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On Robust Controlled Invariants for
Continuous-time Monotone Systems

Emmanuel Jr. Wafo Wembe * Adnane Saoud *

* College of Computing, University Mohammed VI Polytechnic,
UMG6P, Benguerir, Morocco,
(email { emmanueljunior.wafowembe,adnane.saoud} Qumbp.ma)

Abstract: This paper delves into the problem of computing robust controlled invariants for
monotone continuous-time systems, with a specific focus on lower-closed specifications. We
consider the classes of state monotone (SM) and control-state monotone (CSM) systems, we
provide the structural properties of robust controlled invariants for these classes of systems
and show how these classes significantly impact the computation of invariants. Additionally,
we introduce a notion of feasible points, demonstrating that their existence is sufficient to
characterize robust controlled invariants for the considered class of systems. The study further
investigates the necessity of reducing the feasibility condition for CSM and Lipschitz systems,
unveiling conditions that guide this reduction. Leveraging these insights, we construct an
algorithm for the computation of robust controlled invariants. To demonstrate the practicality
of our approach, we applied the developed algorithm to the coupled tank problem.

Keywords: Controlled-invariants, Continuous-time monotones systems, Safety

1. INTRODUCTION

Controlled invariants have engendered extensive literature,
manifesting in both theoretical and practical applications.
Within the domain of dynamical system theory, controlled
invariants, also denoted as viable sets in Aubin (2009), are
pivotal. They are sets wherein trajectories initiated within
them, subject to corresponding controls, remain within
the defined set. Their applications span various problems
in system analysis, notably the exploration of attractor
existence, system performance, robustness, and practical
stability, as shown in Blanchini and Miani (2008). Prac-
tical applications are prominent in safety-critical systems
such as autonomous cars, robotics, biology, and medicine
via meticulous verification of safety constraints. A strate-
gic imperative involves discerning a controlled invariant
set characterized by a null intersection with the unsafe
set, thereby ensuring the system’s strict adherence to pre-
scribed safety measures.

Linking this theoretical foundation to empirical research,
Blanchini and Miani (2008) relates the study of controlled
invariants to Lyapunov stability. Various methodological
approaches have been proposed, ranging from employ-
ing linear programming techniques by Sassi and Girard
(2012) and semi-definite programming by Korda et al.
(2014) for polynomial systems, to the computation of
interval-controlled invariants tailored to a general class
of nonlinear-systems in Saoud and Sanfelice (2021). Fur-
thermore, the exploration of symbolic control techniques
in Tabuada (2009) and Saoud (2019) is undertaken to
augment both the comprehension and computational effi-
ciency of controlled invariant sets. This intricate scholarly
landscape underscores the foundational role of controlled
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invariant sets in the systematic analysis and design of
dynamic systems. In Dérea and Hennet (1999), authors
provide necessary and sufficient conditions for invariance
in polyhedral sets for linear continuous-time systems, with
applications to the controllability of systems subject to
trajectory constraints. The authors also provide exten-
sions to constrained and additively disturbed systems. In
Du et al. (2020), the authors outline conditions for the
existence of a positively invariant polyhedron in positive
linear systems with bounded disturbances, expressed as
solvable linear programming inequalities. The paper also
establishes a connection between Lyapunov stability and
positively invariant polyhedra. In Choi et al. (2023), the
authors explore the interconnections between reachability,
controlled invariance, and control barrier functions. They
introduce the concept of “Inevitable Forward Reachable
Tube” as a tool to analyze controlled invariant sets and
establish a strong link between these concepts.

Related work: The computational investigation of con-
trolled invariants within continuous-time systems has pri-
marily focused on sets defined by multidimensional inter-
vals. Within this domain, the treatment of continuous-
time monotone autonomous multi-affine systems has been
addressed in a seminal work by Abate et al. (2009), with
subsequent extensions to systems incorporating inputs de-
tailed in the study by Meyer et al. (2016), and discrete-
time monotone systems in Saoud and Arcak (2024). Ex-
panding upon the foundation in Saoud and Arcak (2024),
our work extends the proposed approach to continuous-
time systems. In contrast to the discrete case, which
focused on closed-loop robust invariance, our emphasis
centers predominantly on open-loop robust invariance. We
also define two less classes of monotone systems. Then,



using feasible trajectories, we deduce an algorithmic pro-
cedure to compute robust controlled invariants.

The remainder of this paper is organised as follows. Section
2 introduces some preliminary tools. Section 3 introduced
the considered class of monotone systems and robust
controlled invariants. Section 4 analyses the structural
properties of robust controlled invariants for the consid-
ered class of systems, introduces the concept of feasibility,
and presents an algorithmic approach to compute these
invariants. Finally, Section 5 presents a numerical example,
showing the merits of the proposed approach.

2. PRELIMINARIES
2.1 Notation

The symbols N, N5 g, R and R+ denote the set of positive
integers, non-negative integers, real and non-negative real
numbers, respectively. Given n € N5y and a set Y C
R™, denotes the set of functions from R to Y. Given
a nonempty set K, Int(K) denotes its interior, cl(K)
denotes its closure, 9K denotes its boundary and K is its
complement. The Euclidean norm is denoted by ||.||. For
x€R™and fore >0, B.(x) ={z e R" | ||z —z|| < e} and
foraset K CR", Bo(K) = UpeBe(z). For f € YR || fl
is defined by || fllec = sup||f(t)]] € R U {+o0}. If K is
t>0

a closed subset of B, we denote by mx(z) = {y € K|||x —

yl| = in}f{||z — z||}. We denote by x; g that for all
zE

1€N>g,xz; € X and z; — x. We denote by t; | [ that

n—oo
t; is a strictly decreasing sequence that converges to [. For

x € R we define |z | and [z], the consecutive integers such
that |z] < x < [z]. Given a proposition P, =P denotes
its negation.

2.2 Partial orders

A partially ordered set £ has an associated binary relation
< where for all [, 15,135 € L, the binary relation satisfies:
(l) ll SE ll, (11) if ll S[, l2 and ZQ SE ll then ll =L 12
and, (iii) if I < ls and ls < I3 then l; < l3. If neither
l1 <¢ ly nor Iy <, l; holds, we say that [; and ls are
incomparable. The set of all incomparable couples in L is
denoted by Incy. We say that 11 < Iy iff I; <, Iy and
ly # lo. Finally, a partial ordering m <,z n between a
pair of functions of a (real variable) with values in £ holds
if and only if m(¢t) <, n(t). For a partially ordered set L,
closed intervals are [z,y]z = {z | v <¢ z <, y}.

Definition 1. Given a partially ordered set L, for a € L, we
define, la:={z e L |z <paland ta:={z € L|a<,
x}. When A C L then its lower closure (respectively upper
closure) is | A := (J,c4 | a (vespectively T A := J,c4 T
a). A subset A C L is said to be lower-closed (respectively
upper-closed) if | A = A (respectively 1 A = A).

We have the following definitions relative to partially
ordered sets.

Definition 2. Let L be a partially ordered set and A C L.
The set A is said to be bounded below (in L) if there exists
a compact set B C L such that A C1 B. Similarly, the
set A is said to be bounded above (in L) if there exists a
compact set B C L such that A C| B.

Definition 3. Let L be a partially ordered set and consider
a closed subset A C L. If the set A is bounded below then
the set of minimal elements of A is defined as min(A4) :=
{r € A|Vx, € A, x <p x1 or (z,21) € Incg}. Similarly,
if the set A is bounded above then the set of maximal
elements of A is defined as max(A) := {x € A | V1 €
A, x>p 2z or (x,21) € Ince}.

In the subsequent sections, our emphasis will be on lower
closed sets. It is important to acknowledge that analogous
results can also be achieved for upper closed sets.

2.8 Continuous-time control systems

In this paper, we consider the class of continuous-time
control systems Y of the form:

&= f(z,u,d) (1)
where x € X is a state, u € U is a control input and
d € D is a disturbance input. The trajectories of (1) are
denoted by ®(.,z0,u,d) where ®(¢,z0,u,d) is the state
reached at time ¢ € R> from the initial state xy under
the control input u : R>¢ — U and the disturbance input
d:Ryo=D.For X CX, UCU,DCD,andt >0 we
use the notation ®(¢, X, U, D) = {®(t,z,u,d) | z € X,u €
U® d € D®} to denote the reachable set of the system X
at time ¢ from an initial condition z € X under a control
input u : R>o — U and a disturbance input d : R>g — D.

In the rest of the paper, we make the following assumption:
Assumption 1. The system X in (1) is well-posed, i.e, for
allz € X, for allu € UR, for all d € D®, we have a unique
solution of the system X, ¢(t, z,u,d) defined for all ¢ > 0.
See Khalil (2002), Angeli and Sontag (1999).

3. MONOTONES SYSTEMS AND PRELIMINARIES
ON INVARIANCE

3.1 Monotones systems

In this section, we describe classes of monotone continuous-
time control systems, emphasizing their capacity to main-
tain order on their states and control inputs. Subsequently,
we furnish characterizations of the considered classes of
systems.

Definition 4. Consider the continuous-time control system
¥ in (1). The system X is said to be:

e State monotone (SM) if its sets of states and dis-
turbance inputs are equipped with partial orders <y
and <pr, respectively, and for all xy,xo € X, for all
u € UR and for all di,ds € DR, if 1 <y xo and
d; <pr dg then ®(¢,21,u,d;) <y D(t,22,u,ds), for
all t > 0;

e Control-state monotone (CSM) if its sets of states,
inputs and disturbances are equipped with partial
orders, <y, <yr and <pr, respectively, and for all
1,29 € X, up,us € UR and for all di,dy € DR,
if 11 <y 22, uy <y= uy and d; <pr dy then
O(t,x1,u,dy) <y ®(t,z2,uz,ds), for all t > 0.

Remark 1. In the previous definitions, we suppose mono-
tonicity with respect to disturbance inputs. The above
definitions indicate that a CSM system is a SM system.
The SM, CSM properties defined in this paper correspond



to the concept of monotonicity in Smith (2008) and Meyer
et al. (2017), respectively.

Remark 2. In practice, the monotonicity of a system can
be verified using other characterizations (see Appendix A).

Next, we first introduce an auxiliary result, enabling us
to present equivalent characterizations of the proposed
classes of monotone systems.

Proposition 1. Consider the control system ¥ in (1). We
have the following properties:

(i) The system ¥ is SM if and only if for all z € X,
u e UR and d € DR we have for all t > 0

O(t,| z,u,} d) C| (¢, x,u,d)

(ii) The system ¥ is CSM if and only if for all z € X,
ue UR and d € D® we have for all t > 0

B(t, ) 7, u, | d) L B(t,z,u,d)
3.2 Preliminaries on invariance

We introduce the concept of robust controlled invariant for
continuous-time dynamical systems consistent with Dérea
and Hennet (1999) and Korda et al. (2014).

Definition 5. Consider the system ¥ in (1) and let X C X,
U CU and D C D be the constraints sets on the states,
inputs and disturbances, respectively. The set K C X is a
robust controlled invariant for the system ¥ and constraint
set (X,U, D) if K C X and the following holds:

Vre K, JueU® st ®(t,2,u,D)CK,¥t>0 (2)

One major difference between open-loop and closed is the
dependence of control inputs. While in an open loop, the
control input depends only on the initial state, in a closed
loop, the control depends on the whole trajectory.

From Definition 5, one can readily see that the robust con-
trolled invariance property is closed under union. Hence,
we have the existence of a unique maximal robust con-
trolled invariant that contains all the robust controlled
invariants.

Definition 6. (Saoud and Arcak (2024)). Consider the sys-
tem X in (1) and let X C X, U C U and D C D be the
constraints sets on the states, inputs and disturbances,
respectively. The set K C X is the mazimal robust con-

trolled invariant set for the system X and constraint set
(X,U, D) if:

e K C X is arobust controlled invariant for the system
Y and constraint set (X, U, D);

e K contains any robust controlled invariant for the
system ¥ and constraint set (X, U, D).

Enlarging the control input set and reducing the distur-
bance set preserve the invariance property.

Lemma 1. Consider the system 3 in (1) and let X C X,
Ui,Uy C U and Dy,D5 C D be constraints sets on the
states, inputs and disturbances, respectively, satisfying
Uiy C Uy and Dy C D;. If K is a robust controlled invariant
for the system ¥ and constraint set (X, Uy, D1) then K is a
robust controlled invariant for the system ¥ and constraint
set (X7 UQ, DQ)

4. STRUCTURAL PROPERTIES AND
COMPUTATION OF ROBUST CONTROLLED
INVARIANTS

4.1 Structural properties of robust controlled invariants

The following result introduces topological characterisa-
tions of controlled invariants for more regular systems.

Proposition 2. Consider the system ¥ in (1) and let X C
X, U CU and D C D be constraints sets on the states,
inputs, and disturbances, respectively. Suppose that the
set of state X is closed, and the set of control inputs U
and disturbance inputs D are compact. Suppose that the
dynamics f : X xU x D — X of the system X is Lipschitz
over its first argument !, continuous over its second and
third arguments. Then the following properties hold:

(i) If the set K C X, is a robust controlled invariant
for the system ¥ and constraint set (X,U, D), then
the set cl(K) is a robust controlled invariant for the
system ¥ and constraint set (X, U, D);

(ii) If the set K C X is the maximal robust controlled in-
variant for the system ¥ and constraint set (X, U, D),
then the set K is closed.

In the following, we provide different characterizations of
robust controlled invariants when dealing with monotone
dynamical systems and lower-closed safety specifications
(i.e. a lower closed set of constraints X on the state-space).

Theorem 3. Consider the system ¥ in (1) and let X C X,
U CU and D C D be the constraints sets on the states,
inputs and disturbances, respectively, where the set X is
lower closed. The following properties hold:

(i) If the system ¥ is SM and if a set K is a robust
controlled invariant of the system ¥ and constraint
set (X,U, D), then its lower closure is also a robust
controlled invariant for the system ¥ and constraint
set (X, U, D);

(i) If the system X is SM then the maximal robust con-
trolled invariant K for the system Y and constraint
set (X, U, D) is lower closed;
If the system X is SM and the set of disturbance
inputs D is closed and bounded above then the max-
imal robust controlled invariant for the system 3 and
constraint set (X, U, D) is the maximal robust con-
trolled invariant for the system X and the constraint
set (X, U, Dimax), where Do = max(D);

If the system X is CSM, the set of control inputs

U is closed and bounded below then the maximal

robust controlled invariant for the system ¥ and con-

straint set (X, U, D) is the maximal robust controlled
invariant for the system X and the and constraint set

(X, Umin, D), where Upin = min(U);

(v) If the system X is CSM, the set of control inputs U
is closed and bounded below and the set of distur-
bance inputs D is closed and bounded above, then
the maximal robust controlled invariant for the sys-
tem 3 and constraint set (X,U, D) is the maximal
robust controlled invariant for the system ¥ and

1 The map f : X x U x D — X is Lipschitz continuous over its
first argument if there exists a constant A > 0 such that for all
z1,22 € X, for all uw € U and for all d € D, we have ||f(z1,u,d) —
flaz,u, d)|| < Mz — @2]|.



constraint set (X, Unin, Dmax), where Ui, = min(U)
and Dp,ax = max(D).

Derived from conditions (ii) and (iii), maximal robust con-
trolled invariants can be characterized through the utiliza-
tion of maximal elements of the state space X, and max-
imal disturbance elements in Dy,.. Conversely, for CSM
systems detailed in (iv) and (v), the invariance property
can be ensured using only the minimal control elements in
Unin- Let us note that since the maximal robust controlled
invariant set is lower closed, the boundary of this set can
be taught as a Pareto Front. As such, Multidimensional
binary search techniques can be applied to compute this
set Legriel et al. (2010).

Proposition 4. Consider the system ¥ in (1) and let X C
X, U CU and D C D be the constraints sets on the
states, inputs and disturbances, respectively, where the set
X is lower closed. Consider a closed and lower closed set
K C X. The following properties hold:

(i) If the system ¥ is SM and the set of disturbance
inputs D is closed and bounded above then the set K
is a robust controlled invariant of the system X and
constraint set (X,U, D), if and only if V2 € max(K)
there exist u € U® | such that for any disturbance
input d : R>9 = Dpax, the solution of the open-loop
system ®(.,z,u,d) : R>¢ — X satisfies

O(t,z,u,d) € K, Vt >0 (3)
where Doy = max(D);

(i) If the system ¥ is CSM, the set of control inputs U is
closed and bounded below and the set of disturbance
inputs D is closed and bounded above then the set K
is a robust controlled invariant of the system X and
constraint set (X, U, D), if and only if Vo € max(K)
there exist u : R>g — Umin, such that such that for
any disturbance input d : R>g — Dpyax, the solution
of the open-loop system ®(.,z,u,d) : Ry — &
satisfies

O(t,z,u,d) e K, Vt >0 (4)
where Upin = min(U) and Dyax = max(D).

Proposition 4 introduces significant simplifications to the
task of verifying whether a lower closed set qualifies as
a robust controlled invariant. Instead of examining the
robust controlled invariance condition (see equation (2))
for all elements x € K, u € UX, and d € D® in the context
of general nonlinear systems, the verification process can
be confined to the following cases:

e r € max(K),ue U and d € DX

max
ez € max(K), u € U, and d € D%
systems.

for SM systems;
for CSM

min’ max

Additionally, this property proves particularly advanta-
geous in practical applications, especially when max(K)
is finite, Dyax and Uy, are singletons, while K, D, and
U are infinite.

The preceding characterizations of robust controlled in-
variants are global criteria. While exact, these criteria
pose challenges in practical verification. In the following
section, using the notion of feasibility, we introduce a
characterization of Robust controlled invariants.

4.2 Feasibility and robust controlled invariance

In this section, We introduce the concept of feasibility.
This Idea has been introduced for discrete systems in
Saoud and Arcak (2024); Sadraddini and Belta (2018).

Definition 7. A point g € X is said to be feasible with
respect to the constraint set (X,U, D) if there exists an
input trajectory u:Rso — U and T > 0 such that

O(t,zp,u,D)C X, VO<t<T (5)
and
CI)(T,IQ,H,D) g\l/ U (I)(tax()vuvD)' (6)
0<t<T

In the following, we characterize the concept of feasibility
for SM systems.

First we introduce the following characterisation of the
reachable set for Monotones systems.

Lemma 2. Consider the system ¥ in (1). If the system
> is SM and the set of disturbance inputs D is closed
and bounded above then for any point zy € X and any
input trajectory u : R>o — U, we have ®(¢,zg,u, D) C|
O(t,x0,u, Dimax), for all t € R>g, where Dy = max(D).

This lemma is a direct consequence of proposition 1.

Proposition 5. Consider the system ¥ in (1) and let X C
X, U C U and D C D be the constraints sets on the
states, inputs and disturbances, respectively. If the system
> is SM, the set of states X is lower closed and the set
of disturbance inputs D is closed and bounded above,
then a point xy € X is feasible w.r.t the constraint set
(X, U, Dpax) if and only if it is feasible w.r.t the constraint
set (X, U, D), where Dpyax = max(D).

Intuitively, the result of Proposition 5 shows that to
check if a point is feasible, it is sufficient to explore the
trajectories with the maximal disturbance inputs in the
set Dinax.

We now show how the existence of feasible trajectories
makes it possible to construct robust controlled invariants.

Theorem 6. Consider the system ¥ in (1) and let X C &,
U CU and D C D be the constraints sets on the states,
inputs and disturbances, respectively, where the set X
is lower closed. Assume that the set of disturbances D
is a multidimensional interval of the form [dmin,dmax],
with dpin, dmax € D. If the system X is SM, then the
following holds: If zg € X is feasible w.r.t the constraint
set (X,U, D), then there exists an input trajectory u :
R>o — U and T > 0 such that the set

K=| |J @(t=,u,D) (7)
0<t<T
is a robust controlled invariant for the system Y and
constraint set (X, U, D).

We also have the following characterization of feasibility
for a particular class of CSM systems.

Proposition 7. Consider the system ¥ in (1) and let X C
X, U CU and D C D be the constraints sets on the states,
inputs and disturbances, respectively, where X is lower
closed. If the system ¥ is CSM, the set of states X is lower
closed, the set of control inputs U is closed and bounded
below, that the set of disturbances D is a multidimensional



interval of the form [dpmin, dmax], With dmin, dmax € D , and
for all € € R, for all x1,22 € X and for all u € U, the
following condition is satisfied:
Ty 2 Tote = Bf:‘((D(t? T2, U, D)) Q\L (I)(tv Ty, U, D)th >0
(8)
then a point o € X is feasible w.r.t the constraint set
(X,U, D) if and only if it is feasible w.r.t the constraint
set (X, Unin, D), where Up,in = min(U).

Moreover, we have the following result, characterizing
a special case of feasibility for the particular class of
monotone systems with Lipschitz dynamics.

Theorem 8. Consider the SM system ¥ in (1) and let
X C X, U CUand D C D be the constraints sets on
the states, inputs and disturbances, respectively. Assume
that the map f : X xU x D — X defining the system X is
Lipschitz on its first argument, uniformly continuous on its
second and third arguments, and the sets of control inputs
U and disturbance inputs D are compact. For zg € X, if
the following conditions are satisfied:

(i) @o is feasible w.r.t the constraint set (X,U, D) and
there exists u : R>g — U, T'> 0 and er such that

Ber (®(T, 20, u, D)) €| | @(t,z0,u,D). (9)
0<t<T
(ii) there exists v > 0 such that B,(®(t,zo,u,D)) C
X, VOo<t<T

then there exists 8 > 0 such that for any z1 € {1 2o} N
Ba(zo), x1 is feasible w.r.t the constraint set (X,U,D).
Moreover one can explicitly determine the value of 8 as a
function of the parameters e and .

In Theorem 3, we examined the structural properties of the
maximal robust controlled invariant set for monotone sys-
tems and lower-closed safety specifications. Additionally,
in Theorem 6, we derived a robust controlled invariant set
from a feasible trajectory. Although the characterizations
in Equations (5) and (6) are less restrictive compared to
Equation (2), the associated search space remains exten-
sive.

Proposition 7 introduces a noteworthy reduction for CSM
systems. In cases where the system tends to amplify the
difference between initial conditions, the feasibility check
for minimal input elements alone is sufficient. For sys-
tems exhibiting greater regularity in their dynamics, a
slight modification of the feasibility condition ensures that
points near a feasible point also remain feasible, as shown
in Theorem 8. These reductions alleviate the complexity
associated with the search for feasible points within a safe
set. In Theorems 3 and 6, we derived useful character-
isations of robust controlled invariant. These character-
isations remain hard to track in practice. Proposition 7
introduce necessary conditions for checking feasibility for
CSM systems using only minimal control inputs. Theorem
8 show that point near feasible points can also exhibit
feasibility property.

4.3 Computation of Robust Controlled Invariants
This section introduces an algorithm for computing maxi-

mal robust controlled invariants, applicable to systems rep-
resented as described in (1). The algorithm operates within

the constraints defined by the set (X, U, D), where X is a
lower-closed constraint set, and D is a multidimensional
interval D = [dpin, dmaz]-

The algorithm, presented as Algorithm 1, is designed to
handle both SM and CSM systems. A two-step process is
employed, where the feasibility conditions for SM systems
are initially considered, and then further simplifications
are introduced for CSM systems.

The algorithm begins by initializing two sets, /7 and
Fo, as empty sets. The set Fj collects the states that
belongs to the maximal robust controlled invariant set
while the set F5 collects the remaining states. It iterates
over the maximum and minimum elements of the lower-
closed set X. For each element, the algorithm checks the
feasibility using the command feasible (line 3) by verifying
conditions (5) and (6). If the conditions are met, the
resulting set Z from Theorem 6 and defined as follows:

7 :\L U @(t,l‘,u, Dma;v) (10)
0<t<T

is included in Fj. Conversely, if the state = is deemed
unsafe, the set H defined by

H=t |J ®(tu, Dnas)
0<t<T

(11)

is added to Fs.

The iterative refinement process then follows, where the
algorithm refines /7 and F» until their Hausdorff distance
is below a predefined threshold e. This process involves
selecting elements from the complement of both sets and
checking their feasibility or unsafety. The resulting refined
J1 is returned as an approximation of the maximal robust
controlled invariant set.

Moreover, the performance of the algorithm can be im-
proved by considering the two following properties:

e If the system is CSM and condition from Proposition
7 are satisfied, we can limit ourselves to the constraint
set (X, Umin, Dmaz ), in this case, the trajectories with
u € Upin will first be explored.

e If the System X is Lipschitz and satisfies condition
from Theorem 8, then we can modify the set Z in (10)
to 2 =l U @t z,u, Dmaa) UH{T 2} Bs(2)}

0<t<T
with 8 as defined in theorem 8

5. NUMERICAL APPLICATIONS

In this section, we consider the non-linear model of coupled
tanks described in Apkarian et al. (2012). The system is
shown in figure 1 and described by the following differen-
tial equation:

()= (7 %) ()
() () < a(0)

Where z; and x5 are the water height in tank 1 and 2
respectively, A is the cross-sectional of both tanks, a is the
cross-sectional area of the orifice of the two tanks. Both
tanks are supplied with two pumps with constants: K; and




Algorithm 1 Computation of the maximal robust con-
trolled invariant set

Require: A system X asin (1), a constraint set (X, U, D)
where X is lower closed and D is a multidimensional
interval [dyin, dmaz]-

Ensure: K an approximation of the maximal robust
controlled invariant set

1. Fir=F= (Z)

2: for z € max(X) do

3: if feasible(z) then

4: Fi=FRUZ > Z is defined in (10)
5: else if unsafe(x) then

6: Fo=FUH > H is defined in (11)
7: end if

8: end for

9: if /1 = X then

10: return K = F;

11: end if

12: for z € min(X) do

13: if feasible(z) then

14: Fi=F U A4

15: else if unsafe(z) then

16: Fo=Fy U H

17: end if

18: end for

19: if min(X) C F, then
20: return K = ()
21: end if
22: while d(Fy, F2) > e do > Hausdorf distance
23: Select x € (X\.FQ) n (X \ .7'-1)
24: if feasible(x) then
25: Fi=F U Z
26: else if unsafe(x) then
27: Fo=Fs U H
28: end if
29: end while
30: return K = F;

A
Tank 1 | |1
=
Ky K
ANRCIAN
uq u
Pumps
' Basin ‘

Fig. 1. Coupled Tanks setup

Ks. uy,us € U = [Umin, Umax] are voltages of the pump and
d € D = [dmin, dmax] represents leakage in tank 2. One can
easily check that the considered system is CSM.

In this example we impose the following safety constraints:
X ={(z1,22) | 0 <21 <30and 0 < zp < 20}. Since the

height of the water is always positive, this set is effectively
lower-closed. We use Algorithm 1 to compute a robust
controlled invariant. The parameters model are taken from
Meyer (2015) and are presented in Table 1 computed
robust controlled invariant set for two different precisions
e = lem and € = 0.5cm using Algorithm 1 along with
feasible trajectories. In both cases the robust controlled
invariant in characterized using feasible trajectories. For
the first scenario with ¢ = lcm, the computation time is
less than 40 ms. For the scenario with € = 0.5cm, the com-
putation time is less than 145 ms. The implementations
have been done in Python, on a DELL Lattitude 5430
using an Intel core i7-1265U. Files for this simulation can
be found at this link.

Parameters Values
A (ch) 4.425
a (em?) 0.476
Umin (V) 0
Umax (V) 22
Ky ((om®/V/s) 4.6
K> ( Cm3/V/s) 2
dmin (cmS/s) -20
dmax (Cm3/s) 0
g (ch/SQ) 980
Table 1. Parameters of the coupled tanks sys-
tem

Robust Controlled Invariant

30
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30 4
201
28 1

26 4
151

X1
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T T T T T T T T T
0.0 25 5.0 7.5 10.0 12.5 15.0 17.5 20.0
X2

Fig. 2. The Robust controlled invariant is in brown. The
Unsafe set is in teal. The non-explored region of the
state constraint set is in yellow. Three feasible trajec-
tories initiated at: [30, 18] in green, [29,19] in brown
and [20,20] in light blue, are shown. Feasible trajec-
tories are determined for minimal control inputs.

6. CONCLUSION

In this study, we have presented characterizations of ro-
bust controlled invariants for monotone continuous-time
systems. Leveraging these characterizations, we have de-
veloped an algorithmic procedure for computing maximal
robust controlled invariants. The practical application of
our algorithm in an illustrative example highlights the
effectiveness of our approach. Moving forward, our fu-
ture endeavours will delve into the realm of closed-loop
robust controlled invariance (while only open-loop con-
trollers have been considered in the current version of the


https://github.com/YoungDevil-glitch/Contro_invariants

Robust Controlled Invariant

30

251

30 4

204
281

26
154

X1

24
10 22

201

T T
18 19 20

T T T T T T T T
0.0 2.5 5.0 75 10.0 125 15.0 17.5 20.0
X2

Fig. 3. The Robust controlled invariant is in brown. The
non-explored region of the state constraint set is in
yellow. Four feasible trajectories from the following
initial conditions: [30,18.5] in red, [29.5,19] in green,
[26.5,19.5] in brown, [20,20] in blue . All feasible tra-
jectories are determined for minimal control inputs.

paper), this will be conducted by exploring the potential
utilization of tangent cones-based characterizations of in-
variance. Additionally, we aim to investigate other types
of specifications, particularly those related to stabilization
and more general properties described by signal temporal
logic formulas.
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that f defines a local Lipschitz vector field in the state
space, continuous on the input and disturbance space. The
system X is :

e SM <« for all 1,20 € X, u € U and for all
dy,ds € ’DR, if r1 <y w2, di <pr dy and :Zill = 35%
then fi(z1,u,d1) <x fi(z2,u,ds) for alli € {1,...n}

o CSM <« for all x1,z5 € X, uji,us € U and for all
di,dy € D, if 11 <x w2, up <y uz , di <p do and
zi = xf then fi(x1,u1,d1) <x fi(22,uz,dy) for all
ie{l,...n}

Remark 3. For continuously differentiable vector fields, we
can use the Kamke-Muller conditions Smith (2008) as
follows to verify the monotonicity. The system ¥ in (1)
when z(t) € X CR", u(t) e Y CR™ and d(t) € D C RP
is

o SM if §& > 0 and 4= > 0 for all i,j €
{1,2,...,n}i# jand for all h € {1,2,...,p};

o CSM if g1t > 0, gf£ > 0 and G4 > 0 for all

i,j €{1,2,...,n}i#j, forall h € {1,2,...,m} and

forall 1 € {1,2,...,p}.

where > is the usual total order on R.

Remark 4. Similar results can be defined for other par-
tial orders. For further details, we recommend consulting
Angeli and Sontag (2003) for interested readers.

Appendix B. PROOFS

Proof of Proposition 1: We will only give proof for
(i), the proofs of the other cases can be derived similarly.

e Suppose that 3 is CSM and consider z1 € ®(¢,] z, )
u,] d). Then there exists zo € X, u; € U® and
d; € DR such that zo <y z, u; <yr u, d; <yr d
and x; = P(t,z9,u;,dy). Using the fact that the
system is CSM, we have that 1 = ®(¢, x2,u1,d1) <x
®(t,z,u,d) which implies z €| ®(¢,z,u,d). Using
Lemma 1 from Saoud and Arcak (2024), we obtain
that ®(t, |z, u,| d) C| O(t,z,u,d).

e Now suppose that for all z € X, u € U® and d € DR
we have ®(t,] z,] u,| d) C| ®(¢,z,u,d). Consider
z,x1 € X, w,u; € U® and d,d; € DF such that
r <y 71, u <yr u; and d <pr dj. Then for all
t > 0, we have that ®(¢,z,u,d) € ®(¢t,] z1,] uy,|
d;) €} ®(t,21,us,dy), which in turn implies that
O(t,z,u,d) <y P(t,z1,u;1,d;) and that the system
in CSM.

Proof of Lemma 1: Suppose K is a robust controlled
invariant for the system ¥ and constraint set (X, Uy, D1).
Let z € X, then there exists u € U} such that for all
d € D}, ®(t,r,u,d) € K for all t > 0. Since U; C U
then u € UJ. Since Dy C Dy, then DY C D} and one
gets for all d € DY C DR}, &(¢,7,u,d) € K for all t > 0.
Then, K is a robust controlled invariant for constraints
(X, Us, Do)

Proof of Proposition 2:

We provide a proof for each item separately.

Proof of (i): Since f is Lipschitz we have the existence
of A > 0 such that for all z1,x5 € X for all w € U and for
all d € D we have

[ f(z1,u,d) — f(z2,u, d)|| < Al|zy — 22]|. (B.1)
Now consider z,y € X, u,u’ € U® and d,d’ € DR, the
following holds for all ¢ > 0:

t
[t 0,.d) = Bt )| = | [ £, )0, s
0

t

+ao—( / F@(s, g, d) wl d)ds + )|

0

ds

t
S/ Hf(q)(s,x,u,d%md) - f((]:)(37y’ul7d/)7u/’dl>
0
+ [l =yl

ds

t
S/ Hf(q)(svx7u>d)7u/ad/) - f(q)(87y>u/ud/)au/>d/)
0

ds

¢
—&-/Hf(fb(s,x,u,d),u,d) — f(®(s,z,u,d),u’,d")
0

+llz =yl

¢ ¢
S)\/H<I>(s,x,u,d)—@(s,y,u’,d’) ds—l—/h(s)ds
0 0

+z =yl (B.2)
with A(s) = [[£(®(s,2, 0, d), u(s), d(s)) — F(B(s, 2, u,d),
u’'(s),d’(s))||, where the last inequality comes from (B.1).

To show the result, we proceed by contradiction. Suppose
that K is a robust controlled invariant for the system
¥ and constraint set (X,U, D), and that cl(K) is not
a robust controlled invariant. Then there exists = €
Cl%{K )\ K such that for all u € U® there exists d €
D*® and t; > 0 such that ®(t1,z,u,d) € X\ cl(K).
Consider a sequence (Z,)nen, such that z, € K for all
n € N and z, — z. Using the fact that K is robust

n—+00

controlled invariant, we have the existence of a sequence
(Un)nen of functions with u, € UR, for all n € N
and such that ®(¢t,z,,u,, D) C K for all n € N and
for all ¢ > 0. Moreover, using Thychonoff’s Theorem
(Etienne Matheron (2020)), one gets that the set U¥ is
compact. Then, from the sequence (uy),en, We can extract
a Hs@equence which converges pointwise ? to a function u €
U*.

From the assumption that cl(K) is not a robust controlled
invariant, for # € cl(K) \ K chosen above and for u € U
constructed above, we have the existence of a disturbance
input d € D® and t; > 0 such that 2’ = ®(t1,z,u,d) €
X\ cl(K). Since X\ cl(K) is an open set, there exists € > 0
such that

B.(z') C X\ cl(K). (B.3)
Now if we replace by z,, x, un, u and d in (B.2) we get
for all t € [0,¢4]:

2 The pointwise limite u € UR of the sequence of function (un)nen
is defined for ¢ > 0 as u(t) = limp— 4 oo Un(t).




t
|D(t, 2,u,d) — (¢, 2, up, d)|| < ||z — zp]| +/hn(s)ds
0

t
—|—/\/||<I>(s,ac,u,d) — ®(s,zp,u,d)||ds
0

(B.4)

where for s > 0, hn(s) = |f(®(s,z,u,d),u,d) —

f(@(s,z,u,d),u,,d)|. Moreover, using the continuity of

the solution with respect to time, one gets that the set

A= | (s,z9,u,d)is compact, then forall 0 < s < #;
s€[0,t1]

and for all n € N, hy(s) <2

sup (f (@, u, d)], for

z€A,uelU,deD ”
which the existence follows from the continuity of the map
f and the compactness of the set A x U x D. Then, using
the continuity of the map f with respect to the control
input, we have that h,(t) — 0 for all ¢ > 0. Hence, from the

n——+00
boundedness and the convergence of the sequence (uy, )pen,

it follows from the dominated convergence theorem (Roy-
t

den (1988)) that C,, = [ hy,(s)ds — 0. Hence, it follows
0

from (B.4) that for all ¢ € [0,¢;] that:

||<I>(t7x,u, d) - (I)(t7xn7umd)H < va - an + cn(t)

t
—i—)\/HCD(s,x,u,d) — (s, zp,u,d)||ds
0

Using The comparison Lemma (Khalil (2002)), we have
that for all ¢ € [0, #1]

1@ (t, 20,1, d) = @(t, 20, un, A)|| < (|2 = @l + Cp)eN

(B.5)
Moreover, since || z—x,|+C; — 0, there exists N € N such
that for alln > N, we have ||z —x,||+C, < ee~*1. Hence,
from (B.5) for t = t;, one gets that || ®(t1,x0,u,d) —
D(t1, Tpn,up,d)|| < e. The later implies from (B.3) that
D(t1, T, up,d) € B(z') C X\ cl(K), which contradits
the fact that ®(t1, 2, up,d) € K C cl(K). Hence, the set
cl(K) is then a robust controlled invariant for the system
Y and constraint set (X, U, D).

Proof of (ii): Let K be the maximal robust controlled

invariant for the system X and constraint set (X, U, D).
Since X is closed ,cl(K) C X . Using (i) cl(K) is also a
robust controlled invariant for the system ¥ and constraint
set (X,U, D). Since K is maximal, cl(K) = K. Hence, K
is closed.

Proof of Theorem 3:

We provide proof for each item separately.

proof of (i): Let K be a robust controlled invariant for
the system 3 and constraint set (X, U, D). Consider the
set H =] K and let us show that the set H is a robust
controlled invariant for the system Y and constraint set
(X,U,D). Choose any x* € H then there exist a z1 €
K such that * <y x1. Since K is a robust controlled
invariant, there exists u € U® such that for all + > 0

®(t,z1,u,D) C K. Since ¥ is SM, for any d € D¥, for all
t > 0 we have that ®(t,z,u,d) <x ®(¢,2z1,u,d). Hence,
from (i) in Proposition 1, we get that ®(¢,z,u, D) C|
®(t,z1,u,D) C| K = H and H is a robust controlled
invariant for the system ¥ and constraint set (X, U, D).

In the following , K is the maximal robust controlled
invariant for the system ¥ and constraint set (X, U, D).
proof of (ii): Consider the set H =] K. First, we have
from (i) that the set H is a robust controlled invariant
for the system ¥ and constraint set (X, U, D). Moreover,
since K is the maximal robust controlled invariant for the
system X and constraint set (X, U, D), one has H =| K C
K. Finally, using the fact that K C] K = H, one gets
K =] K, implying that K is a lower closed set.

proof of (iii): Consider K be the maximal robust con-
trolled invariant for the system X and the and constraint
set (X, U, Dmax). First, since Dyax € D, we have from
Lemma 1 that K C K. To show that K C K, and from the
maximality of the set K it is sufficient to show that the set
K is a controlled invariant of the system ¥ and constraint
set (X,U, D). Consider € K, we have the existence of
a control u : R>g — U such that ®(t,z,u, Dyax) C K
for all ¢ > 0. Moreover, since the set of disturbance
inputs D is closed and bounded above and using the fact
that ¥ is SM, one has from (iii) in Proposition 1 that
(I)(ta z,u, D) - (I)(ta z, u?\l/ Dmax) g\L (I)(ta z,u, Dma. ) for
all t > 0. Hence, one gets that ®(t,z,D) C| K = K, for
all t > 0, where the last equality follows from (i). Hence
K C K and (iii) holds.

proof of (iv): Consider K be the maximal robust con-
trolled invariant for the system Y and the constraint
set (X, Umin, D). First, since Unin, C U, we have from
Lemma 1 that K C K. To show that K C K, from
the maximality of the set K, it is sufficient to show that
the set K is a controlled invariant of the system X and
constraint set (X, Upin, D). Consider z € K, we have the
existence of u : R>g — U such that ®(¢t,z,u,D) C K
for all ¢ > 0. Moreover, since the set of control inputs
U is closed and bounded below we have the existence
of u : R>9p — Upin such that u <y u. Since the
system X is CSM, one has from (ii) in Proposition 1
that ®(¢t,z,u,D) C| ®(¢t,z,u,D) for all ¢ > 0. Hence
&(t,z,u,D) C| K = K C K for all ¢t > 0 and (iv) holds.

proof of (v): The proof is a direct conclusion from (iii),
(iv) and the fact that any CSM system is a SM system.

Proof of Proposition 4:

We provide proof for each item separately.

proof of (i): First, it can be easily seen that if the set
K is a robust controlled invariant for the system ¥ and
constraint set (X, U, D) and using the fact that max(K) C
K and Dp.x € D, one gets the required result. Now
assume that (3) holds and let us show that (2) holds.
Consider € K, we have the existence of ' € max(K)
such that <y ’. Then, from (3), one has the existence
of u € U® such that ®(¢,2',u, Dppax) € K for all ¢ >
0. Hence, one gets that ®(¢t,z,u,D) C ®(t,2',u,D) C
O(t, 2,1, Dmax) T ®(t,2',u, Dimax) €} K C K. The
first inclusion comes from (i) in Proposition 1, the second



from the fact that D C| Dpayx, the third inclusion comes
from (iii) in Proposition 1 and the last inclusion comes
from the fact that K is lower closed. Hence, condition
(2) holds. Then K is a robust controlled invariant for the
system ¥ and constraint set (X, U, D).

proof of (ii): From (i) and since the system ¥ is CSM,

hence SM, to show (ii), it is sufficient to show the equiv-
alence between conditions (3) and (4). Since Upin C U,
one gets directly that (4) implies (3). Let us show the
converse result, consider € max(K), from (3) one has
the existence of u € U® such that ®(¢,z,u, Dyay) € K
for all ¢ > 0. Choose any u : R>g — Umln such that
u <;r u. Then we that for all t > 0 that ®(¢, z,u, Dyax) C
(D(tvx%lf u7Dmax) g\L (b(t7xaua Dmax) g\l/ K g Ka where
the second inclusion comes from (ii) in Proposition 1 and
the last inclusion comes from the fact that K is lower
closed. Hence, (2) hold.

Proof of Proposition 5:

Necessary condition: From the feasibility of o w.r.t the

constraint set (X, U, D) we have the existence of a control

input u : R>g — U and T > 0 such that (5) and (6)

hold. Using (5) and the fact that Dyax € D, we have that

D(t,z0,u, Dipax) € @(t,20,u,D) C X for all 0 <t < T.

Let us show that the second condition holds. We have
CI)(Ta Zo, 4, Dmax) g (I)(T> Zo, U, D)

gi/ U (I)(tvl'OauaD)
0<t<T
g»lr U q)(tvaau;Dmax)

0<t<T
where the first inclusion follows from the fact that D, C

D, the second inclusion comes from (6) and the last
inclusion comes from Lemma 2.

Sufficient condition: From the feasibility of zg w.r.t the
constraint set (X, U, Dmax) we have the existence of a
control input u : N>¢9 — U and T > 0 such that the
following conditions are satisfied

(I)(t7x0auaDmax)gX, Vo<t<T

(B.6)
and
(I)(Ta Zo, 4, Dmax) g\lf U
0<t<T
First, we have ®(t,z9,u, D) C P(¢t,z9,u,) Dmax) <J
D(t, 20,0, Diax) €L X = X, for all 0 <t < T, where the
first inequality comes from Lemma 2, the second inequality
follows from (B.6) and the last inequality comes from the
lower closedness of the set X. To show that (6) holds, we
have the following

(I)(Tv Zo, 4, D) g\lr (I)(Tu Zo, 4, Dmax)

<l U

0<t<T
g\lr U (I)(tax()aua D)

0<t<T

D(t, 20,1, Dinax) (B.7)

CI)(t, Zo, U, Dmax)

where the first inclusion comes from Lemma 2, the second
inclusion comes from the fact that xq is feasible w.r.t the
constraint set (X, U, Dyax) and the last inclusion follows
from the fact that Dy.x € D

Proof of Theorem 6: Assume that xq is feasible w.r.t
the constraint set (X,U, D). Since the system is SM,
from Proposition 5, zq is feasible w.r.t the constraint set
(X,U, Dyay) where Diar = {dmax}- Hence, there exist a
controller u : R>g — U and T" > 0 such that conditions
(5) and (6) are satisfied. Let K = |J ®(¢,x0,u,D) =]
0<t<T

U @(t,z0,u, Dyax), where the last equality comes from
0<t<T
Lemma 2. Consider x € K, we have the following two
cases.

e Case 1, z = zo: Equation (6) can be rewritten as
®(T, z9,u,d) €] U
0<t<T
With d : R>g — D is such that d(t) = dpax for all
t > 0. Then there exists 0 < § < T such that
®(T,x9,u,d) <y ®(T — 4, 79,u,d). (B.8)

We construct the following control input u : R>o —
U:

®(t, z9,u,d).

u(t)if0<t<T

U= - (P;TD&) ift>T

For all t > T, we have that t—7 < [51]6 < t—T+4,
which implies that 7 — 6 < t — [£51]6 < T, and that
the control input u : R>o — U is well defined.
Consider T' < t <T 4§, we have the following:
(I)(t, Jio,ﬁ,a) = (I)(t T, CI)(T, g, U, a),ﬁl,a>
SX q)(t — T, ‘D(T — 6, Zo, u,a),ﬁl,a)
<x ®(t—6,19,u,d)

(B.9)

B.10
with w; (t) = W(t+T), where the equality comeg fl"OH)l
the definition of u; and the first inequality follows
from (B.8). Then, one gets from definition of the set
K and the fact that K is lower closed set that for
al T <t <T+6, ®(t,z9,u,d) € K and ®(T +
5a ‘T()vﬁva) <x @(T, Zo, U, a) <x (I)(T - 63 o, U, a)

Now, suppose that there exists n > 1 and ¢t € (T +
nd, T 4+ (n 4 1)d] such that
[®(t, 20,0, d) <y ®(t — (T +né) +T — 6, z0,u,d)].

Let ng > 1 be defined as follows: ng = max{n €
N| s.t for all i € {0,1,...,n9—1} and for all t € (T +
i6, T + (i + 1)8] we have ®(t, zp,0,d) <y ®((t — T —
i0) + T — 6,20,u,d)}.

We then have from definition of ng that (7 +
77,0(5, $07ﬁ7a) - Q(T+(n071)6+5a Zo, U, a) <x (I)(Ti
§+9,20,u,d) <y ®(T — 8,0, u,d). Then, Equation
(B.10) can be rewritten for T,y =T 4+ ngd <t < T+
(nog +1)d = Tpy41 as:

(I)(t, Zo, 11, d) = (D( — Tno, @(Tno, To, U, a),ﬁ27a)
<x (I)(t - Tng,(I)(T - 5, $O7uaa)aﬁ27a)
<x (I)(t —Th, +T -6, .%'(),u,a)

(B.11)
with Ta(t) = Tt + T + nod). This contradicts the
maximality of ng. Then for all n € N, Then, we have
for allm € N and for all t € (T'+nd, T+ (n+1)d] that



®(t,z0,0,d) <y ®(t — (T +nd) +T — 6,70,u,d)
el U ®(t, z9,u,d).

T—5<t<T
Using the result from Equations (B.10) and (B.11)
and the feasibility of z, we have that for all t > 0,
(b(t, mo,ﬁ, d) ek
e Case 2, x # z: we have the existence of ¢, € [0,T)
such that © <y ®(t,,70,u,d) = ®(t;,70,1,d),
where the equality follows from the construction of T
n (B.9). Consider the input signal u3 € U® defined
for t > 0 as us(t) = u(t +t,). Using the fact that the
system ¥ is SM we have that
(I)(t, Z, ﬁg, d) S)( q)(t, (I)(tz, l’o,ﬁﬁ)7ﬁ3, a)
SX (b(t + t:va .’L'()7ﬁ7 d)
By definition of @ and the lower-closedness of the K,
one gets that ®(¢, z,u3,d) € K, for all ¢ > 0.

(B.12)

Hence, using (ii) in Proposition 4 we conclude that K is
a robust controlled invariant for system ¥ and constraint
(X7 U7 Dmax)~

Proof of Proposition 7: Consider zyg € X, first since
Umin C U one directly has that z( is feasible w.r.t the
constraint set (X, U, D) if x¢ is feasible w.r.t the constraint
set (X, Umin, D). Let us show the second implication. Since
xg is feasible, there exist u : R>g — U and T" > 0 such
that :

O(t,zp,u,D)C X, VO<t<T (B.13)

and

(I)(T,ﬂfo,u,D) g\lf U (P(t,a:o,u,D).

0<t<T

Using the result, from Proposition 5, x is feasible w.r.t the
constraint set (X, U, Dynaz) where Dyar = {dmax |, We just
have to show that x( is feasible with respect to constraint
set (X, Umin, Dmagz). Consider u : R>g — Upin such that
u <y u. Since ¥ is CSM, we have from (iv) in Propo-
sition 1 that ®(T,x0,u, Dyas) € O(T, 20,0, Dinas) <4

U @(t,x0,u, Dppas). Using the fact that Di,ee =
0<t<T
{dmaz}, we have that DX~ = {d : t = dpas}. Which
implies the existence of 0 < ¢; < T such that:

O(T, 29,u,d) <y ®(T,z0,u,d) €] ®(t,20,u,d) (B.15)

. Let € := @(tl,x(),u,a) — <I>(t1,x07g7a).

(B.14)

(T, x9,u,d) <x ®(T —t1,®(t1,0,u,d),u’,d)
<x ®(T —t1,®(t1,z0,u,d),u’,d)
<x ®(T —t1,®(t1,z0,u,d),u’,d) — €
<x ®(T,z0,u,d) — €
<x q)(tl,ito,u,a) — €
<x ®(t1,20,u,d)

where u/(t) = u(t + ¢1) , w'(t) = u(t + t1). where the
second inequality follow from the application of (8) to
the term ¢ for ¢ = T — ¢; and equation (B.15). The
third inequality comes from the fact that the system
> is CSM. The last equality comes from the definition
of e. Hence © <y ®(t1,z0,u,d). Hence, condition (6)
is satisfied and g is feasible w.r.t the constraint set
(X, Umin, Dmaz). Proposition 5, xg is feasible w.r.t the
constraint set (X, Upin, D).

Proof of Theorem 8: Since f is uniformly continuous
with respect to w and d. Then for all 5 > 0, there exists
«a > 0 such that for all x € X, for all u,u; € U and for all
d,dy € D, the following holds
lu—urf|+lld=di|| < @ = |[f(z,u,d)=f(z,u1,dr)| < B.
(B.16)
Let € = min(ep,vy), 8 < €, x € X such that ||z — z¢|| < B
and consider d,d; € D® satisfying ||[d; — d|/ec < a. To
simplify notation, let us define x4, (t) = ®(¢,z,u,d;) and
X0,d(t) = @(¢, g, u,d). We then have for all ¢t > 0:

lIxa, (£)—x0,a(t)[< HI*IU\HIHf(Xdl(8)>u,d1)*f(Xo,d(S)»u’d)||d8

0
t

< llz—zoll+ [ 11 £(xay (s)u,d1)—f (x0,a(s),u,d1) | ds
. 0
+ [ Bds
© t
< Jlz—zoll+A [ lIxa, (s)=x0,a(s) | ds+Bt
0
The first inequality comes from the triangular inequality.
The second inequality comes from (B.16). The last inequal-
ity comes from the Lipschitzness of f. Using the Gronwall-
Bellman inequality, one gets for all ¢ > 0:

t
lIxay (1) =x0,.a(DII< (lz—oll+Bt)+ [ A(lz—wol+8s)e = ds
0
< Je—aolleM+£ (X 1)

< B(1+%)e

A€7>\T

et This choice ensure that for all

Let us choose 8 = ¢
t € [0,7] we have

1%, (1) = %0,a(t)]| <. (B.17)
Now consider z € Bg(zo), we have from Equation (B.17),
that forall0 <t < T

®(t,z,u,D) C B,(®(t,z0,u,D)) C X.
Moreover, for any z1 € Bg(zo)((T %), we have from
(B.17) and (9) that:

O(T,z1,u,D) C B (®(T,x0,u,D))

Q J, U @(t, Zo, a, D)
0<t<T

cl |J eta,uD)
0<t<T

where the last inclusion comes from the fact that the
system is SM, which concludes the proof.
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