STUDY OF WEIGHTED ELLIPTIC COMPOSITION
OPERATORS ON THE UNIT BALL OF C¥

L. OGER

ABSTRACT. We study the general properties, point spectrum and spectrum of a
weighted composition operator W, , with elliptic symbol ¢ on the unit ball By of
CV, and general weight m € Hol(By). We give a complete description of the spectra
in the vast majority of cases, and we provide inclusions in general.
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1. INTRODUCTION

Let N > 2 By = {z € CV : |z|] < 1} be the unit ball of CV for the euclidean norm,
and Hol(By) be the set of all complex-valued holomorphic functions on By. Consider
¢ : By — By a holomorphic map, and m € Hol(By). The weighted composition
operator, with symbol ¢ and weight m, denoted by Wy, ,, is defined on Hol(By) by

Wino(f) = m(f o ¢).

It is a linear, multiplicative operator.

Theory of composition operators is a very popular subject. Most of the vast literature
on this topic (see for example the monographs from Cowen, MacCluer in [9], Shapiro in
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[20] or more recently, the articles |5, 7, 8]) considers these operators on Banach spaces
of analytic functions, such as Hardy, Dirichlet, or Bergman spaces.

However, in recent years, W. Arendt et al. (|2, 3]) studied one-variable weighted
composition operators directly on the Fréchet space Hol(D), where D denotes the unit
disc of C. In this paper, we will only consider elliptic symbols, that is ¢ having a fixed
point in the ball. Upon conjugating by some automorphism, we can assume that 0 is a
fixed point of .

The results of [2, 3] for elliptic symbols are summarized in the following theorem.
Denote by Ny the set of all non-negative integers, and N = N\ {0}.

Theorem 1.1. Let ¢ be an elliptic self-map of D such that ¢(0) = 0, and m € Hol(D).
(1) If ¢ =0, then
Tp (W) = {0,m(0)} = o(Win).
(17) If m(0) =0 and ¢ # 0, then
0p(Wine) = 9, o(Wi,e) = {0}.
(273) If m(0) # 0, ¢'(0) =0 and ¢ #Z 0, then
(W) = {m(0)},  o(Wne) = {0,m(0)}.
(iv) If m(0) # 0 and 0 < |g0( )| <1, then

0p(Wie) = {m(0)¢'(0)" :n € No},  0(Wip) = 0p(Wine) U{0}.
(v) If m(0) # 0 and p(z) = Bz, |B| =1, P = 1, then if we define the map m, by
my(z) = m(z)m(Bz) ---m(B~"z),
0y (W) # 9 <= 0,(Wn,) = {m(0)3* : k € Ng} <= m,, is a nonzero constant.
Moreover, c(Wy, ,) = {/\ e C: I\ em,D)}.

This article can be considered as a sequel to [2], [3] and [15]. The aim is to construct
a similar theorem in the multidimensional case. Note that the behaviour of the point
spectrum o,(W,, ) and spectrum o(W,, ) of composition operators strongly depends
on the properties of the maps m and .

In order to study this function, we need a generalization of Denjoy-Wolff’s theorem,
by B. MacCluer in [14] and Y. Kubota in [12], presented here as a single result. Let
©™ be the n-th iteration of .

Theorem 1.2. Let ¢ be a self-map of By, and assume that ¢ has a fixed point in By.

(a) If a subsequence of (¢™),>o converges to a constant map f = zy € By, then the
whole sequence converges to zy. In this case, zy is the unique fized point of .

(b) Otherwise, upon conjugating, there exists a subsequence of (™) that converges to
a function h of the form

hz)=(z1,"+,2,0,---,0), with re{l,--- N}
This theorem classifies the elliptic self-maps of By into two categories.

Definition 1.3. Let ¢ be a self-map of By. Assume that ¢ has a fixed point in By.
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e In the case (a) of Theorem 1.2, we say that ¢ is elliptic attractive, and the Denjoy-
Wolff point of ¢ is defined as the z.

e In the case (b) of Theorem 1.2, we say that ¢ is elliptic non attractive.

The paper is organized as follows.

First, in Section 2, we consider the general properties of weighted composition oper-
ators on the unit ball: continuity (Proposition 2.1), invertibility (Proposition 2.2), and
compactness (Proposition 2.3). We also give a formula about the partial derivatives of
composition of functions.

Then, in Section 3, we study the spectral properties of W,, ., if m(0) = 0. In particu-
lar, we prove that the point spectrum is empty (Proposition 3.1), and that the spectrum
contains only 0 (Proposition 3.3).

Next, in Section 4, we focus on composition operators with non-vanishing weight at
0 and non-bijective symbol. We split the analysis into three cases. First, we consider
symbols ¢ such that the Jacobian matrix at 0, ¢’(0), is invertible. In this case, the
point spectrum is completely described (Proposition 4.5), as well as the spectrum if we
assume moreover that ¢'(0) is diagonal (Proposition 4.10). Then, we focus on Jacobian
matrices such that 0 is their only eigenvalue. In such case, the point spectrum is {m(0)}
or {0,m(0)} (Proposition 4.11), and the spectrum is {0, m(0)} (Theorem 4.12). Finally,
we give general inclusions for the spectra of W,, ., (Propositions 4.14 and 4.15).

In Section 5, we consider non-vanishing weights and bijective periodic symbols. We
give a characterization of when the point spectrum is non-empty (Proposition 5.3), and
a description of the spectrum of W,, , (Theorem 5.5).

Finally, in Section 6, we give results about the point spectrum in two cases: when
the weight vanishes at some point in By and the symbol is bijective aperiodic (Lemma
6.1), and when the symbol is elliptic non-attractive (Proposition 6.2).

2. GENERAL PROPERTIES
In this section, we go along the same lines as [2]. We first focus on continuity.
Proposition 2.1 (Continuity). The operator W, ., is continuous on L(Hol(By)).
Proof. Let k € N. Denote by |-, the semi-norm on Hol(By) defined by
flaw=swp 7, with = (1- 1) By
2K},

Since ¢ is continuous and K}, is compact, there exists j € N such that p(K}) C K;.
Hence, for all f € Hol(By),

W () lloo e = sup Im(2)f((2))] < sup lm(Z)\féllg [f ()] < Ml [[flloy; - O

eKy z€Ky,
We now study the invertibility of weighted composition operators.

Proposition 2.2 (Invertibility). The operator W, , is invertible if and only if m does
not vanish on By and ¢ is bijective.
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Proof. 1f ¢ is bijective and m does not vanish on By, as in [2]|, we consider the map
1
mo @1’
which satisfies W, ,-1 o W, , = W, , o W, .1 = Id. Hence, W,, ,, is invertible.
Conversely, if there exists zg € By such that m(zp) = 0, then for all f € Hol(By),

(Wm,cp(f»(ZO) =0,
so Wiy, is not invertible. Assume now that W,, ., is invertible. Then, for all z € By,

we know that m(z) # 0. Let g € Hol(By). Then h = mg € Hol(By), and there exists
f € Hol(By) such that

m(f o) =h=mg.
Dividing this equality by m (since m does not vanish on By), we obtain f o ¢
Therefore, C,, is invertible, so ¢ is bijective (see [15, Proposition 2.4]).

OJ
Finally, let us concentrate on the compactness of W, ,. Recall that for f € Hol(By),
the supremum norm of f is defined by ||f||, = sup{f(z) : z € By}.

Proposition 2.3 (Compactness).
The operator W, ,, is compact if and only if m =0 or ||¢||, < 1.

Proof. If m = 0, then W,,, , = 0, so W,, ,, is compact.

If m # 0 and |||, <1, then W,, , = M,,,C,,, where M,, : f — mf is the multiplica-
tion operator by m, and Cy, : f +— f o . Since |||l < 1, using [15], the operator C,,
is compact. Hence, because the set of all compact operators is an ideal of L(Hol(By)),
the operator W, ., is compact.

Conversely, if m # 0 and |||, = 1, then for 0 < r < 1, we are able to choose
2o € By such that |¢(z0)| > 7 and m(zp) # 0. The same proof as in the non-weighted
case |15, Proposition 2.8], using Oka-Weil’s theorem (|16, 21]) gives the result. O

Let us finish this section with a wonderful property concerning the partial derivatives
of composed maps. We define two orders on NJ'. If 7, 7€ NJ', set |[f] =4y + - - +ix and

71 =11

r=<J = il <] or S . .
dke{l,--- N}, i1 =j1, - yie—1 = Je—1, G < Jk-

We write < Jif ¥ < Jor = 7. The order < is a well-order. Hence, we can define
the predecessor and the successor of a vector 7€ NYY. We denote them respectively by
7-and 7,. For 7€ NIV, f € Hol(By) and z € CV, let us denote

2= Hzika f(j) = 8|ﬂf

Moreover, we define Holy(By) = {f € Hol(By) : V7' < 7, f@(0) = 0}.

The following lemma, proved in [15] using Faa di Bruno’s formula ([13]), will be
crucial. Since unitary matrices are automorphisms of the ball fixing 0, using Schiir
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decomposition ([10]), we assume in the following that the Jacobian matrix of ¢ at 0 is
a triangular matrix, with diagonal entries Ay, - -+, Ay.

Lemma 2.4. Let 7€ NY. If f € Hol; (By), then

(1) (f 0 9)?(0) = Nf(0).

3. VANISHING WEIGHT AT 0O

When the weight m satisfies m(0) = 0, the spectra of W, , can be completely
described, as it is proved in the following two properties.

Proposition 3.1. Let ¢ be elliptic, such that ©(0) = 0. If m(0) = 0, then
0p(Wine) € {0}.
Proof. Let € C*. If f # 0 satisfies m(f o p) = pf, then

o First, uf(0) = [m(f o ¢)](0) =m(0)f(0) =0, so f(0) =0 since pu # 0.
« Assume that for all 7 < 7, f®(0) = 0. Then, by Lemma 2.4 and the Leibniz rule,

ufP(0) = [m(f 0 9)]7(0) = m(0)(f 0 )" (0) = 0.
Therefore, f9(0) = 0.
Finally, f = 0, which is impossible. Thus o,(W,,,) C {0}. O

Remark 3.2. For instance, consider N = 2, ¢(z1,22) = (0,292) and m(z1, 22) = 2.
Then, for f(z1,22) = 21, we obtain m(f o ¢)(z1, 22) = 21 f((z1,22)) = 21£(0, 22) = 0.
Hence, 0 € 0,(W,, ).

Proposition 3.3. Let ¢ be elliptic non automorphic, such that (0) =0 and ¢ Z0. If
m(0) =0, then

(W) = {0}.
Proof. The proof is exactly the same as in [2, Theorem 4.§]. O
Remark 3.4. If ¢ =0 and m(0) = 0, we easily show that
0p(Winp) = 0(Wh,) = {0}.
Indeed, in this case, W, ,(f) = f(0)m. Thus, for all ¢ € Hol(By) and p # 0, the

map
1
polop

satisfies h(0)m — ph = g, so i & 0(Wi,,»). In addition, if we denote e;(z) = 2z, we have
e1(0) = 0. Hence, we obtain W, ,(e1) =0, so 0 € g,(W,,.,).
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4. ELLIPTIC ATTRACTIVE SYMBOLS

Throughout the rest of the paper we assume that m(0) # 0. When ¢ is elliptic at-
tractive, by Denjoy-Wolff theorem, ¢ is not bijective. Moreover, using [15, Lemma 4.1,
|’ (0)|| < 1. We begin with the two following results, proved in the one-dimensional
case in [2]. The proofs are going along the same lines in our context, the notation ||
describing the euclidean norm on the ball instead of the modulus on the disc.

Lemma 4.1. Let ¢ : By — By be an elliptic attractive map such that ¢(0) = 0. For
all r € (0,1), there exists § = 6(r) € (0,1) such that for all |z| <r and n >0,

[ (2)] < 8" |2l

Proposition 4.2. Let ¢ be an elliptic attractive map such that ¢(0) = 0, and m €
Hol(D) such that m(0) # 0. The sequence (wy),>1 defined by

_ma(2) T
wnlz) = o mw—gmww>

converges uniformly on all compact subsets of By to a map w, which is the only one to
satisfy

m(w o ¢) = m(0)w, w(0) = 1.

The function w is called weighted Koenigs” map of p and m.
We now consider different situations, depending on the behaviour of ¢/(0).

4.1. Invertible Jacobian at 0. Let us recall Koenigs’ theorem in several variables
(6, 15, 7, 19]), generalization of the result proved in 1884 in [11]. Denote by A =
(A1, -+, Ay) the diagonal of the matrix ¢'(0).

Definition 4.3. We say that the eigenvalues are resonant if there exist j € {1,--- | N}
and ki, --- ,ky € N such that ky +--- + ky > 2 and

k1 kn _
ATH X XA = A

Theorem 4.4. Let ¢ : By — By be an elliptic attractive map, such that p(0) =0 and
©'(0) s invertible and the eigenvalues of ¢'(0) are mot resonant. Then there exists a
holomorphic function k : By — CV such that '(0) = 1d and

(2) ko= (0)k.

The map « is called Koenigs’ function of .
Changing the order of the eigenvalues of ¢’(0), this theorem allows us to find functions
m, - ,nn € Hol(By)\{0} such that

M © L = ApTk, k=1,--- N.

We obtain the following proposition.
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Proposition 4.5. Let ¢ : By — By be an elliptic attractive map, such that p(0) =0
and ¢'(0) is invertible and the eigenvalues of ¢'(0) are not resonant. Let m € Hol(By)
such that m(0) # 0. Then,

0p(Wing) = {m(0)N : j € Ny'},
where A = (A, -+, An) s ¢'(0) eigenvalues’ vector.

Proof. Let 7€ NIY. Consider f = wn’, with w defined in Proposition 4.2. Then
N
m(f o) =m(wo ) (H M 0 @) )
k=1

N
= m(0)w (H()\knk)jk) = m(0)Nwn’ = m(0)NF.
k=1
Hence, for all j€ Nif, m(0)\ € ap(W o)
Conversely, if u & {m(Q)N : J M1, and if f € Hol(By) satisfies f # 0 and

m(f o) = puf, we show that for all 7€ NY, f9(0) = 0.

« Note that [m(f o ¢)](0) = m(0)f(0) = uf(0). Since u # m(0), we get f(0) =

o Assume that for all ¥ < 7, f%(0) = 0. Then, by Lemma 2.4 and the general

Leibniz rule ([17]),

ol F oo (0) = T\ (0)(f 0 ) @0
N m(f o0 (0) Z(a) O)(/ ° )0

=m(0)(f © ¢)?(0) = m(0)NfP(0).

S

Indeed, if @ < 7, then @ < 7. Therefore, since f € Hol; (By) C Holz (Bx), b
Lemma 2.4, (fo¢)@(0) = 0, unless @ = 7. Finally, m(0)\N £ (0) = uf9(0), and
since pu # m(0) N, we obtain f(0) = 0.

We deduce that f =0, a contradiction. Hence, o,(W,,,) = {m(0)M : 7€ N}'}. O

If ©'(0) is diagonal, the Koenigs’ functions associated with ¢ satisfy

Nk O $ KTk 1(0) ’ 8,2[( ) {0 if ¢ = k.

Let us start by establishing a property on the maps 7.
Lemma 4.6. If7,7€ NY satisfy 7< 7, then

Proof. Note that for all k € {1,---, N}, the Maclaurin series of 7 is

Z) = ZOCMZK + O(|ZD, with «y € C.
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Hence, by the multinomial Theorem,

:H<Zakm) +o(l2[") =] {:)mkz)ﬁk +o(|2|")

k=1 k=1 "\ |Pk|=Jk

with 5[, €C,pre=0if kK </, and

7= (pun+- - +DN1,D22+ -+ Pn2, - DNN)-

However, for pi,---,py satisfying these assumptions, || = [j]. Also, note that
P11 = j1, so 7 = 7. This gives the result for 2 < j. Moreover, the only way to get ¥ =7
is by taking pre = jrlr—¢y. Hence, we conclude for the case = J'since 3, = 1, because
o, = 1 for all k. O

Hence, we get the following theorem. For 7€ NV, let us define
X; = Vect(wn': 7< J), Hol;(By) = {f € Hol(By) : V7' 7, f7(0) = 0}.

Theorem 4.7. Let ¢ : By — By be an elliptic attractive map such that ¢(0) =0 and
¢'(0) is diagonal, invertible. If m(0) # 0 then

(i) For all 7€ NY, Hol(By) = X;® Hol(By).

(ii) For all 7€ NYY, if we define the operators P; and Q; by

Fs(f) = f(0)w, Pﬂf)—;[f Qr(MIP(0) xwn’,  QHf) =_PAS)
=<7
then Qj is the projection on X; in parallel to Hol{By).
(i4i) For all 7€ NJY, Pyo W, , = W, 0 Py =m(0)NP;.
Proof. We prove most of the results by induction.
(i) First, we show that X;N Hol{By) = {0}. Indeed, let

f= Z cawn’ € Hol(By).

<7

Then, ¢z = cgw(0) = f(0) = 0. Let k < Jsuch that for all 7 < k, ¢z = 0. By the
general Leibniz rule,

00 = 3 ewn)®0) = T Zcz( ) F-D(0) () D(0) = cgw(0)F

k<i<7 F<i<7a<k

Since f € Hol{By), we obtain ¢; = 0. Hence, f = 0.

Now, let us show that X;+ HolyBy) = Hol(By).
« The inclusion C is trivial.
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« Note that Im(Q;) C X;. Let f € Hol(By). Then,

[f = Q5(N0) = [f = F5(H)](0) = f(0) = f(O)w(0) =0,
because w(0) = 1. Hence, f — Q5(f) € Holz(By), so f € W5+ Holz(By).
Assume that f — Q7 (f) € Hol; (IB%N) Then,

Qf) = Q7 (/) + PAf) = Q7 (f) + v Q5 (F]7(0) x wry’
Let v < J. By definition of Q5

[f—@UWszu—@quWm—%u—Qfuwm> % (wif)®(0).

If ¥ < J, using the properties of 1 and the induction hypothesis, we get
[f = Q7 (N]P(0) = (wn?)P(0) = 0, s0 [f = Qx{f)]??(0) = 0. If ¥= 7, then

v—@ﬂm@mw=w—@ﬁWWWm—%w—@ﬁWWWmxwmmza

using Leibniz rule, and noticing that w(0) = 1.
Finally, f — Q7 f) € HolyBy), so f € X;+ Hol{By).
(71) Using (i), if f € Hol(By), then we can write f as
f=9g+h, geX; heHolyBy),
where g and h are uniquely determined. Moreover, Q7 f) = g, so Q7 is indeed the
projection on X7 in parallel to Hol{By).
(i4i) First, we show that for all 7€ NYY, W,,, , o Pr=m(0)NMP;. Indeed,

(Wi 0 P)(f) = [f qun@<>xmwm¢xﬂow
U Q7 (N]7(0) x (m(0)w) (M) = m(0)NPA f)

Then, let us prove that for all 7€ NY, Q70 Wy = Wiy 0 Q. To do so, it
suffices to show that X; and Hol{By) are invariant by W,, ..
e Let 7= 7. Since m(wn” o p) = m(0)\"wn’, we obtain m(wn® o p) € X5 and
Wineo(X5) C X5
o Let f € HolyBy). Then, m(f o ¢)(0) = m(0)f(0) = 0. In addition, for all
0<k<7 fe€ Hol; (By). Hence,

[m(f 0 )] (0) = m(0)N* F®(0) = 0.

Finally, Wi, ,(f) € Hol{Bx), so W, ,(Hol{Bx)) C Hol{Bx).
We deduce that for all f € Hol(By), there exist g, h € HolyBy) such that
)

m(f o) =m(Qxf)op)+m(gop) =Qim(fop))+h.
However, all maps are written in a unique way in X;@ Hol{By), so

(@70 W) (f) = Qi(m(f 0 ¢)) = m(Qif) 0 p) = (Wi, 0 @) f)-
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Finally, we show that Pyo W,,, = W,,, o P;. For 7= 0, it is trivial since
P; = Qg. Otherwise, for j€ NYY, we write

ProWpne = (Qr = Q) o Wi = Wi 0 (Qr— Qz.) = Wi 0 Py N
We now consider two auxiliary lemmas.

Lemma 4.8. Let ¢ be an elliptic attractive self-map of By, such that p(0) = 0. Let
g € Hol(By), and X\ # 0. If there exist € € (0,1) and f € Hol(B(0,¢)) such that for all
|z| < e,
Af(2) =m(2) f(p(2)) = 9(2),
then there exists a function f € Hol(By) such that figo.e) = f, and for all z € By,
M(z) = m(2)f(p(2) = g(2).
Proof. See |15, Lemma 4.7] or [4, Lemma 4.2], for instance. The only thing left is adding

m everywhere. O

Lemma 4.9. For all \y > 0, there exist 0 < e < 1 and p € Ny such that for all |A\| > Ao
and g € Hol,(By),
Z M (g © ")
)\n

n>0

converges uniformly on B(0,¢€).

Proof. Let v > 1 and ||¢'(0)|| < ¢ < 1. There exists p € Ny such that v [m(0)] (P! < Ag.
Moreover, we know that there exists € € (0,1) such that for all |z| < ¢,
()] <Clzl <& and  fm(z)] < v m(0)].
Using Schwarz’s lemma, for all n € Ny, ‘go[”}(z)| < (" |z] < e, ans since g € Hol,(By),
there exists C' > 0 such that for |z| < e, |g(z)| < C'|2|"™". Finally, for |z| < e,

. [n] cpn 0 n . 0 p+1\ T )
m (Z)g)\(:? (Z))‘ L or ||:|?n( ) ol ()" < (%) CePtt,

Because v |m(0)] (P < Ao, the series converges normally on B(0, ¢). O
We finally reach the following result.

Proposition 4.10. Let ¢ : By — By be an elliptic attractive map, such that p(0) =
0 and ¢'(0) is diagonal, invertible and the eigenvalues A1, -+, Ax of ¢'(0) are not
resonant. Assume that m € Hol(D) satisfies m(0) # 0. Then

(W) = 0p(Win,) U {0}

Proof. The inclusion D is trivial, since ¢ ¢ Aut(By). Let us focus on the other one.
Let p & 0,(Wi, ) U{0}. By Lemma 4.9, there exist 0 < ¢ < 1 and p € Ny such that
for all g € Hol,(By),
Z My (g o Sp[n])
)\n

n>0
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converges uniformly on B(0, ¢).
In addition, in a same way as in Theorem 4.7, Hol(By) = X, @ Hol,(By), with
X, = Vect(wn® : |1] < p) and Hol,(By) = {f € Hol(By) : V|| < p, f@(0) = 0}. The

two subspaces are invariant by W,, ,. Hence,

S 0
W = (0 T>’

with S € £(X,) and T' € L(Hol,(By)).
« If we consider the basis (wn’ : |71 < p) of X, and if we denote A = (A1, -+ , Ax),
S = diag(m(0)N : |71 < p).
Since & {m(0)N : |71 < p}, S — pId is invertible.
» For all g € Hol,(By), set
1 " [n]
b=y ) € o(B(0,2))
n>0
Then, on B(0, ¢),
ma(g 0 o) Mns1(g 0 "+
m(how)—uh:ZT—Z H()\nﬂ ):mogzg.

n>0 n>0

Hence, by Lemma 4.8, there exists h € Hol(By) such that
m(hop) —puh =g.

Moreover, h € Hol,(By). Indeed, if we could write h=s+t with0#s¢e W,
and ¢t € Hol,(By), we would obtain

m(h o) — ph = (Wine(s) = ps) + (Wao(t) — ut) = g,

with (W, (s) — pus) # 0, since s # 0. This is impossible because g € Hol,(By).
Finally, T'— plId is bijective, and invertible.

We conclude that W, , — uld is invertible. O

4.2. Non-invertible Jacobian at 0, with 0 as unique eigenvalue. In this case,
we can also describe the spectra of W, .

Proposition 4.11. Let ¢ : By — By be an elliptic attractive map such that ¢(0) = 0,
© £ 0, ¢'(0) is not invertible, and 0 is the only eigenvalue of ©'(0). Let m € Hol(By)
such that m(0) # 0. Then,

{m(0)} C 0p(Winp) € {0,m(0)}.
Proof. Let & {m(0),0}. If f # 0 satisfies m(f o ¢) = uf, then

« First, 1f(0) = [m(f 0 £)](0) = m(0) £(0), so (m(0) — ) (0) = 0.
Since u # m(0), we obtain f(0) = 0.
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« Assume that for all 7< 7, f®(0) = 0. Then,
pfP(0) = [m(f 0 )]?(0) = m(0)(f o ) (0) = 0.
Hence, f9(0) = 0, since pu # 0.
Finally, f = 0, which is impossible. Hence, o(W,, ) C {m(0),0}.
Conversely, the map w defined in Proposition 4.2 is an eigenvector of W,, , for the

eigenvalue m(0). Moreover, we give an example where 0 € 0,(W,,,) : assume that
¢r =0 for some k € {1,--- ,N}. Then, for f(2) = 2z, foe=0,s0 Wy, ,(f)=0. O

Theorem 4.12. Let p : By — By be an elliptic attractive map such that p(0) = 0 and
¢'(0) is not invertible. If m(0) # 0, and 0 is the only eigenvalue of ©'(0), then

0(Winp) = {0,m(0)}.

Proof. Note that the diagonal of ¢/(0) has only zeroes, so the matrix ¢'(0) is nilpotent.
Hence, there exists ng € Ny such that

(") (0) = (#(0)™ =0.
Let p € C\{0,m(0)}. We consider two types of functions.
o Let ¢ € C*. If w is the weighted Koenigs’ map of ¢ and m, then

Wi (1) — 0 = (Wi 1) — m(0)) + (m(0)w — puw) = m(0)w — o,
Thus, for all ¢ € C*, if we set f. = cw/(m(0) — p), we obtain Wi, ,(f.) — pufe = cw.

» Let g € Hol(By) such that g(0) = 0. We know that there exists 0 < ¢ < 1 a
constant d > 1 such that for all |z| < e,

92 <dlzl,  lp(z)l <dlzl, [P < d]2f.
Using Schwarz’s lemma, for all k € Ny, £ > 3 and |z| < ¢,
‘(p[k’no](z)‘ < dk |Z|2k < dk |Z|2k+2 )

For all n € Ny, if n > 3ng, we write n = kng + p, with £ > 3 and 0 < p < ny.
Hence, k = (n — p)/ng > n/ng — 1. If we set a = sup(|m(z)| : |z] < 1/2), we get

mn<z>g<w[nl<z>>‘ _ dan |gll()] _ drtian fpnl(z)

pr 1] |ul”
k4+p+1,n |, |2k+2 n . n |, |2n/no 2/no\ "
< d o n|z| < dd a |Z7|1 _ 4 do|z| '
|1 |1 |

We only have to choose & € (0,¢), so that dag?™ < |u|, to have

h= —i n; m"(z)glff[n}w € Hol(B(0,2)).

Moreover, the same calculations as in Proposition 4.10 gives
m(h o @) — ph =g on B(0,£).
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Using Lemma 4.8, there exists & € Hol(By) such that

m(ho ) —ph=g.
If n € Hol(By), then g = n — n(0)w satisfies ¢(0) = 0, and

m(fyo + 1) o @] = u(foyo + 1) =n0)w+g=n.

Finally, Wy, , — pld is invertible, and p & o(W,.,), so o(Wy, ) C {0,m(0)}. To finish
the proof, we use Proposition 4.11, and the fact that ¢ is not bijective. O

Remark 4.13. If ¢ =0 and m(0) # 0, we show that
0p(Win) = 0(Wine) = {0,m(0)}.
Indeed, W, ,(f) = f(0)m. Hence, for all g € Hol(By) and p ¢ {0, m(0)}, the map

_ 1 {ﬂm _ g}
p [m(0) — p
satisfies h(0)m — ph = g, so pu & o(W,, ). Moreover,
+ Denote e1(z) = z1. Then e;(0) =0, so W, ,(e1) =0, and 0 € 0,(W, ).
+ Since Wi, ,(m) — m(0)m = m(0)m —m(0)m = 0, we get m(0) € o,(Wi,,.).

4.3. General results. In general, we have the following results.

Proposition 4.14. Let p : By — By be an elliptic attractive map such that ¢(0) =0
and o # 0. Let A\, --- , A, be the non-zero eigenvalues of ¢'(0). Let m € Hol(By) such
that m(0) # 0. Then,

P
{m(0)} C 0,(Wy, ) C {m(()) H)\?C’“ St Jp € NO} U {0,m(0)}.
k=1

Proof. We know that the map w defined in Proposition 4.2 satisfies W,,, ,(w) = m(0)w,
so m(0) € o,(Wp,). Moreover, in a same way as in Proposition 4.11, 0 can be an
eigenvalue of W, .

Let u & {0}U{m(0)N : 7€ Ni}. If 4 € 0,(W,y,), then there exists f € Hol(By)\{0}
such that m(f o ¢) = uf. Once again by induction, using Lemma 2.4 and the general

Leibniz rule, we prove that f7(0) = 0 for all 7€ NY. Hence, f = 0, a contradiction.
Thus, pu & ap( Wine)- O

Proposition 4.15. Let ¢ : By — By be an elliptic attractive map such that ¢(0) =0
and ¢ 0. Let m € Hol(By) such that m(0) # 0. Then,

{0,m(0)} € o(Winp) € DO, [m(0)] [ (0)]]) U {m(0)}.

Proof. Since ¢ & Aut(By), Wiy, is not invertible. Hence, 0 € a(W,, ).

In addition, m(0) € o,(W,, ) by Proposition 4.14, so m(O) € (W)

Let p > |m( ) ¢’ (0)]],  # m(0). Then, similarly to Lemma 4.9, there exists € > 0
such that for all A € Holy(By), the series >~ (hop!™)/u™ converges uniformly on B(0, €).
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For g € Hol(By), let us define the functions h and f by

w\z mpl 2 (¢] [n] z
W) = 9(z) — gOw(z), o) = LQwE) Ly~ ma(e)(ho pT)(z)

m(0) —p pi pn

Thus, f € Hol(B(0,¢)). The same calculations as in Theorem 4.12 gives
m(z)(f o 9)(2) — nf(2) = g(O)w(z) + h(z) = g(2), |z <e.
Hence, W,, , — pld is bijective, so pn & o(Wp,.). O

Example 4.16. Consider N =2, p(z) = (21/3,21/3) et m(z) =2 + 2.
Point spectrum : Take w the map defined in Proposition 4.2, and fi(z) = 2. Then,

2
mwo ) =mOw=2w,  m(@wf)og) =mwog)(fiop) = 2wk = Z(wpy)
Hence, for all k € Ny, 2/3% € 0,(W,,,,). Moreover, if g(z) = 21 — 22, then go ¢ = 0, so
Wino(g) = 0. Thus, 0 € 0,(W,, ). Finally, using Proposition 4.14,
0p(Wino) = {2/3 : k € No} U {0}.
Spectrum : Let p & 0,(Wy, ), and g € Hol(By). We search for f € Hol(By) such
that m(f o) —uf =g. Write f = > a;;212) and g = Y b;;242). Then,

A i q
m(fop) =) oA @+a) =) (uay+by)Az=uf+g.

i,j>0 i,j>0

Note that there is no 2z, in m(f o ). Hence, if 7 > 1, since p # 0,
Hag; + bz‘j =0 <— Qjj = —,U_lbij.
It remains to consider the case 7 = 0. Remark that

ay % 7
> 3—021(2 +21) =Y (paw + bio)2i

>0 >0

< 2&00 + Z ( 0 + - 1’0) Z1 = UQoo + boo + Z(Maio + bio)Zl

3i—1
i>1 i>1
Thus, since u # 2, agy = boo/(2 — ), and for all ¢ > 1, since p # 2/3°,

-
bio — 3" "ai—1,0

Q0 =

2/3 —
Denoting C' = min(|2/3" — u| : i > 0) > 0, since 3'~! <1 for all ¢ > 1, we obtain
bio| | lai—1,l biol | [bic10| | lai2pl |bi k0|
ol < 0l < : .
ool < F + G S G et e S _CZ

However, the series ) zr2} has radius of convergence C, and the series Y |byo| 2§ has
radius of convergence 1, so the map f is defined on the ball B(0, C) by product series.
Lemma 4.8 gives a function f € Hol(By) such that m(f o p) — uf = g, so Wi — pld
is invertible. We conclude that o(W,,,) = 0,(W, ).
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5. BIJECTIVE PERIODIC SYMBOLS

In this section, we consider ¢ a bijective elliptic map with fixed point at 0, that is
to say, ¢ is a unitary matrix. Moreover, conjugating with an automorphism, it follows
that

o=2D, D = diag(e™, .-, "),
Inspired by [3], we will focus on periodic automorphisms.
Definition 5.1. A unitary diagonal matrix D = diag(e®, .-, e¥~) is periodic if for
all k€ {1,--- N}, 0, € 27Q.
If ¢ is a periodic automorphism, then there exists p € N such that
p—1
DP =1d, ie. WJ (f)=m,f, where m,= H(m o ¥,
k=0

Note that if g € Hol(By) and My(f) = gf, then o(M,) = g(Bn).
We start by the case where m vanishes on By .

Lemma 5.2. If there exists zy € By such that m(zy) =0, then 0,(W,, ) = @.

Proof. First, note that m and ¢ are non-constant, so 0 & o,(W,, ).
Let A € C*. If there exists f € Hol(Byx)\{0} such that W, ,(f) = Af, then

WE (f)=myf = \f.
Since f is not identically zero, there exists an open subset ) of By such that f # 0

on . Thus, m, = A’ on €2, so on By by uniqueness theorem. However, m,(zp) = 0, so
A = 0, which is impossible. Finally, 0,(W,,,) = @. O

We now characterize when the point spectrum of W), ,, is non-empty.

Proposition 5.3. Let ¢ be a periodic automorphism of By, and m € Hol(By).
Denote by e = (e, %) the eigenvalues of v, and p the smallest positive integer
such that for all k € {1,--- | N}, e’ = 1. The following assertions are equivalent.

() Up(Wm,w) * J.

(17) my is a constant map.
(ii1) 0p(Wine) = {m(0)e’ : € N{'}.
Proof. (iit = 1) is trivial.

(i = i) : If 0,(Wy») # @, then m does not vanish on By, by Lemma 5.2.
Moreover, by functional calculus, o,(WP ) = (0,(Win,))? i= {1P : p € 0p(Winp)} #

@. Hence, there exist f € Hol(By)\{0} and A € C such that m,f = Af. Since
f # 0, the map m, = X is constant, using uniqueness theorem. Finally, A # 0 because

m(0) # 0.

(i1 == 4i1) : If m,, is constant, then m, = m,(0) = m(0)P. In addition,

Wi o(f) = myf =m(0)f.



16 L. OGER
Thus, WP, =m(0)?1d, so op,(WP ) = {m(0)*}. If 0,(Wp. ) = &, then
UP(WTI:L,L)D) = (0p(Winp))! = 2,

which is not the case here. Therefore, o,(W,, ) # @.
We show that o,(W,,.,) = e?0,(W,,,), for all 7€ NY'.

o If p € 0,(Wy,,), then there exists f € Hol(By)\{0} such that m(f o) = uf.
Hence, setting f{(z) = 27f(z), we obtain, for z € By,

[m(fro ¥)I(2) = m(2)¢’(2) f(p(2)) = e2Tuf(2) = pe’ f{2).
Finally, e’y € 0,(Wi.,), 50 €20,(Wi) C 0p(Wino)-
« Conversely, let 7= (j1, -+, jn) € NJ'. We set, for k € {1,--- , N}, nx = |jx/p],
and @ = (nyp — Jj1, - ,nnp — jn) € NY. Then

j+&: (n1p>"' 7an)7
so €74 = 1. Finaly, if u € 0,(Wyn,), then e € 0,(W,,,), S0
= ) € Ty (Winy).

To finish, if p € 0,(W,,,), we know that p? = m(0)?. Thus, m(0) = pexp(2irk/p),
with k € {0,--- ,p—1}. Using [15], there exists 7€ N} such that e/ = exp(2ir/p). We
deduce that

m(0) = pexp(2irk/p) = pe € oy (Wi o) = 0p(Winp)-

Finally, {m(0)e’ : 7 € N} C 0,(Wy.,), and if u € 0,(W,,,,), then there exists

¢€{1,---,p} such that p = m(0)exp(2inl/p) € {m(0)e’ : 7€ NI'}. We can conclude
that
0y (W) = {m(0)e’ : 7€ NJ'}. O

To obtain the spectrum, we start by a useful lemma.

Lemma 5.4. Let ¢ be a periodic automorphism of By, and m € Hol(By). Then,
VEeNY,  m(0)ef € a(Wp,).
Proof. Consider 7# 0 the smallest vector (for the order <) of N such that e/ = 1. We
will show that for all ¥ < 7,
2" (m(0)e" — W, ) Hol(By).
7=0: Note that for all f e Hol(By),
[m(0)f = Wi ()](0) = m(0)£(0) — m(0) f(¢(0)) = 0.

Hence, 1 & (m(0) — W,, ,)Hol(By), so m(0) € o(W,,).

Now, assume that there exists 7 < J'such that 7 # 0 and

m(0)e' f —m(f o p) =2,
for a certain f € Hol(By), f # 0.
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« Note that m(0)e”f(0)—m(0) f((0)) = [27](0) = 0. Moreover, m(0) # 0, e’—1 # 0.
Hence, f(0) = 0.
« Assume that for all @ < 8 < 7, f(¥(0) = 0. Using the general Leibniz rule,

— - P

= m(0)(e" — &) fP(0) = ['(0) =
Since e’ — e # 0 (because 7'is minimal), and m(0) # 0, we get f(E)(O) = 0.

« In a same way, for E = 7, we obtain
m(0)e"f7(0) = [m(f 0 ©)]V(0) = m(0) (" — ) f7(0) = 0 = [P (0) = 2.

Therefore, we get a contradiction. Finally, 2" & (m(0)e” — W,, ,)Hol(By), so we have
proved that m(0)e’ € o(W,, ). All that remains for us is to see that

{m(0)e" : NI} = {m(0)e’ : 7 < J},
because e/ = 1. Thus, {m(0)e": N)'} C o(W,,.,). O
Hence, we prove the following proposition.

Theorem 5.5. Let ¢ be a periodic automorphism of By, and m € Hol(By). If p is the
smallest positive integer such that oP = 1d, then

o(Wne) ={A € C: A € my(By)}.

Proof. First, we show that 7€ NYY, elo(W,, ) C 0(W,,.,). To do this, by multiplica-
tivity, we only have to prove it for 7= (0,---,0,1,0--- ,0), the 1 being in position k.
Note that if k € {1,--- , N},

- _{Hol(BN) — zHol(By)
k -

f — Zkf?
then I'y, is bijective. For all f € Hol(By) and z € By, if we set T' = (W) 2, Hol(Bx ) »
(rt o T o) () = "I et (£ 0)(0) = O (1))

Hence, o(T) = € o (W,,.,).

If W, , — Ald is bijective, then for all g € z,Hol(By), there exists f € Hol(By) such
that
m(fop)=Af=g.
We prove that f € z Hol(By).

o First, m(0) f(¢(0)) — Af(0) = (m(0) — X)f(0) = ¢g(0) = 0. Since A # m(0) using
Lemma 5.4, we get f(0) = 0.
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o Let 7 € NY¥ such that j, = 0. Assume that for all 7 < 7 satisfying i, = 0,
f®(0) = 0. Then, by the general Leibniz rule,

m(f o)~ MO0 = Y (7) mTD(0)e" 7D (0) + m(0)FP(0) — AfO(0).

<7
But if 7 < 7, we get i, < jx = 0, s0 i, = 0, and f@(0) = 0. Thus,
[m(f o 0) = Af]P(0) = (m(0)e” = ) f7(0) = g7(0) = 0.
Finally, by Lemma 5.4, X # m(0)e’, so f(0) = 0.
We conclude that f € zHol(By), so T'— Ald is bijective. Therefore,
AN o(Wpy) = Ag o(T) = ea(W,,.,).
We deduce that e a(W,, ) C 0(W,,,). Using multiplicativity, for all 7€ N,
o (W) C (W)

We can now show the main assertion of the proposition.

If A€ a(Why), then NV € o(Wy, )P = o(W}, ) = 0(My,,) = m,(By).

Conversely, if \? € m,(By), we get AP € o(W,, )P, so there exists u € o(W,,,) such
that \? = P, i.e. X = pexp(2ikm/p), with k € {0,--- ,p — 1}. Moreover, it was shown
in [15] that there exists 7€ N} such that exp(2ikr/p) = 7. Finally,

2ik
Az,uexp( e
p

) = pel € da(Wy0) Co(Wiy). .

6. OTHER RESULTS

In this last section, we concatenate all the other results about the spectra of W, ,
which do not fit in the cases studies above.

6.1. Symbol bijective, non-periodic. If ¢ is a non-periodic holomorphic self-map
of By, then for all z € By, at least one coordinate of (D"z) does not converge when
n goes to infinity. We obtain the generalization of [3, Proposition 3.6] in the following
result.

Lemma 6.1. If there exists zy € By such that m(z) =0, then 0,(W,, ) = 2.

Proof. First, note that m and ¢ are non-constant, so if W, ,(f) = m(f o) =0, then
f=0. Hence, 0 & 0,(W,, ).
Let A € C* and f € Hol(By) such that m(f o) = Af. Then,

f(20) = m(20) f (D7) = 0,
so m(D7'z) f(z0) = AMf(D'z) = 0. Tterating this equation, for all n € N,
f(D™"z) = 0.
But {D™ "z : n € Ny} has an accumulation point. Thus, f =0, s0 A & 0,(W,,,). O
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6.2. Symbol elliptic non-attractive. If ¢ is an elliptic non-attractive self-map of
By, then the iterates of ¢ do not converge to a point, but to a map h: By — By. In
this case, we have the following result.

Proposition 6.2. Let ¢ be an elliptic non attractive self-map of By. Assume that
©(0) =0, ¢ € Aut(Byx) and m(0) # 0. Then, o,(W,,,) C D(0, |m(0)]).

Proof. Using the proof of Proposition 4.2, the sequence (w,,) defined by

e LI

converges uniformly on all compact subsets of By to a map w.
Hence, if there exist A € C* and f € Hol(By)\{0} such that m(f o) = Af, after n
iterations,

wy(2) =

A

w(f o @) = (W)f

Letting n — oo, there is a subsequence of the left side of this identity that goes to
w(foh). If [\| > |m(0)], then the right side goes to oo at least at one point of By, a
contradiction. O

As in [15|, we now consider a particular case: assume that ¢ has « separable »
variables, that is ¢ can be written as

p(2) = (pa(z1), - on(zn)),

with ¢, € Hol(D) elliptic such that ¢(0) = 0.

Note that if ¢ is elliptic non attractive and not bijective, then by Theorem 1.2
and one-variable Denjoy-Wolff’s theory, we will assume that some components will be
rotations, and the other ones must be elliptic non invertible maps (in one variable)
fixing 0. We obtain the following theorem.

Theorem 6.3. Let ¢ be an elliptic non attractive self-map of By, such that ¢ is not
invertible, ©(0) =0, and

QO(Zl,"' J’ZN) = (901(21)7”' 7§0p<zp>7ﬁp+lzp+17"' 7BNZN)7
cp;,(())‘ <1, and |Bpsa] = -+ = |Bn| = L.

with @1, -+, @, non bijective, |1 (0)|,---,
Then,

{0} u {m(O)ngz(O)”k X H Byt ima, e ny € NO}

:p+1

C (W) C U [Hgo;(())%] m(0)T | U {0}.

ny,,np>0 Lk=1



20 L. OGER

Note that if there exists j € {1,--- ,n} such that ¢’(0) = 0, then all the terms

P N
m(O) [Ten™ = T &
k=1 k=p+1
with 7y, # 0 vanish. Then, we will assume that 0 < |¢}(0)], -+, |} (0)| < 1.
The proof of this theorem has already been done without weight in [15]. In di-

mension 2, considering the map ¢ : z +— (¢1(21), B222), the author used the following
decomposition of Hol(B,), valid for all £ € N:

-1
Hol(B,) = W, & 2t Hol(B,), W, = {Z k{(z1) fq(22) = fq € Hol(]D))}
q=0

We will consider an other decomposition of Hol(Bs), using the Koenigs’ function
and the weighted Koenigs’ function w of ¢;. The proof of the following property goes
along the same lines as in [15], we write it here for sake of completeness.

Proposition 6.4. For all { € N, consider
-1
W, = {w(21) Zﬁg(zl)fq(zé) e € HOl(D)} ;o Xe= ZfH01(B2)'
q=0
Then
(’L) HOI(BQ) = Wg D Xg,
(Z’L) Cw(Wg> C W, and C@(Xg) C Xy.
Proof. We prove (i) by induction, in a same way as in [15].
m = 1: We have to show that Hol(B,) = W; & X;.
Let f € Hol(Bs). Using the Maclaurin coefficients of f, we may write

_ Jk _ k i—1 _k
f(z)—g E ajkzle—g a0k22—|—21§ g ajkzl 2y .

>0 k>0 k>0 5>1 k>0
——— ~~ 4
=fo(z2) =F(z)

Since w(0) = 1, we may write w = 1 + w, with w(z;) € z;Hol(D). Hence,
f(z) = w(=1) folz2) — w(z1) fo(22) + F(2).
€W1 g)?l
Finally, we get Hol(Bs) = W7 + X;.
Now, assume that f € W; N X;. We can write
f(2) = w(z1)fo(z2) = 21 F (2),
with fy € Hol(D) and F' € Hol(B3). Once again using w, we get
f()(ZQ) = ZlF(Z) - ’(I)(Zl)fo(ZQ).

Since w(0) = 0, considering z = (0, z2), we obtain fi(z3) = 0 for all zo € D. Thus,
f =0, s0 Hol(By) = W; & Xj.
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¢ — ¢+ 1: Assume that Hol(Bs) = W, & X,.
Let f € Hol(Bs). By induction hypothesis,

F(2) = w(z) 3wl o) + 2LF(2),

=0
with fo,--- , fruy € Hol(D) and f € Hol(B,). Using the same calculations as for £ = 1,
we may find f, € Hol(D) and g € Hol(Bs) such that
2 f(2) = 2 felz2) + 21 g(2).
Moreover, since k1(0) = 0, £}(0) = 1 and w(0) = 1, there exists h € Hol(DD) such that
w(z)w(21) = 21 + 277 h(21).
Therefore,

2 f(2) = w(z)K (1) fol22) + 27 (9(2) — h(=21) folz2)) -

Finally, we have

f2) =w(z) Y wi(z1) fol2) +w(za)wi (1) felz2) + 277 (9(2) = hlz1) felz2))

N q N 7
~"~ v

EW[+1 6XZ+1

Il
o

SO HOl(Bg) = Wg+1 + X(_H.
Now, assume that f € Wy.1 N Xyy1. Then,

¢
f(z) =w(z) Z'flf (21)fq(z2) = Zf“f(z),
q=0

with fo, -+, fr € Hol(D) and fe Hol(B,). Once again writing wxf = 2¢ + 257, we
obtain
-1

w(z) Y w2 fylze) = 27 f(2) = wla)mi(2) fo(z)

q

I
=)

= 2521 f(2) = fo(z) — z1h(21) fol22)) € Wen X, = {0}.
Thus, f(2) = w(z1)r(21) fo(22) = 2771 f(2), s0
2 fo(z2) = 27 (F(2) = h(z1) fol22)).

Denote by (c;i,) the Maclaurin coefficients of the map z +— z{ f¢(22), and (djz) those of
the map z — 271 (f(2) — h(21) fo(22)). Then,

j#Fl=1cj; =0 and j=0=dj =
Finally, since c;, = djj for all j, k € Ny, we obtain
2 fulz2) = 27 (f(2) = h(z1) fo(z2)) = 0.
Hence, f, =0, so f = 0. We proved that Hol(By) = W, & X,.
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To finish, we prove (i7). If f € W,, then
¢

f = (=) S K () fo22).

q=

with fo, -+, fio1 € Hol(D). Thus,

~

-1

m(fop)(z) = w(z1) Z% 1(21) f4(Bez2) = w(z1) Y wi(21) fo(22),

q

Il
o

where fy(25) = m(0)@1(0) fy(5222). Thus, f oy € Wi
If f € Xy, then f(z) = 2tg(z), with g € Hol(B;). Hence,
m(f o 9)(2) = m(2)e1(21) 9(1(21), Baz2).
However, since ¢1(0) = 0, we may write ¢1(21) = 219(21), with ¢» € Hol(ID). Therefore,
(f o p)(2) = 219 (z1)m(2)g(p1(21), Baz2) € Xo. N

In order to prove the main theorem of this section, we use the two decompositions
obtained above.

Proof of Theorem 6.3. Let g € Hol(By). For all £ € N, using the fact that Hol(By) =
W, @ X,, we may write

-1
9(2) = w(z1) Y K1(21)94(2) + 2 Ga(2),

with go, -+ ,9,-1 € Hol(By_;) and G; € Hol(By). Now, since Hol(By) = W, & X,
going from one coordinate to an other, for all ¢;,---, ¢, € N, we may write g as

Zlfl Kp_l

:Z“'Zw <H"<“' >9q1 (Zerla"',ZN)‘i‘ZZika(z)

q1=0 qp:()
with gy, .. 4, € Hol(By_,) and G}, € Hol(By). Denote Gy, = 2, Gy.
Let A € C* such that

Al ¢ {m(O)HI%(ON”’“ RUTERRIN S No}-
k=1

« For all k£ € {1,--- ,p} and for ¢} sufficiently large, the map

~ mnéo [n]
szz (Groe™)

)\n
n>0

is a uniformly convergent series, and is holomorphic on a small ball B(0,¢) (cf.
Lemma 4.9). Moreover, it satisfies m(F}, o ®) — AF, = G). Lemma 4.8 gives
Fi € Hol(By) such that m(Fy 0 p) — AF}, = Gy
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 Denote by ¢ the map defined as ¢(2p41, - ,28) = (Bpr1%p+1,- -+, Bvzn). Let
0<q<ti—1, -, 0< g < b,—1L Sice A 2 m(0) [T, [¢4(0)|* and ¢ is
bijective, there exists f;, ... 4, € Hol(ID) such that

p
H )5 (faran © D) — Moy ap = Yo, ap-

To summarise, the map f defined as

l1—1 ep*1 p

- Z o Z w(z1) (H ’ilzk(Zk)> Jaryap(zp1, o 2n) + Zl?Fk(Z)

q1=0 qp=0 k=1

satisfies m(f o ¢) — Af = g, and is holomorphic on By. Hence, W,, , — AId is bijective.

Conversely, let ny € N, and fq,---, fx : D — C holomorphic maps such that

« m(f10p1) =m(0)p;(0)™ f1,
s frovr =9, (0)fr (2<Ek<p),
s fropr="0efe (p+1<k<N).

Such maps exist using the results in one variable (|4, 2, 3|), since ¢ has separable
variables. For ng, -+, ny € Ny, consider f : By — C defined by

f(2) = fi(z1) x ka(zk)”’“.

k=2
Then,

[m(f o ©)](2) = m(2)(f1 0 ¢1)(2) x ka P (2r))"™ x H Ji(Brzw)"

k=p+1

= m(0)¢7(0)™ fi(z) x HSO )" fi ()™ X H B fr(zn)™

=<m(0)H902( 0)™ x H B >

k=p+1

Therefore, m(0) TT_; 4, (0)™ x [r o1 Bt € 0,(Cy) Ca(Cly). O
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