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BLOW-UP ANALYSIS FOR THE SOLUTIONS OF AN EQUATION WITH
BOUNDARY CONDITION.

SAMY SKANDER BAHOURA

ABSTRACT. Under some conditions we give a blow-up analysis for solutions of an equation with
Dirichlet boundary condition.

1. INTRODUCTION AND MAIN RESULT

We set A = —V'V, the Laplace-Beltrami operator on a connected compact Riemannian
manifold with boundary (M, g) of dimension n > 3 with metric g.
We consider the following equation:

(P) Au+hu=Vu"1 u>0 in M,
u=20 on OM.

Here, we assume the solutions in the sense of distributions and here also in C%(M),a > 0
and the operator A + h is coercive in H} (M) with h a smooth functionand 0 < a <V < b <
+00, V is a smooth function and ||V [|ce < A and N = -2 the critical Sobolev exponent.

In [1-26] we have various estimates and inequalities of type sup + inf and sup x inf. Here we
look to blow-up analysis for regular solutions of the previous equation.
Here we assume:

Sup u / uN_ldVg <C (%)
M

M
This condition is an L> — LY ~!-condition which is intermediate between a sup x inf condi-
tion and L™ condition, see [1] and [7].
Note that in [7] the condition (x) is satisfied. Thus, this condition is a necessary condition. In
[7] it is an exemple where this condition (*) holds.

Our main result is:

Theorem 1.1. Assume (x) and sup; u; — +00, then there is a subsequence denoted (u;) of
(P) and there are k points inside M, x1, ..., x € M, and m points on OM, y1, ..., ym € OM,
which are concentration points of uj, and uj — 0in C2 (M — {x1, ... Tk, Y1 - .-, Ym })-

To prove this theorem, we use condition (x) for which there is a concentration of measures
inside M and on OM. As mentionned before, the condition (x) hold in [7] and thus it is a
necessary condition. There is an exemple of blow-up phenomenon which imply the condition
(). Thus, we must suppose this condition (x) to know if we have blow-up phenomenon for
solutions of the problem (P).

2. PROOFS OF THE THEOREM

Proofs of Theorems 1.1:
We use two measures, on the locally comapct space M, 1, and on the boundary OM, 1o, we

use De Giorgi-Nash-Moser iterate scheme, see [1] and the elliptic estimates see [18].
we assume:

sup u; / uN"tav, < C (%)
M

M
which imply:
Step 1:



/ ViuNdv, < C
M

/ Vi - )dVy — () > 0,¥p € CO(M), 0 > 0.
M

Which it is sufficient for the blow-up analysis inside M. Here we use the De Giorgi-Nash-
Moser iterate scheme, see [1] and the paper [7] :

also, we have with the fact that sup,,; u; — +o0o = fM ufvfldvg — 0 and up to a subse-
quence u; — 0 almost everywhere.

a)

xoeM,ul({xo})<en§w—Z:>36>0,/ ViuivdVg<en§w—Z,
2 B(0,5) 2

Wn,
erM7/( )ViufvdVg<6n§27$||ui||Lm(B(I075/2))§C/
B 10,5

b) there is a finite number of points x; € M such that:

m{z;}) = en, / ViuNdv, > e,
B(mj,é)

For § — 0 small enough, we have:
zj € M, 3 (x;)z, :L'; — xj, ut(zz) — 400.
and because u; — 0 almost everywhere on M, we have on each compact set K C M —
{$j,j: 1,...,]€}:
sup u; — 0.
K

Step 2:
We assume the duality theorem for v; = sup,; u; - u;, which assert that:

n
IVvillaqary < Cq < +00,Yg,1 < g < ——,

because u; — 0 on each compact set of M and the Holder inequality applied for, r, 25 >
r > q > 1, we obtain near M (we prove it in charts of points of the boundary):

n
Vuillr =0(1),Vr, 1 <r < ——.
190l = o(1), i1 <7 < 1

For the duality theorem:
In fact, we solve Az + hz = divf, f € L7 with Dirichlet boundary condition (L = A + h is
coercive, we can solve in Hilbert space), we have: z € L™ with ||| < ¢4|f]]4. We write:

f-Vu; = / Vz-Vuv; + hzv; = / zvius*Q,
M M

M
thus,
[ -Vl < Cllli= < €l e,

Thus,

V0l < ¢ < +oo.

We use locally, the Poincaré inequality to have a uniform bound of [ M v 1<qg< .
Let’s consider 7 a cuttof function ( in an open set of a chart), then, we apply the previous th.
of duality to v;n in M, but with 7, we are in the open set of the chart:

A(vin) + h(vin) = Vivul =20 4 Vu; - Vn,

IV(vin)llq < ¢
but in the chart, we have a Lipschitz domain, we can use the Poincaré inequality:
2



llvinllg < cglIV(vin)llg < &,
Thus, in charts with cuttof funtions and partition of unity we obtain:

_ n
llvillq < €,Vg, 1< q < o1

Also, near the boundary, we have (we prove it around points of the boundary in charts):

n
||vi||7" = O(l),VT, 1<r< m

By the Stokes formula and the duality theorem, see the papers of dimension 2, we have con-
centration phenomenon on the boundary OM of v; = sup,,; u; - u;:

0y, (sup u; - u;)do < C”,
oM M

By (supu; - u;) - pdo — pa() > 0,9 € C°(AM),p > 0.
oM M

We use the equation with v; and we consider a test function 7, by a chart near yo € 0M, and
a Dirichlet problem:

Afe + hije =0in M, 1. = n. on OM.
For this as in dimension 2, we solve:

Afe + hije = Ane + hne in M, 5. =0 on OM,
and we take 7. = —7 + Ne.

A(vifle) = Viviufv_Qﬁe + Vv, - Vi,
and we integrate.

/ Awi) = [ duwi) = [ 0t = (i) < pa(Je) < en,
M oM oM

and near the boundary, we have:

190ill, = o), fluill: = o(1), ¥, 1 <7 < ——.
-
Thus,

sup u; / muj.v—ldv,, < / Viviufv_QﬁE < €p,
M B(yo,9) M

In fact we have by the duality theorem in a small neighborhood of yy € OM (and the holder
inequality) and the convergence inside M :

Yo € OM, pa({yo}) < €, = sup uz/ Viufvfldvg <€, = / ViufvdVg < €n
M B(yo,9) B(yo,9)
First we consider the equation satisfied by v; to use the measure o, after we consider the
equation satisfied by u;.
and by the De Giorgi-Nash-Moser iterate scheme applied to u; with respect to initial equation,
we have:

Wn

Yo € OM, Viuf\’dVg <€, < o = ||ui||Loc(B(y015/2)) <’
B(yo,9)

and,

There is a finite number of points y; € M, such that:

pa({y;}) = €n > 0.



n2({y}) > en >0 = V6 >0, supui-/ Vil ~lav, =/ Vi 7 = 7,
M B(y;,6/2) B(y;,9) 2

For  — 0 small enough and because ||v;||1 = o(1) near the boundary, we have:

and, for all compact K ¢ M — {z;,j=1,... ky;,j=1,...m}

sup u; — 0.
K
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