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Yann Issartel* and Christophe Giraud’ and Nicolas Verzelen?
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Abstract

We consider the statistical seriation problem, where the statistician seeks to recover a
hidden ordering from a noisy observation of a permuted Robinson matrix. In this paper,
we tightly characterize the minimax rate for this problem of matrix reordering when
the Robinson matrix is bi-Lipschitz, and we also provide a polynomial time algorithm
achieving this rate; thereby answering two open questions of |Giraud et al., 2021]. Our
analysis further extends to broader classes of similarity matrices.

1 Introduction

The seriation problem consists in ordering n objects from pairwise measurements. It has its
roots in archaeology, in particular for the chronological dating of graves [Robinson, 1951].
In modern data science, seriation arises in various applications, such as envelope reduction
for sparse matrices [Barnard et al., 1995], reads alignment in de novo sequencing |Garriga
et al., 2011, Recanati et al., 2017], time synchronization in distributed networks [Elson et al.,
2004, \Giridhar and Kumar, 2006, or interval graph identification |[Fulkerson and Gross, 1965|.

1.1 Seriation problem

We are given a matrix A = [A;;]1<; j<n of noisy measurements of pairwise similarities between
n objects. In the seriation paradigm, it is assumed that there exists an unknown ordering
(i.e. a permutation) 7 of [n] such that, the noisy similarity A;; tends to be large when m;
is close to 7, while A;; tends to be small when 7; is far from 7;. This is formalized by the
following model.

Model. Similarly as in [Fogel et al., 2013, |Recanati et al., 2018, \Janssen and Smith, 2020,
Giraud et al., 2021} Natik and Smith, 2021], we assume that A € R"*" is symmetric with null
diagonal, and we model A as a noisy observation of an unknown permuted Robinson matrix.
More precisley, a symmetric matrix F' € R™*™ is Robinson (or a R-matrix), if all its rows and
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all its columns are unimodal. In other words, the entries of F' decrease when moving away
from the diagonal. Formally, for any i, j € [n], i < j, we have

Fij, < Fji forall k> j, and Fy, > Fj, forall k <i. (1)
The observed similarity matrix A is thus a noisy version of a matrix F = [Frx;]1<ij<n,
A=F,+0oF, (2)

where 7 : [n] — [n] is an unknown permutation, and F is a m-permuted version of an
unknown Robinson matrix F' € [0,1]"*" with null diagonal. The scalar ¢ > 0 corresponds
to the noise level, and the noise matrix E € R™*" is symmetric with null diagonal, and with
lower diagonal entries distributed as independent sub-Gaussian random variables [Rigollet
and Hitter, 2023, Definition 1.2] with zero means E E;; = 0 and variance proxies smaller
than 1. This sub-Gaussian assumption includes the special case of Gaussian noise, and also
Bernoulli observations which are used to model random graphs. Results in the sub-Gaussian
setting will thus hold for random graph models, where the {A;; : i < j} follow independent
Bernoulli distributions with parameters Fr, - >

Objective. In the noisy seriation problem, we want to recover the permutation 7 from
the matrix A in (2). In the noiseless case (¢ = 0), [Atkins et al., 1998 has proved that
it is possible to efficiently reconstruct m from A by a spectral procedure. However, real-
world data are often noisy, and the observation A may not be exactly a disordered R-matrix,
hence the importance of handling the noisy case (¢ > 0) [Fogel et al., 2013|. The noise
matrix ¢F can make it impossible to recover m exactly, and the aim is therefore to build
an estimator 7 which recovers 7 up to some error. As usual in noisy seriation [Janssen and
Smith, 2020, Giraud et al., 2021, Natik and Smith, 2021}, we consider the maximum ordering
error: MaX;e(y) | — m;|/n. Our goal is thus to simultaneously recover all the positions 7; for
i € [n]. Because of a minor lack of identifiability in the seriation problem, it is impossible to
decipher from A if the latent permutation is 7 or the reverse 7"¢’(-) = m(n —-+1), and hence
it is usual to take the minimum of ordering errors against 7w and 7"¢":

Lmax(ﬁ-77T) = <maXl€[n]|ﬂ-Z;m> A (maxze[n}w> , (3)

n

where we used the notation a A b = min{a, b} for any numbers a,b. Our objective is to build
an efficient estimator 7 that achieves, with high probability, a small Ly,. error. The optimal
rates will be non-asymptotic, and characterized as functions of the problem parameters: the
sample size n, the noise level o, and some regularity of F' (to be defined).

1.2 Main Contribution

A first idea would be to apply the spectral algorithm of Atkins et al. [Atkins et al., 199§| to
noisy data. Under strong assumptions on the matrix F', the spectral procedure turns out to
work well [Fogel et al., 2013, |Giraud et al., 2021|. For instance, this is the case when the matrix
F' is Toeplitz and exhibits a large spectral gap. Unfortunately, previous works [Rocha et al.,
2018, Janssen and Smith, 2020, Giraud et al., 2021, (Cai and Ma, 2022, Briend et al., 2024]
suggest that the spectral procedure performs poorly beyond this specific example. Therefore,



there is a need for new seriation algorithms that perform well even if the matrix F' is not
Toeplitz.

The Robinson assumption alone may be insufficient to recover m within a small estimation
error. As an extreme example, F' may be nearly flat and buried under the noise o F, thus
leaving no chance of finding . To exclude this trivial case, |Giraud et al., 2021] strengthen
the Robinson assumption by introducing a general bi-Lipschitz assumption. It constrains the
decay of F’s rows and columns, so that the variations |Fj; — Fji| are bounded from above
and below by |i — j|/n up to some constant factors

i—J
Oé|n| < |Fp—Fi] < B

[i—J for some k. (4)
n
The proper definition of bi-Lipschitz matrices is given in Assumption page General
models like offer flexibility to fit data, but they are often a roadblock to prove sharp theo-
retical results. |Giraud et al., 2021] prove that the optimal rate for the Lyax loss is of the
order of y/log(n)/n. Unfortunately, their result is mainly theoretical, as the time-complexity
of their algorithm is super polynomial. In addition, they do not provide dependencies in
the problem parameters («, 3, 0); for example, one would expect Lyax (7, 7) to decrease with
o, according to the intuition that the seriation problem becomes easier when the noise level
o — 0 goes to zero. This left open two important questions of different nature: Does there
exist efficient (i.e. polynomial-time) algorithms converging at the optimal rate \/log(n)/n?
Is it possible to prove sharp rates with explicit interpretable dependencies in the problem
constants («, 3,0)7 We answer to these two questions for bi-Lipschitz Robinson matrices by:

1. Proving that the optimal minimax rate for recovering 7 is Lyax (7, 7) = O (g logrgn)>;
2. Providing a polynomial-time algorithm that achieves this rate.

Our new procedure, Seriation by Aggregation of Local Bisections (SALB), is based on the
following general idea. To recover the permutation w, we partially reconstruct the comparison

matrix H(™ € {<1,0,1}"*" defined by HZ(JW) = sign(m; — m;j) = 1 — 21, <x; for all i, 5 € [n].

In order to reconstruct the H. Z(;T ) ’s, we will start by estimating a distance matrix D* such that
Dy; stands for a measure of dissimilarity between i and j in [n]. Then, we will construct from
this estimator of D* a two-step estimator of H™. The time complexity of SALB is polynomial
in the sample size n.

For the performance analysis of SALB, we first consider the assumption and we prove
that, up to a numerical factor, the optimal maximum error is (o0/a)+/log(n)/n. The ratio
(o/a) between the noise level o and the minimal slope « of the bi-Lipschitz matrix F' gives
a simple and explicit dependency in the problem parameters. In a second part of the paper,
we extend the analysis of SALB to more general matrices, namely (i) matrices F' with only
average constraints on their columns, and (ii) latent bi-Lipschitz matrices which are direct
generalizations of bi-Lipschitz matrices to latent space models. We will see that the general
matrices (i-ii) have desired features that bi-Lipschitz matrices do not possess. For example,
the matrices (i) allow quasi null similarities (F;; ~ 0) for objects 4, j that are far apart from
each other in the ordering 7; and the matrices (ii) allow the matrix F' to have heterogeneous
columns, thus offering more flexibility to fit the data in applications.



1.3 Related literature

There is a wide range of learning problems where the data is disordered by an unknown
permutation; popular examples includes ranking [Braverman and Mossel, 2009, Mao et al.,
2018b,, [Chen et al., 2019, |Chatterjee and Mukherjee, 2019], feature matching [Collier and
Dalalyan, 2016, |Galstyan et al., 2022], matrix estimation under shape constraints [Flammarion!
et al., 2019, (Chatterjee and Mukherjee, 2019, Mao et al., 2018a] and, closer to our paper,
seriation in R-matrices [Atkins et al., 1998| [Fogel et al., 2013 [Fogel et al., 2014, Recanati
et al., 2018], [Janssen and Smith, 2020} Giraud et al., 2021} [Cai and Ma, 2022]. However,
each problem has its own setting and goal, and hence the solutions are not always related.

Contrasting with the aforementioned literature on matrix estimation, permutation recovery
in seriation has received little attention from statisticians. In particular, most existing works
in the seriation problem have focused on the noiseless case (o = 0). Efficient algorithms have
been proposed using spectral methods [Atkins et al., 1998] and convex optimization [Fogel
. Exact recovery have been proved for R-matrices |Atkins et al., 1998] and toroidal
R-matrices [Recanati et al., 2018] using spectral algorithms. As said earlier, such spectral
algorithms are unfortunately not robust to noise perturbations.

Noisy seriation has recently gained interest [Janssen and Smith, 2020, Giraud et al., 2021}
Natik and Smith, 2021}, |Cai and Ma, 2022|. Efficient algorithms are analyzed inside the set of
Toeplitz R-matrices (a.k.a monotone Toeplitz matrices, see Example 1 in appendix, which
are matrices defined from a single vector. Some of the aforementioned papers may focus on a
latent space model instead of a matrix model; in this case Toeplitz R-matrices are equivalent
to a geometric latent space model (Example 3 in appendix . Spectral algorithms
et al., 2021, Natik and Smith, 2021] leverage the special connection between the spectrum of
Toeplitz matrices and the latent ordering 7; see [Recanati et al., 2018] for a short presentation
of this connection. The iterative sorting algorithm [Cai and Ma, 2022] exploits the correlation
between the position m; and the score S; = Y, Ajp. Unfortunately, both arguments (the
spectral property and the score correlation) seem to have a limited scope: they are useful
inside the set of Toeplitz matrices, but there is no clear reason why they will still work
beyond these matrices. In the particular case of network data A € {0,1}"*", the authors in
[Janssen and Smith, 2020] study the popular graphon model and propose an algorithm based
on a thresholded version of the squared adjacency matrix A, Their assumptions include
a Toeplitz matrix (called “uniformly embedded graphon”) and a technical condition on the
square of the graphon, to ensure that the thresholded squared adjacency matrix used in their
algorithm is close to a Robinson matrix.

By contrast, we will not assume that the matrix F' is Toeplitz but is rather bi-Lipschitz
to analyze the performance of our efficient procedure — SALB. As discussed earlier, the bi-
Lipschitz assumption has already been considered in |Giraud et al., 2021}, but for this (whole)
class of matrices the authors only provide a non-efficient algorithm. Also, our objective of
controlling the maximum error is the same as in [Janssen and Smith, 2020, |Giraud et al., 2021]
Natik and Smith, 2021] but is fundamentally different from that of exact matrix reordering in
[Cai and Ma, 2022]. For a more detailed comparison with [Giraud et al., 2021, [Cai and Ma,|
2022], we refer to the discussion below Theorem m For comparisons with results in latent
space settings [Janssen and Smith, 2020, (Giraud et al., 2021} Natik and Smith, 2021], see the
discussion below Theorem We emphasize that seriation in matrix settings and in latent
space models are closely related. In particular, Theorem in the matrix setting is just a




particular case of the Theorem in the latent space setting.

Organization. The main results for bi-Lipschitz matrices are stated in Section [2, whereas
our polynomial-time procedure SALB is described in Section[3] Sections[d]and [fare dedicated
to extensions to more general models. A conclusion is in section [6] Proofs are postponed to
the appendix.

Notation: We write [n] for the set {1,...,n}. Given a set G, #G stands for its cardinality.
For short, we write {k : property P(k) holds} for {k € [n] : property P(k) holds} . We write
G\ G theset {k: k€ G and k ¢ G'}. Given an n x n matrix F' and a permutation 7 :
[n] — [n], the permuted matrix Fy has coefficients Fr,x,, 4, € [n]. We write ||F}||3 =, Fé
the square of the lo-norm of the j-th column Fj. The maximum of these vector norms is
denoted by |F2,00 = maxcp || Fjll2. We write a V b for max(a, b) and a A b for min(a, b). The
notation a =< b means that there exist positive constants ¢ and C such that cb < a < Cb. If
the constants ¢ and C' depend on some parameters «, 3, we use the symbol =, g instead.

2 Result for bi-Lipschitz matrices

2.1 Seriation error

In this section, we focus on the subclass of Robinson matrices that satisfy a bi-Lipschitz
type condition.

Assumption 2.1 (bi-Lipschitz matrix). For any constants 0 < o < f3, let BL[a, B] be the
collection of matrices F' € R™ ™ that satisfy

i — J

F; —F-k2a|z_‘7| forallk <i<j ; 6
J J
li — 7 ..
Fjp, —Fy, > o - foralli<j<k .

In the next theorem, we estimate the underlying permutation m in ({2f), using the polynomial-
time algorithm SALB described in the next section. To simplify the statement of the next
result, we set the tuning parameters (d1,d2,d3) in Algorithm (1| to §; = n1/5, 8y = log(n)dy,
and 03 = log(n)ds.

Theorem 2.1. Fora >0, 3> 0, 0 > 0, there exists a positive constant Cy g, only depending
on (o, B,0) and a numerical constant C' > 0 such that the following holds for any n > Cqy .o
and for any F € BL|«a, B]. With probability higher than 1—9/n?, the permutation 7, computed
by SALB satisfies
log(n)
. 7
: 7

R o
Lmax(ﬂ-o» 77) <C a

In other words, the polynomial-time algorithm SALB estimates the position of each object

up to an error of the order & @. In particular, the error becomes smaller for larger «,



larger n, and smaller . We prove in the next subsection, that the rate is minimax optimal
on the class BL[a, f].

Theorem above is stated in a setting where «, 8, and ¢ are considered as constants
whereas n is large. In fact, SALB achieves the convergence rate even in settings where
the quantities o, 5, and o depend on n, but the choices of the tuning parameters d1, d2, 3
are more intricate. We refer to Theorem in appendix for a general bound.

To the best of our knowledge, 7, is the first estimator to both have a polynomial-time com-
plexity and a seriation rate y/log(n)/n over bi-Lipschitz Robinson matrices. In addition,
the bound captures optimal dependencies in the problem parameters (a, o), which is a
significant improvement over [Giraud et al., 2021]. In particular, we can derive from that
exact recovery (i.e. Lpax(7o, ™) < 1/n) is possible on BL[«, ] as soon as a 2 o4/nlog(n),
where 2 hides a numerical constant.

Exact recovery of ordering has been considered recently by [Cai and Ma, 2022] for symmetric
monotone Toeplitz matrices (Example 1 in appendix. Introducing the signal-to-noise ratio
m(F) = minper. r vep || Fr — Fr|| F, they prove that for some classes F of (Toeplitz) signal
matrices F', a minimal signal-to-noise ratio m(F) 2 o/nlog(n) is required for achieving
exact recovery, regardless of computational considerations. The situation for signal matrices
F in BL|a, 8] is much more favorable. Indeed, for any 0 < o < 1 and o < 3, considering
Fy € BL|a, (] defined by

(FO)ij =1- O[|Z;L]| , foralli,je [n] , (8)
we observe that m (BL[a, f]) < m ({Fp}) < a/+y/n; so Theorem ensures that a signal-
to-noise ratio m (BL|w, B]) 2 o01/log(n) is sufficient for exact recovery in polynomial-time in
BL[a, B].

2.2  Optimality

In this section, we show the optimality of the rate (o/a)y/log(n)/n established in (7). Given
the generality of the bi-Lipschitz Assumption [2.1] one might expect that, when the data
is actually drawn from a simpler parametric model, it could be possible to come up with
another algorithm with faster rates of seriation. Surprisingly, this intuition turns out to be
false: imposing the simpler parametric model does not lead to faster rates. The following
result states that, even if the statistician knows in advance that F' = Fj, she cannot estimate
7 at a faster rate than (7).

In the next theorem, for any permutation m, (g, ) refers to the distribution of the data

A= (Fy)r +0F, (9)
with Fy defined by , and for independent Gaussian random variables E;; ~ N(0,1), i <
Jj € [n].

Theorem 2.2. For o > 0 and o > 0, there exists a positive constant Co , and a numerical
positive constant ¢ such that, for all n > Cy ., it holds that

o log(n)] .
- 2 9

iIﬁl_f Slip P (ry,m) [Lmax(ﬁﬂr) > “y n

6



where the infimum is taken over all estimators T, the supremum over all permutations w, and
P(p,x) is defined in @D

Thus, for n large enough, any estimator 7 must make an error of the order at least (o /«)+/log(n)/n
over some permutation 7, with probability at least 1/2. The proof is provided in Appendix

3 Description of SALB

In this section, we describe the main ideas of our procedure Seriation by Aggregation of Local
Bisections (SALB) — see Algorithm |1l For recovering the permutation 7, the general idea is

to partially reconstruct the comparison matrix H (m) ¢ {=1,0,1}"*™ defined by Hz-(f) =0 and
H =sign(m —m;) =1 - 2lpcr, forall i,j€ln], i#j . (10)

The matrix H(™ is only identifiable up to a general multiplicative factor &1, but this is suffi-
cient for our purpose. In order to reconstruct the H Z(;T )’s, we start by estimating a similarity
distance matrix D* such that D}, stands for a measure of dissimilarity between i and j in [n]
—see for a definition. Algorithm |1| is mainly organized in four steps. First, we estimate
the distance matrix D*. Second, we use the distance estimate D to perform local bisections,
and by combining these local bisections, we are able to build a first estimator f-\Il of the
comparison matrix H(™). Third, we build upon this estimator H 1 to refine the estimation of
H™; we thereby obtain ﬁg. Finally, we use in Lines a simple method to infer 7 from our
estimator H 1+ ﬁ—Q of H™: Since 7 corresponds to the permutation that ranks the objects
increasingly according to the values of the row sums of H(™, we simply compute the row
sums S of H 1+ ﬁg and we build 7, by ordering the values of S. In the following subsections,
we describe the three main steps (1-2-3).

Algorithm 1 Seriation by Aggregation of Local Bisections (SALB)
Require: (A, d;,09,0d3,0)
Ensure: 7, € [n|" an estimator of 7.

1. D = DistanceEstimation(A) {see Algo.

2. H) = AgreglocalBisection(D,d1,ds,d3) {see Algo. [2]

3 Hy = LocalRefineWS(ﬁl,lA?,A,a, 01,02, 03) {see Algo. @}

4: Compute the scores S = [H + H|1

5: Build any permutation 7, by increasing values of S.

3.1 Distance estimation

Define the similarity distance between objects i and j of [n] by

n 1/2
. 1
Dy = (n > [Fre— ijef) : (11)

(=1

which is the counterpart of the neighborhood distance for graphon analysis — see [Lovész,
2012|. Intuitively, Dy is expected to be small when 7; and m; are close, while DJ; is expected
to be large when m; and 7; are distant.



If we knew in advance the variances of the £;;’s, we could simply estimate (D*) by the
unbiased estimator n=! [||A; — A;j||2 — (3F_, var(Ej) + var(Ej;))]. However, in most situa-
tions (e.g. binary data), the variances of noise terms are unknown and it is not possible to
craft an unbiased estimator of D}; or (D*) The problem of estlmatlng Dy7; has been studied

in [Issartel, 2021], on which we rely to produce the estimator D (Algonthm .

The precise definition of the procedure DistanceEstimation to compute D is postponed
to appendix We only give the general idea here. The quadratic form n(D;kj)2 can be
decomposed as Ze 1 F g + Ze 12,2 ZZL 1 FrjoEre An unbiased estimator of the cross

term is simply >, ; AjeAqp. However the quadratic term Y, , F e is more challenging to
handle. In DistanceEstimation, we estimate this quantity by a cross-term Y, AisAn e,
where the data-driven object m; is chosen in such a way that Djmi is as small as possible.
Since D} is unknown (and still to be estimated), we rely on a specific procedure to choose
m; —see [Issartel 2021] or appendix [B.1]

Our interest in the similarity distance matrix comes from the fact that this distance Dj; is
somewhat related to the distance |m; — 7j|. More precisely, we hope that D;"j is small when
m; is close to m; and that D is large when m; is far from ;. Unfortunately, this is not true
for general Robinson matrices F'. However, if we make additional assumptions on F', such as
Assumption we are able to establish some formal connection between the two distances

—see Lemma in appendix.

3.2 Rough estimation of H™ by aggregation of local bisections

In the second step AgreglocalBisection of SALB, we build a rough estimator of H™ from
the estimator D of the distance matrix. The procedure summarized in Algorithm [2 I works as
follows. For each object ¢ € [n], we first build two subsets GZ(- ) and G§ ) of [n] such that, with
respect to the oracle ordering 7, all objects in Ggl) are on one side of ¢ and all objects of GZ(-Q)
are on the other side of i. This is the purpose of the corresponding function LocalBisection
— see Line [2] of Algorithm [2] - which will be described after Algorithm 2l Then, we align all
sets (Ggl), Gi2 ) in a coherent manner by deciding which ones are on the left of ¢, and which
ones are on the right of i. The corresponding function Orientation — Line [d of Algorithm [2]-
is postponed to appendix (pseudo code in Algorithm @ This common orientation allows
us to obtain the collection of subsets (L, R) := (L;, R;)ic[y) of nodes that are left (resp. right)
of 7. Finally, in Lines we simply build upon the (L;, R;)’s to define a comparison matrix
H. We set H;; = —1ific€ Ljor j € R;, and set H;; = 1ifi € R; or j € L;. If none of these
conditions is met, we simply keep H;; = 0.



Algorithm 2 AgreglocalBisection
Require: (D,dy,d2,03)
Ensure: H € {—1,0,1}"*"
1: fori=1,...,ndo
2 (Ggl),Gl@)) =LocalBisection(i, D, 1, 02, d3)
3: end for
4: (L,R) = Orientation(Ggl), Gg2), cey Gg), G,(E))
5: Set H = Op,¢n,
6
7
8
9

:fori,7=1,...,ndo
if € L;j or j € R; then

H;; = -1
: elseif i € Rj or j € L; then
10: Hij =1
11:  end if
12: end for

Let us describe how LocalBisection (Line[2)) builds the subset Gz(.l) and Gz(.z) from a distance

matrix estimate D. For i € [n] and 6 = (01,02, d3), define the graph G; 5 of node set [n] \ {i}
as follows:

Put an edge between any nodes k and [ if, Dy < 67 and D V Dy > 6. (12)

Then, the result (Ggl),G(Z)) =LocalBisection(i, D, d1,02,03) is any two largest connected

)

components of G; 5 that contain at least a node k such that D;; > d3. By convention, GZ(-I) or

ng) can be empty sets if there exist less than two such connected components. The pseudo

code of LocalBisection is written in Algortihm

Let us explain the rationale behind the construction of (Ggl), GZ@)). Recall that, for a bi-
Lipschitz matrix F', the distance D;; behaves analogously to |m; — m;| (see Lemma in
appendix) and assume, for the purpose of this discussion, that we have perfectly estimated
D* so that D = D* above. Then, for suitable tuning parameters ¢; and dz, any node (k,1)
such that |m, — m| = 1 and |7, — m;| is large will be connected in G; 5 by since this
implies that Dy, is small and Dy is large. Besides, any two nodes (k, 1) which are not on the
same side of ¢ with respect to m cannot be connected. (Indeed, either |7, — m| is large but
this enforces that Dy is large which prohibits k£ and [ to be connected in the construction
, or |mp — | is small but this enforces that D;; V Dy is small which prevents again k and
[ to be connected in (12)).) In conclusion, we expect the graph G; s to have two connected
components which contain, respectively, all nodes that are far from ¢ on the left of i (w.r.t

7), and all nodes that are far from ¢ on the right of .

Discussion of the tuning parameters 6 = (41, d2,03). For the purpose of this discussion,
let us assume that F' is bi-Lipschitz as in the previous section, and that the quantities «,
B, and o are considered as fixed positive constants. In this case, we state in Lemma
that nD}, /|7, — m| € (a/2, ) as long as k and [ are close enough, namely |7, — m| < n/4 or
Dy, < 1/4. Besides, Lemma in appendix implies that, with high probability, | D}, — ﬁkl’ is
at most of the order (y/log(n)/n)Y* uniformly for all k, I close enough. Thus, when they are

small enough, the distances lA?kl and Dy, and |7, —m|/n are equivalent, up to constant factors



a, B and to additive error of the order (y/log(n)/n)/*. Going back to the construction of
the graph G; s, we first need to choose the tuning parameter 41, in such a way that, consecutive
points in the ordering 7 are connected in G, 5, that is for & and [ satisfying |m, — m| = 1, we
have ﬁkl < &, with high probability. As a consequence, taking 8; = n~1/5, that is slightly
larger that (y/log(n)/n)'/4, is sufficient for our purpose. Then, we choose ds in order to
preclude the existence of any edge between any two nodes k and [ that lie on both sides of i.
If we set 0y = log(n)d; = log(n)n="/%, then lA)Z-j V Dy, > 0y implies that |m, — 5| V |m —
is at least of the order of nds. As a consequence, if k and [ are on two different sides of ¢
(w.r.t. ), this implies that |mz — 7| is at least of the order ndy and we cannot have Dy
smaller than d1, hence an absence of edge between k£ and [ in G; s by construction . For
this choice of d2, each connected component of G; 5 is thus made of nodes located on only one
side of i (w.r.t. 7). Finally, we can fix 3 = log?(n)d; > d3, so that the two chosen connected
components (Ggl),ng)) =LocalBisection(i, D, 1, d2,03) contain all the points [ such that

| — m;| is at least of the order of d3 (up to multiplicative constants depending on «, 3, o).
These guarantees are formalized in appendix

3.3 Local refinement of the estimation of H(™

In this step, we build a second matrix ﬁg whose support does not intersect that of H 1. The
matrix H; built in the previous step possibly contains a lot of zero entries. The purpose of this
local refinement is to compare all those objects ¢ and j such that (ﬁ 1)ij = 0. For each such
(1,7), the broad idea is to test the relative position of i and j by relying on the observation A
and our present knowledge H 1 of the ordering. As there are complex dependencies between
ﬁl and A, the actual procedure LocalRefineWS involves sample splitting scheme. For the
sake of clarity, we describe the simpler procedure LocalRefine in Algorithm [3] without any
sample splitting and postpone LocalRefineWs to the appendix [H}

Let us explain how we compare the relative position of ¢ and j. Define L}; (resp. sz)

as the set of objects k such that 7, < m A m; (resp. mp > m; V my). If mp < m;, then we

deduce from the Robinson property of the matrix F' that Zke 1+ Frim, — Frjm,, 18 positive
ij

when L # (. Similarly, we also have that 3, p. Fyr
ij

iTk
m, — Frim, 18 positive. Obviously,
we do not know L;-“j and R;‘j, but we can estimate them thanks to ﬁl. More specifically,
given any comparison matrix Hi, we define L;; = {k,(H1)r; = —1 and (Hy)x; = —1} and
Rij = {k,(H1)ri = 1l and (Hy)r; = 1}. On the event where H; does not make any false

comparison, L;; is a subset[| of Lj; and R;; is a subset of R};. Then, we consider the statistics
lij = ZkGLij Azk - Ajk and Ti; = ZkeRij Aik — Ajk~ If ‘ll]| \Y |Tij’ < 50wnlog(n), then we
cannot draw a statistically significant conclusion. Otherwise, when either |l;;| or |r;;| is higher
than 50+/nlog(n), we set H;j to —1 or 1 depending on the sign /;; or r;; — see Lines [8 and
in Algorithm

! Actually, as 7 is not identifiable, we can also have L;; is a subset of R;; and R;; is a subset of L;; but this
is not an issue for our purpose.

10



Algorithm 3 LocalRefine
Require: (Hi, A, o)
Ensure: H € {—1,0,1}"*"
1: Initiate H = Opxp,
2: for (1 <i<g< TL) s.t. (H1>Zj =0do
3. Ly ={k,(H1)r = —1 and (Hy)p; = —1}

4: Rij = {k, (Hl)kz =1 and (Hl)kj = 1}
5 lij =D per,; Ak — Ajk

6: Tij = ZkeRij Aik — Ajk

7. if |lj;| > 5o+/nlog(n) then

8: Hij = —sign(lij) and Hji = _Hij
9: else

10: if |ri;| > 50y/nlog(n) then

11: Hz’j = Sign(rij) and Hji =—H,;;
12: end if

13:  end if

14: end for

4 Beyond bi-Lipschitz matrices via average type constraints

Bi-Lipschitz matrices (Assumption offer a simple model that facilitates exposition, but
that may be quite restrictive in applications. We therefore present more realistic assumptions
in this section, which are at the core of our analysis of SALB. They seem (to us) somewhat
natural and minimal assumptions for SALB’s performance, and their presentation in sec-
tion makes our results more transparent. We also illustrate in section the flexibility
of these new assumptions compared to bi-Lipschitz matrices.

4.1 Seriation error under average type assumptions on F

To prove good performances for the distance based method — AgreglocalBisection (Algo-
rithm [2)) — we need the input D = [D;;] to be informative on the distances |m; — 7| in some
way. Specifically, we will need D;; to be locally equivalent to |m; — m;|/n as in (13).

Assumption 4.1 ~(Local Distance Equivalence). For any constants 0 < & < B, 0<r and
0 < w, let LDE[&, B,w,r] be the collection of symmetric matrices D € R™™"™ that satisfy

51mi — ]

amioml < by < B

n n
for alli,j € [n] such that an" AND;j <r.

+w (13)

Thus, a matrix D satisfies Assumption f its entries D;; are lower and upper bounded by the
distances |m; —7;|/n, up to factors & and 3, and to an additive error w. This condition is local
as it only concerns the pairs 4, j within a distance r. Assumption [4.1]is therefore quite general,
since it enforces no constraints for medium and large distances, and it permits bounded
distortions of small distances (by & and (), and even gives some slack (by +w). In contrast
with usual properties of distances, we assume no form of transitivity, e.g. m; — 7, > 7; —
= Dj; > Dj, and no form of triangular inequality.
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While Assumption is at the core of our analysis of AgreglocalBisection for the input
D= ﬁ, we need another type of assumption for proving good performances for LocalRefine
and LocalRefineWS. To analyze the statistical test in Algorithm [3] we will use Assumption
which ensures that, for any (close) indices i and j, there is a separation between the extreme
similarities of ¢ and that of j (i.e. between the sums of their pairwise similarities Fj, and Fj,
for £’s running over the left or right sets of 4, 7).

Assumption 4.2 (Separated Cumulative Similarities). For any constants 0 < v, ', v, let
SCA[y,r',7"] be the collection of matrices that satisfy, for all i < j and |i — j| < r'n,

o g 1—7
Y Fu—Fe>1li—jl iz : (14)
0 1<d<i—r"'n
o . J 14
E Fjp — Fyp > ~|i — j| if =< -
n 2

£ j4r'n<d<n

The constant v represents the cumulative signal when comparing the sum of similarities of
i < j over their left set {¢ : ¢ < i} or right set {¢ : j < ¢}. (For technical reasons,
however, Assumption involves instead the left and right subsets reduced by a length
r”.) Assumption is local as it only concerns the pairs 7, j at distance less than r’. This is
sufficient for our purpose, since LocalRefineWS only deals with the pairs 7, j left undetermined
by AgreglLocalBisection and, as will be proved later, such ¢, 5 are within a small distance
from each other (with high probability).

Let us give a justification for Assumption To be able to compare %, j, there should be at
least one set in [n] on which the similarities Fjg and Fjg of 4, j are different; otherwise, the

estimation of the comparison H Z(;T ) is hopeless. Then, since F' has a Robinson structure ,
a natural choice of discriminating set for ¢ < j is either the left set {¢ : ¢ < i}, or the right
set {¢: j </} ofiandj.

Theorem ensures that our estimator 7, still achieves the same 4/log(n)/n rate, when the
distance matrix D* in belongs to LDE[&, 3,0, 7] and when F € SCA[y, ', r"]. We simplify
the statement of the next result by setting the tuning parameters (d1,d2,03) of Algorithm
to 01 = n~/5, 6y =log(n)d1, and &3 = log(n)dy. Theorem is proved in Appendix

Theorem 4.1. For &,f3,r,0,7,7,r" > 0, there ewists a positive constant Cafrom o ONlY
depending on (d,B,r, o, v’ r") and a numerical constant C > 0 such that the following holds
foranyn > Cy 5., .0 and for any matriz F' € SCA[y, ', 1" such that D* € LDE[a, 3,0, 7).

With probability higher than 1 — 9/n?, the permutation %, computed by SALB satisfies

) o [log(n)
Lax (7, m) < C ; e (15)

In other words, the polynomial-time algorithm SALB estimates the position of each object

up to an error of the order Z 4/ @. In particular, one sees that the error becomes smaller
for larger . Theorem is stated for simplicity in a setting where «, 3, and o are constants
and n is relatively large, but SALB achieves the convergence rate even in settings where

the quantities «, 8, and o depend on n. We refer to Theorem [C.4] for a general bound.
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In comparison with Theorem the bound involves the constant v of Assumption
instead of the constant « of Assumption 2.1} In fact, Theorem [2.1] is particular case of
Theorem since the assumptions of the latter hold for any bi-Lipschitz F'. More precisely,
if F € BLlo,B], then F € SCA[y,r',r"] for v = a/4, and D* € LDE[a/2,[5,0,r]; see
Lemma and for details.

Remark 4.1. Although Assumptions [4.1] and 4.2] are distinct hypotheses, they are not independent.
As said above, if F € BL[a, f], then Assumption and hold for & = «/2 and v = a/4, so we
have the strong relation & = v/2 between Assumption and

4.2 Motivation for average type Assumption and

The merits of the bi-Lipschitz Assumption[2.1|was to offer a simple model, but this assumption
is sometimes too restrictive. In particular, it enforces “long range similarities” which are
unrealistic in applications where distant objects have a small similarity (see next paragraph).
Besides being more transparent of our analysis, Assumption and alleviate this long
range issue; see the last paragraph for an example. This relaxation comes from the following;:
the bi-Lipschitz assumption is an entry-wise constraint on the matrix F', while Assumption [4.1
and are only average constraints on F’s columns (respectively an [y and I} type average
constraints). Thus, Assumption and offer more flexibility to fit data in applications.

Long-range affinity: Taking objects i, j, k that are far from each other, say i = 1, j =n/2
and k = n, Assumption enforces the variation n|Fy, — an| =q,8 N. Such a long-range
constraint is not satisfied in applications where the pairwise similarity between distant objects
is nearly zero (e.g. Fi, = F np = 0), and only close objects have significant similarities.

Example of a Robinson matrix F' that is not bi-Lipschitz, but satisfies Assump-
tion and Given some k € [n/2], let F' such that Fj; = aj;_;| where a; = [(k—i)V0]/n
for i = 0,...,n — 1. Then, F' is a monotone Toeplitz matrix, which is a standard model of
Robinson matrix (Example 1 in appendix . Obviously, F' violates the long-range affinity
of the bi-Lipschitz Assumption 2.1} But, one can readily check that Assumption [£.1] and [£.2]
are satisfied, that is there exist positive constants &, B,r and v, 7, 7" such that the distance
matrix D* in belongs to the set LDE]a, 8,0, r], and F' is in SCA[y,7’,r"]. Besides, when
k is proportional to n, say k = n/2, one can see that &, B and v are numerical constants.

5 Beyond bi-Lipschitz matrices via latent space formulation

We relax the bi-Lipschitz assumption in two different ways: (i) by removing the entry-wise
constraints and replacing them with average constraints on the matrix F'; we did this in
section {4} (ii) by removing the homogeneity assumption that all F’s columns have a similar
shape, in particular that consecutive columns F; and Fj,; are almost identical. We are about
to explore this second way, using a latent space generalization of the former bi-Lipschitz
assumption. Our result is stated in section and the motivation for this generalization is
discussed in section [5.2]

13



5.1 Seriation error on latent bi-Lipschitz matrices

We replace the former bi-Lipschitz assumption by Assumption which consists in replacing
the regular grid {i/n};c[, by general (unknown) points {y; };cjn of [0, 1].

Assumption 5.1 (Latent bi-Lipschitz Matrix). For any points y1 < ... < y, in [0,1], and
constants 0 < o < 3, let LBL[(y;), o, 8] be the collection of matrices F' € R™™ that satisfy

|Fir — Fji| < Blys — ;| for all (i, 5, k) ; (16)
Fy — Fjy, > aly; —y;| forallk <i<j ; (17)
Fiji — Fi, > aly; —y;| foralli<j<k .

If the unknown points y; are completely arbitrary in [0, 1], the seriation problem is not well
defined — see Remark 2. For this purpose, we consider the additional conditions ,
which ensure that the y1,. .., y, are nearly well spread in [0, 1]. Compared to the regular grid
(yi = i/n), the conditions still give significant liberty to the y;’s — see section for
a discusion.

Unclustered spreading: Let 1 > 0 such that

sup min [y —y;| <7 . (18)
yel0,1] €]

This means that, for any interval I C [0, 1] of length 7, there is (at least) one y; € I.

Balanced spreading: Let 77 € (0, 1) such that

Card{i € [n] : y; €0, i]} >nn Card{i €ln]:y € [z, 1]} >an . (19)

In words, the extreme intervals of length 1/4 contains (at least) a proportion 7 of the y;’s.

Remark 5.1. on modeling assumptions

1. The constant n in is non-increasing with n. In standard latent space models, the y;’s are
often assumed to come from an uniform sample of [0,1], and hence 7 goes to zero as n —
oo. By contrast, we make no assumption on the decay of n (with n) in this paper; the y;’s
are deterministic. (If the y;’s were random, our results should be stated conditionally to the
randomness of the y;’s.) The proximity condition , which bounds the distance between
consecutive objects y;, y;+1, is crucial for our distance based method — AgreglLocalBisection
— which operates locally (on small distances).

2. Without , the y;’s could be clustered around a small number of points (that are properly
spaced) in [0,1], hence the problem would become a clustering problem rather than a seri-
ation problem, and our algorithm is not suited for clustering data. The question of handling
simultaneously clustering and seriation is interesting, but is beyond the scope of the paper.

To work in a latent setting as in Assumption [5.1] it is crucial to introduce a more general loss
than the L.y loss, because Ly is too crude for assessing estimator performances in latent
space models — see Remark 1. Given z; = y,, for all i, with m = (7;)i<n, we define a new
loss, denoted Leomp, as follows. For € > 0, it is bounded by Leomp (7, 7) < € if there exists
s € {£} such that

Vi, j st. |x; — x| > € HZ(JW) = SHZ.(;T) , (20)
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where we used the definition for the map 7 — H i(;r) which sends any permutation 7 to

a comparison matrix HZ-(;r). The Leomp was studied in [Janssen and Smith, 2020]. It returns
the minimal distance |z; — ;| above which, all comparisons 7; < 7; coincide with the true
comparisons m; < 7;. The sign change s € {£} comes from the identifiability in the seriation
problem which holds only up to a reversal of the ordering m. The Lcomp loss is a natural
extension of Ly, and is even equivalent to Ly, under the original Assumption [2.1} see
Remark [5.212.

Remark 5.2. on the Leomp-loss:

1. Since Lpax returns the maximum of all estimation errors of the 7;, i € [n], it only reflects the
learning difficulty of the worst m; among the 7y, ..., m,. For this crude measure, no estimator
is consistent for the L.y loss in the latent setting (Assumption . As an extreme example,
let y1 = ... = yy for k € [n], then their similarity vectors are all equal F, = ... = F, (by
Assumption . There is therefore no hope of recovering the positions 7y, ..., 7. Inevitably,
the Lyax loss of any estimator is at least of the order of k/n. Thus, Ly.x only reflects the
learning impossibility of these & (identical) positions.

2. In the original matrix Assumption the Leomp and Liax losses are equivalent (up to a factor
2). We have Lyax (7, 7) < 2€ when Leomp (7, ) < € (by taking H = HT in Proposition and
using & = 7rHﬁ). Vice versa, we can readily check that Leomp (7, 7) < 2¢ when Lpax(7,m) < e.

This equivalence between Leomp and Liyax in bi-Lipschitz matrices (Assumption is not true

anymore in latent bi-Lipschitz matrices (Assumption [5.1]).

The next theorem shows that our estimator 7, performs well even in latent bi-Lipschitz
matrices, when the latent y;’s satisfy the conditions . To simplify the statement of
the next result, we consider the special case of a clustering constant 7 in that converges
to zero, that is n := 1, — 0 as n — oo, and we set the tuning parameters (d1,d2,d3) in

Algorithmto 8 =n"5 4 7]71/3, 09 = —log(d1)d1, and 03 = —log(d1)d2,

Theorem 5.1. Fora >0, 8> 0, 0 > 0 and any sequence j = (0 )n>1 such that n = n, — 0,
there exists a positive constant Co g o5 only depending on (a, 3,0,M) and a numerical constant
C > 0 such that the following holds for any n > Cqpgom, for any 7 > 0 and y1,...,yn €
[0,1] complying with (@-@, and for any F € LBL[(y;), o, B]. With probability higher than
1 —9/n?, the permutation 7, computed by SALB satisfies

) o [log(n)
Leomp (7o, m) < C— . 21
(o m) < Cooy[ = (21)

In comparison with Theorem the rate also contains the term 7 of condition ,
which measures the balance of y;’s spreading in [0, 1]. This highlights the effect of well spread
points yi,. ..,y in [0, 1] for the latent bi-Lipschitz setting (Assumption . Note that the
rate in Theorem follows directly from since 7 = 1/4 when y; = i/n.

Theorem is stated in a special case setting where n — 0 as n — oo, (and the «, 3, o are
considered as constants whereas n is large). But SALB achieves the convergence rate
even in settings where 7 does not converge to zero (and the quantities «, §, ¢ may depend
on n), but the choices of the tuning parameters 1, d2,d3 are more intricate. We refer to
appendix for a general bound.
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Assumption is similar to the latent space model considered in |Giraud et al., 2021]. The
(non-efficient) procedure in |Giraud et al., 2021] attains the rate \/log(n)/n in the special
case of the regular grid y; = i/n. By contrast, our estimator 7, achieves the rate /log(n)/n
even when the latent points (y;) depart from the regular grid (i/n), and even when two
consecutive points y;, y;+1 are at a constant distance from each other (see the general theorem
in appendix . This improvement is especially interesting for applications where one wants
to order objects that are non evenly spread in some feature space. Our improvements over the
earlier work [Giraud et al., 2021] also include a rate giving explicit dependencies in the
problem parameters, and an optimal estimator 7, over the class of latent bi-Lipschitz matrices
that is efficient (i.e. whose time complexity is polynomial in n). The proof of Theorem is
in appendix [}

[Janssen and Smith, 2020, |Giraud et al., 2021} Natik and Smith, 2021] prove theoretical guar-
antees for efficient procedures in Toeplitz matrices (Example 1 in appendix [A)), which are
generated by geometric latent space models (Example 3 in appendix . Closer to our paper,
in latent bi-Lipschitz matrices |Giraud et al., 2021] show that, if the matrix is approximately
a Toeplitz matrix, then the standard spectral procedure coupled with a post-processing step
achieves the (optimal) error bound Leomp(7,7) < Cy/log(n)/n with high probability. Al-
though their rate is of the same order, their assumptions are more restrictive than ours.
Further from our paper, [Janssen and Smith, 2020, Natik and Smith, 2021] study the spe-
cial case of network data A € {0,1}"*™ generated by the popular graphon model, where
the latent points (y;) are a uniform sample / the regular grid of [0, 1] (it is a special case of
Example 2 in appendix [A]). On the one hand, [Janssen and Smith, 2020] assumes a Toeplitz
matrix (“uniformly embedded graphon” with a uniform sample), a constant signal Fj; = ¢
beyond a certain distance |i — j|, as well as a technical condition on the square of the graphon,
to guarantee that the thresholded squared adjacency matrix A®) used in their algorithm is
close to a Robinson matrix. Their new procedure, which is based on a thresholded ver-
sion of A®, provably achieves the error bound Leomp (7, m) < % with high probability.

On the other hand, |[Natik and Smith, 2021] assumes a Toeplitz matrix (“uniformly embed-
ded graphon” with a uniform sample) and some C!-smooth graphon with a strictly negative
derivative (called “nice” graphon); they show that the standard spectral algorithm (with
post-processing) attains a similar error bound than above. Although the rates in [Janssen
and Smith, 2020} Natik and Smith, 2021 are similar (up to log factors), their assumptions
are not directly comparable to ours. We mention that [Janssen and Smith, 2020, Natik and
Smith, 2021] also propose relaxations of the aforementioned assumptions, but these are rather
technical and difficult to interpret here.

5.2 Motivation for the latent space model

While the simple bi-Lipschitz Assumption facilitated our exposition, it is quite restrictive
in practice, in particular because of the homogeneity assumption on F’s columns, which
fails to fit heterogeneous data in applications. By comparison, the latent space formulation
(Assumption [5.1)), which still offers a simple model to interpret, is flexible enough to alleviate
the homogeneity issue, by allowing more variations between F’s columns.

Interpretation. Setting x; = yr,, Assumption has the following simple interpretation.
Each object ¢ has an unknown feature z; and a similarity vector E A; = Fy,. Two objects
i,j with close features z;, z; in [0, 1] will have almost identical similarity vectors, while two
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objects with distant features will have very different similarity vectors. In this setting, the
task of finding 7 is equivalent to reordering the z;’s in the latent space [0, 1].

Breaking the homogeneity restriction? In bi-Lipschitz matrices (Assumption ,
two consecutive columns are almost identical since |Fj, — F(i+1)k| =a,8 n~!. Therefore,
the (squared) Euclidean distance between consecutive vectors equals almost zero: |F; —
Fii1]|3 a3 n~!. (Here, we used Fi(i+1) = Flig1)i, and considered the vectors F; and Fii; in
R"~! by removing their respective null coordinates Fj; and Flit1)(i+1)-) This homogeneity
restriction between consecutive columns is relaxed in latent bi-Lipschitz matrices (Assump-
tion where one may have y;+1 — y; = n for a positive constant > 0, and hence the
(squared) Euclidean distance |F; — Fi1]|3 <o 7°n may diverge. Compared to the null
distance in bi-Lipschitz matrices, latent bi-Lipschitz matrices thus offer a significant relax-
ation of the homogeneity constraint. Hopefully, such a latent space model would fit better
heterogeneous data encountered in applications, e.g. in networks where popular individuals
have many interactions (i.e. many high similarities), while some others have much fewer
interactions (many low similarities).

6 Discussion

We studied the seriation problem under bi-Lipschitz assumptions on the signal matrix F,
and focused on the L ax loss which returns the maximum estimation error of all positions
T1,...,T. The good news is that, even for the crude loss L.y, in such a general and un-
specified model as bi-Lipschitz matrices, we successfully characterized the optimal rate of
seriation, as a function of the problem parameters. We also gave a polynomial time estima-
tor that achieves this optimal rate. Besides, we proved that the estimator also enjoys good
performances in more general sets of matrices, namely, matrices with only average type con-
straints, and latent bi-Lipschitz matrices. Overall, our work showcases the versatility of this
permutation estimator.

As a preliminary step, we estimated the measure D* defined in , via the estimator D
described in appendix In principle, we could have used any other (good) estimator
of D*, or even any other measures than D*, as long as this measure is informative on the
latent distances |m; — 7;|/n. Perhaps surprisingly, this measure does not have to fulfill the
usual properties of distances and linear orderings, such as the triangular inequality or the
transitivity. Thus, our approach is quite general, and perhaps could be exported elsewhere.

One might hope that the distances D;; and |m; — 7;|/n are almost the same, or sufficiently
similar for trying to recover m from D* directly. This will not work in general, because both
distances may behave very differently. For example, D}; can be a huge distortion of |m; —;|/n,
and this distortion can go both ways (contraction or dilation). Thus, the two distances are
sometimes in contradiction in the following sense. Omne can find R-matrices F' such that

In < Dj(,/z) while the reverse holds for the ordering, i.c., |71 — Tn| > |T1 — Ty 2] More
generally, D* does not satisfy the following transitivity implication: m; — 7, > 7; — 7, > 0
= D} > D;k. Therefore, in the current paper, we only assumed that D* satisfies the
local equivalence in Assumption ensuring that small D;“j are bounded distortions of small
|7; — ;| /n. This weak connection between D* and 7 forced us to develop a more sophisticated
local procedure to recover .

17



On the negative side, the time complexity of our procedure is only bounded by O(n%), where
n is the sample size of the observation A € R™*™. This high complexity comes from the
heavy data-splitting that we used in LocalRefineWs (appendix [H). We recall that the data-
splitting was only made to facilitate the theoretical analysis of the estimator. In practice, it
could be better to run the algorithm without data-splitting, i.e. to use LocalRefine instead
of LocalRefineWS. Doing so, the time complexity will reduce from O(n%) to O(n?). However,
because of complex statistical dependencies in this version without data-splitting, it is difficult
to prove theoretical guarantees for the output 7,. We only provided guarantees when each
step of this algorithm are taken separately, and thus share no statistical dependencies.

The choice of tuning parameters d1,d9,d3 is problematic, in general, since it depends on
unknown constants, such as the parameters «, 3 of the class BL|«, 3] of bi-Lipschitz matrices.
However, for a sufficiently large n, we proved that the choice of inputs becomes easier, and it
is possible to choose 41, d2, 03 as a function of n, independently of other parameters.
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A Models in the literature

Example 1: Monotone Toeplitz Matrix (a.k.a. Toeplitz R-matrix): Given a vector
(60,61, ..., On—1), a symmetric Toeplitz matrix F' is defined by Fj; = 0);_;, for i,j € [n]. If
the vector is monotone 6y > 67 > ... > 60,1, the matrix F is called a monotone Toeplitz
matrix. Thus, F' is a special instance of R-matrix . This model has been recently studied
in noisy seriation |Cai and Ma, 2022]. These matrices are equivalent to geometric 1D latent
space model in Example 3.

Example 2: 1D latent space models: As probabilistic tools, latent space models are
widely-used to study pairwise information data like networks [Hoff et al., 2002]. In 1D latent
space models, the similarity matrix A is assumed to be sampled as follows. The distribu-
tion is parametrized by a 1D metric space (X,d), some (possibly random) latent positions
T1,...,Tn € X and an similarity function f : X x X — R. Then, conditionally on x1,..., %y,
the upper-diagonal entries A;; of the similarity matrix are sampled independently, with con-
ditional mean E [A;j|z1,. .., z,] = f(xi, xj).

This latent space formulation encompasses many classical models, such as graphons and f-
Random Graphs [Diaconis and Janson, 2007, Lovasz, 2012] and random geometric graphs
[Penrose, 2003, Diaz et al., 2020, |De Castro et al., 2017]. It also encompasses R-matrices ,
and monotone Toeplitz matrices (Example 1). To see that, take the latent space X = [0, 1],
the latent positions x; = m;/n, and a similarity function f fulfilling f(z;,7;) = Fr, ;-

Seriation in the 1D latent space models was considered in |Giraud et al., 2021] (with sub-
Gaussian noise and real valued observations A;; € R), and in |[Janssen and Smith, 2020, Natik
and Smith, 2021] (with f-random graphs, i.e., with binary observations A;; € {0,1} and a
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uniform sample z1, ..., x, ~ Upg 1) of the latent space X = [0, 1]). The objective of recovering
7 is equivalent to re-ordering the latent positions x1,...,x, in the 1D space X.

Example 3: Geometric 1D latent space model. As a special case of the 1D latent space
model (Example 2), the geometric 1D latent space model is characterized by a similarity
function of the form f(z;,z;) = g(m(z;, z;)) for a real non-increasing function g : [0,00) = R
and a metric m on X. Thus, the similarity f(x;, ;) depends on the latent positions x;, z; only
via their distance m(z;,z;). When the observations A;; € {0,1} are binary, this model is an
instance of the popular random geometric graph |[Penrose, 2003, Diaz et al., 2020, |De Castro
et al., 2017].

The geometric 1D latent space model is equivalent to the monotone Toeplitz matrices (Exam-
ple 2). Indeed, for a vector 6 > ... > 6,1 defining the monotone Toeplitz matrix Fj; = 6),_;|,
one can set a geometric 1D latent space model as follows. Take the latent space X = [0, 1]
endowed with the metric m(z,y) = |x —y|, and the positions z; = m;/n, and a similarity func-
tion f = g om where g fulfills g(¢/n) = 6; for all t € {0,...,n — 1}. Thus, (for deterministic
z;’s) the two models lead to the same mean E A;; = f(z;,2;5) = g(|vi —2;]) = Oz, ;| = Frim; -

By contrast, the latent bi-Lipschitz matrices (studied in the current paper) are not (fully)
determined by some distances m(x;, z;). Their general similarities I, », = f(z;,7;) depend
on the positions z;, z;, in such a way that, they can take different values f(x;,x;) # f(zk, x1)
even on points at a same distance m(z;, x;) = m(xy, ;).

For statistical seriation in geometric 1D latent space models, see [Janssen and Smith, 2020,
and |Giraud et al., 2021} section 4] and |[Natik and Smith, 2021].

B Description of sub-algorithms

To complete the description of our procedure, we present the sub-algorithms DistanceEstimation,
LocalBisection and Orientation in appendix respectively.

B.1 Distance estimation

We give the construction of the distance estimator D. The lo-type distance D* in is
associated with a structure of inner product: Given vectors V and V in R", we write their
(normalized) inner product (V, V), =n"13}_, V,V,.

Algorithm 4 DistanceEstimation

Require: A = [A;j];jc[n data matrix.

Ensure: D an n x n matrix.

1: fori=1,...,n do

2 M = ArgMin jep. s MAX pefn)ktiy | (Aks Ai — Ajhnl.
3: end for

4: fori,j=1,...,n,i<jdo

5: Dij = <AZ,AmZ>n + <Aj, Afﬁj,)n — 2<Ai, Aj)n-

6: Dji = DZJ

7: end for
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Let us explain the construction of the distance estimator D. Denoting by F; the i*" column
of the signal matrix F', we have the following decomposition of the distance D*:

Vi,j€lnl,i<j: (D;‘j)2 = (Frys Fr)n + (Frjy Frjyn — 2(Fr;, Frj)n (22)

We estimate separately the crossed term and the two quadratic terms of (22)).

o Crossed-term: Denoting by A; the i*® column of the data matrix A, we observe that (4;, 4;),
is a sum of (n —2) i.i.d. random variables (since A;; = A;j; = 0). The n — 2 random variables
{AirAj : k € [n] and k # 4, j} are independent with the same mean

E [Alk’A]k‘] — Fﬂ'iﬂ‘kFTl’jﬂk 5 (23)

where the expectation E is taken over the data distribution Pz ). It is therefore possible
to use standard concentration bounds to prove that, with high probability, (A4;, A;),, is close
to its mean (Fr,, Fir,)n; see Lemma The inner product (A;, A;), (between two different
columns) is thus a consistent estimator of the crossed term (Fy,, Frr;), in .

o Quadratic-term: We cannot proceed in the same way for the quadratic term (Fy,, Fr, ), in
, since it would lead to an inconsistent estimation. Indeed, we have

E[A}] = Fir + °E[EL] (24)

and hence the inner product (A;, 4;), between the same column is an inconsistent estimator
of the quadratic term (Fx,, Frx,)n. It is possible to work around this issue via the following
nearest neighbor approximation, which replaces the quadratic term by a crossed term, so as
to be back to the unbiased case . Specifically, the approximation consists in replacing an
object ¢ by its nearest neighbor with respect to the distance D*. Let m; € {1,...,n}, m; # 1,
denote a nearest neighbor of ¢ according to the distance D*, that is m; € argming,,; Dy
Then, we have the following approximation:

|<F7rpF7ri>n - <F7riaF7rmi>n| — |<F7ri7F7ri - F7Tmi>

<, <o, (25)
using Cauchy-Schwarz inequality in the first inequality, and Fy, € [0,1]™ in the last one. The
nearest neighbor approximation thus yields a bias in our estimation procedure, which
is equal to the distance Dj,~between ¢ and its nearest neighbor m;. Since m; is unknown,
we still need to estimate m;, and define an estimator ;. This step is performed in line [2| of
Algorithm 4] Comments on it can be found in [Issartel, 2021, section 4.1]. We finally obtain
an estimator (A;, A, ), of the quadratic term (Fy,, Fr,)p in .

nl

Putting things together, we get the estimator in line 5 of Algorithm [d] More information on
this distance estimator can be found in appendix [E}

B.2 Local Bisection

LocalBisection was described in plain words below Algorithm [2l Here we give its pseudo
code. The inputs are an index ¢ € [n], a symmetric matrix D € R™*™, and tuning parameters
01,02,03 > 0. It performs a rough bisection of the set [n] in ¢, so as to output two sets

20



Gl(l),GEQ), one on each side of i (with respect to the ordering 7). We use the notation

a Vb = max(a,b).

Algorithm 5 LocalBisection
Require: (i, D, d1,02,93)
Ensure: GZ(-I), ng)
1: Build a graph G; with node set [n], by linking all &k, ¢ € [n], k, £ # i such that

Dy <901 and Dy VD> s . (26)

2: Collect only the connected components of G; that include (any) k € [n] such that

Dy > 03 . (27)

3: Denote by Ggl), GEQ) the two connected components with the largest cardinal numbers.

LocalBisection builds a graph G; according to the rule . Among all connected compo-
nents of G;, only those satisfying are collected, and then only the two largest of these
components are output by the algorithm. We have the following interpretation, in the ideal
scenario where the inputs D;; are equal to the latent distances |m; — mj|/n. The rule (20)
connects two nodes k, £, if they are close to each other (Dyy < d1), but one of them is far from
i (Dji V Djy > d3). Thus, such a connected component should be either on the right side of
1, or on the left side of . The second rule selects the connected components of G; that
contains (al least) a distant object from i (Dy; > d3). As will be shown in appendix at
most two connected components satisfy the condition , hence the outputs Ggl), GZ@) are
necessarily these components, and the line 3 of LocalBisection is theoretically superfluous.

We will see that Gl(l), GZ@) are each on a different side of 1.

B.3 Orientation

Orientation takes as inputs n pairs (GS”,G?), ...,G%l),Gf)) of sets GZ(-l), GEQ) C [n], and
outputs a new arrangement [L;, R’i]ie[n] of these pairs, i.e. L;, R; € {GEI), GZ@} and L; # R;
(when Ggl) # 0, GZ(»Q) # (). The objective is to give a common orientation for the n new pairs
Li,R;;i=1,...,n,e.g., all L; are on the left side while all R; are on the right side of <. To do
so, we choose an arbitrary direction L;«, R;+ for an index ¢*, and then use this direction as a
reference for all other indices i € [n], i # ¢*. We will show in appendix that Orientation
gives n pairs L;, R;, « = 1,...,n, sharing a same direction.
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Algorithm 6 Orientation

Require: (Ggl), Gz(‘2))i€[n]'
Ensure: (L, R) := (Li, Ri)igjn]

e
W M 22

e e T
N2 g

O o= =
S © ®

NN NN N NN

if V.p =0 then

L; = R; =0 for all i € [n]; stop algorithm.
else

let i* € Vg, set Lix = Gg*l) and R;« = GEE).
end if
for i ¢ VUV, do
end for

for i € V4, i#i" do
if GEU) N L« = for an u € [2] then
R; = Ggu) and L; = va) forve[2],v#u
else if G\") N R;» = 0 for an u € [2] then

L; = GZ(.u) and R; = va) forve 2], v#u
end if
: end for
for i € V;é@ do

. end for
. for i € V;é@ do

if i € Ly then
L;=0and R; = GZ(-I); end for.

else if i € R;, then
R; =0 and L; = G\"; end for.
end if
end for
: end for

: Let Vg = {i € [n] : G\ # 0 and G # 0} and Viy = {i e [n] : GV # 0 or GP £ 0}.

%Picking a reference direction L, R

%Setting Li, R; for i #1i*, 1 € Vyy

Rearrange the notations GZ(-I) and GZ@) to obtain Ggl) # 0.

for k € V. such that GEI) N Ly # () and GZ(-I) N Ry # 0 do

%Setting L;, R; for i € V;/é(Z)

In line [5, we take a reference index i* € V,p that has two non-empty sets, and we arbitrary
choose its direction L;«, R;+. To align the sets Gl(-l), GEQ) of any ¢ with the direction of L;», Rj«,
we look at the values of (the four) intersections between these sets. The exact procedure
depends on whether ¢ has empty sets (line 7-8), or two non-empty sets (line 10-16), or one
non-empty set (line 20-28). Since the ¢’s with (exactly) one non-empty set are more difficult
to align, for them we may need to replace the initial reference sets L;~, R;» by another pair
Ly, R, k € Vzp which provides more information on i’s set orientation (lines 21-27).

In line 11 and 13, the algorithm tests the emptiness of four intersections at most (for u € [2]),
and it stops as soon as one intersection is found empty. The testing order for u € [2] does not
matter in our analysis.
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C Proof of Theorem 2.1

Proof. (Theorem follows from Theorem The next two lemmas show that the bi-
Lipschitz Assumption [2.1] implies the local distance equivalence Assumption and the
separated cumulative similarities Assumption [4.2]

Lemma C.1. If F belongs to the class BL[a, B] of bi-lipschitz matrices (as in Assump-
tion , then, for n > 8, the distance matriz D* is in LDE[a/2,3,0,r] (as in Assump-

tion[4.1)) for any r € (0,1/4).

Lemma states that, when F' is a bi-Lipschitz matrix of BL[a, 8], the distance matrix D*
belongs to the class LDE|a, 3,0, r| for the parameters § = § and & = «/2, thus conserving
the Lipschitz upper constant 3 intact, and the lower constant o up to a factor 1/2. The proof

of Lemma is in appendix

Lemma C.2. If F € BL[a, 3] as in Assumptian then Assumption holds for v = a/4,
any r' € (0,1/5) and any r" € [0,1/10), when n > 20.

Lemma states that, when F' € BL[a, (], Assumption holds for the constants v = «/4,
any r’ € (0,1/5) and any r” € [0,1/10), hence a conservation of the Lipschitz lower constant
a up to a factor 1/4. he proof of Lemma is in appendix

Thus, Theorem follows from Theorem O

In order to prove Theorem the rest of the section is organized as follows. We give in
appendix the general versions of Theorem [2.1] and [£.1] where a, 3, and ¢ may depend on
n, but the choices of the tuning parameters 41, d2, 03 are more intricate. (This appendix
may be skipped if the reader is only interested in the proof of Theorem H) Next, we present
guarantees for the sub-algorithms of SALB in the following order: the distance estimation is in
appendix the first and second estimators of H(™ in appendix and respectively,
and the transition from comparison matrix to permutation in appendix Finally, the
proof of Theorem (and of its general version, Theorem is in appendix

C.1 Choice of tuning parameters d;, d2, 63 and general results

oFor Theorem [2.1: To simplify, Theorem [2.I] was stated in a setting where a, 8, and o
are considered as constants whereas n is large, and where the tuning parameters d1, do, d3 of
Algorithm [1| was set to specific values §; = n~/%, §y = log(n)d; and 3 = log(n)d,. However,
SALB achieves the same convergence rate even in settings where the quantities «, 3, o depend
on n, but the choices of the tuning parameters d1, ds,d3 are more intricate. The choices of
61, 09,03 may be summarized by the following conditions:

1/4
Cpo (bgn(n)> < 1, Capd1 < 02 < Ca, Cap 02 < 05 < Cgg, (28)

«
problem parameters «, 3,0. The exact conditions (with explicit constants) for the choices of

01, 02,93 can be found in (112{113)).

where n > 8, and CgU,Cag,Ca,C’ﬁ,Cgﬁ are constants only depending on (some of) the
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The next result generalizes Theorem to a setting where «, 8,0 may depend on n, and the
41, 02, 03 are chosen in the admissible range .

Theorem C.3. Forn > 8 and o, 3, 0 > 0, there exist positive constants Cgg, Cop, Cq, C(’w,
C’gﬁ such that the following holds for any 1,092,603 fulfilling and for any F € BL[a, ).
With probability 1 — 9/n?, the permutation 7, output by SALB satisfies

Lmax(ﬁ-oaﬂ') < C% \/ logn(n) , (29)

where C > 0 is a numerical constant.

The choices of 61, do, 03 enforced by may seem purely theoretical since they depend on
unknown problem parameters «, 3,0 (via the constants Cg,...). In fact, shows that
any d1, 02, 03 satisfying the following conditions, as n — oo,

1 2 03

— — 00, — = o0, — = o0, 03 — 0, 30
(log(n) /m) /! 2 2 ’ &

will be a solution of as soon as n is larger than some constant C,g,. In particular,
our choice of tuning parameter in Theorem which was 0; = n='/%, §, = log(n)é; and
b3 = log(n)d, satisfies (30). Thus, Theorem follows from Theorem O

o For Theorem : The same goes as for Theorem except that the constants in
have new dependencies. More precisely, the dependencies in the bi-Lipschitz constants a and
8 are replaced by dependencies in the distance equivalence constants & and 3, respectively,
and there are new dependencies in 7,7’ and r”. This gives

log(n 1/4
C3 < ( )> <4y, Cap01 < 02 < Carpryr, C&B 62 <03 < Cypppns  (31)

n

where n > (1/2r) v 8, and where Cj_, Cs 3, Carrirr, C;?B’

on (some of) the problem parameters &, B,r, r’,r" o. The exact conditions (with explicit
constants) for the choices of d1, 2,03 can be found in , taking w = wy, and p = p in
. Note that the constant v of Assumption is not involved in the choice of tuning
parameter. The next result generalizes Theorem to a setting where &, 3,0, r, ', 7" may
depend on n, but the tuning parameters 1, do, d3 must fulfill .

Cs G AT€ CONStants only depending

Theorem C.4. Forn > 8 and &, B3, o, v, ', " >, there exist positive constants Cs,,Cy4

ozB’
Carrirrr C(;B, C&BW” such that the following holds for any 61,09, 03 fulfilling and for any

F € SCA[y,r',r"] such that D* € EDE[(}”@, 0,7]. With probability 1 —9/n?, the permutation

T, output by SALB satisfies
/1
Lmax(frmﬂ') < C g Og(n) ,
¥ n

where C > 0 is a numerical constant.
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Theorem follows from Theorem (in the same way that Theorem followed from
Theorem above). O

We proved that Theorem followed from Theorem (at the beginning of appendix |C]),
and it goes the same for their generalizations: Theorem [C.3]follows from Theorem Thus,

Theorem [C.4] implies all the results Theorem and

C.2 Error of the distance estimator

The next proposition gives a local upper bound on the estimation error of ﬁ, that is, on the
errors |D;; — D;| for all i, j within a distance r.

Proposition C.5. For any 8 < n, and 0 < & < 8 and 0 < r, the following holds for any
D* e LDE[&, B,0,7] (as defined in Assumption . With probability 1 — 1/n*, the matrix
D is LDE &, B, wp, ] for

> 1/4
wp = C \/EJr o+ 1)o <1°gn(”)> (32)

where C > 0 is a numerical constant.

Thus, for all 4, j within a distance r, the estimate ﬁij is equivalent to the distance |m; —m;|/n,
up to factors & and S, and to the additive error w,. The proof in appendix shows that
wp upper bounds the (local) estimation errors of distances D};.

C.3 Error of the first estimator of H(™

Since our intermediate objective is to estimate the matrix H(™), we introduce for convenience
the notion of error for a comparison matrix H. We say that a comparison matrix H has an
error smaller than v, if it satisfies the following for an s € {£},

|7 — 7]

sH;; = HJ) for all 4, j such that >y . (33)

In words, H matches H(™) on all pairs i, j whose positions 7, 7; in the ordering are at distance
greater than v. The sign (s = 4) comes from the fact that 7 is identifiable up to a reverse of

the ordering (section [1.1)).

Recall that AgreglLocalBisection takes as inputs a matrix D and tuning parameters d1, d2, 63,
and it outputs a comparison matrix H. Proposition @ states that, if the inputs D;; are
locally equivalent to the distances |m; — mj|/n as in Assumption then the output H
coincides with the true comparison matrix H(™ on all entries (i,7) such that i,j are at a
distance greater than some constant p. The proof is in appendix

Proposition C.6. For any 0 < & < B and 0 < r and 0 < w, the following holds for any

De EDg[d,B,w,T] (as defined in Assumption and any 01, 02,03 fulfilling (114)). There
exists s € {£} such that, the output H of AgregLocalBisection satisfies

H;j = sHi(;r) for all 7,5 € [n] where H;; #0 or w >p,
for p= (02 +w)/a
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A remarkable property of H is to be correct on its support (i.e., for all entries H;; # 0), and
thus, we know which part of the matrix H is trustworthy. In addition, H is correct for all
i, j that are at distance |m; — 7;|/n greater than p. This lower bound p = (2 +w)/& depends
on some parameters of the LDE[a, B ,w,r] class of the input D, namely, the additive error w
and the contraction factor & of the local distance equivalence in Assumption One can see
that the lower bound p deteriorates (i.e. becomes larger) when the ratio w/a gets bigger, i.e.,
when the minimum signal &|m; — 7;|/n —w < D;; (ensured by the £LDE assumption) becomes
close to zero. This confirms the intuition that, when the inputs D;; are less uninformative
about the distances |m; — 7;|/n, the performance of AgreglLocalBisection deteriorates.

Although none of the usual properties of distances are assumed (e.g. transitivity, or triangle
inequality), Proposition shows that our distance based method can partially recover the
matrix of comparison H'\™.

In Proposition we assumed the conditions (114)) on d1,d2, J3,; these conditions can be
summarized by when w = w,, for the w, defined in .

C.4 Error of the second estimator of H(™

Recall that LocalRefine takes as input a comparison matrix H; € {—1,0,1}"*"™ and outputs

another comparison matrix H. When the input H; is a good enough estimate of H(™ to
fulfill , then, Proposition ensures that the output H improves on the accuracy of

log(n)

Hj, recovering the remaining entries (¢, 7) up to up to a distance (o/7) between 1, 7,

as described in . In plain words, if H; is correct on its support and on all its entries
(i,7) such that 4, j are at distance greater than a constant p, then, H will successfully recover

any comparison ng) left undetermined by H; such that i,j are at distance greater than
(m/7v)+/logn/n.
Proposition C.7. For any0 < ~,r" and 0 < ", the following holds for any F € SCA[y,r’, 1"

(as defined in Assumption[4.3) and any p € [0,r' Ar"]. If the the input Hy of LocalRefine
is deterministic or independent of the data A, with the following accuracy, for any € € {£},

(H1)ij = eHZ-(;-T) for alli,j € [n] where (Hi)ij #0 or Imi = 31 >p, (34)
n
then, with probability 1 — 4/n3, the output H of LocalRefine satisfies for all i, ],

> o2, [les) (35)

=~ n

Hy = el uherever (Hy)y =0 and "

In addition, H;j = 0 wherever (Hy)i; # 0.

Among the comparisons HZ(;T ) left undetermined by the input H;, LocalRefine correctly
estimates the ones fulfilling (35, i.e., those associated with distances |m; — 7;|/n greater
than (Co/v)+/log(n)/n. The distance (o/7v)+/log(n)/n shows that the performance of H
is declining with the input o, but is improving with the level of separation v of cumulative
similarities of F' € SCA[y,r',r"].

The proof of Proposition [C.7]is in Appendix [D.4] The next proposition gives guarantees for
LocalrefineWS performance; it looks essentially the same as Proposition[C.7} up to technical
details related to the data splitting in LocalrefineWs.
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Proposition C.8. For any 0 < & < 8 and 0 < r,v,r and 0 < w,r”, p, the following holds
for any D* € EDE[&,B,O,T] and D € ED&'[&,B,W,T] (as defined in Assumption , any
F € SCA[y,r',1"] (as defined in Assumption[{.2) and any 01,062, 03, p fulfilling (I15). If the
input Hy of LocalRefineWS has the following accuracy, for any e € {£},

(H1)ij = eHi(;r) for alli,j € [n] where (Hi);; # 0 or w >0, (36)
then, with probability 1 — 8/n?, the output H satisfies
H;j = eHZ-(;-T) wherever  (Hi);; =0 and Imi = 51 > 02 log(n) : (37)
~ n

In addition, H;; = 0 wherever (Hy);j # 0.

The proof of Proposition is relatively lengthy and technical, but the essence is a combi-
nation of the ideas from Proposition [C.7} [C.6] and [C.5] The proof is delayed to appendix [Il

C.5 Final step: from comparison matrix to permutation

Recall the last two lines of SALB (Algorithm : compute the scores S = [I—A[l + ﬁg]l; then
build any permutation 7, by increasing values of S. This can be more generally stated as
follows: Given a comparison matrix H € {—1,0,1}"*", define a permutation 7z by

Vieln]: Sff=Y" H; and i =#{jen: SIT<sI}, (38)
J€E[n]

where we break ties arbitrarily, so that = is a permutation of [n]. We emphasize that
any comparison matrix H has zero diagonal coefficients (i.e. H; = 0 for all 7). In the
definition , we can observe that 7™ = 7, where H(™) is the comparison matrix associated
to .

Recalling the notion of error for a comparison matrix H, we want to prove that 7/ is
almost as accurate as H. Proposition states precisely this, that the error of 7 is bounded
by that of H up to a factor 2. The proof is in Appendix

Proposition C.9. Let v > 0. If a comparison matriz H has an error less than v as in ,
then the permutation ™ in has an Luyayx error less than 2v, that is, Ly (7™, 7) < 2v.

C.6 Proof of Theorem and

We run SALB(4, 61, d2,d3,0) — Algorithm [1} Let &, be the event where D — the output of
Distance Estimation(A) — is LDE[a, 5, wp,r| for the w, defined in . Proposition
states that the probability of occurrence of the event &, is at least 1 — 1/n*.

We now want to apply Proposition and to obtain guarantees for H 1+ ﬁg — the sum
of the outputs of AgreLocalBisection(A,ﬁ, 1,02, 93) and LocalRefineWS(A, lA), 01,02, 03,0).
Conditionally to the event &,, and if 41, 02, d3 fulfill the conditions , Proposition
and ensure that the following holds with probability at least 1 — 8/n?. For an s € {+},
we have

(Hy + ﬁ2)i_j = sHi(;r) for all 4, j such that |m; —m;| > C%\/nlog(n) . (39)
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Parenthesis:| Let us make a parenthesis to unpack the step (39)), placing us for a moment in
the imaginary scenario where H 1 would be either deterministic or independent of the data A.
In this scenario, we can run the simpler LocalRefine instead of LocalRefineWS. Then, since
the input D of AgreglocalBisection is LDE[& ﬁ,wn,r] on the event &, Proposition
guarantees that the output Hy of AgreglocalBisection satisfies, for an s € {£1},

77 ™ o T — T
(H1)ij = sHi(j) wherever (Hi);; # 0 or |an| >p,
where i (02 +w)/a&. Then, if p < 7" AP, we can take p = p and H = H; in Proposi-

tion This yields, with probability 1 — 4/ n°, the following accuracy for the output H2 of
LocalRefine:

H 7 1
(HQ)’L] = SHZ(;T) Wherever (Hl)lj = 0 and ! > C Og( ) ,

n ¥ n

and, in addition, (I/‘\Ig)ij = 0 on the support of H; (where (fIl)ij # 0). Note that the afore-
mentioned condition p < r’ A r” is satisfied under the assumption that the tuning parameter
01, 09, 03 fulfills the constraints . Putting the last two displays together, we obtain the
accuracy (39), which closes the parenthesis. ]

The output 7, of SALB can be written as 7, = pH+H: using the formula (38) (taking H =
Hy + Hj in the formula). Conditionally to the event , Proposition yields

log(n)
v n
Taking a union bound over the events &, and , we conclude that the bound holds
with probability 1 — 9/n? (using 8/n? + 1/n* < 9/n?). Thus, Theorem @ follows. Since
Theorem [4.1]is a particular case of Theorem (see appendix[C.1)), Theorem [4.1] follows too.

Lunax (o, ™) < 202 (40)

D Proof of lemmas and propositions from Appendix
D.1 Proofs of Lemma and

Proof of Lemma [C.1. We use the notation y; = j/n and z; = m;/n for all j € [n]. Let
r € (0,1/4), and 4,5 € [n] such that |x; — z;| < r. For F € BL|a, 3] we have

" BN A% i — ;]
Dy; = EZ [Frie — Frje] < B/

n
/=1
This gives the upper bound in the LDE[a/2, 3,0, 7] condition.

Since n > 8 and |z; — x| < r for r < 1/4, one can readily check that z;,z; € (1/4+1/n,1],
or z;,x; € [0,3/4—1/n). We only study the case x;,2; € (1/4+1/n, 1], the other case being
symmetric. For F' € BL[a, 8] as in Assumption we have

1/2

* 1 2 |ms — 7 1 1.\Y2
Dy; > - Z [Frie — Fr, 4] > a2 #{E yes g+ — .

n
. 1 1
£oye<i+:
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We have #{¢: yy < i + %} > %, so the lower bound in LDE[a/2, 3,0, 7] follows. O

Proof of Lemma . We use the notation y; = j/n and x; = 7;/n for all j € [n]. Let
r" € (0,1/5), " € [0,1/10) and 4,5 € [n], ¢ < j, such that |y; — y;| < r’. Then, at least one

,r,l

of the two following inequalities holds: y; > % — 5 or y; < % + % We only study the case
where y; > 35 L _ . Then, we have

P> >i> +3
Yi>vi> 5>t g

For n > 20, it follows that
VSIS
vi 10=4 " n-
This gives {¢ : yo < T+ L} C {¢: yo < y; — "} and then #{¢: y, < y; — "} > n/4.
Combining with the assumption F' € BL]«, 3], we obtain

i—j a.
> Fié_FjKZa‘n #{£¢y£<yz'—7°”}21|1—]|-
£ ye<yi—r"

Thus, Assumption holds for v = a/4. O

D.2 Proof of Proposition

It is sufficient to show that, with high probability, the estimation error of Dis locally bounded
by wy, that is, |(1A))U — Djj| < wy, for all close i, j. Lemma makes this claim clear. Then,
on this high probability event, the estimator D inherits the £LDE properties of the distance
matrix D*; up to an additive error w,. Proposition is proved. 0

Lemma D.1. For any 4 < n, and 0 < & < B and 0 < r, the following holds for any
D* € LDEa, B,0,r] (as defined in Assumption . With probability 1 — 1/n*, we have

i —

\(IA?)ZJ — D}l < wn for all 4, j € [n] such that L ADf <7 (41)

won =€ \/§+ (0—1—1)0(10%5”))1/4

and C is a numerical constant.

n

where

When the true distance matrix D* is £LDE[@&, 3,0,r] (as in Assumption, Lemma
gives, with high probability, a uniform control on the estimation errors |(D);; — D;‘j\, for all
i,7 at distance less than r. The error bound wy, is increasing with o (the noise level bound),
and with 3 (the upper bound on the distortions of (D*);; with respect to |m; — mj|/n). In
particular, when B ,o are fixed constants, the bound w,, goes to zero (as n — oco) and thus D
is locally a consistent estimator of D*. The proof of Lemma is in appendix |
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D.3 Proof of Proposition

We analyze separately the three steps of AgreglocalBisection. More precisely, the perfor-
mance of the first step LocalBisection is given by Lemma|[D.3] the second step Orientation
by Lemma|[D.4] and the last step (lines 6-12 of AgregLocalBisection which set the values of
a comparison matrix H) by Lemma Proposition will then follow directly from these

three lemmas.

D.3.1 The first step: LocalBisection

We start by giving a rationale for LocalBisection: Lemma |D.2| gives theoretical guarantees
in the ideal situation where the inputs D;; are equal to the latent distances |m; —m;|/n. More
precisely, it states that: (1) at most two connected components of the graph G; satisfy the
condition (hence the line 3 of LocalBisection is theoretically unnecessary), and (2)
each of these components is on a (different) side of 4 (in the ordering ).

Before stating Lemma we need some notations. For any ¢ € [n], denote by L} (resp. RY)
the set of objects k such that 7, < m; (resp. m; > m;). For any A > 0, denote by sL}(\)
(resp. sR;(\)) the set of object k such that 7, < m; —nA (resp. 7, > m; —n\). Thus, sLF(\)
(resp. sR}(A)) is the subset of L} (resp. R;) reduced by the length \. We now define two
properties:

e Property P;(\,G): given any A > 0 and any G C [n], we have the inclusions

0#sL;(\) C G C L} or 0 +#sR;(\) C G C R . (42)

e Property P;(), G, G@): given any A > 0 and any G, G® C [n], we have
0+#sLi(\) ¢ GW ¢ L} and 0 +#sRi(\) ¢ G" < RY (43)

for some w,v € [2],u # v.

Lemma D.2 (ideal input D). Let i € [n]|. If the inputs in LocalBisection(i, D, d1,02,03)
are such that, 1/n < 61 < 9y <63 < 1/4, and D;j = |m; — w;|/n for all i, j € [n], then:

1. at least one and at most two connected components of G; satisfy the condition . We
write Ggl), ng) these outputs, with the convention Ggl) = (), while GZ@) may be empty.

2. When GZ@) =, the set GEI) is on one side of i, and includes all objects 69 away from i
(1))

i

on this side (w.r.t. the distance D;; = |m; —m;|/n). More precisely, property Pi(d2, G
n 1s satisfied.
3. When GZ(?) # (), the sets G,El),G(Z) are on opposite sides of i, and include together all

7

objects do away from i. More precisely, property P{(ég,GEl), GEQ)) mn s satisfied.

Thus, the outputs Ggl), GEQ) are on different sides of ¢ in the ordering 7, one being included

in the left set L}, while the other is in the right ser R}. In addition, Ggl),GEQ) together
contain all objects at distance d3 from 4, one including sL}(d2), the other sR}(d2). Therefore,
LocalBisection recovers left and right sets of ¢ with an accuracy d2. The interest of this
lemma is to show the mechanics of LocalBisection in a simple situation (where we have

ideal inputs D;; = |m; — 7;|/n). The proof of Lemma is in appendix
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Lemma generalizes Lemma to the situation considered in this paper where the quan-
tities |m; — 7;j|/n are unknown, and our input D can deviate from these ideal quantities as
much as permitted by Assumption

Lemma D.3. Let i € [n]. If the inputs in LocalBisection(i, D,d1,02,03) are such that, D
is LDEa, B,w,r| as in Assumption and 01, 02, 03 fulfill the constraints

3 —1
512w+é, (52>w+§(51+w), 7“2” v(61+w)~v(52+w) ,
n Q 1AN&
(44)
n>4, (rA(@/4) —w> 63 > w+fp ,

for p = (62 + w)/a. Then, the points 1,2,3 of Lemma[D.3 hold for an accuracy p instead of
0o, that is:

1. point 1 is unchanged,
2. points 2 holds for P;(p, GZ(-I)) instead of Pi(da, GZ(-I)),
3. points 3 holds for P!(p, Ggl),G@)) instead of P{(ég,G(l),G?)).

% 7
Thus, when the input D is in LDE|q, B,w, r], LocalBisection successfully recovers left and
right sets with an accuracy p = (d2 + w)/&. The proof is in appendix

Remark D.1. For the inputs d5 = d2 = §; = 1/n in Lemma we get a perfect recovery of the

left and right groups L}, R} of 4. This is not true anymore in the realistic scenario of Lemma [D.3]

K2

where the recovery error p = (d2 +w)/& is possibly large, in part because of the constraints which
prevent from choosing a small value for the tuning parameter J5.

Remark D.2. The rule of LocalBisection removes the connected components that do not have
a node at distance greater than ds. Since d3 must be sufficiently large to satisfy the constraints ,
the rule may cause abusive deletions of graph components. As a consequence, we may (too) often
have an empty output ng) in the LocalBisection, resulting in a loss of information. To circumvent
this issue, we use a double checking to set H in AgregLocalBisection (the first checking is in lines
7-8, and the second checking in lines 9-10).

D.3.2 The second step: Orientation

™ @

7 )

Lemma/|D.4[ensures that Orientation will rearrange the outputs [G
to obtain n pairs [L;, R;];c[, that share a same orientation.

Jicn) of LocalBisection

Lemma D.4. Assume that the inputs [Ggl), G§2)]ie[n} of Orientation are equal to the outputs
of LocalBisection. With no loss of generality, assume that the following orientation is taken
in the line 5 of Orientation:
argmin m; € L . (45)
i€ L« UR;x
Under the hypotheses ofLemma and the constraints n™' < p < 1/8 and d3+w < rA(&/8),
the outputs L;, R; of Orientation satisfy, for all i € [n],

0 #sLi(p) C Li C Ly ifLi#0,
0 # sR;(p) C R C R} if Ri #0 . (46)
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By property , the outputs [L;, Ri]ie[n} of Orientation are such that, all sets L; are on the
left side while all sets R; are on the right side of i. The proof of Lemma|[D.4)is in appendix [F.3]
D.3.3 The last step: lines 6-12 of AgreglocalBisection

Having sets [L;, Ri]ie[n] satisfying at out disposal, it would be natural to define a com-
parison matrix H as follows:

Vie[n]: Hyy=1 forjelL; and H;j =—1 for j € R;, (47)

leaving undetermined the other entries (i.e., H;; = 0 for j ¢ L; U R;). This gives correct

estimates H;; of true comparisons ng) for all j € L; U R;. However, this single checking is
not sufficient to prove good performances for H, and accordingly, the proper construction of
H in lines 6-12 of AgreglocalBisection is slightly less direct, and uses a douche checking
instead of one. This double checking is discussed in Remark [D.2] and [D.3]

Lemma D.5. Under the hypotheses of Lemma[D.4), the output H of AgregLocalBisection
satisfies, for an s € {£},

H;j = sHi(;r) for all 4,5 € [n] such that Hij #0 or Imi = ml >p,
n
where p = (d2 + w)/a.

Lemma gives guarantees for lines 6-12 of AgreglocalBisection. It bounds the error of
H by p = (82 +w)/a. Thus, AgreglLocalBisection gives an estimate of H(™ with accuracy

p = (62 + w)/a&. The proof of Lemma is in appendix

Remark D.3. The double checking in lines 6-12 of AgregLocalBisection is necessary since we may
have j ¢ L, UR,; but i € L; U R;. This asymmetrical scenario may occur when one of the sets L;, R;
is empty, e.g., when j € R but R; = () we would have j ¢ L; U R,. Such empty sets cause a loss of
information, but we circumvent this by a simple double checking (first in lines 7-8, tsecond in lines
9-10). The empty sets come from the roughness of LocalBisection; see Remark

D.4 Proof of Proposition

The latent positions 7;/n are denoted by z; = mj/n for all j € [n]. Given a matrix H; €
{=1,0,1}"*" let Sg, the set of all undetermined pairs ¢ < j by Hj, that is:

Su, = {(4,5) € [n]*: i< jand (Hy);; =0} . (48)
For any (i,j) € SH,, LocalRefine computes the sets L;j, R;; C [n], which are equal to
Lij = {k‘ : (Hl)ik = (Hl)jk = 1} and Rij = {k : (Hl)zk = (Hl)jk = —1} . (49)

For the purpose of the current analysis (and also for the future analysis of LocalRefineWs),
we encapsulate the subsequent instructions of LocalRefine into a sub-algorithm Test,
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Algorithm 7 Test

Require: (i, ],BU,BZ],A o)

Ensure H;j € {-1,0,1}
L iy = ZkeB— A — Aji
2: Tij = ZkeB;} Azk Ajk
if |l;;| > 50+/nlog(n) then
Hij = —sign(lij) and sz' = _Hij
else
if |r;j| > 50y/nlog(n) then
Hij = Sign(ﬁ'j) and Hji = _Hij
end if
end if

so that, LocalRefine uses Test for the inputs
B;=1Lyj and Bf=Rj . (50)

We will sometimes write BiT and Bj; for an unknown € € {£}, with the convention

{ — ife=+4,

—€= .

+ ife=—.

To have guarantees for the output H;; of Test, we will use the general Lemma which
states that: if the two input sets B B satisfy the inclusions , and the noise F is a
realisation of the event (| . then, the output H;; will have the desn‘ed accuracy ., up
to a sign change € € {£} which is the orientation of the sets Bw . Bj; in . To read the
conditions , we recall some notations: L R* are respectively the left and right sets of 4, j
with respect to the ordering 7, that is L; = {f ze <wi ANzt and R ={l: xp > x; V;}
For any A > 0, we also use the left and right A sub-sets of ¢, j, which are defined by

sLi;(A) ={l: g < (xiNzj) = A} and sR;(N) ={l: x> (z;Vz;)+ A} .

Lemma D.6. For any constants 0 < v, v’ and 0 < r”, the following holds for any (Robinson)
matriz F in SCA[y,r',v"] (as deﬁned in Assumption [{.9), and for any p € [0,7']. If i,j
satisfy |x; — x| < p, and BU,B are such that, for an € € {£},

sLi;(r") C B C Ly when x;Az;>1/2—-p/2

sRi(r") € BG C Ry when z;Vz; <1/2+5/2 , (51)

then, conditionally on the event

Epr =4 max ———— | Y (- B)| < \/i0loan) (52)

x|\ 2#Bf; ' icpe,
ij

the output H;; of Test satisfies

m 1
H;j = GH,'(]') whenever |z; — x;| > c? log(n) : (53)

=% n
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The proof of Lemma is in appendix [G]

Let us now check that the assumptions of Lemmaare satisfied by the inputs B;; = Lij and
BZJ = R;;. By assumption, the input H; of LocalRefine is deterministic, or more generally,
is independent of A. Therefore, the sets L;;, R;;, which are induced by H; in , are also

independent of A. Then, Lemma ensures that, with high probability, the events for
B;. = L;j and B;; = R;; hold, simultaneously, for all i, j € Sy, (recall that the set Sy, is

)

defined in ) The proof of Lemma is in appendix

Lemma D.7. If the inputs Bw’ :; of Test are deterministic (or more generally, are inde-
pendent of A), then, with probability at least 1 — 4/n3, the following event holds.

ﬂ Epx = ‘Z Eir — ‘ < /10log(n)
(i.))€Su, ij (z,j)ESHl,eG{:I:} /2#BU ke,

Lemma show that, all pairs L;;, R;; share the same orientation as the one encoded by
the input H; of LocalRefine. Therefore, with respect to a same € € {£}, the inclusions (51))
are fulfilled by the sets Bl-; = L;; and B;; = R;j for alli,j € Sy, .

Lemma D.8. Let v € [0,1), ¢ € {£} and p € [0,r"]. Assume that the input Hy of
LocalRefine has the following accuracy

(Hy)ge = eH]g) for all k,¢ € [n] such that (Hi)ge #0 or |zx — x| > p . (54)
Then, writing B;; = Lij and Bi"; = Ryj, the following inclusions hold for all (i, j) € Su,,

* " —€ * * " € *
sLi;(r") € Bj;* € Li;  and - sRj(r") C Bj; C Ry .

The proof of Lemma is in appendix Note that the wanted inclusions are weaker
than the conclusion of Lemma @ which holds without any restriction on the z;, ;. In
fact, the weaker requirement will be relevant only later, for analyzing the more complex
algorithm LocalRefineWsS.

The next lemma gives us the proximity condition of Lemma that is |x; — 23] < p for all
i,7 € Sg,. The proof is in appendix

Lemma D.9. Let p € (0,1]. If a matriz Hy € {—1,0,1}"*"™ satisfies, for an € € {x} and all
k.0,
(H1)pe = eH,gZ) wherever (Hi)ke #0 or |z —xe| > p

then, we have |x; — xj| < p for all (i,7) € Su,, where Sy, is defined in (43).
We have proved that the conditions of Lemma are, with probability 1 — 4/n3, satisfied

uniformly for all (4,j) € Su,. Therefore, the conclusion of Lemma holds for all (i,7) €
Sp,, and with respect to the orientation € € {£} encoded by the input H; of LocalRefine

in . The proof of Proposition is complete.
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D.5 Proof of Proposition

We recall that HZ(JW) =1—2lg,<qn; foralli,j € [n]. Let H € {~1,0,1}"*" be a comparison
matrix with an error less than some v > 0, that is, h satisfies for some s € {£}. Without
the loss of generality, we assume that s = 4. This gives

Hi; = Hl(;r) for all ¢,j € [n] such that |m; —m;| > vn. (55)

To obtain Liyax(m",7) < 2v for 7 = (rff,... 7k) defined in (38), it is sufficient to prove
that
7er >mH  for all i,j € [n] such that 7; > m; + 2un .

By definition of 7%, we have to show that

n
SJH - s = Zij — H;, > 1 forall 4,j € [n] such that m; > m; + 2vn. (56)
k=1

We now prove . Let a pair ¢,j € [n] such that m; > m; 4+ 2vn. We introduce the following
partition of the ordering m,

L =[1,m—vn|, I=(m—vn,m+vn), I3=[m+vn,mj—vnl,
Iy = (mj —vn,mj+vn), Is=|m;+vn,n],
assuming that m; > vn and 7; +vn < n (the other cases, where m; < vn or m; +vn > n,

can be similarly analyzed with a slight adaptation of the partition). We define the associated
partition of indices Rs = {k € [n] : 7 € I} for s € [5].

e For m, € I U I5, we have |m; — m| A |mj — 7| > vn, hence (55) gives Hy, = H™ and

Hy, = H for all k € Ry U Rs. Since Hyy) = H{p) for all k € Ry U Rs, we have

Y Hyp-Hy = 0.
keR1URs5

e For 7, € Iz, we have m; — m, > vn, hence Hjj, = HJ(Z) =1 for all kK € Ro, and
> Hjy—Hy = 14+ > Hyp-Hp > 1,
keRy kERs, ki

where we used H;; = 0 in the equality, and H;, € {—1,0,1} in the inequality. A similar
reasoning yields Zke Ry Hj, — Hy, > 1, as Ry and Ry are symmetric.

e For 7, € I3, we have |m; — mi| A|mj — x| > vn, hence Hy, = Hfg) =—land Hj, = Hj(,:f) =1
for all k£ € R3. It follows that

> Hjy—Hy > 2 #Rs,
k€ER3

where # Rj3 is the cardinal number of the set Rs.

Gathering the (bullet points) above, we obtain . This concludes the proof.
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E Proof of Lemma [D.1

Under the assumption that D* € LDE]a, 3,0, o], Lemma gave an upper bound on the
errors \ij — (ﬁ)”| for close i, j, in terms of B,0,n. In fact, Lemma [D.1|follows from the next
result which is valid for any F', in particular for those that do not satisfy D* € LDE|a, 8,0, al.
Recall the notation m; € {1,...,n}, m; # i, which denotes a nearest neighbor of i according
to the distance D", that is m; € argmin,.,z; Dj;.

Lemma E.1. Consider the observation model A = Fr + oE, where E has independent (up
to symmetries) sub-Gaussian entries, with zero means and variance prozies all smaller than
1. Then, for any 4 < n, the estimator D described in appendix satisfies, with probability
1—1/n,

= Fla | Fl2 log(n)
D%‘.Q_D2.<|7:°° D* e

Jna (D))" = (D)ij| < Jn e Digy, o A oy =
where the notation a < b (for any real numbers a,b) means that a < Cb for a numerical
constant C.

The error bound has two parts: the term D7, is the l>-distance between 7 and its nearest
neighbor m;. It is a bias-type term that comes from the nearest neighbor approximation
(25). The second term that contains o/log(n)/n is an upper bound on the fluctuations of
the sub-Gaussian noise.

Proof of Lemma To bound |D;‘j—(ﬁ)ij|, we first use the inequality |[a—b| < \/]a? — b?|,
then apply Lemma and finally use the inequality va + b < y/a + /b, which are valid
for any non-negative real numbers a,b. For D* € LDE|a, 3,0, o], the bias term can be upper
bounded by Dj =~ < B/n. For F € [0,1]™", we can check that |Flge/v/n < 1. Thus
Lemma [D.1] follows. g

Lemma is an extension of the work in [Issartel, 2021] to real-valued matrices A with
sub-Gaussian noise. The proof of Lemma follows the same steps as in [Issartel, 2021].
For completeness, elements of proof can be found below.

E.1 Elements of proof for Lemma

The next lemma shows that the inner product (4;, A;), (between two different columns) is a
consistent estimator of the crossed term (Fr,, ij>n in .

Lemma E.2. Consider the observation model A = F; + oE, where E has independent (up
to symmetries) sub-Gaussian entries, with zero means and variance prozies all smaller than
1. Then, for any 4 < n, we have, with probability 1 — 1/n*,

o o |F 2,00 logn
Vi,j€n],i<j: ‘(Ai,Aj>n—<Fm,F7rj>n‘§C{\/ﬁ—|—(7 o mal

where C'is a numerical constant, and we used the notation |F|2 = maXepy||Fill2, with
1E:013 = e Fio-
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Lemma states that, with high probability, (4;, A;), is close to its mean (Fy,, Iy, )n. The
proof in appendix [E.2) is based on standard concentration bounds.

The strategy of the distance estimation is to estimate separately the crossed term and the
two quadratic terms in . Combining Lemma (for the crossed term) and the nearest
neighbor approximation (for the quadratic terms), it is possible to prove the following
high probability bound for D:

-~ F|200 |F|2OO log(n)
D*-2—D24<| ’ D* ’
Jma (Di)” = (D)i| S N m+[ NG ooy ——,
which is the bound in Lemma [E.1]
E.2 Proof of Lemma
Let i,j € [n], ¢ < j. For the model A = F; + o F, we have
(Ai, Aj>n - <F7ri7F7rj>n = o (Fr;, Ej>n + o (Ei, F7rj>n + ‘72<Ei= Ej>n . (57)

We control each term separately. The term (Fy,, E;), is a linear combination of n — 2 (cen-
tered) independent sub-Gaussian random variables, with variance proxies smaller than 1.
Using Hoeffding’s inequality, we obtain

with probability 1 — 1/n%, where C; is a numerical constant, and n > 4. The other term
(Eiy Frj)n of is equal to (Fr;, E;)n and admits the same upper bound as above.

For k # i, j, the random variable F;, Ej;, is the product of two sub-Gaussian r.v., and hence
is a sub-exponential r.v.. The scalar product (E;, E;)y is therefore a sum of independent
sub-exponential r.v. (divided by n), and Bernstein’s inequality yields
logn
’<EZ7E]>7L ’ S 02 )

n

with a probability greater than 1 — 1/n® where Cy is a numerical constant.

Taking a union bound over all 4, j € [n], ¢ < j, we obtain the uniform control of Lemma
which holds with probability at least 1 — 1/n*.

F Proofs of Lemma [D.2/ to |D.5
We prove Lemma [D.2] [D.3] [D.4], [D.5] in section respectively.

F.1 Proof of Lemma (LocalBisection with ideal input)

Fix i € [n]. Let G; the graph build by LocalBisection(i, D, d1,02,03), where 41, d2, d3 are
and positive real numbers, and D;; = |x; — x;| for all 4, j, using the notation

xzj=m;/n forall j€n| . (58)
We will use Lemma, to prove Lemma
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Lemma F.1. If §; < 9, all nodes of a connected component of G; are on the same side of 1.

Lemma F.2. If §; > 1/n, all k such that xy, < x; — 02 (resp. xx > x; + 02) are in a same
connected component of G;.

Lemma F.3. Under the hypothesis of Lemma and if 3 < 03 < 1/4, there exist at least
one and at most two connected components of G; including k € [n| such that |xp — x;| > J3.

By Lemma the rule D;; > d3 in of LocalBisection is fulfilled by at least one and
at most two connected components of G;, hence LocalBisection outputs at least one and
at most two sets (of [n]). We denote these outputs by Ggl) and Gz(z), using the convention

GEI) # (), while GZ(?) may be empty. This gives the point 1 of Lemma m follows.

Assume that GZ@) = (. By Lemma Ggl) is on one side of 7, and thus W ¢ L} or
Ggl) C R;. By symmetry, we only focus on the case Ggl) C R;. Then, Lemma ensures

that, GZ(-l) includes k£ € R} at distance (at least) d3, i.e., there exists k € Ggl) such that
xp — x; > 03. Since 63 > d2, we obtain z — x; > d2, hence k € sR}(d2). Combining with
Lemma [F.2] we conclude that

0 # sR:(5,) c GV

The point 2 of Lemma is proved.
If GEQ) # (), we can similarly prove the point 3. The proof of Lemma is complete. g

Lemma [F-1] [F-2] [F-3] are proved below.

Proof of Lemma If two nodes are connected (by one edge), then they are on the same
side of 7. Indeed, let k, ¢ € [n], k,¢ # i, be a pair of connected nodes, then (by construction of
G;) the pair k, ¢ satisfies the rule (26), i.e., we have |z —z¢| < 61 and |z; — x|V |z; — 23| > 02.
If 6o > 41, the objects k, £ are necessarily on the same side of i. If jo = 91, the same conclusion
holds since mingey) oz; |2; — 5| = 1/n > 0.

We readily deduce from the above that all nodes of a connected component are on a same
side. Let k, k' € [n] be in a same connected component, then there exists a path (of connected
nodes) going from k to k’. Since any two consecutive nodes along the path are on the same
side, the extremities k and k' are necessarily on a same side too. O

Proof of Lemma Let k such that xp < z; — §y (the symmetric case z > x; + 02
is omitted). If there do not exist ¥ # k such that zp < x; — d2, then the statement of
the lemma holds (trivially). In the following, assume that such a k' exists. Here we assume
(for simplicity) that = = id, that is, the notation becomes x; = j/n for all j. We only
focus on the case k' < k (the other case k < k’ being symmetric). The objects k — 1, k are
consecutive objects in the ordering 7, and so |xx_1 — x| = 1/n < d;. Since they are also at
distance d9 from i, the rule holds for k£ and £ = k — 1. This means that k& and k — 1 are
connected by an edge in the graph. By induction, every pair of consecutive nodes along the
path k',k’ +1,...,k — 1,k is connected by an edge. Thus, k, k’ belong to a same connected
component. ]
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Proof of Lemma By Lemma all objects on one side of 7, which are at distance
b9 from i, belong to a same connected component. The graph G; has therefore at most two
connected components that contain a k such that |x; — xg| > 03 for d3 > do.

Let us show the existence. Here we assume (for simplicity) that = = id, so that the no-
tation becomes x; = j/n for all j. Observe that |z; — z1| > 1/4 or |z, — x;| > 1/4.
Therefore, there exists k € {1,n} such that |z; — x| > J3 for 63 < 1/4. g

F.2 Proof of Lemma (LocalBisection)

At a high level, the proof follows the same steps as for Lemma|D.2] (appendix[F.1). Fix i € [n],
and let G; the graph build by LocalBisection(i, D, d1,d2,03), where D is £D5[d,ﬁ~,w,r].
Lemma|[D.3]follows from the three next lemmas, which are generalizations of the three lemmas
used in the proof of Lemma We use again the notation z; = m;/n from (58).

Lemma F.4. All nodes of a connected component of G; are on the same side of i, if

“Lv(s V(8
51260—{—%, 52>w+§(51+w), TZn (1+w) (2+w).

1Na

Lemma F.5. Under the hypotheses of Lemma all € such that ¢ < x; — p (respectively
xg > x; + p) are in a same connected component of G;.

Lemma F.6. Under the hypothesis of Lemma and if n > 4 and w+ Bp < 83 <
(r A (&/4)) —w, there exist at least one and at most two connected components of G; including
k € [n] such that Dy; > d3.

Using Lemma [F.4] [F.6] we obtain Lemma [D.3]in the same way as we did for Lemma [D.2]
(in appendix [F.1)). O

Lemma [F.4] are proved below.
F.2.1 Proof of Lemma

Using the assumption that D is LDE[a, B,w,r], we first derive some relations between the
inputs D;; and the latent distances |z; — x;|. Lemma gives the useful relations ((59H62]).

Lemma F.7. Under the hypotheses of Lemma[F.J), the following conditions are fulfilled

Dy <61 = |z —xg| < kK (59)

[2i — 20| < k= Dy < 52 (60)
Djp < 9y = |z; — x| < p (61)
Dy, < 61 (62)

for all i, k, £, where L. is the consecutive object after € in the ordering 7 (i.e., my, = 7w + 1),

and
01 + 02 +
— and p= —

a
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Proof of Lemma If Dyy < 61, where D is EDS[&,B,w,r] and 01 < r, then the LDE
(local distance equivalence) in Assumption (4.1)) gives

|z — x| <

Dy +w < 01 +w
a a

Similarly, if |z; — z¢| < k, with K <7, then D;p < Br +w < &5 by the LDE.

If Dy < 09, with dy < r, then |x; — x| < (92 + w) /& = p.

We have |z — .| = 1/n, with 1/n <7, so Dy, < (/n) +w < 6.

Lemma follows. O

We are now ready to prove Lemma [F.4]

Proof of Lemma Assume that the rule holds, i.e., Dy < 61 and D; V Djp > d9.
Then, yield |z — x¢| < k and |z; — z¢| V |x; — x| > k. Therefore, k and ¢ are
necessarily on the same side of i. As in the proof of Lemma we can deduce that all nodes
of a connected component of G; are on the same side of 3. O

Proof of Lemma Let £,¢" such that xy < x; — p and zp < x; — p. The relation (61
yields DjyAD;p > 2. We only focus on the case mp < mp. For the object £, that is consecutive
after £ in the ordering 7, the relation gives Dyp, < 61. Therefore, the rule holds for
¢ and k = {.. This means that the nodes ¢, ¢, are connected by an edge. As in Lemma [F.2]
we can conclude by induction. Thus, £ and ¢ are in a same connected component of G;. [

Proof of Lemma By Lemma all objects k on one side of 7, which are at distance
|z — x| > p, belong to a same connected component. The graph G; has therefore at most two
connected components that contain a k such that |zy — x;| > p. As proved below, Dy; > 03
implies |z — x;| > p, so the graph G; has at most two connected components including a
k € [n] such that Dy; > ds.

By contraposition: if |z; — x| < p (with p < r), then the LDE Assumption (4.1) gives
Dy, <ﬂp+w < 43 for Bp—i—w < 3.

Let us show the existence. Assume (for simplicity) that = = id, so that x; = j/n for all j. If
Dy; < 603 (with 03 < r), the LDE yields |z — x;| < (03 +w)/a < 1/4 for 03 < (&/4) —w. But
we know that |x; — x1]| > 1/4 or |z; — x| > 1/4, so Dy; > J3 for some k € {1,n}. O

F.3 Proof of Lemma (Orientation)
We assume (for simplicity) that m = id, so that the notation becomes z; = j/n for all j.

Line |5 of Orientation: This step takes an index 7* in Vzp, so we have to show that V.4 # 0.
We do so by proving that i, = |n/2] belongs to V.y. By definition, i, € V.p means that

Ggi) # () and Gz(f) # (), i.e. LocalBisection outputs two (non-empty) connected components
(of the graph G;, ). This scenario happens only when the rule is met by two objects k
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and k" (i.e. Dy; > 03 and Dy; > d03) which come from different components of G;,. Therefore,
it is enough to show that the rule is satisfied for k = 1 and k¥’ = n, i.e.:

D1 ANDjpn > 03 . (63)

Indeed, the objects 1 and n are on different sides of i, (in the ordering 7 = id), and thus (by
Lemma [F.4]) they do not belong to a same connected component.

Proof of by contradiction: If D; 1 < d3 (with d3 < r), the LDE Assumption would
yield z;, —z1 < (03 +w)/& < 1/8. But this contradicts the fact that x;, —z1 = i,/n—1/n >
(1/2—=1/n) —1/n > 1/4 (for n > 8). The same applies to D;, , < d3. Thus follows. [

(2

Let i*,i € Vzp, @ # i*. Since i* € Vg, both sets L;x = G\Y and R+ = GEE) are non-empty,

)

and we can apply the point 3 of Lemma Combining with the orientation we obtain

Lines and We recall that the inputs Ggl), 6P are equal to the outputs of LocalBisection.

0 # sLi(p) C Ly C L. and 0 # sRi(p) C Ri~ C Rl . (64)
Thus ¢* fulfills the wanted property of the lemma.

For i € V., both sets Ggl) and GZ(-Q) are non-empty, and again we apply the point 3 of
Lemma [D.3] This gives

0 #sLi(p) c G c Lt and 0 #sRi(p) c G CRr, (65)

for some w,v € [2], u # v. We now check if the algorithm successfully rearranges this pair of
sets Gz(l), G@), so as to align them the ¢*-direction in . There are two scenarios: either

7

GEI), Gl@) are (respectively) on the left and right sides of i, or vice-versa. We can focus on one

case, say Gz(l) and GZ(Z) are on the left and the right sides of ¢, respectively. This orientation

and yield

0£sLi(p)c GV Ly and  0#£sR(p) cGP R (66)
The algorithm tests (at most) four intersections, between Ggu), u € [2], and the reference sets
L+ and R;+, and the algorithm stops as soon as an intersection is found empty. We will see

that the order of testing does not matter. If it finds the null intersections Ggl) N R+ =0 or
G A Li- = 0, in both cases it sets L; = G and B; = G\”. Then, (66) will imply

0 #sLi(p)C L C L} and 0 +# sR;(p) C R C R} ,
and ¢ will satisfy the property of the lemma.

In light of the above, we only need to check two facts: (1) at least one of the two intersections

GEI) N R« or GEQ) N L; is null, and (2) the two other intersections, which the algorithm
(possibly) tests, are not null. For (2), it suffices to observe that the inclusions (64H66|) ensure

that 1 € GV n L= and n € GZQ) N R;«. Thus, none of these intersections is null. For (1), the
relations 1 @D yield Gl@) N Ly =0 if i* <4, and Ggl) N R;» = () otherwise (when i < i*). O

Lines and Let i ¢ V.p. The point 1 of Lemma gives Ggl) # (). Then, by
definition of V.4, we have GZ@) = (. Thusi € V;é@. The point 2 of Lemma, |D.3| ensures that
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(1)

Ggl) is on one side of 7. Without the loss of generality, we focus here on the case where G,

is on the right side of 4. Then, the point 2 of Lemma yields
0+ sRi(p)c GV Cc Rr (67)

For any k € V., the associated sets Ly, Ry have already been defined in lines and
of Orientation. We have shown above that these sets satisfy the property , which we
recall:

0 # sLi(p) C Ly C Lj, and 0 # sRi(p) C R, C Ry, . (68)

We momentarily assume that one of the tests in lines 23] and [25] is satisfied, i.e., there exists
k € Vp such that

i€LyUR, and GYVNLy#0 and GYNR,#0 . (69)

Let us determine whether i € Ly or i € Ry. If k < i were true, then (67H68]) would yield

GEI) N Ly = (0, hence a contradiction with . Therefore we have i < k. Reading with
this new information and with , we see that necessarily ¢ € L. Thus, Line of the

algorithm sets L; = () and R; = Gil . Combining with the inclusions , we get
0 # sR(p) C R C R} .

Thus, ¢ fulfills the property of the lemma. O

Proof of (69). Let us show that k = k, = |3n/4] fulfills the three parts of (69). We assume
(for now) that
(Lbis) z; <1/4 , (2.bis) ko€ Vg . (70)

o Using (1.bis), with n > 8 and p < 1/8, we obtain
xp, —x; > (3/4—1/n)—1/4>1/4>p

hence i € sLj (p). Since holds for any k € Vg, it holds in particular for & = k, by
(2.bis), and we have
sLy (p) C Ly, - (71)

Therefore, i € Ly, . This gives the first part of for k = k,.

o The assumption (2.bis) ensures that (67H68|) hold for k = k,. It follows from (67H68) that
n e Ggl) N Ry, . The third part of is checked.
o By definition of k, = |3n/4] we have xy, = ko/n € [3/4 —1/n,3/4] C [5/8,3/4] for n > 8.
Then, (1.bis) yields

Tn/2| — T > (1/2 — 1/n) — 1/4 > 1/8 >p,

for p < 1/8. Thus [n/2] € sRf(p) C Ggl), where the inclusion follows directly from (67).
Similarly, we have
Tk, — Tnj2) 25/8—-1/221/8>p ,

hence |n/2] € sL (p) C Lg,, where we used (71)). We have proved |n/2] € Ggl) N Ly, which
is the second part of for k = k,. Thus, is proved. ([
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Proof of (70). o Let us start with (1.bis) and recall that i ¢ V.. Following the same
reasoning as above , we proceed by contradiction. If we had D;; > d3, we would have
1e GEI) U GZ(-Z). But, GZ@) = () since i ¢ Vp, hence 1 € Gl(l). This yields the contradiction
with . We have proved that D;; < d3.

Then, the £LDE Assumption [£.1] yields
alz; — x| < Djj +w < d3+w < a/8
for 63 +w < &/8, which leads to
v, <x1+1/8=1/n+1/8<1/4 | (72)

for n > 8. The proof of (1.bis) is complete.

o Let us prove (2.bis), that is, LocalBisection releases two non empty connected components
G,(i)), G,(i) of the graph G, . As seen above , it suffices to show that Dy 1 A Dy, ,, > 63.
By contradiction, if we had Dy, ; < 63, then, following the same lines as for we would
obtain zy, < 1/4. Similarly, if D ,, < J3, then zy, > 3/4. Both inequalities z3, < 1/4 and
xy, > 3/4 contradict the definition of k, = |3n/4] since zx, = ko/n € [3/4 —1/n,3/4] C
[5/8,3/4] for n > 8. Therefore, Dy 1 A Dy, > 93.

Thus, (2.bis) is proved. The proof of is complete. O
Lemma [D.4] is proved.

F.4 Proof of Lemma

Without the loss of generality, we assume that m = id, so that the notation becomes
zj =mj/n = j/n for all j.

o Let i,j € [n] such that H;; # 0. AgreglocalBisection defines H;; as follows: it sets
H;j = —1if j € Ry or i € L;; it sets H;; = 1 otherwise, when j € L; or i € R;. Lemma@
ensures that, for any k € [n], if the set Ly (resp. Ry) is non-empty, then it is on the left
(resp. right) side of k. It follows that H;; = Hi(;r), thus AgregLocalBisection recovers the

comparison H i(;r) . ]

o Let i,j € [n] such that |z; — z;| > p. We focus on the case i < j (the symmetric case
can be handled similarly). One can see that j € sR}(p). Besides, if R; # (), Lemma gives
sRf(p) C R;. Therefore, j € R; whenever R; # (). AgreglocalBisection sets accordingly

H;; = —1, which matches the true value Hz(;r) =—1.

We have yet to analyze the situation R; = (). Lemma ensures that L; U R; # (), so we
necessarily have L; # (). Then, Lemmaensures that L; is on the left side of ¢. Since ¢ < j,
we have j ¢ L; U R;. This means that AgregLocalBisection will check whether ¢ € L; U R;

holds or not, and then will set the correct value H;; = —1 = HZ(;r ) iff i € L;. To prove that
i € Lj, we only have to verify that L; # 0. (Indeed, if L; # (), Lemma ensures that
sLi(p) C L;. Besides, we know that z; < z; — p, so i € sLj(p). Therefore, : € L;.) The
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verification of L; # () is similar to previous arguments, and is delayed at the end of section.
Thus, AgreglocalBisection sets the correct value H;; = —1. g

Verification of Lj # 0, in the situation R; = (). This amounts to checking that the LocalBisection
releases a connected component (of G;) which is on the left side of j. As seen before, it is
enough to check that the rule is met by j and 1, that is, Dj; > d3.

By contradiction, assume that Dj; < d3. The £LDE Assumption yields |z; — 21| <
(03 +w)/a < 1/8, hence z; < 1/8+ 1 =1/8+ (1/n) < 1/4 for n > 8. Thus x; < 1/4 (since
T < .CI}J').

On the other hand, when R; = (), we have D;;, < 03 (otherwise, LocalBisection would release
a component of G; that is on the right side of i, i.e., R; # ()). Then, the £LDE assumption
gives |z; — zp| < (63 +w)/a@ < 1/8, hence z; > z, —1/8 > (1 —1/n) —1/8 > 3/4. Thus
x; > 3/4, which brings the contradiction with the conclusion of the previous paragraph. [

G Proof of Lemma [D.6| to D.9|

G.1 Proof of Lemma

Recall the notation x; = m;/n for all i. Without the loss of generality, we focus on the
case where z; < z;, and € = + in (the other cases are symmetric and can be analyzed

similarly). Thus, we have ng) = —1 and we want to prove that H;; = —1, under the
assumption which becomes here

sL;kj(r”) C B C L;; when x;Az; >1/2—-p/2 (73)
sRy;(r") C B;;- C R} when x;Va; <1/24p5/2 .
To have H;; = —1, we only need to check that one of the two following inequalities holds
= Z Aip — Aji, > 5oy/nlog(n) or 1= Z Ajp — Aji, < —boy/nlog(n) , (74)
keB;; keB;

while none of the two other results l;; < —50+/nlog(n) or r;; > 50+/nlog(n) is possible.

e Proof of . We drop the dependency in i,j for convenience and write B¢ for € € {£}.

Then, to prove (74), we need to show that Y, e €(Aj¢ — Ai) > 5oy/nlog(n) for an € € {£}.
We have

> €(Aje—Aiw) = e(FPrjmy, — Frm) + Y eo(Ejo — Ey)

¢eBe (€ Be (eBe
ZZ€(F7rj7rg_F7rﬁrg -0 ma:i(’z je — M‘
teBe et cpe
> Z Frimy — Frix,) — boy/nlog(n) , (75)
leB¢

where the last line holds conditionally on the event g+ of (52 ﬁ, with max.e(1) #B < n and
v2¢/10 < 5. Using the inclusions B~ C L* and BT C R* of , and the Robinson shape
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of F, we get
Frirg — Frymy >0 forall £ € Bt |
Friny = Frimy, <0 forallle B~ . (76)

since z; < x; where z; = m;/n and x; = m;/n. Therefore, for any e € {£}, the sum
> vepe €(Fr;m, — Frx,) is composed of non-negative terms, and hence we can lower bound it
by any sub-sum. In particular, if we have the following inclusions

sL;(r"):={: zg <xzi—r"} C B~ and sRj(r"):={l: zg>x;+r"} C BT (77)
then we can lower bound the last sum in by

When €=, Z _(Fﬂ'jﬂ'g - F7ri7r¢) Z Z FTl'iﬂ'g - Fﬂ'jﬁg )
leB— U xy<xzi—r"

when e=+, Y (Fum—Frm) = Y. Frmy— Frm, (78)
{eB* L xp>ai+r!

To see why (at least) one of the the inclusions holds, one can readily check that z; >
1/2—p/2 or z; <1/24 p/2 (since |z; — x;| < p and z; < z; by assumption) and then use
assumption .

To lower bound , we use Assumption Recall that this assumption only holds when
x; >1/2—1"/2 or xz; <1/2+7r'/2, but one of these two inequalities is actually satisfied here
(indeed, we have seen above that z; > 1/2—p/2 or z; <1/2+ p/2, and we have p <’ by
assumption). Therefore, focusing on one of these two symmetric cases, say z; > 1/2 —1'/2,
Assumption [4.2] yields

Z Fring = Frjmy > vz — x50 .

0 wp<zi—r"

Substituting into and then into , we obtain
max €(Aje — Aig) > vlx; — xjln — boy/nlog(n) .

ee{t} (B

Thus, the test will be satisfied when v|x;—zj|n—50+/n log(n) is greater than 50+/nlog(n).

This gives the following condition for a successful test:

‘.%'Z' — a:j] > 10g\/ log(n) .
Y n

We retrieve the accuracy of Lemma

e Proof that neither l;; < —50+/nlog(n) or mr;; > 504/nlog(n) is possible. Following the
lines in , we obtain

D e(Aig— Aje) < > e(Frymy — Frjmy) + 50y/nlog(n) (79)

le B¢ leB¢
conditionally on the event £g+. By , the last sum in is non-positive, hence

> e(Aig — Aje) < 5o/nlog(n) . (80)

leBe

Thus, rj; < boy/nlog(n) and l;; > —50+/nlog(n).
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G.2 Proof of Lemma

By assumption, the sets Bi; and B;; are independent of A. Therefore, conditionally to Bi;
and B:]r, the 2(n — 1) real numbers {E;, : £ € [n], £ # i} and {Ej, : £ € [n],£ # j} are (still)
independent sub-Gaussian random variables, with zero means and variance proxies all smaller

than 1. Applying a standard concentration inequality [Rigollet and Hiutter, 2023, Corollary
1.7], we obtain

‘Z Eiy — \ > ¢ | By | < 2707,

\/ Q#sz ZEBE

for all £ > 0 (using the convention 0/0 = 0 and }_,.; = 0). Since this inequality holds
for any Bj; C [n], we have the same upper bound without conditioning (to Bj;). Taking

101og(n), and a union bound over all € € {4} and all (i, j) € Su,, we get 2e~*/2 < 4/n3
(using the bound #Sy, < n? on the cardinal number of Sg,).

G.3 Proof of Lemma and

Proof of Lemma Without the loss of generality, we assume that the assumption on Hy
holds for e = +, so we have (Hj)gs = H&r) for all k, ¢ such that (Hy)ge # 0, or |xg — xx| > p.
In particular, for (i,j) € Su, we have (Hp)y = HZ.(]:) whenever (Hyp);, # 0, and similarly
(Hy)ji = H](z) whenever (Hy)j, # 0. Combining with the definition of L;j, Rij, we
obtain
Lij C L;-kj and Rij C R;kj .

Since (Hi)ix = Hi(;r) when |z, — x;| > p, and similarly (Hi);, = H](,? when |z — x| > p, we
also have for p < 1",

SL;“]-(T’/) C sLj;(p) C Lij and SR%(T//) C sRY(5) < Rij .

Thus, for BZ-; = L;; and BZ = R;j, the conclusion of Lemma D.§| follows. (Note that some
sets in these inclusions might be empty, e.g., when z;, z; are close to an extremity 0 or 1). [J

Proof of Lemma Let (i,j) € Su,. We have (H);; = 0 by definition of Sg,. Since
(Hi)ge = Hli}r) # 0 when |z, — x¢| > p, we necessarily have |x; — z;| < p. O

H LocalRefineWsS

We have already presented LocalRefine for which our performance analysis only deals with
deterministic or independent input H;. LocalRefineWS can be seen as an extension of
LocalRefine which allows to deal with non-independent random input H;. This extension
will still use statistics like the /;; and r;; of LocalRefine, in order to determine comparisons
Hl(;r ). Before giving the algorithm, let us explain the issue when H; is non independent of A.
LocalRefine uses statistics l;;,r;; that involve both the random data columns A;, A;, and
the sets L;;, R;; computed from Hi. So, when taking the input H; = ﬁl in the meta algo-
rithm SALB, we do not have independence between the sets L;;j, R;; and the random columns
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A;i, A;. In order to avoid such statistical dependencies in the statistics l;;,7;;, we introduce
LocalRefineWS which splits the data A to obtain the wanted independence. More precisely,
it computes proxy sets pL;j, pR;; from the split data A_(; ;) where the ih and j*" lines of A
have been set to zero. Thus, pL;;, pR;; will be independent of the data columns A;, A;, and
we will be able to analyze statistics like [;;,7;; on these sets pL;;, pR;;.

Unfortunately, there is a computational drawback for splitting data. The time complexity
of SALB is O(n®) because of LocalRefineWS, whereas it would have been only O(n?) if
LocalRefine were used (instead of LocalRefineWS). Indeed, LocalRefineWS repeats almost
the entire procedure (i.e. steps like distance estimation — local bisection — test as in local
refine) for each pair 4,j left undetermined by AgreglocalBisection. The number of such
pairs is at most O(n?), and the computational cost per iteration is O(n3). Each iteration
involves a call to DistanceEstimation to obtain distance estimates ﬁ_(iﬁj from A_; ;), and

~

then a call to ProxyLocalBisection to build proxy sets pL;j, pR;; from D_; ;).

Algorithm 8 LocalRefineWS

Require: (Hy, D, A, o0,6d1,02,03)

Ensure: H € {—1,0,1}"*"
1: Let Sg, = {(i,j) € [n]* st. i<j and (Hy)i; =0}
2: for i € [n] do
3: w, =1 €n] st (4,5) € Su, }

4:  if Sj # 0 then

5: L; = {k‘ : (Hl)kz = —1} and R; = {k : (Hl)]“ = 1}

6: if L; # () then

7 [pLij]jeSjH = ProxySetDataSplit(i, Sliﬁh’ L;, D, A, b1,02,03)
8: else '

9: pLij =0 for all j € S}h

10: end if

11: if R; # 0 then

12: [pRij]jeSj;{l = ProxySetDataSplit(i, %II,RZ-,D,A,51,52,53)
13: else

14: pR;; =0 for all j € Sii‘h

15: end if

16:  end if

17: end for

18: for (i,j) € Sy, do
19: Hij = TeSt(i,j,pLi]’,pRU,A,O’) and Hji = _Hij-
20: end for

Given a comparison matrix Hy € {—1,0,1}"*" let Sy, C [n]? the set of pairs (4,5) left
undetermined by Hq,

Su, ={(i,5) € [n]*: i< j and (Hi);; =0} . (81)
We will also use the notation

S%h = {J S [n] : (Za]) € SHI} (S [n] ) (82)
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for denoting the indices j such that (i,j) € Sg,. The objective in LocalRefineWS(Hj, ...)
is to compute, for all (4, j) € Sg,, an estimate H;; of Hi(;r). In lines and LocalRefineWS
computes proxy sets pL;j, pR;; which will be used (instead of the old sets L;j, R;;) in the
statistical test in line This test is the same as the one used earlier in LocalRefine, and is
encapsulated in Algorithm m The key point here, is that the input sets pL;;, pRR;; are inde-
pendent of the data columns A;, A; that will be tested, thus avoiding any complex statistical
dependencies. The construction of proxies pL;;, pR;; is done by ProxySetDataSplit:

Algorithm 9 ProxySetDataSplit
Require: (i,S,G, D, A, d1,02,93)
Ensure: [Gjjljcs
1: Set k; € argming.cq . p,>s,) Dik-
2: for j € S do

3. A_(; = matrix equal to A but with 0 on ith, j*h rows/columns
4: ﬁ_(iyj) = DistanceEstimation(A_; ;)

5. Let (G(i),G,(j)) = LocalBisection(ki,ﬁ,(i,j),51,52,53)

6: if Gl(é) C G then

7 Gij = G](i)

8 else

10:  end if

11: end for

Since i is missing in the split data A_; ;), we need a proxy for i. The proxy k; (defined in
line |1f) is chosen among all elements k € G such that it is at a small distance D;; of i. But
for technical reasons, this distance cannot be smaller than d3. Then, DistanceEstimation
computes (from A_(; ;)) an estimate ZA)_(M) of the distance matrix Dj(i’j); here we used the
notation D* ; .y to denote the original distance matrix D* with zeros on the i and ™ rows;
accordingly, the estimator lA)_(m-) is a symmetric matrix in R™*" with zeros on the i*" and j*®

rows. Finally, LocalBisection computes (from ﬁ_(i,j)) two sets G,(i),G,(j_) that we expect

to be on different sides of k; (by Lemma and [D.3). Among these two sets, we select (in
lines [7] and [9)) the one that is located in a set G of reference.

I Proof of Proposition [C.8

LocalRefineWs (in line and LocalRefine uses the same algorithm Test, so the proofs of
Proposition and Proposition (in appendix are similar at a high level: It invokes
Lemmato obtain guarantees for the output H;; of Test, and the difficulty is to prove that
the hypotheses of Lemma are fulfilled. More precisely, for an input H; € {—1,0,1}"*"
and any pair (¢,7) in the set Sg, of , LocalRefineWS computes an estimate H;; =
Test(4, j,pLij, pRij, A, o). Using the convenient notation

Bj; = pLij and B;; = pRi; , (83)
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Lemma will give us the desired guarantees for H;j, if we succeed in proving the three
conditions below:

(1) that the following distance bounds hold for a constant p € [0,7'] and all (i,5) € Sp,,
|33i_xj| <p, (84)

where z; = 7;/n for all j € [n].

(2) that the following event holds with probability 1 — 8/n?,

’ < /10log(n) (85)

m Ept = max ‘ Z E;, —
ij€Sm, (Z’] esHl \/2#35] ¢eB;,
(3) that the following inclusions are satisfied for all (i, j) € Sg,, with respect to the same

e € {£} as in the error bound assumed on the input H; (of LocalRefineWs),

sL(r") C B C Ly when @ Aa;>1/2-5/2
sR;(r") C B C R when a;Va; <1/2+45/2 . (86)

By Lemma condition ([84]) is satisfied, with respect to the same p as in the error bound

on H;. The high probability event is proved in appendix The inclusions
are proved in in appendix[[.2] Thus, all hypotheses of Lemma hold; this gives the wanted
guarantees for the output H of LocalRefineWS. Proposition follows. ([l

1.1 Proof for high probability event
Complementing the notation B,; = pLij and B;;. = pR;; introduced in , we will also write
B =L, and B =R; . (87)

With these notations and e € {&}, we have that the sets Bf; for j € S}h are defined in
LocalRefineWS by

[Bs; ]Jesz = ProxySetDataSplit(i, Sy, Bf, D...) .

More precisely, following the lines of ProxySetDataSplit (Algorithm@, this means that, for

ki =k € arg min Dy, (88)
kEBS st. Di>63
and ~
(G,(:i), G,(j_)) = LocalBisection(k;, D_; ;) .-.) , (89)
we have
B =Gy o By=G). (90)

Thus, Bj; depends on the possibly random quantities kf € [n] and D_ —(ij) € R™™, and some
random Varlable g € [2] representing the two outcomes situation in (90) (that is: ¢; = 1 when
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B;; = G,(fl), and ¢; = 2 when Bj; = G/,(C )) Therefore, there exists a deterministic function F
(from the space product [n] x [2 ] x R"%™ to the set of all subsets of [n]) such that

Bi; = F(ki, qi, D_i j)) -

Consider deterministic integers k € [n] and ¢ € [2]. Since D_ —(i,j) 1s computed from A_; ;
only, it is independent of A; and Aj;, and hence of E; and E;. Therefore, conditionally to
D_ —(i,j)» the set F(k: ¢.D_ G,j)) for k € [ ],q € [2] is deterministic, and the 2(n — 1) real
numbers {E; : £ € [n],¢ # i} and {Ej; : ¢ € [n],£ # j} are independent sub-Gaussian
random variables, with zero means and variance proxies smaller than 1. Then, for fixed
k € [n] and ¢ € [2], we can apply a standard concentration inequality [Rigollet and Hiitter,
2023, Corollary 1.7] and obtain

1 ~ _
— ‘ > (EiZ_EjZ)‘ > ¢t | Dy | < 27072,
\/2 #E (k0 D_(ij))  eer(kab_ )

for all £ > 0 (using the convention 0/0 = 0 and » ,.; = 0). Since this inequality holds
for all D_(; ;) computed by DistanceEstimation, we have the same upper bound without

conditioning (to lA)_(,-J)). Taking t = 1/10log(n), and a union bound over all € € {+}, k € [n],
q € [2] and (4,7) € Sg,, we obtain

1
Plabes ‘ 2. (EiE_Ejé)‘ > /10log(n) | < %
e VEH#F(E4.D_5) vertnd o)
q€2], k€[n]

This bound holds uniformly over all sets F(k,g, ﬁ_(i’j)) for k € [n], ¢ € [2]. In particular,
it holdSQfor the sets Bf;, = F (kf,qi,]_s_(m)). Thus, the event occurs with probability
1—8/n~. O

1.2 Proof for inclusions

For convenience, we encapsulate in Lemma the result we want to prove. We recall the
notation z; = m;/n for all j € [n].

any D* € EDS[O?,B,O,?‘] and D € EDB[&,B,W,T] (as defined in Assumption |4.1), and any
01, 09,03, p fulfilling the constraints , in particular the following constraints: p € (0,1)
and p<p forp=(52+w)/a, and ' + p < 1" for

~ (¢1\/¢2>+2w
r= a

If the input Hy of LocalRefineWS has an accuracy, for an € € {+},

Lemma I.1. For any 0 < & < 8 and 0 < 7,7,7" and 0 < w,r”, the following holds for
.z

where ¢ =f(n"t+p) and ¢y =73 (n_l +a (55 +w)) .

(Hi)ke = GHIEZ) for all k, ¢ € [n] where (Hy)ge #0 or |zg —x¢| > p (91)

then, we have the inclusions for all (i,7) € Su,, with the same € € {£} as in (91]).

50



Proof of Lemma Without the loss of generality, we focus on the case where € = + in
, so that we have

(H)ke = H . wherever (Hy)ge #0 or |z —ze > . (92)

For any (7,7) € Sq,, the definition of Sy, in yields (Hi)i; = 0, and hence |z; — x| < p.
Thus, we have at least one of the two inequalities: x;Az; > 1/2—p/2 ora;Va; < 1/24p5/2.
By symmetry, we can focus on a single case, say x; Va; < 1/24p/2. Then, the inclusions
(to prove) become
SR;}-(T‘//) C pRij C R;-kj , (93)
where we used the notation Bi"; = pR;; introduced in (83)). By definition, the sets pR;; are
defined by
[pRij]jGS}'{l = ProxySetDataSplit(i, Sj'—IlaRh D, A,6y,09,03) . (94)

Reading ProxySetDataSplit (Algorithm @, this means that, for

ki € arg min Dy (95)
kER; s.t.D;p>03
and R
(G,(Cli), G,(j)) = LocalBisection(k;, D_; ;) .-.) , (96)
we have
pR;; = G](i) ifGl(i) CR;, (97)

pR;; = G,(fi) otherwise .

Lemma ensures the existence of k; in , and also that the set R; (where k; lives)
is correctly located. This lemma uses the error bound assumption (92) on Hp, and the
LDE[a, B,w,r] regularity assumption on D. The proof is in appendix

Lemma 1.2. For anyn >4, p € (0,1/4], 03 <1 and 03 + w < &/4, the following holds for
alli € [n]. If x; <1/24 p/2, and Hy satisfies , and D is LDE[a, B, w, ], then

0 # sRi(p) C Ri C By ,

and k; € R; is well-defined.

Lemma gives a control on the distance |z, — x;| between i and k;. The proof is in
appendix [J.2]

Lemma 1.3. Define p = (65 4+ w)/@ and ¢1 = f(n~' + p) and ¢o = f3 (n™'+a (03 +w))
and ' = &~ ((¢1V ¢2) + 2w). Under the constraints |z; — x;| < p, and p < p, and

W+BP<53a 7’L_1+,5§’I“, ¢2§BT’ (¢1v¢2)+w§ra
and under the hypotheses of Lemma[[ 3, we have the following

oV (zi+p) <zp, <zi+p .
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To have guarantees for the sets (G,(i), G,(j)) in , we essentially need to check that ﬁ,@ 5) is
a good enough estimator of D*_(Z. i) Since the i*" and j*® rows/columns of these matrices are
null, we will describe the regularity of lA)_(Z-J-) via a direct extension of the LDE assumption

to matrices of smaller support S C [n]. Here, the support of lA),( and D*_(Z.j) is denoted

i7)
by S_gi;y = {€ € [n],£ # i,j}. The adapted LDE assumption to arbitrary support S is
properly defined in Assumption , and is denoted by LDE (&, B,w,r, S ). Lemma ensures
that, with high probability, the D_; ;) are simultaneously in LDE (&, B, 2w, T, S—{i,j}) for

(7,7) € Sp,. We introduce more formally this event: Given any &, B,w,r >0, let

N Ful@ fiw) = {forall (i,5) € Spy s Do) SLDE(@ Bw,m,S i) }o (98)

Lemma I.4. For any d,B,r > 0, the follgwing holds when the distance matriz D* is
LDE (&, B,0,1). Then event m(ivj)ESHl Fij (&, B, 2wy) in occurs with probability 1 —1/n?,
where wy, is the distance estimation error defined in .

The proof of Lemma [[.4] is in appendix We can now apply Lemma it will give the
desired inclusions for the output pR;; in . The proof of Lemma isin appendix

Lemma 1.5. For any i,j € [n], i # 7, any p € (0,1), any 01, 92,03, n complying with the
constraints and also the constraints

<7, 03 +w < a/d, pH2t <1/2
the following holds. If x; < 1/24 p/2, and k; and R; satisfy, for somet' >t >0,
o V(z+t) <ap, <z + 1 and sR;(t) C R C R} (99)

and lA)_(i,j) 18 EDS[&,B,W,T,S_(M)] (as in Assumption , then, the output pR;; satisfies
the following inclusions, for p = (d2 + w) /&,

By Lemma and we can take t = p (with p > p), and ¢/ = p/ (with g’ defined
in Lemma and w = 2wy, so that, all conditions of Lemma are satisfied. Then, for
p 4+ p < 1", the conclusion of Lemma [L.5] gives the inclusions (93)). The proof of Lemma
is complete.

J Proofs of Lemma [[.2| to I.5

J.1 Proof of Lemma

We recall that R; is defined by LocalRefineWS by R; = {k: (Hi1)ir = —1}. The accuracy
of Hy ensures that R; is on the right side of i, and it includes all objects at distance (at
least) p on that side. This gives

sR;(p) C R; C R} ,
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where we recall the notations sR}(p) = {¢: xy > z; + p} and R} = {{: zy > x;}.

To check that sRf(p) # 0 for p < 1/4, one observes that z; < 5/8 (since z; < 1/2 + p/2
by assumption), and the x; = mj/n for j € [n] are evenly spread in [0,1], with a spacing
1/n <1/4. Thus, we have shown that

0+ sRi(p) C R; C R} . (101)

To complement the proof of Lemma it remains to check that k; is well-defined. By
definition , we have k; € argminy, D; where

K; = {k‘ €ER;: Dy > 53} . (102)

Thus, it suffices to show that K; # (). Assuming (w.l.0.g.) 7 = id (i.e. xp = k/n for all
k € [n]), we will show that n € K;. This is equivalent to show that n € R; and D;,, > d3. The
property yiels n € R;. To prove D;, > d3, we proceed by contradiction: if D;, < d3,
the LDE regularity (with d3 < r) would give

Ty — 25 < ((534—&))/& < 1/4 ,
since d3 +w < &/4. But, for p < 1/2, the assumption x; < 1/2 + 5/2 yields
Tpn—x; > 1—(1/24p/2) > 1/4 ,

hence a contradiction between the last two displays. Therefore, we have D;,, > d3. Combining
with n € R;, we obtain n € K;. Thus K; # () and the index k; is well defined. The proof of
Lemma [I.2]is complete.

J.2 Proof of Lemma
Without the loss of generality, we assume that © = id, so that x; = ¢/n for all ¢ € [n].

Lower bound: We recall that k; € arg miny, D;, where the set K; is defined in . This
means that k; € K; C R;. Combining with the the inclusion R; C R of Lemma we obtain
k; € R}, which implies z; < x,. Then, the LDE[&, 5,w, ] regularity and the inequality
Djy,, > 63 give

03 —w
Ty — T 2 —=—>p

since 03 > w + Bp. Thus z; + p < x, which is half of the lower bound of Lemma Using
the assumption |z; — z;| < p, we have
zj = (z; —xi) + (¥ —xx,) + 2, < p—p+azp, < TR

7 7

since p < p. This yields x; < xy,, the other half of the lower bound of Lemma [[.3] O

Upper bound: Given the set K; = {k € R; : D;; > 63} from (102), we define b;r as an
element of I; which has the lowest position in the ordering 7, that is:

bf =min K; . (103)
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Note that b is well defined since ) # K; C [n] (where the non-emptiness was checked in
the proof of Lemma . We also have b} — 1 € [n] \ K;. (Indeed, by definition of b;, we
have b — 1 ¢ K;, and, to see that b — 1 € [n], one can observe that i + 1 < b (since
b:r € K; C R; C R}, where the second inclusion is guaranteed by Lemma ) By definition
of K, the fact b — 1 € [n] \ K; means that b} —1 ¢ R; or D, y+_; < d3. Both cases are
analyzed separately. '

o Case b —1 ¢ R; : Since sR}(p) C R; by Lemma we have x,+ | ¢ sR;(p), which means
Tyt < x;+ p. We also have z; < x,+, since b;r € Ki C R; C R} (by Lemma . Combining
these inequalities, we obtain

0 <+ — = (T —xpr_q) + (s —25) < nt4p . (104)

By definition of k;, we have Dy,; < D,+,. Then, the LDE@, B,w,r] regularity of D (for
n~1 4+ p < r) yields .
Dy < Dyry < B(n" ' +p)+w = d1+w, (105)

where we wrote ¢1 = (n~t + ).

o Case D+ _, < d3 : The distance matrix D* satisfies the triangular inequality, so we could
have assumed that the input D satisfies the triangular inequality too. Then, we would directly
obtain Dy,; < Dy+ < D,y +Dyr g <03 +Bn~' +w, using the LDE[, B, w, 7] regularity
of D (for n™! < ;) Neve;theless, lwe le not need the triangular inequality for our analysis;
below, we give a proof without using it.

The LDE[a, B, w,r] regularity (for 63 < r) yields a(xy+_; — x;) < 03 +w. Then, with the
same decomposition as in (104]), we obtain

|:Bb;r —zil<nt+a (03 +w) .
We apply the LDE[a, B,w, 7] regularity again (for n=! + &=1(63 + w) < r), and derive
Dyr <B(n'+a (6 +w) +w .
Using the definition of k;, we get
Dii < Dy < B(n" ' +a (G +w) +w = drtw, (106)
where we wrote ¢y = 3 (n™'+a (03 + w)).

o Conclusion : Combining the bounds 1 ) and the LDE[a, B, w, r] regularity (for (¢q V
¢2) +w < 1) we obtain

d\xki — sz‘ < Dkii +w < (¢1 V QZ52) + 2w .

This gives
Tg, <z +p, where p' = at ((41V ¢2) +2w)

which is the upper bound of Lemma |I.3| The proof of the lemma is complete.
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J.3 Proof of Lemma

The next assumption is a direct extension of the LDE[a, B,w,r] regularity to matrices of
arbitrary support S C [n]. Here, we use the notation z; = m;/n for all i.

Assumption J.1 (Local Distance Equivalence with support S). For any constants 0 < & < B,
0<r,0<wandasetS C[n], let LDE[&,B,w,r,S] be the collection of symmetric matrices
D in € R™" that satisfy

d|xi—1:j|—a) < Dij < B‘CL',L'—IEJ'|—|—(I) (107)

for alli,j € S such that |x; — x| A Dy <.

We have already seen that, when D* is LDE(a, B,O,T), the estimator D is LDE|a, B,wn,r]

with probability 1—1/n* (by Lemma|C.5). To extend these guarantees to D* Z6i.g) and D_ —(i,5)

we will apply Lemma which is a generalization of Proposition [C.5] for general positions
€ [0,1] (instead of the regular grid of [0, 1]).

Fix (i,7) € [n)?,i # ] Since D* is LDE(&, 5,0, 7], we have that D*( ;) 1s LDEa, B,0,T, S_gi ]
as in Assumption The (n — 2) latent positions xy, for k # i, j, satisfy the spreading con-

dition for n = 3/n. (In fact, this value n = 3/n is attained by the configuration of xj’s
where the removed points x;, x; are consecutive points in the ordering 7). Then, Lemma

(with a sample size n — 2) ensures that, with probability 1 — 1/n*, the matrix D_ —(i,j) 18
LDEa B,w Wy, 3, S_yi 1], where the distance estimator error Wy, 3 is given by

wn’%:C \/%+m<1@gy)l/z&

Since /3 < 2, we have W, 3 < 2wy,. Thus ﬁ,(m-) is .CDS[&,B, 20n, Ty S_5 53]

Taking a union bound over all pairs i,j € [n], we obtain that, with probability 1 —1/ n?, all
D_ (i) are simultaneously in £LDE [&, B, 2wp, T, S_ {i, j}] for all ¢, j. Lemmau 4] follows.

J.4 Proof of Lemma

Assume (w.l.o.g.) ™ = id, so that z; = £/n for all £ € [n]. Recall the definition of the

output pR;j: we first compute two sets (G](cl),Gf)) = LocalBisection(ki,lA),(m-) ...), and

then the output is equal to pR;; = G( ) if G(l) C R;, and to pR;; = G( ) otherwise. Using the

convenient notations k = k; and D = D —(i,j) for the rest of the proof, we momentarily assume

that Dy, > 5 will prove it at the end of the section). By construction of LocalBisection
F.6))

(and Lemma , the inequality Dy, > d3 yields n € G,(Cl) orn € Gf). We study both cases

separately.

o Case n € G(l). We want to apply Lemma @ to have guarantees for the output G(l)
of LocalBisection. The condltlons of Lemma m are indeed fulfilled, since the 51,(52,53
comply with the constraints and D is LDE [& Bowr,S_ G, )] The fact that D is only
LDE wat. S_(; ;) (instead of the whole set [n]) is not an issue here, because we only focus
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on the output G,(cl) for k #i,j. Then, Lemma and n € G,(Cl) together yield
sRi(p) © G ¢ R, (108)
for p = (62 +w)/@. On the one hand, the assumption gives x; Vx; < xy, that is, k € R},
and hence R} C R};. Combining with (108)), we obtain
1 *
a c Ry . (109)
On the other hand, the assumption also gives x; <z, < z;+t', which yields sR}(t'+p) C
sR;(p). Then, using the trivial inclusion sR};(t' + p) C sR}(t' + p) and (108), we obtain
SR+ p) C GV (110)
Putting everything together, we get
sR5( +p) c G C Ry (111)
Therefore, it remains to prove that pR;; = G,(Cl). By construction of ProxySetDataSplit,
this equality will occur iff G,(:) C R;. The assumption gives z; +t < xy, and sR}(t) C R;,
therefore we have k € sR}(t) C R;. In particular, this implies that any set on the right side
of k is in R;. Therefore, the inclusion G,(:) C Ry, of (108) yields G,(;) C R;. This means

that pR;; = G,(Cl) (by construction of ProxySetDataSplit). Substituting this into (111)), we
obtain the conclusion of Lemma L5l O

o Casen € G;f). We are back to the situation above, and we can proceed in a similar fashion
to obtain the inclusions with G,(f) instead of G,(cl). Then, we have to check the equality
G,(f) = pR;;. By definition of ProxySetDataSplit, this equality holds iff G,(:) ¢ R;. On
the one hand, the assumption gives R; C R} C R;‘j, where the last inclusion is trivial.
Therefore 1 ¢ R;.

On the other hand, Lemma ensures that G,(cl), G,(f) are on different sides of k. Then, G,(f)
is necessarily on the right side of k (since n € G,(f)) and hence GS) is on the left side. Using
Lemma we obtain that G,(Cl) is non-empty and contains all objects at distance p on the
left side of k. This yields 1 € G\, .

Combining the conclusions of the last two paragraphs, we obtain G,(gl) ¢ R;. Thus G,(f) = pR;;.

The proof for the case n € G,?) is complete. O

o Proof of the initial assumption Dy, > Js. By contradiction, if Dy, < 03, the LDE
regularity (for d3 < r) would give x,, — zp < (03 +w)/a < 1/4.

On the other hand, we have 0 < z, — z; < t by assumption . Combining with the
assumption z; < 1/2 4 /2, we obtain the following contradiction

Tp—Tp =Tp—a;+ (v —wp) >1—(1/2+p/2) —t' =1/2—p/2 -t > 1/4 ,
using z,, = 1 in the first inequality, and p + 2t < 1/2 in the last inequality.
Thus, we have Dy, > 05. ]
Lemma [[.5] is proved.
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K Conditions on the tuning parameters

The rate in Theorem [2.1]still holds when the constants «, 3, o depend on n, but the conditions
on the tuning parameters d1, d2, 03 are more intricate. To state these general conditions on
01,09, 03, we first need to recall some key quantities. For F' € BL[a, /3], recall that Proposi-
tion g[ gives the following bound on the estimation error of D:

e (\/§+ @+ Do (1()%5“))1/4)

where C' is a numerical constant. Then, taking the input D = D in AgreglocalBisection,
the output Hy of AgreglocalBisection has an estimation error bounded by p = (02 +wy)/«
(Proposition . With the definition of these quantities w, and p, we are now ready to give
the conditions on 1, d2, 3 for which the rate in Theorem is achieved:

Jé] 23 1 n7 V(01 4 2wp) V (02 + 2wy)
61> 2wn + 25, 8y > 2wn + (81 4 2wn) s - :
12 20+ 2>w+a(1+w) 1> A (0/2)

(112)
1
n~! < p<1/8, (4 /\(a/16)> — 2wy, > 03 > 2wy + Bp,
and also:
_ 1 (¢1\/¢2)—|—2wn 1
1
- 4 = _
notrsy a DT
(113)
I} 1
¢>2<17 (¢1\/¢2)+4wn<1>

where we wrote ¢1 = B(n"!+ p), and ¢o = 3 (n‘l +2a7 (03 + 2wn)). To sum up, if d1, 92, 03
satisfy , the conclusion of Theorem is still valid, even if a, 3,0 depend on n. For
convenience, we have summarized these conditions in a single line in . In appendix
we briefly give the origins of the conditions (112H113)) in our analysis.

K.1 Origins of the conditions

Agregl.ocalBisection. The conditions in are used for the performance analysis of
AgreglocalBisection. More precisely, assuming that the input D of AgreglocalBisection
is in LDE [d,ﬁ,w,r] for positive constants &, 3, w,r, we get garantees for the output of
AgreglocalBisection by using Lemma which require the following conditions:

3 -1
512w+§, 52>w+£(51+w)7 TZn \/((51—|—w)~\/(52—|—w) ;
n a 1ANa
(114)
nl<p<1/8, (rA(@/8) —w> 63 > w+fp .

To obtain the conditions ((112), we first check that the input D :~ﬁ is in LDE[/2, B, wn, ]
(see next paragraph), and then we simply substitute @ = «/2, 8 = 8 and w = w,, in the
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conditions (114)). In fact, there is an extra factor 2 in front of the w,, in the conditions ({112))
which comes from the conditions below associated to LocalRefineWS performance.

Let us check that D is in LDE[a/2, B, wn, T r] when F' € BL[a, B]. Propositionensures that,
when D* € LDE|@, 3,0, 7], the estimator D is in LDE[a, B, wn, 7). Besides, for F' € BL[a, ],
Lemma ensures that D* is in LDE |« /2, 3,0, r|. Thus we have De LDE /2, B, wn, r].

LocalRefineWS. SALB also calls to LocalRefineWS whose main input is a comparison
matrix H;. Proposition [C.8| requires that the error of H; is less than a constant p. This is
guaranteed for H; = H 1 by Proposition which gives the error bound p = p = (d2 + w)/&
= 2(83 + wy) /o when D is in LDE[a/2, ﬁ, wp,r] (or F € BE[ , B]). Besides, the performance
analysis of LocalRefineWS also requires the conditions ) because LocalRefineWS uses
parts of AgreglLocalBisection. But, LocalRefineWS uses both D € LDE|a, 5 w,r] and
estimates D_ ij) (from the split data A_(; ;) in LDE[a/2, B, 2wn,r] (Lemma |I. , so the
conditions must be satisfied by w V 2w, (instead of just w). In addition, the analysis of
LocalRefineWS requires other conditions written in . For F' as in Assumption with
constants v, 7, r” > 0, and for an input D € LDE[&, 5, w, ], we use the following conditions
in the proof of Proposition

Conditions (114]) with the replacement w <« (wV 2wy,) ;

el0,7], p<p, g +p<r P20 <1/2 ;
(115)
O+Bp<dy, nl4p<r,  $p<pfr, (1Vé)+td<r;

for the notation @ = w V 2w, and p = (d2 + @)/, and

g = W with ¢1 =Bt +p) and ¢y =3 (n_l +a (55 +@)) .
The conditions (115]) yield conditions that are satisfied under the constraints ((113)) and -
Indeed, we have p = p by Proposition m Also, for F' € BL[a, ], Lemma ensures that
F fulfills Assumption 4.2| for v = «/4 and any ' € (0,1/5) and r” € |0, 1/10) Besides, for
F e BL[o, 3], Lemma 1] guarantees that D* that is LDE[a/2, 3,0, r] for any r € (0,1/4).
Then, Proposition |C.5| gives D € LDE [a/2, B, wn,r]. Thus, for D = D we have w = wy,, and
hence w = wV 2w, = 2wn. Substituting in - ) the constants & = a/2, B =3, & = 2wy, and
taking the largest possible values for r € (0,1/4), ' € (0,1/5) and "’ € [0,1/10), we obtain
conditions that are satisfied under the constraints and .

L Proof of Theorem /5.1

L.1 General statement of the theorem

The next result extends Theorem to the general situation where the «, 8,0 may depend
on n, and the maximum spacing 7 can be any constant that satisfies

n<cas , (116)
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where ¢,z is a positive constant only depending on «, 5. In this general situation, the choices
of tuning parameters d1, 02, d3 may be summarized by the conditions

1 1/4
B+ C\/Bn+ Cay ( Ogé”)> <81, Cagdr <2< Ca,  Clgby<d3<Cly (117)

where C' > 0 is a numerical constant, and Cg,, Cag, Cq, C, e cr 5 are positive constants only
depending on «, 8, 0. The exact conditions (with explicit constants) for the choices of d1, d2, 03
can be found in ((131) (taking w = w, and p = p in ((131)).

Theorem L.1. Forn > 8, and a, 3,0 > 0, there exist positive constants cag, Cgs, Cag, Ca, C’gﬁ,

such that the following holds for any n as in (116)), any 61, 02, 03 fulfilling (117)), for any 1 > 0
and y1,...,yn € [0,1] complying with (1§[19), and for any F € LBL[(y;), . B]. With proba-
bility higher than 1 — 9/n?, the permutation 7, computed by SALB satisfies

log(n)

~ g
Lcomp(ﬂ'oaﬂ') < Clﬁia n s (118)

where C' > 0 is a numerical constant.

L.2 Proof of Theorem and

The proof follows the same lines as for Theorem [2.1] and Using the notation x; = y,, for
all 7, we first introduce the latent space extensions of Assumption [4.1] and

Assumption L.1 (Latent Local Distance Equivalence). For any constants 0 < & < B, 0<r,
0 < w and latent points y1 < ... < y, in [0,1], let LDE[(y;), &, B,w,r] be the collection of
symmetric matrices D € R™™ that satisfy

d|y7fi_y7rj|_w < Dij < B‘yﬂi_yﬂj‘—‘rw (119)
for alli,j € [n] such that |yr, — yx;| A Dij <.
Assumption L.2 (Latent Separated Cumulative similarities). For any constants 0 < ~,r’,r"

and latent points y1 < ... < yp, in [0,1], let SCA[(yi),,r',7"] be the collection of matrices
that satisfy, for alli,j € [n], yvi <y; and |y; —y;| <1/,

] 1—7
Z Fie — Fjo > ynly; — ;] if yi > 5 (120)
O yp<y;—r'
. 1+
> Fj— Fu>ynlyi — vyl if Yy < —5—
L ye>y+r”

Assumption and simply extend Assumption and in that they replace the
regular grid y; = ¢/n with general points y; € [0, 1].

The next result ensures that 7, achieves the rate y/log(n)/n under Assumption and
and for yi,...,y, fulfilling the conditions (18419). The choice of tuning parameters di, d2, d3

is characterized by the following conditions:
n < Cdérr’r” (121)

) . | 1/4
pn+Cy\/Bn+Cz, (og;in)) <41, Cap 01 < 02 < Carpryr, 03552§53<C~~

— Yaprr'
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C/S’a’ C&B’ ity O C~Bw,, are positive

where C > 0 is a numerical constant, and c ap Ca

aﬁrr’r”’

constants only depending on &, 8,0, r, 1", 7".

Theorem L.2. For n > 8 and &, 3,0,7,7',7" > 0, the following holds for any 1,081,082, 83

fulfilling (121)), and y1, . . ., yn_€ [0, 1] complying with , and for any F € SCA[(y:), 7,7, 7"
such that D* € LDE[(y;), &, B,w,r]. With probability higher than 1 — 9/n?, the permutation
T, computed by SALB satisfies

Lcomp(ﬁmﬂ') < C/g M 5 (122)

Yy n

where C" > 0 is a numerical constant.
We are now ready to prove Theorem and its general version Theorem

Proof. (Theorem and [L.1)) The next two lemmas show that the latent bi-Lipschitz as-
sumption F' € LBL[(y;), «, f] implies Assumption and

Lemma L.3. If F' belongs to the class LBL[(y;),, B] of latent bi-lipschitz matrices (as in

Assumption for n > 8, with y1,...,y, € [0,1] fulfilling for any 1 > 0, then, the
distance matriz D* is in LDE[(yi), VN, 8,0,7] (as in Assumption , for any r € (0,1/4).

Lemma [L.3|states that, when F is a latent bi-Lipschitz matrix in LBL[(y;), o, 8], the distance
matrix D* belongs to the class LDE|(y;), &, (5,0, 7] for the parameters f = 3 and & = ay/7.

Lemma L.4. If F belongs to the class LBL[(yi), o, 5] of latent bi-lipschitz matrices (as in

Assumption[5.1]), with y1,...,yn € [0,1] fulfilling for i >0, then, Assumption[L. holds
for v =1na, any ' € (0,1/4) and any " € [0,1/8).

The proofs of Lemma and are in appendix
Thus Theorem (and |L.1)) follows from Theorem O

In order to prove Theorem the rest of the section is organized as follows. We give
the latent space extensions for the distance estimation in appendix for the first com-
parison matrix estimation in appendix [L.4] for the second comparison matrix estimation in
appendix for the final step (comparison matrix to permutation) in appendix Finally
the proof of Theorem [L.2] is in appendix [L.7]

L.3 Extension for distance estimation

The next lemma upper bounds the (local) estimation errors of distances Dj;. This result is
an extension of Lemma for general positions y; € [0, 1]. The proof is in appendix

Lemma L.5. For any 8 < n, and 0 < & < and 0 < n < T, the following holds for any
Y1, .-, Yn € [0, 1] satisfying and for any D* € LDE[(yi)&, 8,0,7] (as in Assumptz’on.
With probability 1 — 1/n*, we have

|lA)ij — Djj| < wnpy for all 4, j € [n] such that |yr, —ym,|AD;; <7 (123)
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where

- 1 1/4
g = C <\/5n +(o+ 1o < Ogé”)> ) (124)
and C is a numerical constant.

In the special case where y; = i/n, one has 7 = 1/n, and one recovers Lemma In contrast
with Lemma the bound depends on the spreading constant n of (18). In latent
space models, the y;’s are often assumed to be a uniform sample of [0, 1], and hence the
parameter 1 goes to zero (with n), and the error bound wy, , of goes to zero. However,
no assumption is made on the convergence of 7 in the current paper. Therefore, the estimator
D may suffer from a bias \/ﬁTn When this bias is large, it may be interesting to change the

estimator D for another estimator less sensitive to 1. We propose such an alternative distance
estimator in appendix

L.4 Extension for the first estimator of H™

If the input D of AgregLocalBisection is in LDE[(y;), &, 3, w, r], then the next proposition
guarantees that the output H has an error smaller than a constant p. This result is a
generalization of Proposition to the latent space setting.

Proposition L.6. For any 0 < & < Band 0<r and 0 < w and 0 < 1, the following holds
for any y1,...,yn € [0,1] as in (18), and for any D € EDS[(yi),d,ﬁN,w,r] (as defined in
Assumption and any 61, 02, 03 fulfilling . There exists s € {+} such that, the output
H of AgregLocalBisection satisfies

H;; = SHZ(;T) for all 4,5 € [n] where H;; #0 or |yz, —ym| > p ,
for p= (62 +w)/a

Compared to Proposition the constraints on d1, d2, 03 change and now involve the spread-
ing constant 1. For the special case n = 1/n, one recovers Proposition The proof of

Proposition is in appendix

L.5 Extension for the second estimator of H(™

Proposition extends Proposition to general y; € [0,1]. There is no change between
the two propositions. Indeed, going through the proof of Proposition [C.7, we observe that
none property of the y;’s is used. As a consequence, the latent space formulation for general
positions y; follows directly.

Proposition L.7. For any 0 < v, and 0 < 7" and y; < ... < y, € [0,1], the following
holds for any F € SCA[(y:),, r',r"] (as defined in Assumption[L.d) and any p € [0,7' Ar"].
If the the input Hy of LocalRefine is deterministic or independent of the data A, with the
following accuracy, for any e € {£},

(H1)ij = eHZ.(;.r) for alli,j € [n] where (H1)ij #0 or |Yr, — Yn,| = P » (125)
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then, with probability 1 — 4/n3, the output H of LocalRefine satisfies for all i, j,

1
H;j = eHl-(;r) wherever (H1)ij =0 and |yr, — Yy, | > c? log(n) .

VT (126)

In addition, H;j = 0 wherever (Hy)i; # 0.

The next proposition is an extension of Proposition

Proposition L.8. For any 0 < @ < 3 and 0 < r,v,r and 0 < w,r”,p and 0 < n, the
following holds for any y1 < ... <y, €[0,1] as in and for any D* € LDE[(y:), @, 5,0,7]
and D € LDE[(y;), &, B,w,r| (as defined in Assumption , for any F € SCA[(yi),~,7",r"]

(as defined in Assumption and for any 01, 02,0s, p fulfilling (131). If the input Hy of
LocalRefinelsS has the following accuracy, for any e € {£},

(H1)ij = eHZ-(;T) for all i, j € [n] where (Hi)ij # 0 or |yr, —yn;| 25 , (127)
then, with probability 1 — 8/n?, the output H satisfies

T 1
HZ] = GH() ’wh@?"@’l)e'f’ (Hl)z] — 0 and |y7Tz _ yﬂj| Z Cg M )

12
) S (128)

In addition, H;j = 0 wherever (Hi);j # 0.

Compared to Proposition Proposition involves three changes: (1) the positions
T; = Yr,’sin [0, 1] are only assumed to satisfy (18] . Assumpt1on is replaced by Assump—
tion w.r.t. the y;’s; (3) the matrix D*, D are EDS w.r.t. the x;’s as in Assumption
The proof of Proposition [L.§]is in appendix [M.4]

L.6 Extension for final step (comparison matrix to permutation)

Generalizing the definition of error for comparison matrix H, we say that H has an error
smaller than v, if it satisfies the following for an s € {+},

H;; = sHi(;T) for all 4, j such that |y, —yr;| > v . (129)
The next proposition generalizes Proposition

Proposition L.9. Let v > 0. If a comparison matriz H has an error less than v as in ((129)),
then the permutation 7 in has an Leomp error less than 2v, that is Lcomp(ﬂH, ) < 2v.

The proof of Proposition [L.9]is in appendix

L.7 Proof of Theorem

The proof follows the same lines as for Theorem - (in _appendix . Since D* is in
LDE((yi), &, B,0,7], we can apply Lemma this gives D € E’DE[(yz) &, B, Wy T ] where
Wn,y is defined in Lemma Then, Proposmon and |L.8| gives guarantees for H, + H,
— the sum of the outputs of AgregLocalBlsectlon(A D,. ) Thus, the error of Hy + H is
bounded by (o/7)+/log(n)/n, up to some numerical factor C . Finally, Proposition allows

us to conclude that 7, = w112 gatisfies the error bound of Theorem
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L.8 Conditions on tuning parameters

The conditions on 41, de,d03 for the analysis of AgreglocalBisection in the latent space
setting are written below. They are a direct extensions of the conditions (114)) used for the
matrix setting, where we have simply replaced n~! by 7.

6 >w+pn 52>w+£((51+w), rznv(51+w)\~/(52+w) ;
« 1AN&
(130)
n<p<1/8, (rA(@/8) —w>d3 > w+fp ,

for p = (02 +w)/a.

We now give the conditions on 41, d9, d3 for the analysis of LocalRefineWsS in the latent space
setting. They are extensions of the conditions ([115]), where we have included the modifications
explained in the proof of Proposition in particular the replacement of wy, with w;, .

Conditions (130) with the replacement w < (wV 2wy ) ;

pelo,  p<p,  PHp<t’, 2+p+20 <1/2 An+3p < 1;
(131)
G+Bp<ds, mHp<r, p2<Pr, (1Ve)t@<r

for the notation @ = & V 2wy, y, and p = (d2 + @)/, and

~ (¢1 V¢2) + 20w

= - with ¢ =B(n+p) and ¢y =8 (n+a "'(63+)).

M Proofs of lemmas and propositions from appendix

M.1 Proofs of Lemma and
We will use the notation x; = y,, for all i.

Proof of Lemma The proof follows the same lines as for Lemma (appendix [D.1]),
|i—m;]

up to the following difference. We replace === by |z; — 2| = |yr, — yx; in the two main
inequalities of the proof, and we lower bound the cardinal number #{¢ : y, < % + %} by 7n,

using . O

Proof of Lemma The proof follows the same lines as for Lemma (appendix ,
up to the following difference. Since y; > y; > 2, we have y; — " > 1 and then {¢: y, <
1} c {¢: y, < y; —r"}. This inclusion and condition yield #{¢: yo <y —1r"} > in.
Combining with the assumption F' € LBL[(y;), v, 3], we obtain

> Fu—Fu>alyi—yl #H0:ye<yi—r"} > aimlyi—y;l -
L yp<y;—r”

Thus, Assumption holds for v = a. O
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M.2 Proof of Lemma

The proof is similar to that of Lemma[D.I]in appendix [E] The only difference is for controlling
the bias term D = from the error bound in Lemma |[E.1} For D* € LDE[(y;), &, 3,0, 0], we

upper bound the bias term by Dj = < Bn (instead of D;,.. < B/n).

M.3 Proof of Proposition

Recall that, under Assumption[d.I] we used Lemma[D.3|to[D.5|for analysing AgregLocalBisection
and proving guarantees for the output H (Proposition [C.6). We now state the counterparts
of these three lemmas for the general Assumption

Lemma M.1. Letyi,...,y, € [0,1] satisfy , and leti € [n]. If the inputs in LocalBisection(i,
D,01,02,03) are such that, D is LDE[(y;), &, B,w,r]| as in Assumptian and 61, 92, 03 fulfill
the constraints (130

Then, the conclusion of Lemma[D.3 holds.

Lemma M.2. In the statement of Lemma replace the condition n™' < p by n < p, and
“Lemma[D.3” by “Lemma[M.1". Then, the same conclusion as in Lemma[D.]] holds.

Lemma M.3. Under the hypotheses of Lemma[M.2, the output H of AgregLocalBisection
satisfies, for some s € {£},

H;j = SHZ.(;F) , for all 4,5 € [n] such that Hij #0 or |yr, —yx;| 2 p ,

where p = (62 + w)/a.

Lemma [M.T], [M.2] and [M.3] respectively generalize Lemma [D.3] [D.4] and [D.5] The proofs of
these three lemmas are in appendix

Proposition follows from these lemmas.

M.4 Proof of Proposition

Reading the proof of Proposition (in appendix [I}), one can see the few spots where the
y;’s spreading comes into play; we will adjust them below. Ultimately, these minor changes
will yield an extra constant (7) in the conditions on the tuning parameters d1, d2, J3.

We will use the notation x; = y,, for all ¢. The equality x,, = 1 is replaced by the lower bound
Tn > 1 —n, where 7 is the constant of the constraint . This replacement only occurs in
the proof of Lemma Going through the proof of Lemma we observe that this change

occurs in the following sub-Lemma

e To adapt Lemma for the latent space setting, we have to replace the constraint
p+2t' < 1/2 by 2n+ p+ 2t < 1/2. This change is useful at the end of proof of
Lemma when proving the inequality Dy, > d3. More precisely, we now have

Tp—Tp =Tp — i+ (v —a) > (1 —n)—(1/24+p/2) —t' =1/2—n—p/2 -t > 1/4 |

when 2n+ p+2t' < 1/2.
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e For Lemma the additive error 2w, of the LDE regularity is replaced by 2w,, ;, where
Wn,y is defined in (124]).

e For the generalization of Lemma we need to add the new constraint 4n + 3p < 1.
This is useful at the end of the proof of Lemma [[.2l We now have

o —xi 2 (L=n) = (1/2+p/2) 2 1/4 ,

when 4n +2p < 1.

e For Lemma we replace n~! by 1. Thus, the constraint n=! + p < r becomes
n+ p < r, and the constants ¢; and ¢ are now equal to: ¢1 = S(n + p) and ¢o =

B(n+a (0 +w)).

Taking ¢’ = p' (as in the proof of Proposition [C.8)), we obtain the new conditions on 41, d2, d3.
They are gathered in (131]), and used in Proposition

M.5 Proof of Proposition

We will use the notation z; = y,, for all <. The proof follows the sames lines as for Proposi-
tion (appendix [D.5). We only have to replace the m;/n’s with the z;’s, and the L,y loss
by the Lcomp loss. We just give the changes.

To obtain Leomp (7", 7) < 2v for 7" defined by , it is sufficient to prove that

7 > 7l

J for all 4,j € [n] such that z; > x; +2v .

Let i,j € [n] such that x; > x; + 2v. We introduce the following partition of the space [0, 1],

[1:[1,$i—l/], IQZ(.%'Z‘—V,xi—i-V), 13:[$Z‘—|-I/,:Cj—l/],
Iy = (xj —v,zj+v), Is=[z;+v1],
assuming that z; > v and z; +v <1 (the other cases, where z; < v or z; +v > 1, can

be analyzed in a similar fashion, with a slight adaptation of the partition). We define the
associated partition of indices Ry = {k € [n] : x € I} for s € [5].

The rest of the proof can be done as for Proposition (appendix [D.5)). For completeness,
we do the case xp € I. If x; € I, then x; — 2 > v, and hence Hj;, = H](;r) = 1 for all
k € Ry. This yields

> Hjy—Hy = 1+ > Hyp—Hyp > 1,
kER3 kERa, k#i

where we used H;; = 0 in the equality, and H;; € {—1,0,1} in the inequality.

N Proofs of Lemmma M.1, M.2, M.3

Throughout the section, we use the notation x; = y,, for all i.

Proof of Lemma The proof follows the same lines as for Lemma (in appendix|F.2)),
with a slight adaptation for the two following arguments: (1) the relation |z; — x| = |x; —1/n|
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is replaced by |x; — z1| = |z; — 7|, and similarly, |z; — z,| = |1 — x| is replaced by |z; — z,| =
|(1=mn) —z;|; (2) the old |zy — x| < 1/n is replaced by |z; — x¢.| < n. The change (1) occurs
in the last sentence of the proof of sub-Lemma The change (2) is in the last line of the
proof of Lemma [F.7]

Proof of Lemma The proof is almost the same as for Lemma (in appendix |F.3]),
and we only point the changes out. Without the loss of generality, we assume that 7 = id, so

that 1 < ... < x,.

o Point 2 of Align: The definition of i, changes: Let i, such that x;, € [1/2 — n,1/2].
Such an i, exists by . Then, following the same lines as in the old proof, we adapt the
verification of the inequality x;, — z1 > 1/4 as follows. Since 21 € [0,7] by (18), we have
Ti, —w1 > (1/2=n) —n>1/2—2n>1/4 for n < 1/8.

o Point 4 of Align: The modifications concern the proof of and , but we only present
the changes for ([69), the ones for being similar. As a new definition of k,, let k, € [n]
such that zy, € [3/4 —n,3/4], whose existence is ensured by (L8)). To keep the same proof
as before, we need to check two facts: (i) the inequality =y, — x; > p for z; < 1/4, and (ii)
zr, € [5/8,3/4]. For (i), we have zy, —x; > (3/4—n) —1/4 > 1/4 > p, for n < 1/4 and
p < 1/8. This (i) holds. For (ii), we have xy, € [(3/4 —n),3/4] C [5/8,3/4] for n < 1/8.

Instead of the point x|, /3| used in the old proof, we define a new point x, satisfying x, €
[1/2 — n,1/2]. For this new point, we have to check two inequalities to keep the same old
proof, namely, xy — x; > 1/8, and xx, —x¢ > 1/8. Using z; < 1/4, we indeed have

xp—x;>(1/2-n)—-1/4>1/8 and xp, —x¢>5/8—1/2>1/8 .

Proof of Lemma Same proof as for Lemma (in appendix [F.4)).

O Alternative distance estimator

Since the error bound on the estimator D has a bias term that is proportional to /7
(Lemma , the estimator D may perform poorly, and so might the permutation estimator
#, build on D. This issue happens even if the noise level o goes to zero. To rectify this, we
describe in this section an alternative distance estimator whose estimation error goes to zero
when o — 0.

Like in the definition of IA), the crossed term in is estimated by the scalar product
(A;, Aj)p. But, the quadratic term is now estimated by the empirical quadratic term (A;, A; ).
We have

E[A%] SF2. +o° .

T Tk

It is therefore possible to use standard concentration bounds to prove that, with high proba-
bility, [(A:, Ai)n — (Fr;, Fr,)nl S 0% + ¢, where

F logn
cn:[’\%’%ra]a i . (132)
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It is the same upper bound as in Lemma up to an additive error 2. Thus, when o — 0,
the inner product (4;, A;), is a consistent estimator of the quadratic term (Fr,, Fir;)n.

Putting things together, we obtain the estimator D2(4, j) = (4;, Ai)n+ (Aj, Aj)n —2(Ai, Aj)n,
of . Combining ({132 and Lemma it is possible to prove that D? satisfies the following

error bound

D*)ij — (Do)

max_|(

F 1
max So? g |22y U:| o og(n) (133)
i,j€[n

|
sot [ o]
with a probability greater than 1 — 1/n?.

Unlike the (main) estimator D, the alternative estimator D, is consistent when o — 0,
regardless of the value of 7.

P Proof of Theorem [2.2

We recall that the lower bound is proved in the particular case where F' is known and equal
to the matrix Fp,
i = Jl

Foij=1—-a , for all 4,5 € [n] . (134)

It is not difficult to check that, for a € (0,1] and any S > «, the matrix Fy belongs to
[0, 1]™*™ as in model , and to the class BL[a, ] of bi-Lipschitz matrices. We will establish
the lower bound (¢/a)+/log(n)/n under the condition that a/o > Cp4/log(n)/n where Cy
is a numerical constant (which will be set later). This last condition is satisfied as soon as
n > Cy o for some constant C, , only depending on o and o.

Our minimax lower bound is based on Fano’s method as stated below. We denote the set of
permutations of [n] by II,,. For two permutations = and 7" in II,,, we denote the Kullback-
Leibler divergence of P(p, ) and P ) by KL(P(g, ) || P(g,7))- Given the loss Lyax defined
in , a radius € > 0 and a subset § C II,,, the packing number M (e, S, Liax) is defined as
the largest number of points in § that are at least € away from each other with respect to
L.x. Below, we state a specific version of Fano’s lemma.

Lemma P.1 (from [Yu, 1997]). Consider any subset S C IL,,. Define the Kullback-Leibler
diameter of S by

dir(S) = Sup_ KLPgym | Py ) -
S

Then, for any estimator @ and any € > 0, we have

|5 gl o
log M(€, 8, Linax)

sup Py r) [Lmax(F,m) > B
TeS

In view of the above proposition, we mainly have to choose a suitable subset S, control its
Kullback-Leibler diameter, and get a sharp lower bound of its packing number. A difficulty
stems from the fact that the loss Lyax (7, 7) is invariant when reversing the ordering .

Let k := Ci(0/a)y/nlog(n), for a small enough numerical constant C; € (0,1] (which will
be set later). To ensure that k& < n/4, we enforce the condition a/o > Cpy/log(n)/n, with
Cy := 4C;. For simplicity, we assume that n/4 is an integer (otherwise take the floor value
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|n/4]). We introduce n/4 permutations 7(*) € II,,, s = 1 n/4. For each s € [n/4], let
71](-3) be such that

Vien\{s,s+k}: ﬂj(.s):j, and ) =s+k, and ngk:s.

Each permutation 7(®) is therefore equal to the identity (7) jeln] up to an exchange of the two
indices s and s 4+ k. This collection of n/4 permutations is denoted by

S:={rMV, . 2/} (135)
For the subset S C I1,,, we readily check that

Vs, t € [%} ,SFE L Lmax(ﬂ'(t),ﬂ'(s)> > % )

This gives a lower bound on the packing number M(€,, S, Liax) of radius €,:

M(€en, S, Linax) > n/4 for e, =k/n .

To upper bound the KL diameter of S, we use the following claim whose proof is postponed
to the end of the section.

Claim P.2. For any m,7' € IL,, and any n x n matriz F, we have KL(Pp ) | Pp ) <
507 2ijein] (Frimy = Fair ).

v

Combining with the definition (134]) of F, we obtain

(aen)?

o2

KL(P(ry ) | Py ar)) < Can CyCf log(n)

for €, = k/n = Ci(o/a)y/log(n)/n, and a numerical constant Co > 0. Taking the value
C1 = (24/C3)7 1, we have
log(n)

1

Applying Lemma to the set S of (135]), we arrive at

_log(n)/4 +log(2) < 1
log(n/4) 27

as soon as n is greater than some numerical constant. The lower bound €, /2 is of the order

of (o/a)/log(n)/n. Theorem follows. O

P.0.1 Proof of Claim [P.2

dgr(S) <

inf sup P x [Lmax(fr,ﬂ) > 6—"] >1
T neS ’ 2

We recall that P(r ) is the probability distribution of the data A. For all pairs i,j € [n],
we denote the marginal distribution of A;; by P( F;;,m)- By definition of the Kullback-Leibler
divergence, we have

KL(IP(F,ﬂ') H P(F,w’)) - ZKL(P(E]‘J)’P(FMJI)) < Z (
1<J 1,J
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where the equality follows immediately from the independence of the A;;, ¢ < j, and the
inequality from Claim (ford=1,%1 =39 =02, 1 = Fj, po = F;j)

Claim is proved. O

Claim P.3. Let two (multivariate) normal distributions P = N(u1,%1) and Q = N (u2, X9),
both d dimensional, with respective mean vectors iy, flo € Rd, and covariance matrices 1, Y9 €
R¥>? " Then, we have

1 Py

KL(P.Q) = [1og (,ZQ (= )5 (g — i) + (S5 ') — d

In particular, when X1 = Yo = o Id, we have the simpler formula

2
H1 — K2
KL(P,Q):7H 53 Iz

We used the notation Id for the identity matriz, |M| for the determinant and tr(M) for the
trace of any matrix M.

For a proof of the first relation in Claim see [Duchi, 2014} section 9]. The second relation
is a direct consequence.
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