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INTRODUCTION

On the orientation dependence of the pressure and frictional drag
experienced by spheroids in creeping flow

R. Quchene!: %)

Y ONRS, Institut Pprime, UPR 3346, 11 Boulevard Marie et Pierre Curie, Site du futuroscope, 86073 Poitiers,
LFrance

DONRS, LEMTA, UMR 7563, Université de Lorraine, 2 rue Jean Latnour, 54500 Vandeewvre-les-Naney,

France

The present work deals with the creeping How past a single oblate or prolate spheroid, On the basis of the
investigations of Aoi [T Aoi, Journal of the Physical Society of Japan, 10, 119 (1955)] on the contributions
of pressure and frictional drag to the total drag experienced by spheroids when the fluid streams with a
speed parallel to the axis of symmetry, we find that the pressure contribution corresponds to half of the
dimensionless shape factor vy provided by Happel & Brenner [Happel & Brenuer, Inc. Englewood Cliffs,
NI 331, 1965]. Accordingly, we conjecture the validity of this finding when the Huid streams with a speed
perpendicular to the axis of symmetry. Therefore, the formulations of dimensionless shape factors aq/2 and
0/2 are confronted to numerical results at particle Reynolds number of 0.1. Furthermore, formulations of the
pressure and the frictional drag are deduced and extended to any orientation relative to the flow direction.
These results give physical insight into the total drag experienced by spheroids in ereeping flow and can be
helpful for the validation of simulations of the How past an obstacle.

Keywords: Pressure drag, frictional drag, spheroid.

Non-spherical particles are encountered in many envi-
ronmental and indnstrial applications : pollen transport
microorganisms!, sediment transport in estuaries?, ice
crystals in the atmosphere® !, planktonic and swimming
microorganisms” ®, pulp and paper?, or pulverized solid
fuels'™2, pneumatic conveying of granular materials'®,

The resistance to flow of solid non-spherical particle
in viscous fluid has been more and more investigated in
the last 50 years. In the past few decades, numerous
numerical investigations has been largely focused on the
drag force acting on non-spherical particles, especially
spheroids which allow studying of shapes ranging from
slightly deformed spheres to flatten spheroids (disks) and
elongated spheroids (needles). Most of these studies,
have been dedicated to provide physical insight on the
How aronnd spheroids over the Stoksian assumption, i.e.,
a particle Reynolds number greater than unity. More-
over, many semi-empirical formulations have been pro-
vided to estimate the drag coefficient for a finite and mod-
erate Reynolds number'* . The pertinent literature on
the hydrodynamic forces acting on spheroidal particles
has been thoroughly reviewed in our previous work®~;
therefore, keeping in view the scope of the present work
and for the sake of brevity and clarity, this actual review
is restricted to the investigation of the pressure drag and
frictional drag acting on spheroid in creeping fow.

The creeping motion past spheroid, i.e., when iner-
tial effects are negligible in comparison with those of
viscosity (He < 1), has been originally investigated by
Oberbeck™. The anthor solved the Stokes flow prob-
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lem for a spheroid immersed in a uniform flow, and also
treated the special cases of a circular disk. Ray® pro-
vided the solution to this circular disk problem in a differ-
ent form and yields the same drag as Oberbeck formula.
By making use of an exact solution of Oseen’s equation of
motion, Aoi*" discussed theoretically the motion of the
steady flow of an incompressible viscous How past oblate
or prolate spheroids when the axis of symmetry is aligned
with the flow direction. The analytical exact solution of
Oseen’s equation is given in addition to the contribution
of pressure and frictional drag experienced by spheroids.
The hydrodynamic drag force acting on a spheroidal par-
ticle in a general flow field under the Stoksian assumption
was obtained By Happel & Brenner®®. Payne et al.? con-
sider the solution of the Stokes fow problem for axially
symmetric bodies (including spheroids) using the gener-
alized axially symmetric potential theory initiated and
developed by Weinstein®*! and obtain a general expres-
sion for the drag of a variety of axially symmetric bluff
badies.

According to Tomotika & Aoi'? and Clift et al.**, two
thirds of the total drag arises from skin friction and a
third from "form drag” in the case of a spherical par-
ticle. Both pressure drag and frictional drag contribute
to the total drag force of spheroids and their relative
importance is a function of spheroid elongation or flat-
tening. Notwithstanding the importance of understand-
ing the contributions of the pressure drag and frictional
drag to the total drag, from a physical point of view
and for the validation of the computational fluid dy-
namics codes, there is a lack of information about these
contributions. Investigation of the contribution of pres-
sure and frictional drag on the total drag experienced
by spheroids perhaps has been first performed by Aoi®”.
Under the Stoksian assumption Re, < 1, the author
noticed that the ratio of the pressure to frictional drag
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is independent of the particle Reynolds mumber. De-
composing the total drag into form and frictional drag,
Leith!! expressed the total drag through the diameters
of spheres with equal projected and effective surface ar-
eas, rather than through the dimensions of the object
directly. Masliyah & Epstein'? compared the results of
simulations with Aoi's expressions of pressure and frie-
tional drag and found a good agreement, even at Re, = 1.
Their computational results show that friction drag tends
to vanish as the aspect ratio approaches zero and in-
creases in significance for the larger aspect ratio. When
the particle Reynolds number is greater than unity, Clift
et al*® found that the relative significance of frictional
drag exhibits a substancial dependance on the particle
Reynolds number. Moreover, Masliyah & Epstein'? and
Pitter et al.'® revealed that, whatever the value of as-
pect ratio, the relative significance of frictional drag de-
creases with inereasing particle Reynolds number. Holzer
& Sommerfeld used a similar approach as Leith for quan-
tifying the pressure and frictional drag. The authors used
the sphericity (the ratio between the surface area of the
volume equivalent sphere and the surface area of the con-
sidered particle) and the crosswise sphericity (the ratio
between the cross-sectional area of the volume equiva-
lent sphere and the projected cross-sectional area of the
considered particle perpendicular to the flow). By com-
piling data available in the literature, the authors pro-
vided a new correlation for the total drag acting en non-
spherieal particle. Kishore & Gu*' performed a numeri-
cal simulation of the How past spheroid and noticed that
the pressure, the frictional and the total drag coefficients
of prolate spheroidal particles are larger than those of
solid spheres and opposite trends have been observed for
the oblate spheroidal particles. Particle-resolved simula-
tion which fully considers the temperature-dependence of
fluid properties has been performed by Fu et al.™ with
the purpose of studying the momentum and heat transfer
between a high-temperature ellipsoidal particle and the
fluid. The authors noticed that the increases of the drag
foree is mainly due to the pressure difference between the
lower and upper surfaces of the particle at small angle of
incidence, while the friction drag plays a dominant role
in the increase of drag at higher incidence angle.

Unfortunately, in those investigations recounted here
before, the focus has only been on the fluid streaming
with a speed parallel to the axis of symmetry. Ouchene et
al.3! examined the contribution of the pressure and fric-
tional drag on the total drag for the prolate spheroids.
The authors noted that the pressure and the frictional
contributions to the total drag force vary with the parti-
cle Reynolds number, aspect ratio, and angle of incidence
and the frictional drag part is the main contribution to
the total drag. Recently, Lain et al.™® investigated by nu-
merical the influence of simple shear flow on resistance
coefficients. The authors find that the pressure and fric-
tional drag coefficients are independent of the shear flow.
However, there may exist an apparent difference in shear
flow cases, where the flow speed is perpendicular to the

axis of symmetry because the non-uniform effect of shear
flow may rotate the particle.

As far as we are aware, the contribution of pressure
and frictional drag experienced by spheroids has been
only revealed when the axis of symmetry is aligned with
the flow stream direction. This is attributed to the fact
that fluid motion perpendicular to the axis of symmetry
cannot be treated by the methods for axisymmetric mo-
tion. Therefore, we examine in this paper the pressure
and frictional drag in this case of special interest corre-
sponding to the fluid motion perpendicular to the axis of
symmetry. Accordingly, the influence of the orientation
is analysed.

Il. THEORETICAL ANALYSIS

As it is well-known?”, in the steady incompressible
creeping flow past a spheroid and under the Stoksian
assumption, hydrodynamic drag force Fp dcting on a
spheroid can be expressed in the particle frame as:

Fp = pK(ue —up) (1)

where p represents the dynamic viscosity of the finid and
(ug—uy) represents the relative velocity between the fuid
velocity at the particle location ug and the particle ve-
locity up. The resistance tensor K in the particle frame
(x,y.2) is a diagonal matiix in its principal axes. The
components of this resistance tensor are also called " dy-
namic shape factors”??. The solution can be retrieved
following the method by Oberbeck™. In this method,
the velocity field for the fHow around an ellipsoid with
an axis x parallel to the stream velocity, U, and no-slip
conditions on the ellipsoid surface was represented by
Oberbeck by :

’U:A@‘I’B(.Tﬂ*x)“r(j

ar? *
_ pdn )

"= Aﬂzgiy +B,r5)§ (2)
— A8 O

w=Az +Brg

where (u, v, w) are the components of the velocity vec-
tors. § the gravitational potential for a solid homoge-
neous ellipsoid and x the velocity potential. The values
of A and B can be retrieved by making u = v = w =10
at the surface of the ellipsoid. For once the resistance
along a principal axis, by superposition, the general case
of the ellipsoid with any orientation relative to the stream
can be treated. More detailed and comprehensive solu-
tion can be retrieved in Happel & Brenner. According to
Oberbeck®®, the solution to this system of equations lead
to obtain the resistance tensor that can be expressed as :

. i ii kk
K = 16wab + — + 3
B [Xu —d?ay  Xo— 0By xo— 1o )
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where the dimensionless shape parameters ag, f, 70, and
yo are given by Brenner?” by the following integrals:
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Here a, b, and ¢ are the semi-axis of the spheroid and
A is a dummy variable. i, j and k are unit vectors in
spheroid’s system of coordinates. The different types of
spheroids are illustrated in Figure I  Schematic config-
uration of the uniform inflow, the semi-axis (a,b and ¢)
and incidence angle, ¢ are depicted in Figure IL It is
worth mentioning that the semi-axis of symmetry a is
always aligned with the @ of the particle frame.

Oblate Sphere Prolate
X,

z z

Figure 1. Illustration of the different types of Spheroids of
revolution from oblate to prolate.

In table I, we reported the analytical expressions of the
dimensionless shape factors g, o and o for an axisym-
metric spheroidal particle derived by Gallily & Cohen*®
and Siewert et al. 9.

The derivation of the drag force on a sphere in creeping
flow (Re, < 1) shows that two thirds of the total drag
arises from "skin friction”, i.e., the shear stress acting at
the sphere surface, and one third from "Form drag”, i.e.,
that originates from the pressure gradient across the sur-
face of the sphere*?*3, However, in the case of spheroids
(prolate or oblate), contributions of form drag and skin
friction differs from that of the sphere and results in an
even more complex behavior depending on the particle
aspect ratio 8 = a/b and particle orientation. Here «
corresponds to the semi-axis of symmetry and b = ¢ cor-
responds to the semi-axis normal to the axis of symmetry.

uly)
—l
—_—
—
—

Y
Z,
Figure 2. Schematic of the uniform inflow as well as the semi-

axis (a, b and ¢) and incidence angle ¢. The drag and lift
forces are displayed at the center of pressure c;.

Fn(f) = Fpp(f) + Fp(d) (4)

where Fp and Fp ¢ are the pressure and frietianal drag
forces.

By summing up the viscous stresses exerted by the
fluid upon the surface of the body, and as far as the
Oseen’s approximation is concerned, Aoi®™ derived ex-
pressions for the contribution of the form drag to the
total drag experienced by the spheroid when its axis
of symmetry is aligned with the How direction, d, =
[1Epp, (A)1/ 1 ()]

Spp =+ D(Ll—rcot™ ) forg<l (5)

with 70 = A/+/1 — 2

- [41 + 20

with tp = 8//5% — L.

The contribution of the frictional drag experienced by
the spheroid §; ) = |[Fpe,(8)]|/||Fp,(8)] is then given:

to+1
to

__J forg>1 (6)

S =1—épy (7)

As stated by Aoi®”, these formulations show that the
pressure drag and frictional drag experienced by spheroid
contribute to the total drag in definite ratios which are
independent of particle number Reynolds. Tt is readily
recognized that, such approach can only be used when
the Huid streams with a speed parallel to the axis of sym-
metry. To our knowledge, there are no available analyti-
cal results in the literature dealing with a fluid streaming
with a speed normal to the axis of symmetry and/orv dif-
ferent inclinations.
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Table I. Dimensionless shape parameters e, o and 5y for axisymetric spheroidal particle derived by Gallily & Cohen® and

Siewert et al.?,

Oblate 4 < 1 Sphere Prolate 3 > 1
w o e g et s
oo = o —T‘/%:_g 21‘&11_'\/—%—174—23@} 2 ﬁg’%nﬂ‘/':__ﬂlln: ’::::
Y ﬁf [ZBtun" 7%_? -7+ 2\/1——651 < 2 2 Byl

i — —2=n
-1 AT A=t

1l. METHODOLOGY

In the present work, numerical results issued
from our previous investigations dealing with pro-
late spheroids®™" of the aspect ratios of A =
1,1.25,2.5,5, 10, 16 and 32 combined with the investiga-
tions dealing with oblate spheroids the aspect ratios of
#=10.2.0.5,0.8, obtained for Re, = 0.1 are used as cases
of reference. Here, the particle Reynolds number is de-
fined as Re, = l"'—i‘,mﬁ, where ug = up —uy, is the relative
velocity between the particle uy and the fluid ug, d is
the diameter of the velume equivalent sphere and v is the
kinematic viscosity.

The numerical approach described in Ouchene et
al.#-%0 s briefly recalled here to keep the paper self-
contained. The numerical results have been obtained with
a steady-state simulations using the CFD code Ansys
Fluent. Centered scheme has been used for discretizing
all the numerical fluxes in the Navier-Stokes equations.
The problem of the coupling between veloeity and pres-
sure has been tackled with a Semi-Implicit Method for
Pressure-Linked Equations (SIMPLE)®. In this body-
fitted approach; the fluid volume has been discretized
into unstruetured tetrahedral control volumes while a
triangular surface mesh has been used for the surface
of the particle immersed in the fluid. The mesh sur-
face of the particle is sufficiently fine to give an accurate
integration of the forces acting on the particle surface.
The mesh quality was analysed by testing three meshes
for the prolate spheroids and the results were considered
mesh independent for a number larger 650000, In the
case of oblate splieroids similar test was conducted and
the results found to be independent over 900000 cells.
Because of the high number of nodes, the calculations
were performed by Message Passing Interface parallel
programming (eight processors). The central processing
unit (CPU) time is of the order of 7 h for both oblate
and prolate.

In order to provide expressions for the pressure drag
and frictional drag experienced by the spheroid when the
fluid streams with a speed normal to the axis of symme-
try, the following approach is used:

e Compute the ratio of the pressure drag to the total
resistance 8,1 = ||[Fpp. L (8)[I/||Fp.L(8]]]-

e Provide the best functional form of 6, 1.

o Deduce the expression of 8, as a function of the
spheroid inclination with respect to the flow.

e The ratio of the frictional drag to the total resis-
tance is allways obtained by ;1 =1-4, 1

Before the presentation of the new results and formu-
las, the acenracy of the numerical method is first as-
sessed through a comparison of the numerical results with
known test cases. It was shown in Ouchene et al.?! that
the simulations give very good results with respect to the
well-known drag correlation of Schiller and Naumann for
the case of spherical particle. A pood accordance be-
tween the computed drag and lift coefficients results and
the analytical solution given in Happel and Brenner™ for
both prolate and oblate spheroids in®**.

Here, we present an additional relevant validation test
of the numerical technique. The computational results
of the ratios of the pressure and frictional drag to the
total resistance when the fluid streams parallel to the
axis of symmetry d, ) and dy | for the 10 aspect ratios ave
compared to the analytical formulas provided by Aoi*"
(Fig.3) at particle Reynolds number Re, = (.1.

Figure 3 shows clearly that the results of simulations
are in good agreement with Aoi’s formulas both quali-
tatively and quantitatively, regardless the aspect ratio.
According to the different validation tests reported in
our previous works as well as the present additional val-
idation case, the results simulations of the flow around
the oblate and prolate spheroidal particle issned from
work3! #3350 gre relevant for the purpose of the present
wul"k.

IV. RESULTS AND DISCUSSION

Following the methodology described herein before, we
compute and plot the ratio of the pressure and frictional
drag to the total resistance, respectively d, 1 and 8y 1,
as a function of the aspect ratio at Re, = 0.1.

It is seen that the contribution of the pressure to the to-
tal resistance,dp 1, increases with increasing aspect ratio.
This contribution tends to vanish in the case of a circular
dis¢ (3 — 0), achieves 1/3 in the case of a sphere and
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Figure 3.  Ratio of the pressure and frictional drag to the
total resistance(d, | and dy,) as a function of aspect ratio 3.
Lines correspond to the Aoi’s formulas (Egs. 5-6 and eqs.7)
and symbols correspond to the numerical results

reaches an asymptotic value of 0.5 for the higher aspeet
ratio. An opposite behaviour can be seen for the contri-
bution of the frictional to the total resistance dy 1, ie.,
it tends to unity in the case of a circular disc (8 — 0),
achieves 2/3 in the case of a sphere and reaches an asymp-
totic value of 0.5 for the higher aspect ratio.

To select the best functional form for the new formulas,
we first paid specific attention to the analytical formu-
las provided by Aoi (Eqs. 5-6), when the fluid streams
parallel to the axis of symmetry Eqgs (5-6). By rewrit-
ing these expressions in the forms which are suitable for
the analysis, we obtain after a little algebra for oblate
spheroid:

G = (md +1)(1 — Tacot™! )

1 _ ) T —
=——  |ftan ' = — A+ 152
\/1—325[ vi-pgo 2 ]

_ a3_,fi[:‘° A
0

2 (e2+A)A
(8)
Similarly, for prolate spheroid:
p t tp+1
Spy = (2 -1) [71 4 5” In tn;—_—l]
. 1 B | A=t ~1 9)

- - =In
Bt =1 2 I'@Z,I'i B+ —1

Jziﬁfw A
T2 Jo (E+NA

With this new representation, an inspection of the ex-
pressions (Eqs. 8-9) lead to gaining further knowledge of
the Aoi's formulas. Surprisingly, (Eqs.8-0) reveals that

1.2
Oblate Prolate
L0t —— Prassure
" --=- Frictional
0.8 i ® Pressure
+* “a) A Frictional
8o .
i e
L]
© 04 /""_i‘_ﬁ
0.2
0.
o2 10t 10° 10! 10?
R

Figure 4, Ratio of the pressure and [rictional drag to the
total resistance(dy,, . and é7,1) as a function of aspect ratio 3.
Lines correspond to the formulas (Eqs.10-11 and Eq.7) and
symbols correspond to the numerical results

the ratio of the pressure drag to the total drag &, cor-
responds to half of the dimensionless shape parameter vo
(See Table. I). This observation is erucial since it dis-
closes a link between the Aoi’s formulas and the dimen-
sionless shape parameters which have been not reported
until now. Furthermore, the capital interest consists of
providing a physical meaning for the dimensionless shape
parameter 7y, which corresponds to twice the pressure
drag contribution to the total drag d,, .

‘We now turn our attention to the ratio of the pressure
to the total resistance when the fluid streaming perpen-
dicular to the axis of symmetry. One might be tempted
to conclude that the above statement, ie., 6, = /2
when the fluid streams parallel to the axis of symmetry,
holds for the fluid streaming perpendicular to the axis of
symmetry, i.e., ap = Jy = 26, 1. Accordingly, instead of
performing a fitting of the numerical results, the relevant
functional forms of d, 1 are tested in comparison with
the numerical results.

For g < 1:

L = — i I:tan" £ .. g + A1 = ,62]

Wi FZ

and for 4> 1:

=i B B B-vF-l] .,
PTT2B-1 o /T BV

Figure 4, shows clearly that the above formulas repro-
duce both qualitatively and quantitatively the numerical
results. The mean average relative deviation is 2.77%
which rises to a maximum of 5.09%. This indicates that
equations 10-11 predict very well the contribution of the
pressure to the total resistance.

At this stage, the expressions for the pressure drag
contribution to total drag force &, 1 () have been drawn
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Figure 5. Ratio of the pressure drag to the total resistance
(85, as a function of the incidence angle @ for oblate spheroids
A < 1 (a) and for prolate ellipsoids # > 1 (b). Lines corre-
spond to Eq.14, for the corresponding aspect ratio.

but the expression for §,(53, ¢) remains to be determined.
For this purpose, we have to bear mind that the total re-
sistance at any orientation with respect to the streaming
flow, ¢, can be written as:

Fplf.¢) =Fp(A)+ (Fp.L(8) — Fp () sin® & (12)
and
Fp(8,0) =Fpp(d.¢) + Fpe(B.0) (13)

By combining these two equations (12-13) and by su-
perposition we also obtain the dependence of pressure
contribution d,(4, ¢) with particle orientation for both
prolate and oblate sphercids reads as:

838, 6) = 8,1 (B) + (6, L(8) — 8 (B))sin® & (14)
This quantity is plotted in figure 5 for the different

aspect ratios considered in the present study. It can be
seen that the pressure contribution decreases with the

increasing of incidence angle ¢ for oblate spheroids and
increases with respect to the incidence angle for the pro-
late spheroids. It is evident that this behavionr arises
from the difference of the surface areas facing the flow.
Indeed, the surface area facing the flow is larger when
the revolution axis of the oblate is parallel with the fow
direction. In opposite, the surface area facing the flow is
sinaller when the revolution axis of the prolate is parallel
with the flow direction. Compared to the results of sim-
ulations given by ouchene et al.*' ** | equation 14 gives
a good estimation of the pressure drag contribution to
the total drag, whatever the aspect ratio and incidence
angle.

Further, it is interesting to notice the existence of angle
Dibtate = Pprotate = 55.8” at which the pressure contribu-
tion remains the same whatever the particle aspect ratio.

V. CONCLUSION

The pertinent literature on the hydrodynamic forces
acting on spheroidal particles shows that the contribution
of pressure and frictional drag experienced by spheroids
has been only revealed when the axis of symmetry is
aligned with the flow stream direction. From the analy-
sis of the expressions provided by Aoi*”, we reveal that
the pressure contribution corresponds to the half of the
dimensionless shape factor vy reported by Happel &
Brenner®™, when the fluid streams parallel to the axis
of symmetry.

Did this finding applicable when the fluid streams per-
pendicular to the axis of symmetry? The comparison
with the numerical results indicates that the contribu-
tion of the pressure drag corresponds to the half of the
dimensionless shape factors ap and fy. Note that the
present finding is only valid in the range of aspect ratio
investigated in this study. However, we conjecture that
the finding remains valid whatever the aspect ratio. This
can a subject of future studies.

By making use of the above finding, we provide an ex-
pression of the pressure contribution d,(3,¢) as a func-
tion of particle aspect ratio and particle orientation with
respect to the flow direction. This allows us to notice the
existence of an angle ¢* = 55.8° for which the pressure
contribution remains constant regardless the particle as-
pect ratio.

These results give physical insight into the total drag
experienced by spheroids in creeping flow and can be
helpful for the validation of simulations of the flow past
an obstacle.

It should be highlighted that the present contribution
is achieved for a small particle Reynolds number, thereby
the formulas have to be used carefully. An interesting
issue for the future investigation is studying the contri-
butions of the pressure and viscous drag with respect to
particle Reynolds number and attempt to provide formu-
las for those contributions.
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