipolar systems.

In many investigations of few-body physics in ultracold gases, atomic interactions
are described with model potentials, e.g. contact potentials, which is justified for atoms
interacting through van der Waals forces. However if the atoms carry a magnetic
dipole moment, the resulting long-range and anisotropic dipolar interaction requires
a cautious modeling which takes into accounts the internal structure of the atoms.
In this article, using the multipolar expansion in inverse powers of the intermolecular
distance R [35, 36], we characterize the long-range interactions between two weakly-
bound diatomic molecules. We focus on the regime where the two molecules are
approaching each other, that is to say when the intermolecular distance is larger than
the mean interatomic distance inside each molecule. Assuming that individual atoms
keep their own identity within each molecule, we expand the intermolecular potential
energy as the sum of pairwise atomic interaction energies. Taking the example of two
Ery Feshbach molecules, we show that, when expressed in the coordinate system of
the molecule-molecule complex, the total dipole-dipole and van der Waals interactions
between all atom pairs are both expressed as a sum of terms proportional to inverse
powers of R, and involving effective molecular multipole moments. These terms, which
are absent in the usual multipolar expansion, are strongly anisotropic with respect to
the orientation of the two molecules. In addition, by calculating the electric-quadrupole
moment of erbium ground level we show that the total quadrupolar interaction, which
would in principle give rise to another series of R™" terms, is actually much smaller
than the dipolar and van der Waals interactions. We calculate adiabatic potential-
energy curves that could be used in a future work to study Ers-Ers collisions in the
ultracold regime.

The article is outlined as follows. In Section 2 we present the general formalism
giving the first-order and second-order energy corrections between arbitrary weakly-
bound charge distributions. This formalism appears as a generalization of the usual
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Figure 1. (Color online) (a) Vectors, (b) distances and angles describing the position
of the weakly-bound diatomic molecules A (composed of atoms 1 and 2) and B
(composed of atoms 3 and 4) in the space-fixed frame XY Z with quantization axis Z.
The relevant coordinates describing a pair of atoms from A and B is drawn, with the
example of atoms 1 and 3. For sake of clarity identical atoms are considered, and the
azimuthal angles are not represented.

multipolar expansion. Then in Section 3 we consider the example of Ery Feshbach
molecules, focusing on their magnetic-dipole and van der Waals interactions, and
discussing also their electric-quadrupole interactions. With arguments based on the
characteristic lengths associated with the multipolar expansion, we show that the
anisotropic terms due to effective molecular multipole moments, are likely to play
an important role in the Ery-Ers collisional dynamics at ultralow energies. Section
4 contains concluding remarks.

2. Potential energy between distant weakly-bound molecules

We consider two molecules denoted A and B. Molecule A is composed of atoms 1 and 2,
and molecule B of atoms 3 and 4. The orientation of the interatomic axes of A and B in
the space-fixed (SF) frame XY Z, Z being the quantization axis, are characterized by
the vectors R4 = R; — Ry and Rp = R3 — Ry, with spherical coordinates (R4, 04, P 4)
and (Rp,Op, Pp) respectively. The orientation of the intermolecular axis, which joins
the centers of mass of A and B is given by the vector R = (R, 0, ®) (see Fig. 1).

2.1. First-order correction

When the distance R goes to infinity, molecules A and B are independent from each
other. Their quantum states, called |A) and |B), are characterized by the zeroth-
order energies F4 and Ep respectively. As R decreases, A and B start to interact
through electrostatic and/or magnetostatic forces. We assume that within the weakly-
bound molecules, each individual atom keeps its identity — namely that the exchange
is neglected — so that atoms interact through electrostatic and/or magnetostatic forces
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Table 1. Coordinates of the vectors Ri, Ry, R3 and Ry, as well as the geometric
factors 11, 12, N3 and 74 appearing in the intermolecular potential energy (11), given
as functions of the coordinates of R4 and Rp, and of the atomic masses My, Maj,

Mg and My.
atom Ri’ RJ @ia @J ®i7 q)j iy M5
L | Bi= 555 R ©1= 64 Q=04 m "‘Mﬁi\/lz
3 RSZM%Aj\/MRB @3:@3 @3:(1)3 773:_'_M;3/\-/il_4/v14
i Ry = o ie ©a=m—0p Py=Pp+m ny= _/\/('3/\13./\/14

as well. The total potential energy of the complex Vi, can therefore be expanded as
the sum of pairwise atomic energies, Viot = Vig + Vay + ZZ 1 Z Vij. In this work,
assuming that the first two terms Vj5 and V34 are part of the unperturbed energies F
and Epg, we focus on the intermolecular potential energy

V<RA’R37R) = ZZV;J(RU% (1)

i=1 j=3
where R;; is the vector pointing from atoms 7 € A to j € B.

In Eq. (1) the interatomic energy V;; is given by the usual multipolar expansion in

the SF frame
+oo +45;

Z Z Ffijmij szmu (Rij>7 (2)

7.] =0 mi;=— Z'L]

where the factor Fy, ,,; only depends on the atomic multipole moments,

ty o (2
Fﬁijmij = FQ Z 5&-—‘,—@,&7‘ (_]‘) ! 262

ei,zjzo

X Z Z Cﬁ;;mnjzjm]Qﬂszé im; (3)

mij=—AL; mj=—

with Fy = 1/4meq (po/4m) for electrostatlc (magnetostatic) interactions, ¢y and pg the
permitivity and permeability of the vacuum, (:) a binomial coefficient, C/inmg]mj =
(€imilym;|€;l;€;;m;;) a Clebsch-Gordan coefficient, and Qg m, (Q¢;m;) the multipole
moment of atom 4 (j), expressed in a coordinate system (CS) of the SF frame and
centered on atom 7 (j). The multipolar expansion can be applied if all interatomic
distances are larger than the so-called LeRoy radius [37], so that their electronic clouds
do not overlap and that the exchange energy can be neglected.

In Eq. (2), Gy m, is a purely geometric factor involving the Racah spherical

harmonics Cf, m,; (O, Pij).

CK iMij (61]7 (I)ZJ)

T+0;;
R;;

Griymy; (Rij) = (4)
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It depends on the relative coordinates of atoms ¢ and j, which are not compatible to
the CS defined in Figure 1. In order to express Gy, m,; in this CS we use the following
relation

where R; (R;) are the vectors joining the center of mass of molecule A (B) to the atom
i (7). Those vectors are colinear to R4 (Rp) and their coordinates are given in Table
1. The coordinates of Uj; are called (Uj;, Zji, Vji).

To transform Eq. (4), we expand the spherical harmonics for the vector r = r'—r” =
R,;; as function of those for the vectors r' = R and r” = Uj;. Setting r = (1,6, ¢) (and
similarly for v’ and r”), we apply (see Ref. [38], Ch. 5, Eq. (36), p. 167 1)

M_ = L & (2]{;’+1)! 1/2 (ﬂ/)k”
= Z Ot g (—1) (( >‘> :

W+ (T
+k' +k" qu C 9,, 1 C 9/ / 6
X Z Z k'q"k' g k“q”( 5 ¢ ) k’q’( 3 (b ) ( )

qg=—kK q'=—k"
which is valid for 7 < r’. We obtain for Eq. (4)
= (2A + 1)! V2 At

G (Ri;) = —1)* J
b ”( ]) Z ( ) ((2)\ — 2€2])'(2€Z] + 1)' R1+A

)\Zfij

+A
Eijmij —_
X Z C)\—Zij’#—mij’A#CA—éij,}L—mij (:]27 \II]Z)CA#(@7 ®) : (7)

p=—X
which is then valid for Uj; < R. Since 0 < Uj; < R; + R;, Eq. (7) is applicable provided

that
Ri+R;<R. (8)

We will come back to this criterion later on.

Equation (7) represents the first main result of our approach: the pairwise atomic
potential energy has been transformed from a sum of terms in the relative CS of the
interacting atoms (see Eq. (4)), into a sum of terms proportional to inverse powers of
the intermolecular distance R (see Eq. (7)). The price to pay is the emergence, for
each couple of atomic multipole moments (¢;, ¢;), of an infinite sum of terms scaling as
R~'7*. Each term is anisotropic due to the Racah spherical harmonics Cy, (0, ®). To
express the energy as a function of R; and R;, we apply a second transformation (see

Ref. [38], Ch. 5, Eq. (35)) tor =Uj;, r =R, and r" = R;

k 1/2
Tkokq(9,¢) _ Z 6k’+k”,k (_1)k” <(2k/()2‘lz;'k”)'> (T’/)k/(T”)k//

k' k""=0
« gf —%ﬂ qu C 9/ / C 9// " 9
Kqk"q" k’q’( ,(b) k”q”( 7¢ )7 ( )

¢ =—kK ¢"'=—Fk"

I In [38] the relation is given in terms of normalized spherical harmonics Yj,; we transform it using

Yig(0,0) = v/ (2k +1) /4w X Ciq(6, )
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which is valid for all 7" and r”. This gives the final expression for Gy, m,;

N 1/2
T/ 2041 ) [ 20 420
- ) - . . _1 )\+)\J 2 J
szjmu (RU> Z Z 56” FAi+A; A ( ) [( 26@] +1 > ( 2)\2 > ]

)\:fij )\Z ,)\]' =0

Xi D) A
RMRY + ’
i Ll Mg
R1+X Z C)\—fijvﬂ_miijNCAu(@’ (I))
A

X

X Z Z C}\Z/L:]]l/ij " C&m(gia (I)i)CAij (®j> q)j)
Hi==Aq prj=—2X;
In addition to the sum over A, we get two sums over \; and \; which, due to their
Rl’-\iC’,\M(@i, ®;) dependence (and similarly for j), can be viewed as effective multipole
moments describing the position of atoms ¢ and j in the CS associated with A and B
respectively. It is worthwile mentioning that for R;, R; < R, namely when the size of
the molecules is negligible with respect to their mutual distance, the sums reduce to
Ai = A;j = 0 and to A = ¢;;, and so we recover the usual multipolar expansion.
Finally, when adding up all pairwise atomic contributions, we can replace \; by
Aa and Aj and Ap, as the position of atoms 1 and 3 in the CS of A and B gives the
orientation of the interatomic axes of A and B respectively. For atoms 2 and 4, the
orientation is opposite to that of the corresponding interatomic axes, and so we use
Cry(m—0,0+m) = (=1)*Cyy(0, ¢). Moreover replacing ¢;; by ¢ for simplicity, and using
1a(0,0) = (=1)7C}, _4(0,#) and the particular expression of Cl,jf]q,k,,q,, for k = K £ k"
[38], we obtain for the intermolecular potential energy of Eq. (1)

footoe A RMR)?
V(R4,Rp,R)=F > > Z Oxairgion (1) W

=0 A=l A4,AB=0
+A
S A+ A — p)! x C;,(0, D)

p==2A

+Aa +Ap CAAMA(@A,(DA)CABMB(GB’(pB)

X

X

(10)

Py — \/()\A + pa)(Aa — pa)! (A + pB) (A5 — 1B)!

X ZZUAA An Z Otive;,0 (—

i=135=3 £;,£;=0

> Z Z 6HA+MB+M¢+mj,MQf¢miQ@jmj
mi=—t; mj=—t; A/ (€; +ma)1(l; — mq) (€5 + my)1(l; — my)!

where the geometric factors n; and 7; are given in Table 1. The Kronecker symbol in
the last line of Eq. (11) is obtained by combining the Clebsch-Gordan coefficients of
Egs. (3) and (10). Since the condition pig + g + m; +m; = p must be satisfied for all
pairs (4, 7), it imposes that m; = mq and mg = my.

As already mentioned, Eq. (11) can be viewed as the interaction between effective
multipole moments of ranks A 4 and \p, describing the orientation of the interatomic axes
of molecules A and B. Equation (11) comes out as the usual sum of terms proportional

(11)
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to inverse powers of the intermolecular distance R, and to angular factors C,,(0, ®),
which account for the anisotropy of long-range interactions. Since —1 < n;,1n; < 1,
Eq. (8) can be rewritten as a condition of validity for Eq. (11)

max (||, [n2]) Ra + max(|ns], [na) Rp < R. (12)

In the homonuclear case, e.g. My = My, max(|m],|n2]) = 1/2. On the contrary if
My > M, or My < Ma, then max(|m|, [n2]) = 1.

2.2. Second-order correction

Calculating the second-order correction to the intermolecular potential-energy (1) is
equivalent to calculating the matrix elements between unperturbed states of the second-
order operator

V|A//B//> <A/IBII|V

13
Ear—Ea+ Epr — Ep (13

W(R4,Rp,R) = — >

(A”,B")#(A,B)
where |A”) and |B”) formally denote the states of molecules A and B which are
coupled to |A) and |B) by V. The sum is performed for all possible pairs of states
(|A”),|B")) excluding the case where both |A”) = |A) and |B”) = |B). Because the
unperturbed states |A) and | B) correspond to weakly-bound molecules, we can suppose
that the states |A”B”) such that (AB|V|A”B") # 0 also correspond to weakly-bound
molecules, but near different atomic dissociation limits. Therefore in Eq. (13) the energy
differences E4» — E4 and Egr — Eg can be replaced by the energy differences between
the corresponding atomic dissociation limits. We can replace the sum over the molecular
states |A”) and |B”) by a sum over states of the separated atoms |1”), |2"), |3”) and
given by Eq. (10) will
be taken out of the sum over atomic states, which gives for Eq. (13)

|4"). This assumption implies that the geometric factors Gy, m,,

2 4
W(RA7 R37 R) = - Z Z Z Z Z szmij (Rij)GZ/j/mi/j/ (Ri'j')

i,0'=1j4,5'=3 fij ,ei/j/:() mij:—éij m

Fy

i’j’:_zi’j’

1// 2// 3// 4//> <1/l 2// 3// 4//|F€
) ) ) ’ ) ) il 11
A+ DNogr + N + Ay

ijmij|

X

Y
1//,2//73//74//

where Ay = Eyr — E) is the excitation energy of atom k (kK = 1 to 4). The sum over
atomic states excludes the case [k”) = |k) for all the atoms at the same time.

Applying Eq. (14) with the particular form of Fy and Gy, ;m,; given by Eqgs. (3)

and (10) would be inconvenient, as it would not yielii tjerms with irreducible tensors,
and so would prevent from using the Wigner-Eckart theorem for the matrix elements of
W. Insted we introduce coupled multipole moments of rank k4 associated with atoms
i and 7 (see e.g. [39, 40, 41])
+4; +Ly
Ctibasa = 2= 2o Comtym, Q12 (1"2"|Qtym, (15)

miy=—L; my=—L;

(14)
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and the same for j, j/ and B. Doing similar transformations for Racah spherical
harmonics (see Appendix A for details), we obtain the final expression for W

Aa+N, pAB+Ng
Ry TR,

. 2
WRALRER) = =17 D> > OO rin — e
DXaAB UN N Ny

AT [ a2 ) [ 2V 1) [ 2N, + 2N,
2% 41 24 2 4+ 1 2\,
X3 (1) [(Aa + Ap)(Ny + Np)kakgrm]|'/?

kkTkAKB

X

A A Aa+ Ap A+Ag A (L

I

0

X § Ny A Ny +Ap Na+Ap N Cfﬁgxgocfgo,\' oChono
KA Kp T T Kk k
To k. * *
X Z CRAQAHBQBCWZ'HQCK]Q(@ q))CKA@A(@A’ q)A)CnBQB(@Ba (I)B>
qooPAPB
X Z 7 ThA??;\BUJ Z de, +z],z5e,+e L o(— 1)4
'y’ Ll b5l
1/2 b b 0
2 20 J
) g £
' ! kakp ka kg k

! /(/Zivéi’)kAQA Q/(/fa A1)kBas
X q;q:B Ck‘AQAk’BQB 1//’2;3:“74” Al” +A2” +A3// _|_A4”>
This equation contains several sums: over all the quantum states |1” ), 127), 13") and
|4”) of the four atoms, on the atoms themselves (i,7" = 1,2 and j, j' = 3,4), and over
tensor-operator ranks and components. In this respect the Latin letters correspond to
the atomic multipole moments, and the Greek ones to the effective molecular multipole
moments. The letters ¢ and A\ characterize uncoupled tensor operators, whereas k, x
and 7 characterize coupled ones (see below), and ¢, ¢ and ¢ their components. The
unprimed (primed) uncoupled tensor ranks come from the first (second) call of the
multipolar operator V' in the second-order correction (see Eq. (13)).

Equation (16) shows that the second-order multipolar interaction is based on
building blocks which are tensor operators, ¢.e. the atomic multipole moments ¢;, ¢;,
¢y and {;, and the effective molecular ones A4, Ap, Aar and Ap. The R-dependence
of the operator W is obtained by adding those building blocks, namely R=2-*~*". The
angular dependence of W is associated with coupled tensors whose ranks are obtained
by adding up the building blocks in the sense of angular momentum theory (see Table
2).

3. Example: interactions between Er, Feshbach molecules

In a recent experiment [34], an ultracold gas of bosonic '®Er atoms (with vanishing
nuclear spin I = 0) was produced in the lowest Zeeman sublevel |J = 6, M; = —6) of

(16)
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Table 2. Mathematical and physical definitions of the ranks of the coupled tensors
appearing in Eq. (16). They are constructed by vector addition in the sense of angular-
momentum theory.

tensor rank physical quantity
ko =0+ 0y coupled multipole moment of atoms (i,17")
kp = @ + Zj/ coupled multipole moment of atoms (7, j)

—

= X A+ X 4 coupled effectivemultipole moment of molecule A

Kp = X B+ X g coupled effectivemultipole moment of molecule B

R=XA+ N coupled tensor for the orientation of the intermolecular axis
T=a+ )+ Ap+Ap) = Ra+ Rp
k=m+KE=(+1

the atomic ground level [Xe|4f!26s? 3Hg. A magnetic-field ramp was applied in order
to transfer pairs of free atoms into a weakly-bound molecular level, thus creating a so-
called Feshbach molecule. For molecule A, such a level called |v4) can be expanded in
the general form

|UA> = Z Z X’U]\?‘]lMJ2NAMNA (RA) |MJ1MJ2NAMNA> (]'7)

My, My, NaMn ,

where M and M, are the projections of the total electronic angular momentum
of resp. atoms 1 and 2 on the magnetic-field axis Z, Ny and My, are the angular
momentum and its projection associated with the rotation of the interatomic axis of
molecule A, R4 is the distance between atoms 1 and 2, and X})‘?Jl My, NaMy, (R4) is the
multi-channel radial wave function describing the rovibrational motion of the molecule.
The couplings between the different channels |M;, M, NaMy,) are due to the magnetic-
dipole and van der Waals interactions between two erbium atoms. Since the entrance
open channel corresponds to the atoms in the lowest Zeeman sublevel colliding in s
wave, i.e. My = M;, = —J = —6, Ny = My, = 0, the allowed channels in Eq. (17)
are such that [34]: (i) Ny is even and (ii) My, + M, + My, = —2J = —12. The same
selection rules apply for molecule B.

3.1. Magnetic-dipole interaction

Each erbium atom carries a permanent magnetic dipole moment equal to —upg Jj, J
being the electronic angular momentum (J = 6), with up the Bohr magneton and
g7 = 1.16683 = 7/6 the Landé g-factor of erbium ground level ® Hg. Following Eq. (11)
the first-order interaction is such that ¢; = ¢; = 1, ¢ = 2 and Fy = po/4m. Due to
that interaction two Ers Feshbach molecules in levels |vas) and |vp) colliding in the
partial wave L and Z-projection M can undergo elastic or inelastic scattering towards
[/, L/ M}). The matrix element of the magnetic-dipole interaction Viq is then

<U14U/BL/M£|de|UAUBLML>
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Lo (—1)*»
= TR (MBQJ J(J+1) Z Z ONa+Ap+2.0 (2R) a+5

A=2A4,A3=0,2,...
5 JM,
MJZ,MJ2 JMJ11M —My,

DD

M, My MYy M5, \/(1 + Mj, — M)W (1 — My + My,)!

JMY,
(SM M’ C r_
J1 JMJ21 M MJ2

O+ My, — M) (1 - MJ + M,,)!

+

JM!,
5MJ4MJ4CJMJ31 M —My,

DD

Mg Mgy M} M7, \/<1+M33 _MJs)'(l_MJg +MJ3)!

JM’
) r Coaft
M M7, IMy 1M —M),

V(U + My, — My, ) /(1 — M), + My,)!

+

< Y T / ARA RY X3, sy sy, (Ba) X3 aay,wanr, ()

NAMNA N/ /

X Z Z / dRp R%B XM’ M), NpM), (RB)XX?J:#,MJ4NBMNB (Rp)

NBMNB N’ ’

2L +1
% My = M)A = My o+ My S CHnCE s v,

NO N/M/

IN, + 1 CNAOAAOCNAMNAAAM L ~Mn,
X
2N, +1 \/O‘A + M]/VA — MNA)-()\A - MNA + MNA)!

AL CNIBMIIVB
y 2N +1 NpOAB0 NBMNB/\BaMI/VB_MNB (18)
V 2N + 1 Vs + My, — My,) (A — My, + My,,)!

Contrary to Eq. (11) the terms arising from the purely atomic part of the interaction are

written in the first five lines of Eq. (18). The atomic dipole moment is expressed using
. . J'M .

the Wigner-Eckart theorem (J'M} |Qipm,|J M) = —uBgJCJMJ‘jllml(J’||J||J>/\/2J+ 1

with (J'|[J]|J) = \/J(J+ 1)(2J + 1) the reduced electronic angular momentum. For
homonuclear molecules, only even values of A4 and Ag are possible, since n; = —ny =
ns = —ny = 1/2. All the tensor components of Eq. (11) are replaced by their only
possible value, i.e. m; = M) — M, and similarly for atoms 2, 3 and 4, y = M — M},
pa = My, — My,, and similarly for B. The relationship between the tensor components
established in Eq. (11) imposes the following selections rules

My + My, + My, + M) + M}, = My + My, + My, + M;, + M, (19)
M’L+M1’VA+M]’VB+M}2+M33:ML+MNA+MNB+MJ2+MJ3 (20)
M£+M5VA+M;VB+M§1+M§4:ML+MNA+MNB+MJ1+MJ4 (21)
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M’L+MJ’VA+M]’VB+M}2+M}4 = My + My, + My, + M, + M;, (22)

which implies

th - M}Q = MJI - MJQ (23)
M, — M), = My, — My, . (24)

Finally in level |v4) (see Eq. (17)), the rotation of the interatomic and intermolecular
axes is described by spherical harmonics Yy, (O4,Pa4), Yn, My, (©p,Pp) and
Y (O, @), and the integral of products of three spherical harmonics is used to obtain
the last three lines of Eq. (18).

Equation (18) consists in a series of inverse powers of the intermolecular distance
R. The leading term, which scales as R~3, appears for Ay = A\g = 0 and A = 2. It
couples the channels characterized by the same N4, My,, Ng and My, but by possibly
different My and My, ;. Taking M} = My and M }H = M, yields the usual two-body
dipole-dipole interaction (see Eq. (2)) between magnetic moments d,, and d,,, such that

d'UA = _MBgJ Z w%JlMJ2 (MJ1 + MJZ) (25)
My, My,
with
v Foo v 2
U)J\//[*JlMJ2 = Z /0 dR (XﬁflMJQNAMNA (RA)) (26)
NAMNA

and similarly for B, 3 and 4. In Ref. [34] the Ery-Er, magnetic-dipole interaction
energy was calculated using such a two-body expression with experimental values of
d,, and d,,. Indeed evaluating quantitatively each term of Eq. (18) requires to know
in details the nature of the Feshbach states, namely the functions X”]\j}Jl My, NaMy (Ra)
and Xﬁjg My, NiMy,, (Rp), which is not possible for the moment in Ers.

We consider instead a simple model, where the two molecules are in the same state
vy = vp = v, and we impose a single-channel condition. As each molecule is made of
two atoms in the lowest Zeeman sublevel and colliding in s wave, we assume that the

resulting molecules are in the d-wave bound level, M;, . = —J = —6, Ny = Ng = N =2
and My, = My, = 0, so that the R™5, R™"... terms appear in Eq. (18). The
mean interatomic distance inside each molecule is (va|Ralva) = (vp|Rp|lvp) = Ro;

according to Eq. (12), Ry defines the region of intermolecular distances below which
our calculations cannot be applied. We also assume that in Eq. (18) different molecular
vibrational levels are not coupled, i.e. vy = v4 and v’z = vp, but that it couples different
partial waves L and L’. The molecules are assumed to collide in the s wave, which is
the case in the temperature range of Ref. [34].

Combined with the selection rules (19)—(24) applied for v/y = v4 and vz = vp, the

s-wave condition imposes that M; = M; = 0 for all states. Moreover the Clebsch-
Gordan coefficients of Eq. (18) impose Ay = Agp = 0, 2 and 2N = 4, and so A = 2,
4, ..., 4N + 2 = 10. To evaluate the importance of each term, we compute adiabatic

potential-energy curves, obtained after diagonalization of the Hamitonian

) 2L

Hi(R) = IMR? + Vina(R) (27)
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where M,oq is a Ers-Ery reduced mass, and L the dimensionless angular momentum
associated with the collision, and V.4 is the magnetic-dipole term given by Eq. (18), in
the basis spanned by L (note that M = 0), for various intermolecular distances R.

The results of such calculations are presented on Fig. 2, when the lowest adiabatic
potential-energy curve is plotted in different situations. To highlight the influence of
the different R™" terms, we truncate the sum on A in Eq. (18) up to Apax, which ranges
from 2, corresponding to the R=3 term, to its largest possible value 10, corresponding
to the R~ term. Partial waves from L = 0 to L., = 30 are included in the basis
for a proper convergence. We assume that (R}*) ~ (R )* = Rp* (and similarly for
B), which can be justified by the expected strong localization of the vibrational wave
function around the outer classical turning point of the corresponding potential-energy
curve. We take Ry = 80 bohr as a typical value for d-wave resonances observed in [34]
(1 bohr = 5.29177 x 10~'* m). Strictly speaking our calculation is not valid for R < Ry
and so the lower bound of the z axis in Fig. 2 should be R,. But we extend it to a
slightly shorter value since Ry corresponds to a loose boundary condition rather than a
strict limit of validity of our calculation.

Figure 2 shows that higher-order R™" effective-multipole terms (n > 3) get more
and more important as R decreases. At R = Ry all the terms bring similar contributions
to the potential energy. More surprisingly, even at R = 120 bohr = 1.5 x Ry, the B3
term (nyay = 3) only accounts for -0.71 mK, i.e. three quarters of the total energy (-0.95
mK). Because the range of energy on Fig. 2, of a few mK, that is tens of MHz, is larger
than the typical energy spacing between neighboring Feshbach levels, couplings with
those levels should be taken into account in order to give more accurate predictions.

After the magnetic-dipole interaction, the next term of the multipolar expansion
between two erbium atoms is the electric-quadrupole interaction. We have calculated
the reduced quadrupole moment of erbium ground level (J = 6HQ2HJ = 6) using a
Dirac-Hartree-Fock method, and found -1.305 a.u. We have evaluated its impact on the
intermolecular interaction by diagonalizing the Hamiltonian

Hi(R) = M2 + Vina(R), +Veq (R) (28)

where the electric-quadrupole energy ‘A/eq is obtained by setting ¢; = ¢; = 2, { = 4
and Fy = 1/4meg in Eq. (11). The latter shows that the electric-quadrupole interaction
consists in repulsive contributions scaling from R~ to R~'3. Figure 2 shows that the
influence of the quadrupole interaction including all the R~ terms is visible for R < 90
bohr, a region where the van der Waals interaction will be actually dominant [42].

3.2. Van der Waals interaction

The next term of the pairwise atomic multipolar expansion comes from the van der
Waals (vdW) interaction, proportional to Ri’j6. In Ref. [43] we have shown that
the Er-Er vdW interaction is mostly isotropic, and characterized by a coefficient
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Figure 2. (Color online) Lowest adiabatic potential-energy curves characterizing the
magnetic-dipole interaction between two %6Er, Feshbach molecules in the same level
and colliding in the s wave [see Egs. (18) and (27)]. in Eq. (18) the sum on inverse
powers n = A+ 1 of the intermolecular distance R is either stopped at nmax = 3 (solid
line), npmax = 5 (dotted line), nmax = 7 (dashed line), nyax = 9 (dash-dotted line), or
the largest possible value ny,ax = 11 (dash-dot-dotted line). The curves with squares
also accounts for the electric-quadrupole interaction (see Eq. (28)). The main panel
is in log-log scale, and the inset is a linear-scale zoom on the small-distance region.
Other parameters are: Ry = 80 bohr and L.x = 30.

CE 000 = 1760 a.u.. Therefore in this section we calculate the second-order electric-
dipole interaction between two weakly-bound diatomic molecules whose atoms interact
through an isotropic vdW term. Such a calculation is applicable for Ery-Ers interactions,
but also for molecules made of alkali-metal or alkaline-earth-metal atoms, for which vdW
is indeed the strongest interaction.

The vdW energy is a second-order correction due to the electric-dipole interaction,
b =10, =ty =Ly =1, 0= =2and Fy = 1/47m¢y in Eq. (16), while the isotropy
results from k4 = kg = k = 0. Pointing out that k£ = 0 implies 7 = k we obtain for
states vy = vp =0

(VoL 0| Weaw ]vaO}

_ CErolr Z Z )\Z’ 5 o <R,\A+/\ ><R;B+)\/B>
6(4meo)2 R0 RS S xaan02.. Ny Ap=0.2,.. TR A (R ANy
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VA = 3)(2X = 3)(2k4 + 1) (265 + 1)

A+ DN +1)!
(222)!1(2A5)! (2X,)!(2AB)!

Ad A Aa+ Ap
A Ap Ny + N
XX SN X Ny N T
B A A 2
AsRB, K'/A HB K

121" +1 2
kA0 kB0
X CA,?OAZAOC)\EO)\’ CAOXOCHAOHBO 2L + 1 (CL/OK,OCNOKAOCNOH,BO>

/ 1
1 (ti=1,6=1)002(e; =1,6,=1)00

where we used

Oﬁ b0 = 06 000 = 21‘/%':" Aw + AN (30)
and
a b c
4o b= (ENTTT 00 { a b oc } (31)
g hoo| Veerpegryle dgl
with {:::} a Wigner 6-j symbol, and where (RZABBJFA %) is the interatomic distance at the

corresponding power in molecules A and B, averaged over the vibrational wave function
of state |v). Equation (29) is a series of terms proportional to R~". The leading term,
which scales as R, comes out when Ay = A\g = N, = Ny =0, andso k4 = kp = k = 0.
It is thus a fully isotropic term (L = L') equal to 406 000 /RS, The next terms scale as
R™8, R™1% ... Unlike the first-order expression (18), n goes a priori to infinity, since it is
not limited by the angular selection rules. The bounds in the sums over k4, kg and k are
not explicitly specified, as they come from several conditions. The 9-j symbol of Eq. (29)
imposes [Aq — V4| < ka < Mg+ N, whereas the Clebsch-Gordan coefficient of the last
line imposes 0 < k4 < 2N and k4 even. The most restrictive conditions will indeed
apply, namely max(|As — Ny|,0) < k4 < min(Ag + Ny, 2N), k4 even. The conditions
are similar for kg, while for k we have: |Ag+Ag =Ny —Ng| <k < (Aa+ A+ N+ Np),
|ka — kp| <k < (ka+kp), |[L—L| <k <(L+ L), and k even.

The convergence of the R™" series in Eq. (29) is addressed on figure 3, where
we plot the lowest adiabatic PEC obtained after diagonalization of the hamiltonian
Hy(R) = H|(R) + Wyaw(R) [see Egs. (28) and (29)] including the magnetic-dipole,
electric- quadrupole and van der Waals interactions, and where again we assume
(RYTPYRYPY o R At R = 100 bohr, that is to say Ro/R = 4/5,
convergence is reached for nu,, as high as 40. While In this region the multipolar
expansion is still valid, the system does not behave anymore as a pair of elongated
molecules, but as four alomost equidistant atoms. Using a set of collective coordinates
would be more appropriate than the present coordinate system. In addition, we see that
the van der Waals energy is significantly larger than the first-order energies on the left
part of Fig. 3; at R = 120 bohr it represents 80 % of the total potential energy.

(29)
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Figure 3. (Color online) Lowest adiabatic potential-energy curves characterizing
the magnetic-dipole, electric-quadrupole and van der Waals interactions between two
166Er, Feshbach molecules in the same level and colliding in s wave. In Eq. (29)
the sum on A4, Ap, A, and Ny is stopped at different values of max, where
n =6+ Ada+ A+ Ny + Ng, namely npyax = 6 (solid line), nmax = 10 (dotted
line), nmax = 20 (dashed line), Apax = 40 (dash-dotted line) and nmax = 50 (open
circles). For comparison the lowest adiabatic PEC only accounting for the first-order
magnetic-dipole and electric-quadrupole interactions is shown again (dash-dot-dotted
line). Other parameters: Ry = 80 bohr and Lax = 30.

3.3. Ultracold collisions and characteristic lengths

In order to estimate the role played in collisions at ultralow energies by the
additional terms of the multipolar expansion, it is instructive to calculate the so-called
characteristic length associated with each of those terms [44, 45]. In our case, a given
term will cause significant reflection of the incoming scattering wave function, if its
characteristic length is larger than the typical size R, of each molecule.

We start with discussing the influence of the magnetic-dipole interaction. We
assume that each R~" term of Eq. (18) is described by a C,, coefficient

C, ~ % (2upgsJ)? RIS = C3RI3, (32)

where we take the largest possible magnetic moments d,, = d,, = —2upgsJ for
molecules A and B. The characteristic length associated with the term C,,/R™ is [44, 45]
1 <2Mred0n> w2
== |——— .
2 n?
By inserting (32) into (33), we can express all the characteristic lengths as functions of

az = ~/\/lredcf3/h2

(-

(33)
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Figure 4. (Color online) Characteristic length a,, as function of the size Ry of the
molecules. Both quantities are rescaled with respect to their “parent” characteristic
length, namely a,—3 for magnetic-dipole and a,=¢ for van der Waals interaction (see
Eq. (35)).

which gives (as/Ro) = (as/Ro)"?, (a7/Ry) = (as/Ry)"®, and so on.

Equation (34) shows that if a3 > Ry, then ag > a5 > ay > ... > Ry, for all n, and
vice versa. So if the R™3 term significantly influences the ultracold dynamics, the R,
R™7, ... terms associated with effective molecular multipole moments of higher ranks
are also likely to do so. This is indeed the case in our present Ers-Ery study where
Ry = 80 bohr, a3 = 1580 bohr, as; = 216 bohr, a; = 145 bohr, etc. This reasoning
can be generalized to all pairwise atomic interactions. For a “parent” term scaling as
C,/RP and associated with the characteristic length a, (see Eq. (33)), the related term
Cn/R" = R;"C,/R" is associated with the characteristic length

&))"

for n > p. Considering the van der Waals interaction p = 6 with Cg = 4 x C(EggOEr =

7040 a.u., we obtain ag = 128 a.u., ag = 109 a.u., a;g = 101 a.u., etc. The terms coming
from the van der Waals interactions are also likely to play a crucial role. However, as
the characteristic lengths a,, are smaller than 100 bohr for n > 10, they fall in the region
where the complex behaves like four almost equidistant atoms, and where convergence
of the R~ series is very slow (see Fig. 3).

Finally we investigate the influence of the size of individual molecules, which, for
halo molecular states close to a Feshbach resonance, has the same magnitude as the
atom-atom scattering length [46]. To that end we put the Ry term in the right-hand
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side of Eq. (35) and rescale both sides with respect to a,

G-

Figure 4 shows this quantity as function of the scaled molecular size, for the three terms
n =p-+2, p+4 and p—+ 6 associated with the magnetic-dipole p = 3 and van der Waals
interactions p = 6. When the size of the molecule is much smaller than the parent
characteristic length (Ry < a,), the scaled characteristic lengths a,/a, vanish and the
important interactions are the dipole-dipole interaction p = 3 and the van der Waals
interaction p = 6. But when the molecular size increases up to the parent characteristic
length (Ry =~ a,), a, — a, and all the higher molecular effective multipole moments
become significant in the overall interaction and hence in the ultracold dynamics.

4. Concluding remarks

In this article, we present the general formalism to characterize the long-range
interactions between two arbitrary charge distributions, each composed of almost free
subsystems, which we apply to the case of weakly-bound diatomic molecules. To that
end, considering that the atoms composing each molecule conserve their identity, we
expand the intermolecular potential energy as the sum of pairwise atomic energies.
By expressing the intermolecular potential energy as a function of the intermolecular
distance, we obtain a generalization of the usual multipolar expansion, containing
additional terms scaling as inverse powers of the intermolecular distance. Those
additional terms, which involve effective molecular multipole moments, are strongly
anisotropic with respect to the molecular orientations.

In the case of two vibrationally highly-excited Er, molecules, many additional
terms bring a substantial contribution to the intermolecular potential energy. By
estimating their characteristic lengths, we predict that those additional terms are
also likely to influence the Ery-FErs collisions at ultralow energies. To confirm that
prediction, we can perform quantum-scattering calculations using the intermolecular
potential-energy curves presented in this article. This would require however to know
precisely the multi-channel wave function of the Feshbach states. Besides, since the
intermolecular potential energy is a few mK (see Fig.3), which is the typical spacing
between neighboring Feshbach levels, we can expect the intermolecular interaction to
couple different Feshbach levels, and so to induce inelastic collisions.
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Appendix A. Second-order correction and irreducible tensors

In order to write Eq. (14) as a sum of irreducible tensors, firstly we expand the product
of atomic multipole moments as
Zi +€i’ +ka

inmi|]‘//2//> <]~//2//|Q£i/mi/ = Z Z Céc?’n?:% aury f Z /)kAqA (Al)

ka=|l;—C;/| ga=—ka

where Q) , are the coupled atomic multipole moments (see Eq. (15)), and similarly

kaqa

for atoms j and j’ of molecule B. Then we apply the transformation (see Ref. [38], Ch. &,
Eq. (20), p. 260)

c b oa
Z CbBC'y esfgo esbﬂcfap(:'y [adg]]l/2 ZC;;]ucdéaa f e d ) (A2)
Byep j g t
where [z129...2,] = (221 + 1)(229 + 1) X ... X (22, + 1) and the number between curly

brackets is a Wigner 9-j symbol, toa =¥¢', b=V{y, c={y,d="0, e ={;, f ={;, g = ka,
7 = kp and t = k and to the corresponding components. We used that a 9-j symbol is
unchanged after a permutation of two rows followed by a permutation of two columns.

Secondly we work out the effective molecular multipole moments. We expand the
products of Racah spherical harmonics in Eq. (10) as (see Ref. [38], Ch. 5, Eq. (9),
p. 144)

C)\iﬂi (6’57 (bi)CAi//in/ (@i/7 ®’5/) = (_1>6i2/\i+5i/2)\i/ C)\i,ui <@A7 ®A)C)‘i/:u‘i/ <@A7 q)A)
i +>\ v +KA

S SR SIND SR I

KA= |)\ —A; /| QA=—KA
X CKAQA(G)A’ ¢A)C§;AO(;,L-IO (A.3)

where, recalling that ©4 = ©; =7 — Oy and &4, = & = 7 + $,, we used the property
Chopn (©2, @2) = (—1)*2Cy, ., (04, P4). After writing a similar equation for molecule B,
we apply again Eq. (A.2)toa =N —Lyj = v+ XNy, b= i, c = Ay, d = A—=L;; = N+,
e=MN, f =X, 9=kKa, J = kp, t =m, and the corresponding components including
7 = 0. Then we apply the formula (see Ref. [38], Ch. 8, Eq. (26), p. 261)

a b c
bB 1/2 tT
Z Cbﬁcw esfsacesgncfwu det / chmucdﬁh d e [, (A'4)
Byep t g j

toa=k,b="Vlj,c=Llpp,d=m,e=XN+N, f=Xr+Xy, g=A, j =N, t =k, and the
corresponding components including 7 = p. Then the invariance of the 9-j symbol: (i)
by reflection about the anti-diagonal; (ii) by permutation of the resulting first two lines
and the first two columns. Afterwards we deal with the Racah spherical harmonics for
the intermolecular axis. Applying (see Ref. [38], Ch. 5, Eq. (10), p. 144)

anawCaa $)Chs(0, ) = CaopoCer (0, 9) (A.5)

toa:/m,b:/{B,c:/i,oz:QA,B:QBand’y:g,wegettoEq. (16).
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